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We study the validity of a Smoluchowski—Kramers approximation for
a class of wave equations in a bounded domain of R”" subject to a state-
dependent damping and perturbed by a multiplicative noise. We prove that
in the small mass limit the solution converges to the solution of a stochastic
quasilinear parabolic equation where a noise-induced extra drift is created.

1. Introduction. In this article we study the following class of stochastic wave equations
with state-dependent damping:

wdlu, = Auy —y ) duy + fuy) +o@)dw?, >0,xe0,
1, (0) = up, 0ruy (0) = vo, Upp,e, =0,

(1.1

and their small mass limit as u — 0. Here, O is a bounded domain on R”, and wQ(t, x)
is a cylindrical Wiener process which is white in time and colored in space. The friction
coefficient y is a strictly positive, bounded and continuously differentiable function, and f
and o are Lipschitz continuous functions.

By Newton’s second law of motion, the solution u (¢, x) of equation (1.1) can be inter-
preted as the displacement field of the particles in a continuum body occupying domain O,
subject to a random external force field o (u M)a,wQ and a state-dependent damping force
y (uy)0:u, which is proportional to the velocity field. In addition, the particles are subject
to the interaction forces between neighboring particles, represented by the Laplace opera-
tor A, and the nonlinear reaction, represented by f. Here, i represents the constant density
of the particles, and we are interested in the regime when p — 0 which is the so-called
Smoluchowski—Kramers approximation limit (ref. [23] and [31]).

A series of papers (ref. [3, 4] and [29]) studied the limiting behavior of u,, for a large
class of reaction terms f and for both additive and multiplicative noise. In all those papers the
friction coefficient y is assumed to be constant and a perturbative limit is obtained. Namely, it
is proved that, in the small mass limit, u,, converges to the solution of the following parabolic
problem:

(1.2) {Varu=Au+f<u>+a<u)a,wQ

u(0) = uy, U,o =0.

More precisely, it is shown that, for every 7 > 0 and n > 0,

1.3 lim P t t =0.
(13) lim, <t§“p @) = @) 20 > 1)
In fact, in [10] it is proved that when f is Lipschitz continuous, the following stronger con-
vergence holds:

(1.4) J@OE,:[UP () = w720, =0
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for every p > 1. Note that several problems related to this type of limit have been addressed
in a variety of finite and infinite dimensional contexts (see, e.g., [14] and [32], for the finite
dimensional case, and [3, 4, 6, 25-28] and [29], for the infinite dimensional case).

Having proved the validity of the small mass limit in any fixed time interval, it is impor-
tant to understand how stable this limit is for long times. To this purpose, [7] studies the
convergence of the statistically invariant states for a class of semilinear wave equations with
linear damping, that is, equation (1.1) with constant friction coefficient y, both with Lips-
chitz and with polynomial nonlinearity f. A similar problem is studied in [3] when the two
systems are of gradient type. In that case the Boltzmann distribution for the solution of the
second order equation is explicitly given in terms of a Gibbs measure. It turns out that the
first marginal of the Boltzmann distribution does not depend on p and coincides with the
invariant measure of the limiting first order equation. In the case studied in [7], there is no
explicit expression for the invariant distributions of (1.1). Nevertheless, it is shown that the
first marginals of any sequence of invariant measures for (1.1) converge in a suitable Wasser-
stein metric to the unique invariant measure of equation (1.2). In the same spirit, [8] and [9]
studied the convergence of the quasi-potentials V), (u, v) which describe the asymptotics of
the exit times and the large deviation principle for the invariant measures to equation (1.1).
In [8], gradient systems are considered so that V), is explicitly computed, and it is shown that
VH#(u), the infimum of V,,(u, v) overall v € H~1(0), coincides for every u > 0 with V(u),
the quasi-potential associated with equation (1.2). In [9], the nongradient case is studied, and
it is shown that V#(u) converges pointwise to V (1), as i goes to zero.

In all the aforementioned papers, the case of a constant friction coefficient y is considered,
and the limiting equation (1.2) is formally obtained by taking x = 0 in (1.1). However, there
are relevant situations in which this is not true. This happens, for example, in the case when
the constant friction is replaced by a magnetic field. As a matter of fact, even in the case of a
constant magnetic field and finite dimension, the small mass limit does not yield the solution
of the first order equation (ref. [5, 11, 16] and [24] for the finite dimensional case and [10]
for the infinite dimensional case). In this case a possible strategy consists in regularizing the
problem by adding a small friction or by smoothing the noise in time, and in the double limit
it is possible to give a meaning to the Smoluchowski—Kramers approximation. Notice that in
[10] the limiting equation is an SPDE of hyperbolic type.

In the present paper we are dealing with another situation when the small mass limit does
not give a perturbative result. As mentioned at the beginning of this Introduction, we consider
a wave equation perturbed by a multiplicative noise, having a friction term whose intensity
is state dependent. This problem has been extensively studied in finite dimension in a series
of papers (see [21] and references therein, and also [2, 15, 19, 22]). In these papers it is
shown how the interplay between the nonconstant friction coefficient and the noise creates
an additional drift in the limiting first order equation, when the mass u goes to zero. More
precisely, the following system is studied:

{dxu(t)zvﬂ(t)dt, x,(0) =x e RY,
pudvy, (1) = [b(xu (1)) — y (x, (0))v ()] dt + 0 (x, (1)) dW (@), v, (0)=v€ RY,
where y is a matrix valued function defined on R? such that, for some positive yp,

inf £y (0)€ = pol§l’,  § R

xeO
It is proved that, as  goes to zero, x,, converges in L?, with respect to the uniform norm in
C ([0, T1; RY), to the solution of the first order equation,

b(x(1)) o(x(1))
y (x (1)) y(x())

dx(t):( +S(x(t)))dt+ dW (), x(0)=x,
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where the noise induced drift S(x) is given by
d -1
Si(x) = a_xl[(y ),’j(x)]]jl(x)7
and the matrix valued function J is the solution of the Lyapunov equation

J@)y*(x) +y () J(x) =0 (x)o”(x).

Our purpose here is to understand if something similar also happens in the case of infinite
dimensional systems. In fact, in what follows we will prove that, for every initial condition
(uo, vo) € H'(O) x L?(©) and for every 8 > 0 and p < oo,

(1.5) /PLHOP(”M/L - M||c([0,T];H—6(o)) + lluy —ullro) > 77) =0, n>0,

where u is the unique solution of the quasilinear stochastic parabolic equation

~ f@ YW & e,
1o 1M 7@ w2 SO@We) Fyawt. 1=0.x€0.
u(0) = ug, U, =0.

It is important to notice that if o is constant, then the noise induced term,

8]

y' ()
Hw =5 505 ;(O’(M)Qei)z,

coincides with the Stratonovich-to-It6 correction so that equation (1.6) can be written as

g S
= u

Y (u) yw) y@u)
However, if G (1) denotes the Ito-to-Stratonovich correction,

e= _%iau(“(”)Qei)(ff(u)Qei)’

8[” o8;wQ.

= y () y ()
then
Hu)+ G(u) = > (o) Qei)du (o (1) Qe;),

" 2y2(u)

i=1
and this is manifestly nontrivial, in general, when o is not constant. This means that, in the
case of an arbitrary state-dependent diffusion coefficient o, the small mass limit does not lead
to the perturbative parabolic quasilinear equation, obtained by taking « = 0 and replacing the
1t6’s with the Stratonovich’s integral.

We would also like to point out that, unlike in finite dimension, here we are not handling
systems of equations. This means, in particular, that y is a scalar function, and, for every
function u : [0, T] x O — R, we can write

(1.7) y(u(t,x))ou(t,x)=0/(g(u,x))], te[0,T],xe€O,

where g’ = y. The case of systems and of matrix valued friction coefficients requires a dif-
ferent analysis and will be investigated in a forthcoming paper.

Our first step in the proof of (1.5) is proving that, for every fixed u > 0, equation (1.1)
has a unique adapted solution (u,, d;u,) € L3(2; C([0, T]; HY(©O) x L%*(0))). Because of
the the nonconstant friction, it is convenient to reformulate equation (1.1) in terms of the new
variables (u,,, g(u,)/mn + 0,u,). However, due to the presence of the nonlinear term g(u),
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using the theory of linear semigroups, as done in the previous papers [3, 4] and [10], turns
out to be the wrong path to follow. Instead, here it is more appropriate to use the theory of
monotone nonlinear operators (see [1]).

