TRANSFER OPERATORS AND HANKEL TRANSFORMS BETWEEN

RELATIVE TRACE FORMULAS, I: CHARACTER THEORY

YIANNIS SAKELLARIDIS

ABSTRACT. The Langlands functoriality conjecture, as reformulated in
the “beyond endoscopy” program, predicts comparisons between the
(stable) trace formulas of different groups G1, G2 for every morphism
LGy — "G between their L-groups. This conjecture can be seen as a spe-
cial case of a more general conjecture, which replaces reductive groups by
spherical varieties and the trace formula by its generalization, the relative
trace formula.

The goal of this article and its continuation [Sakb] is to demonstrate,
by example, the existence of “transfer operators” betweeen relative trace
formulas, which generalize the scalar transfer factors of endoscopy. These
transfer operators have all properties that one could expect from a trace
formula comparison: matching, fundamental lemma for the Hecke alge-
bra, transfer of (relative) characters. Most importantly, and quite surpris-
ingly, they appear to be of abelian nature (at least, in the low-rank exam-
ples considered in this paper), even though they encompass functoriality
relations of non-abelian harmonic analysis. Thus, they are amenable to
application of the Poisson summation formula in order to perform the
global comparison. Moreover, we show that these abelian transforms
have some structure — which presently escapes our understanding in
its entirety — as deformations of well-understood operators when the
spaces under consideration are replaced by their “asymptotic cones”.

In this first paper we study (relative) characters for the Kuznetsov for-
mula and the stable trace formula for SLy and their degenerations (as
well as for the relative trace formula for torus periods in PGL3), and we
show how they correspond to each other under explicit transfer opera-
tors.
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1. INTRODUCTION

1.1. Functoriality. The goal of this paper and its continuationﬂ [Sakb], is
to demonstrate a local theory “beyond endoscopy”, which indicates that
functorial transfer between trace formulas is governed by “transfer opera-
tors” that have a certain structure: First, in the low-rank cases that we are
examining, these operators can be explicitly described in terms of Fourier
transforms and other relatively innocuous operators (such as multiplica-
tion by an automorphic character) which, in principle, are amenable to ap-
plication of the Poisson summation formula and, hence, to a global com-
parison. Secondly, these transfer operators are deformations of completely
understood transfer operators that one obtains when letting the spaces de-
generate to their asymptotic cones (or boundary degenerations). In the process,
we develop the local theory behind “non-standard” comparisons of trace
formulas that have appeared in the literature, namely in Rudnick’s and
Venkatesh’s theses [Rud90, [Ven04], revealing a structure that is not evident
in the analytic number theory approach. Our results should also be re-
lated to Herman'’s trace-formula-theoretic proof of the functional equation
of the standard L-function of GLy [Her12|] (which should correspond to the
local Godement-Jacquet theory on the Kuznetsov formula, developed by

1 Any references to sections or equations numbered 6 or above refer to [Sakb].
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Jacquet in [Jac03]]), and Altug’s theory of Poisson summation for the stable
trace formula of SLy [Alt15, |Alt17, IAlt20]. Most of the results of this paper
were announced, without proofs, in [Sak19b].

“Functoriality”, here, is understood in the generalized sense, in the tra-
dition of Jacquet, that includes spherical varieties in addition to reductive
groups (which are a special case). Thus, the trace formulas compared are
relative trace formulas, which include the trace formula in the group case.
With the exception of Venkatesh’s thesis, that we revisit, the functorial lifts
that underlie our comparisons correspond to an isomorphism of L-groups. To
the reader eager to see non-trivial cases of functoriality between reductive
groups, this might seem, and is, a disappointment. However, the “relative”
generalization demonstrates that the problem of functoriality is highly non-
trivial already for the identity maps of L-groups. What hopes do we have
to tackle the general problem if we don’t understand this basic case? More-
over, the examples collected here demonstrate the central role played by
the Kuznetsov formula in any successful “beyond endoscopy” comparison
that I know. This fact is reinforced by [Sak21], which compares spaces of
test measures of any rank-one relative trace formula to test measures for
the Kuznetsov formula. Although it is too early to pass verdict on this, it
may just be that the idea of directly comparing stable Arthur—Selberg trace
formulas is infeasible, and one has to move to the “relative” setting of the
Kuznetsov formula in order to prove the functoriality conjecture; this idea
appeared early on in the short history of “beyond endoscopy”, in a letter of
Sarnak to Langlands [Sar].

Our methods of proof are quite classical, and rely heavily on Rankin-
Selberg theory. Not surprisingly, in retrospect, several different methods
to study the same problem converge to the same, when viewed as a com-
parison between the appropriate trace formulas. The hope is that this new
trace formula-theoretic approach will generalize to cases where Rankin-
Selberg theory and other techniques do not. Again, in rank one this will be
confirmed in [Sak21].

1.2. Overview. The relative trace formula is a distribution (with a geomet-
ric and a spectral expansion) on the adelic points of a stack. In this paper
we work over a local field F', and only with relative trace formulas attached
to quotients of the form [X x X /G%2¢], where X is a homogeneous spher-
ical G-variety of low rank. We will allow the case X = (N,%)\G, that
is, the Whittaker case of the variety N\G, equipped with a generic char-
acter of the maximal unipotent subgroup N, except that in that case we
will take the character to be ¢/~! on the second copy of X. The Arthur-
Selberg trace formula corresponds to the case X = H, a reductive group,
under the action of G = H x H by left and right multiplication; in that
case, [X x X/Gdiag] = [%], by which we denote the quotient of H by H-
conjugacy. In the general case where X = H\G, we have an isomorphism
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[X x X/GY28] = [H\G/H], and we will use these two ways to represent
this quotient interchangeably.

In the entire paper we work over a local field F'. The variety X is as-
sumed to be quasi-affine, and let us denote by €y the invariant-theoretic
quotient X x X J G = spec F[X x X]¢ (from now on, G will always be
understood to be acting diagonally on such a quotient). The space

S(X x X/G)

of stable test measures for the associated relative trace formula is the push-
forward of the Schwartz space of measures on X x X to Cx. (In the Whit-
taker case, we need to define a “twisted push-forward”; see )

There is a notion of stable relative character Jif attached to an (L-packet I
of) irreducible representation(s) of G, generalizing the stable character of a
reductive group; it is a functional on S(X x X/G). If there is a non-zero
such relative character, we say that II is X-distinguished. A morphism of
L-groups

Lx1—1tX,

of two spherical varieties X1, X2 should, according to the relative (local)
functoriality conjecture, induce a map

{X;-distinguished L-packets} — {X3-distinguished L-packets},

at least for those L-packets that participate in the corresponding Plancherel
formulas (the X;-tempered ones). A basic proposition of “beyond endoscopy”
is that the resulting map of stable relative characters

X X
Ji,) = Jh
should be realized as the adjoint of a “transfer operator” between test mea-
sures:

T : S(XQ X X2/G2) — S(Xl X Xl/Gl)

In the group case, this operator has been studied by Langlands [Lan13] and
Johnstone [Joh] when X is a torus and X» is GL,,. Ideally, this operator
should be used in a global comparison of trace formulas, to establish the
corresponding functorial transfer of automorphic representations, but it is
not clear at this moment how to do that in the context of the Arthur—Selberg
trace formula.

The goal of this paper and [Sakb] is to study such transfer operators 7,
and to prove that they have some structure. In our comparisons, X, will
always be the Whittaker model for a group G* (so that Xy = “G™, and
S(X2 x X2/G*) = S(N,\G*/N, ) is the space of test measures for the
Kuznetsov formula), and X; will be a different spherical variety X for a
group G. In all cases but one (the study of Venkatesh'’s thesis in Section[I0),
we will have “X = G™. The transfer operator that we construct originates
from an enlargement Sy _(N,y\G*/N,v) of the space of test measures for
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the Kuznetsov formula. This is to be expected, because in a global compar-
ison where the following diagram would commute:

T

Sp (N, )\G*/N, ) S(X x X/G) (1.1)

RTF RTF
C

(where RTF denotes the relative trace formula functional), the spectral side
of the relative trace formula for X is, roughly (and conjecturally, cf. [SV17,

§17]), an integral over X-distinguished automorphic representations 7 of

certain quotients of L-values of the form %, where o is an automor-

phic representation of G* of which 7 is a lift, and Ly is a certain L-value of
or, while the corresponding term for the Kuznetsov formula with standard
test functions is just m — thus, the factor Lx (o) has to be inserted.
The enlargement of the standard space of test measures should also be ex-
pected for representation-theoretic reasons (both global and local), because
the spectrum of the space X is typically larger, containing, for example,
the trivial representation, which is not present on the Kuznetsov side with
usual test functions, but is added in this larger space. (This feature already
appeared in [Sak13, Sak19a], where the first comparison of this type was
performed, both locally and globally.) This enlargement of the Schwartz
space (see will be done in a somewhat ad-hoc way; I do not yet
know a good way to characterize the enlarged space S (N, Y\G*/N, 1))
for any L-value Lx, but at least, in the non-Archimedean case, it should
contain the image of the “generating Whittaker measure of the local L-
value Lx"”, that measure (or function) whose Poincaré series, at the unram-
ified level, extracts the desired L-value from each automorphic representa-
tion (at least, formally). In approaches to “beyond endoscopy” expressed in
classical language, this non-standard Poincaré series corresponds to “a se-
ries of Kuznetsov formulas” with varying test functions, closely modelling
the Dirichlet series of the desired L-value L.

We may also let our varieties degenerate to their asymptotic cones (or
boundary degenerations). For the space of Whittaker measures S(N, \G*)
this means letting the character ¢ become trivial. For the spherical variety
X, the asymptotic cone X is obtained by considering a graded version of
its coordinate ring; for example, when X = SLy, we have X = the variety
of 2 x 2-matrices of rank one. We will explain that, in this case, there is a
very natural transfer operator

St (N\G*/N) —2

ST Xy x Xg/G)
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between suitable spaces of test measures that we denote by S¥, given as a
composition of multiplicative Fourier convolutions .75 _:

i f(6) = f@ F(@) 1€y (@) 2] . (12)

Here, f is a measure on a “universal Cartan” Ax = Ag+, and ) is a cochar-
acter into that torus. Notice that we habitually denote the set of F-points
of a variety X simply by X, so an integral over G,, just means an integral
over F’*.

To summarize, we have a good understanding of “degenerate” transfer
operators 7, and we would like to study the transfer operators 7 of the
original problem. The findings of this paper can be summarized as follows:

Main Conclusions. (1) In a range of examples, the transfer operators T can
be calculated explicitly, and are linear isomorphisms

~

T: Sy, (N, Y\G*/N,¢) S(X x X/G)
satisfying the fundamental lemma (i.e., sending the “basic vector” of one
space to the “basic vector” of the other, and also the “fundamental lemma
for the Hecke algebra”).

(2) The transfer operators computed are indeed the “correct” ones for func-
toriality: the pullbacks of relative characters for X x X /G are relative
characters for the Kuznetsov trace formula of G*.

(3) They are deformations of the degenerate transfer operators Ty, in the
sense that they are given by similar-looking formulas.

(4) They are amenable to a global Poisson summation formula, in the
sense that they are given by multiplicative Fourier convolutions and mul-
tiplication by factors that are trivial on global rational points, thus they
seem to fit in a commutative diagram like (L.T).

I do not perform such a global comparison here, but I expect that the
methods employed in [Sak19a] would apply to all cases discussed here.

The above conclusions are not restricted to the transfer operators that
should be responsible for the functoriality map corresponding to

LXy — EXy,

but also to the so-called Hankel transforms that are responsible for the func-
tional equation of certain L-functions. These are addressed in the contin-
uation to this paper, [Sakb]. While transfer operators have the property
that they pull back relative characters to relative characters normalized in
a distinguished way:

T*INY = J42, (1.3)
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the Hankel transforms are transforms between enlarged spaces of test mea-
sures of the same relative trace formula (for us, always the Kuznetsov for-
mula), but with the enlargement corresponding to dual L-functions:

SZ(Tv)(N7 w\G/N7 1/))

~

H’I‘ : SE(,,,) (N7 w\G/Nv w)

and having the property that they act on relative characters by the gamma
factor of the local functional equation:

HEJn = ~(r)Ju. (1.4)

For example, when G = GL,, and r = Std, the standard representation
of the dual group, the space SL_(T)(N ,P\G/N, 1) is just the image of the

Schwartz space S(Mat,,) of the variety of n x n-matrices, and the Hankel
transform Hgyq is the descent of Fourier transform, computed by Jacquet in
[Jac03]. In this paper, we will compute the Hankel operator Hgg,,> for r =
the symmetric square L-function of GLo, and verify that both Hsiq and Hgy, 2
satisfy the Main Conclusions listed above.

1.3. Index of main results. References to chapters[6land above refer to the
continuation of this paper, [Sakb]. The main results of this series of two
papers are:

e Theorem on the comparison between the Kuznetsov formula
and the stable trace formula for SLy. It is complemented by Theo-
rem [4.3.Twhich performs the same comparison for their asymptotic
cones.

e Similarly, Theorem [5.0.2] performs the asymptotic cone comparison
for the transfer between the Kuznetsov formula for PGLy and the
relative trace formula for the quotient G,,\ PGL3 /G,,,. The actual
transfer between these two quotients was performed earlier in [Sak13].

e Theorem on the Hankel transform responsible for the func-
tional equation of the symmetric-square L-function of GL; (or, more
correctly, of G, x PGLy). It is complemented by Theorems and
that compare this Hankel transform (and the one for the stan-
dard L-function) to the corresponding transforms on the asymptotic
cone.

e Theorems [10.3.2] and [10.4.3] which describe the transfer from the
Kuznetsov formula to the endoscopic parts of the trace formula
for SLs, and Theorem which describes the transfer from the
Kuznetsov formula of SL; to the Schwartz space of a torus.

1.4. Example: Comparison between the Kuznetsov formula and the sta-
ble trace formula for SL;. In Section [4 (with some proofs to be postponed
until Section[9) I develop the local theory behind Rudnick’s thesis [Rud90]
(and its potential generalization to non-holomorphic automorphic forms).
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Here, the goal is to obtain a transfer operator

T Sp,(NAG/N, %) = 8(2)
between the spaces of test measures for the Kuznetsov formula and the
stable trace formula for G = SL>. The operator should have the property
that its adjoint takes the stable character O of any tempered L-packet II
to the relative character (Bessel distribution) Ji; of the Kuznetsov formula,
thus realizing the functoriality map corresponding to

Lx, 5 Lx,,

where X = SLy and X3 =the Whittaker model of SL.

I show that such an operator exists, if we take an enlarged space of test
measures S (N, ¢\G/N, ) corresponding to Lx =the adjoint L-function
of SL evaluated at 1; what this means, at the very least, is that SL_X (N, Y)\G/N, )
will contain the image of the unramified Whittaker measure which corre-
sponds to the coefficients of the local Dirichlet series for L(Ad, 1) — see

-1
§2.2.4. Explicitly, if we choose representatives < ¢ ¢ > for generic N x

N-orbits on G, this is the usual space of test measures for the Kuznetsov
formula, except that, instead of being of rapid decay as ( — o, the test
measures will be equal to C'((~!)d* ¢, where C is a smooth function at zero.

Moreover, I show that this operator has a very simple form: Notice that
the elements of Sy (IV,¢\G/N, ) are measures on the one-dimensional
affine space N\G / N (where we use the coordinate ( above). Similarly,
the elements of S (%) will also be measures on an one-dimensional space,

namely the Chevalley quotient %, where we take the coordinate to be the

trace. It turns out that the transfer operator 7 is given by the multiplicative
Fourier convolution .#14 1, discussed above, applied to measures on the
affine line (under the action of the multiplicative group on the coordinates
that we fixed).

The Fourier transform of Rudnick’s thesis also appears, in a slightly
different and certainly more general form, in the thesis of Altug [Alt15]
Alt17, [Alt20]. It also appears in a theorem of Soundararajan and Young
[SY13, Theorem 1.3] that is very close to the result that I prove here (it
is a global version of the comparison, restricted to hyperbolic conjugacy
classes). On the other hand, the spectral side of the comparison between
the Kuznetsov formula and the trace formula appears, in the setting of com-
plex loop groups and D-modules, features in recent work of Ben-Zvi and
Gunningham in [BZG].

1.5. Scattering theory and asymptotics. Why should Fourier transforms

on the line be of any relevance? Are the spaces N\G /N or % vector spaces,
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in any sense? This is probably a misleading point of view, which does not
seem to lead to correct conclusions in higher rank. What I show here is
that there is another, conceptual way to understand these quotient spaces,
or at least their “limits” when we replace the spaces by their asymptotic
cones. Most of the present, first part of this series of two papers is de-
voted to developing the harmonic analysis necessary in order to produce
this conceptual explanation of the transfer operators.

That is, we will replace the non-trivial character i) of N by the trivial
character, and we will replace the quotient & = G428\ (G x G)/G4¢ by
G2\ (G x Gg)/GY%, where G, the asymptotic cone of SLy, is the va-
riety of 2 x 2 matrices of determinant one. Notice that the general setting
of the relative trace formula is essential here, even when we are studying
the usual trace formula: to study its “asymptotics”, we need to replace the
group by a different space, and view the adjoint quotient of the trace for-
mula as a special case of a quotient space for the relative trace formula.

When we do that, the quotients N\G/N and G488\ (G x G ) /G928 nat-
urally become embeddings of the same torus A ~ G, (the universal Cartan
of SLj). Character theory on these degenerate spaces is particularly simple
(because they are essentially induced from a torus), and we use local har-
monic analysis (scattering theory, see Section |3 to explain that the correct
transfer operator (the one that behaves in a prescribed way with respect to
characters) between suitable spaces of test measures

Ty : Si (N\G/N) = S(GT\(Gg x G)/G1%)

is given by the multiplicative Fourier convolution .%1q ;. Thus, geometri-
cally 7 is given by the same formula as 7, if we choose appropriate coor-
dinates. (I should mention that I do not have a conceptual reason for this
on-the-nose equality; in fact, it fails in other cases, as we will see, although
one operator is still a deformation of the other.)

