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ABSTRACT. The Langlands functoriality conjecture, as reformulated in
the “beyond endoscopy” program, predicts comparisons between the
(stable) trace formulas of different groups G1, G2 for every morphism
LG1 Ñ

LG2 between their L-groups. This conjecture can be seen as a spe-
cial case of a more general conjecture, which replaces reductive groups by
spherical varieties and the trace formula by its generalization, the relative
trace formula.

The goal of this article and its precursor [Sak] is to demonstrate, by ex-
ample, the existence of “transfer operators” betweeen relative trace for-
mulas, which generalize the scalar transfer factors of endoscopy. These
transfer operators have all properties that one could expect from a trace
formula comparison: matching, fundamental lemma for the Hecke alge-
bra, transfer of (relative) characters. Most importantly, and quite surpris-
ingly, they appear to be of abelian nature (at least, in the low-rank exam-
ples considered in this paper), even though they encompass functoriality
relations of non-abelian harmonic analysis. Thus, they are amenable to
application of the Poisson summation formula in order to perform the
global comparison. Moreover, we show that these abelian transforms
have some structure — which presently escapes our understanding in
its entirety — as deformations of well-understood operators when the
spaces under consideration are replaced by their “asymptotic cones”.

In this second paper we use Rankin–Selberg theory to prove the lo-
cal transfer behind Rudnick’s 1990 thesis (comparing the stable trace for-
mula for SL2 with the Kuznetsov formula) and Venkatesh’s 2002 thesis
(providing a “beyond endoscopy” proof of functorial transfer from tori to
GL2). As it turns out, the latter is not completely disjoint from endoscopic
transfer — in fact, our proof “factors” through endoscopic transfer. We
also study the functional equation of the symmetric-square L-function
for GL2, and show that it is governed by an explicit “Hankel operator”
at the level of the Kuznetsov formula, which is also of abelian nature. A
similar theory for the standard L-function was previously developed (in
a different language) by Jacquet.
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6. INTRODUCTION TO THE SECOND PART

This paper is a continuation of [Sak].1 In this part, I use Rankin–Selberg
theory to prove the geometric statements about transfer between the Kuz-
netsov formula and the stable trace formula for SL2, to calculate a formula
for the Hankel transform (on the Kuznetsov formula) for the symmetric-
square L-function of GL2, and to develop the local transfer behind Venka-
tesh’s thesis, for the “beyond endoscopy” transfer from tori to the Kuznetsov
formula of GL2.

1Any references to sections or equations numbered 5 or lower refer to [Sak]. I continue
using the notation of that paper, see §1.7.



TRANSFER OPERATORS AND HANKEL TRANSFORMS, II 3

It is surprising, at first, that Rankin–Selberg theory is so powerful that it
can be used to prove all these theorems that, in their previous treatments
using analytic number theory (whenever available, such as in Rudnick’s
and Venkatesh’s theses), seemed like an unrelated collection of identities
and tricks. It may also appear disappointing to whom hopes to discover a
“beyond endoscopy” approach to functoriality that is unrelated to current
methods for studying L-functions. Eventually, though, what seems to be
happening is that different methods to study the same problem “descend”
to the same operators of functorial transfer when viewed from the point of
view of trace formulas. The hope is that this transfer operator generalizes
to cases where methods such as the Rankin–Selberg method do not.

For example, in the course of proving functorial transfer from one-dimen-
sional tori to the Kuznetsov formula of GL2 (or, more correctly, of the group
G “ Gm ˆ SL2), we run into the endoscopic transfer from tori to the trace
formula of SL2. Our transfer operator, in that case, factors as:

SpN,ψzG{N,ψq →→ Sκη pSL2
SL2

q ←←
LL →→ SpT qW (6.1)

between the pertinent spaces of test functions, where Sκη pSL2
SL2

q denotes the
space of “kappa-orbital integrals” on the conjugacy classes represented by
the torus T (which is indicated in our notation by the appearance of the
quadratic character η associated to the torus T ), and the second arrow is
the local endoscopic transfer of Labesse and Langlands. The first arrow
can now be constructed directly using the Rankin–Selberg method.

The same method provides a trace formula-theoretic approach to the
functional equation of the symmetric-square L-function of GL2. The re-
sult is a “Hankel transform” between test measures for the Kuznetsov for-
mula of G, which acts on relative characters by the gamma factor of the
local functional equation of this L-function. This is an analog of the de-
scent of Fourier transform from the space of 2 ˆ 2 matrices, computed by
Jacquet in [Jac03], which corresponds to the standard L-function. Quite
agreeably, these Hankel transforms are all expressed in terms of abelian
Fourier transforms, despite the fact that they express functional equations
for non-abelian L-functions. Thus, they are amenable to an application of
a global Poisson summation formula, to give an independent proof of the
functional equation (as was done for the standard L-function and its square
in [Her12, Sak19a]).

The Hankel transform of the symmetric-square L-function and the trans-
fer operator for the functorial lift from tori to GL2 (which, in terms of L-
functions, is detected by poles of the symmetric-square L-function) are
closely related: the former can naturally be written as a symmetric se-
quence of abelian operators, and the latter is, roughly, “half” of this se-
quence. I do not know if this is just a byproduct of the proof, or reflects
something deeper.

Let me now describe in more detail the basic constructions of this paper.
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6.1. The Rankin–Selberg variety. Unlike the first part of the paper, in this
second part we fix notation for certain groups and spaces, that will be used
consistently. We will denote by G̃ the group

G̃ “ pGm ˆ SL2
2q{t˘1udiag,

which can also be identified with the subgroup of those pairs of elements
in GL2 ˆGL2 which have the same determinant. The notationG is used for
the group

G “ Gm ˆ SL2 .

More canonically, SL2 is understood as SLpV q, the group of symplectic
linear transformations of a two-dimensional symplectic space V , and the
Gm-factors appearing in the definitions of G̃ and G have a different inter-
pretation: the group G̃ can be more canonically written

G̃ “ pAˆ SLpV q2q{t˘1udiag,

where A “ B{N is the universal Cartan of SLpV q, identified with Gm via
the positive half-root character, while

G “ Aad ˆ SLpV q,

where Aad “ A{t˘1u is the universal Cartan of PGLpV q, identified with
Gm via the positive root character.

The group G̃ acts on the “Rankin–Selberg variety”

X̄ “ V ˆSLpV qdiag SLpV q2,

which is a two-dimensional symplectic vector bundle over SLpV qdiagzSLpV q2 »

SLpV q, with the “factor” A of G̃ acting by a scalar on the fibers through the
positive half-root character. The open G̃-orbit on X̄ will be denoted by X .

Rankin–Selberg theory uses an Eisenstein series on PGLdiag
2 Ă pGmzG̃q,

which can be constructed from a Schwartz function on V (=the fiber of X̄
over 1 P SLpV q). There is no harm in smoothening this Schwartz function
as a generalized function on X̄ , and multiplying it by an invariant measure,
thus our point of departure will be the Schwartz space SpX̄q of measures
on X̄ .

We consider the diagonal action of SLpV q “ SL2 on X̄ . Notice that
X{SLpV q “

SLpV q

N (where N denotes, as before, a maximal unipotent sub-
group, and the horizontal quotient line refers to the conjugation action),
so the quotient rX̄{SLdiag

2 s can be though of as a stacky embedding of the
adjoint quotient SL2

N . The corresponding invariant-theoretic quotients are
equal, and we fix an isomorphism

SL2

N
» A

2

ˆ

a b
c d

̇

ÞÑ pc, t “ tr “ a` dq.
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We let SpX̄{SL2q denote the push-forward of SpX̄q to the invariant-theoretic

quotient X̄ � SLdiag
2 “

SL2

N
.

Taking the quotient by the SLdiag
2 action can be thought of as the analog

of imposing the condition π1 “ π2Ă b pχ ˝ detq “: π to the Rankin–Selberg
L-function. In that case, this L-function factors:

Lpπ1 ˆ π2, sq “ Lpχˆ Sym2pπq, sqLpχ, sq. (6.2)

Thus, it is natural to think of the space SpX̄{SL2q as the geometric incarna-
tion of the L-function Lpχˆ Sym2pπq, 1qLpχ, 1q.

In Section 8 we extract a subspace SpX̄{SL2q˝ of SpX̄{SL2q, that is re-
sponsible for the factor LpχSym2pπq, sq in (6.2). In the non-Archimedean
case, this “Sym2-space” of measures is relatively easy to describe, since the
inverse of the local L-function Lpχ, sq can be thought of as an element of
the completed Hecke algebra of the torus Aad, which acts on SpX̄{SL2q,
and can be used to “kill” the factor Lpχ, sq. In the Archimedean case, one
needs a more delicate description based on Mellin transforms. The techni-
cal, although quite elementary, results that are needed for these definitions
are presented in Section 7, which the reader can skip at first reading, and
consult when necessary.

Fiberwise Fourier transform on the symplectic vector bundle X̄ defines
an endomorphism of SpX̄q, which descends to an endomorphism HX of
SpX̄{SL2q — this endomorphism acts on the appropriate notion of relative
characters by local gamma factors

γpχˆ Sym2pπq, 1, ψqγpχ, 1, ψq.

In Theorem 8.3.5 we describe a factor H˝
X of HX which preserves the

subspace SpX̄{SL2q˝ and acts on relative characters by the local gamma
factor

γpχˆ Sym2pπq, 1, ψq.

The space SpX̄{SL2q˝, and its endomorphism H˝
X , are the basis for all

the constructions in this paper.

6.2. Functional equation of the symmetric square L-function. The space
SpX̄{SL2q˝ is used, in Section 9, to construct a non-standard space of test
measures

S´

LpSym2,1q
pN,ψzG{N,ψq

for the Kuznetsov formula of the group G “ Gm ˆ SL2, via the unfolding
method: at the level of spaces “upstairs”, the Rankin–Selberg method relies
on “unfolding” the Rankin–Selberg period to the Whittaker model; this can
be understood as a morphism

U : SpX̄q
„
ÝÑ S´pÑ , ψ̃zG̃q,

where Ñ “ N ˆ N is a maximal unipotent subgroup of G̃, ψ̃ “ ψ ˆ ψ´1,
and S´ denotes some enlargement of the usual space of test measures.
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If we “descend” the morphism modulo SLdiag
2 and restrict to the “Sym2-

subspace” SpX̄{SL2q˝, we obtain the desired map

Ū : SpX̄{SL2q˝ „
ÝÑ S´

LpSym2,1q
pN,ψzG{N,ψq.

(Notice that rÑ , ψ̃zG̃{SLdiag
2 s “ rN,ψzG{N,ψs; the characters here define

complex line bundles over the F -points of the stacks indicated.)
The unfolding map has various applications. First of all, taking Gm-

coinvariants, we obtain the geometric comparison between the Kunzetsov
formula and the stable trace formula for SL2 (see Theorem 9.3.2), men-
tioned already in the first part of this paper (Theorem 4.2.1). The reason is
that through the embedding SL2

N ãÑ rX̄{SL2s, inducing SL2
B ãÑ rX̄{SL2 ˆGms,

the push-forward of SpSL2q to
SL2

B
“

SL2

SL2

coincides with the push-forward

image of SpX̄{SL2q˝. Thus, the unfolding map descends to an isomor-
phism between the space SpSL2

SL2
q of test measures for the stable trace for-

mula of SL2, and an extended space of test measures for the Kuznetsov
formula of G{Gm “ SL2.

Moreover, combining Ū with the endomorphism H˝
X of SpX̄{SL2q˝, we

compute the Hankel transform HSym2 for the symmetric-square L-function.
The Hankel transform is best described as a map between spaces of half-

densities, so let us denote by

D´

LpSym2, 1
2

q
pN,ψzG{N,ψq

the space of half-densities for the Kuznetsov formula that is analogous to
S´

LpSym2,1q
pN,ψzG{N,ψq. (The notational differenceLpSym2, 1q vs.LpSym2, 12q

is due to a volume factor.) This space contains a “basic vector” which cor-
responds to the Dirichlet series of the local unramified L-value LpSym2, 12q.
By inverting the Gm-coordinate, we get the corresponding space

D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq

for the dual of the symmetric square representation.
The Hankel transform is an isomorphism:

HSym2 : D´

LpSym2, 1
2

q
pN,ψzG{N,ψq

„
ÝÑ D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq

which satisfies the fundamental lemma for basic vectors, as well as sev-
eral other properties, the most important of which being that it acts by the
gamma factor of the local functional equation of the symmetric-square L-
function on relative characters of irreducible generic representations:

H˚

Sym2Jπ “ γpπ,Sym2,
1

2
, ψq ¨ Jπ.
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I use the unfolding map and the operator H˝
X to compute an explicit

formula for HSym2 , see Theorem 9.0.1:

HSym2 “ λpηζ2´4, ψq´1F´λ̌`,
1
2

˝ δ1´4ζ´2 ˝ ηζ2´4 ˝ F´λ̌0,
1
2

˝ ηζ2´4 ˝ F´λ̌´,
1
2
,

(6.3)
where the notation is as follows:

‚ Generic orbits for the quotient NzG{N are represented by the el-

ements
ˆ

a,

ˆ

´ζ´1

ζ

̇̇

P Gm ˆ SL2; the set of such elements is

identified with the universal CartanAG ofG, with ζ being the value
of the character α

2 .
‚ The coweights λ̌´, λ̌0, λ̌` into AG are the weights of the symmetric

square representation, with the first being anti-dominant and the
last dominant. The multiplicative Fourier convolutions F´λ̌˚,

1
2

as-
sociated to those cocharacters were defined in §2.1.7 of the first part
of this paper.

‚ Then, we have the intermediate factors δ1´4ζ´2 and ηζ2´4. The first
is multiplicative translation by the factor p1 ´ 4ζ´2q along the Gm-
coordinate. The second is multiplication by the quadratic character
associated to the extension F p

a

ζ2 ´ 4q, again in the same variable.
Finally, λpηζ2´4, ψq denotes a certain scalar attached to that exten-
sion, expressing a ratio of abelian gamma factors.

We notice that every one of the factors of the above operator satisfies,
in principle, a global Poisson summation formula for the sum over ratio-
nal pairs pa, ζq. There will be analytic intricacies in order to prove such
a formula, but one can expect that a variant of the methods employed in
[Sak19a] will work, leading to a trace formula-theoretic proof of the func-
tional equation of the symmetric square L-function. Moreover, the formula
is similar to a formula proved by Jacquet [Jac03] for the Hankel transform
associated to the standard L-function for GL2, see §9.6 (which should also
underlie the proof of the functional equation of the standard L-function by
Herman in [Her12]). The formula there reads:

HStd “ F´ϵ̌1,
1
2

˝ ψp´e´αq ˝ F´ϵ̌2,
1
2
, (6.4)

where ϵ̌1, ϵ̌2 are the weights of the standard representation of the dual
group, and e´α denotes the negative root character.

In both cases, if we omit the intermediate factors and keep only the mul-
tiplicative Fourier convolutions, we obtain the Hankel transform for the de-
generate Kuznetsov formula (when ψ is replaced by the trivial character), see
§9.6; this is operator on functions on the universal Cartan AG of the group
which acts by the gamma factor

γpχ, r ˝ j,
1

2
, ψq
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on characters, where j denotes the canonical embedding of L-groups j :
LAG ãÑ LG, and r “ Sym2 or Std, depending on the case that we are
considering. Hence, we see that there is a lot of structure in these Hankel
transforms, which hopefully can be generalized to other L-functions.

6.3. Functorial transfer from tori to GL2. Finally, the “symmetric square
subspace” SpX̄{SL2q˝ gives us insights into Venkatesh’s thesis, and functo-
rial lifts from tori to GL2 or, more correctly, toG “ GmˆSL2, corresponding
to a map of L-groups:

LT Ñ LG “ Gm ˆ PGL2 . (6.5)

In fact, it gives a direct link between the construction of Venkatesh and the
endoscopic construction of the same functorial lift.

Here is how this works (see Section 10): We have already seen that the in-
verse Ū´1 of the unfolding map is an isomorphism, by definition, between
the “symmetric square space” S´

LpSym2, 1
2

q
pN,ψzG{N,ψq of orbital integrals

for the Kuznetsov formula, and the symmetric square subspace SpX̄{SL2q˝

of measures on the Rankin–Selberg variety. An element φ of the latter is un-
derstood, as we have seen, as a measure on the affine plane A2 with coor-
dinates pc, tq, where t denotes the trace. This measure is smooth away from
c “ 0, but its behavior as c Ñ 0 depends, it turns out, on the κ-orbital inte-
grals of a Schwartz function Φ on SL2, where “κ-orbital integral” means, for
us, the usual orbital interal over a split regular semisimple orbit (i.e., when
t2 ´ 4 is a square), and the alternating sum of orbital integrals inside of a
non-split, stable regular semisimple orbit. The function Φ is the restriction
on the zero section SL2 Ă X̄ of a measure Φdx which maps to φ under the
quotient map composed with a certain projector SpX̄{SL2q Ñ SpX̄{SL2q˝.

It turns out that, if we fix the trace coordinate t ‰ ˘2, a measure φ P

SpX̄{SL2q˝ is oscillating in the c-coordinate, as c Ñ 0, by (essentially) the
quadratic character ηt2´4 attached to the extension F p

?
t2 ´ 4q. Thus, fix-

ing a character η, the asymptotic behavior of φ at points where ηt2´4 “ η
(these are the conjugacy classes represented by the torus T associated to
η!), can be “captured” by the pole of a Tate integral, as in Venkatesh’s the-
sis. Locally, this detects poles of the symmetric-square L-function at zero;
the good news is that these local poles manifest themselves geometrically,
at the “boundary” c “ 0 of the Rankin–Selberg quotient X̄ � SL2.

More precisely, the transfer operator

S´

LpSym2,1q
pN,ψzG{N,ψq Ñ SpT q, (6.6)

which is pGm, ηq-equivariant (this is the Gm-component of the dual map
(6.5)) is constructed as follows: First, we will apply the inverse Ū´1 of the
unfolding map, followed by the endomorphism H˝

X of SpX̄{SL2q˝, and a
Tate zeta integral against the character η. The pole of the local Tate integral
at s “ 0 will pick up the κ-orbital integrals of some Schwartz function on
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SL2 only at those conjugacy classes represented by elements of T . This es-
tablishes the link between the Kuznetsov formula forG and the endoscopic
parts of the trace formula for SL2 (Theorem 10.3.2). By the endoscopic
transfer of Labesse and Langlands, these are the same (up to scalar trans-
fer factors) as the “orbital integrals”, that is, the values, of some Schwartz
function on T . This is the transfer map (6.6) behind Venkatesh’s thesis.
We verify that it satisfies our usual list of properties for transfer operators,
namely the fundamental lemma for the Hecke algebra, and transfer of rel-
ative characters (Theorem 10.1.1).
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7. ORBITAL INTEGRALS AND MELLIN TRANSFORMS ON A
2-DIMENSIONAL SPACE

This section collects relatively elementary, but technical facts about the
Schwartz space of the quotient of a 2-dimensional vector space by a torus,
Paley–Wiener spaces and Mellin transforms. The reader might use it as a
reference, rather than reading it linearly.

7.1. Review of orbital integrals for A2{T . Let E{F be a quadratic exten-
sion (possibly split, i.e., F ‘ F ), VE “ ResE{FGa under the action of T “

kerNE
F , where NE

F is the norm map. For the rest of this subsection, we
feel free to denote VE simply by V — in our application to the symplectic
bundle X̄ Ñ SLpV q in later subsections, VE will be the fiber over a regular
semisimple point of SLpV q.

The norm map defines an isomorphism of V �T with Ga. We let SprV {T sq

denote a simplified version of the Schwartz space of the quotient stack
rV {T s over F , defined in [Sak16]; namely, SprV {T sq will be a space of mea-
sures on GapF q “ F , equal to the push-forward of H0 of the Schwartz com-
plex attached to the stack rV {T s in [Sak16].2 This is less complicated than it
sounds, and the reader does not need to know the formalism of Schwartz
spaces on stacks in order to understand the definition; here is an explicit

2Lemma 7.1.1 shows that this push-forward can actually be identified with H0 of the
Schwartz complex.
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description of this space: If E is split, it coincides with the image of the

push-forward map SpEq
pNE

F q!
ÝÝÝÝÑ MeaspF q. However, if E is non-split, it is

the image of the sum of push-forwards:

SpEq ‘ SpEαq
pNE

F q!
ÝÝÝÝÑ MeaspV � T q.

Here, α stands for the class of a non-trivial T -torsor, and for such a T -torsor
Rα, we set V α “ V ˆT Rα and Eα “ V αpF q. Then Eα is a free E-module of
rank one, but without a distinguished base point. Moreover, the norm map
NE
F canonically extends to Eα, and has image equal to the non-norms (and

zero). This construction is completely analogous to the construction of the
Schwartz space of rV {t˘1us in §3.4.

Notice that Eα is a vector space and, hence, has a distinguished zero
point, which will be denoted by 0α; moreover, any Haar measure dx on E
induces a Haar measure dxα on the vector space Eα as follows: choose a
base point κ P Eα to identify E Q e

„
ÞÑ eκ P Eα, and define dxαpκeq “

|κ|dxpeq, where, by definition, |κ| “ |NE
F κ|.

Choosing a Haar measure dt on T , we can define an push-forward (or-
bital integral) map Φ ÞÑ O‚pΦq from Schwartz functions on E to functions
on F ∖t0u. Given a Haar measure dx onE, we have an integration formula

ż

Ṽ
Φpvqdxpvq “

ż

F
OξpΦqdξ, (7.1)

for a suitable choice of Haar measure dξ on F . The orbital integrals and the
integration formula extend to Eα, for a unique Haar measure dxα on Eα.
In practice, of course, we have fixed a measure dξ on F , so we will make
sure to choose the measures dx on E and dt on T compatibly. The space of
functions on Fˆ obtained this way will be denoted by FprV {T sq.

We can also define a push-forward of Schwartz half-densities, by send-
ing the half-density Φpvqpdvq

1
2 on E to the half-density OξpΦqpdξq

1
2 on Fˆ

(and similarly for Eα). By abuse of language, we will be saying “half-
density on V � T”, although it is not defined at zero. The push-forwards of
functions and half-densities depend on choices of measures, but the image
spaces FprV {T sq, DprV {T sq do not.

There is another, equivalent, description of the space SprV {T sq, which
will be the one relevant to our intended application. Consider an embed-
ding T ãÑ SL2, and the variety Ṽ “ V ˆT SL2. Then the stack quotients
rV {T s and rṼ {SL2s coincide, hence by [Sak18, Theorem 2] have the same
Schwartz space. In this case, this means the following: The affine quotient
Ṽ � SL2 coincides with V � T » A1, and SprV {T sq is equal to the image of
the push-forward map: SpṼ q Ñ MeaspF q. If instead we work with func-
tions on Ṽ , and SL2-orbital integrals, the integration formula (7.1) remains
true for an appropriate choice of Haar measure on SL2.
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The elements of SprV {T sq can be explicitly described as follows, cf. [Sak13,
Propositions 2.5 and 2.14]: they are smooth measures of rapid decay away
from a neighborhood of 0 P GapF q, and in a neighborhood of zero they are
of the form

fpξq “ C1pξq ` C2pξqηpξq, (7.2)
if E is non-split, with η the quadratic character associated to E, and

fpξq “ C1pξq ` C2pξq logp|ξ|q, (7.3)

if E is split, with C1, C2 two smooth measures.
We would like to think of elements of SprV {T sq as sections of a cosheaf

over GapF q “ F . In particular, we define the fiber SprV {T sq0 as the quotient
SprV {T sq{ISprV {T sq, where I Ă C8

temppF q is the ideal of those smooth, tem-
pered functions that vanish at 0. (The word “tempered” means “moderate
growth for all derivatives”, and it is included to ensure, in the Archimedean
case, that these functions act on SprV {T sq.) Explicitly, SprV {T sq0 is a two-
dimensional space, whose dual is spanned, in the notation of (7.2), (7.3), by
the distributions

f ÞÑ
C1

dξ
p0q, and f ÞÑ

C2

dξ
p0q.

For any of the above descriptions of the space SprV {T sq, the push-forward
map can be identified with the coinvariant quotient:

7.1.1. Lemma. The quotient maps SpEq ‘ SpEαq Ñ SprV {T sq (with Eα to be
ignored in the split case), resp. SpṼ q Ñ SprV {T sq identify SprV {T sq with the
T -coinvariant space, resp. SL2-coinvariant space, of the source.

The coinvariant space, in the Archimedean case, is defined as the quo-
tient of the original space by the closure of the subspace spanned by vectors
of the form v ´ g ¨ v.

Proof. This is stated as Lemma 2.3 in [Sak13], but a couple of typos and
omissions oblige me to briefly revisit this argument: First, the coinvariant
space SpṼ qSL2 (and similarly for the other model) can be seen as the space
of sections of a cosheaf over Ga “ V � T . The quotient rṼ {SL2s Ñ Ga “

Ṽ � SL2 “ V � T is a stack isomorphism away from 0 P Ga, and this imme-
diately identifies the subspace SpFˆq with the coinvariants of the Schwartz
space of Ṽ

˝
:“ the preimage of Ga ∖ t0u. Then, one checks that the distri-

butions f ÞÑ C1
dξ p0q and f ÞÑ C2

dξ p0q above span the space of distributions on
the fiber of the cosheaf SpṼ qSL2 over 0, i.e., on the space SpṼ qSL2{ISpṼ qSL2 ,
where I Ă C8

temppF q is the ideal of smooth, tempered functions on F van-
ishing at zero. This completes the proof in the non-Archimedean case,
where the fiber coincides with the stalk SpṼ qSL2{SpṼ

˝
qSL2 . In the Archimedean

case, [Sak13, Proposition B.4.1] implies that the stalk is generated by any set
of generators of the fiber under the action ofC8

temppF q, and this implies that
the kernel of the map SpṼ qSL2 Ñ SprV {T sq is trivial. □
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7.2. Paley–Wiener spaces. Let T be a torus over F . We want to describe
various spaces of measures on T “ T pF q via their Mellin transforms, gener-
alizing the Paley–Wiener Theorem 2.1.2 for the Schwartz space of T , and its
extension of Proposition 2.1.5 to the Schwartz space of the affine line. For
that purpose, we generalize the Paley–Wiener space of Proposition 2.1.5 as
follows:

Let ρ : LT Ñ GLnpCq be a diagonalizable representation of the L-group
of T . Here, we are using the version LT “ Ť ¸ WF of the L-group which
is an extension of the Weil group of F , but for simplicity of exposition we
will only allow non-negative half-integer twists of the Galois version, that is, we
have ρ “

Àn
i“1 ρi, where ρi “ the product of a character of Ť ¸ GalpF̄ {F q

by the character | ‚ |s of the Weil group, where | ‚ | is the absolute value
(normalized, in the non-Archimedean case with residue field of order q, to
send a Frobenius element to q´1), and 2s P Zě0.