Having proved the well-posedness of (1.1), next we prove the uniform bounds of the solu-
tions (u,,, d;u,,) which are required to obtain tightness. This is one of the most delicate parts
of the paper. Actually, even when using the 1t6 formula for a nicely chosen energy functional,
the more classical arguments that work in finite dimension fail. Nevertheless, we are able to
prove that u, is bounded with respect to p in L2(;C([0, TT; L2(O)N L0, T; HY(0))).
Even more delicate are the bounds for the velocity d,u,,. Of course, we know that we cannot
have any uniform bounds with respect to ;. However, we expected to have

sup u“E sup || atuu(t)”Lz(O) <00
ne(,1) t€l0,
for o = 1. As a matter of fact, by using an argument by contradiction we can prove the bound
above only for o« = 3/2, but this is enough to obtain the fundamental limit

(1.8) hm KE sup. || I (] 120y =0
t€lo,
After defining p,, = g(u,), these uniform bounds are fundamental to prove the tightness
of the family (o) ;>0 in LP(0, T; L2(O0)NC([0,T]; H%(0)) forevery p < oo and § > 0.
We show that, for every u > 0, the function p, solves the equation

t
pu(6) + pdrin, () = g o) + 1evo + fo div[b (0, () Vo (s)] ds

t t
—|—/0 F(pu(s))ds—i-/o o*g(,ou(s))de(s),

where b=1/yog !, F=fog ! and og(h) = o(g~! o h). Working with this equation,
instead of (1.1), makes the use of the a priori bounds and of limit (1.8) more direct.

Once tightness is proved, we have the weak convergence of the sequence (p;,) ;>0 to some
p that solves the quasilinear parabolic SPDE,

dp =div[b(p)Vp]+ F(p) + ag(p) dw@(t), t>0,x€0,

(1.9
0(0, x) = g(up), p(t,x)=0, x €d0.

Then, since we can prove pathwise uniqueness for equation (1.9), from weak convergence we
get the convergence in probability. Finally, a generalized It6 formula stated in the Appendix
allows us to get the convergence of u, to the solution of equation (1.6).

We would like to remind that equations like (1.9) have attracted a lot of attention in
recent years, and several papers have studied their well-posedness in C ([0, T]; L>(©O)) N
L%(0, T; H'(0)), in case of periodic boundary conditions, under considerably more general
assumptions on the coefficients b that can be matrix valued and even degenerate (see [13]
and [20]). Our b here is scalar valued and nondegenerate, but this allows us to have, at least
in the additive case, weaker assumptions on the regularity of the noise than in [13] and [20].
In particular, as a byproduct of our small mass limit, we get the well-posedness of equation
(1.9) for a noise that, for example, in the case of constant o is only assumed to live in LZ(O)
which seems to be a new result.

Organization of the paper. In Section 2 we introduce the notations, and we describe the
assumptions we make on the coefficients and on the noise in equation (1.1). In Section 3 we
study the well-posedness of equation (1.1) in space L2(; C([0, T]; HY(O) x L%*(0))) for
every T > 0 and every fixed i > 0. In Section 4 we prove some uniform bounds with respect
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to u for the solutions ((u, d;u;)) ;>0 in suitable functional spaces. In Section 5 these bounds
allow us to prove the tightness of the distributions of g(u,) for u > 0 sufficiently small. In
Section 6 we prove the validity of pathwise uniqueness for equation (1.9). In Section 7 we
give the proof of the convergence in probability of u,,, as u goes to zero, and we identify the
limit u as the solution of the first order equation (1.6).

2. Preliminaries. Throughout the present paper O is a bounded domain in R" with n >
1, and it has a boundary of class C3. We denote by H the Hilbert space L2(O) and by (-, )y
the corresponding inner product. H' is the completion of C°(O) with respect to norm

o =19l = [ [Vueo|dx.
and H~! is the dual space to H'. Then, H'!, H and H~! are all complete separable metric
spaces, and the following relation between them holds
2.1) H'cHcH™,
where both inclusions are compact embeddings. In what follows, we shall denote
H=HxH'  H =H'xH.

Given the domain O, we denote by (¢;)ieny C H ! the complete orthonormal basis of H,
which diagonalizes the Laplacian A, endowed with Dirichlet boundary conditions on 9d0O.
Moreover, we denote by (—«;);en the corresponding sequence of eigenvalues, that is,

Ae;j = —aje;, 1€ N.

Given
o0 o0
M=Zb,'€i, U=Zciei,
i=1 i=1

for some sequences of real numbers (b;);cn and (c;);en, We have

e

Il
-

o0 o
(2.2) (u,v) g1 =Y _aibjci, (u,v)g =Y bic;, (u,v)g—1 =
i=1 i=1

1

From (2.2) we can derive the Poincaré inequality

1 1
(2.3) lullr < —=lullg, weH, lullg-1 = —=llullz, ueH.
NGT H H NET

As for the stochastic perturbation, we assume that w€(¢) is a cylindrical Q-Wiener pro-
cess, defined on a complete stochastic basis (€2, F, (F;)r>0, P). This means that w2 (r) can
be formally written as

o0
wl(®)=>" Qeifi (1),

i=1
where (B;);en 18 a sequence of independent standard Brownian motions on (€2, F, (F;);>0,
P), Q : H— H is abounded linear operator and (e;);¢N is the complete orthonormal system,
introduced above, that diagonalizes the Laplace operator, endowed with Dirichlet boundary
conditions.

In what follows, we shall denote by Hg the set Q(H). Hy is the reproducing kernel of the

noise w< and is a Hilbert space, endowed with the inner product

(Qh, Qk)py = (h, k), h.k € H.
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Notice that the sequence (Qe;);cn is a complete orthonormal system in Hg. Moreover, if U is
any Hilbert space containing Hg such that the embedding of Hg into U is Hilbert-Schmidt,
we have that

(2.4) w2 e C([0,T1; U).

Next, we recall that, for every two separable Hilbert spaces E and F, £>(E, F) denotes
the space of Hilbert—Schmidt operators from E into F. Lo (E, F) is a Hilbert space, endowed
with the inner product

(A, B)rye,F) = Trg[A*B] =Trp[ BA™].

Throughout this article we will always assume that the three hypotheses below are true.

ASSUMPTION 1. The mapping o : H — L(Hg, H) is defined by
[0(h)Qei](x) =0i(x,h(x)), x€O,

for every h € H and i € N, for some mapping o; : O x R — R. We assume o is bounded,
that is,

Ooo 1= sggﬂff(h)“cz(ﬂgﬂ =

and

o0
(2.5) sup Y |oj (x, y1) — oi (x, W <Liyi—»l% y,»nekR
XGOZ'ZI

Notice that (2.5) implies o is Lipschitz continuous in the sense that, for any &, hy € H,

lo (1) = o )2, g 11y < LUt = B2l

REMARK 2.1. If o is constant, then Assumption 1 means that o Q is a Hilbert—Schmidt
operator in H. Equivalently, in case o is the identity operator, this means that the noise w2
lives in H so that we can take U = H.

If o is not constant, then Assumption 1 is satisfied if, for example,

[0(h) Qk](x) =A(h(x))Qk(x), x€O,h,keH

for some A : R — R bounded and Lipschitz continuous and for some Q € L(H) such that

0
Y 11Qeill 70y < 0.
i=1

In case Q is diagonalizable with respect the basis (e;);eN, With Qe; = A;je;, the condition
above reads

o0
(2.6) Y i leill i) < 0o

i=1
In general (see [17]), it holds that
leillLoe o) < ci®

for some o > 0, and (2.6) becomes
o0
D Afi* < co.
i=1

In particular, when n = 1 or the domain is a hyperrectangle in higher dimension, the eigen-
functions (e;);en are equibounded, and (2.6) becomes Y 72, Al.z < 0.
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ASSUMPTION 2. The mapping y belongs to C,l (R), and there exist y and y; such that
2.7) O<w=yr) =y, rek

In what follows, we shall define
-
gr)= / y(o)do, rekR.
0

Clearly, g(0) =0 and g'(r) = y (r). In particular, due to (2.7), g is uniformly Lipschitz con-
tinuous on R. Moreover, g is strictly increasing and

(2.8) (g(r) — g(r))(r1 — 1) = yolr1 — 2>, ri.m eR.

ASSUMPTION 3. The mapping f : R — R is Lipschitz continuous. Moreover, there exist
A <ajp,d <1 and ¢ > 0 such that

(2.9) for <ari+ce(l+r"), reR.