I mention that exactly the same phenomenon is true for the comparison
between the Kuznetsov formula for PGL, and the relative trace formula for
G\ PGL2 /G, which was developed in [Sak13]]. I briefly revisit this case
in SectionAl

1.6. Open problems. I hope that the present paper will raise more ques-
tions than it settles. Let me list some of them:

(1) Let G be a quasi-split group, and 1) a generic character of a maximal
unipotent subgroup N. Let r : “G — GL(V') be a representation of
its L-group, not necessarily irreducible. It does not harm to assume
that there is a character 0 of G whose dual, composed with 7, is
the canonical (central) cocharacter G,,, — GL(V'). Attached to these
data there should be a canonical space D;(n 3 (N, »\G/N, ) of test

half-densities for the Kuznetsov formula, containing (in the non-
Archimedean case) the image of the generating series of the local
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unramified L-value L(r, 3), and such that the integrals

| #aeler

of elements f € Dg(r 1 (N, \G/N, 1) against the relative characters
2

Jr of irreducible representations admit a Godement-Jacquet the-
ory: for example, their quotients by the local L-function L(r, 3 + s)
should be entire in s, and there should be a “Hankel transform”

H, D;(T,%)(N, Y\G/N, ) = Dg(rvé)(N, W\G/N, )

satisfying a local functional equation involving the associated local
~-factors.

None of these properties completely characterizes the space. It
would be desirable to have a spectral characterization (possibly by
means of a local relative trace formula), as well as a geometric one.
If r is irreducible, this would be the image of the Schwartz space
D(Gy) or the L-monoid of Ngo [Ngod14], which also has not been
defined yet. It is interesting to ask whether it is easier to define this
space at the level of the Kuznetsov formula. Although the defini-
tions of such spaces that I give in this paper are somewhat ad-hoc,
one may observe that at least for » = many copies of the standard
or the symmetric-square representation of GLg, the definition of
D;(ﬁ 3 (N, ¢\G/N, 1) seems to be quite straightforward (see §2.2.4),

while monoids are not well-suited to handle multiplicity.

(2) Once local transfer operators or Hankel transforms are available,
and have a form that “in principle” satisfies a Poisson summation
formula, it would be desirable to develop such a summation for-
mula, which would amount to an identity of relative trace formu-
las. Such an application was developed in [Sak19a], and I do not see
serious obstacles to adapting the methods to the transforms of the
present paper; however, streamlining the arguments for the global
application would be important in light of future developments,
and would enhance our understanding of the nature of orbital in-
tegrals close to singularities (and the behavior of those under non-
standard transfer operators). For example, one could try to upgrade
the local Hankel transform of to a trace formula-theoretic proof
of the functional equation of the symmetric-square L-function.

(3) Although the fundamental lemma for the Hecke algebra is proven
in this paper for all transfer operators and Hankel transforms con-
sidered, it would be desirable to have a geometric proof of the fun-
damental lemma, as in the endoscopic case [Ngd10]. Such a proof
would apply, in particular, to the more general transfer operators
considered in the paper [Sak21], where there is ongoing work of
Johnstone and Krishna on the fundamental lemma.
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(4) Most important of all, though, is to understand the nature of trans-
fer operators and Hankel transforms, and how they generalize to
higher rank. In this paper, I show that these operators are “de-
formations” of abelian Fourier convolutions of the corrresponding
transforms on the horospherical boundary degenerations, which are
completely understood. In examples of rank one, discussed in Sec-
tions E] and |5, they are actually equal to those Fourier convolutions,
for a suitable choice of coordinates; this is generalized to all rank
one varieties in [Sak21]]. The Hankel transforms, however, discussed
in Section [J} require intermediate “correction factors” that I do not
understand. This is also the case for transfer operators in higher
rank, which I have computed for some more examples jointly with
Chen Wan, generalizing the calculation of Section@ Understanding
the nature of these deformations is, in my mind, the quintessential
issue in order to make progress towards “beyond endoscopy” in
higher rank.

Regarding Hankel transforms, Ngo has recently formulated a con-
jecture, stunning in its simplicity, about the kernel of the transform
giving rise to the functional equation of any L-function, as an in-
variant distribution on the group [Ngo618]. It would be desirable to
know what transformation it induces at the level of the Kuznetsov
formula.

1.7. Notation. We work over a local (locally compact) field F. Whenever
no confusion arises, I denote the set of F-points of a variety X simply by
X; for example, an integral of the form SGm denotes an integral over the
group F*. When discussing (Langlands) dual groups, I will similarly de-
note them as algebraic groups, e.g.: G, is the dual group of G,,; it will be
clear from the context if we are referring to a group or its dual.

The categorical quotient spec F[X]% of an affine or quasi-affine variety
X by a G-action will be denoted by X / G. When X is a group and G a

subgroup acting on X by conjugacy, I will denote this quotient by % (and

will use & as a formal notation for what is denoted by X /G below).

The notation X x“ Y will denote the quotient of a product X x Y of
two G-varieties by the diagonal action of the group G. The notation will
be used when G acts freely, and the quotient exists as a variety; only when
explicitly discussing stacks will this notation be used for the quotient in the
stacky sense.

For a product of spaces X x Y, I will sometimes use the notation £ x XLy
to indicate the tensor product of two vector bundles, one pulled back from
X and the other from Y. I will sometimes use similar notation for operators
(e.g., SXIT), to stress that each is applied to a different variable. “Vector
bundles” (and especially “line bundles”) will sometimes refer to complex
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vector bundles over the F-points of a variety; they correspond to the [-
sheaves of Bernstein and Zelevinsky, in the non-Archimedean case, and to
complex vector bundles for the smooth topology, in the Archimedean case;
in particular, in both cases the notion of smooth sections is defined. Typi-
cally, at least in the Archimedean case, there will also be a natural notion of
“polynomial growth” for sections of these bundles (i.e., they will be Nash
bundles on Nash manifolds, cf. [AG08]). When this structure is clear from
the setting, I will be using it without explanation.

The space of (C-valued) Schwartz measures on the F-points of a smooth
variety X will be denoted by S(X). These are just smooth, compactly sup-
ported measures in the non-Archimedean case; in the Archimedean case,
they are smooth measures which decay rapidly, together with their poly-
nomial derivatives, cf. [AGO8]. (For ease of language, we will often not
differentiate between the Archimedean and non-Archimedean cases, and
say “rapid decay” for both; the reader should interpret this as “compact
support” in the non-Archimedean case.) These are sections of a cosheaf
for the semi-algebraic topology on X (or, for the usual topology in the non-
Archimedean case); at a few points, I will talk about the stalks over a closed
subset Y, which are simply defined as the quotient S(X)/S(X \Y). More-
over, at a few points I will need to work in the more general context of
stacks, instead of varieties. The appropriate notion of a Schwartz space of
measures, in this context, was introduced in [Sak16], but I make an effort
to describe them explicitly in the examples at hand, so that the reader will
not require this background.

For smooth varieties, it also makes sense to talk about spaces of Schwartz
functions or half-densities; those will be denoted by F(X), resp. D(X).
Of course, if dx is a nowhere vanishing smooth positive measure of poly-
nomial growth (such as a Haar measure), we have S(X) = F(X)dz =
D(X)(dz)?.

The image of the push-forward map from S(X) to measures on X / G
will be denoted by S(X/G). This is a slight departure from notation used in
[Sak16] for the Schwartz space of the quotient stack [ X /G], so, whenever
I actually need a more stacky version of such a Schwartz space, I will be
using notation of the form S([X/G]) (and will explain what I mean by it,
in each case). Notice that S(X/G) is different from S(X / G) — the latter
is simply the usual Schwartz space of the affine variety X / G (assumed
smooth), and it is typically, but not always, contained in S(X/G). One
can typically translate from measures to functions (by choosing appropriate
Haar measures), and then the space S(X/G) corresponds to the space of
“stable orbital integrals” for the G-action on X.

We broaden these notions (and notations), to include spaces of the form
F((H,x)\G), when y is a complex character of a subgroup H of G; in
this case, this notation means (H, x)-equivariant functions on G, which are
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smooth and of compact support (in the non-Archimedean case) or rapid de-
cay (in the Archimedean case) modulo H. The character x being of “poly-
nomial growth” means that the notion of rapid decay modulo H makes
sense, by choosing semi-algebraic local sections of the map G — H\G. Ele-
ments of F((H, x)\G) can also be thought of as Schwartz sections of a com-
plex line bundle £, over H\G; we can, similarly, consider Schwartz mea-
sures or half-densities. For a character 1) of a maximal unipotent group N of
G, we will be using the notation S(V, )\G/N, ¢) for the space of “Schwartz
test measures for the Kuznetsov quotient of G”, see The appropriate
way to think of those is as measures valued in a complex line bundle over
the stack [V\G/N], but here we just understand them as measures on the
affine quotient N\G / N, by some conventions that we explain in
Sometimes, we will treat the symbol (N,¥)\G/N, ) as a “space”, e.g., we
will be talking about push-forward of measures to that “space”, meaning
the twisted push-forward to N\G // N that is described in that section.

All of these Schwartz spaces will be viewed as abstract vector spaces, in
the non-Archimedean case, and as (nuclear) Fréchet spaces, in the Archimedean
case. The Fréchet structure is the usual one (see [AGO08]) for S(X), while
S(X/G) will inherit the quotient topology. By ® I denote the completed
tensor product of nuclear Fréchet spaces; the completion should be ig-
nored in the non-Archimedean case, as should any references to topology.
(For convenience of language, I do not always differentiate between the
Archimedean and the non-Archimedean case.) The space V; of coinvari-
ants of a Fréchet representation of a group G will, by definition, be the
completion of the algebraic coinvariant space, that is, the quotient of V' by
the closure of the span of vectors of the form v — g - v.

In the Archimedean case, the appropriate category of Fréchet G-repre-
sentations to consider is that of Fréchet representations of moderate growth,
or F-representations, in the language of [BK14]: these are countable inverse
limits of G-representations, i.e., they have a complete system of seminorms
for which the G-action is continuous. I point the reader to [BK14] for more
details, and for the corresponding “smooth” notion of S F-representations.

We fix throughout a non-trivial unitary character ¢ of the additive group
F. If F is non-Archimedean, we will be assuming that its conductor is the
ring of integers 0. We also fix a measure dr on F' which is self-dual with
respect to v; this induces a measure |w| on X (F), for every volume form w
on a smooth variety X over F'. We will also use the measure d*z := % on
the multiplicative group F'*. When F is non-Archimedean, dz(o) = 1. The
absolute value of any local field is defined to be compatible with the one of
the base field under the norm map; in particular, the absolute value on C is
the square of the usual one.

We write f « g for two positive functions on a space X to indicate that
there is an absolute constant C' such that f(z) < Cg(z).
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For a representation V of a group G, and a measure i on G (or, more
general distributions in some settings, see §2.1.3), we write h - v for the
integral of the G-action against h:

hevis Lh(g)(g-v%

whenever this makes sense. When G acts on a space X (say, on the right),
the action on functions, half-densities or measures will be the regular one
(which is a left action); in particular,

he flz) = Lh(gmxg).

There is also another, right action in this case, the convolution action, cor-
responding to the push-forward under the action map X x G — X. The
two are related by

hs flz) = Lh(g—1>f<xg> — 0 f(a),

where h¥ (g) = h(g™1).

For a torus T, I denote by 7' the group of its unitary (complex) characters
(that it, characters of T'(F)), and by T its complexification, the group of all
complex characters. The notion of “complexification” makes sense, here,
because 7 is naturally a real algebraic variety (with infinitely many com-
ponents, in general), if F'is non-Archimedean, and a real analytic subgroup
of a complex analytic group T'c, when F is Archimedean. I point the reader

to §2.1.1| for more details.

When the torus T acts on a space X, at various points in the paper I de-
fine Mellin transforms T'c 3 x — f(x) of functions, half-densities or mea-
sures f on X. I note that my parametrization of Mellin transforms is such
that the map f — f(x)is (T, X)-equivariant (sometimes, for a normalized
action); this is inverse to the classical definition of Mellin transform of a
function on R as f(s) = | f(z)x*d*z. By this convention, if h is a measure
on T with Mellin transform %, and f is a measure on the space X, we have

—_—

hx f(x) = h(x)f(x)

for the convolution action, and

e f(x) = h(x™H ()

for the regular action. I caution that this convention for Mellin transforms
is also inverse to the conventions about Satake transforms of split tori over
non-Archimedean fields; if we identify the identity component of T'c with
the (complex points of the) Langlands dual torus 7', then the Satake trans-
form of a measure h on T(F)/T (o) is equal to what we denote by a(e™!)];.

For a reductive group G, its universal Cartan, or simply its Cartan Ag is
not a subgroup, but an abstract torus, defined as the quotient of any Borel
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subgroup B by its unipotent radical V. It is unique up to unique isomor-
phism, and defined over F' even when B is not. It comes equipped with
a based root datum; in particular, the “positive” and “negative” roots of
Ag are well-defined subsets of its character group, and similarly for co-
roots. We will typically use additive notation for weights and coweights
of a torus, so when we need to think of them as morphisms to or from the
multiplicative group G,,, we may use exponential notation, like e®.

The Cartan of G is the appropriate basis for the definition of the dual
group: the connected dual group G of G contains a canonical Cartan which
is dual to Ag, and the L-group G contains the L-group of Ag. Given
a representation r of L@, the associated local Langlands L-function of an
irreducible representation 7 of G’ will be denoted by

L(m,r,s).

For example, when G is a torus and A : G,, — G a cocharacter (thought
of as a character of the dual torus), L(x, \, s) stands for the local Dirichlet
L-function L(x o e*, s). This notation for Dirichlet L-functions will also be
used in this paper, and we will denote the local Dedekind zeta function of
simply by ((s). We will sometimes also use alternative, standard notation
for some L-functions, e.g., L(m; x ma, s), L(Sym? (), s) etc., for the Rankin—
Selberg, resp. the symmetric-square L-function of GL,,. If x is a multiplica-
tive character, we may also use expressions of the form L(y x Sym?(r), s)
for the L-function that arises from the stated (Sym?, in this example) rep-
resentation of the dual group of G, tensored by the scalar action of G,, =
the dual group of G,,. We denote by | e | the absolute value character of
Gy, (thatis, of F*), so, in this notation, L(| ¢ |* x Sym?(r), 0) is the same as
L(Sym?(n), s).

For a large part of the paper (from Section 8| on) we will consistenly be
using A to denote the Cartan of SLy, and A,q4 for the Cartan of PGLy. We
will consistently be identifying these groups with G,,, the former via the
positive half-root character, and the latter via the positive root character.
These identifications translate the natural map A — A,q4 to the square map
Gy — Gy,. Sometimes, when it is clear which of these two groups we
are talking about, we will be using these identifications to write their L-
functions as Dirichlet L-functions, that is:

for a character x of the group A, L(x, s) := L(x, &, s);

for a character y of the group Aaq, L(x, s) := L(x, 3, ).
Since these notations are not compatible with the pullback map of charac-
ters, we will be careful not to use them when both groups are in play.

The notation ~v(m,r, s,1) will be used to denote the factors of the local

functional equation of an L-function, cf. §2.1.4/and It is related to the
L- and epsilon-factors by

V(w18 ) L(w,r,5) = e(m,r, 8, ) Lm, 77, 1 = 5), (1.5)
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where rV is the dual representation of r, so L(w,rV,1 —s) = L(7,r,1 — s).
Here and throughout, 7 denotes the admissible dual (contragredient) of a
smooth, admissible representation 7.

The notion of “universal Cartan” generalizes from groups to spherical
varieties. If X is a spherical variety (i.e., a normal connected variety with
an open orbit X for the Borel subgroup B) under the action of a reductive
group G, the quotient X / N (where N is the unipotent radical of B) has
an action of A¢ = B/N, that factors through a faithful action of a quotient
Ax of Ag — this is the Cartan of X. For example, for X = H a reductive
group under the G = H x H-action (which we define to be a right action,
i.e., x-(h1,he) := hy 'zhy), by the Bruhat decomposition one sees that Ay is
the quotient of A = Ay x Ay by the subgroup of elements (“a, a), where
a € Ay and w is the longest element of the Weyl group.

This definition creates some inconvenience for a horospherical variety (=one
where stabilizers contain maximal unipotent subgroups), like X = N\G,
because the natural action of A = B/N by G-automorphisms on X is not
compatible with the above map A — Ax (which in this case is just an iso-
morphism), but is conjugate to it by the longest element of the Weyl group. To
resolve this notational problem, we consistenly define the A-action on N\G
to be the twist of the obvious one by the longest Weyl group element, that
is, if a € A then we define

a-Nzx:= Nbzx, (1.6)

where b € B represents the element Ya in A = B/N. We extend this conven-
tion to all horospherical varieties. This is an unfortunate nuisance, but it
is more benign than having a different action of A on the variety X, and a
different one on its universal Cartan Ax.

Finally, I mention that actions of groups on spaces of functions or mea-
sures on G-spaces will often be normalized, in order to be unitary. (Ac-
tions on half-densities need no such normalization, which makes them
particularly convenient.) However, in order for the reader not to have to
keep track of normalizations, I have made sure that they are not needed
in the statements of the main theorems (unless explicitly stated otherwise).
Similarly, the notation is adapted to unnormalized actions, even if we are
working with normalized ones. For example, in §9.2| we introduce cer-
tain spaces of test half-densities and measures, DZ(Symz, 1 )(N ,W\G/N, )

and SZ(Sme’l) (N, \G/N, ), for the Kuznetsov formula of the group G =

G, x SLy; the difference in notation, L(Sym?, %) vs. L(Sym?, 1), has to do
with their images under unnormalized push-forward (integration over G,,)
to the Kuznetsov formula of SLy, despite the fact that in and else-
where, we work with a normalized version of this push-forward. The ana-
log of this in the more familiar setting of Tate’s thesis would be the spaces
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of Schwartz half-densities and measures on A!, where a Tate zeta integral

| raar

against a Schwartz measure f would be a holomorphic multiple of the local
zeta function ((s + 1), while a Tate zeta integral

| etaar @y

against a Schwartz half-density ¢ would be a holomorphic multiple of {(s+
3); hence, the analogous notation would be S £(d,1)(Gm) for S(A'), and
Sp1a,1) for D(AY).
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2. BASIC TOOLS: MULTIPLICATIVE FOURIER CONVOLUTIONS,
NON-STANDARD KUZNETSOV TEST MEASURES

The tools presented in this section were also introduced in [Sak19b]. I
summarize them briefly for the sake of completeness.