This gives rise to a local L-function χ ÞÑ Lpχ, ρ, 0q, which we will con-
sider as a function on the character group TCx . (Recall that TCx denotes the
group of all complex characters of T , and Tp its subgroup of unitary charac-
ters.) Given the possibility of Weil twists, the point of evaluation 0 is really
a red herring, and everything that follows will be applied later, without
further explanation, to L-values of the form Lpχ, ρ, sq, simply by under-
standing them as Lpχ, ρ| ‚ |s, 0q.

Our restrictions on s imply the following about the poles of Lpχ, ρ, 0q in
the Archimedean case: Recall that there is a canonical factorization of the
character group of T as T0x ˆ t˚C (see (2.3)), with T0 “the maximal compact
subgroup of T . We will define a meromorphic, non-vanishing function Gρ

on t˚C, such that, for every element of the discrete subgroup T0x, the restric-
tion of Lpχ, ρ, 0q to the coset represented by this element is a holomorphic
multiple of Gρ. This function is

Gρ :“
ź

i

ρ˚
iG, (7.4)

where G was defined in §2.1.4 as Γpsq, when F “ R, and Γp2sq, when
F “ C, and by ρ˚

i : t˚C Ñ g˚
m,C “ C we denote the map induced by the

restriction of the one-dimensional factor ρi of ρ to Ť .
We state this as a lemma:

7.2.1. Lemma. For F Archimedean, the function Lpχ, ρ, 0q on TCx is a holomor-
phic multiple of the pullback of Gρ from the factor t˚C.

Proof. It is enough to treat the case when ρ is one-dimensional; then, by our
assumptions, it has the form

Ť ¸ WF Q pr, wq ÞÑ λprqµpwq|w|s P Cˆ,

where λ is a Galois-stable character of Ť , µ is a character of the Galois group
pulled back to the Weil group, and s is a non-negative half-integer. We
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can consider λ as a cocharacter Gm Ñ T , and µ as a (quadratic, at most)
character of Fˆ, and then the local L-factor can be written

Lpχ, ρ, 0q “ Lppχ ˝ λq ¨ µ, sq.

The statement then follows from the analogous statement on Archimedean
L-factors of Hecke characters, recalled in §2.1.4. □

7.2.2. Definition. The Paley–Wiener space

HPW
Lp‚,ρ,0qpTC

xq

of (C-valued) functions on the character group TCx consists of polynomial
multiples, in the non-Archimedean case, or holomorphic multiples, in the
Archimedean case, of the function χ ÞÑ Lpχ, ρ, 0q, which have the following
properties:

‚ in the non-Archimedean case, they are supported on a finite number
of connected components of TCx ;

‚ in the Archimedean case, factoring the character group of T as T0x ˆ

t˚C, as above, they belong to the completed tensor product

C pT0xq b̂ HPW
Gρ

pCq,

where HPW
Gρ

pCq denotes the Fréchet space of holomorphic multiples
of the function Gρ, which are of rapid decay in bounded vertical
strips, and C pT0xq is the Harish-Chandra–Schwartz space of the dis-
crete abelian group T0x, consisting of those of functions φ such that,
for any norm } ‚ } on the vector space T0x bZ R, and any N ě 0, the
function }n}Nφpnq is bounded.

In the Archimedean case, the space HPW
Lp‚,ρ,0q

pTCxq inherits the struc-

ture of a Fréchet space, as a closed subspace of C pT0xq b̂ HPW
Gρ

pCq.

7.3. Mellin transforms, and the space SprV {T sq˝. We return to the 2-di-
mensional space of §7.1 with an action of the torus T , to study the Mellin
transforms of measures.

For any f P SprV {T sq, we define its Mellin transform f̌pχq, where χ varies
in the characters of Fˆ, as

f̌pχq “

ż

Fˆ

fpxqχ´1pxq|x|´
1
2 , (7.5)

for ℜpχq ! 0 (i.e., χpxq “ χ0pxq|x|s for some unitary χ0 and ℜpsq ! 0 —
ℜpsq ă 1 suffices here), and by meromorphic continuation in general. The
shift by |x|´

1
2 is such that, if we normalize the action of the group A :“ Gm

of scalar dilations on SpV q to be unitary:

a ¨ fpvq “ |a|´1fpvq, (7.6)

and normalize the action of its quotient Aad :“ A{t˘1u » Gm on SprV {T sq

accordingly, the map f ÞÑ f̌pχq is pAad, χq-equivariant.
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The following proposition describes Mellin transforms of the elements
of SprV {T sq, and the fiber at 0 in terms of those, generalizing Proposition
2.1.5.

7.3.1. Proposition. Mellin transform defines an isomorphism between SprV {T sq

and the space
HPW
Lp‚´1, 1

2
qLp‚´1η, 1

2
q
pFˆ

C
x

q.

Moreover, if f P SprV {T sq is the image of a measure Φdx P SpEq, in the
split case, and pΦdx,Φαdxαq P SpEq ‘ SpEαq, in the non-split case (where the
measures dx and dxα correspond as above), and f has the form of (7.2) or (7.3),
we have the following expressions for the coefficients of the Laurent expansion of f̌
at χ “ 1 and η:

‚ in the non-split case,

Ress“ 1
2
f̌p| ‚ |sq “ ´AvgVolpFˆq

C1

dξ
p0q “ ´AvgVolpEˆqpΦp0q ` Φp0αqq, and

Ress“ 1
2
f̌pη| ‚ |sq “ ´AvgVolpFˆq

C2

dξ
p0q “ ´AvgVolpEˆqpΦp0q ´ Φp0αqq;

(7.7)

‚ in the split case,

lim
sÑ 1

2

ps´
1

2
q2f̌p| ‚ |sq “ Ress“ 1

2
C2
|p| ‚ |sq “ ´AvgVolpFˆq

C2

dξ
p0q “ AvgVolpEˆqΦp0q,

and if C2 “ 0, Ress“ 1
2
f̌p| ‚ |sq “ ´AvgVolpFˆq

C1

dξ
p0q. (7.8)

The notion of “average volume” was introduced in (2.6). Note that
Lp‚´1, 12qLp‚´1η, 12q is shorthand (in the context of Definition 7.2.2) forLp‚, ρ, 0q,
where ρ “ pStd_ ‘ Std_ b η̂q b | ‚ |

1
2 , where η̂ is the associated quadratic

character of the Weil/Galois group.

Proof. The pullback of Mellin transform f̌pχq to the space SpEq is the Tate
integral

ZpΦ, χ´1 ˝NE
F ,

1

2
´ sq

on Eˆ. The results now follow from Proposition 2.1.5 (and an easy adap-
tation to the space Eα), except for the relations with the coefficients C1, C2,
which can be established as follows:

In the non-split case, the Mellin transform of the sum C1pξq ` C2pξqηpξq

can be broken up into two Tate integrals on Fˆ, and the result follows again
by Proposition 2.1.5; same for the split case, when C2 “ 0.

For the relation of C2
dξ p0q with AvgVolpEˆqΦp0q in the split case, see [Sak13,

Proposition 2.5]. □

We can also express the functionals above in terms of the space Ṽ “

V ˆT SL2. Let rv, gs represent the class of an element of V ˆ SL2 in Ṽ .
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7.3.2. Corollary. Fix an invariant measure on T zG, and use it to construct, for
any Haar measure dx on V , an invariant measure dxĂ on Ṽ .

In the split case, if f P SprV {T sq is the image of an element ΦdxĂ P SpṼ q, then
we have

lim
sÑ 1

2

ps´
1

2
q2f̌p| ‚ |sq “ AvgVolpEˆq

ż

T zSL2

Φpr0, gsqdg, (7.9)

where AvgVolpEˆq is taken with respect to the measure dˆx.
In the non-split case, if f P SprV {T sq is the image of an element Φdx̃ P SpṼ q,

then we have

Ress“ 1
2
f̌p| ‚ |sq “ ´AvgVolpEˆq

ż

pT zSL2qpF q

Φpr0, gsqdg, and

Ress“ 1
2
f̌pη| ‚ |sq “ ´AvgVolpEˆq

ż

pT zSL2qpF q

Φpr0, gsqηpgqdg, (7.10)

where, on the right hand side, η is identified with the function on pT zSL2qpF q

which is equal to 1 on the SL2pF q-orbit represented by the identity, and ´1 on the
other orbit.

In our application, T zSL2 will correspond to a stable semisimple conju-
gacy class in the group SL2, in which case the integrals on the right hand
side of (7.9), (7.10) are stable and “κ-orbital integrals”.

We let SprV {T sq˝ Ă SprV {T sq denote the subspace whose elements are
of the form

Cpξqηpξq (7.11)

in a neighborhood of zero, in both the split and non-split cases, where C
is a smooth measure. The corresponding subspaces of functions and half-
densities will be denoted by FprV {T sq˝, DprV {T sq˝, respectively.

Proposition 7.3.1 easily implies:

7.3.3. Corollary. Mellin transform defines an isomorphism between SprV {T sq˝

and the space

HPW
Lp‚´1η, 1

2
q
pFˆ

C
x

q.

Moreover, if f P SprV {T sq˝ is of the form (7.11) in a neighborhood of zero, then

Ress“ 1
2
f̌pη| ‚ |sq “ ´AvgVolpFˆq

C

dξ
p0q. (7.12)

In the non-Archimedean case, let h be the element of the completed Hecke algebra
SpFˆq{ (see §2.1.3) whose Mellin transform is ȟpχq “ Lpχ, 12q´1. Then, the
normalized action of h (descending from (7.6)) gives rise to an isomorphism:

SprV {T sq
h¨
ÝÑ SprV {T sq˝.
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Proof. By its definition, and Proposition 7.3.1, the space SprV {T sq˝ corre-
sponds precisely to the subspace

HPW
Lp‚´1η, 1

2
q
pFˆ

C
x

q Ă HPW
Lp‚´1, 1

2
qLp‚´1η, 1

2
q
pFˆ

C
x

q

under Mellin transform.
The residue formula (7.12) follows from (7.7) and (7.8).
In the non-Archimededean case, the function Lpχ, 12q´1 is polynomial in

χ, hence is the Fourier transform of an element of SpFˆq{ . For the normal-
ized action (7.6) on SpV q (we don’t normalize the action on SpGaq), we have
ph ¨ fq­ pχq “ ȟpχ´1qf̌pχq for any h P SpFˆq{ , hence the result follows. □

In the Archimedean case, the corresponding element is not a multiplier
(the reciprocal of the Gamma function is not of polynomial growth in ver-
tical strips), and that creates some technical complications when studying
the space SprV {T sq˝ and all related spaces.

7.4. Hankel transform on A2{T . We will define two Fourier transforms
on a two-dimensional vector space V : one, denoted by F , by identifying V
with the additive group of a quadratic extension E; and another, denoted
F, by endowing V with a symplectic structure.

For now, we continue as in the previous subsection, where V “ ResE{FGa.
We use the trace pairing px, yq ÞÑ trpxyq to identify V with its linear dual,
but keeping in mind that the Gm-action is inverted under this identifica-
tion.

Consider Fourier transform, as an endomorphism of the space DpV q of
Schwartz half-densities on V , defined by the formula

F pΦpxqpdxq
1
2 qpyq “

ˆ
ż

V
Φpxqψptrpxyqqdx

̇

¨ pdyq
1
2 ,

using a self-dual measure on V with respect to the character ψ˝tr, or, equiv-
alently,

F pφqpyq “

ż

Eˆ

φpxy´1qψptrpxqq|x|
1
2dˆx. (7.13)

Note that, since we are using the orthogonal pairing px, yq ÞÑ ψptrpxyqq to
define Fourier transform on V , we are using different notation, F , from the
Fourier transform F defined by a symplectic pairing.

When E{F is non-split, (7.13) gives a natural way to extend this trans-
form to the “pure inner form” Eα, so Fourier transform becomes an endo-
morphism of DpEq‘DpEαq. The transform is anti-equivariant with respect
to the action of T on V , hence descends to T -coinvariants, which can be
identified with the space DprV {T sq (Lemma 7.1.1). We denote the descent
by H , for “Hankel”:

H : DprV {T sq
„
ÝÑ DprV {T sq.
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Let λpE{F,ψq be the scalar that satisfies

γp1, s, ψqγpη, s, ψq “ λpE{F,ψqγEp1, s, ψ ˝ trq (7.14)

for the gamma factors of the Tate zeta integrals (see §2.1.4), the one on
the right hand side being on the field E; this is the λ-constant defined
in [Lan70], cf. also [JL70, Lemma 1.1]. We will also denote this scalar by
λpη, ψq, where η is the quadratic character associated to the extension E{F .

7.4.1. Proposition. Fixing the norm coordinate for V � T , we have

H φpξ´1q “

ż ˚

Eˆ

φpξNE
F pxqqψptrpxqq|x|

1
2dˆx

“

ż ˚

Fˆ

φpξzqpNE
F q!

´

ψptrp‚qq| ‚ |
1
2dˆ‚

¯

pzq (7.15)

(for φ P DprV {T sq), where the notation
ş˚ means that the integral, which does not,

in general, converge, should be interpreted as a Fourier transform of a generalized
half-density (or, equivalently, of an L2-half density). Moreover, we have

H φpξ´1q “ λpE{F,ψq´1pψp
1

‚
q| ‚ |´

1
2dˆ‚q ‹ pψp

1

‚
qηp‚q| ‚ |´

1
2dˆ‚q ‹ φpξq,

(7.16)
where η is the quadratic character of Fˆ associated to E, and the convolution is
understood in the regularized sense of §2.1.7.

Proof. This was proven in [Sak13, Propositions 2.15 and 2.16], but was miss-
ing the factor λ. (The mistake originates in an erroneous version of (7.14)
in [Sak13, (2.29)].) This scalar of course is 1 in the split case E “ F ‘ F ; in
the non-split case, it can be computed by taking the leading coefficients at
s “ 1 and employing (2.7):

λpE{F,ψq “ γpη, 1, ψq
γ˚p1, 1, ψq

γ˚
Ep1, 1, ψ ˝ trq

“ γpη, 1, ψq
AvgVolpFˆq

AvgVolpEˆq
“

2γpη, 1, ψq

VolpT q
,

(7.17)
where the average volume of Fˆ is taken with respect to the measure dx

x ,
where dx is self-dual for the character ψ, the average volume of Eˆ is simi-
larly taken using the self-dual measure for ψ ˝ tr, and T is the kernel of the
norm map, endowed with the fiber measure of the latter with respect to the
former.

□

7.4.2. Remark. This formula is the result of the following formal calculation,
for functions:

ż

T

ż

E
Φpxqψptrpxtξ̃

´1
qqdxdt

˚
“ |ξ|´1

ż ˚

E

ż

T
Φpxt´1ξ̃qdtψptrpxqqdx (7.18)

“ |ξ|´1

ż ˚

Fˆ

OzξpΦqpNE
F q! pψ ˝ trp‚qd‚q pzq,

(7.19)
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where ξ̃ is a lift of ξ P V � T to V , and we have set OξpΦq “
ş

T Φpξ̃tqdt.
By pNE

F q! pψ ˝ trp‚qd‚q we denote the push-forward of the distribution ψ ˝

trpxqdx via the norm map, which can be decomposed into a convolution of
distributions as in (7.16). I leave it to the reader to check the details of the
exponents when one translates from functions to half-densities. The point
of this remark is that, while interchanging the two integrals in the step de-
noted by ˚

“ is not justified in the sense of convergent integrals, it is justified
when we interpret the resulting exterior integral in terms of Fourier trans-
forms of generalized half-densities (or L2-half densities).

We now study the subspace DprV {T sq˝ Ă DprV {T sq, defined by the as-
ymptotic condition (7.11) in a neighborhood of zero.

7.4.3. Proposition. The map

H ˝φpξ´1q :“ λpE{F,ψq´1pψp
1

‚
qηp‚q| ‚ |´

1
2dˆ‚q ‹ φpξq,

where the convolution is understood again in the regularized sense of §2.1.7, is an
automorphism of the space DprV {T sq˝.

Proof. This follows immediately from Corollary 7.3.3 and the fact that reg-
ularized convolution by pψp1

‚
qηp‚q| ‚ |´

1
2dˆ‚q multiplies Mellin transforms

by the factor γpχ´1ηE ,
1
2 , ψq, see (2.12). □

Now assume that the same space V is also endowed with an alternating
form ω. There is a unique D P E ∖ t0u with trpDq “ 0 such that

ωpx, yq “ trpDxȳq,

where ȳ denotes the Galois conjugate of y. A standard basis for this alter-
nating form is the pair p1,´p2Dq´1q, and the discriminant of the quadratic
form x ÞÑ NE

F pxq in such a basis is ´ 1
4D2 .

The symplectic Fourier transform F, defined as in (3.12) but now for half-
densities:

FpΦpvq|ω|
1
2 pvqqpv_q “

ˆ
ż

V
Φpvqψpωpv, v_qq|ω|pvq

̇

¨ |ω|
1
2 pv_q

is related to the “orthogonal” Fourier transform by

Fφpyq “ FφpDȳq. (7.20)

Again, the transform extends canonically to the “pure inner form” Eα,
in a completely analogous way as in §3.4, and it keeps satisfying (7.20). In
particular, since y and ȳ are equivalent modulo T , it descends to the space
rV {T s, and we have a commutative diagram

DpEq ‘ DpEαq
F →→

↓↓

DpEq ‘ DpEαq

↓↓
DprV {T sq

H →→ DprV {T sq,

(7.21)



TRANSFER OPERATORS AND HANKEL TRANSFORMS, II 19

(the space Eα is to be ignored in the split case), with the Hankel transform H
given by the following formula:

Hφpξ´1q “ H φppNE
F Dqξ´1q

“ λpE{F,ψq´1pψp
1

‚
q| ‚ |´

1
2dˆ‚q ‹ pψp

1

‚
qηEp‚q| ‚ |´

1
2dˆ‚q ‹φppNE

F Dq´1ξq,

by applying (7.16).
We summarize the results, by taking a different point of view: assume

that we start with a symplectic space pV, ωq, and a quadratic form Q on it
of discriminant d. Then we can identify V with the space of the quadratic
extension F p

?
´dq, in such a way that Q corresponds to the norm map.

Then we apply the above with d “ ´ 1
4D2 , and we get:

7.4.4. Proposition. Let pV, ωq be a symplectic space, Q a quadratic form on it
of discriminant d, and T “ SOpV,Qq. Identify the quotient V � T with Ga via
Q, then the symplectic Fourier transform F on DpV q (or DpV q ‘ DpV αq, if T is
non-split) descends to a Hankel transform on DprV {T sq, and we have the formula:

Hφpξ´1q “ λpη, ψq´1pψp
1

‚
q|‚|´

1
2dˆ‚q‹pψp

1

‚
qηp‚q|‚|´

1
2dˆ‚q‹φp4d¨ξq, (7.22)

where η is the quadratic character associated with the extension E “ F p
?

´dq,
and λpη, ψq “ λpE{F,ψq for the same extension.

For the subspace DprV {T sq˝, we have the following corollary of Proposi-
tion 7.4.3:

7.4.5. Corollary. The map

H˝φpξ´1q :“ λpη, ψq´1pψp
1

‚
qηp‚q| ‚ |´

1
2dˆ‚q ‹ φp4d ¨ ξq, (7.23)

where the convolution is understood again in the regularized sense of §2.1.7, is an
automorphism of the space DprV {T sq˝.

7.5. The Hankel transform in terms of Mellin transforms. We will also
need another description of the Hankel transform H˝, which presents it as
the descent of some “Fourier transform”, as in (7.21). For this, we need
to find a way to “erase” the factor pψp1

‚
q| ‚ |´

1
2dˆ‚q of (7.22) (compare with

(7.23)) already from the Fourier transform F. Unfortunately, since the action
of the multiplicative groupAad on V �T does not lift to V , this is not directly
possible on SpV q, and we will need to use the language of Schwartz spaces
on stacks, and the invariance of the Schwartz space on the presentation of
a stack (see [Sak18, Theorem 2]).

Namely, we will use the isomorphism of stacks:

rV {T s “ rVad{Tads,

where Vad “ rV {t˘1us and Tad “ T {t˘1u. (The notation is adapted to our
later use where T will be a torus in SL2, and Tad its image in the adjoint
group PGL2.) As we will see, the spaces SprV {T sq˝, DprV {T sq˝ descend
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from certain spaces SpVadq˝, DpVadq˝ of measures and half-densities on Vad,
and the Hankel transform H˝ descends (Proposition 7.5.9) from a transform
F˝ on them, which is a “factor” of Fourier transform.

7.5.1. Mellin transforms on V . Let us start by discussing Mellin transforms
on V with respect to the Gm-action. The main result will be Proposition
7.5.3, describing the Mellin image of SpV q as Paley–Wiener sections of a
certain Fréchet bundle EV over the character group ACx .

In order to distinguish the Gm-action on V from the Gm-action on V � T
(where the former descends to the square of the latter), we will now denote
the group of scalar multiplication on V by A, its defining character by e

α
2 ,

and the absolute value of that by δ
1
2 . (This notation is adjusted to thinking

ofA as the universal Cartan of SLpV q.) We can define Mellin transform f ÞÑ

f̌ on SpV q, where, for every χ P ApC, f̌pχq is valued in the space SpAzV ˚,Lχq

of measures on AzV ˚ valued in a line bundle Lχ, where V ˚ is, as before,
the complement of zero on V , and Lχ is the line bundle whose sections are
pA,χq-equivariant functions on V ˚ under the normalized action. It is given,
for |χpaq| “ |a|σ with σ ! 0, by the formula

f̌pvq “

ż

A
a ¨ fpvqχ´1paq,

where a ¨ f denotes the normalized action (7.6). Notice that we do not need
a measure on A — the result is naturally a measure valued in the afore-
mentioned line bundle over AzV ˚. The Mellin transform extends ratio-
nally/meromorphically (in the non-Archimedean, resp. Archimedean case)
to all characters of A; we will give a complete description of its image.

We let DV denote the bundle over ApC whose fiber over the character χ
is SpAzV ˚,Lχq. In the non-Archimedean case, it is naturally a direct limit
of finite-dimensional algebraic vector bundles. In the Archimedean case,
choosing a smooth section of the map V ˚ Ñ Rˆ

`zV ˚ (where Rˆ
` Ă A is em-

bedded in the split subtorus of the restriction of scalars to R), and a smooth
non-vanishing measure on AzV ˚, we can identify all spaces SpAzV ˚,Lχq

as subspaces of C8pRˆ
`zV ˚q, and this allows us to consider it as a holomor-

phic Fréchet bundle. For convenience, by abuse of language, we will often
just say “Fréchet bundle” to refer to both cases.

In fact, in the Archimedean case, it has more structure than that of a
Fréchet bundle: it can be identified as a subbundle of a constant Fréchet
bundle, hence it makes sense (in the Archimedean case) to talk about its
“Paley–Wiener sections”, extending Definition 7.2.2 to sections of this bun-
dle. That is, for a diagonalizable representation ρ of the L-group of A, we
define HPW

Lp‚,ρ,0q
pACx ,DV q as in Definition 7.2.2, with the only difference that

it does not consist of scalar-valued meromorphic functions on ACx , but of
meromorphic functions valued in the Fréchet bundle DV . Note that this
notion does not depend on the choice of a smooth section of the quotient
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map V ˚ Ñ Rˆ
`zV ˚, since any two such sections are “polynomially equiva-

lent”.
We have an isomorphism SpV q “ FpV qdv, where dv is a Haar measure.

Consider the blow-up Ṽ Ñ V at the zero section. By pullback, we get an
embedding FpV q ãÑ FpṼ q. The measure dv on V pulls back to a mea-
sure on Ṽ which is not smooth, but vanishes to order 1 close to the ex-
ceptional divisor, i.e., if ϵ is a local coordinate for the divisor, it is of the
form |ϵpvq|µpvq, where µ is a smooth measure — these can be thought of
as smooth measures valued in a complex line bundle L

δ
1
2

over Ṽ , where
the notation is to suggest the character by which A “ Gm acts on the fibers
of this line bundle over the exceptional divisor of Ṽ . Thus, the pullback of
smooth measures from V to the blow-up gives rise to an injective map:

SpV q ãÑ SpṼ ,L
δ
1
2

q.

If we embed A ãÑ Ga via its defining character, we have an isomorphism
Ṽ “ V ˚ ˆA Ga, in terms of which the space SpṼ ,L

δ
1
2

q has the following
description:

Notice that, for a space of the form X ˆG Y “ pX ˆ Y q{Gdiag, where G
acts freely on the product X ˆ Y and the quotient map is surjective on F -
points, for the unnormalized action of G on the various Schwartz spaces of
measures, the convolution (push-forward) with respect to the mapXˆY Ñ

X ˆG Y gives rise to an isomorphism:

SpX ˆG Y q » SpXq b̂ SpGqSpY q.

Here, b̂SpGq denotes the quotient of the completed tensor product b̂ by the
closed subspace generated by the kernel of the tensor product over SpGq.
However, for the normalized action of A on SpV ˚q, we are multiplying the
unnormalized action by the character δ´ 1

2 . This gives rise to a canonical
isomorphism:

SpṼ ,L
δ
1
2

q “ SpV ˚q b̂ SpAqSpGaq. (7.24)

Under Mellin transform, the tensor product b̂SpAq translates to multipli-
cation. This shows:

7.5.2. Lemma. Mellin transform gives rise to an isomorphism:

SpṼ ,L
δ
1
2

q
„
ÝÑ HPW

Lp‚´1,1qpA
pC,DV q.

Proof. This follows from (7.24) and Proposition 2.1.5. (Recall that Mellin
transform on SpGaq, evaluated at a character χ, corresponds to the zeta
integral Zp‚, χ´1, 1q.) □

The image of SpV q in HPW
Lp‚´1,1q

pApC,DV q is characterized as follows: Note
that the poles of χ ÞÑ Lpχ´1, 1q coincide with the characters χ such that the
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SLpV q-representation DV,χ “ SpAzV ˚,Lχq has a finite-dimensional sub-
module; indeed, there is an isomorphism of representations

SpAzV ˚,Lχq » Ipχ´1q,

where Ipχ´1q “ Ind
SLpV q

B pχ´1δ
1
2 q, a principal series representation, where

χ is understood as a character of the universal Cartan of SLpV q via the iden-
tification Gm

„
ÝÑ A defined by the positive coroot. In the non-Archimedean

case, Lpχ´1, 1q has a pole only at χ “ δ
1
2 , which is precisely the point

where the trivial representation is a subrepresentation of Ipχ´1q. In the
Archimedean case, compare with [JL70, Theorems 5.11 and 6.2].

Let Dfin
V be the subsheaf of DV whose sections belong to the finite-dimensional

subrepresentation of SpAzV ˚,Lχq, at the poles of Lpχ´1, 1q “ Lpχ,´α̌, 1q.
Let EV “ Dfin

V p´rLp‚´1, 1qsq, that is, the bundle whose sections are ratio-
nal/meromorphic sections of Dfin

V , with poles bounded by the poles of the
function χ ÞÑ Lpχ´1, 1q. It is the subsheaf of DV p´rLp‚´1, 1qsq, where the
Paley–Wiener sections of Lemma 7.5.2 are valued, determined by the con-
dition that the residues are valued in the finite-dimensional subrepresenta-
tion, at all poles of Lp‚´1, 1q.