Any Lipschitz continuous function f, having sublinear growth, satisfies (2.9). Condition
(2.9) also allows linear growth for f, but in this case we need

f(r1) — f(r)
P —— <
r1,mm€eR r—nr

In particular, (2.9) is satisfied if

Il fllLip < 1.

3. Well posedness of equation (1.1). In this section we study the existence and unique-
ness of solutions to the nonlinear stochastic wave equations (1.1) with initial data (u¢, vg) €
‘H, for every fixed u > 0. Notice that the second order equations (1.1) can be written as the
following system:

du, (1) = v, (1) dt, u, (0) = uy,
1
dvy (1) = ;[Auu(t) — Y (up®)vu®) + f(uu®)]dt
(3.1
+ ia(uu(t))de(t), v (0) = vo,
uy ()0 =0, t>0.
Now, if we define
(3.2) n:i= 8zu+w,
uw

and z = (u, n), system (3.1) can be rewritten as

(33 dzu() =Au(zu®)dt + Tu(zu®) dw? @), 2,(0) = (Mo, v+ & (”0)),

where we denoted
1
EM(”? 77)=;(0,0'(”)), (”a’?)EH,

and
—g(u)

1
Au(u,n)=< +n,;[Au+f(u)]>, (u.n) € D(A,) = H,.
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This means that the adapted H-valued process z,, (t) = (1, (t), n,(t)) is the unique solution
of the equation

G4 2.0 = (o, g(uo) /1t + vo) + f (2 () ds + / (20 () dw@(s),

if and only if the adapted H -valued process (u,, (1), v, (1)) := (uu(t), =g, () /1 +n, (1))
is the unique solution of the system

u,(t) =uo+ /z v, (s)ds
(3.5) B (1) = o + / [ At (5) = 7 (1, 9) 0, (9) + (1 (5))]ds
+f (1 () dw(s).

In this section we are interested in the well-posedness of equation (3.1) (and, equivalently, of
(3.3)) and not on the dependence of its solution on p. Thus, without any loss of generality
we will only consider the case when p = 1 and, for simplicity of notation, we will denote A
and ¥ by A and X, respectively.

We start our study of equation (3.3) by analyzing the nonlinear operator A. To this purpose,
it is immediate to check that

(3.6) lAG)] 4 <c(1+lizlla,). z€D(A),

because f and g are both Lipschitz continuous. In the next lemma we prove that the nonlinear
operator A : D(A) C 'H — H is quasi-m-dissipative. For all the details on the definitions and
the basic results about maximal monotone nonlinear operators that we are using below, we
refer to [1], Chapters 2 and 3.

LEMMA 3.1. Under Assumptions 2 and 3, there exists k > 0 such that, for every 71, 72 €
D(A),

(3.7 (A(z1) — A(z2), 21 — 22)y; < k21 —Z2||7-[
Moreover, there exists Lo > 0 such that
(3.8) Range(I —AA)=H, 1€ (0,Arq).

PROOF. For every z; = (11, n1) and z2 = (u2, 2) in D(A), we have
(A(z1) — A(z2), 21 — 22)3y = —(g(u1) — g(u2), u1 — uz)y + (M — M2, u1 —u2)p
+ (Aut — Auz,mi — m2) g1+ (F (W) — f(u2), n1 — n2) -1
< —yollur —uall3 + || f @) — £ @2)| -1 llm — m2ll g

< —wollur — uallyy + c(llwr — w2l 3 + I = m2ll31),

where the first inequality follows from (2.8) and the second inequality follows from the Lips-
chitz continuity of f and the Poincaré inequality (2.3). In particular, there exists some « > 0
such that (3.7) holds.

Next, in order to prove (3.8), we need to show that, if A is sufficiently small, then, for every
h = (hy, hy) € H, there exists z = (u, ) € H; such that

z—M@)=h

or, equivalently, there exists some u € H I such that

(3.9) u— 22 Au = —rg(u) + 22 f () + (hy + rhy).
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In particular, if we define

Ty ) = (I — A2A) " [=ag @) + 22 f () 4 (hy + 1h2)],

we need to prove that there exists some A9 > 0 such that I'y : H — H is a contraction for
every A € (0, Ag). By

|(1 - )‘2A)_1||£(H) =1, x>0,
we have
ITa (1) = Ta(ua) | < cAlll(gu) — g@)lla + Al f (1) — f2)lu)
=cA(I+Mlur —uzlla

which implies that I, is a contraction for small enough A. [

Now, if we define A := Ag A «~!, due to Lemma 3.1 we have that the operator
L@ = -24)7"102), zeM,1e(0,n),

is well defined and is Lipschitz continuous from # into H with Lipschitz constant (1 —
Ak) ™! (see [1], Proposition 3.2). Thus, for every A € (0, A), we can introduce the Yosida
approximation of A, defined as

N 1
(3.10) AM(z) = X[Jk(z) —z]=A(JL(), zeH.
By the Lipschitz continuity of J,, it is easy to check that
|A*(z1) — AMz2) |y < e )
H =1 = rk)

Moreover, A% is quasi-dissipative in . Actually, by (3.7) and the definition of A% in (3.10),
we have

(A*(21) — AM(22), 21 — 22); = —(AM(21) — AM(22), (T (z1) — 21) — (i (22) — 22))yy
+(AMz1) — AMz2), Ji(21) — Jal22))y,

-11) SKHJA(Zl)—JA(Zz)”?{

< ——la -2l

1— Ak
for any z1, 7o € H. Moreover, as shown in [1], Proposition 3.2, for every z € D(A) we have
(.12 |4 @l = [ A@ ]
1 — Ak
and then
A

G.13) 4.0 = 2l =24 @y = - A@
Finally, as shown in [1], Proposition 3.5, we have
(3.14) A1iino||A*(z) —A@], =0, zeD(A).

Now, we are ready to prove the main result of this section.

THEOREM 3.2. Under Assumptions 1, 2 and 3, for every (uo, vo) € H1 and every T > 0
and p > 0, there exists a unique adapted process (u,,v,) € L%(Q, C([0, T1, H1)) which
solves equation (3.5).
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PROOF. Without loss of generality, we only consider i = 1 here. As we have seen, the
well-posedness of equation (3.5) is equivalent to the well-posedness of equation (3.3). There-
fore, here we deal with equation (3.3).

For every A € (0, ), we introduce the approximating problem

(3.15) dzy (1) = A}‘(Zk(t)) dt + X (z,.(1)) dw? (1), z,(0)= (uo, vo + g(uo)).

By Assumption 1 the mapping X : H — Lo(Hg, H1) is bounded and Lipschitz continuous
since

(3.16) =@ 2501300 = 1o @ 2310, 10)

for all z = (u, n) € H. Then, since A* is Lipschitz continuous in H, there exists a unique
solution

2= (u, M) € LP(R, C([0, T1; H))

to equation (3.15) for every 7 > 0 and p > 1, using the classical fixed point theorem for
contractions. Moreover, thanks to (3.11), we have

d
El 0], = 2B(A @ 0), 22Oy + B2 (@ 0) | 230110,
=2E(A(z:.(1)) — AM(0), 22 (1)), + 2E(AM(0), 2. (1)),

2
+E[Z(@.0) 2.5

2K
<
—1—- Xk

E|z.0)]3, + |A* O3, + E|z(0)[3, +c.

Moreover, due to (3.12),
1

T 1 Ol

1
A 0)]2, < ——— A2, =
Therefore, there exists a constant ¢, independent of A < A/2, such that
d
ZE|5 0, < €l ol +1):
By Gronwall’s inequality this implies

(3.17) sup  sup E[zu(1)]3, < o0
2€(0,1/2)t€[0,T]

In the rest of the proof, for an arbitrary z = (u, n) € ‘H, we denote z; =u and z2 = 7:
Step 1. There exists ¢ > 0 such that

t t
618 Elu®l, +w [ El0), i ds < Iz, +c [ Bl ds +e

for all A € (0, i), where

A

| >

_Aa
2 8l fllLip
Proof of Step 1. We apply the It6 formula to

K@) =llzl3, = lull3 + Il
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and we get
dK (3:.(1) = [A*(22()), DK (22(0) )y, At + [Z(@0.0) [ 2001 700 U
+(DK (2.(1)). B(22(0) dw? (1)),
(3.19) =2[{A*(z2 (), (D)2 (O1)y + (A (22.(0)) 5. 20.()2) ] dt
+ 0 @O 2, 519, 1) 4t + 22 (12,0 (22(D1) dwC (D)

=120, (1) dt + Ha(m(t)l)Hiz(HQﬂ) dt +2{z5.(1)2, 0 (22.()1) dw2 (1)) .
Recall that A*(2) = A(J,.(2)) = %[J;L (z) — z], which implies that, for every z € H,