2.1. Mellin transforms and multiplicative Fourier convolutions.

2.1.1. Mellin transforms. Let T be a torus over F'. The unitary dual of 7' =
T(F) will be denoted by T, and its entire character group by Tc. The char-
acter group has a natural structure of a complex manifold and, if F' is non-
Archimedean, of a complex algebraic variety (with infinitely many compo-
nents). The structure is automatically determined by its restriction to the
identity component, which is the character group of Ar := the image of the
map

logr : T(F) — tg := Homyz(Hom(T, G,,),R)
t— (x = log |x(2)]). 2.1)
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This group is discrete, in the non-Archimedean case, so the identity com-
ponent of Tc is the complex torus with coordinate ring equal to the group
ring of Ar.

In the Archimedean case, we have A7 = tg, and the identity component
of T can be identified with the dual tt = Hom(T, G,,) ® C, by sending an
element s in the latter to the character x(t) = €675} The space t¢ is the
direct sum of R-vector subspaces:

¢ - G @it

with the imaginary summand corresponding to the identity component of

T. By a “bounded vertical strip” we will mean the preimage of a compact
subset of the real subspace under the projection map.
In the Archimedean case there is a canonical splitting of the sequence

1Ty —>T(F) > tg — 1, (2.2)

where Tj is the compact group kerlog;, whose image coincides with the
subgroup generated by the subgroups A(R’), where A ranges over the
cocharacters into 7. This identifies the character group

Te ~ Tp x t&. (2.3)

Notice that the character group ﬁ is discrete.
The Mellin transform of a measure f € S(7T') is the function

Tesxm fT Fla)x (). 2.4)
We recall the Paley—Wiener theorem:

2.1.2. Theorem. In the non-Archimedean case, Mellin transform defines an iso-

morphism between S(T') and the space of polynomial functions on T'c supported
on a finite number of components.

In the Archimedean case, under the isomorphism 2.3), it defines an isomor-
phism between S(T") and the completed tensor product of Fréchet spaces

HPW(T¢) := €(Th) @ HPW (£).

Here, € (ﬁ) denotes the dual of S(Tp), that is, the space of functions ¢ on the
discrete abelian group Ty such that, for any norm || e | on the vector space ToQzR,
and any N > 0, the function ||n| ¢(n) is bounded; and HEW (t%) is the Paley-
Wiener space of entire functions on & which are of rapid decay on bounded vertical
strips, that is, on every bounded vertical strip V' and for every N satisfy

sup [F()IL+[3(s))Y < o0, (2.5)

where | o | denotes any norm on the imaginary subspace itj.
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This theorem is very classical, but since in most references the Paley—
Wiener theorem is stated for compactly supported smooth functions, the
reader can consult [Sakal §3.1] for a proof on Schwartz spaces.

Finally, I introduce the notion of average volume of a torus with respect to
the logarithmic map (2.1): The space tg has a canonical lattice, dual to the
character lattice of T', hence a canonical Haar measure, induced from the
standard measure on R. Given a Haar measure dt on T', we define

_ di(log7"(cB))
where B is any ball around zero in tg. If the character group is trivial, we
take Vol(R") = 1, so AvgVol(T) = Vol(T).

For example, if 7' = F*, with F' an unramified extension of Q, with

ring of integers o and residual degree g, and we take dt = d*z = % with

dx(0) = 1, we have AvgVol(F*) = 11; g;l. In general, if dx is the self-dual
measure with respect to the additive character ¢ on I, we have

AvgVol(F*,d*x) = Ress—oy(1 — s,v), (2.7)

see [Sak19a, (2.26)], where « is the gamma factor of the local functional
equation of Tate integrals, to be recalled below in (2.8).

(2.6)

2.1.3. Multipliers. Let M(T") denote the following categories of modules for
T

e in the non-Archimedean case, smooth representations;

e in the Archimedean case, smooth representations of moderate growth on
Fréchet spaces, or, equivalently, countable inverse limits of Banach
representations which coincide with their spaces of smooth vectors,
cf. [BK14].

The action of 7" on any V' € M(T') extends to an action
a:S(T)QV — V.

Here, ® denotes completed tensor product in the Archimedean case (where
both spaces are Fréchet, and S(T') is nuclear), and should be identified with
® in the non-Archimedean case.

If V' denotes a space of measures on 7', and the Mellin transform (2.4)

can be extended by a convergent integral to V, for x in some region in Tc,
then for such y we have

—

(F*o)(x) = FOO)2(X),

for f € S(T), p € V, where * denotes convolution.

e

In fact, the action of S(T) extends to a larger algebra S(7'), consisting
of those (tempered) distributions D on 7" which, after convolution by el-
ements of S(7'), become elements of S(7'), in such a way that the map
D« : §(T) — S(T) is continuous. Indeed, for every V- e M(T'), the map
S(T)®V — V is a topological quotient map, whose kernel is given by the
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closure of the submodule generated by vectors of the form (f*xh)@v — f®
(h - v) (where f,h € S(T'),v € V). Convolution by D on the left defines a
continuous endomorphism of S(7) ® V which preserves this kernel, and
therefore descends to an endomorphism of V.

—

In the non-Archimedean case, S(7") coincides with the completed Hecke
algebra (Bernstein center) of essentially compact distributions, i.e., those dis-
tributions which become compactly supported after smoothing; these are
the distributions whose Mellin transforms are polynomial on T¢, without
the assumption of support on a finite number of components.

In the Archimedean case, S(T) includes the enveloping algebra of the
complexified Lie algebra of 7', and in particular the enveloping algebra of
the image of t¢ under the splitting of (2.2), which via Mellin transform is
identified with the polynomial algebra on ¢, pulled back to IA“(C via the
projection to the second factor of (2.3).

2.1.4. Tate zeta integrals. Recall that we have fixed a non-trivial unitary char-
acter 1 of the additive group F, and a measure dx which is self-dual with
respect to ¢. We set d*x := .

The Tate zeta integral of a Schwartz function on the line, ® € F(F), is the

integral
2@ = | ean@llas.

Thus, the Tate zeta integral is the Mellin transform of the measure ®d* z,
evaluated at the character X' = x~!| o | 7*. It is convergent when R(s) » 0,
and extends to x’ € F as a rational function, in the non-Archimedean
case, and a meromorphic one, in the Archimedean case. It is a holomorphic
multiple of the L-factor L(x,s), and of rapid decay in bounded vertical
strips (away from the poles).

Defining the Fourier transform of the function as ®(t) = § @ (u)tp(ut)du,
the local functional equation of Tate [Tat79] defines a gamma factor by:

X 8,0 Z(D, X, 8) = Z(D,x 1, 1—s). (2.8)

The gamma factor can be written as

_ 6(X> 11— Sﬂp)L(Xil: 3)
L(X7 11— 8) ’

where the epsilon factor is entire.
We recall that, in the Archimedean case, the L-factor is as follows:

o If F = Rand x = (sgn)| e |°, where sgn is the sign character and
€ = 0 or 1, we have

Ly, 0) = 7 F (S

).
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e If F = C and x(z) = "™#8()|2|° (the absolute value here is the
square of the usual one, i.e., the absolute value of the norm to R*),
then

L(x,0)=2-(2m)°T'(s + ’m2|)

Notice that the poles of the L-function are contained in the poles of the

function
r if FF =R,
6 (S) = (8)7 1 i Y
I'(2s), it F = C.
We let HW (C) denote the Fréchet space of holomorphic multiples of &,
which are of rapid decay in bounded vertical strips, away from the poles.

We have the following description of the image and residues of Tate zeta
integrals:

2.1.5. Proposition. The Tate zeta integral & — Z(®, x,0) defines an isomor-
phism between the space F(F') and the space of polynomial multiples, in the non-
Archimedean case, and holomorphic multiples, in the Archimedean case, of the

function L(x,0) on };(;f, which have the following properties:

e in the non-Archimedean case, they are supported on a finite number of
connected components of F*;

e in the Archimedean case, factoring the character group of F* as in (2.3),
with Ty =the maximal compact subgroup of F*, they belong to the com-
pleted tensor product

¢(To) O H " (C).
Moreover, the residue at the trivial character is given by the formula
Ress—0Z(®, 1, 5) = ®(0)AvgVol(F*), (2.10)
where AvgVol is the average volume defined in (2.6).

2.1.6. Remark. We will adopt the convention, both in the Archimedean and
non-Archimedean cases, that the above space of functions on F will be

denoted by HEE’Y 0) (F¢). This notion of “Paley—Wiener functions” (or sec-
tions) will recur, in a more general context, in the second paper, see

Proof. 1 only sketch the proof for the image of the Tate integral in the Archimedean
case; the rest of the results are found in any reference on Tate’s thesis. Con-

sider the multiplication map Tp x R>o — F'. The Schwartz space of rapidly
decaying smooth functions on Ty x R>o (Where smooth at zero is defined

in terms of one-sided derivatives) can be written

F(Tp x Rxo) = C*(Tp) ® F(Rxo),

and Mellin transform identifies the second factor on the right with the
Fréchet space HLW (C). (The difference in the definition of & is due to the
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fact that in the complex case we are using the square of the usual norm.)
Thus,

F(Ty x Rsg) = €(Th) @ HEV(C).

The elements of this space which descend to elements of 7 (F') are those
belonging to the closed subspace of holomorphic multiples of L(x,0). O

2.1.7. Fourier convolutions. Let T be a torus, and V a space of measures,
functions or half-densities on 7' = T'(F') (with properties to be specified).
For any s € C, consider the distribution

Dy = |z]*¢(z)d*x (2.11)

on F'*. Any non-trivial cocharacter \:G,, — T induces, by push-forward,
a distribution Ay D, on T. The equivariant Fourier transform .75 , is de-

fined as the operator of convolution by A, Dy, on the given space V. More
generally, for any character x of F'*, we define .75 | . as the operator of

multiplicative convolution by the measure A, (x(z)|z|*¢(x)d* x); of course,
by definition, F5 | & = 75 \jes0-

If V = S(T), the convolution is convergent. In the general case, we will
typically need to regularize it. For example, if 7' = F* and V = S(F)
(considered by restriction as measures on F* c F), with \ the identity
cocharacter, we formally have:

F SO = | latv@rad < gt | el et
As is well-known, the association z + |z|*~!f(x~!) is a finite measure
when R(s) > —1, and makes sense by analytic continuation as a tempered
distribution for all but a countable set of values of s (corresponding to the
poles of a Tate zeta integral). Thus, the multiplicative Fourier convolution
above will be interpreted as the Fourier transform of this distribution (val-
ued, again, in distributions, since we have fixed the self-dual measure dz).
Whenever we say that a multiplicative Fourier convolution should be in-
terpreted “in a regularized sense”, we will mean as the Fourier transform
of a distribution.

As was explained in [Sak19b, Proposition 2.1], multiplicative Fourier
convolution acts on Mellin transforms as follows:

(Fasf)0) = 700 M1 = 5,9 F(X), (2.12)

where y(x, A, 1—s,v) is the gamma factor (2.9) of the local functional equa-

tion for the character y o e*.

The equation is literally true for f € S(T'). For more general spaces
of functions, where .75 _ f will be defined as the Fourier transform of a dis-
tribution, it will require some justification.

2.2. Non-standard test measures for the Kuznetsov formula.
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2.2.1. Twisted push-forward. Let G be any of the groups in the sequence
SLy < Gy, x SLy — GLy — PGLsy,

where the map G,, — GLy is the canonical map into the center. Let N
denote the subgroup of upper triangular unipotent matrices, ¢ the quotient
N\G // N, and @" its open subset corresponding to the open Bruhat cell.
Let A be the universal Cartan of GG, identified with the subgroup of diag-
onal matrices (or G, x that subgroup, in the second case) by choosing the

upper triangular Borel subgroup B. Let w = (1 _1> . We identify A with

@Y via the map a — [wa].

We identify N ~ G, in the usual way, so that 1) becomes a character
of N. Let C®((N, 1)\BwB/(N, %)) the space of smooth functions on
the open Bruhat cell which vary by the character ¢~! under left and right
multiplication by V. The section

¢~ Asa+— wae BwB
allows us to identify, by restriction,
CE((N, ¢~ \BwB/(N, 1)) ~ C*(°). (2.13)

Dual to this restriction map, we have well-defined twisted push-forward
maps of measures,

S(G) = S(N,P\G) &5 Meas(¢0). (2.14)

The image of the last map will be denoted by S(N,¢\G/N, ) — it is the
space of standard test measures for the Kuznetsov formula. The last map
can also be identified with a G488-invariant map (to be denoted by the
same symbol)

S(N,P\G) @ S(N, v "\G) &5 S(N,¥\G/N, ), (2.15)

again dual to the pullback of (N, 1)~ 1)-equivariant functions, this time through
the map

(N\G)? 2 (g1, 92) = 9195 '] € €.
It is well-known that both the maps (2.14), (2.15) can be identified with the
corresponding coinvariant quotients:

S<N7 w\G/N7 ¢) = S(G)(N,t/))z = S(Na ¢\G)(N,w) = (S(N, w\G) ® S(]\? qp;\G))Gdiag :
2.16

Indeed, the isomorphisms among the various coinvariant spaces follow
from the construction of Schwartz spaces on stacks in [Sak16, §3.4] (with
trivial modifications to incorporate the line bundle defined by the character
1), and the isomorphism with S(N, \G/N, ) is equivalent to the density
of regular orbital integrals for the Kuznetsov formula, which is well-known
— see references in the proof of Theorem [3.6.4)in the next section.

Since the map N\G — N\G // N is smooth, the untwisted push-forward
map: S(N\G) — Meas(N\G / N) has image in Schwartz measures; in
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particular, elements of S(N, ¢\G/N, 1) are bounded by Schwartz measures
on ¢, hence extend to finite measures on €. In reality, we will never use this
fact, but it is convenient to refer to elements of S(N, ¥)\G/N, 1)) as measures
on C.

Let f belong to any of the spaces

S(G), S(N,Y\G), or S(N,Y\G) @ S(N, v~ "\G),

and write it in the form ®dx, where ® is a (Whittaker, in the second and
third cases) Schwartz function and dx is an invariant measure on the cor-
responding space. For compatible choices of invariant measures, we have
the integration formula

p;f((l) = 6(a)0a(q))daa (2.17)

where § is the modular character of the Borel subgroup, considered as a
function on A c €, O, is the orbital integral

O4(P) = JN N ®(njwang)y " (n1ng)dnidns

in the first case, and similarly in the others, and da is a (multiplicative) Haar
measure on A.

For a Schwartz function ¢ on G (or one of the other spaces), we define
its twisted push-forward by

p1®(a) = Ou(®),
and for a Schwartz half-density ¢ = ®d22 we define
() = 52(a) Oa(®)d20. (218)

These push-forwards depend on the choice of a Haar measure on N, which
however we have fixed to be the self-dual measure with respect to our char-

acter ¢. The data d2z, d2a are then proportional to each other by the inte-
gration formula (2.17), hence these twisted push-forwards are determined
by the choice of Haar measure on N. The image of the space of Schwartz
Whittaker half-densities under the twisted push-forward will be denoted
by

D(N,p\G/N, 9).

Note that these are densely defined half-densities on ¢; more precisely, they
are defined on the open subset €° ~ A.

Finally, I mention that for G = PGL; or SLy we will be identifying the
space ¢ with G, by choosing the coordinate on A < € which for PGL; is
the positive root character, and for SL is the positive half-root character.
Thus, explicitly, we have identified G,, as a subset of ¢, and moreover we
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have a section obtained from the embedding A — wA, as follows:
For PGLy: € = we%(g) = (f _1> , £ € Gy
~ . _C_l
For SLy: ¢ = we®(¢) = (C ) , (€ G, (2.19)

2.2.2. Aninvariant formulation. It will be necessary to have a more invariant
description of the Whittaker model and its Kuznetsov quotient.

Let V be a two-dimensional vector space, and G = SL(V'). We take the
action of G on V' to be a right action.

Let V¥ denote the dual vector space,and V = {(v,v¥) € VxVV| (v,v") =
1}. Then V is a torsor over V* := V ~ {0} for the group scheme S of stabi-
lizers, in G, of the points of V* (and similarly over VV* := V'V ~ {0}).

The action of G on this group scheme exhibits it as a constant group
scheme, and we can fix a G-equivariant isomorphism S ~ G, x V*. We
will call such an isomorphism a Whittaker structure for V. Equivalently, this
turns V into a G-equivariant G,-torsor over V*.

One way to fix such a structure, is to endow V" with a non-zero symplec-
tic form w. This defines an isomorphism ¢, : V. = VY by (u,,(v)) =
w(u,v), the space V becomes the space of pairs (v,w) € V* x V* with
w(v,w) = 1, and the G,-action on V is given by

x - (v,w) = (v,w — xv). (2.20)

It is immedjiate to see that this is a bijection between the sets of

e Whittaker structures on V*, and
e non-zero alternating forms on V.

Any two choices of a Whittaker structure are conjugate by a G-automorphism
(i.e., scalar automorphism) of V' that is unique up to the action of +1; in that
sense, the resulting G,-bundle V — V* is rigid up to +1.

From this point on, we fix a Whittaker structure, and use it to view Vasa

subvariety of V* x V*, so we have two projection maps V % V*. Note that

the above construction is symmetric in s and ¢; given a Whittaker structure
given by a symplectic form w, we can view V as a torsor over the second
copy of V* (that is, under the projection ¢), with action

z - (v,w) = (v—zw,w).

The name “Whittaker structure” is due to the fact that, through the addi-
tive character ¢ of F', a G,-bundle induces a (C*-bundle and hence a) com-
plex line bundle £, on the F-points of V*, whose sections are the Whittaker
functions for G. The Whittaker line bundle £,, comes with a trivialization
of its pullback to V, arising from the canonical isomorphism (obtained from
the projection and action maps): G, x V~VxyV. Explicitly, Whittaker
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functions are functions on V which satisfy
O(v,u—xzv) = P(z)P(v,u).

If we choose the symplectic form w and coordinates (z,y) on V' so that the
symplectic form is w = dx A dy, the distinguished G-orbit on V* x V* is that
of the ordered pair ((1,0), (0,1)). The stabilizer N~ of (1,0) is identified

with G, by
. 1
. z 1)
and this identifies its orbit through (0, 1) as a G,-torsor by - (y,1) = (—x +

y, 1). If we identify an ordered pair ((a, b), (¢, d)) with the element (CCL Z) €

SLo, Whittaker functions are functions on SLy which satisfy

o((5 1)g) -0 @)

The function ®'(g) = ®(w~!g) is then a Whittaker function which trans-
forms under the character 1 of the upper triangular subgroup N ~ G,, as
before, and the translation from @ back to the abstract description of the
function @ is that ¢’ <CCL Z) = ®((c,d), (—a,—=Db)).