We have the following description of the image of Mellin transform:

7.5.3. Proposition. Mellin transform defines an isomorphism

SpV q
„
ÝÑ HPWpApC,EV q.

The sheaf EV is generated by its global Paley–Wiener sections.

I remind that in the non-Archimedean case, the notation HPW for Paley–
Wiener sections refers, simply, to polynomial sections, and that the sheaf
being generated by a space Γ of sections means that elements of Γ generate
the sections of the sheaf in any small neighborhood of any point, by mul-
tiplying them by the sections of the appropriate structure sheaf (=polyno-
mial functions on ApC in the non-Archimedean case, holomorphic functions
in the Archimedean case).

Proof. Indeed, by the above, the Schwartz space SpṼ ,L
δ
1
2

q of the blow-up
is identified with

HPW
Lp‚´1,1q

´

ApC,DV

¯

“ HPW
´

ApC,DV p´rLp‚´1, 1qsq

¯

.

The condition that the residue of a section at the poles of Lpχ´1, 1q lie in
the finite-dimensional submodule is precisely the condition that the el-
ement of FpṼ qdv “ SpṼ ,L

δ
1
2

q descend to FpV qdv “ SpV q. At every
pole of Lp‚´1, 1q, then, the residue of the Mellin transform (considered as
a meromorphic section of DV ) is determined by derivatives of the delta
function at zero, which give rise to a surjection from SpV q to the finite-
dimensional subrepresentation in the fiber of DV . This shows that Paley–
Wiener sections generate the sheaf EV around those points; away from
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poles of Lp‚´1, 1q this is obvious, already by considering Mellin transforms
of elements of SpV ˚q. □

Locally around the poles ofLpχ´1, 1q, those are precisely the sections that
are obtained as the image of R´1

χ , the inverse of the standard intertwining
operator (see §3.3). Thus, the bundle EV can be identified with the bundle
χ ÞÑ SpAzV ˚,Lχ´1q (notice the inverse character!) around the poles of the
L-function (but not globally over ApC!).

If V is endowed with a symplectic form ω, we can divide measures by
the Haar half-density |ω|

1
2 to replace SpV q in Proposition 7.5.3 by the space

of Schwartz half-densities DpV q. Notice that, by our normalization of the
A-action, this map SpV q Ñ DpV q is equivariant, and also recall that the
argument χ of Mellin transform refers to the normalized action of A. The
symplectic Fourier transform

F : DpV q
„
ÝÑ DpV q

is A-anti-equivariant, hence induces isomorphisms

Fχ : EV,χ´1
„
ÝÑ EV,χ. (7.25)

(Compare with §3.3.)

7.5.4. Mellin transforms on Vad. We now carry over this discussion to the
stack Vad “ rV {t˘1us, which is a stack with an action of PGLpV q. Its (iso-
morphism classes of) F -points can be identified, as in §3.4, with the disjoint
union

à

α

V αpF q{t˘1u,

where α runs over all quadratic extensions of F , including the split one
F ‘ F , and V α is the tensor product of V with the imaginary line of that
extension. Correspondingly, the Schwartz space SpVadq is the direct sum:

SpVadq “
à

α

SpV αpF qqt˘1u,

where the index t˘1u denotes coinvariants, but of course we can identify
those with invariants.

This has an action of Aad “ Gm{t˘1u, which also acts faithfully on the
quotient V � T . Thus, we will define Mellin transform f ÞÑ f̌ on SpVadq,
with the image lying in the space of sections over Aad

yC of the bundle χ ÞÑ

SpAadzV ˚
ad,Lχq. This is also a Fréchet bundle, which will be denoted by

DVad . If s : A Ñ Aad is the quotient map (for “square”, when we identify
these groups with Gm), it induces a pullback map of characters s˚ : Aad

yC Ñ

ApC, and there is a canonical isomorphism

SpAadzV ˚
ad,Lχq » SpAzV ˚,Ls˚χq,
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induced by the isomorphism of stacksAzV “ AadzVad, so DVad , as a Fréchet
bundle, is really the pullback:

DVad “ s˚˚DV ,

but endowed with an action of PGLpV q, so that the fiber over χ P Aad
yC

is isomorphic the principal series representation obtained by normalized
induction from χ´1.

Let Ṽ ad be the quotient of the blow-up Ṽ by ˘1; there is a pullback map

SpVadq ãÑ SpṼ ad,L
δ
1
2

q,

where L
δ
1
2

denotes the pullback of the line bundle denoted by the same

notation on Ṽ . We have isomorphisms

Ṽ ad “ V ˚
ad ˆA Ga “ V ˚ ˆA rGa{t˘1us “ V ˚

ad ˆAad rGa{t˘1us,

which give rise to an isomorphism of Schwartz spaces:

SpṼ ad,L
δ
1
2

q “ SpV ˚
adq b̂ SpAadqSprGa{t˘1usq, (7.26)

as in (7.24).
The F -points and Schwartz space of rGa{ ˘ 1s are described in a com-

pletely analogous way as the F -points and Schwartz space of Vad, and the
space SprGa{ ˘ 1sq can be identified, through the push-forward under the
map Ga Q x Ñ ξ “ x2 P Ga � t˘1u, with the space of measures on the
line which away from zero coincide with Schwartz measures, while in a
neighborhood of zero are of the form

|ξ|´
1
2

ÿ

ω

Cωpξqωpξq, (7.27)

where ω runs over all quadratic characters of Fˆ, and Cω is a smooth mea-
sure. The analog of this statement for zeta integrals is the following: if we
identify both A and Aad with Gm, through, respectively, the cocharacters α̌
and α̌

2 , the L-function Lps˚χ´1, 1q “ Lpχ,´α̌, 1q has a pole at χ P Aad
yC if

and only if the L-function Lpωχ´1, 12q “ Lpωχ,´ α̌
2 ,

1
2q, has a pole for some

quadratic character ω.
From (7.27) it follows that Mellin transform on Aad “ Gm Ă Ga� t˘1u »

Ga defines an isomorphism:

SprGa{ ˘ 1sq
„
ÝÑ

ÿ

ω

HPW
Lp‚´1¨ω, 1

2
q
pAad
yCq,

where the right hand side is understood as a subspace of the space of mero-
morphic functions on Aad

yC, endowed with the quotient topology from the
direct sum of the summands. Again, we do not introduce any normaliza-
tion to the action of Aad on Ga � t˘1u. Since the poles of the functions
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Lp‚´1 ¨ ω, 12q are distinct for different ω’s, the right hand side can also be
written3

SprGa{ ˘ 1sq
„
ÝÑ HPW

ś

ω Lp‚´1¨ω, 1
2

q
pAad
yCq.

For Ṽ ad, this means, by (7.26):

SpṼ ad,L
δ
1
2

q
„
ÝÑ HPW

ś

ω Lp‚´1¨ω, 1
2

q

´

Aad
yC,DVad

¯

. (7.28)

Moreover, as in the case of SLpV q (see the discussion before Proposition
7.5.3), the poles of the sections on the right hand side coincide with the
poles of Lps˚χ´1, 1q which, as we saw above, correspond to the points
where the space SpAadzV ˚

ad,Lχq » SpAzV ˚,Ls˚χq contains a finite-dimensional
representation of PGLpV q.

Thus, we have analogous bundles over Aad
yC:

Dfin
Vad

“ s˚˚Dfin
V

(characterized by the fact that sections are valued in the finite-dimensional
subrepresentation at poles of Lps˚χ, 1q, i.e., poles of some Lpωχ, 12q, with ω
quadratic), and

EVad :“ s˚˚EV “ Dfin
Vad

p´r
ź

ω

Lpωχ,
1

2
qsq.

As a corollary of Proposition 7.5.3 we have:

7.5.5. Corollary. Mellin transform defines an isomorphism

SpVadq
„
ÝÑ HPWpAad

yC,EVadq. (7.29)

The sheaf EVad is generated by its global Paley–Wiener sections.

Let now E ˝
Vad

denote the bundle

E ˝
Vad

:“ EVadprLp‚´1,
1

2
qsq “ Dfin

Vad
p´r

ź

ω‰1

Lp‚´1 ¨ ω,
1

2
qsq. (7.30)

That is, the sections of E ˝
Vad

are meromorphic sections of Dfin
Vad

, as for EVad ,
but without poles at the poles of Lp‚´1, 12q.

We define a subspace SpVadq˝, consisting of those elements of SpVadq

whose Mellin transform (7.29) is valued in the subbundle E ˝
Vad

:

SpVadq˝ » HPWpAad
yC,E

˝
Vad

q. (7.31)

3When F “ R, this requires an explanation: Suppose that Φ is a Paley–Wiener holomor-
phic multiple of

ś

ω Lp‚
´1

¨ ω, 1
2

q. There are two ω’s here, the trivial and the sign character.
We need to show that Φ “ Φ1 ` Φsgn, where each summand is a Paley–Wiener holomor-
phic multiple of the corresponding Lp‚

´1
¨ ω, 1

2
q. We will construct Φ1 as the Mellin trans-

form of an element f P SpRq; notice that, in that case, the residues of Φ1 at the poles of
Lp‚

´1, 1
2

q are determined by the derivatives of arbitrary order of f at 0. We can prescribe
those derivatives, so that the residues equal the residues of Φ at those points. Then, Φ1 “ f̌
and Φsgn “ Φ ´ Φ1 satisfy our requirements.
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Embed Aad ãÑ Ga via the character eα, which pulls back to the square of
the defining character of A “ Gm Ă GLpV q. Then there is a well-defined
push-forward map:

SpVadq˝ b̂ SpAadqδ
1
2SpGaq Ñ SpVadq, (7.32)

as can be seen by considering Mellin transforms. It is easily seen in the
non-Archimedean case to be an isomorphism, and I conjecture that this is
the case in the Archimedean case as well (but we will not need this). The
following will be enough for our purposes:

7.5.6. Lemma. The sheaf E ˝
Vad

is generated by its global Paley–Wiener sections.

In the non-Archimedean case, the action of the element h P SpAadq{ whose Mellin
transform is Lpχ, α̌2 ,

1
2q´1 gives rise to an isomorphism:

SpVadq
h¨
ÝÑ SpVadq˝.

Proof. The normalized action of an element h of the completed Schwartz
algebra SpAadq{ of Aad translates on Mellin transforms to multiplication by
ȟpχ´1q.

In the non-Archimedean case, we can take h to be the element of the com-
pleted Hecke algebra whose Mellin transform is Lpχ, α̌2 ,

1
2q´1, and this de-

fines a bijection between “Paley–Wiener” (polynomial, supported on finitely
many components) sections of the sheaves EVad and E ˝

Vad
. The result now

follows from the analogous statement for EVad (Corollary 7.5.5).
In the Archimedean case, to apply the analogous statement for EVad ,

we need to find a multiplier h P SpAadq{ , whose Mellin transform ȟ has
zeroes at the poles of the L-function Lpχ, α̌2 ,

1
2q, simple ones at any cho-

sen point. Identifying Aad with Gm as before, one can take a measure
hpxq “ Hpxq|x|

1
2dˆx P SpFˆq, where H is a Schwartz function on Fˆ

whose Fourier transform (considered as a function on F ) is also a Schwartz
function on Fˆ (i.e., all its derivatives at zero vanish). Then, the functional
equation (2.8) of Tate zeta integrals implies that the Mellin transform of h
vanishes at all poles of Lpχ, 12q, and it can easily be arranged that the van-
ishing is simple at any chosen point. In that case, the normalized action of
h on SpVadq, sends Paley–Wiener sections of the sheaf EVad to Paley–Wiener
sections of the sheaf E ˝

Vad
; and, at any pole of Lpχ´1, 12q where ȟpχ´1q has a

simple zero, it will identify the fibers. □

7.5.7. Remark. The space SpVadq˝ is not the space of rapidly decaying sec-
tions of a sheaf over the affine quotient V � t˘1u, since the condition that
Mellin transforms lie in the subbundle E ˝

Vad
depends on integrals of the

functions overAad-orbits, i.e., it is not local. As we will see, however, its im-
age in SprV {T sq will be the space SprV {T sq˝ that we defined before, which
is local over V � T .
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We define the space DpVadq precisely as we defined the space SpVadq, by
using half-densities instead of measures on the “pure inner forms” V αpF q.
The isomorphism (7.29) carries over to half-densities, and we have an anal-
ogous subspace DpVadq˝. The analog of (7.32) is now a convolution map

PV : DpVadq˝ b̂ SpAadqDpGaq Ñ DpVadq, (7.33)

depending on the choice of a Haar measure on Aad.
The symplectic Fourier transform F on DpV q descends canonically to an

involution of DpVadq, as was explained in §3.4; this also follows from the
isomorphisms (7.25) between the fibers of the bundle EV , and the fact that
EVad is the pullback of EV to Aad

yC. It admits the following factorization:

7.5.8. Proposition. There is anAad-anti-equivariant endomorphism F˝ of DpVadq˝,
such that, if F1 : DpGaq

„
ÝÑ DpGaq denotes Fourier transform on the line defined

by the character ψ, we have, in terms of the map of (7.33):

F ˝ PV pφ˝
V b φ1q “ PV pF˝φ˝

V b F1φ1q. (7.34)

In terms of Mellin transforms, under the isomorphism

DpVadq˝ „
ÝÑ HPWpAad

yC,E
˝
Vad

q

the transform F˝ is induced by the isomorphism

γpχ,
1

2
, ψq´1Fχ : E ˝

Vad,χ´1
„
ÝÑ E ˝

Vad,χ

(see (7.25)).

Proof. Indeed, γpχ, 12 , ψq´1Fχ is an isomorphism between the fibers of E ˝
Vad

,
as stated, because γpχ, 12 , ψq has a simple pole where Lpχ´1, 12q does, and
a simple zero where Lpχ, 12q has a pole. It is holomorphic and non-zero
everywhere else, and, in the Archimedean case, of polynomial growth in
vertical strips (by Stirling’s formula), thus preserves the spaces of Paley–
Wiener sections. Hence, by the definition (7.31) of SpVadq˝, the family of
isomorphisms γpχ, 12 , ψq´1Fχ induces an endomorphism F˝ of this space,
which is Aad-anti-equivariant.

On the other hand, for φ1 P DpGaq we have

F1φ1
~ pχq “ γpχ,

1

2
, ψqφ1|pχ´1q,

by the functional equation (2.8) of Tate’s thesis, so if φ “ PV pφ˝
V b φ1q and

φ1 “ PV pF˝φ˝
V b F1φ1q, we have

φ̌1pχq “ γpχ,
1

2
, ψq´1Fχφ

˝
V

| pχ´1q¨γpχ,
1

2
, ψqφ1|pχ´1q “ Fχ

´

φ˝
V

| pχ´1q ¨ φ1|pχ´1q

¯

(notice that φ1|pχ´1q is a scalar), in other words φ̌1pχq “ F1
χφ̌pχ´1q, thus

φ1 “ Fφ. □

Finally, we descend to coinvariants:
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7.5.9. Proposition. The image of SpVadq˝ under the push-forward map to mea-
sures on V � T “ Vad � Tad is dense in the space SprV {T sq˝, and we have a
commutative diagram

DpVadq˝ F˝

→→

↓↓

DpVadq˝

↓↓
DprV {T sq˝ H˝

→→ DprV {T sq˝,

(7.35)

where H˝ is the Hankel transform of Corollary 7.4.5.

Proof. First, let us compare Mellin transforms of elements of SpVadq and
of SprV {T sq: the former are, by Corollary 7.5.5, Paley–Wiener sections of
the sheaf EVad ; the latter were defined in (7.5) as scalar valued functions on

Fˆ
C

x

“ Aad
yC, after fixing an identification V �T » A1, but we can also think

of them as valued in a bundle C‚ : χ ÞÑ Cχ over Aad
yC, where Cχ denotes

pAad, χq-equivariant functions on V � T ∖ t0u (for the normalized action
descending from (7.6)).

The rationality/meromorphicity of Mellin transforms of elements of SprV {T sq,
together with the generation of EVad by its global sections (Corollary 7.5.5)
imply that there is a rational/meromorphic map of sheaves over Aad

yC:

EVad Ñ C‚,

defined by a convergent integral when χ vanishes sufficiently fast at infin-
ity. This relates the Mellin transforms of elements of SpVadq with those of
their push-forwards to SprV {T sq. The description of the image of Mellin
transform on SprV {T sq in Proposition 7.3.1 implies that the poles of this
map are precisely the poles of Lp‚´1, 12qLp‚´1η, 12q, so we get a surjective,
holomorphic map of sheaves:

EVad Ñ C‚p´rLp‚´1,
1

2
qLp‚´1η,

1

2
qsq. (7.36)

In particular, we get a map of subsheaves

E ˝
Vad

:“ EVadprLp‚´1,
1

2
qsq Ñ C‚p´rLp‚´1η,

1

2
qsq, (7.37)

hence the Mellin transforms of push-forwards of elements of SpVadq˝ are
Paley–Wiener sections of the subsheaf C‚p´rLp‚´1η, 12qsq, hence, by Corol-
lary 7.3.3, the image of SpVadq˝ belongs to SprV {T sq˝.

In the non-Archimedean case, the element h of the completed Hecke al-
gebra SpAadq{ whose Mellin transform is ȟpχq “ Lpχ, 12q acts on SpVadq, resp.
SprV {T sq, and maps it onto SpVadq˝, resp. SprV {T sq˝ (or, the corresponding
spaces of half-densities); the action of Aad commutes with all arrows in
the diagram, and the result follows easily from the commutative diagram
(7.21).
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For the Archimedean case, where no such multiplier exists, we will need
a different argument. The difficulty lies in showing that the map SpVadq˝ Ñ

SprV {T sq˝ has dense image; the commutativity of the diagram then follows
as in the non-Archimedean case. The argument is quite technical, and the
reader might choose to skip it at first reading.

The case of non-split T is easiest: Let us identify again V with the addi-
tive group of a quadratic extension E, and T with the kernel of the norm
map. (The precise coordinates do not matter here.) In the non-split case,
T is a compact subgroup of Eˆ; thus, we can identify invariants and coin-
variants, i.e., the map

SpEqT ‘ SpEαqT Ñ SprV {T sq

is an isomorphism, where Eα is the “pure inner form” attached to the qua-
dratic extension splitting T . We can thus lift any element f˝ P SprV {T sq˝

to SpEqT ‘ SpEαqT Ă
À

β SpEβq, where β runs over all quadratic exten-
sions. The image of the lift under SpEq ‘SpEαq Ñ SpVadq will have Mellin
transform with no poles at the poles of Lpχ´1, 12q, and with values in E ˝

Vad
,

since the trivial T -type belongs to the finite-dimensional subrepresentation
of the principal series Ipχ´1q.

For the split case, we will show that the push-forward map SpVadq˝ Ñ

SprV {T sq˝, interpreted in terms of Mellin transforms as a map of Paley–
Wiener sections:

HPW
´

Aad
yC,E

˝
Vad

¯

Ñ HPW
Lp‚´1η, 1

2
q

´

Aad
yC,C‚

¯

has dense image. (Here, η “ 1, but I will maintain it in the notation in order
to make the comparison with previous statements easier.) Knowing already
that the corresponding map (7.36) is surjective on Paley–Wiener sections
(by Proposition 7.3.1), the difficulty lies in showing that by imposing the
extra condition of vanishing at the poles of Lp‚´1, 12q that defines E ˝

Vad
, we

still have enough Paley–Wiener sections to generate a dense subspace of
Paley–Wiener sections of the image sheaf C‚p´rLp‚´1η, 12qsq.

It would be desirable to have a simple argument of complex analysis for
this; unfortunately, I do not know such an argument. The difficulty lies in
the fact that Lp‚´1, 12q´1, a reciprocal Gamma function, is not of polynomial
growth in vertical strips, hence cannot be used as a multiplier.

Therefore, I will use some representation theory. Notice that the map
V ˚ Ñ V � T is smooth and surjective on F -points (when T is split), there-
fore the push-forward map SpV ˚q Ñ SpV {T q has image equal to the space
SpV �T q of Schwartz measures on the affine line, whose Mellin transforms
are precisely the Paley–Wiener sections HPW

Lp‚´1η, 1
2

q

´

Aad
yC,C‚

¯

, by Propo-

sition 2.1.5. (Recall that we are here parametrizing Mellin transforms on
V � T according to the normalized action of Aad, which explains why the
poles appear at poles of Lp‚´1η, 12q.) The same will, obviously, hold if we
replace V ˚ by V ˚

ad. Thus, we have two maps into the same space:
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SpV ˚
adq » HPW

´

Aad
yC,DVad

¯

→→

HPW
Lp‚´1η, 1

2
q

´

Aad
yC,C‚

¯

.

SpVadq˝ » HPW
´

Aad
yC,E

˝
Vad

¯

→→

(7.38)

The upper arrow is surjective, and we want to show that the lower arrow
has dense image. The spaces SpV ˚

adq and SpVadq˝ are not directly compara-
ble, as the study of their Mellin transforms shows: the latter have Mellin
transforms in E ˝

Vad
, which are meromorphic sections of DVad with poles at the

poles of
ś

ω‰1 Lp‚´1 ¨ ω, 12q; but also with the condition that at any pole χ
of Lp‚´1ω, 12q, including ω “ 1, they are valued in the finite-dimensional
subrepresentation of the fiber of E ˝

Vad
; this condition at poles of Lp‚´1, 12q

shows that DVad is not a subsheaf of E ˝
Vad

. Thus, SpV ˚
adq is not a subspace of

SpVadq˝.
But both spaces are smooth Fréchet representations of PGLpV q, and, fix-

ing a good maximal compact subgroup K, their spaces of K-finite vectors
are dense. For every K-type (=irreducible representation of K) τ , we will
denote by an exponent pK, τq the subspaces of vectors belonging to this
K-type.

We have the following observation:

7.5.10. Lemma. For every K-type τ , the quotient

SpV ˚
adqpK,τq{SpV ˚

adqpK,τq X SpVadq˝,pK,τq

is finite-dimensional, and supported on a finite number of poles of Lp‚´1, 12q, as an
Aad-module.

Proof of the lemma. The essential observation, here, is that at poles ofLp‚´1, 12q

the given K-type belongs to the finite-dimensional subrepresentation of
DVad,χ, for all but a finite number of χ’s. The polynomial Ďτ on Aad

y which
has simple zeroes at precisely those χ’s (it can be thought of as the Mellin
transform of a multiplier Dτ P SpAadq{ ) gives rise to a map:

Dτ : SpV ˚
adqpK,τq Ñ SpV ˚

adqpK,τq X SpVadq˝,pK,τq

whose cokernel, as an Aad-module, is supported only on this finite set of
χ’s. □
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Let J denote the space HPW
Lp‚´1η, 1

2
q

´

Aad
yC,C‚

¯

, J˝ the closure of the image

of SpVadq˝ under (7.38), and J 1 “ J{J˝ — it is a smooth Fréchet repre-
sentation of Aad of moderate growth, or SF -representation, in the language
of [BK14]. Let I˝

τ Ă Iτ denote, respectively, the images of SpV ˚
adqpK,τq X

SpVadq˝,pK,τq and SpV ˚
adqpK,τq in J . By the fact that I˝

τ Ă J˝, and Lemma
7.5.10, we deduce that J 1 is has a (countable) dense subspace of Aad-finite
vectors, with eigencharacters among the poles of Lp‚´1, 12q. If we enumer-
ate these poles χ1, χ2, . . . , and let J 1

n be the χn-eigenspace, we claim that
any continuous seminorm on J 1 is zero on all but a finite number of J 1

n’s.
Indeed, any continuous seminorm is bounded by some seminorm that de-
fines (after completion) a Banach representation ofAad, in particular has the
property that the action of any a P Aad is bounded; but if we take a P Aad

with δpaq ą 1, its eigenvalues on the spaces J 1
n (i.e., the values χnpaq for

χn ranging in the poles of Lp‚´1, 12q) are unbounded. Hence, the seminorm
should be zero for n " 0.

Hence, J 1 is the inverse limit of its Aad-finite quotients, i.e., is defined
by a system of Aad-finite seminorms. But the only Aad-finite seminorms
on J “ HPW

Lp‚´1η, 1
2

q

´

Aad
yC,C‚

¯

are bounded by derivatives of the sections

at various points of Aad
yC (let us call them “delta functions”). On the other

hand, by Lemma 7.5.6, Paley–Wiener sections generate the sheaf E ˝
ad, hence

their images under the surjective map (7.37) generate global sections of
C‚p´rLp‚´1η, 12qsq. In particular, no non-trivial linear combination of deriva-
tives of delta functions is zero on J˝. We deduce that J 1 “ 0, concluding
the proof of Proposition 7.5.9. □

7.5.11. Remark. Besides issues about the existence of sufficiently many Paley–
Wiener sections, we can explain representation-theoretically why the sheaves
DVad (representing SpV ˚

adq) and E ˝
Vad

(representing SpVadq˝) both surject onto
C‚p´rLp‚´1η, 12qsq. On one hand, sections of E ˝

Vad
, considered as rational

sections of DVad , have poles at the poles of
ś

ω‰1 Lp‚´1 ¨ω, 12q, with residues
in finite-dimensional representations. But the torus Tad acts by non-trivial
characters on these finite-dimensional spaces of residues (when η “ 1),
thus they do not appear when we mod out by Tad. On the other hand, at
any pole χ of Lp‚´1η, 12q, the sections of E ˝

Vad
land in the finite-dimensional

subrepresentation Wχ of the fiber DVad,χ » Ipχ´1q (a principal series repre-
sentation for PGL2). In this case, it is not true that the map of coinvariants
pWχqTad Ñ pIpχ´1qqTad is an isomorphism. However, push-forward to V �
T does not see the difference. The reason is that, in the split case, the quo-
tient stack rV ˚

ad{Tads “ rV ˚{T s is isomorphic to a non-separated scheme:
the affine line with the origin doubled. The push-forward map SpV ˚q Ñ

SprV {T sq has image in the usual Schwartz space SpV �T q of the affine line,
and does not see the “doubled” origin, i.e., the map SpV ˚

adqTad “ SpV ˚qT Ñ
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SprV {T sq has a non-trivial kernel, modulo which the map pWχqTad Ñ pIpχ´1qqTad
becomes an isomorphism.

8. THE RANKIN–SELBERG VARIETY

8.1. The space and its orbital integrals. Let pV, ωq be a two-dimensional
symplectic space, and let X̄ be the variety of pairs pv, gq with v P V, g P

SLpV q, with an action of the group G̃ “ pGm ˆ SLpV q2q{t˘1udiag by

pv, gq ¨ pa, g1, g2q “ pavg1, g
´1
1 gg2q.

In particular, X̄ has a G̃-equivariant map to V ˆ V by pv, gq ÞÑ pv, vgq,
and is a two-dimensional symplectic vector bundle over Y :“ SLpV q “

SLpV qdiagzSLpV q2. If we identify V with the fiber over the identity, we can
also write

X̄ “ Ind
SLpV q2

SLpV qdiag
V “ V ˆSLpV qdiag SLpV q2.