L1+ 28N (D1) — Adx(2)2 =21,
J(@2)2 — AA(Jn(2)1) — Af (S (2D1) = 22
Therefore, we have
@) = (—g(Ja(z)1) + Ja(@)2, (=A) [ Iz + 2 (Ja(zi)r) — Aa(z)2])y
+ (A1) + f (@), @)z — AA (@) — Af (a(@)1))y

= (Y (@) V(L. @1), V(I@)1))y — Ag (@) [ — 2] .2 3
— M@ 32 = A @) |5 = 28A @), £ (@)
+(f (N @)1), hz)2)y

< =0 @13 = 2MA @), £(T @)y + (F (@), Ja@)a)y

where the last inequality uses Assumption 2. Since f : R — R is Lipschitz continuous, we
have fou e H', forevery u € H', and

ILfoullgr < fllLipllull g
which implies

(AW @1)s £ )] < 1@t g | £ (T @oD) g1 < I uipl D@15

and
f (In@)n), D@2)y| < 1 F (@) g 9502 ] -1

< I fluipl 1] g1 [ Ia @)z g1 -

Then, thanks to Young’s inequality, we get
;. < =101 @1 |7 + 220 Flluip [ . G 5
(3.20) + 11 f liip [ 5. @) 1| g1 [ Ia @) 2] -1
< —%H L@t |3 + e @z 5

for A € (0, y0/ (8|l flILip))- Therefore, if we integrate (3.19) in time, apply (3.20) and use both
the boundedness of ||o (1) ||%2 (Hg.H) and the Lipschitz continuity of J, on H, we obtain

t
2@, + 0 [ 19302 @), 11 ds
(3.21) °

t t
< ||ZO||%-[1 —i—c/(; ||ZA(S)||ids + o2t +2/(; <ZA(S)2,O(ZA(S)l)de(S))H

from which we can derive (3.18) after taking expectation.
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Step 2. There exists c7 > 0 such that, for every A € (0, A /2),

(3.22) E sup ”Z)\(f) ||7{1 < llzoll3,, +cr-

t€l0,

Proof of Step 2. By taking the supremum in time for (3.21), we have

E sup ||zx(t) ||3L[1

tel0,

< lzol3,, -i-c/0 E||ZA(S)||HdS +cT +2E sgp
1€[0,T]

t
/(ZA(S)ZaU(Z)»(s)l)de(s»H‘

T T :

<llzol, +c fo Enzx(s)llidwcﬂc(l@ fo ||o(zx<s>1)||iz<HQ,H>||zA<s>zH2ds)
2 d 2 1 2

< llzoll%, +C/O E||zx(s) |5, ds +cr + EEtes[lépT]Hm(t)HH],

where the last inequality follows from Assumption 1 and Young’s inequality. Due to (3.17),
this implies (3.22).
Step 3. There exists z € L>(0, T; L?($2, 1)) such that

(3.23) Jim es[lép E|z.(t) — z(0) |5, =0.

Proof of Step 3. For every A, v € (0, ) /2), we set
() :=20(t) —20(1), t€[0,T].

Then, we have
doy (1) = [AM(z:.(1)) — AY (zu(0))]dt + [Z(z0(0)) — Z(20 (1)) ] dw@(t), 03.,(0)=0
Together with (3.10), that is, z = J;.(z) — AA(J;.(2)), we have
d|ls. )5, =2[A*(22)) = A" (20 (1), @0 D)y + [ B (22 (®) = Z(@®) |2, 110,20, 1
+2{0r0 (), [Z(22.(0) — B(z0 (1)) ]dw? (1)),
= [(A(J1(z (D)) = A(Ju(zv 1)), Ja(22.(0) = Jo (20 (D))
— (A*(za (1) — A" (20 (1)), AAM(20.(1)) — vA” (20(1)) )y
+ 2 (@0) = 2 ®) 2,10, 11
+2(030 (1), [Z(z2() — Z(z0 ()] dw2 (1)),
< [k 5. (22.(0)) = (20 @) 5, + O+ ) (| A* 220 |5, + [ A" (2 )[13,)
+cfoav®|5,]dt + 2010 (1), [Z(z2(1)) = E(2u())]dw (D)),
< cfloawn® 3 + A+ (|03, + 120®]3, +1)]d
+ 2010 (1), [2(22(0) = (20(®))]dw @ (1)),

where the first inequality follows from Lemma 3.1 and the Lipschitz continuity of 3, and the
second inequality follows from (3.6), (3.10) and (3.12). Therefore,

t t
Elosn ]2, §c/0 E||QA,U(S)”§_Lds+c/O A+ )(E22 ]2, +Elzu @)%, +1)ds.
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Thanks to Gronwall’s inequality, this yields
T
sup ]Enm,v(r)u; <cr(i+ v>f0 (B2 |3, +Elzu() |3, + 1) ds.
1€[0,T

In view of (3.22), we conclude that, for every sequence (A,),ecN converging to zero,
the sequence (zj,)nen is Cauchy in L*°(0, T; L%(Q;H)). In particular, there exists z €
L%®(0, T; L*(2; 1)) such that (3.23) holds.

Step 4. For every t € [0, T], we have

t t
(3.24) z(t):(uo,g(uo)+vo)+/0 A(z(s))ds~|—/0 2 (z(5)) dw? (s).

Moreover, z € L2(Q; C([0, T1; H1)).
Proof of Step 4. For every t € [0, T], we have

t t
(325 2.(t) = (uo. g(uo) + vo) + /O A (z(s)) ds + fo £ (21(5)) dw(s).

If we define H_; = H~ ! x H2, we have
|AGz) =A@ |4, scllzt =220, 21, 2 €.
Since z(t) € L?(Q2; H), by (3.6) and (3.12) this implies
[4%(22(90) = Ay, = [A((22) = A6y
< c|[Ja(za()) = 225, + cllzas) = 2(9) |,
< ch([za @y, + 1) +elzals) —2) ]y

Therefore,

2

E sup
t€[0,T1]

ZA’\ d tA d
A &AQ)S—A (z(s))ds

Hoy
T 2 2
< CT/O [)»(E||ZA(S)”H1 + 1) +E”ZA(S) - Z(S)”H] ds.
Thanks to (3.22) and (3.23), this implies

(3.26) kh_r)r})/o AA(ZA(S))ds=/O.A(z(s))ds, in L2(2; C([0, T]: H_1)).

Moreover,
t 0 2 T 5
Etes[gPT] /0 [Z(z2(5)) — Z(z(s)) ] dw® (s) .\ < c/(; [Z(z2(s)) — E(Z(S))HEZ(HQ,H) ds
T
< c/O E|z:.(s) — 2(s) |2, ds
so that

Ah_)n%/o z(m(s))de(s):/O ¥ (z(s))dw?, in L*(Q; C([0, T]; H)).

This, together with (3.26), allows us to conclude that, for every ¢ € [0, T], we can take the
L2(Q, C([0, T1; H—1))-limit on both sides of (3.25), as A goes to zero, and we get

t t
z(t) = (uo, g(uo) + vo) +/0 A(z(s))ds +/0 % (z(5)) dw? (z).

Moreover, by proceeding as for z;, we have that z € L2($2; L0, T; H1)).



S-K APPROXIMATION WITH STATE-DEPENDENT DAMPING 887

Now, in order to prove the continuity of trajectories in 1, we denote by 6(¢) the solution
of the problem

do(r) = LO@t) dt + = (z(1)) dw@ (1), 0(0) = (uo. g(uo) + o).

where L (61, 63) = (62, A61). Due to Assumption 1 and the fact that 6(0) € H, we have that
6 belongs to L2(2;C([0, T]; H;)) (for a proof, see [12], Theorem 5.11). Now, if we define
z2(t) :==z(t) — 0(t), for t € [0, T, and M(z1,22) = (—g(z1), f(z1)), for (z1,22) € H1, we
have

d, .
Ez(t) =Lz(t) +M(z(r)), 0(0)=0

so that, by applying the variation of constants formula, we obtain

1
2(1) :fo St — s)M(z(s)) ds,

where S(r) is the group generated by the operator L, endowed with Dirichlet boundary con-
ditions, in H. Since

M@y, < (lzllz, +1)

and z € L2($2; L™(0, T; 1)), we have that Z € L2(2; C([0, T1; H1)). Then, as z =2 + 6,
we conclude that z € L2(2; C([0, T1; H1)).

Step 5. Uniqueness holds.