The section of the map G — € (over the open ¢9), which allowed us to
define a twisted push-forward in the previous subsection, now admits the
following description; more precisely, let us describe the section giving rise
to (2.15), which now can be written as a map

S(V*, Ly) @S(V*, Lyy—1) = S(N,Y\G/N,1p). (2.21)

Since elements of S(V*, L,+1) are scalar-valued functions on V, we con-
sider the maps

VxVoVixV e
and will describe a distinguished G-orbit on V x V that can be used to

trivialize push-forwards.
First of all, we have an isomorphism, which can be taken as the definition

C=VxV/)Ggie
Moreover, the map (v;, v2) — w(v1, v2) identifies € ~ G,. (This is compati-
ble with the map G,,, — € obtained from (2.19)).

Now, over €Y = ¢~ {0} we have a distinguished G-stable subset VeVx
v, consisting of those pairs (v, w1) and (v, we) such that w; and v, are co-
linear, and v; and wy are colinear. The map V — V*x V*, (v, w, v2, we) —
(v1,v2), is an isomorphism over ¢9 and it allows us to pull back Ly X L,,-1-

valued measures on V* x V* to actual measures on KN/', and push them for-
ward to €. This gives rise to the twisted push-forward (2.21).
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2.2.3. Generating series for unramified L-values. Assume here that Fis a non-
Archimedean field, with ring of integers o and residual degree ¢. Let K =
G(0), and H(G, K) the Hecke algebra of K-biinvariant, compactly sup-
ported measures on G.

Unramified characters of the universal Cartan A of GG are in canonical
bijection with points of the complex dual torus A; we will denote this bi-
jection as x <> . It is characterized by y(\(w)) = A(X) for any coweight
into A, and w a uniformizer in o. The Satake isomorphism

H(G,K) 3 h— heC[G]¢ = C[A]"

is characterized by the property that, for an unramified vector vg , in the
principal series representation 7, obtained by normalized induction from
the character x of a Borel subgroup B (through the quotient B — A), we
have 7, (h)vk y = h(X)VK,y-

If X is a smooth, quasi-affine G-space over o, we call the characteristic
function 1x o) of X (o) the basic function of X. We would like to focus on the
Whittaker model, so we will use X to denote the “space” X = (N,¢)\G,
that is, the space N\G, but endowed with the complex line bundle defined
by the character ¢. In that case, the basic function (still to be denoted by
1x (o)) Will be the left-(N, ¢))-equivariant function on G which is supported
on NK and equal to 1 on K.

Let r : G — GL(V) be an algebraic representation, and s € C. The local
unramified L-value L(r, s) is the element

1
~det(I —q—sr) ©

It can be written as a formal Taylor series in ¢~*:

L(r,s): C(&)C.

a0
L(r,s) = Z g " tr(Sym" r).
n=0

If r is reducible, r = @, r;, we can allow s to denote an m-tuple (s;),
of complex numbers, and define L(r,s) = [ %, L(r;, si). I proceed with a
single s, and the adjustments for the general case are obvious.

The generating series of the local L-value L(r, s) on X is the Whittaker func-
tion

0
(I)L(r,s) = Z q_nShSym"r * 1X(o)a (2-22)
n=0

whenever this series converges, where hgyyn, € H(G, K) is the element
with
hgymn » = tr(Sym™ r).
It appears more appropriate to ensure that there is a character 0 : G —
G,,,, whose dual 0* : G,,, = Z (C), followed by r, gives rise to the canoni-
cal cocharacter to the center of GL(V'). For example, when G = PGLy, the

standard representation of G = SLs should be extended to the group GLo,
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which corresponds to replacing G by GLa. Similarly, for the symmetric-
square representation of SLo, which factors through the adjoint represen-
tation of PGL3, one should take G,, x PGLy to be the dual group, so that
G = Gy, x SLy. In that case, the complex parameter s of the L-value be-
comes a red herring, and can be fixed to be 0 (or %), since we have an equal-
ity of rational functions on G-

L(r,s)(z) = L(r,0)(xd*(¢%)).

For Langlands L-functions of representations, this is the statement that
L(m,r,s) = L(r®|0|%,r,0).

Moreover, in that case, the series makes sense for every s, since the
n-th summand is compactly supported on the subset with val(d) = n.

For our present purposes, however, we would like to allow ourselves
to take in SLy or PGL3, which corresponds to integrating it over the
tibers of the map G, x SLy — SLy or GLy — PGLs. This integral converges
when R(s) » 0; in the examples of interest, it will follow from the results
that we prove that it admits meromorphic continuation to all s, rational in
the parameter ¢~°.

Finally, we would like to work with measures instead of functions. For
that purpose, we choose the invariant measure dx on N\G such that Vol(N\G(0)) =
1. The product @, dz will be called the “generating measure of L(r, s)”.

2.2.4. Non-standard test measures. Now let G be one of the four groups above,
and consider the twisted push-forward p; : S(V, Y\G) — S(N, Y\G/N, )
of It is easy to see that, restricted to K-invariants, where K = G(o),
it is locally finite, in the sense that for any c € € = N\G // N there is only
a finite number of K-orbits on N\G such that the elements of S(N, \G)%
which are supported on those K-orbits have non-zero push-forward in a
neighborhood of ¢, cf. [Sak13)} §6.3]E| Thus, we can extend the twisted push-
forward to any K-invariant Whittaker measure. In particular, the twisted
push-forward of @, ,dx is well-defined whenever ®,, ,) is, and will be
denoted by

fL(r,s) € MeaS(Na ¢\G/N, W
Explicitly, using the integration formula (2.17)), we have

Frey(@) = (1— g2 ( KT <wan>w1<n>dn) - §(a)da,

when the measure on N (o) is taken to be 1, and da(A(0)) = (1 — ¢71);
indeed, the Haar measure on G which gives total mass 1 to G(o) restricts
on the open Bruhat cell NwAN, in coordinates njwans, to the measure (1 —
q %)"tdn16(a)dadns, and da is the Haar measure with da(A(0)) =1 — ¢~ L.

There is a typo on the last line of [Sak13} (6.2)]: m = 1 should read m = 0. The property
of local finiteness of the push-forward explained here is not special to K — it holds for
invariants of any compact open subgroup.
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Now we specialize to G = PGL3 and r» =sum of copies of the standard
representation of G = SLs, or G = SLs and r =sum of copies of the adjoint
representation of G = PGL,. So, we write r = @, ri with all r;’s equal
to the standard representation (for PGL3) or the adjoint representation (for
SLs), and correspondingly s = (s;); denotes a collection of complex num-
bers, one for every ;. Then f;, ;) lives in a natural space of test measures

Sy NNG/N, ) = Sy 1, ) (N U\G/N, 1)

for the Kuznetsov formula, described as follows; here, we allow again the
field F' to be Archimedean:
We let S - (N P\G/N, 1) be the space of measures on ¢ which on any

compact set c01nc1de with elements of S(N,¢\G/N, ), while in a neigh-
borhood of infinity, in the coordinates of (2.19), when all of the s;’s are
distinct, are of the form

ZC D¢l rde, (2.23)

in the case of G = SLy, and
Z Ci(eh) e[z dxe, (2.24)

in the case of G = PGLy, where the C;’s are smooth functions in a neigh-
borhood of zero. When two or more of the s;’s coincide with some complex
number sy, the corresponding summands at infinity will be replaced by
(C1(CY) + (¢ log ¢+ C3(¢ M) log? €] + ... )¢ ~%0d* ¢ (as many sum-
mands as occurences of the exponent s(), and similarly for PGLs.

More generally, to accommodate possible push-forwards from the groups
GL3 and G, x SLg to PGLy, resp. SLy, we can define, for any collection of
characters x = (x;); of G,,, a space

Srr N U\G/N, )

whose elements coincide with elements of S(N,¢Y\G/N, ) away from in-
finity, and are of the form

ZO D¢ x T Qd e, (2.25)

in the case of G = SLo, and
Z CiENIEl X1 (©)dxe, (2.26)

with the analogous modifications when some of the ;’s coincide.
The following was stated as [Sak19b, Proposition 3.2], and can be proven
as in [Sak13, Lemma 5.3]:

2.2.5. Proposition. If I is non-Archimedean and @, o dx is well-defined (for
example, when R(s) » 0), its image f1,, s is contained in S (N Y\G/N, ).
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We will call fr, s the basic vector of SL_(T 9 (N, Y)\G/N, ).

2.2.6. Example. Let G = SLs, considered as a reductive group over o, K =
G(0), dx the invariant measure on N\G with dz(N\G(0)) = 1, and take
r = Ad. Let A" = —Na be the set of anti-dominant elements in the
coweight lattice of the universal Cartan A, and, for every A e AT, let e
stand for the element in S(IV, ¥\G)* which is equal to the product of dz by

the Whittaker function which is zero off the coset Ne~*(w)K, and equal

to q<p’;\> on e (). We use rational functions of the form 1,q1756; to de-
1 se—A

——x and l_qqfei; denote
4 .

note the series Y, ¢ **¢’, but caution that
different series.
Then, [Sak18, Theorem 7.7] states that, for #(s) » 0, the element ®,(,. ;) dz
coincides with the restriction to A™ of the “series”
1 — e
A= el —q )1 —g )
Moreover, [Sak13} (6.2)] computes the orbital integrals of the Whittaker
A A

q_<p’ )
dx

¢ (1= g2 6(a)da = ¢{PN) - (1 — ¢72) 7 [¢Pd ¢,

to deduce that the twisted push-forward of e*, when X # 0, is equal to the
measure

(02 (=P (Lo — Ly o) =

(1 a2 =L A X 1 )

- (~1 q ) |€|d C (1lc|:q*<p,>\> q 1|<‘:q7<p,)\>71) .
We can let ¢* denote the restriction of the measure |(|d*( to the set (| =
q_<p ), then the twisted push-forward of ¢ reads

(1 _ q—2)—1(65\ _ q—165\+d)7

and the twisted push-forward of the series (2.27), restricted to the set || >
1, will be equal to the “series”
(1-e*)(1-g'e)

—2\-1
U e - - e
restricted to negative multiples of .

The series ﬁ, just by itself, is equal to the restriction of the measure
|¢|*~%d*( to the subset with || = 1. T leave it to the reader to check that the
asymptotics of are now obtained by setting ¢* = ¢~* in the remaining
factors; we find that f7,aq ) is equal to

(2.27)

function

; we multiply by

(2.28)

qflfs

(1— (1]—_2)(1 %) ¢l d*¢ (2.29)

for large |(].



TRANSFER OPERATORS AND HANKEL TRANSFORMS, 1 31

We will also work with half-densities, thus we similarly define a space

Dlirs) (N, ¥\G/N, ) which contains D(N,¢\G/N, 1). In this case, the anal-

ogous to (2.23), (2.24) expansions at infinity are:
ZC B¢ (d* )z, (2.30)

in the case of G = SLo, and
ZO DI CIE (2.31)

by comparing (2.17) and (2.1§ - The basic vector of these spaces, in the non-
Archimedean case, will be the quotient of the measure fr(rs) by o %( )d%a

that is, by |¢|(d*¢ )2 in the case of SLy and |§\ (d* )2 in the case of PGLs.
It will again be denoted by f7, ), when it is clear that we are referring to
half-densities, instead of measures.

Finally, we mention that the regular action of the unramified Hecke al-
gebra H(G, K) on S(N,¥\G)X descends to its image in S(N,y\G/N,);
indeed, the action of (G, K) coincides with the action of the unramified
component of the Bernstein center, which descends to the coinvariant space
S(N,V\G)(nw) = S(N,9\G/N, ). Thus, we will feel free to write h - f for
h € H(G,K) and f € S(N,y\G/N,%) in the image of S(N,\G)X (or a
series of such elements).

3. SCATTERING THEORY

A main theme of the present paper is the comparison between transfer
operators involving such a variety X, and transfer operators involving its
boundary degeneration or asymptotic cone X g5, a horospherical G-space which
is, roughly, responsible for the continuous spectrum of X. The goal of the
present section is to develop the “relative character theory” for the contin-
uous spectrum of the three cases (listed in Table below) of interest in
this paper. The main result it Theorem which relates certain relative
characters for the spaces under consideration by means of gamma factors.
These will then be used, in and [} to relate transfer operators for those
spaces to transfer operators for their degenerations.

3.1. Asymptotic cone. The asymptotic cone can be defined using coordi-
nate rings: Suppose that X is quasi-affine, and F[X| = @, V) as a G-
module, a multiplicity-free direct sum of irreducible submodules V), with
highest weight A varying over some submonoid A% " of the character group
of the universal Cartan A of G. Notice that, fixing a Borel subgroup, for two
highest-weight vectors vy € V), v, € V, we have

VA Uy = Ungp (3.1)

for some highest weigt vector vy, € V\4,, butin general V)\-V,, & V), ,. We
define F[X{] := @, Vi as an algebra, where the algebra structure is defined
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by projecting the product of V) and V), to the direct summand V), ,, and
take X5 to be the open G-orbit in X¢;. For the Whittaker case, we define
the boundary degeneration by retaining the same space N\G, but making
the character on IV trivial.

Here is a list of the spaces X that we are using in this paper, and the
isomorphism classes of their asymptotic cones:

G X Xy
PGLQ, SLQ, GLQ or Gm X SL2 (N, ¢)\G N\G (3 2)
PGLs G\ PGL2 N\ PGLy ‘
SL3 /{+1}%28 ~ SO, SLy TY28(N x N7)\ SL3

In the last case, N and N~ are the unipotent radicals of two opposite
Borel subgroups of SLj, and T" denotes their intersection. In that case, X
can be identified with the variety of 2 x 2-matrices of rank one.

In every case, the asymptotic cone X has an action of the torus Ay by
G-automorphisms; the character group of Ax is generated by the monoid
A%t of weights appearing in the highest weight decomposition above, and
the action is equivalent to the grading of the coordinate ring. Notice, how-
ever, that translates to a canonical isomorphism

X /) Ng =Xy /| Ng, (3.3)

where Ng is the unipotent radical of a Borel subgroup of G. This identifies
general Ng-orbits on X and Xg, and rigidifies X, in the sense that the
action of a non-trivial element of Ax would not preserve this isomorphism.

In the examples above, for the Whittaker model and the variety G,,,\ PGLy,
we have Ax = Ag, the Cartan of GG, while for X = SL, we have Ax = the
Cartan A of SLy. There is a canonical finite reflection group Wx acting on
Ax, the little Weyl group of X; for the examples above, this Weyl group is
isomorphic to Z /2.

By definition, the action of Ay on Xy is compatible with its action on
X /| No = X /| Ng, and this coincides with the convention of

For a space of the form X = S\G, where N; < S < ker(e*’) c G, where
2p is the sum of positive roots, so that X admits a G-invariant measure dz,
and N denotes the unipotent radical of a Borel B¢ opposite to the one of
which the torus A is considered a quotient, we define a normalized action of
Ax = (Bg/S)™ on functions and measures on G, as follows:

(a-®)(z) = 62(a)®(a- z) (3.4)

on functions, and
(a-p)(@) =2 (a)u(a - x) (3.5)

on measures, where § = |¢?| is the modular character of Bg. This action
is unitary on the LQ—spaces of functions or measures. On half-densities, no
normalization is needed.
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3.2. Scattering operators. From now on until the end of this section, let
be non-Archimedean. I describe some of the results of [DHS21]]. For each
of the varieties X of Table (3.2), there is a space S*(Xg) of smooth mea-
sures on X, with an Ax-semilinear action of Wx by G-automorphisms,
the scattering morphisms

Gy : ST (Xg) = ST (Xy),

such that S* (X ) is generated by S(X ) under these scattering morphisms.
The support of elements of S* (X ) has compact closure in the affine va-
riety X7, that we saw above. Moreover, there is a canonical “asymptotics”
morphism

e S(X) = ST (Xy), (3.6)
defined in [SV17, Section 5] which, according to the Paley—-Wiener theo-
rem [DHS21, Theorem 1.8] has image precisely in the subspace of Wx-
invariants under the scattering morphisms.

I will not repeat here what makes the asymptotics morphism canonical;
roughly speaking, it is the only morphism such that a measure ¢ is “equal”
to e%gp “close to infinity”, see [SV17, Section 5] for details. The scattering
operators are characterized by the above properties, but we need a more
explicit description of them, in order to compute them. This description is
given by [DHS21, (9.4) and Proposition 10.18], and I repeat it here; unfor-
tunately, the theoretical description is quite involved; the reader may want
to skip directly to our computation of scattering operators in the three ex-
amples of Table (3.2), which is performed in the following subsections and
is quite straightforward, and return to the definitions as needed.

We assume, for simplicity, that X admits a G-invariant measure; by [SV17,
§4.2], any such measure induces a G-invariant measure on X . We can
work with functions instead of measures: any element of S*(X) can be
written as the product of a G-invariant measure dz by a function in a space
F*(Xg), and once the scattering operators have been defined for func-
tions, they are defined for measures by multiplying by dz. The normaliza-
tions (3.4), ensure that multiplication by dz is Ax x G-equivariant.

An element ® € F*(X) can be reconstructed from its Mellin transform

B(x)(x) = L 0 ®(x)x"L(a)da € C*(Ax, \\Xp) (3.7)

Here, C*(Ax, x\X &) means that the function is y-equivariant with respect
to the normalized action of Ax. If we choose a base point on X, with stabi-
lizer contained in a Borel subgroup B, the space C*(Ax, x\X ) becomes
equal to the normalized induced representation Ip("°y), where wy is the
longest element of the Weyl group. (Recall the conventions about the A x-
action on X gy, described above.) This Mellin transform is convergent once
x~! vanishes fast enough on the complement of X in X & (that is, it van-
ishes fast enough on the boundary of an Ax-orbit), extends rationally to
the variety of all complex characters of Ax, and choosing such a character
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w that vanishes fast enough on the boundary of an Ax-orbit, the inverse
Mellin transform is:

Ba) - | e

The Haar measure da on Ax chosen to define the Mellin transform is not
important here, but one has to choose the dual Haar measure dy on its
unitary dual Ax.