The space X̄ is a spherical variety under the action of G̃, whose open G̃-
orbit, the complement of the zero section of the bundle, we will be denoting
by X .

If we fix a standard symplectic basis pe1, e2q of V (i.e., ωpe1, e2q “ 1)
to identify SLpV q with SL2 and V ˚ “ V ∖ t0u with NzSL2, where N “

the stabilizer of e2 “ the upper triangular unipotent subgroup, then X “

NdiagzpSL2 ˆSL2q, with the coset of 1 corresponding to the element pe2 P

V, 1 P SLpV qq, and X̄ is its affine closure.
Throughout this paper, we denote by A the universal Cartan of SLpV q,

and by Aad “ A{t˘1u the universal Cartan of PGLpV q. We let G be the
group pAˆSLpV qq{t˘1udiag, and identify G̃with the group pAˆSLpV q2q{t˘1udiag

via the character α
2 , the positive half-root on A. By this identification, we

maintain our convention of considering the universal Cartan A as a sub-
group of the automorphism group of such a variety X by using a Borel op-
posite to the stabilizerNdiag of a point. In other words, ifB is the normalizer
of N in SLdiag

2 , we let the quotient A “ B{N act by G-automorphisms on X
as: a¨Nx “ Npw0aqx,wherew0 is the longest element of the Weyl group. By
this convention, the points of Y are limits of the form limtÑ0pλptqxq, where
x P X and λ is a dominant cocharacter of A. The action of A on functions or
measures on X̄ will be normalized, again, as

a ¨ µpxq “ δpaq´ 1
2µpa ¨ xq (8.1)

and on functions by
a ¨ Φpxq “ δpaq

1
2Φpa ¨ xq, (8.2)

so that it is an L2-isometry with respect to the pSL2q2-invariant measure.
(We will call an pSL2q2-invariant measure on X a “Haar measure” — notice
that it is a smooth measure on X̄ .) For half-densities, no such normalization
is needed. Under these normalizations, the maps

FpX̄q Ñ DpX̄q Ñ SpX̄q
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from Schwartz functions to Schwartz half-densities and measures, that are
given at every step by multiplication by a Haar half-density, are equivari-
ant.

The symplectic structure gives rise to a Fourier transform:

F : DpX̄q
„
ÝÑ DpX̄q, (8.3)

defined fiberwise as in §3.3. Multiplication or division by a fixed Haar
half-density turns (8.3) into a morphism between spaces of measures or
functions.

The transform is anti-equivariant with respect to the G̃-action, in the sense
that it twists the G̃-action by the automorphism of G̃ that is induced from
the inversion map on A.

We now consider the quotients X{SLpV q and X̄{SLpV q, where SLpV q

acts diagonally. If we use a symplectic basis to identify X “ NdiagzSL2
2,

as above, we have an isomorphism X{SLpV q “ SL2
N , which we fix to be the

following:

Ndiagpg1, g2q ÞÑ
g´1
1 g2
N

. (8.4)

This is compatible with the isomorphism SL2 » SLdiag
2 zSL2

2 by the right
orbit map on the identity element.

In terms of invariant theory, we have

CX :“ X � SLpV q “ X̄ � SLpV q » A2,

with coordinates pc, tq coming from the invariants of the projections X̄ Ñ

V ˆ V and X̄ Ñ SL2; more specifically,

cpv, gq “ ´ωpv, vgq, and
tpv, gq “ trpgq. (8.5)

We have put a negative sign in the first invariant so that, in terms of the

isomorphism X � SLdiag
2 “

SL2

N
of (8.4), the coordinates pc, tq are:

ˆ

a b
c d

̇

ÞÑ pc, t :“ tr “ a` dq.

We will eventually define several spaces of measures on CX :

SpX{SL2q Ă SpX̄{SL2q˝ Ă SpX̄{SL2q.

The first and last are self-explanatory: SpX{SL2q and SpX̄{SL2q are, cor-
respondingly, the push-forwards of the spaces of Schwartz measures on X
and on X̄ . The intermediate space SpX̄{SL2q˝ is the most important one.
In a sense that will be discussed, the space SpX̄{SL2q corresponds to the
(L-function of the) sum of the symmetric square with the trivial represen-
tation of the group G, while SpX̄{SL2q˝ corresponds to just the symmetric
square representation (for which the space SpX{SL2q would be too small).
If we think of spaces, such as (suitable) algebraic varieties and stacks, as
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incorporating L-functions — for instance, the Gm-space A1 incorporating
the standard L-function of Gm, with the subspace Gm Ă A1 incorporat-
ing the trivial (degree 0) L-function — it might be appropriate to think
of SpX̄{SL2q˝ as the Schwartz space of a “motive” between X{SL2 and
X̄{SL2. Unfortunately, I do not know how to make sense of such a “mo-
tive”.

8.2. Hankel transform for the Rankin–Selberg variety. Let Φ P FpX̄q,
and let f be the push-forward of Φdx to CX , where dx is an invariant mea-
sure on X̄ . It is easy to see that there is a Haar measure on SL2 such that
the following integration formula holds:

ż

X
Φpxqdx “

ż

C
Opc,tqpΦqdcdt, (8.6)

where Opc,tq is the orbital integral of Φ for the diagonal SL2-action, and
dc, dt denotes our fixed Haar measure on F . (Notice that SL2 acts freely
over the open subset with c ‰ 0.) Thus, the push-forward of the measure
Φdx is

fpc, tq “ Opc,tqpΦqdcdt “ Opc,tqpΦq|c| ¨ |t| ¨ dˆcdˆt.

We define the push-forward of the half-density Φpdxq
1
2 to be

Opc,tqpΦqpdcdtq
1
2 .

This way, we obtain spaces FpX̄{SL2q and DpX̄{SL2q of densely defined
“push-forward” functions and half-densities on CX .

The fiberwise symplectic Fourier tranform F on DpX̄q descends to a “Han-
kel transform” HX on SLdiag

2 -coinvariants, which can identified with the
space DpX̄{SL2q. Rather than proving this identification, we will directly
prove that the Fourier transform descends to an endomorphism of DpX̄{SL2q,
together with an explicit formula for it.

8.2.1. Theorem. We have a commutative diagram

DpX̄q
F →→

↓↓

DpX̄q

↓↓
DpX̄{SL2q

HX →→ DpX̄{SL2q,

where the bottom horizontal arrow is given by

HXφpc, tq “ λpηt2´4, ψq´1

ˆ

pψp
1

‚
q| ‚ |´

1
2dˆ‚q‹c

pψp
1

‚
qηt2´4p‚q| ‚ |´

1
2dˆ‚q ‹c φ

̇

pp4 ´ t2qc´1, tq, (8.7)

where:
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‚ ED denotes the quadratic extension F p
?
Dq, and ηD the associated qua-

dratic character of Fˆ;
‚ ‹c denotes multiplicative convolution in the variable c (with fixed t), un-

derstood in the regularized sense of §2.1.7.

8.2.2. Remark. We also translate this formula to push-forwards of Schwartz
measures and push-forwards (orbital integrals) of Schwartz functions on
X̄ , using the integration formula (8.6). Here we will use the regular multi-
plicative convolution in the c-coordinate, without any normalization:

Fourier transform on measures descends to the involution

HXfpc, tq “ λpηt2´4, ψq´1

ˇ

ˇ

ˇ

ˇ

c2

4 ´ t2

ˇ

ˇ

ˇ

ˇ

1
2

¨

¨

ˆ

pψp
1

‚
qdˆ‚q ‹c pψp

1

‚
qηt2´4p‚qdˆ‚q ‹c f

̇

pp4 ´ t2qc´1, tq (8.8)

on SpX̄{SL2q.
Fourier transform on functions descends to the involution

Opc,tqpFΦq “ λpηt2´4, ψq´1

ˇ

ˇ

ˇ

ˇ

4 ´ t2

c2

ˇ

ˇ

ˇ

ˇ

1
2

¨

¨

ˆ

pψp
1

‚
q| ‚ |´1dˆ‚q ‹c pψp

1

‚
qηt2´4p‚q| ‚ |´1dˆ‚q ‹c Op‚,tqΦ

̇

pp4´ t2qc´1, tq

(8.9)

on FpX̄{SL2q, for t ‰ ˘2 and c ‰ 0.

Proof. The fiber of X̄ over a fixed value t ‰ ˘2 is isomorphic to Ṽ t “ V ˆTt

SLpV q, where Tt is the centralizer of a g P SLpV q with trpgq “ t, and V
is identified with the fiber V ˆ tgu of X̄ over g. Equivalently, Tt can be
identified with the special orthogonal group of the quadratic form cpvq “

´ωpv, vgq. If t2 ´ 4 ‰ 0, this quadratic form is non-degenerate, and Tt is a
torus. For any φ P DpX̄{SL2q, the section

φ

pdtq
1
2

: t ÞÑ
φp‚, tq

pdtq
1
2

is a section of elements of the spaces DprV {Ttsq (when t ‰ ˘2), and since
symplectic Fourier transform is defined fiberwise, the Hankel transform
HX exists, and satisfies:

HXφ

pdtq
1
2

ptq “ Ht

˜

φp‚, tq

pdtq
1
2

¸

,

where Ht is the symplectic Hankel transform of Proposition 7.4.4, now with
an index t to denote the specific fiber.

One immediately computes that the discriminant of the quadratic form
cpvq “ ´ωpv, vgq is d “ ´1

4ptrpgq2 ´ 4q “ ´1
4pt2 ´ 4q. Applying now Propo-

sition 7.4.4, the result follows.
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□

8.2.3. Remark. Let us also explicitly see how (8.9) is obtained from a formal
calculation (which is justified by Proposition 7.4.4):

We identifyX withNdiagzpSL2q2, and represent its points by pairs pg1, g2q

of elements in SL2. The fiber of X̄ over 1 P Y “ SL2 is thus identified with
A

2, the affine closure of NzSL2, and Fourier transform on this fiber is ob-

tained by identifying the point px, yq P A2 with the coset
ˆ

˚ ˚

x y

̇

P NzSL2,

and using the symplectic form dx ^ dy on A2. Explicitly, if φ is a function
onA2, its symplectic Fourier transform on the fiber is given by

φ̂pc, dq “

ż

F 2

φpx, yqψpxd´ ycq, (8.10)

and the Fourier transform F on SpX̄q is induced from this fiberwise Fourier
transform. In particular, if φ is the restriction of Φ over the fiber of 1 P Y ,
the evaluation of FΦ at the point represented by 1 in NdiagzpSL2q2 is given
by (8.10) setting c “ 0 and d “ 1. Translating by pg1, g2q on the right, we
obtain the formula

FΦpg1, g2q “

ż

F 2

Φ

ˆˆ

y´1

x y

̇

g1,

ˆ

y´1

x y

̇

g2

̇

ψpxqdxdy.

For c ‰ 0, we can choose a section of the map X Ñ X � SL2 by pc, t “

trq ÞÑ p

ˆ

t ´c´1

c

̇

, 1q (modulo Ndiag on the left). We compute the orbital

integrals for the SLdiag
2 -action:

Opc,tqpFΦq “

ż

SL2

ż

F 2

Φ

ˆˆ

y´1

x y

̇ ˆ

t ´c´1

c

̇

g,

ˆ

y´1

x y

̇

g

̇

ψpxqdxdydg.

We are justified to change the order of integration (see Remark 7.4.2) and
write

ż ˚

F 2

ż

SL2

Φ

˜

ˆ

y´1

x y

̇ ˆ

t ´c´1

c

̇ ˆ

y´1

x y

̇´1

g, g

¸

dgψpxqdxdy “

“

ż ˚

F 2

Opc´1x2`txy`cy2,tqpΦqψ´1pxqdxdy.

We can write

c´1x2 ` txy ` cy2 “ c´1p4 ´ t2q
x2 ` p4 ´ t2q´1v2

4
“ c´1p4 ´ t2qNpzq,

where v “ tx ` 2cy, and z “
x`pt2´4q

´ 1
2 cv

2 is an element in the quadratic
extension E “ Et2´4 “ F p

?
t2 ´ 4q (so that x “ trpzq). The measure dxdy “
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|2c|´1dxdv is |c´2p4´t2q|
1
2 times the measure dz onE4´t2 which is self-dual

with respect to the character ψE “ ψ ˝ tr on E. Hence, we can write

Opc,tqpFΦq “ |c´2p4 ´ t2q|
1
2

ż ˚

E
Opc´1p4´t2qNpzq,tqpΦqψ´1

E pzqdz

which, again by Remark 7.4.2, is (8.9).

8.3. The Sym2-subspace. The Rankin–Selberg method allows us to study
the tensor product L-function of two automorphic representations. This is
because, locally, there is an unfolding map (that we will study in the next
section)

U : FpX̄q Ñ C8ppN,ψq2zG̃q,

such that the characteristic function of 1X̄poq, for F non-Archimedean with
ring of integers o, maps to a Whittaker function which is the generating
series for the local unramified L-function Lpπ1 ˆ π2, sq. We will study this
unfolding operator in the next section.

In this paper, we study the descent of FpX̄q modulo the diagonal action
of SL2, which can be spectrally decomposed in terms of representations (of
SL2

2 {t˘1udiag) of the form π1 b π2 with π1 “ π2Ă. If we set π :“ π1 “ π2Ă, the
L-function Lpπ1 ˆ π2, sq decomposes as Lpπ,Sym2, sqζpsq.

In this subsection, we want to extract a subspace SpX̄{SL2q˝ of SpX̄{SL2q

that is “responsible” for the factor Lpπ,Sym2, sq. Geometrically, it will cor-
respond to the spaces SprV {Ttsq

˝ on the various fibers, which we saw in
§7.1, in the sense that its elements, divided by the measure dt and restricted
to fibers with t ‰ ˘2 will indeed be elements of SprV {Ttsq

˝. However, this
geometric property does not fully describe the space here, because it gives
us no control over the behavior as t Ñ ˘2.

In the non-Archimedean case, the space SpX̄{SL2q˝ can be obtained from
SpX̄{SL2q, as in the case of SprV {T sq˝, by applying the element of the com-
pleted Hecke algebra h P SpAadq{ with Mellin transform ȟpχq “ Lpχ, α̌, 12q´1.
Again, such a multiplier is not available in the Archimedean case, so we
will work with Mellin transforms, imitating the description of SprV {T sq˝

in §7.5.

8.3.1. Mellin transforms. Let D be the Fréchet bundle over the character
groupApC whose fiber over χ is the space SpAzX,Lχq of Schwartz measures
onAzX , valued in the line bundle Lχ whose sections are pA,χq-equivariant
functions on X , for the normalized action. The space SpAzX,Lχq is in non-
degenerate duality with the space C8

temppAzX,Lχ´1q of tempered pA,χ´1q-
equivariant functions, and integrating such functions against Schwartz mea-
sures on X we get a Mellin transform:

SpXq Q f ÞÑ f̌pχq P SpAzX,Lχq.
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As in §7.5, there is a natural notion of Paley–Wiener sections HPWpApC,Dq

of this Fréchet bundle. Moreover, since

X » V ˚ ˆ SLpV q “ V ˚ ˆSLpV qdiag SLpV q2,

where V ˚ denotes the complement of zero in V , we have

Dχ “ SpAzX,Lχq » SpAzV ˚,Lχq b̂ SpSLpV qq “ DV,χ b̂ SpSLpV qq,

in the notation of §7.5, and the Paley–Wiener sections of D are

HPWpApC,Dq “ HPWpApC,DV q b̂ SpSLpV qq.

It immediately follows by induction from V ˚ that the image of Mellin
transform on SpV ˚q is the space of Paley–Wiener sections of D , giving rise
to an isomorphism

SpXq
„
ÝÑ HPWpApC,Dq. (8.11)

Proposition 7.5.3 allows us, by induction, to extend the transform and the
description of its image to SpX̄q:

8.3.2. Proposition. Mellin transform converges on SpX̄q for |χ| “ δs with
ℜpsq ! 0, and admits rational/meromorphic continuation to all ApC, giving rise
to an isomorphism

SpX̄q
„
ÝÑ HPWpApC,E q, (8.12)

where E Ă Dp´rLp‚,´α̌, 1qsq is the subsheaf of those sections whose residues at
the poles of Lp‚,´α̌, 1q, where the fiber

Dχ “ Ind
SLpV q2

SLpV qdiag
DV,χ

contains the induction W̃χ :“ Ind
SLpV q2

SLpV qdiag
Wχ of a finite-dimensional representa-

tion Wχ of SLpV q, lie in W̃χ.

We will define the Sym2-subspace SpX̄{SL2q˝ by descending from a space
“upstairs” but again, for that purpose, we need to work with the quotient
stack X̄ad “ rX̄{t˘1us which already carries an action of Aad. Notice the
isomorphism of stacks:

rX̄{SL2s “ rX̄ad{PGL2s, (8.13)

which implies that the push-forward space SpX̄{SL2q is also the image of
the Schwartz space SpX̄adq. In terms of (isomorphism classes of) F -points,
X̄ad admits a similar description as the stack Vad that we encountered in
§7.5, namely,

X̄adpF q “
ğ

α

X̄
α

pF q{t˘1u,

where α runs over all quadratic extensions of F , and X̄
α is the X̄-torsor

over the same base Y “ SLpV q that we obtain by twisting X̄ by a Z{2-
torsor. Thus, the Schwartz space SpXadq can be identified with the space of
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t˘1u-coinvariants (or invariants) of the sum
à

α

SpX̄
α

pF qq.

We have an isomorphism

X̄ad » Vad ˆSLpV qdiag SLpV q2,

and this immediately implies from Corollary 7.5.5 that the Schwartz space
SpXadq admits a Mellin transform with respect to the action of Aad (I leave
the definitions to the reader, since they are completely analogous to the
previous ones), whose image is described by the following:

8.3.3. Proposition. Mellin transform gives rise to isomorphisms:

SpXadq
„
ÝÑ HPWpAad

yC,Dadq, (8.14)

and
SpX̄adq

„
ÝÑ HPWpAad

yC,Eadq, (8.15)

where Dad,Ead are the pullbacks of D ,E under the natural map s˚ : Aad
yC Ñ ApC.

The space SpX̄{SL2q˝ that we are after will arise, as in the case of SprV {T sq˝,
from the subsheaf E ˝

ad “ EadprLp‚,´ α̌
2 ,

1
2qsq, i.e. those sections of Ead which

vanish at poles of the local L-function Lpχ,´ α̌
2 ,

1
2q. Notice that, as mero-

morphic sections of the bundle Dad “ s˚˚D , those are holomorphic at the
poles of thisL-function, and valued in the induction of the finite-dimensional
subrepresentation of the principal series Ipχ´1q of SLpV qdiag; they may
have simple poles at the poles of Lpχω,´ α̌

2 ,
1
2q, for ω a non-trivial qua-

dratic character, but their residues also lie in the induction of the finite-
dimensional subrepresentation. We define SpX̄adq˝ as the subspace of SpX̄adq

which, under the Mellin transform of Proposition (8.3.3) coincides with the
subspace HPWpAad

yC,E
˝
adq. Pushing forward to CX “ X̄ � SL2, we de-

fine SpX̄{SL2q˝ as the closure of the image of SpX̄adq˝. We have a cor-
responding space DpX̄adq˝ of half-densities, dividing by the half-density
pdcq

1
2 pdtq

1
2 .

8.3.4. Lemma. The sheaves Ead and E ˝
ad are generated by their global Paley–

Wiener sections. In the non-Archimedean case, the action of the element h P

SpAadq{ whose Mellin transform is Lpχ, α̌2 ,
1
2q´1 gives rise to an isomorphism:

SpX̄adq
h¨
ÝÑ SpX̄adq˝.

Proof. The proof is identical to the one of the analogous statements for V
(Corollary 7.5.5 and Lemma 7.5.6). □

Recall that X̄ » V ˆ SLpV q and X̄ad » Vad ˆ SLpV q. If we fix a Haar
measure dg on SLpV q, the quotient DpX̄adq˝

pdgq
1
2

consists of functions:

SLpV q Ñ DpVadq˝.
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On the spaces DpVadq˝ we have, by Proposition 7.5.8, an endomorphism
F˝. In this subsection (and later), we will denote by F˝ the induced endo-
morphism of DpX̄adq˝, defined fiberwise. It is Aad-anti-equivariant under
the normalized action.

Here is the main result of this subsection:

8.3.5. Theorem. We have a commutative diagram

DpX̄adq˝ F˝

→→

↓↓

DpX̄adq˝

↓↓
DpX̄{SL2q˝

H˝
X →→ DpX̄{SL2q˝,

(8.16)

where

H˝
Xφpc, tq “ λpηt2´4, ψq´1

ˆ

pψp
1

‚
qηt2´4p‚q| ‚ |´

1
2dˆ‚q ‹c φ

̇

pp4´t2qc´1, tq.

(8.17)

8.3.6. Remark. The operators H˝
X , HX are related by

HX “ F α̌
2
, 1
2

˝ H˝
X “ H˝

X ˝ F´ α̌
2
, 1
2
, (8.18)

where F˘ α̌
2
, 1
2

are the Fourier convolutions of §2.1.7 for the Aad-action on
half-densities on X̄ � SL2.

Proof. Notice that for every g P SLpV q with t :“ trpgq ‰ ˘2, the centralizer
of g is a torus Tt, and the fiber of the stack rX̄{SL2s “ rX̄ad{PGL2s over g
is isomorphic to rVt{Tts “ rVt,ad{Tt,ads, where Vt » V is the fiber of X̄ over
g, and the notation is otherwise analogous to the one of Proposition 7.5.9;
the result now follows from that proposition. □

8.3.7. Corollary. On Mellin transforms, we have

HXφ~ pχq “ γpχ,
α̌

2
,
1

2
, ψq ¨ H˝

Xφ
~ pχq (8.19)

for every φ P DpX̄{SL2q˝.

Proof. This follows from the above and (2.12). □

8.3.8. Remark. On the analogous space of measures SpX̄{SL2q˝, again with-
out normalization of the convolution action in the c-variable, the Hankel trans-
form H˝

X will read:

H˝
Xfpc, tq “ λpηt2´4, ψq´1

ˇ

ˇ

ˇ

ˇ

c2

4 ´ t2

ˇ

ˇ

ˇ

ˇ

1
2

ˆ

pψp
1

‚
qηt2´4p‚qdˆ‚q ‹c f

̇

pp4´t2qc´1, tq,

(8.20)
cf. (8.8).
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8.4. Basic vectors. We will be talking about “unramified data” for the space
X̄ whenF is non-Archimedean, unramified over the base field Qp or Fppptqq,
and, if we denote by o the ring of integers of F , the symplectic space V used
to define X̄ is defined over o, with an integral and residually non-vanishing
symplectic form ω. Assume this to be the case for this subsection.

Let Φ0 P FpX̄q be the characteristic function of X̄poq. We define the
basic vector fX̄ of SpX̄{SL2q to be the image of Φ0dx in SpX̄{SL2q, where
dxpX̄poqq “ 1. We have a normalized action of Aad on X̄ ; if we act on
fX̄ by the element h “ hLp α̌

2
, 1
2

q´1 of the completed Hecke algebra SpAadq{

whose Mellin transform is χ ÞÑ Lpχ, α̌2 ,
1
2q´1, we obtain an element f˝

X̄
P

SpX̄{SL2q˝ which will be our basic vector for this space:

f˝
X̄ :“ hLp α̌

2
, 1
2

q´1 ¨ fX̄ . (8.21)

Notice that fX̄ is Aadpoq-invariant, so we can replace h by its image hunr in
the unramified Hecke algebra ofAad; our conventions on Mellin transforms
are inverse to usual conventions on Satake transforms, hence the Satake
transform of hunr, as a polynomial on the dual torus Ǎad, will be is p1 ´

q´ 1
2 e´ α̌

2 q, where e´ α̌
2 is understood as a character of Ǎad. By construction,

the Mellin transforms of these two basic functions satisfy:

f̌ X̄pχq “ Lpχ,´
α̌

2
,
1

2
qf̌

˝

X̄pχq. (8.22)

For later use, I note that we have one more distinguished unramified
vector in SpX̄q, namely, the invariant probability measure on Xpoq; its im-
age in SpX̄{SL2q will be denoted by fX . The element in the unramified
Hecke algebra of A whose Satake transform is p1 ´ q´1e´α̌q maps (under
the normalized action) the characteristic function of 1X̄poq to the character-
istic function of 1Xpoq; multiplying by an invariant measure, and taking into
account that the ratio between the measures of Xpoq and X̄poq is p1 ´ q´2q,
we obtain that

hLpα̌,1q´1 ¨ fX̄ “ p1 ´ q´2qfX , (8.23)

where hLpα̌,1q´1 P SpAadq{ has Mellin transform χ ÞÑ Lpχ, α̌, 1q´1.
On the spaces of half-densities DpX̄{SL2q, DpX̄{SL2q˝, we define the

basic vectors, denoted by the same symbols fX̄ and f˝
X̄

, as the quotients of

the corresponding basic measures by the half-density pdc dtq
1
2 .

As usual, it makes sense to act on the basic vectors by an element of the
unramified Hecke algebra of G̃, by acting on the defining measures on X̄ .

8.4.1. Theorem. The Hankel transforms HX , resp H˝
X , map

HX : h ¨ fX̄ ÞÑ pι˚hq ¨ fX̄ ,

resp.
H˝
X : h ¨ f˝

X ÞÑ pι˚hq ¨ f˝
X̄ ,



42 YIANNIS SAKELLARIDIS

for any element of the unramified Hecke algebra of G̃, where ι : G̃ Ñ G̃ is the invo-
lution induced from inversion on the “factor” A of G̃ “ pAˆ SLpV q2q{t˘1udiag.

Proof. Symplectic Fourier transform preserves the characteristic function of
X̄poq, and is pG̃, ιq-equivariant, hence the statement about HX .

For H˝
X it follows by considering Mellin transforms, and invoking (8.18)

and (2.12). □

9. HANKEL TRANSFORM FOR THE SYMMETRIC SQUARE L-FUNCTION OF
GL2.

The representation Sym2 of GL2 factors through GL2 {t˘1u » Gm ˆ

PGL2, the dual group of G :“ Gm ˆ SL2, and coincides with the tensor
product of the identity representation of Gm with the adjoint representation
Ad of PGL2. We wish to study the functional equation for its L-function,
at the level of the Kuznetsov formula of G. In what follows, the group G
will be identified with the group that, in the notation of the previous sec-
tion, was Aad ˆ GLpV q, with Aad identified with Gm via the positive root
character.

We denote the three weights of Sym2 by λ̌`, λ̌0 and λ̌´, considered as
coweights of the universal Cartan of G, so that λ̌´ is anti-dominant and λ̌`

is dominant.
The main goal of this section is to describe a local transformation (“Han-

kel transform”) between certain spaces of non-standard half-densities for
the Kuznetsov formula, which is responsible for the functional equation of
the symmetric-square L-function:

HSym2 : D´

LpSym2, 1
2

q
pN,ψzG{N,ψq

„
ÝÑ D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq.