Proof of Step 5. Let z1 and z; be two solutions of equation (3.5). If we define o(¢) :=
z1(t) — z2(t), we have

t
e = [ TAGI©) = AG20). 0@y + o (e1(5)) = 0 (26D [ 1,30]

+ 2/0t<Q(s), [Z(z1(5)) — E(Zz(s))]de>,H.

Hence, by Lemma 3.1 and Assumption 1 we have

t
Elo[3, = [ Ele|,ds.

and this implies that z; = zo. U

4. Energy estimates. In the previous section we have proved that, for any u > 0 and
any T > 0, there is a unique solution (u, d;u,) € L?(Q;C([0,T], H))) to system (3.1). In
this section we prove some bounds for (u, d;u,) which are uniform with respect to .

As we have already done in the proof of Theorem 3.2, if we apply the Itd formula to
equation (3.1) and the function

Ky (u,v) = ull3, + mlvll,

we have
%dKM(uM, Oity) = [((—A)uu(t), a,uu(t))H + (Auu(t), 8tuﬂ(t))H
— (v () B0, (1), By () g
+(f (@), By (D) g + i lo(upn®) ||22(HQ,H>} dt

+ (Bt (1), 0 (up(5)) dw@ (1)) -
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This implies

1

SAllun® i+ ldun @]

= ((f(uu(t)v atuu(t)>H - (V(uu(t))atuu(t): alu,u(t))H

1
@.1) + @”G(”u(’)) ”iz(HQ,H)) dt + (D, (1), 0 (u (1) dw@ (1))

2
2 Y0 2 o
< (a1, + 1) = B0 + 52 )

+ (Brupu (1), 0 (uy (1) dw€ (1)) ;.
In particular,
1d
2dt m

1
<~ Ll 0 + 1B O =3+ o Bl +1),

EJuyu(0) 31 + HE B ()] ]
(4.2)

where ¢ = ago / V0. Moreover, we have

d
43) ol = 2l (0. By (1)
and
pdig (0). By () g = [ B O3y — [ @51 = (@), v (0 (0) By, (0))

(4.4)
+(f (@), un @) ] dt + (@), 0 (uu (@) dw@ (@),

LEMMA 4.1. Under Assumptions 1, 2 and 3, for every T > 0 and (ug, vo) € H1, there
exists some constant ct = cr (|[uoll g1, llvoll#), independent of ., such that

t
B sup Juu() [+ [ Bl @l ds
rel0

4.5)
SCT(HM [ Bl o)1y ds 415 sup o)1)
rel0,t

forevery u e (0,1) andt € [0, T].
PROOF. We define
I'r)= /Orxy(x)dx, r e R,
and
A) = f(’) F'(u(x))dx, ueH.
It is easy to see that (2.7) implies

(4.6) 0<2r <F(r)<);12

relR
so that, for every u € H,

Yo Y1
(4.7) 057||u||%,sA<u>53||u||%,-
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Moreover, if v(t) = d;u(z), we have

d
(4.8) d—A(u(t)) = / y (e, x))u(t, x)v(t, x)dx = (u), y (u(?))d;u()),.
t (@]
Therefore, thanks to (4.4) and (4.7), this gives
5 ln Ol = Alup )
t
= Aw0) = Wl (0, 30,0y + o, vobia + 1 [ [0 ()17 ds

_/t||u OIF ds+/t(f(u (5)), up(s))y ds
0 m Hl 0 w [ad 0 H

t
+ /0 (1 (5), 0 (i () dw @ (5)) .-

In particular, for every u € (0, 1), we have
t
Pl @13 = e+ o, + [ 1ona(s) [ ds
t t
— [ v ds + [ 7 )10 s

+/Ot(uu(S),o(uu(S))de(S))H-
Now, by (2.3) and (2.9) we have
(F (10(9)), 9y = M@ 3+ (1 + [ )] 175 0)
< [Mfar+ (= afar) /2] |uu(s) |31 + ¢
so that
B 0y + 50 = 2/a) [ a1 ds

2 2 ! 2 ! 0
<cr+cu ||8,uu(t)HH+/¢L/(; H8tuu(s)||Hds+/0(uu(s),a(uu(s))dw ()

This implies
2 ! 2
E sup i), + [ Elua(s) [ ds
rel0,t] 0

t
<cr+a’E sup [l +cn [ Bl o)} ds
rel0,1] 0

4+ cE sup
rel0,7]

/0 (uu(s), o (uuls)) de(s))H‘

t 1 rt
<er +cuE sup ||8,uﬂ(r)||il+cu,/ E||8,uu(s)H12qu+—_/ Euy ()|, ds,
ref0,] 0 2 Jo

and (4.5) follows. [J
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PROPOSITION 4.2. Under Assumptions 1, 2 and 3, for every T > 0 and (ug, vo) € Hi,
there exist some constants cr and pr > 0, depending on ||ug|| g1, ||voll &, such that

T c
@9)  E sup Jup@)| +uE sup |8 ()| + / E v, (5)[% ds < T
rel0,T] rel0,T] 0 m

Jor every € (0, ur).

PROOF. Due to (4.1), for every u € (0, 1), we have

t
lu ) s + 1l o0 O + 5 [ o[ ds

c t t
< ;T +c/0 ”uﬂ(s)||2ds+/0 (311, (5), 0 (e () dwO (s)) .
This implies

E 2 2 Yo (! 2
sup [up,(r) [ + 1E sup )|y + 5 | Eorun ()| ds
] rel0,1] 0

rel0,t

t
< —}—c/ E|u,(s)|3, ds +E sup
128 0 ref0,¢]

/Or(atuu(s), o (upu(s)) de(s))H

%0
4 Jo

Therefore, we can conclude the proof by using (4.5). U

c ! !
<t (Bl s+ 2 [ Blau, o)l s

REMARK 4.3. Combining (4.5) and (4.9), we obtain that, for every T > 0, there exist
cr, it > 0 such that

T

(4.10) E sup Juu |y + [ Elun@lids <er
rel0,T] 0

forall u e (0, ur).

In fact, we can prove a better bound for the L?($2; L°(0, T'; #1))-norm of (TR 7))
than the one in (4.9).

PROPOSITION 4.4.  Under Assumptions 1,2 and 3, given any T > 0, there exist ct, ut >
0 such that, for all u € (0, ur),

4.11) JiE s[gpn(llumllin + 1B (0] 3) < et
t€l0,

PROOF. Assume (4.11) is not true. Then, we can find a sequence (ug)xen C (0, 1) con-
verging to 0, as k — oo, such that

(4.12) lim /x B osup ([ (0] 50+ sk [ 8ri,0, (1)) 3) = 00
k— 00 1€[0,T)
In what follows, to simplify our notation we define

Li(t) := [ ) |51 + 1|01, (0|3, £ €10, T,

By Theorem 3.2, all L(¢) are continuous in ¢, P-a.s.. Therefore, for every k € N, there exist
arandom time #; € [0, T'] such that

Ly (tx) = sup Li(1).
1€[0,T]
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For any random time s such that P(s <) = 1, from (4.1) we have
i 2 ol
(4.13) Li(tr) — L (s) < / (C(HMM(T)HH +1)+ E> dt + My (tx) — Mi(s),
S
where

t
Mk(z):/o (Bt (5), 0 (1t (5)) dw 2 (5)) -

If we define the random variables

M;: ‘= Sup Ulj = SuP “u//«k(t)”H’
t€[0,T] r€lo,

then by Proposition 4.2 and (4.10) we have
T 1
(4.14) E(M}) < c</ E||8,uuk(t)||12th>2 <L R} <er.
0 VHk
Due to the definition of M ,’(" and U ,j , there exists a constant A7, independent of k, such that
Iluolli,l + llvoll3; < Ar and
* Ggo(tk B S) *
Li(tr) — Li(s) < Ar(Uf +1) + T +2M;.
k
If we take s = 0, then

k k
tr > M—z(Lk(tk) —Ar —Ar(Uf 4+ 1) —2Mf) = M2 O -
O’Oo Joo

On the set Ej := {6 > 0}, we consider s € [t; — 25;—’;91(, t¢] for which we have

2 1
Li(s) > Li(te) — A0 (UF + 1) — Ek —2M} = 2[(Lk(fk) —ar(UF+1) —2M}) + Ar].