The scattering operator &,, can be accordingly decomposed:

S, = f () (@)dx, (3.8)
wilAX
whereE]
—1
Fwyx  CP(Ax," X\ Xg) = C*(Ax, X\ Xz) (3.9)

are the fiberwise scattering operators, varying rationally in x, that are charac-
terized by the commutativity of the following diagram:

mt
CP(Ax, " X\X}) - C*(Ax, " X\ Xg)

Fw,x

MX
C% (Ax, X\ XE) C*(Ax, X\ Xg3).

(3.10)

The notation here is as follows: The space X % is the space of generic
horocycles on X, or on Xg. It classifies pairs (B,Y), where B is a Borel
subgroup of GG, with unipotent radical N, and Y is an N-orbit in the open
B-orbit of X, or of Xg; by (3.3), X and X give canonically isomorphic
spaces by this construction. If B and B~ are two opposite Borel subgroups
of G with B n B~ = T, and we represent X as SN~\G, where S < T,
then X % ~ SN\G. Although we will not stick with it, it is very useful here
to represent the unipotent radical of the stabilizer of a point on X by N7,
and the unipotent radical of the stabilizer of a generic horocycle through
that point by N. The action of Ax on X % is induced by its actionon X / N,
as suggested by this notation: denoting by SV the stabilizer of a point on
X %, the universal Cartan acts on that point via its defining identification
with B/N. (Recall from that the action of Ax on X is through the

3There is a slight difference here from the notation of [DHS21]: scattering operators are
indexed by the character in their image, not in their source. This is to ensure compatibility
with other morphismes, like the 91,’s below, which have only a character in appearing their
image, not in their source.
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identification of A with the quotient of a Borel B opposite to the stabilizer
N~ of the point; this does not mean that we break the convention for
X %, but rather that its “universal Cartan” is identified with Ax only via
the action of the longest element of the Weyl group.) The action of Ax on
functions and measures on this space is again defined to be unitary, i.e., as
in (34), but with § replaced by 6.

The operator 9t,, which can be thought of as the “standard intertwin-
ing operator”, is the operator which, in a region of convergence, takes a
function in C*(Ax, x\X) and integrates it over generic horocycles. Be-
cause there is no canonical measure on those horocycles, this operator depends on
a choice of such measures, and more canonically has image in the sections
of a certain line bundle over X % (the line bundle dual to the line bundle
whose fiber over a horocycle is the set of invariant measures on it — see
[SV17, §15.2]). However, in the cases of Table that we are interested
in this paper (and, more generally, whenever X, hence also X, admits
a G-invariant measure), such a choice can be made G-equivariantly, and
it will not matter for the commutativity of the diagram — the important
point here being that horocycles in X and X are identified by , and
the choices of Haar measures must be made compatibly.

The operator 1, is, similarly, the integral over the horocycles on X, fol-
lowed by an averaging over horocycles in the same B-orbit, against the
character y~! of Ay; that is, for a horocycle Y, considered both as a point
in X % and as a subspace of X,

maw) - | (], o) x5 @yt

The measure used on Ay is here the same as in the definition of Mellin
transform on X, so that 91, composed with Mellin transform is equal to
M, when X = X, and the outer integral is convergent for x in a certain
region, and understood via meromorphic continuation, otherwise.

3.2.1. What is done in the rest of this section? In the subsections that follow,
we will calculate the fiberwise scattering operators .7, of (3.9) for the non-
trivial element w of Wx ~ Z/2, for the cases of Table " The final result
will have the form

Fwx = 700R, (3.11)
where i, is a standard intertwining operator between principal series (es-
sentially, the same as 9, after some non-canonical identifications of the
spaces involved), and (x) a constant depending on x (and expressed in
terms of abelian gamma factors of the local functional equation of Tate in-
tegrals).

4For the first line of Table (3.2), we assume that G is split of semisimple rank one; the
formula for the general split case, which we will not need, can be deduced from this, and
the fact that scattering operators compose as in W, i.e., define an action of Wx.
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The calculation is quite elementary, on one hand; on the other, it is quite
fine to normalize operators such as “the” standard intertwining operators
between principal series. The constructions needed to formulate a precise
result are essentially the constructions needed to prove it; therefore, break-
ing with the principles of good mathematical exposition, I will formulate
the result in the end; the reader can jump ahead to Theorem to read it.

The calculations that follow hold both over non-Archimedean and over
Archimedean fields; thus, despite the fact that the results on asymptotics
do not hold as stated in the Archimedean case, we take diagram as
the defining diagram for the fiberwise scattering operators, and work over
an arbitrary local field.

In each of the three cases of interest, we will calculate scattering opera-
tors as follows:

o First, we will describe a distinguished G-orbit XcXxX o, and a
distinguished G-orbit X 5y = Xy x X; the fibers of both over the
second copy of X will be endowed with canonical Haar measures.

o We will define a Jacquet integral § : F(X) — C*(X ) and a Radon
transform R : F(X ) — C*(Xg), by pulling back a function to X
(resp. X &), and pushing forward (integrating against the canonical
fiber measure) to X .

(In the group case, we just define 93, while X and J do not appear
explicitly, because we appeal to a result of [DHS21].)

o The fibers of X, X 5 over X, resp. the first copy of X, are (generic)
horocycles. Hence, after integrating against a character of Ax, the
operators J, R can be identified with the operators 91,, M, of di-
agram (3.10). Essentially, one can replace X/ by Xy once these

orbits X, X ;s have been defined.

o We will define a Fourier transform § on the space F (X)), the (suit-
ably defined) space of Schwartz functions on the affine closure of
Xy.

e Finally, we will compute the composition with § of the adjoint of
J (or of its integral J, against a character of Ax). Once everything
has been set up correctly, this is an elementary calculation involv-
ing Tate integrals, which is where the aforementioned gamma factor
v(x) will come from. In view of the relation between J, and ,,, this
provides the dotted arrow of (3.10).

e Fourier transform is explicitly related to Radon transform; this leads
to the final formula of the form (3.11)), which is the content of Theo-
rem[(3.5.1]

In the last subsection, scattering operators are used to calculate relations
between certain relative characters, and Theorem translates to Theo-
rem[3.6.3]
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3.3. The Whittaker case. We adopt the abstract point of view on the Whit-
taker model that was introduced in Hence, we take G = SL(V),
where V' is a two-dimensional symplectic vector space. In particular, it is en-
dowed with a Whittaker structure, and Whittaker functions are functions
on the Gy-torsor V' = {(v,vV) € V x VV|(v,vV) = 1} over V* = V ~ {0},
which vary by the character ¢ of G,. (Because in this case X denotes not
just a space, but the space V* together with this bundle, for clarity we stick
with the notation V'#, V, rather than X, X from the preceding summary.)

We identify the dual V'V with V' through the isomorphism ¢, : V= V'V
by (u,t,(v)) = w(u,v). Notice that V'V*, the complement of zero in V'V,
can be identified with the variety V" of “generic horocycles” on V, that is,
affine lines which do not contain the origin; the correspondence sends a
functional vV to the affine line of those v € V with (v,v¥) = 1, that is, the
fiber of V over v¥. Thus, we can identify V with the tautological G-orbit
onV*xVh, consisting of pairs (v, V,,), where V,, < V is a generic affine line
containing v.

Having fixed the symplectic form w, we get isomorphisms V* ~ VV* ~
V", and we can identify V as the subset of V* x V* consisting of pairs (v, u)
with w(v,u) = 1. This is a generic G-orbit in V* x V*, that is, one where
stabilizers of the two points do not belong to the same Borel subgroup.
On the other hand, the identification V* = V" corresponds to a special
G-orbit on V* x V", i.e., the stabilizers of two points belong in the same
Borel subgroup. Let us write B for the flag variety of Borel subgroups of
G, then it is immediate that, by these associations, a Whittaker structure is
also equivalent to the following:

e a generic G-orbiton V* x V'*;
e a G-orbiton V* x5 V.

Now we define Fourier transform, Radon transform and the Jacquet integral.
Fourier transform § will be defined as an SL(V')-equivariant endomor-
phism of the Schwartz space of functions F (V') by the formula

50(0") = | @()0lw(v o)), .12
1%
Radon transform is the map
R:F(V)—-C?VY)
given by the pull-push construction under the above maps, i.e.,
R = ts*,

where s and t are, respectively, the first and second projection V % Vv,

s* denotes pullback of functions, and ¢, is integration over the fibers of ¢,
which are G,-torsors and hence are endowed with the fixed Haar measure of F'.
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Explicitly, in coordinates (z, y) with w = dx A dy,
RP(0,1) = J@(l, x)dx. (3.13)

The Jacquet integra]ﬂ is the map
J:F(V* Ly) > CF(V)
given by
J= tlsjz;’

where s, is the pullback of Whittaker sections to V (where, again, the pull-
back of Ly is equipped with a trivialization). In coordinates, it is given
by the same formula (3.13) as the Radon transform above, as long as the
argument of ® inside of the integral is replaced by the pair ((1, z), (0, 1)).

The measure |w| on V gives rise to a duality pairing between functions, or
between sections of the line bundle £, and sections of the line bundle £,,-1
defined by the inverse character, and the adjoint of the Jacquet integral (a
morphism J* : F(V*) — C*(V*, L,-1)) can be written

3* = Sw,!t*a

where the twisted push-forward sy is the dual map to sy with respect to

the fixed Haar measure on the fibers of the G,-torsor V => V*.

We are interested in functional equations (scattering operators) for the Jacquet
integral.

Consider the L2-normalized action of G,, on C*(V*):

a-®(v) = |a|P(av).
The Radon transform is anti-equivariant with respect to this action:
R(a-®) =a ' R.

We have the following relation between Fourier and Radon transforms:

FO(v) = fm(a - ®)(v)y(a)|ald*a. (3.14)

Indeed, for v € V, choose a section a — u, = au; of the quotient map
V 3 u— w(u,v) € Gy; then, by definition, the value of Radon transform at
v is

R(P)(v) = Jfb(ul — zv)dz,

Hence

J R(a-®) (v)(a)|ad*a — J|a| f B(aus +2av)dz(a)da — J f B (au +2'v)d2"(a)da.

5Usually, this name is given to its adjoint J* that appears below.
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By definition, the measure |w| on V is equal to dadz’ when (a, z) are the
coordinates in the basis (u1,v), so the last integral can be written

fv B () (w(u, v)) || (u) = FB ().

On the other hand, the adjoint of the Jacquet integral, evaluated on (v, u) €
V, can be written

J*®(v,u) = J@(u — 2v)(z)dz.

It is clear from this expression that it extends continuously to the Schwartz
space F(V). If §* denotes Fourier transform defined with the character
Yp~1, instead of 1),

JFP(v,u) = fff<I>(av+bu)w(—a—bz+z)dadbdz = f@(av—l—u)w(—a)da = J*®(v,u).

We have shown:

3* o S* = 3*7
or, taking adjoints and noticing that the adjoint of §* is §,
FoJ=3. (3.15)

A priori, this is a Fourier transform of distributions, but one can easily
see that the image of any f € F(V*, L) under J is a smooth function of
rapid decay close to 0 € V' (because of the rapid decay of f “at infinity”),
hence f is a(n additively) smooth, tempered function on V' which is equal
to its Fourier transform, and therefore has to be of rapid decay (together
with its derivatives). In other words, J(f) € F(V*).

Now we project to coinvariants with respect to various characters of G,,,

with respect to our fixed multiplicative measure d*a = %. The Mellin

transform:

B(x)(v) = f a- ®()x (a)d*a

is a morphism
F(VF) = CF (G, X\V7),

where the notation C*(G,,,, x\V*) means (G, x)-equivariant functions with
respect to the normalized action. This morphism identifies C*(G,, x\V*)
as the (G, x)-coinvariants of F(V*). The Mellin transform extends, for
almost every y, to the space S(V'), or to the images of Radon transform and
the Jacquet integral, first as a convergent transform for x in some domain,
and then by meromorphic continuation. Itis a simple consequence of Tate’s
thesis that, wherever it is defined, it identifies the (G,,, x)-coinvariants of
F (V) with the same space. Because of their equivariance properties with
respect to the G,,,-action, all the above transforms descend to meromorphic
families of transforms between the coinvariant spaces, that will be denoted
by the index x:
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F(V) F(V)

L

R

F(V) R(FMV))

o
C® (G, X \V*) — C%(Gm, X\V*);

F(V*,Ly) —=I(F(V*, Ly))
|
C® (G, X\V).

3.3.1. Remark. Some caution with the notation is needed here when com-
paring with the operators 0N,, M, of (3.10), when Xy = V*: the iden-
tification V" ~ V* that we have here is anti-equivariant with respect to
the action of G,,. Thus, the space C*(G,,, x\V*) should be denoted by
C*(Gp, x 1\V?), if we replaced V* by V", and what is denoted here with
R, would be M, —1 in the notation of (3.10), and J, would be 91, -1.

The relation (3.14) translates to

Indeed, we have

F @) = FR() () = | 2 FP(w)x ! (2)d*z =

which is the Tate integral

2@ = f ()l (2)d =

of the function ¢(z) = {¢(z)1(2z)dz, where p(z) = 7! - R®(v). (In coor-
dinates, if v = (0,1), ¢(z) = { ®(x, y)dy, so it is a Schwartz function.)
By the functional equation [Tat79]:

V(Xu 871/])Z(S07X7 S) = Z(@)Xila 1- 8)7

T (@ ))(©) = 7(x, 0,¢) fz_l R (v)x(2)d" 2 = (X, 0,1) Ry ().
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Similarly, (3.15) translates to
Tt 0Ty = Jyor- (3.17)

If we identify V* with N\ SLy, under our conventions the universal Car-
tan A of SLy acts on V* by the character ez. Thus, for a character ¥ of
A, we set y = Y o e%. Then the operators 91y, My, of correspond to
Jy-1, R 1, respectively (see Remark[3.3.T), and we have the corresponding
commutative diagram, with added to it:

1

-
C*(Gm X\V*) === C* (G, X \V¥)
F(V*,Ly) Ft Ter

CP (G X \V*) = O (G, X\V).
Thus, we get
Fwg =R 0T 10Ny,
and, invoking (3.16), this is equal to

Y(x710,9)Ry,

or, in other words (writing now x = x o e as y):

Fwx =706 = 0,9) - Ry (3.18)

Although we have worked with SL(V') up to now, this formula remains
valid for the Whittaker model of any split group G of semisimple rank one;
indeed, given a non-trivial unipotent subgroup N of G' with an identifica-
tion N ~ G,, and compatible maps SL(V) — G, V* — Y := N\G, this
induces a Whittaker structure on V, and hence a distinguished SLy(V)-
orbit in € V* x5 V", whose image determines a distinguished G-orbit on
Y x5 Y", which, it is immediate to confirm, does not depend on choices.
Morover, generic horocycles on V* map isomorphically to generic horo-
cycles on Y, so we can transfer the measures induced by the Whittaker
structure, and define the operator R, accordingly. The fiberwise scattering
maps .7y, should then be meromorphic multiples of %, and the mero-
morphic scalar can be computed by pullback to V*; thus, equation (3.18)
remains valid for G.

I add the following corollary to (3.18), which will be used later:

3.3.2. Corollary. Let F' be a non-Archimedean field, G a split group of semisimple
rank one, and X = (N, )\G a symbol for the Whittaker model of G. Let A = Ax
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be the universal Cartan of G, acting on measures on Xy by the normalization
described in (3.5)). Let h be the measure on A with Mellin transform

h(x) = L(x, & 1)~

(It belongs to the Bernstein center, i.e., the completed Hecke algebra of A.) Then,
forany ¢ € ST (X), the element

hepla) = | a-pl)hta)
belongs to S(X ).

Proof. Indeed, ST (X ) is generated by S(X ) under the action of the scat-
tering operator &,,, which is expressed in terms of the Mellin transform by

(339). By (319),
Frr(0) = 7(x, =&, 0,8) Ry (o) (“x) = v(x, =, 0, ) (X 1) Ry @p(“x) =

= v(x, =& 0,¢)L(x, &, 1)~ Ry p(“x) = e(x, =&, 0,9) L(x, —&, 0) "R p(Vx)
(see 2.9)).

The factor €(y, —&,0,v)L(x, —&,0)~! is polynomial in , hence corre-
sponds to another element &’ of the completed Hecke algebra of A. Thus,
applying inverse Mellin transform (3.8),

Suwh - =h" R, (3.19)

where hY (a) = h(a™1).

The support of the measure &,,(h - ¢) has compact closure in the affine
completion X = spec F'[V\G]. On the other hand, Ry is supported away
from the “cusp” X7, \ X, as is very easy to see from the definition. (When
we identify the space X with its horocycle space, a point approaching the
cusp corresponds to a horocycle approaching “infinity” in X7,.)

Thus, (3.19) implies that &, (h - ¢) € S(X ).

|

3.4. The case of G,,\ PGLy. Now let G = PGL(V), where V is a two-
dimensional vector space. We assume that V' is endowed with an alter-
nating form, and let X = the G-variety of quadratic forms of discriminant
—2 (so that in some coordinates (y, z) for a standard symplectic basis, such
a form is given by yz). Notice that we think of G as SL(V')/{#£1} in order to
define a G-action that fixes the discriminant. Thus, X ~ G,,\ PGLs.

The boundary degeneration X ~ N\G can be identified with the space
of degenerate quadratic forms of rank one, which is canonically isomorphic
to (VV*)/{£1}, by sending a linear functional to its square. Having fixed
the symplectic form w, and hence the isomorphism ¢, : V' = V'V as in the
previous subsection, we will identify X with V*/{£1}.
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The evaluation map gives rise to canonical isomorphisms
(X x V) JSL(V) = G,
(Xg x V) JSL(V) = G, (3.20)

which are the ones inducing the canonical bijection of horocycles (3.3). The
preimage of 1, in each case, is a distinguished G-orbit, which projects to
distinguished G-orbits

XCXXX@,
X@CX@XX@.

Notice that, in the case of X, this is the projection of the canonical G-
orbit V < V x V, induced by the symplectic form on V' (as in the previous
subsection).