To describe it, we denote by ηD the quadratic character associated to the
quadratic extension F p

?
Dq, considered as a character of the Gm-factor, and

identified with the operator of multiplication by this character. We denote
by δa the operator of multiplicative translation by a, under the Gm-action
on NzG � N » Gm ˆ pNzSL2 �Nq. The letter ζ denotes the coordinate on
NzSL2 �N (hence also on NzG�N , by projection) that was fixed in §2.2.4.

Notice that, since Gm is a direct factor of G (hence also of NzG �N ), for
any space of half-densities on NzG�N and any character χ of GmpF q, one
has a pGm, χq-equivariant projection map to half-densities on NzSL2 �N ,
given by an integral over the Gm-factor — assuming that this integral con-
verges. This integral will depend on the choice of a Haar measure on Gm,
which we fix to be the standard one used throughout this paper (“ dx

x ,
where dx is self-dual with respect to the fixed additive character ψ). We
will call this integral the pGm, χq-equivariant integral of the given space of
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half-densities. Explicitly, for a half-density φ on NzG �N , its “pGm, | ‚ |sq-
equivariant integral” is the following half-density on NzSL2 �N :

ζ ÞÑ

ż

Gm

φpa, ζq|a|´spdˆaq
1
2 .

Throughout this section, including in the main theorem that follows, we
make use of the non-standard spaces S´

LpAd,χq
pN,ψzSL2 {N,ψq of test mea-

sures for the Kuznetsov formula of SL2, introduced in §2.2.4 — where, we
recall, when χ “ | ‚ |s, we replace it simply by s in the notation — and the
related spaces of half-densities D´

LpAd,sq
pN,ψzSL2 {N,ψq introduced at the

end of that section. These spaces were defined explicitly in terms of their
germs; in contrast, we will not provide such descriptions for non-standard
spaces of test densities for the Kuznetsov formula of G, which live over a
2-dimensional space of orbits — rather, they will be defined abstractly in
the beginning of §9.2 as images of certain spaces associated to the Rankin–
Selberg variety.

9.0.1. Theorem. There is a space D´

LpSym2, 1
2

q
pN,ψzG{N,ψq of (densely defined)

half-densities on NzG � N , containing DpN,ψzG{N,ψq, whose pGm, | ‚ |sq-
equivariant integrals converge for ℜpsq " 0, admit meromorphic continuation to
the entire complex plane, and have image equal to D´

LpAd, 1
2

`sq
pN,ψzSL2 {N,ψq,

for every s away from the poles.
Moreover the transform:

HSym2 “ λpηζ2´4, ψq´1F´λ̌`,
1
2

˝ δ1´4ζ´2 ˝ ηζ2´4 ˝ F´λ̌0,
1
2

˝ ηζ2´4 ˝ F´λ̌´,
1
2

(9.1)
is a Gm-equivariant isomorphism

D´

LpSym2, 1
2

q
pN,ψzG{N,ψq

„
ÝÑ D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq,

where the space on the right is the analogous space with the Gm-coordinate in-
verted, hence descends for every s P C away from the poles to an isomorphism

HAd,s : D´

LpAd, 1
2

`sq
pN,ψzSL2 {N,ψq

„
ÝÑ D´

LpAd, 1
2

´sq
pN,ψzSL2 {N,ψq.

As π varies in a family of representations twisted by the character | ‚ |s of Gm,
the Hankel transform satisfies:

H˚

Sym2Jπ “ γpπ,Sym2,
1

2
, ψq ¨ Jπ, (9.2)

as meromorphic families of functionals on D´

LpSym2, 1
2

q
pN,ψzG{N,ψq, where Jπ

are the relative characters for the Kuznetsov formula (see §4.1), and γpπ,Sym2, 12 , ψq

is the local gamma factor for the functional equation of the symmetric-square L-
function (see §9.5).

Finally, the space D´

LpSym2, 1
2

q
pN,ψzG{N,ψq contains the “basic vector” fLpSym2, 1

2
q

attached to LpSym2, 12q (defined in §2.2.4). The Hankel transform HSym2 maps
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h ¨ fLpSym2, 1
2

q to h ¨ fLppSym2q_, 1
2

q, for any element h of the unramified Hecke alge-
bra.

The proof of this theorem will occupy this section. The statement will be
obtained by the “unfolding” method from the Hankel transform (8.2.1) for
the Rankin–Selberg variety. In the process, we will also prove the outstand-
ing statements of Theorem 4.2.1 for the comparison between the group and
Kuznetsov trace formulas for SL2.

9.1. Unfolding. Let V a two-dimensional symplectic vector space, and X ,
X̄ , A, Aad as in the previous section. I remind that the group acting on
the Rankin–Selberg variety X̄ is G̃ “ pA ˆ SLpV q2q{t˘1u. The group G “

Gm ˆSL2 will, more canonically, be identified with the group Aad ˆSLpV q,
and as the quotient of the group G̃ (as varieties), with the quotient map
induced by

pa, g1, g2q ÞÑ paad, g1g
´1
2 q, (9.3)

where aad is the image of a through A Ñ Aad.
The name of unfolding is given to the method which, globally, proves that

the Rankin–Selberg integral of two cusp forms is equal to an Euler product,
by relating it with the Whittaker/Fourier coefficients of the cusp forms.
Locally, it translates to an explicit L2-isometry:

U : L2pXq
„
ÝÑ L2pÑ , ψ̃zG̃q,

where Ñ “ N ˆ N is a maximal unipotent subgroup of G̃, endowed with
the non-degenerate character ψ̃ “ ψˆψ´1. The goal of this subsection is to
compute the descent of the unfolding map to coinvariants, giving rise to a
morphism

Ū : SpX̄{SL2q Ñ S´´pN,ψzG{N,ψq

(the image being a non-standard space of test measures for the Kuznetsov
formula), see Proposition 9.1.4.

The map U is described as follows:
Recall that X̄ » V ˆ SLpV q comes with a map π : pv, gq ÞÑ pv, vgq to

V ˆ V . This can be used to identify X̄ with the space classifying triples
pv, w, gq, where v, w P V and g P SLpV q with vg “ w. The open subset X “

V ˚ ˆ SLpV q is a Ga-torsor over its image V ˚ ˆ V ˚, as follows: As we have
seen in §2.2.2, the symplectic structure on V gives rise to a trivialization of
the inertia group scheme over V ˚:

S :“ tpg, vq P SLpV q ˆ V ˚|vg “ vu » Ga ˆ V ˚. (9.4)

We recall that we fixed this isomorphism so that Ga » SLpV qv acts on the
set of vectors w with ωpv, wq “ 1 by x ¨w “ w´ xv. This group scheme acts
onX over V ˚ ˆV ˚, turning it into a Ga-bundle; our convention will be that
S is identified with the inertia group scheme of the first copy of V ˚.

We let S_ be the dual vector bundle over V ˚; of course, this is again
isomorphic to Ga ˆ V ˚, but it will be good to distinguish one from its dual.
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We let Z̄ “ S_ ˆV ˚ — it is canonically isomorphic to GaˆV ˚ ˆV ˚. Finally,
we set

Z̃ “ X ˆV ˚ˆV ˚ Z̄ » X ˆV ˚ S_ » Ga ˆX (9.5)

for the base change of this vector bundle toX (where the second fiber prod-
uct is over the first copy of V ˚). The complements of the zero sections of Z̄,
Z̃ will be denoted by Z, resp. Z̃.

Thus, we have a Cartesian diagram, where the labels on the arrows de-
note the group or group scheme for which they are torsors:

Z̃
Gm

↙↙

Ga

↘↘
X

Ga ↘↘

Z

Gm↙↙
V ˚ ˆ V ˚.

To reformulate, Z classifies SLpV q-equivariant isomorphisms S „
ÝÑ Ga ˆ

V ˚, together with points on V ˚ ˆ V ˚, and it has a canonical section

V ˚ ˆ V ˚ Ñ Z

corresponding to the canonical trivialization (9.4).
Group-theoretically, the above diagram corresponds to the diagram

Z̃ “ NdiagzG̃

←← →→
X “ Adiag

ad NdiagzG̃

→→

Z “ ÑzG̃

←←

V ˚ ˆ V ˚ “ Adiag
ad ÑzG̃.

(9.6)

Here, Adiag
ad denotes the diagonal embedding of Aad in all three factors of

the product ÑzG̃ » A ˆ NzSLpV q ˆ NzSLpV q{t˘1udiag. Recall our con-
vention that the universal Cartan A “ B{N acts on NzSLpV q via a twist
of the natural action by the non-trivial Weyl group element, which is why
the stabilizer of a point onX over the diagonal of V ˚ is, indeed, Adiag

ad Ndiag.
The identification of Z̃ Ñ X as a Gm-torsor corresponds to the identifi-
cation Aad

„
ÝÑ Gm via the positive root character. Similarly, we have an

isomorphism
Z » Aad ˆ pV ˚ ˆ V ˚q, (9.7)

when we identify Aad with Gm via the positive root character.
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9.1.1. Remark. To avoid any confusion, I stress that the “factor” A of G̃ acts
diagonally on this product (namely, via its canonical quotient on Aad, and
via the positive half-root character on pV ˚ ˆ V ˚q).

For an element pt, g1, g2q in AˆNzSL2 ˆNzSL2, we will be denoting by
rt, g1, g2s its image in Z. The group A acts “on the left” on NzSL2 by the
same convention, hence A3{t˘1udiag acts on Z. We let Aadiag

ad denote the
anti-diagonal embedding a ÞÑ pa, a´1, a´1q of Aad into A3{t˘1u, where the
first factor corresponds to the “factor” A of G̃; we identify Aadiag

ad with Aad

through this first factor. The embedding Z̄ is then the space

Z̄ “ Ga ˆAadiag
ad Z, (9.8)

where Aad acts on Ga via the positive root character. Explicitly, by taking N
to be the upper triangular unipotent subgroup of SL2, this is the quotient
of Ga ˆN2 ˆ SL2

2 by the equivalence relation

pxa, rt,Ng1, Ng2sq „ px, rt¨

˜

a
1
2

a´ 1
2

¸

, N

˜

a
1
2

a´ 1
2

¸

g1, N

˜

a
1
2

a´ 1
2

¸

g2sq,

where

˜

a
1
2

a´ 1
2

¸

is written symbolically for an element ofAad “ A{t˘1u.

Again, by our conventions for the action of A on NzSLpV q, the quotient
by the action of Aadiag

ad in (9.8) translates to the embedding of Aad in the
stabilizer being the diagonal one. Notice also that the added orbit Adiag

ad zZ
corresponding to x “ 0 lies at the “funnel” — that is: at the infinity of the
affine closure of Z.

Having fixed the additive character ψ, and its self-dual measure on F ,
there is a natural notion of Fourier transform of functions onX along fibers
of the Ga-bundle X Ñ V ˚ ˆ V ˚, with image on a certain space of functions
on Z̃. The reader can consult [SV17, §9.5] for a more general discussion.
The issue here is that the fibers of X over V ˚ ˆ V ˚ do not have a canonical
base point, in order to identify them with vector spaces. Here is where the
space Z̃ comes to play a role, because it fixes not only a linear functional on
the structure group of X , but also a base point on it. Thus, a point of Z̃ can
be represented as a pair px, ℓq, where x P X and ℓ is a linear functional on
the fiber Sx of the structure group over x. If, moreover, the pair belongs to
Z̃ (i.e., ℓ ‰ 0), then ℓ is an isomorphism:

ℓ : Sx
„
ÝÑ Ga,

so a point of Z̃ gives both a base point on X and a trivialization of the
structure group (not necessarily the same as the canonical one (9.4)).
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We use these data to define Fourier transform: For a function Φ on X ,
we define a function on Z̃ by

UΦpx, ℓq “

ż

Ga

Φpx` ℓ´1zqψ´1pzqdz. (9.9)

Whenever the above integral is convergent, the function UΦ has the fol-
lowing properties:

‚ It is pGa, ψq-equivariant on the Ga-torsor Z̃ Ñ Z.
‚ Along the Gm-torsor Z̃ Ñ X , we have

lim
aÑ0

|a|´1UΦpx, a ¨ ℓq “

ż

Ga

Φpℓ´1pzqqdz,

the zeroth Fourier coefficient of Φ along π´1pπpxqq with the measure
defined by ℓ´1, assuming that the Fourier transform of Φ along this
Ga-torsor is continuous at zero.

Thus, we can think of UΦ as a section of a certain complex line bundle
L1 over Z̄. In general, we will define, for every complex number s, a line
bundle Ls as the tensor product of two line bundles on Z̄:

Ls “ Lψ b Lδs .

The former, Lψ, restricts to the Whittaker line bundle on Z, whose sections
are pGa, ψq-equivariant functions on Z̃. This can be extended to a line bun-
dle over Z̄, whose restriction to Z̄ ∖ Z is the trivial line bundle; its sections
are functions on Z̃ which satisfy Φpx, ℓq “ ψp⟨z, ℓ⟩qΦpx1, ℓq for any quadru-
ple px, x1, z, ℓq P X2 ˆ S ˆ Z̄ over the same point of V ˚ ˆ V ˚ such that
x “ z ¨ x1. The other line bundle, Lδs , is the line bundle over Z̄ whose sec-
tions are smooth functions on Z which in any small neighborhood of the
boundary are of the form |ϵ|s ¨ Φ, where Φ is a smooth function on Z̄ and
ϵ is a local coordinate compatible with the Gm-action. The notation δs is
justified by the isomorphism (9.8).

Similarly, we can define Fourier transform for half-densities and mea-
sures. This will land in half-densities on Z̄ valued in L0, and measures on
Z̄ valued in L´1, respectively. Restricting to Schwartz functions, densities
or measures on X , Fourier theory on the line implies:

9.1.2. Proposition. The unfolding map defines isomorphisms

U : FpXq
„
ÝÑ FpZ̄,L1q,

U : DpXq
„
ÝÑ DpZ̄,L0q,

U : SpXq
„
ÝÑ SpZ̄,L´1q.

For these to be equivariant with respect to the G̃-action, we need to be
careful about normalizations, since the action of A on FpXq and SpXq has
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been normalized in (8.2), (8.1). We therefore we need to letA act on sections
of Ls over Z̄ by

a ¨ Φpxq “ δpaq
1
2Φpa ¨ xq, (9.10)

and on measures valued in Ls by

a ¨ µpxq “ δpaq´ 1
2µpa ¨ xq. (9.11)

In other words, we twist the usual action of G̃ on its Whittaker functions or mea-
sures by the characters δ

1
2 . As usual, no normalization is needed for half-

densities. In terms of this normalized action, the group Aadiag
ad acts on the

fibers of the sheaf of sections of Lδs over Z̄ ∖ Z by the character δs` 1
2 , and

on the fibers of the sheaf of measures valued in Lδs by the same charac-
ter. There are now equivariant isomorphisms, depending on the choice of
a measure:

FpZ̄,L1q Ñ DpZ̄,L0q Ñ SpZ̄,L´1q, (9.12)
that are obtained as follows: Choose a G̃-invariant measure dˆz on Z. (The
notation dˆz will be explained below.) Notice that a G̃-invariant measure
dˆz on Z has a triple pole at Z̄∖Z, i.e., in a local coordinate ϵ is is a multiple
of |ϵ|´3 by a smooth measure; indeed, under the unnormalized actionAadiag

ad

acts on dˆz by the character δ´2, and on the fibers over Z̄∖Z of the bundle
of smooth measures by δ — thus, the invariant measure is of the form |ϵ|´3

times a smooth measure on Z̄. The character δ can be understood as a
function on Z via (9.7). Now define the maps (9.12) by multiplying by
pδ ¨ dˆzq

1
2 . It is immediately seen that these maps are equivariant for the

normalized action.
Let us be a bit more careful about choices of measures. Suppose an

SLpV q2-invariant measure chosen on V ˚ ˆ V ˚ — for example, the one de-
termined by the symplectic form. Any identification of the group scheme
S with Ga ˆ V ˚ ˆ V ˚ induces, by our fixed measure on Ga, measures dx
on X and dz on Z which are dual with respect to Fourier transform. These
measures are SLpV q2-equivariant but vary by the character δ of the quo-
tient G̃ Ñ Aad; this is the meaning of the notation dˆz above, since by dz
we will denote a pG̃, δq-equivariant measure on Z. In any case, a choice of
such dual measures induces a commutative diagram

FpXq

¨dx
↓↓

U →→ FpZ̄,L1q

¨dz
↓↓

SpXq
U →→ SpZ̄,L´1q

(9.13)

(and similarly for half-densities).
We extend the unfolding morphism, by the same formula, to the space

of Schwartz functions on X̄ .

9.1.3. Lemma. The unfolding map (9.9) converges absolutely on FpX̄q.
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Proof. The map is given by an integral over a unipotent orbit; this orbit is
closed in the affine space X̄ , where elements of FpX̄q are of rapid decay.
Thus, the integral is convergent. □

We extend it similarly to half-densities or measures to consider it as map
from DpX̄q, resp. SpX̄q; their images are spaces D´´pZ,Lψq, S´´pZ,Lψq of
Whittaker half-densities and measures for G̃ which contain DpZ̄,L0q, resp.
SpZ̄,L´1q.

Now fix a point v P V ˚, a preimage z “ pv, v, ℓq of pv, vq in Z, let N be
the stabilizer of v in SLpV q, and use ℓ to identify N „

ÝÑ Ga. This identifies
Z with N2zG̃, and the map (9.3) identifies Z{SLpV qdiag with the quotient
NzG{N . Twisted push-forward as in §2.2.1 gives a map

SpZ,Lψq Ñ SpN,ψzG{N,ψq.

Now we fix coordinates: We recall that on the two-dimensional affine
space X̄ � SL2 we have fixed coordinates pc, tq in §8.1. On the other hand,
we will identify N » Ga with the upper triangular subgroup of SL2, and
the space of S´´pN,ψzG{N,ψq with a space of scalar-valued measures on
NzG �N , by choosing the section described in §2.2.1 (or, more invariantly,
at the end of §2.2.2). Here our group is G “ Aad ˆ SLpV q, so we have
coordinates pa, ζq, where ζ is as in §2.2.1 and a P Gm is the positive root
character applied to the factor Aad.

Consider a diagram

SpX̄q
U →→

↓↓

S´´pZ,Lψq

↓↓
SpX̄{SL2q

Ū→→ S´´pN,ψzG{N,ψq,

where the last space is defined as the (twisted) push-forward of measures
in S´´pZ,Lψq.

9.1.4. Proposition. The dotted arrow in the bottom making the above diagram
commute exists, and is given by the absolutely convergent integral

Ūpfqpa, ζq “

ż

Gm

fpζa, ζwqψ´1pwqdˆw. (9.14)

For the analogous diagrams for functions and half-densities we have:

ŪpΦqpa, ζq “

ż

Gm

Φpζa, ζwqψ´1pwqdw. (9.15)

for functions and

Ūpφqpa, ζq “

ż

Gm

φpζa, ζwqψ´1pwq|w|
1
2dˆw. (9.16)

for half-densities.
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In other words, if we identify the coordinates on the two sides by
#

t “ ζ

c “ ζa
ô

#

ζ “ t

a “ ct´1,
(9.17)

and set f̃pa, ζq “ fpζa, ζq, we have, for measures,

Ūpfqpa, ζq “

ż

Gm

f̃paw´1, ζwqψ´1pwqdˆw “
`

ψ´1p‚qdˆ‚
˘

‹λ̌ f̃pa, ζq, (9.18)

where ‹λ̌ denotes multiplicative convolution along the cocharacter λ̌pxq :“
pa “ x, ζ “ x´1q (without any normalization for the action of Gm on mea-
sures or functions). The inverse is given by

f̃pa, ζq “
`

ψp‚q| ‚ |dˆ‚
˘

‹´λ̌ Ūfpa, ζq,

hence

Ū´1
hpc, tq “

ż

h

ˆ

wc

t
,
t

w

̇

ψpwqdw. (9.19)

For half-densities, with φ̃pa, ζq “ φpζa, ζq, we have

Ūpφqpa, ζq “

´

ψ´1p‚q| ‚ |
1
2dˆ‚

¯

‹λ̌ φ̃pa, ζq. (9.20)

Proof. For what follows, for any element y P Ga we will denote by pyq1 the

point on X represented by the pair p

ˆ

1 y
1

̇

, 1q P pSL2q2. We also denote

by δ the modular character of the Borel, identified as a character of G via
projection to the Aad-quotient.

Let Φdx P SpX̄q, so Φ P FpX̄q. Let dz be the pG̃, δq-equivariant measure
on Z that is dual to dx, see the discussion before Proposition 9.13.

Let f be the push-forward of Φdx to CX “ X̄ � SL2. By the integration
formula (8.6), if Opc,tqpΦq denotes the SL2-orbital integral of Φ at the point
pc, tq with c ‰ 0, for a suitable choice of Haar measure on SL2, we have

fpc, tq “ Opc,tqpΦqdcdt “ Opc,tqpΦq|c| ¨ |t| ¨ dˆcdˆt.

Similarly, the push-forward of pUΦq ¨ dz to CZ “ Z � SL2 “ Aad ˆ

pNzSL2 �Nq, is computed in terms of the orbital integrals of the function
UΦ as follows: Recall that our trivialization of Kuznetsov orbital integrals
used the subvariety of anti-diagonal elements, which here can be repre-
sented by the elements

pa,

ˆ

´ζ´1

ζ

̇

1

q

inside of G. The subscript 1 indicates that the element belongs to the first
copy of SL2. The push-forward of UΦdz will be, here,

Ūfpa, ζq :“ Opa,ζqpUΦq|a| ¨ |ζ|2dˆadˆζ,

where dˆa is a Haar measure on Aad; we identify the latter with Gm via the
positive root character.
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The unfolding formula (9.9), in our present coordinates, reads

UΦprt, g1, g2sq “

ż

Ga

ΦpNdiag ¨ pt´1

ˆ

1 y
1

̇

g1, t
´1g2qqψ´1pyqdy. (9.21)

We compute the regular orbital integrals of UΦ, using this formula. Let
a1 P A with image a P Aad, with a identified as an element of Gm through
the positive root character. We have

Opa,ζqpUΦq “

ż

SL2

ż

Ga

Φ

ˆ

a1´1 ¨ pwq1 ¨

ˆ

´ζ´1

ζ

̇

1

g

̇

ψ´1pwqdwdg

“

ż

SL2

ż

Ga

Φ

ˆˆ

1 a´1w
1

̇

1

ˆ

´ζ´1a´1

ζa

̇

1

g

̇

ψ´1pwqdwdg.

This clearly remains true even if a is not in the image of ApF q Ñ AadpF q.
I claim that the above integral is absolutely convergent as a double in-

tegral. Indeed, if we let the group N ˆ SL2 act on X “ NdiagzSL2
2, with

N acting as N1, i.e. the unipotent subgroup in the first SL2-factor, and SL2

acting diagonally, then this action does not extend to X̄ , but the orbits rep-

resented by
ˆ

´ζ´1

ζ

̇

with ζ ‰ 0 are closed in X̄ : indeed, in the quotient

X̄ � SL2 » A
2
pc,tq they live over fixed, non-zero values for c, while X̄ ∖ X

lives over c “ 0. Thus, the double integral is absolutely convergent.
Thus, we can interchange the order of integration, and then, with the

identification Aad Q a
„
ÞÑ δpaq “ δpa1q P Gm, this reads

Opa,ζqpUΦq “

ż

Ga

Opζa,ζwqpΦqψ´1pwqdw.

Replacing functions by measures, we see that the push-forward mea-
sures satisfy:

Ūfpa, ζq “ Opa,ζqpUΦq|a||ζ|2dˆadˆζ

“

ˆ
ż

Ga

Opζa,ζwqpΦqψ´1pwqdw

̇

|a| ¨ |ζ|2dˆadˆζ

“

ˆ
ż

Ga

|ζa| ¨ |ζw|Opζa,ζwqpΦq|w|´1ψ´1pwqdw

̇

dˆadˆζ

“

ż

Gm

fpζa, ζwqψ´1pwqdˆw.

□

9.2. Hankel transform. Now recall the subspace SpX̄{SL2q˝ of §8.3, and
the corresponding subspace of half-densities, DpX̄{SL2q˝. We define the
space D´

LpSym2, 1
2

q
pN,ψzG{N,ψq (resp. S´

LpSym2,1q
pN,ψzG{N,ψq) to be the im-

age of the subspace DpX̄{SL2q˝ (resp. SpX̄{SL2q˝) under Ū :

Ū : DpX̄{SL2q˝ „
ÝÑ D´

LpSym2, 1
2

q
pN,ψzG{N,ψq
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(and similarly for S´

LpSym2,1q
pN,ψzG{N,ψq).

9.2.1. Remark. The passage from half-densities to measures on Z involves
multiplication by the half-density pδpzq ¨ dˆzq

1
2 , see the discussion after

Proposition 9.1.2 on Z. On the quotient Z{SL2 “ NzG{N , this corresponds
to multiplication by pδpaq ¨ dˆaq

1
2 ¨ pδpζq ¨ dˆζq

1
2 “ p|a|dˆaq

1
2 ¨ p|ζ|2 ¨ dˆζq

1
2 ,

where pa, ζq are coordinates as above, identified also with elements of the
universal cartan AG “ Aad ˆ A. The first factor is responsible for the
fact that we use the notation D´

LpSym2, 1
2

q
for half-densities, but S´

LpSym2,1q

for measures — it has to do with the L-function that one will obtain after
pairing with relative characters for the Kuznetsov formula. Of course, if
we descend the normalized action (9.11) to the space Z{SL2, this map from
half-densities to measures is equivariant.

We define

D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq “ j˚D´

LpSym2, 1
2

q
pN,ψzG{N,ψq,

where j is the involution on NzG�N induced by the inversion map on the
Aad-factor of G. We also define an unfolding map

Ū_
: DpX̄{SL2q˝ „

ÝÑ D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq

by
Ū_

“ j˚ ˝ Ū .
Now recall the Hankel transform H˝

X of Theorem 8.3.5, which is an en-
domorphism of DpX̄{SL2q˝. The composition

Ū_
˝ H˝

X ˝ Ū´1

is an isomorphism:

HSym2 : D´

LpSym2, 1
2

q
pN,ψzG{N,ψq

„
ÝÑ D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq.

Putting together the formulas already proved, we have

9.2.2. Proposition. The operator HSym2 is given by the formula

HSym2 “ λpηζ2´4, ψq´1F´λ̌`,
1
2

˝ δ1´4ζ´2 ˝ ηζ2´4 ˝ F´λ̌0,
1
2

˝ ηζ2´4 ˝ F´λ̌´,
1
2
,

where the Fourier convolutions are understood in the regularized sense of §2.1.7.

This is the formula of Theorem 9.0.1.

Proof. By (9.20), the map that sends Ūφ ÞÑ φ̃ is given by the convolution
´

ψp‚q| ‚ |
1
2dˆ‚

¯

‹´λ̌ .