Finally, if we define

T T ’ 2
o= [ L) ds = [ )y + sl 0) ) ds

we have

173
Ik zf L) ds = = [(Li) — A (UF + 1) —2M7)? = 23]
Zk—zla—égk 4000

on Ej. Thus, by taking expectation on both sides, we get

AT
4o

4.15) E(ly) = E(ly; Ey) = E( (Lk(tk) XT(U; + 1) — 2MZ<)2; Ek> —

2
oo 0

By (4.12) and (4.14) we know
Iim /ui E6; =
k— 00

Moreover,

1

(4.16)  E(/mbk) < E(/mbk: Ex) < E(/ix Ok + Ar); Ex) < [E(ur 0k + 21)°: Ex)]2.
Combine (4.15) and (4.16); we have

1 kA kA

E(ly) > —E(ur 0k + A7) Ex) — ¢ Eop)? — ==L

() = (hk Ok + A7) Ek) pry _42(«/ k) py

o0

This implies that limg_, o, [E(/x) = oo which contradicts (4.9) and (4.10). Therefore, (4.11)
must be true, and the proof is complete. [
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5. Tightness. Forevery i > 0and T > 0, we shall define

pu(t) =g(uu(®)), tel[0,T].

In this section we study the tightness of the family of measures (L£(p,, ))kenN, for any sequence
(1x)ken converging to zero. According to Assumption 2 and the definition of g, we know that

g = nilrl, g’ <y, rekR
Therefore, for every u > 0 and ¢ € [0, T'],
lon® g < villup®] 5, lon®] g1 < villup @] g1

As a consequence of (4.10) and (4.11), this implies that there exist cr, ur > 0 such that
T
G1) E swp (o) 15+ VElou®70) +E /0 |0 ds <er, e, pur).
tell,

Since g(r) is a strictly increasing function, it is invertible, and for every u > 0,

up () =g~ (o), 1€[0.T1.
This implies that

Auy (1) =div[Vg (0. (0))] = div[ V,ou(t):|.

Y (€ pu ()
Moreover, by the definition of p,, we have that

(5.2) Vou@®) =y () Vu,(t), B pp () =y (uyu(1))druy (t).
Therefore, if we define

. . -1
(5.3) b(r) := Pt F(r):=f(g '), reR
and
(5.4) og(h):=0c(g ' oh), heH,

we can rewrite equation (3.1) into the following form:

t
Pt + duy, (1) = g (uo) + pvo + /0 div[b(pu () Vo, (5)] ds
(5.5

t t
+/O F(,oMs))ds%—fo 0o (0u(s)) dw?(s)

in space H~!. From Assumption 2 we have

1 1
(5.6) 0<—<br)y<—, rekR.
4! Y0
In what follows, we shall define
(5.7) X ::c([o, T1: N H_‘S), Xp:= () LP(0, T; H).
§>0 p<0o
Both spaces turn out to be complete and separable metric spaces, endowed with the distances
o
1
68 D% 3) :}; = Iego MY
and
1
(5.9) dy,(x,y) =) z—n(lx =Vl A 1).
n=1

Notice that both X and X, contain L*°(0, T, H) with proper inclusion.
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THEOREM 5.1. Assume that Assumptions 1, 2 and 3 are satisfied, and fix any initial
datum (ug, vg) € H1 and any T > 0. Then, for any sequence (jLi)xeN converging to zero, the
family of probability measures

(L(gp)))geny € P(X1 0 X2)
is tight.
PROOF. For every 6 € (0, 1), let C (10, T1; H~1) denote the space of 6-Holder contin-

uous functions, defined on [0, 7'], with values in H~!. As a first step, we prove that there
exists some 6 € (0, 1) such that the family

(Op + 1) pe.ury C LY €O ([0, T1; H))

is bounded. For the first integral term in (5.5), given any 0 <#; <t, < T, by (5.1) and (5.6)
we have

15 5]
E [ 14ivb(pu ) Vou(5)] -1 d5 = cE [ 1b(0u(6) V(o) ds
1 1

1

T =
(5.10) siaz—rl)%(/ EHpM(s)n?,lds)z
Yo 0
c 1
<—(n—n)2.
Y0
For the second integral term in (5.5), thanks to (4.10), we have

12} [5)
E [ C1F(ous) ] g ds = [ 7] 0u5) | s
(5.11) " "

19}
< c/t (Elup)| 4y +1)ds <c(tay —11).

Finally, due to the boundedness of o4, by proceeding as in [12], Theorem 5.11 and Theorem
5.15, and by using a factorization argument, we have that

< 0

supEH/. o (1, (5)) dw? (s)
0 C90,T;H™ 1)

n>0

for any 6 € (0, 1/2). Therefore, by putting this together with (5.10) and (5.11), from (5.5) we
can conclude that, for any 0 € (0, 1/2),

(5.12) sup E”pu + /Lazuﬂnce([o’]‘];H—l) < Q.
ne@,pr)

Moreover, thanks to estimates (4.11) and (5.1), we have

(5.13) sup  Ellpy + wdiupllcqo,r; Hy < 0.
ne©,pr)

Now, due to (5.12) and (5.13), for any € > O there exist two constants L{, L5 > 0 such
that, if we define

Ki={f:[0,TIxR—=R :|fllcoqo.ryn-1) < Li}
and

K5 ={f:[0,T1xR—R :|fllcqo.ry: o) < L5},
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then

(5.14) inf  P(o, + udu, € KENKS) > 1— <.
ne©,ur) 3

By the compact embedding of H into H %, we know that K [ N K5 is relatively compact in
C([0, T1; H™%) for every 8 > 0 (for a proof, see [30], Theorem 5). Therefore, KiNKS is
relatively compact in X.

In Proposition 4.4 we have shown that

lim E|| sz 0 71 1y = O.
i [l L0, ,u||c([(),T],H)

Hence, for every sequence (uux)ren C (0, o) converging to zero, there is a compact set K5
in C([0, T']; H) such that

(5.15) P(— ey, € KE) > 1 — %, keN.
Since C([0,T]; H) C X1, K3 is also compact in X;. Then, (K| N K5) + K3 is relatively
compact in X1, and, thanks to (5.14) and (5.15), for every k € N,

(5.16)

€
P(pu, € (Ki N K3) + K3) = Ppp, + piduy, € Ki 0 K3, —piduy, € K3) > 1— 5

By the arbitrariness of € > 0, this means that the family of probability measures (L(0y, ))keN
is tight in X7.

Now, due to the characterization given in [30], Theorem 1, for compact sets in C ([0, T'];
H“S), if for every h € (0, T) we define

omf)=f@+h), tel[—h,T-h],
we have

(517) lim sup ”Thf - f”C([O,T—h];Hfs) = 0, 6> 0.
h=0 re(K<NK$)+KS

Next, due to (5.1), there exists L§ > 0 such that if we define
K= {f 0, TIxR—>R: Il 20, 7:m1) < Li},
then

€
5.18 inf P eKf)>1——.
(5.18) ne®©,ur) (Pu ) 2

Thus, if we take
K¢ :=[(KiNK5)+ K5]NKj,
from (5.16) and (5.18) we obtain

1 inf [P K¢ 1—e.
(5.19) inf (o, €K)>1—¢€

Now, let us fix p € (2, 00), and let us define

It is immediate to check that

o 1—«
lxlle < cpllxll s, Il "
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Due to (5.17), we have

}}l_r)% fS:IEE T f — f”c([o,T_h];H*‘sp) =0.

Moreover, K€ is bounded in L2(0, T; H'). Then, since

op l—ocp_l

00 2 P
according to [30], Theorem 7, we have that K€ is relatively compact in L?(0, T; H). Due
to the arbitrariness of p < oo, we have that K€ is relatively compact in X». By the arbitrari-
ness of € > 0 and (5.19), this allows us to conclude that the family of probability measures
(L(ppu))ken 1s tightin Xo. [

6. Uniqueness for the quasilinear parabolic equations. In this section, we prove the
uniqueness of solutions for the following quasilinear stochastic parabolic equation

6.1) iﬁ,p =div[b(p)Vp] + F(p) +0g(p)dw@(t), t>0,xe0;

p(0, x) = g(up), p(t,x)=0, x €00,

where, we recall

b(r) Fr)=(fog (), reR

Ty )’
and

og(h)=0(g ' oh), heH.

Notice that, because of our assumptions on y and f, the functions b and F are both globally
Lipschitz continuous on R and the mapping o, : H — L2(Hg, H) is bounded and Lipschitz
continuous.

DEFINITION 6.1. An (F;),>0 adapted process p € L>(Q:; C([0, T]; H~1) N L*(Q;
L?(0, T; H")) is said to be a solution of equation (6.1) if, for every test function ¥ € C5o(0),

t
(0(6), V) = (2(uo), W)y — f b(p(5)Vp(s). V), ds
(6.2) 0

+/O (F(p(s)),x/f)Hderfo (o (0()) dw2(s), V).