Fourier transform on V' descends to Fourier transform on Xy, but we
have to be careful, because the map V* — X is not surjective at the level
of F-points; hence, a priori, it descends to a transform on F (V*)Z/ 2. How-
ever, there is a unique PGL3-equivariant extension of Fourier transform
(also to be denoted by §) to the Schwartz space (X)) generated by PGLo-
translates of F(V*)%/2. (The notation X gs stands for the affine closure of
Xg.) It can be explicitly described as follows: For any a € H!(F,Z/2)
(corresponding to a quadratic extension E“ of F, including the trivial one
F@®F),let R, be the corresponding Z/2-torsor over F' (isomorphic to a pair
of distinct conjugate points of E%), and let V* ~ V x%2 R®, 1t is an F-
vector space which can be identified with V ®p S(E“), where S(E?) is the
“imaginary” line of elements of E* which are conjugate to their opposite.
Then we have

Xy(F)= @ V¥™F)/{+1}.
acH(F,Z/2)

The symplectic form w : V' x V' — G, is invariant under the diagonal
Z/2-action, hence induces a symplectic form on V. Explicitly, if we choose
an element e € J(E®) to write any element of V as v ® e, we have

w(v1 ®e,v2 ®e) = *w(vi, va).
This defines Fourier transform on the Schwartz space F(V¢), and in par-

ticular defines a Fourier transform § on

F(Xp) = @F(V(F)?

which, one can easily check, is the unique PGLy-equivariant extension of
Fourier transform on the copy corresponding to the trivial Z/2-torsor.
It is easy to see that § is a G-equivariant and A x-anti-equivariant, endo-
morphism
§: F(XG) = F(XG),
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where, here, Ax = the universal Cartan of GG, and the action of Ax is the
normalized one, as in (3.4).

Similarly, the correspondence X % X, together with the Haar mea-

sure on horocycles (i.e., fibers of the map ¢) descending from that on V*,
gives rise to Radon transform

R:F(Xg) — CF(Xgy),

defined as before.
The analog of the Jacquet integral here is the morphism

J:F(X) - C*(Xy)
obtained by the correspondence
XcXxX -
again with the measure on generic horocycles on X obtained by their iden-
tification with generic horocycles of X .

The adjoint of J (with respect to invariant measures, which we do not
necessarily need to fix)

T F(Xg) —» CP(X)
given by the integral

T*®(z) = f D (v)u(v), (3.21)
(Xg)e

where (X ), X is the fiber of X over z, and yis a G,-invariant measure
on it.
As before, the composition of J with Mellin transform will be denoted

jX : .F(X) i COO(A)(,X\XQ).
Dualizing, we get a morphism
3; : COO(Ax,X_l\Xg) — COO(X),

which in some domain of convergence is given again by (3.21).
The composition of this with Mellin transform

o

j*

Ty F(Xg) = C(Ax, x "\ Xg) = C¥(X)
can be written (for suitable choices of measures) as

= <

J,®(z) = f D (v)x o p(z,v)dv, (3.22)

Xy

where x(z) = |z|_%x o e%(z) and
p: (X xXg) G — Ga

is the canonical isomorphism induced from the evaluation map (3.20).
Notice that, if we denote by A the universal Cartan of G’ = SL(V') which
acts on V*, the map A\V* — Ax\Xg is an isomorphism. Thus, we can
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think of J% as a morphism from C* (A, x'~"\V*), where x’ is the pullback
of x to A. This morphism, though, will depend on Y itself, not just /, and if
we unfold the definitions and compose with Mellin transform, we will see
that the resulting functional
%
3 F(VF) - 0P (A IV 2 0(X)
is given by the formula

;/*

Ho@) - | )T op@)a

where we are using the same letter (p) for the evaluation map on X x V*.
We explicate this functional: Given x € X, choose a standard symplectic
basis (u,v) on V (i.e., w(u,v) = 1) such that the quadratic form associated
tox is
Yu + 20 — Yz.

In these coordinates, the above integral is equal to

j<1><y,z>>z<yz>dydz,

and adjoint Fourier transform on V' is given by

Fr0(y, 2) = L ®(a,b)p"(az — by)dadb.

We compute their composition. Assuming ®(y, z) = ®;(y)P2(z) for con-
venience of notation, we have

ﬁ;kg*q)(x) = qu)l(a)q)z(b)iﬁ_l(az — by)dadbx (yz)dydz

o X
= Z(q)l » X 1)Z<¢27X7 ]-)7

where the exponent of Fourier transforms denotes the character they are
defined by. Applying the local functional equation, we get that this is equal
to

Y& L0,y (x 0,07 Jfb(z, y)X ! (2y)d”zd*y
= (% L) (%, 1,9) 1 @ ()

727w ) ’Y(X727

—_

/%

=70x )1 I ®().

N | Q¢

57
Dualizing,
N &1 . &1l
SX_l OJX :'Y(X,gyiydj ) 7(X7§7§7¢) JX_17

where we took into account that § extends uniquely to a PGLy-equivariant
operator on F(Xg).
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Thus, the diagram (3.10) now reads

—1

R
C*(Ax, X\\Xg) —— C°(Ax,x "\ Xg)

o

.F(X) CX'Sxfl ij,x

Iyt m,iil
CP(Ax,x N\ Xg) —= CP(Ax, x\\Xg),

where ¢, = v(x, %, %, )y (x, %, %, ), and invoking (3.16) again, we get:

a1l _ a 1 -
yw,x = PY(X? 57 57 1/} 1)7<X7 57 57 ¢)7(X7 —Q, 07 1?)9%( (323)

3.5. The group case. Let us now study the group case, X = H = SL(V),
where V' is a two-dimensional vector space, and G = H x H. (Again, H acts
on the right on V.) The space End(V), fibered over G, by the determinant
map, is a degeneration of H, and the G-orbit of the special fiber, i.e., the
subspace of End(V) of elements of rank one, can be identified with the
asymptotic cone Xg = Hgy.

The identification of generic horocycles, then, is as follows: a generic
horocycle, both in H and in Hg, is equivalent to a pair (L, L’) of linesin V,
together with a non-zero homomorphism 7 : L — V/L’; these data corre-
spond to the horocycle of the pair (B x B',Y’), where B, B’ are the stabi-
lizers of L,L',and Y < H or Y ¢ Hgy is the subvariety of endomorphisms
which induce 7. Notice that these data are also equivalent to an element of
Gldiag\ (Y 5 hy, namely the class of (v, 7(v)), where v is a non-zero element
of L. Thus, HY, = G, \(V* x V"), canonically.

For a pair (v,Y) € V* x V!, we will write [v : Y] € G, for the scalar
A such that v € \Y (with the convention that 0Y denotes the vector sub-
space parallel to Y. We can also identify Hgy, canonically, with the space
Gaing\ (V" x V*) (notation as before), by mapping a pair (Y, v) consisting of
a generic horocycle and a non-zero vector to the rank-one endomorphism
that sends Y to v, in other words the endomorphism u — [u : Y] - v.

For any pair

n:V/[i - LicV

73:V /Ly —> Ly cV
of elements of Hg;, as long as Ly # Lo and L} # L), the operator M, ,, =
71 + 12 belongs to GL(V'). The pairs (71, m) with M, ., € SL(V) form a

distinguished G428-orbit H oy ¢ Hy x H, - Equivalently, the distinguished
GYi28-orbit is characterized by the property that

v1 A v2 = Ta(v1) A T1(v2) (3.24)
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for all V1 € Ll, V2 € L2.

The correspondence between generic G498-orbits on H x Hgy and G4i28-
orbits on Hy X, xBy H% sends a pair (71, 72) as above to the pair (71, 75),
where 75 € H % is the horocycle represented by the composition

72|14

L =5 1 VL

The distinguished G4#¢-orbit corresponds to the set of pairs

(V/ILIS L' cV,Vo L5 V/L) e Hy xp, x5y H

such that any lift of (71, 75) to an endomorphism of V' has determinant 1.
Equivalently, representing

Hg % By xBy Hiy = GRE\(V" x V*) %, x5, Gat8\(V* x V1),

the distinguished G42¢-orbit is obtained as follows: choose any H-orbit on
V* x5 V", say with a representative (v,Y), and take the G428-orbit repre-
sented by (Y, v, —v,Y). Indeed, for any y € Y, the endomorphism defined
by y — v, —v — y has determinant one.

This gives rise to a canonical Radon transform

R: F(Hy) — C*(Hy),

which is given by
Re(V/L 5 L) - | B0, (L, 14),
(BO)NED X BN

where o7 ) V/Li — L} < V is the unique such morphism with the

property that is satisfied when 71 = o0 and m» = 7. The measure
on (P(V) ~ {L}) x (P(V) ~ {L'}) is the following: choose any pair of non-
zero vectors (v € L,v' € L), letY = 771(v') = V and let Y’ = V be the
horocycle of all vectors ¢ with y A v =v' Ay forally € Y. ThenY x Y’
is a G, x G,-torsor by (z,2') - (y,vy') = (y — zv,y’ — 2/v’), hence carries a
measure induced from our fixed measure on F?, and under the projection
map it can be identified with (P(V') \ {L}) x (P(V) ~ {L'}). It is immediate
that the resulting measure on (P(V)~\ {L}) x (P(V)) ~{L'}) does not depend
on the choice of (v, ).

Another way to explicate this Radon transform is to choose any Whit-
taker structure (equivalently, a symplectic form w) on V*. The G,,-anti-
equivariant identification V* = V" that it induces (which we have nor-
malized so that v corresponds to the horocycle {u € V|w(u,v) = 1}) allows
us to identify

Hy = GIo8\(Vh x V*) = Gale\(V* x V),

and defines two correspondences VxV*Z3V*xV*and V* x V 3 V* x
V*, where V = {(u,v)|w(u,v) = 1}. The product of the resulting Radon
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transforms (where we denote by an index the variable that we apply the
transform to):

9% = 9{19{2 : ./T"(V* X V*) — COO(V* X V*)
descends to G?,ﬁ}iag\V* x V* ie., toamap
SR . .F(H@) — COO(H@).

This depends on the choice of a symplectic form, but its pullback to H gy
does not, and coincides with the Radon transform described above, as a
simple calculation shows.

More explicitly, take a Borel subgroup of G of the form B x B~, where
B, B~ are two opposite Borel subgroups of H with unipotent radicals N, N~
and intersection B~ B~ = T, and identify Hy = T x? P G in such a way
that the embeddings of T"into H and H are compatible with the isomor-
phism B3): N\H J N~ = Hg J/ (N x N™). If we identify H with SLy, B =
the upper triangular subgroup and B~ = the lower triangular subgroup,
then we have

(I i T

By [DHS21, Proposition 15.2], the scattering operator for the non-trivial
element w € Wy = Wy is given by

Sy =R RWR, L O (A, x "\Hg) — C*(An, X\Hg).

The individual factors of this depend on the choice of a Whittaker structure,
but the product does not. Moreover the expression is symmetric in the two
factors, i.e., we have i , X 9%2 = 1 I = R -

We now compute this as a multlple of the operator R, = MR, X Ra,.
This is the calculation of the Plancherel measure, but it follows immediately
from (3.16)): Invoking Fourier transform on V*, and the fact that §* o § = 1,
where F* is Fourier transform defined with the character ¢y~!, instead of v,
and setting ¥ = x o e® (so that it corresponds to the character y of (3.16)),
we have

1=F,-108 =v(X " 0,4)Ry -1 0¥(X,0, w—lmz,x
Ryt =70, 9)Y(R 0,47 ) Rayy,

and we get

yw,x = 7(X7 6‘7071#71)’7( w) leImQX
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We summarize the formulas (3.18), (3.23) and (3.25) for the scattering

operators.

3.5.1. Theorem. For the cases of Table (3.2)), in terms of the canonicaﬁ spectral
Radon transforms R, that were described in the previous subsections,

Ry : C”(Ax,x "\ Xg) —» C”(Ax, X\\Xg),

the scattering operator .y, for the non-trivial element w of Wx is given by the
following formulas:

e For the Whittaker case, X = (N, Y)\G,

Fwx =700 —,0,1) - Ry; (3.26)
o for the variety X = G,,\ PGLg,
a1l a1 )
Fux =106 55 ¥7 D106 50 5V =6, 0,9) - Ry (3.27)
e for the group case, X = H = SLy under the G = H x H-action,
yva = V(Xa@aO,%b_l)V(X,—d’OﬂZ}) . mX‘ (328)

3.6. Relative characters. The quotient €y := (X x X) / G has an Ax-
action, which we normalize so that it descends from the action on the first
copy of Xy, and the canonical generic G-orbit X oy ¢ X x X, that was
also used to define Radon transform, defines in every case an isomorphism

(XQ XXQ)O//G;A)(CQ:@,

where (X x X )° is the open subspace of pairs of points whose stabilizers
belong to distinct Borel subgroups.

Characters of Ax < €y pull back, generically, to G-invariant generalized
functions on Xy x Xg, in fact, to functionals on the extended Schwartz
space ST (X x X ) obtained by applying scattering operators (on both
variables) to S(X g x X ), as the following proposition shows. To formu-
lateit,let p : (X g x X)° — Ax be the quotient map; its fiber over 1 € Ay is
the distinguished G-orbit X ;. Fix a G-invariant measure on X, and take
the Haar measure da on Ax which disintegrates the Haar measure dx x dx
on Xy x Xy as the product of §(a)da with the G-invariant measure on X
for which the following formula holds:

ﬁ O (u,v)d(u,v) = R1P(v,v)dv.
b Xy

Here, as before, Y1 denotes Radon transform in the first variable.

To summarize: Radon transform depends on a choice of G-orbit on Xy x5 X %, and
there is a canonical choice in any one of the three cases.
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3.6.1. Proposition. Given a measure o(u,v) = ®(u,v)dudv € ST(Xg x Xg),
the Mellin tranform of its push-forward f to €y (an element of the space of push-
forward measures that we should denote by ST (X g x Xg/G))

fix) = ) FEOXHE (3.29)

converges when x ! vanishes sufficiently fast on the complement of Ax in €,

and admits meromorphic continuation to the space of all characters.
The measure f € ST (Xg x Xg/G) can be reconstructed by inverse Mellin
transform:

s = ([ _ ooy ) e 3:30)
wAx
where w is a character such that w1 vanishes sufficiently fast on the complement
of Ax in €y, and (da, dx) is a pair of dual Haar measures on Ax and Ax.
Finally, the Mellin transform f(x) can be written

70 = fxg R B0, (3:31)

where by R wo5h W denote, by abuse of notation, the composition of the spectral
Radon tmnsform appearing in Theorem and denoted by the same symbol,
with Mellin transform (3.7), both applied to the first variable.

When ®(u,v) = ®1(u)®2(v) the integral (3.31) can also be written in
terms of the Mellin transforms of ®;, ®5 as

~ 1 ~ 1
R 1 (Dr(xd72)) - Do(¥x 167 2). (3.32)
Pt (i)

Proof. We compute:

fx) = J ®(u,v)x *(p(u, v))dudv
Xgx Xy

- JAX (L{ P(a - u,v)d(u,v)) X '(a)d(a)da

= f R ®(a v, v)dvx " (a)da
Xg

1 P (v, v)dv.

A
= R 1
XQ LwX‘;Q

This converges when x ! vanishes sufficiently fast on the complement of
Ax in €5 and is meromorphic in y, as the expression shows: indeed,
the Mellin transforms converge for such x, and so does the spectral
Radon transform SRwX& 1, which is just a standard intertwining operator be-

tween principal series representations. Moreover, both admit meromorphic
continuation; for the Mellin transforms of elements of S (X ), recall that
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those can be written as ¢1 @ &,,p2, where both ¢ and ¢, belong to S(X ),
and that the scattering map &,, is decomposed as in in terms of the
fiberwise scattering maps ., ,, which are meromorphic in y by Theorem
B51
The formula for the inverse Mellin transform follows from the fact
that elements of S™ (X x X ) are of moderate growth, and up to a rapidly
decaying measure are supported on a compact subset of an affine embed-
ding X % x X % ; thus, their push-forwards will be of moderate growth on
Ax and, up to rapid decay, supported on a compact subset of the affine em-
bedding €% := X% x X% / Gf| Thus, the measure w™' f will be in L*(Ax),
for w as in the statement of the proposition, and the result follows from
standard Fourier analysis.
U

We will be referring to the functional

My o f F(x0?)

on S*(Xg x Xg) as the “open” G-invariant Mellin transform of ¢. As is
clear from (3.32), it is a relative character for the representation

my = CF(Ax, X\ Xg) ~ I(X_l),

the principal series representation obtained by normalized induction from
the character Y ! of Ay, i.e., it factors through a morphism
S+(X@ X X@) — Ty @7?; L—’-L C.
Notice that, unlike the Mellin transform (3.7) on X, in the definition of
Mellin transform for S* (X x X/G), we do not normalize the action of

Ax on measures or functions on €, which is why we need this shift by ¢ 2
in order to make M, into a relative character for I(x™!).

We denote by M¢! the functional (presented here when @ (u, v) = ®1(u)®2(v),
but its extension to the general case is clear)

My P1(x) - D2 ),
Ax\Xg

and call it the “closed” G-invariant Mellin transform of ¢. The reason for
the terminology “open” and “closed” is that they both functionals are inte-
grals over the corresponding “Bruhat cells” (=G-orbits) of X x X . No-
tice that only the “open” Mellin transform is a functional on the space of
push-forward measures S* (X4 x X/G); the closed Bruhat cell lives over
a proper subvariety of €, and information about it is lost when we take
push-forwards.

7In the examples of Table (3.2), this coincides with €.
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Now we restrict to the case when F is non-Archimedeanfl We would
like to consider its further pullback to S(X x X) via the asymptotics map
e*g ® e*g, and determine its role in the Plancherel formula of X.

Letl,, I ;1 be the pullbacks of M,, M;l, respectively, to S(X x X) via the
asymptotics map ez [x] e/

The following theorem states that the relative characters I¢' decompose
the “most continuous summand” of the space L?(X), in the sense of the
Plancherel decomposition. The most continuous summand is a canonical
subspace L?(X) g < L?(X), defined as the image of L?(X ) under a canon-
ical “Bernstein map” 1 : L*(Xg) — L*(X) [SV17, §11]. Fix an invariant
measure dr on X and a compatible measure on X [SV17, §4.2], and use
them to consider L?(X), L?(Xy) as spaces of measures. Then, Theorem
7.3.1 and Proposition 11.4.2 of [SV17] imply the following Plancherel de-
composition for the most continuous summand:

3.6.2. Theorem. For 1, 2 € S(X) with orthogonal projections ¢, ¢y € L*(X) g,

we have
j (/7/1 i 90/2 1 J Icl( ® ) d
X dr - |WX ‘ ,Z)\( X ®1 w2)ax,

where the Haar measure dy on the unitary dual Ay is the one dual to the Haar
measure da on Ax.