The cocharacter ´λ̌ is equal to the cocharacter that we denoted by ´λ̌´.
The half-density φ̃, here, is expressed in coordinates a “ ct´1 and ζ “ t on
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a dense open subset of CX “ X̄ � SL2, so φpc, tq “ φ̃pct´1, tq. Applying the
operator H˝

X to φ we get, according to (8.17),

H˝
Xφpc, tq “ λpηt2´4, ψq´1

ˆ

pψp
1

‚
qηt2´4p‚q| ‚ |´

1
2dˆ‚q ‹c φ

̇

pp4 ´ t2qc´1, tq

“ λpηt2´4, ψq´1
´

pψp‚qηζ2´4p‚q| ‚ |
1
2dˆ‚q ‹´λ̌0

φ̃
¯

p
4 ´ t2

ct
, tq,

where ´λ̌0 is the cocharacter x ÞÑ pa “ x´1, ζ “ 1q. If we set H˝
Xφ

Ć pa, ζq “

H˝
Xφpζa, ζq then we have, again by (9.20),

Ū_H˝
Xφpa, ζq “ Ū_H˝

Xφpa´1, ζq

“

´

ψ´1p‚q| ‚ |
1
2dˆ‚

¯

‹λ̌ H
˝
Xφ

Ć pa´1, ζq

“

´

ψp‚q| ‚ |
1
2dˆ‚

¯

‹
λ̌

1 φ̃1pa, ζq,

where we have set φ̃1pa, ζq “ H˝
Xφ

Ć p´a´1, ζq, and λ̌
1 is the cocharacter x ÞÑ

pa “ x´1, ζ “ x´1q, which we can identify with ´λ̌`. By the above, we
have

φ̃1pa, ζq “ H˝
Xφ

Ć p´a´1, ζq “ H˝
Xφp´ζa´1, ζq

“ λpηζ2´4, ψq´1
´

pψp‚qηζ2´4p‚q| ‚ |
1
2dˆ‚q ‹´λ̌0

φ̃
¯

p
ζ2 ´ 4

ζ2
a, ζq

“ λpηζ2´4, ψq´1 ¨ δ1´4ζ´2 ˝ ηζ2´4 ˝ F´λ̌0,
1
2

˝ ηζ2´4φ̃pa, ζq.

Moreover,
φ̃pa, ζq “

´

ψp‚q| ‚ |
1
2dˆ‚

¯

‹´λ̌´
pŪφq,

and the result follows. □

9.3. Descent to Aad-coinvariants. Any character χ : Aad Ñ Cˆ can be
understood as a densely-defined function on Z �SLpV q “ NzG�N via the
product (9.7). We have twisted push-forwards

pχ : S´

LpSym2,1q
pN,ψzG{N,ψq Ñ MeaspNzSLpV q �Nq,

defined by
f ÞÑ π!pδ

´ 1
2χ´1fq,

whenever this push-forward converges, where

π : Z � SLpV q Ñ NzSLpV q �N

is the canonical quotient map. When χ “ δs, we will denote pχ by ps.
The factor δ´ 1

2 is used in order to make the twisted push-forward pAad, χq-
equivariant under the normalized action descending from (9.11). If we also
let Aad act on measures on X̄ � SL2 by the normalization descending from
(8.1), the unfolding map Ū : SpX̄{SL2q˝ Ñ S´

LpSym2,1q
pN,ψzG{N,ψq is Aad-

equivariant for the normalized actions on both sides.
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Dividing by the appropriate half-density (see Remark 9.2.1), these are
the pGm, χq-equivariant integrals of Theorem 9.0.1.

9.3.1. Proposition. The twisted push-forward pχ converges when |χ| “ δσ with
σ ! 0, and extends to a rational (in the non-Archimedean case) or meromorphic
(in the Archimedean case) family, in the variable χ, of maps

pχ : S´

LpSym2,1q
pN,ψzG{N,ψq Ñ S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq.

These maps have at most simple poles at the poles of the localL-functionsLpχη,´ α̌
2 ,

1
2q,

where η ranges over all quadratic characters, and are surjective away from these
poles.

Recall that the space S´

LpAd,χ1q
associated to the character χ1 “ χ´1δ

1
2 ˝e

α̌
2

was defined in §2.2.4. When χ “ δs, this space is denoted, more simply,
by S´

LpAd, 1
2

´sq
pN,ψzSL2 {N,ψq. That space was defined explicitly in terms

of its germs, and the difficulty in this proposition is to identify it with the
twisted push-forward of the space S´

LpSym2,1q
pN,ψzG{N,ψq which was de-

fined indirectly as the image of the “Sym2 space” SpX̄{SL2q˝ under the
unfolding map Ū . The proof is quite long, and we break it down to several
intermediate statements.

Beginning of the proof: reduction to SpZ̄,L´1q. This is an exercise in identify-
ing the images of various subspaces of SpX̄adq under pushforward and
unfolding maps.

First, we recall the definition of the space SpX̄{SL2q˝ (§8.3) as the push-
forward of a space SpX̄adq˝, which in turn was defined in terms of its Mellin
transform, as Paley–Wiener sections of a sheaf E ˝

ad.
Another space of importance is the Schwartz space of the complement

of the zero section in X̄ad, SpXadq, which corresponds to Paley–Wiener sec-
tions of a bundle Dad, see (8.14). Under the push-forward map SpX̄adq Ñ

MeaspX � SL2q, the image of SpXadq is equal to SpX{SL2q (because of the
isomorphism rXad{PGL2s » rX{SL2s).

If we compare the sheaves Dad and E ˝
ad describing the Mellin transforms

of those subspaces, we will see that they are equal away from the poles of
ś

η Lpχη,´ α̌
2 ,

1
2q, with η ranging over all quadratic characters. More pre-

cisely, sections of E ˝
ad are meromorphic sections of Dad with at most simple

poles at the poles of
ś

η‰1 Lpχη,´ α̌
2 ,

1
2q, whose residues (for η ‰ 1) and

evaluations (for η “ 1) at the poles of
ś

η Lpχη,´ α̌
2 ,

1
2q (including η “ 1)

satisfy a certain condition of lying in the induction of a finite-dimensional
representation. Both bundles are generated by their global Paley–Wiener
sections; this is trivial for Dad, and for E ˝

ad see Lemma 8.3.4.
The Aad-equivariance of the unfolding map means that the proposition

will follow a fortiori if we replace the space S´

LpSym2,1q
pN,ψzG{N,ψq by the

image of SpX{SL2q under Ū , without, in the result, allowing poles at the
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poles of the local L-functions Lpχη,´ α̌
2 ,

1
2q, with η ‰ 1. That is, it suffices to

prove (besides the convergence statement) that pχ defines a meromorphic
family of morphisms

Ū pSpX{SL2qq Ñ S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq,

with at most simple poles at the poles of Lpχ,´ α̌
2 ,

1
2q.

As we have seen, the image of SpXq under the unfolding map U is the
space of measures SpZ̄,L´1q, hence we are reduced to studying the image
of SpZ̄,L´1q in the bottom-right entry of the commutative diagram

SpZ̄,L´1q
p̃χ →→

↓↓

MeaspAzZ̄,Lψq

↓↓
S´

LpSym2,1q
pN,ψzG{N,ψq

pχ →→ MeaspN,ψzSL2 {N,ψq,

(9.22)

where
p̃χpfq “ π̃!pδ

´ 1
2χ´1fq

for the quotient map π̃ : Z̄ Ñ AzZ̄. The vertical arrows are our standard
twisted push-forwards for the Kuznetsov quotient, §2.2.1; thus, the symbol
MeaspN,ψzSL2 {N,ψq really stands for a space of measures on NzSL2 �N ,
after applying our trivialization of the Kuznetsov push-forwards as ex-
plained in §2.2.1.

Notice that p̃χ is absolutely convergent for every χ, since the A-orbits on
Z̄ are closed. (The reader should not confuse this with the factor Aad in the
isomorphism Z “ Aad ˆ V ˚ ˆ V ˚, see Remark 9.1.1.) Therefore, our goal
is to show that the right vertical arrow is convergent when |χ| “ δσ with
σ ! 0, and can be continued to a meromorphic family of morphisms, with
at most simple poles at the poles of Lpχ,´ α̌

2 ,
1
2q, and image (away from

these poles) equal to the space S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq. □

Second step: the image of p̃χ. Our next step is to identify the image of SpZ̄,L´1q

under p̃χ.

By (9.8), we have Z̄ “ Ga ˆAadiag
ad Z. The action of Aadiag on Z descends

to AzZ, and we have an isomorphism

AzZ̄ “ Ga ˆAadiag
ad AzZ. (9.23)

Recall that the line bundle L´1 is defined as a tensor product of Lψ b

Lδ´1 , where Lψ is the Whittaker line bundle (which extends to the trivial
line bundle over Z̄ ∖ Z), and Lδ´1 denotes the line bundle whose sections
are smooth functions on Z of the form |ϵpzq|´1Φpzq close to Z̄ ∖ Z, for a lo-
cal coordinate ϵ of this divisor, where Φ is a smooth function on Z̄. Clearly,
both line bundles are pullbacks of line bundles on AzZ̄, which will be de-
noted by the same symbols.
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The isomorphism Z̄ “ Ga ˆAadiag
ad Z implies that for the unnormalized

action of Aadiag
ad on spaces of measures we have

SpZ̄,Lδ´1q “ p| ‚ |´1SpGaqq b̂ SpAadiag
ad q

SpZq.

For the twisted push-forward p̃χ, we first multiply these measures by δ´ 1
2χ´1,

before pushing forward to AzZ; this is equivalent to replacing the factor
p| ‚ |´1SpGaqq by pδ´ 3

2χ´1SpGaqq, where we again identify Aad » Gm by
the positive root character. It follows that, if p̃χ was applied to the space
SpZ̄,Lδ´1q, its image would be the space SpAzZ̄,L

δ´ 3
2 χ´1

q, where the bun-
dle Lχ generalizes Ls in the obvious way, recovering Ls for χ “ δs.

Generalizing, similarly, the notation for Ls so that Lχ “ Lψ b Lχ, it
follows that the image of SpZ̄,L´1q under p̃χ is the space

Mχ :“ SpAzZ̄,L
δ´ 3

2 χ´s
q.

We are left with computing the image of Mχ under push-forward to AzZ̄ �
SLpV qdiag “ NzSLpV q �N .

□

Recall that NzSLpV q�N is a one-dimensional affine space, and we have
fixed a coordinate ζ. We compactify it to P1, and then we have a rational
map Z̄ Ñ P1. This map is defined away from the intersection of the divisor
ζ “ 0 with the divisor Z̄ ∖ Z. The complement of this intersection is the
union:

Z Y Z̄
disj
,

where the exponent “disj” denotes the locus over the set ζ ‰ 0, that is, over
the set of pairs pv, wq P V ˚ ˆV ˚ which are not colinear. We have a subspace

SpAzZ,Lψq ` SpAzZ̄
disj
,L

δ´ 3
2 χ´1

q ãÑ Mχ, (9.24)

which we will denote by M0
χ.

The third step in the proof of Proposition 9.3.1 will be to study push-
forwards of the elements in M0

χ.

Third step: the push-forward of M0
χ. We will see that the right vertical arrow

of (9.22) is absolutely convergent for every χ on the subspace M0
χ, and that

its image is the space S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq,

The elements of SpAzZ,Lψq are usual Schwartz Whittaker measures, so
their push-forward will be the space SpN,ψzSLpV q{N,ψq.

Over AzZ̄
disj, we have an SLpV q “ SLpV qdiag-equivariant isomorphism:

AzZ̄
disj

» pP1 ∖ t0uq ˆ SLpV q

(compatible with the map to P1 Ą NzSLpV q � N ), and from this it is easy
to see that the Whittaker line bundle Lψ admits an SLpV qdiag-equivariant
trivialization. We also claim:
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The line bundle L
δ´ 3

2 χ´1
, restricted to Z̄disj, is the pullback

of the line bundle L
δ´ 3

2 χ´1
over P1 ∖ t0u, whose sections are

smooth functions of the variable ζ´1, multiplied by the char-
acter |ζ|

3
2χpe

α̌
2 pζqq.

To see this, use the isomorphism (9.23) to write AzZ̄
disj as Ga ˆAadiag

ad

pV ˚ ˆV ˚qdisj{t˘1u, where pV ˚ ˆV ˚qdisj refers to pairs of vectors that are not
colinear. The group Aadiag

ad » Aad acts, here, by the positive root character
on Ga, and by the inverse of the action of Aad, as we have defined it, on
pV ˚ ˆV ˚qdisj, that is, by the action which descends from the diagonal action
of A on the vector space V ˆ V through the negative half-root character. The
group SLpV qdiag acts freely on pV ˚ ˆ V ˚qdisj, and the quotient is Gm Ă P1,
with Aad » Aadiag

ad acting on it through the negative root character. Thus,

AzZ̄
disj

{SLpV q » Ga ˆAadiag
ad Gm » P1 ∖ t0u,

with Aad » Aadiag
ad acting via the positive root character on Ga and via the

negative root character on P1 ∖ t0u. It is clear, now, from the definition
of L

δ´ 3
2 χ´1

that it is pulled back from the line bundle on P1 ∖ t0u whose

sections, in the local coordinate ζ´1 at 8, are of the form described in the
claim above.

The map Z̄disj
Ñ P1∖t0u is smooth, therefore the image of SpAzZ̄

disj
,L

δ´ 3
2 χ´1

q

is equal to SpP1 ∖ t0u,L
δ´ 3

2 χ´1
q. Explicitly, these are smooth measures on

Fˆ which are of rapid decay towards zero, and of the form

Cpζ´1q|ζ|
3
2χpe

α̌
2 pζqqdpζ´1q “ Cpζ´1q|ζ|

1
2χpe

α̌
2 pζqqdˆζ

close to infinity — the asymptotic behavior of elements of the space that
was denoted by S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq in §2.2.4.

We conclude that the image of the subspace M0
χ of (9.24) under push-

forward to NzSL2 �N coincides with the space

S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq,

and the push-forward map is defined on this subspace for every χ. It is
easy to see from our proof that, as χ varies, the maps

M0
χ Ñ S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq (9.25)

vary polynomially (in the obvious sense), in the non-Archimedean case,
and holomorphically, in the Archimedean case. (One can even see that,
in the Archimedean case, the entire sections that one obtains are of Paley–
Wiener type, i.e., of moderate growth in bounded vertical strips.) □

Finally, let Mχ denote the quotient Mχ{M0
χ. We claim:
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For every χ that is not a pole of Lpχ,´ α̌
2
1
2q, the coinvari-

ant space pMχqSLpV q is zero. For χ0 a pole of Lpχ,´ α̌
2
1
2q,

for any h P SpAadq{ with Mellin transform ȟpχq vanishing
at χ´1

0 , the coinvariant space pMχ0qSLpV q is annihilated
by h.

(9.26)

This will imply that the entire family of maps (9.25) extends meromor-
phically to the spacesMχ, with at most simple poles at the poles ofLpχ,´ α̌

2 ,
1
2q,

completing the proof of Proposition 9.3.1.

Last step: proof of (9.26). Let Z̄: be the complement of Z Y Z̄
disj. As we

have seen in (9.12), dividing by the appropriate measure dz on Z, ele-
ments of SpZ̄,L´1q become elements of FpZ̄,L1q, i.e., Schwartz sections
of the line bundle L1, and this operation is equivariant for the normal-
ized action of A. For a while, we will work with the space FpZ̄,L1q, in
order to describe restrictions to those sections on Z̄

: (or an infinitesimal
neighborhood of it, in the Archimedean case). More precisely, we wish to
describe the stalk of FpZ̄,L1q at Z̄: which, by definition, is the the quo-
tient FpZ̄,L1q{FpZ̄ ∖ Z̄

:
,L1q. In the non-Archimedean case, this coincides

with the space of restrictions of elements of FpZ̄,L1q to Z̄
:, while in the

Archimedean case it is determined by the restrictions of all derivatives of
the elements of FpZ̄,L1q to this subset.

Remembering that
Z̄ » Ga ˆ pV ˚ ˆ V ˚q,

the space Z̄: is the G1 :“ pAˆ SLpV qdiagq{t˘1u-invariant subset

t0u ˆ tpv, wq P V ˚ ˆ V ˚|v and w are colinearu » Gm ˆ V ˚,

where bothA and SLpV qdiag act trivially on the Gm-factor, and by our usual
conventions on V ˚, so that the stabilizer of a point is the subgroup Bdiag

ad Ă

G1, whereBdiag denotes the embedding b ÞÑ papbq, bq of a Borel subgroup of
SLpV q (with apbq the image of b under the defining quotient B ↠ A), and
Bad “ B{t˘1u.

The stabilizer subgroup Bdiag
ad of a point acts (unnormalized action) by

the character δ on the fiber of the complex line bundle L1 over that point,
and by the positive root character on the fiber of the (two-dimensional
over F ) normal bundle of Z: over that point. Let C1 be the complex, G1-
equivariant line bundle over V ˚, where the stabilizer Bdiag

ad of some point
acts by the character δ, and Cnα the line bundle where it acts by the charac-
ter enα (in the Archimedean case).

Thus, the stalk of FpZ̄,L1q at Z̄: be identified, in the non-Archimedean
case, with the space of Schwartz sections

FpGmq b̂ F pV ˚,C1q ,
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and recall that the traslation action of G1 “ pAˆ SLpV qq{t˘1u on this space
has been twisted, by our normalization (9.10), by the character δ

1
2 .

In the Archimedean case, the stalk has a separable decreasing filtration,
indexed by n P N, by sections whose pn ´ 1q-st derivatives vanish over Z:.
The n-th graded quotient can be identified with Schwartz sections of L1

tensored by the n-th symmetric power of the conormal bundle (considered
as an R-vector space), i.e., with

FpGmq b̂ F
`

V ˚,C1 bR Symn
RpF 2

αq
˘

,

where F 2
α stands for a two-dimensional F -vector space space with a scalar

action of the stabilizer Bdiag
ad (really, of Bdiag

ad ) by the positive root character.
This space is isomorphic to

FpGmq b̂ F pV ˚,C1 b Cnαq bR Symn
RpF 2q, (9.27)

now with trivial G1-action on all but the middle factor. Again, our defini-
tion of the action of G1 on sections over V ˚ includes the twist by δ

1
2 , by the

normalization (9.10)).
The map SpZ̄,L´1q » FpZ̄,L1q Ñ Mχ descends to a map from the stalk

of FpZ̄,L1q over Z̄: to Mχ and, passing to SLpV qdiag-coinvariants, we get a
map:

´

FpZ̄,L1q{FpZ̄ ∖ Z̄
:
,L1q

¯

SLpV q
Ñ

`

Mχ

˘

SLpV q

which is pAad, χq-equivariant with respect to the normalized action on the
left.

We analyze the corresponding coinvariant spaces of the graded pieces
(9.27) (including n “ 0, which includes the non-Archimedean case). The
group G1 “ pA ˆ SLpV qq{t˘1u only acts on the factor in the middle, which
can be identified with FpV ˚,C1qbCnα, where now the whole groupG1 acts
on Cnα (in the non-Archimedean case) via the character enα of its quotient
Aad. Under the unnormalized actions of G1, the space FpV ˚,C1q is isomor-
phic to the space of Schwartz measures SpV ˚q, hence its SLpV q-coinvariants
are simply a complex line with trivial Aad-action. Under the normalized ac-
tion (9.10), this means that

FpV ˚,C1qSLpV q » C
δ
1
2

as an Aad-module. Hence, the SLpV q-coinvariant space of (9.27) is an Aad-
eigenspace with eigencharacter χ “ δ

1
2 ¨ enα. As n-varies, these are precisely

the poles of Lpχ,´ α̌
2 ,

1
2q.

This prove (9.26), concluding the proof of Proposition 9.3.1. □

As a special case, we can now prove Part (3) (hence also Part (1)) of The-
orem 4.2.1, which I recall here:
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9.3.2. Theorem. The equivariant Fourier transform TSL2 :“ FId,1 is an isomor-
phism

TSL2 : S´

LpAd,1q
pN,ψzSL2 {N,ψq

„
ÝÑ Sp

SL2

SL2
q, (9.28)

when both sides are understood as measures on the affine line, with our usual
coordinate ζ on the left hand side, and the trace coordinate t on the right.

Proof. Consider the diagram

SpX̄{SLpV qq˝ Ū →→

↓↓

S´

LpSym2,1q
pN,ψzG{N,ψq

ps

↓↓
SpX̄{SLpV qq˝

pAad,δsq
→→ S´

LpAd, 1
2

´sq
pN,ψzSL2 {N,ψq.

(9.29)

At the point s “ ´1
2 , where ps is simply the push-forward fromNzG�N

to NzSL2 �N , we also have a push-forward map

SpX̄{SLpV qq˝ Ñ SpX̄{SLpV qq˝
pAad,δsq Ñ MeaspA
X̄�SLpV qq “ Meas

˜

SLpV q

SLpV q

¸

.

I claim that its image is the same as the image of SpX{SLpV qq. Indeed,
thinking of SpX̄{SLpV qq˝ as a quotient of the space SpX̄adq˝ which, un-
der Mellin transform, is identified with Paley–Wiener sections of the sheaf
E ˝
ad over Aad

yC (see §8.3), the meromorphic family of maps to the spaces
S´

LpAd, 1
2

´sq
pN,ψzSL2 {N,ψq corresponds to a meromorphic family of maps

E ˝
ad,s Ñ S´

LpAd, 1
2

´sq
pN,ψzSL2 {N,ψq,

where E ˝
ad,s denotes the fiber of E ˝

ad over δs P Aad
yC.

The image of SpX̄{SLpV qq˝ in Meas

˜

SLpV q

SLpV q

¸

will be the image of E ˝

ad,´ 1
2

(since the sheaf is generated by its Paley–Wiener sections, Lemma 8.3.4).
But δ´ 1

2 is not a pole of the L-function Lpχω,´ α̌
2 ,

1
2q, for any quadratic char-

acter ω, so, by definition, the bundle E ˝
ad coincides, around this character,

with the bundle Dad describing the Mellin transform of elements of SpXadq.
Thus, the image of SpX̄{SLpV qq˝ under push-forward to A 
 X̄ � SLpV q “

SLpV q

SLpV q
is the same as the image of SpXadq, which is also the same as the

image of SpXq (by the isomorphism of stacks rX{SL2s “ rXad{PGL2s);
that is, the image is the space S

´

SLpV q

SLpV q

¯

of test measures for the stable trace
formula of SLpV q:

SpX̄{SLpV qq˝ ↠ S
ˆ

SLpV q

SLpV q

̇

. (9.30)
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The map Ū is given, according to (9.18), by the convolution operator
`

ψ´1p‚qdˆ‚
˘

‹λ̌; hence, its inverse will be the Fourier convolution F´λ̌,1 “

pψp‚q| ‚ |dˆ‚q ‹´λ̌. For f P S´

LpSym2,1q
pN,ψzG{N,ψq, we can now compute

the push-forward of Ū´1
f under the surjection (9.30), and it is immediately

seen to factor through a map

S´

LpAd,1q
pN,ψzSL2 {N,ψq ↠ S

ˆ

SLpV q

SLpV q

̇

given by the same Fourier convolution F
´λ̌

1
,1

, where ´λ̌
1 is the image of ´λ̌

into the torus A Ă AutpNzSL2 �Nq, which coincides with the cocharacter
eα̌ : a ÞÑ ζ “ a. Recall from (9.17) that the output of this convolution
operator, “evaluated” at a point ζ, corresponds to the “evaluation” of a
measure of S

´

SLpV q

SLpV q

¯

at the point corresponding to trace t “ ζ. □

The same argument gives us a meaningful statement about a transfer op-
erator Tχ for every character χ of Aad: Define twisted push-forward maps

p1
χ : Sp

SL2

N
q Ñ MeaspA1q,

whereA1 “
SL2

B
“

SL2

SL2

has coordinate t “the trace, by

p1
χpφqptq “ t!

´

φpc, tq|c|´
1
2χ´1pcq

¯

,

where c is the same coordinate on
SL2

N
as before, and χ is identified with a

character of Gm through the positive half-coroot cocharacter of Aad.
The map p1

χ factors through pBad, χδ
1
2 q-coinvariants for the unnormalized

conjugation action of Bad on SpSL2
N q, but of course the choice of base points

with c “ 1 is important in realizing this coinvariant space as scalar-valued

measures in the trace variable t. Denote the image of p1
χ by S

ˆ

SL2

Bad,χδ
1
2

̇

.

9.3.3. Proposition. The operator

|ζ|´
1
2χpe´ α̌

2 pζqqF
Id,χ˝e

α̌
2 , 3

2

defines an isomorphism

S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq
„
ÝÑ S

˜

SL2

Bad, χδ
1
2

¸

(9.31)

away from the poles of the local L-functions Lpχη,´ α̌
2 ,

1
2q, where η ranges over all

quadratic characters. Here, Id denotes the identity cocharacter of the multiplicative
group, acting on the one-dimensional space with coordinate ζ “ t.
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Proof. By the same argument as before, away from the poles of the local
L-functions Lpχη,´ α̌

2 ,
1
2q we may replace S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq

by the image of SpX{SL2q under the unfolding map Ū .
For notational simplicity, let us work with χ “ δs, denoting p1

χ by p1
s —

the general case is identical. The map (9.31), in this case, is

S´

LpAd, 1
2

´sq
pN,ψzSL2 {N,ψq

„
ÝÑ S

˜

SL2

Bad, δ
1
2

`s

¸

.

Let f P S´

LpSym2,1q
pN,ψzG{N,ψq, and setφpc, tq “ Ū´1

fpc, tq and φ̃pa, ζq “

φpζa, ζq. We will apply again the inverse of (9.18), which states that

φ̃pa, ζq “ F´λ̌,1fpa, ζq “
`

ψp‚q| ‚ |dˆ‚
˘

‹´λ̌ fpa, ζq.

We compute the push-forward of φpc, tq|c|´
1
2

´s to the variable t “ ζ; in
the calculations that follow, c and a are dummy variables that are being
integrated over when we push forward to t “ ζ:

t!

´

φpc, tq|c|´
1
2

´s
¯

“ ζ!

´

φ̃pa, ζq|ζa|´
1
2

´s
¯

“ |ζ|´
1
2

´sζ!

´

|a|´
1
2

´sF´λ̌,1fpa, ζq

¯

“ |ζ|´
1
2

´sζ!

ˆ

|a|´
1
2

´s

ż

Fˆ

fpaz, ζz´1qψpzq|z|dˆz

̇

“ |ζ|´
1
2

´sζ!

ˆ
ż

Fˆ

|az|´
1
2

´sfpaz, ζz´1qψpzq|z|
3
2

`sdˆz

̇

“ |ζ|´
1
2

´s

ż

Fˆ

psfpζz´1qψpzq|z|
3
2

`sdˆz

“ |ζ|´
1
2

´sFId, 3
2

`s ppsfq .