THEOREM 6.2. Suppose Assumptions 1, 2 and 3 are satisfied. Then, there is, at most,
one solution p € L*(; C([0, T1; H~Y)) N L*(Q; L?(0, T; HY)) to equation (6.1).

PROOF. The proof is a slight modification of [20], Proof of Theorem 3.1, where Hof-
manov4 and Zhang use a generalized It6 formula for the L!-norm of solutions of the same
class of stochastic quasilinear parabolic equations. In [20] the periodic boundary condition
on the torus T” is considered, and this means that the authors can take the identity function
on the torus as a test function. Since we are considering here Dirichlet boundary conditions,
we have to use a different class of test functions.

Let (¢,)nen be the sequence of functions constructed in [20], Proof of Theorem 3.1, which
have bounded first and second order derivatives,

2
(6.3) @, (0) =0, g, ()] <1, Oswﬁf(r)s—l |,reR,
n\r
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and
(6.4) lim sup|g,(r) — |r|| =0.
=0 LR
Now, suppose p1, p2 € L?($; C([0,T1; H~ YY) N L3(; L*(0, T; H')) are both solutions

to (6.1). By the generalized Itd formula in Proposition A.1, for any test function v € C§°(0O),
we have

(6.5) {en(p1@) — P2)). ¥ )y = Z Lin (1),

where

t
Ta(t) = /0 (0 (p1(5) — p2())(F(p1(5)) — F(02(5))). )y, dis,

t
Dn(t) = — /O (0! (p1(5) — p2(5)) (Vp1(s) — Vpa(s))
(B(p1 () V1(s) — b(02(5) V02.(5)). )y ds,
t
In(t) = — / (0L (p1(5) — p2()) (B(p1 () V1.(5) — b(p2()) Y a(s)). V), s,

2, 1//> ds
H

t
Isn(t) = | {@n(01(5) — p2(5)) [0 (01(5)) — 0 (02(5)) ] dw 2 (s), ¥),
0

Iy (1) == 2f <90n p1(s) — p2(s)) Z o5 (p1(5)) — og(02(5))] Qe

and

By the boundedness of ¢, and ¢, (6.5) is also valid for any ¢ € H 'nc(O) with y =0
on 00 by approximation; that is, there exist v, € C§°(O) converging to ¢ in both L> and
H' norms. In particular, here we take the test function ¥ to be positive superharmonic with
nonpositive Ay € L2. Thanks to (6.3) and the Lipschitz continuity of F,

t
I (1) scfo (|01(5) = ()| W),y ds

For the second term, thanks to (5.6), (6.3) and the Lipschitz continuity of b,
t
L) == [ 16/(01(5) = p2(5))b(01() (V01(5) = V2(5)) - (Vo1(5) = V2 (s)). ) s
t
— /0 (@n (01(5) = p2(8)) (b(p1(5)) — B(p2(5))) (Vi (s) — Vpa(s)) - Vpa(s), ¥) ds
c t
== [V -

Wl=©) (1
< W0 [ 0 o + o) ) s

i ds

For the third term and by the definition of b, we have b(p)Vp = Vg_l(,o); from which we
have

1t
Ba(t)=— / (0l (p1(s) — p2()) (Ve (p1(s)) — Ve~ (pa(s))), V), ds

/ @1 (01(5) — p2(8))(V1(s) — Vp2(9)) (87" (01(5)) — & (02(5))), V) ds



S-K APPROXIMATION WITH STATE-DEPENDENT DAMPING 897

+ /O (0. (p15) — p2)) (g~ (1)) — g~ (P2(5))). A),y dis

Thanks to (6.3) and the Lipschitz continuity of g~,

c
02 (p1(s) — p2()) (g7 (p1(5)) — g7 (2(5)))| < cle) (p1(s) — pa(s)) |1 (5) — pa(s)] < —
Since ¢/, is increasing and ¢/,(0) = 0, we have signg/ (r) = signr. Then, as g~! is also in-
creasing, we have
ouri =) (g™ (r) — g7 (1)) 20, ri.reR.
Together with Ay <0 on O, for every ¢ € [0, T'], we have
c ! J
I3, (1) < — \Y —
SOEES RIZ0 )i s
crliYllgr 7
= LR [ (o) + Lo ) ds
For the fourth term and by Assumption 1, we have
Iyn(t) = 2f <90n p1(s) — p2(s)) Z\m o1(5))) —ai (- g (02))) s 1/f> ds
H

2 ¥)y, ds

<2 / ¢! (p1(5) — pa())|p1(5) — po
< o152+ 12200 ) s

1l [
< TVl [ Uor s + o)1) ds

Therefore, we take the expectation of (6.5) and combine the estimates for Ij ,(¢), 12, (t),
I3 ,(t) and I4 , () to obtain

t
Elgn(01(1) — p2(D)), ¥}y < %T(IWIIHI + III/IIILOO(O))/O (Elp1®) 51 +E]p2(9) |31 ds

t
+¢ [ o) = pao)]. vy ds.

Now, we take the limit above, as n — 0o, and we get

t
E{o1(r) — o2 ()|, ),y < cfo E{|o1(s) — )., ds

which implies that

(lo1(r) — )y =0, as.onQx[0,T].

Since this is true for all positive superharmonic ¥ € C(0) N H'! with zero boundary value
and nonpositive Ay € L2, we have p; = p», and the uniqueness follows. [

7. The convergence result. Now, we are ready to prove the convergence of the solutions
to (1.1) and to identify the limit as the unique solution of the quasilinear parabolic equation
(1.6).
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THEOREM 7.1. Suppose Assumptions 1, 2 and 3 are satisfied and, for each p > 0,
let (uy, 0;u,) denote the unique solution to equation (1.1) with the same initial condition
(1o, vo) € Hi. Then, for every § > 0 and p < 0o, and for every n > 0,

/}iinop(””/t - M”c([o,T];H—S) + ||u,t - M”LP(O,T;H) > 77) =0,

where u € L2(S2; X1 N X2NL20, T; HY)) is the unique solution of equation (1.6) with initial
datum ug.

REMARK 7.2. Here, we only consider deterministic initial data (uq, vg) € H L) x
L?(0), independent of p. Actually, it is easy to generalize our result to the cases of ran-
dom initial data (u,(0), d;u,(0)) € H 1(©) x L?(0), depending on p, such that, for some
uo € H(0),

. 2 2 2
JTO(E““;L(O) — o[ y1 o) + W E[0u,(0)]72(0)) =0.
PROOF. We recall that, in the previous section, we have introduced the two Polish spaces

X1 and X5, endowed with the distances d; and d», defined in (5.8) and (5.9), respectively.
Here, for every T > 0, we denote

Kr:=[X1NX2)? x [C([0, T]; H)]* x C([0, T]; U),

where U is the Hilbert space containing H g, with Hilbert-Schmidt embedding (see (2.4)).
In Theorem 5.1 we have proved that, for any sequence (u)reN converging to zero, the

sequence (L(0y, iUy, ))ken is tightin [ X1 N X2] x C([0, T']; H). Hence, the Skorokhod

theorem assures that, for any two sequences (/L]i)keN and (/,L%) keN converging to zero, there

exist two subsequences, still denoted by (;L,l)keN and (,U«/%)keN, a sequence of random vari-
ables

Yei= (o 00), (2. 02), 82). ke
in ICr, and a random variable
Y= (o', p* 0?)
in [X; N X312 x C([0, T1; U); all defined on some probability space (fZ, .7:" I@’), such that
(7.1) LX) = L((0,1 1idru 1) (P24 M%a’”u«ﬁ)’ w?), keN,
andfori=1,2

klgrg@(”p,’( — 0’ ”X, + lelc — 0’ ||X2 +| ’912 “C([O,T];H)

(72) , )
+ [ _uA)Q”C([O,T];U)):O’ P-a.s.

Notice that, due to (4.10) and (7.2), we have
(7.3) pl e L?(2; X1NX,NL*0,T; HY), i=1,2.

Next, a filtration (]:"t),zo is introduced in (Q, F , I@’) by taking the augmentation of the canon-
ical filtration of (p!, p2, 0 9), generated by the restrictions of (p', p%, w9) to every interval
[0, 1]. Due to this construction, W€ is a (.73,),20 Wiener process with covariance Q*Q (for a
proof, see [13], Lemma 4.8).