Thus, the relative characters I ;1 are, in some sense, the canonical charac-
ters which decompose the most continuous spectrum of X against Haar—
Plancherel measure dy. The whole point of the present section was to com-
pare the pullbacks I, of the “open” Mellin transforms M, to these relative
characters:

3.6.3. Theorem. For each of the cases of Table (3.2)), define a rational function
wx (x) on Axc, as follows:

e For the Whittaker case, X = (N, Y)\G,

px(x) =v(x, &, 0,9); (3.33)
o for the variety X = G,,\ PGLg,

al _ a 1 .
:U’X(X) = rY(X) _57 57 ¢ I)V(X) _55 57 ¢)’Y(X, «, 07 ¢)7 (334)
e for the group case, X = H = SLy under the G = H x H-action,
px () = 70—, 0,97 (x, @ 0,9). (3.35)

8Replacing the Schwartz space with the Harish-Chandra Schwartz space, and restricting
to x unitary, the results that follow extend to the Archimedean case, using asymptotics of
admissible generalized matrix coefficients. We will not need them, so we avoid introducing
more material.
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Then the pullbacks of the “open” and “closed” Mellin transforms are related by
the formula

L(01 ® 2) = pux (x) I (01 ® p2). (3.36)

In particular, the relative characters I, decompose the space L?(X)g with
Plancherel measure px (x)dx:

Provy 1
= I dx.

Here, ¢1, 2 € S(X) with orthogonal projections ¢}, o € L*(X) .

Proof. Recall that the image of the asymptotics map is invariant under the
scattering operators. In particular, if ®; = ef;p; (i = 1,2) then Ty ®i(* )

Pi(x)-
On the other hand, by Theorem B.5.1} .7, = ux(“x) - Ry. The G-
equivariant scattering operator, applied to the first variable:

Gw,l : 5+(X® X X@) i S+(X® X X@)
descends to G428-coinvariants, hence (3.31) reads
My = px (x) 7" ML 0 S

By the invariance of ®; ® ®; under &,, 1, we have Mfélx 08y, 1(P1Q®P2) =

ﬁlx@l ® ®3), therefore the pullbacks to S(X x X) satisfy (3.36).
The final statement follows from the Plancherel formula of the previous
theorem. O

In our applications of this theorem, we will want to compare the transfer
operator or Hankel transform for two relative trace formulas attached to
spherical pairs (G, X) and (G',Y’):

T:8(X x X/G) - S(Y xY/G")

(typically with non-standard spaces of test measures, which do not appear
in our notation here), with an abelian transfer operator for the correspond-
ing degenerations

Tz : ST (Xg x Xg/G) — ST (Y x Yy /G,

which is chosen so that the following diagram commutes:

e* Qe*
S(X x X/G) —Z2—25 8T (X x Xg/G) . (3.37)
|
T | T¢
‘L e%@e% \ ?
S(Y xY/G") ST (Yy x Ygu/G)

Here, by abuse of notation, we denote by e*g ® 6*® the descent of the
morphism
e ®ely: S(X x X) - ST ( Xy x Xy)
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to the spaces of push-forward measures. The fact that it descends follows
from the following fact, true for each of the spaces X of Table [3.2] but not
for their degenerations X :

3.6.4. Theorem. For each of the spaces X of Table[3.2} the map
S(X x X)g - S(X x X/Q),

from coinvariants for the diagonal G-action to the space of push-forward measures,
is an isomorphism.

Proof. For the Kuznetsov case, this is proven in more generality by Jacquet,
Aizenbud and Gourevitch in [Jac98, Theorem 1.1], [AG13| Corollary 6.0.4].

The quotient stack [G,,\ PGLsg /G,,,] looks locally like [A?/G,,] (with ac-
tion (z,9) - a = (ax,a 'y)) [Sak13, Lemma 3.2]. The density of regular or-
bital integrals is then [Sak13, Lemma 2.3], which we will revisit in Lemma
[7.1.1]below to fill in some missing details in the proof.

The theorem on the group is a well-known theorem of Harish-Chandra.
Notice that [SLy x SLy /SOJ 8] ~ [PSGLEQ], so we can invoke the density
of regular semisimple orbital integrals on the open subset SLy(F')/{+1} of
PGLy(F). O

The way to verify that diagram (3.37) commutes is to examine pullbacks
of Mellin transforms. Theorem enables us to do that. For example,
if Ax = Ay, Wx = Wy and the map 7 is designed to respect Plancherel
measures, that is (for the most continuous spectrum), to pull back the rela-

tive character I;/’d for Y to the relative character I)i( “! for X (see Theorem

3.6.2), then
the pullback of Mellin transform M;/ ? on Yy via Tgs should be

TEMP = px(X) g Xe

i) (439

By the explicit form of the scalars px(x), this corresponds to a compo-
sition of the multiplicative Fourier convolutions that we defined in §2.1.7] —
compare with (2.12). This is the conceptual explanation that I can presently
give for all the transfer operators 7 and Hankel transforms that will appear
in the rest of this paper: their geometric expressions are equal or, at least,
deformations of the geometric expressions for the transfer operators 7 of
the boundary degenerations. These are given by Fourier convolutions de-
termined by the scattering operators which, in turn, are closely related to
the L-functions of the associated global period integrals, by [SV17, §17].
Hence, the examples discussed in this paper suggest that the L-functions at-
tached to spherical varieties inform the way that their relative trace formulas will
be geometrically compared.
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4. TRANSFER BETWEEN THE KUZNETSOV FORMULA AND THE STABLE
TRACE FORMULA FOR SLy

4.1. Relative characters. Here we discuss the local comparison behind Rud-
nick’s thesis [Rud90]. Let G = SLs. Both G as a G' x G-variety and the
Whittaker space (NN, )\G have the same dual group, namely, PGLy. We
will construct a local transfer map

_ ~ G
T+ Synan (N 0\G/(N, 9)) = S(2),
which gives rise to stable functoriality between the Kuznetsov and the Sel-
berg trace formula. The non-standard space SE( Ad 1)((N ,VI\G/(N, 1)) of
orbital integrals was defined in §2.2.4 In terms of the representatives

()

of regular orbits for the Kuznetsov formula, it consists of measures which,
in a neighborhood of ¢ = 0, coincide with the usual test measures S((V, )\G/(N, ¢))
for the Kuznetsov formula, while in a neighborhood of { = oo they are of
the form
C(¢hHd*¢,
where C'is a smooth function in a neighborhood of zero.

We can think of N\G as V*, the complement of zero in a two-dimensional
vector space, and the identification NV ~ G, as a Whittaker structure. Then
N\G | N ~ (V* x V*) | G was canonically identified in §.2.2| with G,
through the symplectic pairing. This identification is compatible with the
section ¢ — ¢ over F*.

Let m denote an irreducible tempered representation of SLg, and II its
L-packet (the restriction of an irreducible tempered representation of GL3).
We assume that 7 is the unique generic element of II with respect to the
character ¢ of N. Define a morphism

7}®7T - Coo((N?w_l)\G X (Nv 1/1)\G>

so that evaluation at the coset represented by (1, 1) is given by

TRV — J (m(n)v, vy~ (n)dn, 4.1)
N

with the measure on NV induced by its identification with G,. This regular-
ized integral is understood as the value at A\ = 1 of the Fourier transform
(defined as § ®(x)y 1 (A\z)dz) of the L?-function n — (7r(n)v, ?) (Where N is
identified again with G,). I point the reader to [LM15, §2] and [SV17, §6.3]
for details.

The space C*_ (N, ")\G x (N,1)\G) of smooth Whittaker functions
of moderate growth is in canonical duality with S((N, ¥)\G x (N, ~)\G).
The restriction “moderate growth” only applies to the Archimedean case,
and the image of the morphism defined by automatically lands in it;
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however, from now on, for notational simplicity, we will be abusing nota-
tion and writing C* for C°_,.

The adjoint of the map above is a morphism
SN, $\G x (N, NG) — 7@ 7.
Its composition with the canonical pairing 7 ® # — C is a GY¢-invariant

functional on S((N,%)\G x (N, ~1)\G), which factors through the coin-
variant space S(N,Y\G/N, ) (see (2.16))), will be denoted by J or Ji:

Ji : S(N,Y\G/N, ) — C.

This is the relative character (or Bessel distribution) attached to the packet II.
Explicitly,
*
Jn(® @) = Y f By (1) Ds (2) J (e (), 7 (1)) = (n)dn,

(v5) Y (N\G)? N

(4.2)

where (v, ¥) runs over dual pairs in dual bases of 7 and 7. Notice that it

does not make a difference whether we sum over a dual basis for 7 or for

the entire L-packet II; since the other elements of the packet are not generic,
their contribution will be automatically zero.

4.1.1. Example. Let F' be non-Archimedean, with ring of integers o, residual
degree ¢, and a uniformizer w.

Suppose that 7 = I(x) is a K = G(o0)-unramified principal series repre-
sentation, unitarily induced from an unramified character x of the upper
triangular Borel subgroup (identified with a character of F'*). Let ¢, € 7,
¢x -1 € T be K-invariant vectors satisfying (¢x .y, @ -1) = 1. It takes an
elementary calculation (or an application of Macdonald’s formula on zonal
spherical functions) to show that the unramified matrix coefficient

ot = (= (1 Dorarom)

depends only on the absolute value of y, and satisfies ®(y) = 1 on 0 and
d(y) = q_l7q_2+q_11fé?2+q_1’<(w)_1 when y € wto*.
Thus, if f € S(V,¥\G/N, ¢) is the image of the identity element of the

Hecke algebra, then
(F0e) = [ @iy = 1~ 2

(1—¢"x(@)(1 —q 'x(=)) ¢(2)
1+q! T L(mAd, 1) (43)

On the other hand, consider the space of test measures S (%) for the
stable trace formula of G. The stable character O of the L-packet II is a
functional on this space, descending from the sum of the characters of the
elements of II, which are generalized functions on the group (that is, func-
tionals on S(G)).
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It was proven in [SV17, Theorem 6.3.4] that the characters Ji; and O1y sat-
isfy the Plancherel formula for their respective spaces, for the same Plancherel

. A
measure. More precisely, let Gsfmp denote the “stable tempered dual” of
G, i.e., the set of tempered representations modulo the equivalence of be-
longing to the same L-packet (o1, equivalently, to the restriction of the same

tempered representation of GL»). Then, fixing a measures dg on G to define
~t
L*(G) as a space of measures, there is a unique measure y¢(II) on Gsfmp

such that, for any ¢1, p2 € S(G) we have:

J Spldl 2 ﬁtem On (1 ® p2)pa(ID). (4.4)
G g Gst ?

Let dx be the measure on N\G which factorizes the measure dg with
respect to the fixed Haar measure on N ~ G,. Then, Theorem 6.3.4 of
[SV17] states that for any ¢; € S(N,¥\G), g2 € S(N, 9 1\G) we have:

f L d' LI Lem Jr(e1 ® p2) (1) (4.5)
N\G a9 Gy ¥

for the same measure pg.

4.2. The main theorem. Fix the isomorphism g ~ G, via the trace map —

hence, both & (%) and the non-standard test measures ShAd1) ((N,¥)\G/(N,))

for the Kuznetsov formula are understood as measures on G,. In this sec-
tion we will prove part (2) of the following theorem, assuming the other
statements, which will be proven in Section 9}

4.2.1. Theorem. Consider the equivariant Fourier transform T := F1q4,1 of mul-
tiplicative convolution with the measure D1 = 1)({)d¢ = ¥(Q)|¢|d* ¢ on Gyy,.
Then:
(1) The convolution makes sense on S(N,Y\G/N,1) as the Fourier trans-
form of a distribution, and maps it into S (%)
(2) For every tempered packet 11 and Jyy as above,
T*On = Ju. (4.6)

(3) The transform extends to an isomorphism, given by the same convolution
understood, again, as the Fourier transform of a(n L?-)distribution:

~ G

(4) At non-Archimedean places, unramified over the base field Q,, or I, ((t)),
it satisfies the fundamental lemma for the Hecke algebra up to a factor of
€(2) = (1 — ¢ )7L, namely: forall h € H(G,K) = S(G), it takes the
element

h - fL(Ad,l) € SZ(Ad,l) (Na ¢\G/Na @Z))

to the image of ((2)h in S(%)
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4.2.2. Remarks. (1) The part of Statement (@) about non-trivial elements
of the Hecke algebra is quite redundant, since it can be deduced for
the fundamental lemma for the identity element of the Hecke alge-
bra, and Statement (2). In any case, in Section[9]we will obtain it “for
free”. In generalizations of this paper, one would expect to prove
an analog of Statement locally, and then use it to deduce, by
a global-to-local argument involving comparisons of relative trace
formulas, an analog of Statement (2).

(2) The factor ¢(2) in Statement (4) is compatible with the calculation
of the relative character applied to the standard basic function of
S(N,Y\G/N, ) in @3).

(3) Theorem 1.3 in [SY13] can be seen as a global application of the
isomorphism (4.7), restricted to hyperbolic conjugacy classes.

(4) As Valentin Blomer pointed out to me, it seems that can be
directly obtained, in the real case, from classical identities such as
[GR15| (6.611.1)], expressing the Fourier transform of Bessel func-
tions in terms of exponentials; I have not checked the details.

(5) In adifferent, but related, setting, David Ben-Zvi and Sam Gunning-
ham have recently established what can be seen as a comparison be-
tween the quotient spaces associated to the Kuznetsov formula and
the trace formula, in the setting of loop groups of arbitrary complex
reductive groups. Their theorem [BZG, Theorem 6.16] constructs,
by spectral arguments, what can be informally be described as a
map from “D-modules on the quotient space (N,v¢)\G/(N, )" to
“D-modules on the adjoint quotient of G”. It would be interesting
to see an explicit geometric description of their comparison, similar
to the Fourier transform of the above theorem.

We will now prove Statement (2), assuming the rest (more precisely as-
suming Statement (I)). Statements (1) and (@) will be proven at the end of
and Statement @) will be proven at the end of

Proof of Statement [2)), assuming the rest. Let f(¢) = ®(¢)d¢. Since the map
N\G — € := N\G // N is smooth, the untwisted push-forward map

S(N\G) — Meas(€)

has image in locally bounded measures (in fact, Schwartz measures); a for-
tiori, the same is true for the twisted push-forward. Hence, ®({) « 1.
We write, formally,

Dy * f({) =d*C-Dy»(|e]®(e))(C)
_drc L 1271 B (271 C) b (2) 2] d” =

e L 210 (=) ()
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and hence interpret 7 f as the product of the measure d¢ with the Fourier
transform of the L2-function ¢ — |¢|71®(¢7Y).
The extension of this to an isomorphism

~ G
T : S;(Ad,l)(N’ ¢\G/N, ¢> - S(a)’

together with the fundamental lemma, will be postponed until §9) where
they will be obtained as special cases of a more general theorem.

We prove the statement on relative characters. It relies on the following
formal relation:

T(f) = n(f x dn), (4.8)

where r is the quotient map

2lQ
l
QlQ

and f xdn denotes the “pullback” of f to the N-torsor % — N\G/N defined
by the fixed Haar measure on N. Here we do not think of f as a scalar-valued
measure on N\G / N (by the trivialization described in §2.2.1), but as an

oo G .. .
(N, )-equivariant measure on —, divided by the Haar measure of N, where n €

N acts by sending the class of g € G to the class of ng. If we fix coordinates

G
a by, (¢ = ¢,t = tr) for = ~ A2, the trivialization of f introduced
c d N
in §2.2.1)is the one obtained by restricting it to the line ¢ = 0. If f; is the
G
push-forward to = of a Schwartz measure on G, and f its twisted push-
forward to S(N,¢\G/N, ). and if R,, denotes the translation action of N

G
on measures on N we have

fxdn= f Rufi -t (n)dn. (4.9)
N

In the coordinates ((,t) above, the group N = G, acts as ((,t) -z = (¢, t +

We will need to give a rigorous meaning to the formal relation (4.8), be-
cause the push-forward r; does not converge absolutely. But, before we
do that, let us justify this relation in a formal manner, pretending that all
integrals were convergent.
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First of all, let us show why should imply (4.6): With f; and f as
above we have, formally,

(Tf, @n) (f x dn,r*Orr)

= <JN Ry f1- ¢~ (z)dz, @H>

_ f (Rofr, On) ¢~ (2)dx =
N

_ < A, JN Rx@nﬂ)(m)d$>.

The explicit expression (4.2)) for Jir allows us to write the last pairing as

(f1,Ju) = (f,Jo),

the last equality because the generalized function Jy is already (N, ~1)-
equivariant on both sides.

To formally justify (4.8), we claim that, for a measure f € S(N,¢\G/N, )
which, after trivialization, is written f({) = ®(¢)d(, the pullback measure
f x dnon £ is given by

f xdn(¢.t) = PO

Indeed, this relies on the calculation that a matrix in SLy with given ({ =
¢,t) and ¢ # 0 can be written as
1 =z —c! 1 y
1 c 1
withz +y = 2.

Thus, the push-forward r(f x dn) is

n(rxan© = ae- ([ e ociae) = [ueldes @

Now let us rigorously prove (£.6): As before, consider a Schwartz mea-

ydcdt. (4.10)

t

sure on G, and let f; be its push-forward to %, and f its twisted push-

forward to S(N,¢¥\G/N, ). The proof relies on the (rigorous) relation

[ e om) v @yt = (75 0m), (4.12)

where the left hand side should be interpreted, as we have done for the
right hand side when defining 7 f, as the Fourier transform of a distribu-
tion; more precisely, as the value of the generalized function

u»—>f m(Rzf1), On) ¥~ H(ux)dz
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at 1, after we show that this generalized function is a continuous function
in a neighborhood of 1.

Let us first show the corresponding identity for generalized functions,
so choose a Schwartz measure ¢(u)du on F, supported in a small neigh-
borhood of 1. We denote Fourier transforms by ¢ — ¢, whether they are
defined with the character v or v~!, and leave it to the curious reader to
figure out where each character is being used. We also write © for O1. We
compute:

JSO(U) j* (r1(Ref1), ©) ¢~ (uzx)dzdu
2 o) n(Raf), ©) da

~ [ it + ez

where we have used the fact that the triple integral is absolutely conver-
gent. Indeed, writing fi = ®1d(dt, the product

P(x)@1(C,t + Cx)O(t)

has local L!-seminorms (i.e., L!-seminorms over additive translates of any
fixed compact subset in the variables (x, (,t)) of rapid decay in the variable
min(|z|, [¢|, |¢|), because the function (,t) — ©O(t) has local L!-seminorms
of polynomial growth, ¢ is of rapid decay, and ®1 (¢, ¢) has rapidly decaying
local-L! seminorms in both variables.