□

9.4. Basic vector. Finally, we verify the statement of Theorem 9.0.1 on the
basic vector. Here F will be a non-Archimedean field of residual degree
q, and the symplectic space V is defined over its ring of integers o, with
the symplectic form integral and residually non-vanishing. As a result,
all spaces X,Z etc. are defined over o. All choices made in the previous
sections should now be integral and residually non-vanishing; for example:
the point on V whose stabilizer we denoted by N , and the isomorphism
N » Ga. We also assume that F is unramified over Qp or Fppptqq, and recall
that in this case we take the additive character ψ to have conductor equal
to o; the corresponding self-dual measure gives mass 1 to o.

Fix an SL2
2-invariant measure dx on X̄ and let dz be its dual measure on

Z̄, as in (9.13).

9.4.1. Lemma. If the measure of Xpoq under dx is 1, then the measure of Z̄poq

under dz is 1.
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Proof. Indeed, X and Z̄ are fibered over SLpV q, with the former being an
affine bundle and the latter being the vector bundle dual to the structure
group of the former. Dual measures on the fibers (with respect to the char-
acter ψ) assign the same mass to the fibers of Xpoq and of Z̄poq, hence the
claim. □

In §8.4 we defined basic vectors fX̄ and f˝
X̄

for the spaces SpX̄{SL2q

and SpX̄{SL2q˝; the former was the image of the measure 1X̄poqdx with
dxpX̄poqq “ 1. On the other hand, on the space S´

LpSym2,1q
pN,ψzG{N,ψq we

defined in §2.2.4 a “basic vector” fLpSym2,1q, as the product of the generating
Whittaker function of the L-function LpSym2, 1q by a Haar measure on Z
with Zpoq “ 1.

9.4.2. Theorem. We have

Ūf˝
X̄ “ p1 ´ q´1qp1 ´ q´2qfLpSym2,1q. (9.32)

Proof. The statement follows from (8.21) and the analogous statement about
fX̄ :

ŪfX̄ “ p1 ´ q´1qp1 ´ q´2qf
LpSym2 ‘e

α̌
2 ,1q

. (9.33)

Indeed, by the Aad-equivariance of the unfolding map Ū , and by (8.21), it
suffices to apply the operator hLp α̌

2
, 1
2

q´1 to the image of fX̄ in order to ar-
rive at the image of f˝

X̄
; but this operator maps f

LpSym2 ‘e
α̌
2 ,1q

to fLpSym2,1q.

(Notice that the action of hLp α̌
2
, 1
2

q´1 in (8.21) is the normalized one, which cor-
responds to the unnormalized action of the analogous element hLp α̌

2
,1q´1 .)

Consider the tensor product representation

b : Gm ˆ SL2 ˆSL2 ↠ G̃̌ ãÑ GL4, (9.34)

where the first arrow is dual to the quotient G̃ Ñ Aad ˆ PGL2
2, with Aad

identified as Gm via the positive root character.
By Rankin–Selberg theory, the image of the function 1X̄poq under unfold-

ing is the Whittaker function which is a generating series for local tensor
product L-value Lpb, 0q:

Up1X̄poqq “
ÿ

iě0

h̃Symipbq ‹ F0, (9.35)

where F0 P FpZ,Lψq is the Whittaker function which is supported on
Zpoq “ N2 ¨ G̃poq and is equal to 1 on G̃poq, and our notation for elements
in the Hecke algebra (here denoted by a tilde, because of G̃) is as in §2.2.4.
Here the convolution is as in (2.2.4), unnormalized. Equivalently, when the
measure dz “ δpzqdˆz on Z̄ is normalized to have total mass 1 (this is not
our standard normalization! see below) on Zpoq, we have

ż

Z
Up1X̄poqqpzqWπpzqdz “ Lpπ̃,b, 1q,
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where Wπ̃ is the unramified Whittaker function of an unramified represen-
tation π̃, normalized to have value 1 at 1; indeed, this is the statement of
[Jac72, Proposition 15.9].4

We can multiply (9.35) by the dual measures dx and dz but notice that, if
dxpX̄poqq “ 1, then dxpXpoqq “ p1´q´2q, hence by Lemma 9.4.1 dzpZ̄poqq “

p1 ´ q´2q, and dzpZpoqq “ p1 ´ q´1qp1 ´ q´2q, hence the factor in (9.33).
To arrive at (9.32), we compute the image (push-forward) of the measure

Up1X̄poqqdz in SpN,ψzG{N,ψq. By (9.35) and the volume calculation that
we just did, it will coincide with

p1 ´ q´1qp1 ´ q´2qp!

˜

ÿ

iě0

q´im!ph̃Symipbqq

¸

, (9.36)

where p! is the twisted push-forward of §2.2.1, andm! denotes push-forward
(essentially, convolution) with respect to the map

m : G̃ Ñ G

descending from the map

Aˆ SLpV q2 Q pa, g1, g2q ÞÑ pa, g1g
´1
2 q P Aˆ SLpV q.

9.4.3. Lemma. The following diagram commutes:

HpG̃, K̃q
m! →→

↓↓

HpG,Kq

↓↓

CřG̃šG̃ →→ CrǦsǦ,

where the vertical arrows denote the Satake isomorphism, and the bottom horizon-
tal arrow is induced by the map of dual groups:

m˚ : Ǧ “ Gm ˆ PGL2 Q pχ, xq ãÑ rχ, x̃, x̃s P G̃̌.

Proof of the lemma. The statement easily reduces to the corresponding state-
ment for the push-forward under G̃ Ñ G Ñ SL2, simply by “slicing” a
Hecke element along preimages of Aadpoq-cosets in Aad. Thus, consider the
push-forward map

AzG̃ » SL2
2 {t˘1u » SO4

m
ÝÑ SL2,

4As a check for the normalization, the intersection of X̄poq with the preimage of
V ˚

ˆ V ˚
poq is equal to Xpoq; hence, over V ˚

ˆ V ˚
poq the function 1X̄poq coincides with

the characteristic function of Xpoq, and Fourier transform on the fibers takes it to the Whit-
taker function which, as a function on Z̃, is equal to 1 on a point px, ℓq with x P Xpoq having
image pv1, v2q P V ˚

ˆ V ˚
poq, and ℓ : N Ñ Ga an integral isomorphism, where N is the

stabilizer of v1.
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where we have denoted again by m the action map on the identity element
of SL2. We want to show that it induces the morphism dual to the mor-
phism of dual groups

PGL2
diag
ãÑ SL2

2 {t˘1u

on the Hecke algebra.
There is nothing special about SL2 here, besides the fact that the Cheval-

ley involution is inner. The general statement is that, for a group H with
center Z, the action map

H̃ :“ H ˆZ H
m
ÝÑ H

induced from pg1, g2q ÞÑ g´1
1 g2 induces the map of Hecke algebras dual to

Ȟ Q ǧ ÞÑ pǧc, ǧq P H̃̌,

where c is a Chevalley involution (corresponding to the map h ÞÑ h_pgq “

hpg´1q on Hecke algebras).
The statement holds, because the Satake isomorphism is an algebra iso-

morphism, for the action maps

H ˆH Ñ H

and
Had ˆHad Ñ Had,

where Had “ H{Z. There is a canonical map of Hecke algebras, from the
Hecke algebra of H ˆ H to that of H̃ to that of Had ˆ Had (push-forward
followed, if necessary, by convolution by the probability measure of the
hyperspecial subgroup of the target), hence we get a commutative diagram,
using the Satake isomorphism (and assuming that H is split, for notational
simplicity):

CřH̃sinv
m! →→

↓↓

CrȞsinv

↓↓
CrȞsc ˆ Ȟscs

inv →→ CrȞscs
inv,

where Ȟsc denotes the simply connected cover of the dual group (= the
dual group of Had), and the exponent “inv” denotes invariants under con-
jugation.

The right vertical arrow is injective, hence Lemma 9.4.3 follows from the
corresponding statement for Had.

□

We continue with the proof of Theorem 9.4.2.
The pullback of the tensor product representation of G̃̌ underm˚ is equal

to the sum
´

e
α̌
2 b Ad

¯

‘ e
α̌
2
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of representations of Ǧ “ Ǎad ˆ PGL2. When we identify Ǎad with Gm by
the character e

α̌
2 , the second summand becomes the identity representation

of Gm, that we will denote by Id, while the first factor becomes the repre-
sentation Sym2 of GL2, factoring through the quotient Gm ˆ PGL2 (with
the map to Gm being the determinant). Thus, (9.36) is equal to

p1 ´ q´1qp1 ´ q´2qp!

˜

ÿ

iě0

q´ihSymipId‘ Sym2q

¸

“ p1 ´ q´1qp1 ´ q´2qp!

˜˜

ÿ

iě0

q´ihSymipIdq

¸

‹

˜

ÿ

iě0

q´ihSymipSym2q

¸¸

“ p1 ´ q´1qp1 ´ q´2q

˜

ÿ

iě0

q´ihSymipIdq

¸

‹ p!

˜

ÿ

iě0

q´ihSymipSym2q

¸

,

the last step because the action of Aad » Gm commutes with twisted push-
forward.

This is the push-forward of Up1X̄poqqdz, i.e., the element ŪpfX̄q, and ac-
cording to (8.21), Ūpf˝

Xq will be obtained by applying to it, under the nor-
malized action, the element of SpAad

yq whose Mellin transform isLpχ, α̌2 ,
1
2q´1.

This cancels the factor
´

ř

iě0 q
´ihSymipIdq

¯

, and we arrive at the statement
of the theorem.

□

9.4.4. Corollary. The statement of Theorem 9.0.1 on basic vectors holds: the vector
fLpSym2, 1

2
q is contained in DLpSym2, 1

2
qpN,ψzG{N,ψq, and

HSym2ph ¨ fLpSym2, 1
2

qq “ h ¨ fLppSym2q_, 1
2

q,

for any element h of the unramified Hecke algebra of G.

Proof. Notice that when passing from measures to half-densities as per Re-
mark 9.2.1, because of a factor of δ´ 1

2 the measure fLpSym2,1q is mapped to
the half-density that we denote by fLppSym2q_, 1

2
q. It follows from Theorem

9.4.2 that fLpSym2, 1
2

q is contained in DLpSym2, 1
2

qpN,ψzG{N,ψq. Moreover, by
Theorems 9.4.2 and 8.4.1, it is mapped by HSym2 to fLppSym2q_, 1

2
q. Since

HSym2 descends from a G̃-equivariant transform, the same is true when we
act by the unramified Hecke algebra of G̃, which by Lemma 9.4.3 descends
to the action of the unramified Hecke algebra of G. □

Finally, we can now prove the remaining assertion (4) (the fundamental
lemma) of Theorem 4.2.1, which we recall:

9.4.5. Theorem. At non-Archimedean places, unramified over the base field, the
transfer operator TSL2 of Theorem 9.3.2 satisfies the fundamental lemma for the
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Hecke algebra up to a factor of ζp2q “ p1´q´2q´1, namely: for all h P HpSL2,Kq Ă

SpSL2q, it takes the element

h ¨ fLpAd,1q P S´

LpAd,1q
pN,ψzSL2 {N,ψq

to the image of ζp2qh in SpSL2
SL2

q.

Proof. By Statement (3) of Theorem 4.2.1, proven at the end of §9.3, the
operator Ū descends to the operator T ´1 “ F ´1

Id,1 in the coordinates of the
theorem; this is the bottom arrow of diagram (9.29), for s “ ´1

2 .
Now we descend Theorem 9.4.2, (8.21), and (8.23) to the bottom row of

diagram (9.29), for s “ ´1
2 ; that corresponds to evaluating Satake trans-

forms for Aad at the character δ´ 1
2 , and to push-forwards of measures to

the spaces AadzX � SL2 “
SL2

SL2

and pN,ψqzSL2 {pN,ψq. Notice that the

push-forward of fX to
SL2

SL2

is equal to the push-forward of the identity el-

ement of the unramified Hecke algebra of SL2 under SL2 Ñ
SL2

SL2

— let us

denote it by fSL2
SL2

. By (8.23) (or, directly from the definitions), this will be

the same as the push-forward of fX̄ which, by (8.21), is p1 ´ q´1q´1 times
the push-forward of f˝

X̄
. By Theorem 9.4.2, this will map to the element

p1 ´ q´2qfLpAd,1q in S´

LpAd,1q
pN,ψzSL2 {N,ψq, hence

T ´1fSL2
SL2

“ p1 ´ q´2qfLpAd,1q.

□

9.4.6. Remark. As a reality check, let us compute the limit (which stabilizes)

lim
|ζ|Ñ8

T ´1fSL2
SL2

dˆζ
.

On one hand, a straightforward calculation using the formula T ´1 “

F ´1
Id,1 shows that this limit is equal to the total mass of fSL2

SL2

, which is 1. On

the other hand, as we saw in (2.29), this is also the limit for p1´q´2qfLpAd,1q.

9.5. Relative characters. Let ι be the involution on G̃ “ pAˆSL2q2{t˘1udiag

that is induced from the inversion map on A. Recall that we have a canon-
ical identification Z » Aad ˆ V ˚ ˆ V ˚; The inversion map on Aad gives rise
to an endomorphism j of Z which is pG̃, ιq-equivariant, i.e., it twists the
action of G̃ by ι.

There is also an endomorphism of the line bundle Lψ´1 which is com-
patible with j. It is described as follows: Recall that Lψ´1 was obtained by
reduction (via the character ψ´1) of the Ga-bundle Z̃ Ñ Z, see §9.1, whose
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points can be identified with triples pv, g, zq P V ˚ ˆ G ˆ Ga. Thus, it is
enough to define a lift j̃ of j to Z̃. The obvious map pv, g, zq ÞÑ pv, g, z´1q

will not work, because it is not pG̃, ιq-equivariant. Instead, we define

j̃pv, g, zq “ pz´1v, g, z´1q.

This induces an identification j˚Lψ´1 » Lψ´1 , but because of our normal-
ization (9.10) of the action on functions or sections, this does not quite in-
duce a pG̃, ιq-equivariant map on sections. We will instead work with half-
densities, denoting by D8pZ,Lψ´1q the product of the space C8pZ,Lψ´1q

of smooth sections by pdzq
1
2 “ pδpzqdˆzq

1
2 , see (9.12). (In particular, D8

contains the space of Schwartz half-densities, that we denote simply by D.)
Thus, we get a pG̃, ιq-equivariant pullback map of Lψ´1-valued half-densities:

j˚ : D8pZ,Lψ´1q Ñ D8pZ,Lψ´1q.

Explicitly, in terms of the isomorphisms (9.6), we have just identified
D8pZ,Lψ´1q with Whittaker functions C8pÑ , ψ̃

´1
zG̃q times the product of

δ
1
2 (considered as a function on G) by a Haar half-density, and applied the

automorphism ι to G̃ (which does not change the character ψ̃ of Ñ ); here,
Ñ “ N ˆN is the stabilizer of a point on the diagonal V ˚ ãÑ V ˚ ˆ V ˚, and
ψ̃

´1
is the character by which it acts on the fiber of Lψ´1 — it is of the form

ψ´1 b ψ for the identification N » Ga induced by the symplectic structure.
Let τ be a generic irreducible representation of G̃. The composition τ ˝ ι

is isomorphic to the contragredient τ̃ of τ . The (half-density-valued) Whit-
taker model of τ is the subspace of D8pZ,Lψ´1q that is isomorphic to τ ; it
will be denoted by Wpτq. Thus, j˚Wpτq “ Wpτ̃q.

There is a G̃-invariant pairing

DpX̄q b Wpτq Ñ C,

defined by the convergent integral

φbWτ ÞÑ ⟨φ,Wτ ⟩ :“
ż

Z
UpφqWτ

when the central character of τ is such that elements of Wpτq vanish suffi-
ciently rapidly on Z̄ ∖ Z, and by meromorphic continuation otherwise.

By the pG̃, ιq-equivariance of the symplectic Fourier transform F on DpX̄q,
the pairing

φbWτ ÞÑ ⟨Fφ, j˚Wτ ⟩
is also a G̃-invariant pairing between the same spaces, varying meromor-
phically in τ . By a multiplicity-one property, it has to be a meromorphic
multiple of the former, i.e., there is a meromorphic scalar

γpτ,b,
1

2
, ψq



TRANSFER OPERATORS AND HANKEL TRANSFORMS, II 69

such that

⟨Fφ, j˚Wτ ⟩ “ γpτ,b,
1

2
, ψq ⟨φ,Wτ ⟩ .

This is the Rankin–Selberg gamma factor, denoted by ϵ1p12 , τ, ψq in [Jac72,
(14.8.6)].

9.5.1. Remark. To compare to [Jac72], we need to identify the group G̃ with
the group GL2 ˆGm,detGL2 via the map that descends from

Aˆ SL2
2 Q pa, g1, g2q ÞÑ pe

α
2 paqg1, e

α
2 paqg2q.

The integral Ψp12 ,W1,W2,Φq of Jacquet, then, is5 our pairing ⟨Φ,Wτ ⟩, ex-
cept that Jacquet defines the unfolding map by using the character ψ in-
stead ofψ´1 in (9.9), hence his functionW1pg1qW2pηg2q lives inC8pÑ , ψ̃zG̃q,

instead of our C8pÑ , ψ̃zG̃q — this does not affect the functional equation.
The involution ι on G̃ reads pg1, g2q ÞÑ p

g1
detpg1q

, g2
detpg2q

q on GL2 ˆGm,detGL2.

The integral Ψ̃p12 ,W1,W2, Φ̂q of Jacquet, though, does not fully correspond
to our ⟨FΦ, j˚Wτ ⟩, because it arises from applying the involution

W1pg1q ¨W2pηg2q ÞÑ W1pg1qω´1pdet g1q ¨W2pηg2qω´1
2 pdetpηg2qq

to Whittaker functions, where ω “ pω, ω2q are the central characters for the

two factors of τ , and η “

ˆ

´1
1

̇

. In contrast, our involution would read

W pgq ÞÑ W pgqω´1pgq, for g “ pg1, g2q. The two differ by a factor of ω2p´1q,
which is why this factor appears in Jacquet’s functional equation, but not
ours.

When the restriction of τ to the subgroup SL2
2 Ă G̃ “ GL2 ˆGm,detGL2

contains an irreducible representation of the form σ b σ (notice that σ̃ » σ
for SL2), then τ is the restriction of an irreducible representation τ1 b τ2 of
GL2

2, with τ1 » τ2r b pχ ˝ detq, for some character χ of Fˆ. For such a τ ,
consider the irreducible representation π “ χ b σ of G “ Aad ˆ SL2. One
defines the symmetric-square γ-factor as

γpχb σ, Sym2,
1

2
, ψq :“

γpτ,b, 12 , ψq

γpχ, α̌2 ,
1
2 , ψq

. (9.37)

It clearly depends only on the L-packet of χb σ.
For the following theorem, we consider half-density-valued relative char-

acters for the Kuznetsov formula, that we will also denote by Jπ, as we
denoted the corresponding generalized functions in §4.1. In terms of the
coordinates pa, ζq that we have been using (with a the value of the positive

5The Schwartz function Φ of Jacquet does not live in the space FpX̄q, but only on the
fiber of X̄ Ñ SL2 over the identity element; however, we can convolve Jacquet’s function,
viewed as a generalized function, by a Schwartz measure on G̃ to arrive at an element of
FpX̄q.
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root character on Aad, and ζ our usual coordinate for NzSL2 �N ), the (gen-
eralized) half-density Jπ is the product of the generalized function Jπ by
the half-density |ζ| ¨ pdˆadˆζq

1
2 .

9.5.2. Theorem. The Hankel transform

HSym2 : D´

LpSym2, 1
2

q
pN,ψzG{N,ψq

„
ÝÑ D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq

satisfies

H˚

Sym2Jπ “ γpπ,Sym2,
1

2
, ψq ¨ Jπ, (9.38)

for relative characters Jπ on pN,ψzG{N,ψq, understood as an identity of mero-
morphically varying functionals on D´

LpSym2, 1
2

q
pN,ψzG{N,ψq, as π varies in any

family of irreducible representations of G.

Proof. By definition, HSym2 “ Ū_
˝ H˝

X ˝ Ū´1
, where Ū is the descent of the

unfolding map U to push-forwards modulo the SLdiag
2 -action, and Ū_

“

j˚ ˝ Ū .
We first study the transform

Ū_
˝ HX ˝ Ū´1

,

which is equal to the lower row of the following commutative diagram (us-
ing the notation introduced after Lemma 9.1.3), followed by the inversion
map j˚:

D´´pZ,Lψq
U´1

→→

↓↓

DpX̄q
F →→

↓↓

DpX̄q
U →→

↓↓

D´´pZ,Lψq

↓↓
D´´pN,ψzG{N,ψq

Ū´1
→→ DpX̄{SL2q

HX →→ DpX̄{SL2q
Ū→→ D´´pN,ψzG{N,ψq.

Write π as χbσ, and let τ1 be an irreducible representation of GL2 whose
restriction to SL2 contains σ as the unique pN,ψ´1q-generic subrepresenta-
tion; we denote by ω its central character. Let Wpτ1q Ă D8pN,ψ´1zGL2q

denote the Whittaker model of τ1, and W 1pτ1q the Whittaker model defined
with the inverse character ψ. Fix any dual pairing W 1pτ1 b pω´1 ˝ detqq »

Wpτ1qČ ; a Kuznetsov relative character for the representation τ1 of GL2 can
be thought of as the GLdiag

2 -invariant generalized Whittaker half-density

Wτ1 :“
ÿ

i

Wi bW_
i P

`

DpN,ψzGL2 ˆN,ψ´1zGL2q
˘˚
,

where pWi,W
_
i q runs over a dual basis of Wpτ1q b W 1pτ1 b pω´1 ˝ detqq.

We identify the space Z with pNzGL2q ˆGm,det pNzGL2q, and we freely
restrict half-densities to subspaces, by choosing the necessary Haar half-
densities; these choices will not matter for the functional equation. Con-
sider the restriction of the half-density Wτ1 ¨ pχ ˝detq to Z; it is the pullback
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of the Kuznetsov relative character Jπ for the representation π “ χ b σ of
G, up to a scalar that is independent of χ.

Let τ be the representation τ1 b τ1r b pχ ˝ detq of GL2
2. By the definition

of the Rankin–Selberg γ-factors that we saw above, for every φ P DpX̄q we
have

ż

Z
U_Fφ ¨ Wτ1 ¨ pχ ˝ detq “ γpτ,b,

1

2
, ψq

ż

Z
Uφ ¨ Wτ1 ¨ pχ ˝ detq.

If f is the image of Uφ in D´

LpSym2, 1
2

q
pN,ψzG{N,ψq, this can also be writ-

ten:
ż

NzG�N
Ū_HX Ū

´1
f ¨ Jπ “ γpτ,b,

1

2
, ψq

ż

NzG�N
f ¨ Jπ.

Thus, the adjoint of Ū_
˝ HX ˝ Ū´1 acts on Jπ by the scalar γpτ,b, 12 , ψq.

On the other hand, by (8.18), HX “ F α̌
2
, 1
2

˝ H˝
X , so by (2.12) the adjoint of

HSym2 “ Ū_
˝ H˝

X ˝ Ū´1 acts on Jπ by the scalar

γpτ,b, 12 , ψq

γpχ, α̌2 ,
1
2 , ψq

“ γpπ,Sym2,
1

2
, ψq.

□

9.5.3. Remark. A careful choice of the duality between W 1pτ1 b pω´1 ˝ detqq

and Wpτ1q could lead to a direct proof of Statement (2) of Theorem 4.2.1.

9.6. Comparison with the boundary degeneration and the standard L-
function. Here F is a non-Archimedean field. The asymptotics morphism
(3.6)

e˚
H : SpZ,Lψq Ñ S`pZq

extends to the image of the space SpX̄q under the unfolding map U , which
we have denoted (after Lemma 9.1.3) by S´´pZ,Lψq. The image of S´´pZ,Lψq

under e˚
H will be denoted by S˘˘pZq. There is a commutative diagram

S´´pZ,Lψq

↓↓

e˚
H →→ S˘˘pZq

↓↓
S´´pN,ψzG{N,ψq →→ MeaspNzG �Nq,

where the vertical arrows are the natural push-forward maps, and the bot-
tom horizontal arrow exists by an easy extension of Theorem 3.6.4; let us
denote it, too, by e˚

H. We are interested in the subspace

S´

LpSym2,1q
pN,ψzG{N,ψq Ă S´´pN,ψzG{N,ψq.

Denote by S˘

LpSym2,1q
pNzG{Nq its image under e˚

H.



72 YIANNIS SAKELLARIDIS

Let AG » Aad ˆA denote the Cartan of G; by the conventions of §2.2.1, it
is identified with an open subset of NzG �N . We also have corresponding
spaces of half-densities, with a map

D´

LpSym2, 1
2

q
pN,ψzG{N,ψq

e˚
H →→ D˘

LpSym2, 1
2

q
pNzG{Nq,

by dividing by the half-density p|a|dˆa ¨ |ζ|2dˆζq
1
2 in our usual coordinates

pa, ζq for Aad ˆ A (see Remark 9.2.1). Applying the inversion map j on the
Aad-coordinate of G, we get a similar space D˘

LppSym2q_, 1
2

q
pNzG{Nq of half-

densities onNzG�N , which is the asymptotic image of D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq.

9.6.1. Theorem. There is a unique AG-equivariant operator HSym2,H making the
following diagram commute:

D´

LpSym2, 1
2

q
pN,ψzG{N,ψq

e˚
H →→

HSym2

↓↓

D˘

LpSym2, 1
2

q
pNzG{Nq

HSym2,H

↓↓
D´

LppSym2q_, 1
2

q
pN,ψzG{N,ψq

e˚
H →→ D˘

LppSym2q_, 1
2

q
pNzG{Nq

.

It is given by HSym2,H “ F´λ̌`,
1
2

˝ F´λ̌0,
1
2

˝ F´λ̌´,
1
2
, understood as regularized

Fourier convolutions (see §2.1.7).

The proof is very similar to that of Theorem 4.3.1, and will be omitted. It
is, in fact, easier, since here we do not need to compare relative characters
on different spaces, but only on pN,ψqzG{pN,ψq — thus, the main input is
simply (9.38) on the action of HSym2 on relative characters, and the stated
HSym2,H is simply the only AG-equivariant transform that can act on rela-
tive characters by the same gamma factors. Again, at no point will we need
to use the explicit formula (9.1) for HSym2 . Comparing this formula with
the theorem above, we discover again a very gratifying reality: HSym2 is
simply a deformation of the abelian transform HSym2,H! The nature of this
deformation, presently, escapes my understanding.