Now, if we show that p! = p2, we have that pu converges in probability to some p €
L2(; X1NX>,NLY0,T: HY). Actually, as observed by Gyongy and Krylov in [18], if E is
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any Polish space equipped with the Borel o -algebra, a sequence (§,),en of E-valued random
variables converges in probability if and only if for every pair of subsequences (&,,),en and
(&))1en there exists an EZ2-valued subsequence i := (§(k), §1(k)) converging weakly to a
random variable 7 supported on the diagonal {(k, k) € E* : h=k}.

In order to show that p; = pp, we prove that they are both a solution of equation (6.1),
which has pathwise uniqueness due to Theorem 6.2. To this purpose, we use the general
method introduced in [13].

Due to (7.1), both (p,}, 19,3) and (,0,%, 19,3) satisfy equation (5.5) with w€ replaced by ﬁJkQ.
Then, by first taking the scalar product in H of each term in (5.5) with an arbitrary but fixed
¥ € C3°(0) and then integrating by parts, we get

. . t . ,
(o) +9,.(1), )y = (g(uo) + pkvo, )y — /0 (B(pr())V pr(8), Vi) ds
t .
7.4 i
(7.4) + /0 (F(pi(9)), ¥ ds

t .
+ [ o) aif ). )y, i=1.2
Now, since g is invertible, we can define

Wi (t,x) =g (oh(t,x)),  u'(t,x)=g '(p'(t,x)), (t,x)€[0,T]xO.

Due to the Lipschitz continuity of g_l, we have that uf( and u’ belong to L>(Q: X1 NX2N
L%(0,T; H")) and, in view of (7.2),

(7.5) kll)n;O(Hu}( — 'y, + Jui —u']y,) =0, P—as.
Moreover,
Vup(s) =b(pp()Vpi(s),  Vu'(s)=b(p'(s))Vp'(s)

so that
t

t . . . .
| {6ei50) 2151, V) s = [ (b(6 5)) 0" (5), V) s
t . t .
:'/O(Vujc(s),VW)H ds—/o (Vu'(s), Vi), ds

t . ,
—/0 ((up(s) —u'(s)), Ayr)y ds
In particular, due to (7.5), we have that
t _ _ t _ . N
(7.6) kl—i>n;o/o (B(Pe())V (), V) ds = /0 B(p'())Vp'(s), V), ds, P-as.

Now, fori = 1,2 and ¢ € [0, T], we define

Mi(t) = (o (1), ), — (g(uo). ¥y + / P () Vpi(s). Vi), d

— /()I<F(pi(s)), V), ds.

By proceeding as in the proof of [13], Lemma 4.9, thanks to (7.2), (7.6) and the Lipschitz
continuity of F', we have that, for every ¢ € [0, T],

<1v}i —‘/O.(Gg(,oi(s))dﬁ)Q(s),W)H> =0, P-as.

1
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where (-); is the quadratic variation process. This implies that both p! and p? satisfy equation
(6.1). Namely, for every ¥ € Cg°(O) and i =1, 2,

, t , ,
(0 (1), 9y = (g o). )y — /0 (b(p' () V' (). Vp),, dis

+ [ @)Vl ds + [ foglo! ) did20s). vy

As we have recalled above, thanks to the remark by Gyongy—Krylov in [18], this implies
that p,, converges in probability to some random variable p taking values in X; N X», as uw
goes to zero. Due to (7.3), we also have that p belongs to L2(S: X1 N X, NL20,T; HY)
and satisfies equation (6.1).

Now, we set

=g ().
Due to the Lipschitz continuity of g_l, we have that u € L2(Q; XN X>NL20,T; H')) and
u,, converges in probability to u in X1 N X5, as u goes to zero. In order to conclude, we have
to identify u# with the solution of equation (1.6). We apply the generalized It6 formula, stated
in Proposition A.1, to u := g~ (p) with

=Hyp, Ji(t) =0g(p(t))Qei, €N
and
F(1)=F(p()), G(t)=b(p())Vp()).

Actually, since
1

—1v/ _
&)= oy

for any ¥ € C§°(O) we can conclude that

(), W)y = {10, ) 1 — /0 t(yv(ZEji),wL ds — /0 t<v(y(u1(s))> Vus), 1/f>H ds
< G v), o= [ Dletenears) s

b Gy o),

which means that u is a solution to (1.6).
In order to prove the uniqueness of the solution of equation (1.6), if #; and u, are two
solutions, we apply Proposition A.1to p; = g(u;), j = 1,2 with

o(u j) VMj(t)

y'(g”' ()

N _
&= Ty

r e R,

= Hp, J () = 0 Gt)y=—1"  ieN
o Ho=T050 O
and
) |
Figy=""0 ) ———) - vu;
= ~®) <y<u,-<t>>) uj ()
) &

~ Syt 2 0) Qci)’

Then, it turns out that both g(u1) and g(u3) are solutions to (6.1). Thus, by the uniqueness
result in Theorem 6.2, we can conclude that g(u1) = g(u3), and this implies that u| = u».
O
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APPENDIX: A GENERALIZED ITO FORMULA

In [13] it proved a generalized 1t6 formula for the weak solutions of the following general
class of equations:

(A.1) du(t)=F@)dt +divG(@)dt+ J(@)dw(t), upecH,

where H = L*>(T¢), d > 1. In the present paper we are dealing with Dirichlet boundary
conditions in general bounded open sets O. In what follows, we adapt the formulation of
[13], Proposition A.1, to our situation, and we briefly describe the modification we have to
do in the proof.

PROPOSITION A.1. Lety € C3°(O) and ¢ € C?%(R) with bounded second-order deriva-
tive. Suppose W is a space-time white noise, that is,

w(t) =) eipiD),

i=1
where (Bi)iecN are mutually independent standard Wiener processes on the stochastic basis
quadruple (2, F, (Fi)ie[o,71, P) and (e;)ien is a complete orthonormal system in a separa-
ble Hilbert space . Assume that F and G are adapted processes in L2(Q; L*(0,T; H)),
j=1,...,d and J is an adapted process in LZ(Q; L0, T; Ly(M; H))). For every i € N,
let J;(t) := J(t)e;. If the process
ueL*(Q;C([0,T]; H™Y)) N L*(Q; L*(0,T; HY))

solves (A.1) in H™!, then almost surely, for all t € [0, T],
t
() W)y =l o). W)y + [ 19 @) F(s). )y ds

t
—/0 (@" (u())Vu(s) - G(s), ¥)y ds
(A2) t o N
- f (@' ()G, V) ds + / <so”(u<s>)ZJf(s>,w>
0 2 Jo i=1

H
t
—I—/O (@' (u(s)) I (s)dw(s), ¥) ds.

Moreover, if we further assume that ¢ has bounded first-order derivative, the assumption on
F could be relaxed to LY (2; LY(0, T; LY(©))), and we still have (A.2) to be true.

PROOF. It is enough to prove the result for any smooth i with compact support in O.
Given a fixed ¥ € C3°(O), suppose it is supported on the compact set K C O, and let §y :=
d(K, O > 0. We fix a positive smooth function £ supported on the unit ball with integral
equals to 1 and define &5(x) = sidé‘(%). Then, if for any f € H, we define f‘S = f x &; for
8 < 8o, we have

||f8”L2(K)§||f||H’ ||f8—f”L2(K)_’O'

Now, we apply the mollifiers &5 to u(¢), and we have

t t S
u“(r,x)zug(x)+/() F‘S(s,x)ds+/0 diVG‘S(s,x)ds—i—;/O J3 (s, x)dBi(s),
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for all x € K. Thus, we can apply the It6 formula to go(u‘S (t, x))¥ (x), and, after we integrate
in x, we get

(A.3)

(‘P(ua(t))’ s
) ! S S ! 8 S
=<<p(u0),w)H+f0 (@ Wl ())F (s),¢>Hds+fO (@' (u®(s)) div G°(s), ¥), ds

o0

1 '
Eizfo ((pu(urS(s))(JiB(s)) ds+Z/ (s) J (5), )y, dBi(s)

=1

+
) ! ) S ! ) )
z((p(uo),w)H+/0 (@' () F (s),¢>Hds+_/(; (div(e (u°($))G°(s)), ¥)y ds
t 12t
_/0((p//(ua(s))Vua(s).G5(s),1/f>Hds+§Z/(; ((p”(u‘s(s))(J{S(s))z,1//)Hds
i=1

iy / WO () J2(5), W)y dBi (5).

i=1

At this point, using the same argument as in [13], we can take the limit above, as § goes to
zero, and obtain (A.2). [
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