We can now write it as an iterated integral, with the variable z to the
interior. Consider the function x — ®1(({,t + (x). For fixed { # 0 and
t, the function is rapidly decaying in z. Its Fourier transform against the
character ¢!, evaluated at a point u, is “®(()¥(u¢), where u — “®(() is
the Fourier transform of z — (¢, (z) (so that, by and (4.10), f(¢) =
1®(¢)[¢|dC). Thus, the last integral can be written:

| et L | et v dudcat

We now want to switch the order of integration over ¢ and u, interpreting
the integral over ( as a Fourier transform in the sense of distributions:

[ ], etwracwupanac - [ ot [“autudianc. @13

To show this, let F}, be the Fourier transform of the function ¢ — “(I)( )¢ 72
against the character © — 1(ux). Notice that for u = 1 the measure Fl(g )d¢
is precisely the image of 1®(()|¢|d¢ under the transfer operator 7, hence
belongs to S (%) As will be clear from the proof of Statement (I)) (in ,
there is nothing special about u = 1; more precisely, for v in a neighborhood
of 1, the map u — F,d( is a continuous section of S (%)
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The inverse map F,, — “@® is given by Fourier transform using the char-
acter ™!, instead of ¢, which converges absolutely. Indeed, it is straight-
forward to see that measures in S (g) are bounded by Schwartz measures
(see [Sak21, Proposition 5.3.1] for a general argument, or by direct com-
putation of the — well-known — orbital integrals for SL3), hence F, is
bounded (and of rapid decay). As u varies in a neighborhood of 1, the

Fourier transforms of the functions F,, converge uniformly, since v — F,d( €

S (%) is continuous.

Thus, if x is another Schwartz function, and we compute both sides of
the desired equality (4.13) as distributions in the variable ¢, we have

ft g(t)Lm) f *“Cb(c)w(uZ)dudcdt _ L A1) L o(0) By ()t
- | et [ &Pt = | o) | w:) Bz,

where F, is defined using the character 1)1, so the last expression is
J o(u) J k(z) J F, ()~ (t2)dtdzdu
But this Converge: absoluztely asta triple integral, so we can write it as
J k(2) J o(u) L F,(t)y ™ (tz)dtdudz
- Lm(z) L o(u) ft Fu(t)@wl(uts)dtdudz
2
_ f k(2) L oy () [“ [ dudz.

Applying Fourier transform in the variable z again, this is equal to

LR(t)LLgp(u)“(D(Z)w(zt)‘Zfdudzdt
-] fa(t)LLmu)"@(ow?)dwcdt,

completing the proof of (4.13).
Putting all together, we have shown that

Js@(u) J* (r(Rof1), ©) &~ (uz)dedu :J

t O(t) J o(u)Fy(t)dudt

_ L (1) J O(t)F, (t)dtdu,

the last step because of the continuity of the sectionu — F, € S (% ), and the
rapid decay of elements of S(&). Now, the inner integral on the right hand
side, as a generalized function of v, is represented by a continuous function,
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hence so is the inner integral on the left hand side, and the equality holds
foru = 1.
|

4.3. Comparison with the degeneration. In this subsection, F' is a non-
Archimedean field.

Let X be a symbol for the Whittaker model (N, ¥)\G, and let X4 = N\G
be its asymptotic cone. Set Y = G = SLy, G' = G x G/{£1}42, and
Yy the asymptotic cone of Y. We recalled in that there is a canonical
“asymptotics” morphism

e ®el: S(X x X) » 8T (Xg x Xg),
and saw that it descends to spaces of push-forward measures. Let ST (X g x
X 5/G)' be the subspace of ST (X5 x X /G) generated under the action of
Ax by the image of S(X x X /G) (and similarly for Y). ﬂ

The descent of ef; ® ef; to coinvariants, together with the transfer oper-
ator 7T, give rise to most of the diagram (3.37), which we repeat here:

* *

e®®e@

S(X x X/@Q)

S+(X® X X@/G)/ .

\
lT | Ty
o '
SY xY/G) ST(Ygy x Yg/G')
What is missing is the transfer operator 75 making the diagram com-
mute.

4.3.1. Theorem. Identify €z := Yy x Y | G' = Xg x X ) G = G, as
in §3.6| namely, sending the distinguished G'-orbit, resp. G-orbit, to 1 (and the
singular one to 0). There is a unique Ax-equivariant operator Ty making the
above diagram commute, given by the multiplicative Fourier convolution %51 —
again, understood as the Fourier transform of a distribution.

4.3.2. Remark. The reader will notice that the only property of the transfer
operator 7 used in the proof is that it satisfies (4.6), in other words, that it
relates the relative characters that correspond to the same Plancherel mea-
sure, cf. and (£.5). At no point will we use the explicit expression for
the transfer operator as .#14,1. Thus, this theorem, with a simple compar-
ison of coordinates that follows, gives a conceptual reason why the transfer
operator 7 is given by this formula: it is “the same” as the operator 7! In
higher rank, in some examples computed together with Chen Wan, things
are similar, but not so simple: the operator 7 tends to be a deformation of

o1f S*(Xg)' is the subspace of ¥ (X) generated under the Ax-action by e (S(X)),
one can show, using the Paley—Wiener Theorem 1.9 of [DHS21], that the quotient
ST (X)/ST(Xy) is supported on the set of characters of Ax fixed by the Weyl group.
Thus, the difference between the two is not very significant; for the purposes of the present
article, we could have redefined ST (X ) to be equal to S* (X )’
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the boundary operator 7g; we currently do not understand the nature of
this deformation.

Proof. Notice that for both X and Y the character 6 on Ax = Ay coincides
— in the coordinate ¢ as above, § 3= |-

For what follows, denote by Ji1, ©11 by J,, ©,, respectively, when Il is the
principal series representation of SLy obtained by unitary induction from
the character x of Ax. Let M, denote the Mellin transform f +— f(xé %) =
f(x| o) on either of the spaces S* (X x X/G) or S*(Yy x Yz/G')'. Let
IX, resp. I) be its pullback via the asymptotics map to S(X x X/G), resp.
S(Y xY/G").

Comparing the Plancherel formulas (4.4), and Theorem we
deduce that

I py (x) = Oyua(x)
and
X px (x) = Jyua(x),

where ug(x)dy is the Plancherel measure for SLy. (It can be shown to be
equal to py (x)dx for a correct choice of Haar measures, hence I}g = 0,,
but we don’t need this here.)
Since 7*0©, = J,, for the diagram to commute we would need
px (X) X —1y—1
THM, = M :’YX,—O%OJ/) M7
gx Ly (X) X ( ) X

or, in other words,

Tof(x) =706 —a 1,977 F(x) = v(x: @, 0,9) F (x)-
Now consider the multiplicative Fourier convolution .%4,; of an element

[ e ST(Xg x Xg/G). As in the beginning of the proof of Theorem
if f(¢) = ®(¢)d(¢ then .Z4 1 f will be understood as the Fourier transform of
the function D(¢) := [¢|71®(¢7!) = %. Notice that @ is smooth (i.e.,
has open stabilizer) as a G,,-vector, and its support has compact closure
in F, therefore the function D is smooth under the G,-action; therefore, its
Fourier transform is a compactly supported, G,,-smooth distribution on F.

We will now argue its restriction to F'* is of polynomial growth, and that
the functional equation (2.12) holds for its Mellin transform:

Fat (00 = 7(x @ 0,8) F(x).
Moreover, we will show that .7 1 f can be reconstructed from the formula
(3.30) for the inverse Mellin transform. This will imply, by (3.30), that 7 =
9@71.
To see this, we apply Corollary Suppose that f is the push-forward
of an element ¢ € S* (X x Xg). Acting on ¢, in both variables, by the

element h € S(Ax) (completed Hecke algebra) whose Mellin transform is
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h(x) = L(x, &, 1), we obtain an element ¢’ € S(X x X), whose push-
forward we denote by f’. Taking into account the normalization of the
action of Ay on measures on X, which we did not adopt on the quotient
space €,

fr=qelTh)-(le[7h) - f,
where now Ay is identified with G,, through the positive root character.

The morphism X x X — €4 is smooth, hence f’ is a Schwartz measure
on the line. Acting on it once more by the measure h:

ff=he(fe[7h) - (le|7'h) - f,

it becomes supported away from zero.

ner—1
Hence, the function D" := % is (smooth and) of compact support

on F'*. In particular, the theory of Tate zeta integrals applies to it: %5 1 f" =
the Fourier transform of D” is a smooth, compactly supported measure on
the affine line, both D” and .%4 ;1 f” can be reconstructed from their Mellin
transforms, as in (3.30), and their Mellin transforms satisfy the functional
equation (2.8), which can be written as in (2.12):

Farf"(x) = 700 & 0,9) " (x).
But, by construction,
F'(0 = L —a, 1) L(x, —,2) 7 F(x),
and, by the equivariance of Fourier convolution,
Farf"=h-(le|7'h)- (o7 h) - Farf (4.14)

It is now easy to see that, since the factor L(x, —d&, 1)L(x, —¢,2)? has no
pole at x = 1, the inverse Mellin transform (3.30), applied to

7(x, & 0,9) Lx, —&, 1) L(x, =& 2)2F" (x) = v(x, & 0, %) F(x),

represents the unique compactly supported distribution %5 f on F (in
fact, in this case, a measure represented by an L'-function) which satisfies
(4.14).

This implies the claim.

Finally, we argue that % 1 f € ST (Y x Y/G’)’. By the Mellin inversion
formula (3.30), again, it suffices to show that its Mellin transform is con-
tained in the space of Mellin transforms of elements of S* (Y x Y/G')'.
Since ST (X g x Xg/G) is generated under the Ax-action by the image of
S(X x X/@G), it suffices to assume that f obtained as the asymptotics of
some f € S(X x X/G). In this case, we have already seen that

M Fsif =506 —6,0,07 ) "My f = y(x,—&, 0,9~ ) 'Y f = J, f,
but also

Jx} = @x(T}) = Mx(e*@ ®€*®(T}))-
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Therefore,
Fanf = ey @ex(Tf) e ST (Yy x Yg/G).
U

Finally, let us notice that the coordinates that we have been using on the
spacesY xY /G' and Yy x Yz // G’ are compatible, in the following sense:
There is a family Y — G,, namely,

Y = Mat, =5 Gy,
the space of 2 x 2 matrices, with general fiber G’-equivariantly isomorphic
to Y, and special fiber (over 0 € G,) equal to Yé. The identification of Y
with the open G’-orbit in the fiber over 0 was described in In coordi-
nates, pick the Borel subgroup B~ x B < G’, where B~ = lower triangular
matrices and B = upper triangular; then N7\ SLy /N is identified with
Yy J (N~ x N) via the top left entry of a matrix — this is the isomorphism

(3-3).

Now we will see that there is an isomorphism
(C,det) : Y xg, V| G' ~ G, x Gy,
such that the restriction of Cto Y x Y/ G’ = the fiber of 1 is the trace map:

(91,92) = tr(g195 "),
while its restriction to the fiber of 0 is our preferred coordinate for Yy x
Yy /G
Indeed, let w = (1 _1> and take C(g1,g2) = tr(grwgbw™1). For g €

SLs we have g, - wgbw~!. To check that this coincides with our distin-
guished coordinate for Yy x Yg / G' = Y5 x Y5 J/ G, it suffices to observe
that the zero matrix is mapped to 0, and the pair (g1, g2) = ( <(1) g) , (8 (1)> ),
which belongs to the distinguished G’-orbit on Y x Y, is mapped to 1.

For X and X the analogous statement is a tautology, since the underly-
ing spaces are the same (and we have been using the same coordinate both
for X and its degeneration).

5. TRANSFER BETWEEN THE KUZNETSOV FORMULA AND THE RELATIVE
TRACE FORMULA FOR TORUS PERIODS

Now consider the case of Y = T\G, where G = PGLy and T ~ G, is
a split torus. One could also consider a non-split torus, but would need
to slightly modify the equivariant Fourier transforms that we defined in
We review the local transfer operator
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constructed in [Sak13,Sak19a]l. As in §3.4, we will identify X with the space
of quadratic forms of discriminant —7 on a two-dimensional symplectic
space V.

Recall that the non-standard space SL_(St 4,1y ((N,Y)\G/(N, 1)) of orbital

integrals was defined in §2.2.4] In terms of the representatives

(")

of regular orbits for the Kuznetsov formula, it consists of measures which,
in a neighborhood of { = 0, coincide with the usual test measures S((N, )\G/(N,v))
for the Kuznetsov formula, while in a neighborhood of £ = oo they are of
the form
(CL(§71) + Ca(¢71) log|€])d ™,
where C, Cy are smooth functions in a neighborhood of zero.

The role of the character Oy, here, will be played by a relative charac-
ter I for an irreducible tempered representation of PGLy, for the quotient
space G,,\PGL3 /G,,. The definition of the relative character I is com-
pletely analogous to that of the Kuznetsov relative character J;: It is given
as the composition

S(YxY)-»n®7—C,
where the dual of the map to 7 ® 7 is the morphism
7T —>C*P(Y xY)

that, composed with evaluation at T'1 x T'1 is given by:
6®UHJ(ﬂﬂw®ﬁ.
T

Here the integral is convergent (for tempered representations), and no nor-
malization is needed. Moreover, the L-packets for the group PGL are sin-
gletons (if we do not consider its inner forms, which we should have, in
the case of a non-split torus), therefore there is no need to distinguish, no-
tationally, between 7 and its L-packet II. The measure on 7' is fixed to be
the multiplicative Haar measure d*x on F'*, after identifying T' ~ G,, —
there are two inverse ways to perform this identification, and they give rise
the same measure. Finally, we fix the isomorphism T\G / T' ~ G, which
sends the identity element to 1 and any representative for the non-trivial
element of the Weyl group of 7" to 0.

5.0.1. Theorem. Consider the equivariant Fourier transform T := F1q41 © F14,1
of multiplicative convolution, twice, with D1 = 1)(e)| @ |d* e on measures on Gp,.
Then:
(1) The convolution makes sense on S(N,Y)\G/N,1) as the Fourier trans-
form of a distribution, and maps it into S(T\G/T).
(2) For every tempered representation ,

T*I, = Jy. (5.1)
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(3) The transform extends to an isomorphism, given by the same convolution
understood, again, as the Fourier transform of a(n L2-)distribution:

T+ 8 g0 (N \G/N, ) = S(I\G/T). (5.2)

(4) At non-Archimedean places, it satisfies the fundamental lemma for the
Hecke algebra, up to a factor of ((1)*> = (1 — ¢~ 1)72, namely: for all
h € H(G, K), it takes the element

b frisia ly € SL_(Stdé)z (N, P\G/N, )
to the image of ((1)% - h in S(T\G/T).

For precise references to [Sak13,Sak19a], and an explanation of how the
formulas there relate to the above transfer operator (given the different co-
ordinates that we are using), I point the reader to [Sak19b]. Here, I would
like to discuss the relation to transfer operators on the asymptotic cone.

First, let us fix compatible coordinates for Y’ x Y / G and for Yz x Y /
G. Consider the family Y — G, whose fiber ), over t € G, is the space
of quadratic forms of discriminan —% on V (so that all non-zero fibers
correspond to split non-degenerate forms). The fiber over 0 contains the
boundary degeneration Yy, i.e., the space of rank-one quadratic forms, as
was explained in As we did there, we identify the quotient }; xV /G ~
Gq by the evaluation map.

We can fix an isomorphism

(C,t): Y xg, V| G Gy x Gy,

where t is the defining morphism to G,, and C is as follows: Consider a
quadratic form ¢ on V; it defines a morphism V' — V', which combined
with the fixed isomorphism ¢;! : V¥ — V induced by the symplectic form,
gives rise to an endomorphism

tg: V—V.

Explicitly, w(u, t4(v)) = q(u,v) for all u,v € V. We now define C(q1,q2) =
tr(tq, © Lgy) + 5.

The reader can check that, on the fiber overt = 1 (= Y x Y / G), the
coordinate C is the one that we fixed above, while on the fiber over t = 0
(= Yy x Y // G) the coordinate descends from the map

V x V3 (u,v) — —w(u,v)? € G,

under the isomorphism Yy ~ V*/{+1}. Therefore, this is opposite to the
“canonical” isomorphism Yy x Y / G — G, that was discussed in
— we will need to take this difference into account. Notice that the choice
of C seems quite arbitrary, and indeed, it is only justified because this turns
out to give, over ¢ = 1, the coordinate that works for comparison to the
Kuznetsov formula, for the representatives of N\G/N cosets that we have
chosen. However, we could not have preserved the coordinate att = 1 and
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multiplied the one at ¢t = 0 by (—1), if we want to have a coordinate that
extends over the whole family.

We fix the coordinate (v, u) = w(v,u) for V x V J G, as in Again,
we ST (X g x Xg/G) be the subspace of ST (X g x X/G) generated under
the action of Ax by the image of S(X x X /G) (and similarly for Y). Then
we have the following:

5.0.2. Theorem. There is a unique Ax = Ay-equivariant operator T making
the following diagram commute:

e* ®e*
S(X x X/G) —2 SH(Xg x Xg/G)' .
!
lT \Tg
e%@e* Y
SY xY/G) ST(Yy x Yyu/G)

The operator Ty is given by the multiplicative Fourier convolutions Fa | o
27
F s | — again, understood as the Fourier transform of a distribution.
27

Proof. The proof is the same as for Theorem We only need to explain
why, for the above choices of coordinates on X x X /G and Yz x Yy /G,
the operator 7 must act on Mellin transforms as follows:

—

(T =2 50,9 Fx).

If we were following the arguments of Theorem using the coordi-
nates for Xg x Xg / G and Yy x Yz // G that we used in we would,
instead, have the factor

& &
’Y(Xu §>O,@Z))’7(X7§a0a¢ )

(originating in Theorem [3.6.3). Now, however, that we are using the neg-
ative of this coordinate for Yy x Yy / G (but not for X5 x X / G'), we
have to mutiply this factor by x(—1). This turns the factor v(x, §,0,¢ 1) to

7(X7 %7 071/}>
([
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