It is worth comparing with the calculation of the Hankel transform for
the standardL-function in a paper of Jacquet [Jac03], as presented in [Sak19b,
§8]. The group here is G1 “ GL2 (or, more generally, GLn, but here we will
restrict ourselves to GL2), and the analog of the operator HSym2 is an oper-
ator

D´

LpStd, 1
2

q
pN,ψzG1{N,ψq

HStd →→ D´

LpStd_, 1
2

q
pN,ψzG1{N,ψq ,

given by the formula

HStd “ F´ϵ̌1,
1
2

˝ ψp´e´α1q ˝ F´ϵ̌2,
1
2
, (9.39)



TRANSFER OPERATORS AND HANKEL TRANSFORMS, II 73

where ϵ̌1, ϵ̌2 are the weights of the standard representation of the dual group,
and the factor ψp´e´α1q in the middle denotes the operator of multiplica-
tion by this function.

The space D´

LpStd, 1
2

q
pN,ψzG1{N,ψq, here, is simply the twisted push-forward

(§2.2.1) of the space of Schwartz half-densities on Mat2. The transform HStd

descends from Fourier transform on the space of 2 ˆ 2 matrices, and by
Godement–Jacquet theory satisfies the following functional equation for
half-density-valued relative characters:

H˚
StdJπ “ γpπ,Std,

1

2
, ψq ¨ Jπ. (9.40)

(This is the analog of (9.38).)
The analog of Theorem 9.6.1 is:

9.6.2. Theorem. There is a unique AG-equivariant operator HStd,H making the
following diagram commute:

D´

LpStd, 1
2

q
pN,ψzG{N,ψq

e˚
H →→

HStd

↓↓

D˘

LpStd, 1
2

q
pNzG{Nq

HStd,H

↓↓
D´

LppStdq_, 1
2

q
pN,ψzG{N,ψq

e˚
H →→ D˘

LppStdq_, 1
2

q
pNzG{Nq

.

It is given by HStd,H “ F´ϵ̌1,
1
2

˝ F´ϵ̌2,
1
2
, understood as regularized Fourier con-

volutions.

Thus, again, the Hankel transform for the standard L-function on the
Kuznetsov formula is simply a deformation of its abelian analog!

10. LIFTING FROM TORI TO GL2

Let T 1 be a one-dimensional torus, and r : LT 1 Ñ GL2 the standard
2-dimensional representation of its L-group. That is, r identifies the dual
torus Ť 1 with SO2 Ă GL2, and if T 1 is split the action of the Galois fac-
tor is trivial, while if T 1 is non-split, the image of LT 1 is the disconnected
subgroup O2 Ă GL2.

Let r̄ : LT Ñ Ǧ “ Gm ˆ PGL2 be the composition of r with the natural
projection (the first factor being the image of the determinant map), where
LT “ LT 1{t˘1u is the L-group of a torus T mapping to T 1 with kernel t˘1u.
This map of L-groups should correspond to a functorial lift from T to G.
This functorial lift is realized in the project of endoscopy by studying the
unstable summands of the trace formula for SL2, but here we would like
to revisit the thesis of Akshay Venkatesh [Ven04], which reproduces this
lift by “beyond endoscopy” techniques, using the Kuznetsov formula. We
will deduce the local comparison independently, without direct reference
to Venkatesh’s thesis, but we will also comment, after the statement of the
main theorem, on the relation with his results.
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Interestingly, it will turn out that the endoscopic and the “beyond en-
doscopy” approaches are closely related to each other; in fact, we will see
that the local transfer directly produces a “geometric” map from SpN,ψzG{N,ψq

to the space of “κ-orbital integrals” for SL2 hence (through endoscopy) to
the space SpT q.

10.1. Statement of the results, and relation to Venkatesh’s thesis. Let T
be a one-dimensional torus, with associated quadratic extension E and
quadratic character η. The torus could be split, in which case E “ F ‘ F .
We can identify T with the kernel of the norm map ResE{FGm Ñ Gm, and
thus with a subgroup of SL2 » SLF pResE{FGaq. The Weyl group W of T
in SL2 acts on T by inversion, and its coinvariants on the Schwartz space
SpT q are canonically identified with SpT {W q :“ the push-forward of SpT q

to the space T � W “
SL2

SL2

. To avoid confusion, I stress that the symbol t will

denote, as in the rest of the paper, the “trace” coordinate on T �W , not an element
in t.

The main result of this section is

10.1.1. Theorem. There is a linear map

TT : S´

LpSym2,1q
pN,ψzG{N,ψq Ñ SpT q

with the following properties:
(1) It is pGm, ηq-equivariant (for the unnormalized action).
(2) Its image is the subspace SpT qZ{2, where Z{2 acts by inversion on T .
(3) The pullback of any unitary character θ of T is equal to the Kuznetsov

relative character JΠ, where Π is the endoscopic L-packet associated to θ
(see §10.4).

(4) It satisfies the fundamental lemma for the Hecke algebra: ForE{F unrami-
fied non-Archimedean, the basic vector fLpSym2,1q P S´

LpSym2,1q
pN,ψzG{N,ψq

is mapped to ζp1qζp2q

Lpη,1q
times the basic vector of SpT q (the unit of the Hecke

algebra). Moreover, for every h in the unramified Hecke algebra of G, it
takes the image of h to ζp1qζp2q

Lpη,1q
¨ r̄˚h, where r̄˚, under Satake isomorphism,

corresponds to pullback under the L-embedding:

r̄ : LT Ñ LG.

(5) Finally, if da is the a Haar measure on T which is pulled back (in the
sense that it is equal on subsets mapping injectively) from the measure

|t2 ´ 4|´
1
2dt in the trace coordinate t “ tpaq on T � W »

SL2

SL2

, the

transfer operator TT is given by the formula

TT pfqpaq

da
“ pdtq´1λpη, ψq

ż

r

ż

x
f

ˆ

r,
t

x

̇

ηpxrtqψpxqdx. (10.1)
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Here, f P S´

LpSym2,1q
pN,ψzG{N,ψq is expressed as a measure in the same

two coordinates denoted by pc, ζq in §9.

The proof of the theorem will be completed in §10.4.

10.1.2. Remark. The fact that this map should be pGm, ηq-equivariant fol-
lows, of course, from the composition of r̄ with projection to Gm, which
is equal to the quadratic Galois character attached to E{F . Thus, we could
have integrated f against η from the beginning, obtaining an element of the
space S´

LpAd,η|‚|q
pN,ψzSL2 {N,ψq, according to Proposition 9.3.1 (because

the unnormalized integral against η is the normalized pushforward p
ηδ´ 1

2

of this proposition). Let fη denote that element. Then, (10.1) can be read as
a map

S´

LpAd,η|‚|q
pN,ψzSL2 {N,ψq Ñ SpT qZ{2, (10.2)

given by

TT pfqpaq

da
“ pdtq´1λpη, ψq

ż

x
fη

ˆ

t

x

̇

ηpxtqψpxqdx, (10.3)

which, up to the scalar λpη, ψq, is the “usual” Fourier transform of the mea-
sure u ÞÑ fηpu´1qηpuq. The significance of working with the more com-
plicated space S´

LpSym2,1q
pN,ψzG{N,ψq lies in the global application, where

the Euler product of the Gm-integrals over all places does not converge, but
corresponds to a pole of the Sym2 L-function.

Now I will give a rough idea, without details, of how the transfer op-
erator of Theorem 10.1.1 is related to Venkatesh’s thesis. I refer to the ex-
position of [Ven04, §3] for the special case of the field Q, unless otherwise
stated, because it is based on the classical Kuznetsov formula and is simpler
to follow, notationally.

The basic, although very coarse, idea is that one should take an Euler
product of elements of S´

LpAd,η|‚|sq
pN,ψzSL2 {N,ψq, over all places, where

almost every factor is equal to the basic vector, and plug it into the Kuznetsov
formula. Classically, the Kuznetsov formula involves the Fourier coeffi-
cients anpfq of GL2-automorphic forms f (with fixed central character, here
η), and plugging in these non-standard test functions corresponds to writ-
ing down a “series of Kuznetsov formulas” associated to the Dirichlet series
of Lpf, Sym, sq (which, because of the central character, can also be written
as Lpf |SL2 ,Ad, η| ‚ |sq). As observed in [Ven04], up to a factor that is an-
alytic at s “ 1, this series is

ř

n an2pfqn´s, and the corresponding sum of
Kunzetsov formulas — or rather, of the discrete spectrum of their spectral
expansion — would be a sum of the form

ÿ

f

hptf q

8
ÿ

n“1

an2pfq

ns
ampfq, (10.4)
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in the notation of that paper. The parameter m is an auxilliary parameter
which should be thought of as the result of replacing a basic function by
a Hecke operator acting on it. To compute the residue of this at s “ 1,
Venkatesh computes the related expression (3) of his paper, or rather the
asymptotics as some variable X Ñ 8 of an alternate expression (18) that
involves a smooth cutoff function g P C8

c pRˆ
`q, whose discrete terms read

ÿ

f

hptf q

8
ÿ

n“1

gp
n

X
qan2pfqampfq. (10.5)

10.1.3. Remark. The global analytic issues that are addressed by introduc-
ing the cutoff function g are beyond the scope of the present article, which
focuses on local transfer operators. For the discussion that follows I will
just focus on the formal structure of Venkatesh’s argument, trying to match
it to the local transfer operator of Theorem 10.1.1, and will treat (10.5) as
an avatar for the “limit of (10.4) as s Ñ 1”, ignoring the appearance of the
function g. It is conceivable that one could avoid this cutoff function, fol-
lowing the techniques of [Sak19a], which are based on the idea of deform-
ing spaces of orbital integrals. I will also freely identify test measures for
the Kuznetsov quotient with test functions (that is, with orbital integrals);
the precise factors needed for a complete comparison with Venkatesh’s the-
sis will not be calculated here.

The geometric side of the sum above has the form (see equation (19) in
that article)

8
ÿ

n“1

ÿ

c

gp
n

X
qφ

˜

4π
?
n2m

c

¸

KSpn2,m; cq

c
, (10.6)

where KS stands for a certain generalized Kloosterman sum. The func-
tions φ and h of the past two formulas correspond to the orbital integrals of
the Archimedean test function, and their spectral “Lebedev–Kontorovitch”
transform in terms of Bessel functions, respectively.

The key in relating Venkatesh’s argument to our transfer operator is to
identify the variables that appear in the equation above to our local coor-
dinates appearing in (10.1). For simplicity, we will take m “ 1, which is
enough to convey the idea. It is simplest to start from an adelic setting,
produce a classical translation, and then relate it to the manipulations of
Venkatesh.

Adelically, we would write the Kuznetsov formula of SL2, over the base
field Q as

KTFpfη|‚|sq “
ÿ

ζPQ
fη|‚|spζq “

ÿ

ζPQ

ż

Aˆ

fpr, ζqηprq|r|sdˆr, (10.7)

where we are being imprecise about the contribution of the singular orbits
corresponding to ζ “ 0. The test function fη|‚|s , here, is obtained from
the pushforward of a factorizable f “ bpď8fp, with factors in the space
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S´

LpSym2,1q
pN,ψzG{N,ψq of the corresponding local field. The above would

only converge for ℜs " 0, and we would seek to compute the residue at
s “ 0 — see Remark 10.1.3 above.

Our quadratic character η would correspond to the Legendre symbol
`

D
‚

˘

under the correspondence between idele class characters and Dirichlet
characters, where D is a square-free integer. Writing ZD “

ś

p|D Zp, KD

for the product of
ś

p∤D Zˆ
p with the subgroup of elements congruent to 1

in Zˆ
D, our test function f would be taken to be KD-invariant in the vari-

able r; in particular, unramified outside of p|D. Using the decomposition
Aˆ{KD “ Qˆ ˆ pZ{Dqˆ ˆ Rˆ

` (with pZ{Dqˆ understood as a quotient of
Zˆ
D), we would rewrite the integral over Aˆ in (10.7) as follows:

KTFpfη|‚|sq “
ÿ

pq,ζqPpQˆˆQq

ÿ

xPpZ{Dqˆ

ff pqx, ζqηDpxq ¨

ż

Rˆ
`

f8pqr, ζqrsdˆr,

where we have written f “ ff b f8 for its restriction to the finite and
Archimedean factors of the adeles, ηD for the restriction of η to Zˆ

D, etc.
Writing fηf pr, ζq “

ř

xPpZ{Dqˆ ff prx, ζqηDpxq where r and ζ are in the finite
ideles (resp. adeles), a factorizable test function whose factors depend on η
only at the primes dividing D, and choosing it so that it is only supported
on integers at every place, the above sum could be written

KTFpfη|‚|sq “
ÿ

pn,ζqPpZą0ˆQq

fηf pn, ζq ¨ f`

8,η|‚|s
pζq

` η8p´1q
ÿ

pn,ζqPpZă0ˆQq

fηf pn, ζq ¨ f´

8,η|‚|s
pζq. (10.8)

Here, we have written f˘

8,η|‚|s
for the integral of f8 over the positive, resp.

negative reals. For simplicity, let us assume that f8 is supported on positive
reals, and drop the exponent.

As can be seen in [KL06], this expression corresponds to (10.6), for ap-
propriate choices of test functions, up to replacing the cutoff function by
the Dirichlet series (as discussed in Remark 10.1.3), and with the substitu-
tion ζ “ c

n . I point the reader, in particular, to Proposition 3.7 in that paper,
which can be translated to SL2 by using the property that, for a test func-
tion Φ on GL2pAf q with central character η, and for c P Zą0 Ă Qˆ (so that
ηpcq “ 1), we have

ż

A2
f

Φ

ˆˆ

1 x
1

̇ ˆ

´c´2

1

̇ ˆ

1 y
1

̇̇

ψ´1pn2x` yqdxdy “

ż

A2
f

Φ

ˆˆ

n´1

n

̇ ˆ

1 x
1

̇ ˆ

´nc´1

n´1c

̇ ˆ

1 y
1

̇̇

ψ´1px` yqdxdy.

Combining [KL06, Proposition 3.7] (with parameters n “ 1, m1 “ n2,
m2 “ ´1) with (10.8), we see that (10.6) can be obtained by taking fppn, ‚q,
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at primes p not dividing D, to be the one corresponding to Φ “ 1SL2pZpq

(in the equation above). Equivalently, fppn, ‚q corresponds to the orbital
integrals of the SL2

2-Whittaker function of the form Φ1 b Φn, where Φa is

supported on NpF q

ˆ

a
a´1

̇

SL2pZpq. (See §2.2.1 for a discussion of the

Kuznetsov formula in terms of a pair of Whittaker functions/measures.) Of
course, this is very close to the basic function of S´

LpSym2,1q
pN,ψzG{N,ψq,

in the same sense that the Dirichlet series
ř

n an2pfqn´s´1 is close to the
symmetric square L-function at s`1 (i.e., their differences do not affect the
residue at s “ 0). At primes dividing D, the corresponding test functions
of [KL06] depend on η, as do the functions fηf in (10.8).

Having related (10.6) to its adelic version (10.7), let us now confirm that
the local transfer operator TT of Theorem 10.1.1 suggests the global ma-
nipulations of Venkatesh’s paper. In order to do that, we rewrite (10.1),
ignoring scalar factors and treating measures as functions, as an operator

f ÞÑ lim
sÑ1

ż

r
ηprq|r|s

ż

x
f

ˆ

xr

t
,
t

x

̇

ψpxqdxdˆr. (10.9)

This is not a random change of variables. As we shall see, the inner
and the outer integral play a distinct role in the proof6 of Theorem 10.1.1,
and more precisely of Theorem 10.3.2, with the inner one corresponding to
formula (9.19) for the inverse unfolding operator Ū´1, and the other one, a
Mellin transform, being (essentially) the composition P˝

κ ˝ H˝
X appearing

in ((10.21)). It turns out that these two integrals correspond to the two
basic steps of Venkatesh’s proof; hence, it is not only our final formula,
but also its derivation which is very closely mirrored in the manipulations
of [Ven04].

The inner integral of (10.9) is a Fourier transform, and suggests apply-
ing a Poisson summation formula, globally. Only for the purposes of this
subsection, we will be writing f̂ for what is denoted by Ū´1 in the rest of
this paper, that is, f̂pc, νq “

ş

x f
`

xc
ν ,

ν
x

˘

ψpxqdx. Then, applying the Poisson
summation formula formally (without any claim to rigor) would rewrite
the Kuznetsov formula of (10.7) as

KTFpfη|‚|sq “

ż

QˆzAˆ

ηprq|r|s
ÿ

pn,cqPpQˆˆQq

fprn,
c

n
qdˆr

“

ż

QˆzAˆ

ηprq|r|s
ÿ

pν,cqPQ2

f̂prc, νqdˆr, (10.10)

6Hopefully, putting this discussion ahead of the proof will serve as a motivation for the
reader!
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where we have used the fact that the Fourier transform of n ÞÑ fprn, cnq,
with dual variable denoted ν

c is
ż

n
fprn,

c

n
qψpn

ν

c
qdn “ |

c

ν
|

ż

x
fp
rcx

ν
,
ν

x
qψpxqdx “ |

c

ν
|f̂prc, νq.

The first main step of Venkatesh is, indeed, to apply the Poisson sum-
mation formula in the variable n, with c fixed. This is done in two moves,
first over classes of n modulo c in order to take the Fourier transform of the
Archimedean component, and then as a summation over classes x P Z{c,
arriving at equation (20) in his paper. It is easily checked that the two steps
correspond, indeed, to an adelic Poisson summation formula in the vari-
able n, with dual variable corresponding to ν

c . Thus, the last expression of
(10.10) corresponds to [Ven04, (20)].

The outer integral in (10.9) is already embedded in (10.10). Classically,
it corresponds to a Dirichlet series in the parameter c, with the parameter
ν fixed. Studying this Dirichlet series is indeed the second main step of
Venkatesh. This Dirichlet series is defined in [Ven04, §4.5.2], and denoted
Zpsq. (The reader can also consult the actual thesis, [Ven02, Theorem 3],
where it is written more simply for the case of Q.)

As Venkatesh observes, this Dirichlet series exhibits a lot of cancellation
and does not have a pole at s “ 0, unless ν in the image of the map T pQq Ñ

T � W pQq. Locally, however, there is no pole, and the evaluation at s “ 0

corresponds to the integral of f̂ against η in the variable c. (This point is lost
in the translation between measures and functions: this integral looks more
like a Tate zeta integral at s “ 1.) Nonetheless, our derivation of (10.1), the
outer integral of (10.9) is written as a composition of two more complicated
operators, P˝

κ˝H˝
X , see Theorem 10.3.2. One of the operators is essentially a

Fourier transform of the function c ÞÑ ηpcqf̂pc, νq, and the other is a residue
of its Tate zeta integral at s “ 0 (corresponding to s “ ´1 in our current
coordinates). The need to write a simple integral in this complicated way
arises from the fact that the operator TT is obtained as a “boundary value”
of certain orbital integrals on the Rankin–Selberg variety — the boundary
value itself interpreted as a κ-orbital integral for SL2, and then related to
the torus via the endoscopic comparison of Labesse and Langlands.

Having, hopefully, given enough details to the interested reader to relate
this paper with the work of Venkatesh, we return to the rigorous discussion
in the local setting, in order to prove Theorem 10.1.1.

10.2. Germs at zero. We continue using the notation of the previous two
sections. In addition, we will be identifying the torus Aad with Gm via the
positive root character, so for a character χ of Aad we may interchangeably
write Lpχ, α̌2 , sq or Lpχ, sq for its local Dirichlet L-function.

The group Gm “ Aad acts on measures or functions on X̄ � SL2 and
NzG �N , and we can consider either the unnormalized translation action,
or the normalized one, descending from (8.1), (8.2), (9.11), and (9.10); that
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is, for measures, the normalized action is the product of the unnormalized
one with δ´ 1

2 . In this section, we will be working, by default, via the nor-
malized action (which is more convenient for keeping track of various con-
stants), but will sometimes switch to the unnormalized action, explicitly
stating so (as in the main theorem, Theorem 10.1.1). Notice that, under the
identification Aad » Gm with the positive root character, δ

1
2 becomes the

character | ‚ |
1
2 ; therefore, when (below) we apply the Mellin transform of

(7.5) to the variable c of the quotient space X̄�SL2 (on whichAad acts by δ),
its argument (a character of Gm » Aad) is compatible with the normalized
action.

As we have seen in the proof of Theorem 8.2.1, for an element f P SpX̄{SL2q,
the quotient f

dt is a section, over t ‰ ˘2, of the family of spaces SprV {Ttsq,
where Tt is the special orthogonal group of the quadratic form c (the coor-
dinate on X̄ � SL2) of discriminant d “ ´1

4pt2 ´ 4q on the symplectic vector
space V . Hence, as c Ñ 0, it has the asymptotic behavior of (7.2) or (7.3),
where ξ there stands for the coordinate c:

fpc, tq

dt
“ C1,tpcq ` C2,tpcqηt2´4pcq, if t2 ´ 4 is not a square;

fpc, tq

dt
“ C1,tpcq ` C2,tpcq logp|c|q, if t2 ´ 4 is a square.

I remind that the Ci,t’s (i “ 1, 2) are smooth measures in the variable c.
Let SpX̄{SL2q0 denote the collection of functions t ‰ ˘2 ÞÑ

C2,t

dc p0q, as f
varies over all elements of SpX̄{SL2q. By definition, we have a surjective
map

SpX̄{SL2q ↠ SpX̄{SL2q0, (10.11)
that we will denote by f ÞÑ rf s0.

For elements of the subspace SpX̄{SL2q˝, the collection of measures f
dt

belongs to the subspaces SprV {Ttsq
˝ of (7.11); that is, their asymptotics are

of the form
fpc, tq

dt
“ Ctpcqηt2´4pcq.

Let SpX̄{SL2q˝
0 denote the collection of functions t ‰ ˘2 ÞÑ Ct

dc p0q, as f
varies over all elements of SpX̄{SL2q˝. By definition, we have a surjective
map

SpX̄{SL2q˝ ↠ SpX̄{SL2q˝
0, (10.12)

that we will denote by f ÞÑ rf s˝
0.

The following is immediate:

10.2.1. Lemma. The kernels of the maps (10.11), (10.12) are Aad-stable; hence,
Aad acts on the spaces SpX̄{SL2q0, SpX̄{SL2q˝

0. Under the normalized action on
SpX̄{SL2q, these quotients decompose under theAad-action into eigenspaces with
eigencharacters ηδ

1
2 , where η ranges over all quadratic characters of Aad. For any

such η, the ηδ
1
2 -eigenvectors are supported on the set of t ‰ ˘2 with ηt2´4 “ η.
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Notice that under the unnormalized action of Aad, the eigencharacters
become ηδ.

The quotients (10.11), (10.12) can also be expressed in terms of Mellin
transforms. By Corollary 7.3.3 we have:

rf s˝
0ptq “

ηt2´4 ¨ f

dc dt
p0, tq “ ´AvgVolpFˆq´1Ress“ 1

2

f

dt

|

pηt2´4| ‚ |s, tq (10.13)

on SpX̄{SL2q˝. The Mellin transform, here, is, for any fixed t ‰ ˘2, the
scalar-valued Mellin transform of (7.5) of the quotient f

dtp‚, tq, understood
as a measure in the variable c. (In particular, c “ 1 is the base point that
we use to identify the set of points pc, tq with c ‰ 0 and t fixed with the
torus Aad.) We will also be thinking of the product of the function t ÞÑ

f
dt
q

pχ, tq by dt as a measure in the variable t, denoted f̌pχq, and varying
meromorphically with χ.

The analog of (10.13) for rf s0 is easiest expressed if we multiply the
Mellin transform of an element f P SpX̄{SL2q byLpχδs,´ α̌

2 ,
1
2q´1 “ Lpχ´1, 12q´1

(identifyingAad with Gm via the positive root character), so that for ηt2´4 “

1 the double pole of the Mellin transform at χ “ ηt2´4| ‚ |
1
2 becomes simple.

Then, by Proposition 7.3.1, for f P SpX̄{SL2q we have

rf s0ptq “ ´L˚pηt2´4,´0q ¨
Ress“ 1

2
Lpηt2´4,

1
2 ´ sq´1 f

dt
q

pηt2´4| ‚ |s, tq

AvgVolpFˆq
, (10.14)

whereL˚pηt2´4,´0q denotes the leading term of the local DirichletL-function
L˚pηt2´4,´sq at s “ 0. The same notation will be used in what follows for
the leading coefficients of other L- or γ-factors.

10.2.2. Proposition. The map

rf s0 ÞÑ γ˚pηt2´4, 1, ψq´1rf s0 (10.15)

is an Aad-equivariant isomorphism:

SpX̄{SL2q0
„
ÝÑ SpX̄{SL2q˝

0

which, in the non-Archimedean unramified case, maps the image of the basic vector
fX̄ to Lpηt2´4, 1q times the image of the basic vector f˝

X̄
.

Proof. The idea is, roughly, to define a map SpX̄{SL2q Ñ SpX̄{SL2q˝ which
acts on Mellin transforms as multiplication by Lpχ,´ α̌

2 ,
1
2q´1. This can be

done, literally, in the non-Archimedean case, where Lpχ,´ α̌
2 ,

1
2q´1 is the

Mellin transform of an element h in the completed Hecke algebra SpAadq{ ;
the convolution action of h (under the normalizated action ofAad on SpX̄{SL2q)
defines a surjection (in fact, bijection):

SpX̄{SL2q
„
ÝÑ SpX̄{SL2q˝,

which, in particular, satisfies

rh ‹ f s˝
0 “ L˚pηt2´4,´0q´1rf s0
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Indeed, the Mellin transforms satisfy

h ‹ f~pχq “ ȟpχqf̌pχq,

and by (10.13), (10.14) we have

rh ‹ f s˝
0ptq “ ´

Ress“ 1
2
ȟpηt2´4| ‚ |sq

f
dt
q

pηt2´4| ‚ |s, tq

AvgVolpFˆq

“ ´
Ress“ 1

2
Lpηt2´4,

1
2 ´ sq´1 f

dt
q

pηt2´4| ‚ |s, tq

AvgVolpFˆq

“ L˚pηt2´4,´0q´1rf s0ptq.

At Archimedean places, we need to argue more carefully. Recall from
§8.3 that SpX̄{SL2q˝ is obtained as the push-forward of a space of mea-
sures on X̄ad “ rX̄{t˘1us whose Mellin transforms are Paley–Wiener sec-
tions of a sheaf E ˝

ad over Aad
yC. The bundle E ˝

ad was obtained from the sheaf
Ead describing the Mellin transforms of elements of SpX̄adq by imposing a
condition of simple zeroes at the poles of theL-functionLpχ,´ α̌

2 ,
1
2q. In par-

ticular, if h P SpAadq{ is any element of the completed Schwartz algebra (see
§2.1.3) whose Mellin transform has the same order and leading coefficient
(“ L˚pη,´0q´1) as Lpχ,´ α̌

2 ,
1
2q´1 at χ “ ηδ

1
2 for any quadratic character η,

then convolution by h defines a surjective map:

SpX̄adq ↠ SpX̄adq1,

where the space on the right is the subspace of those elements of SpX̄adq

whose Mellin transform in small neighborhoods of the points χ “ ηδ
1
2 , for

all η quadratic, belongs to the subsheaf E ˝
ad.

By Lemma 8.3.4 the sheaf E ˝
ad is generated by its global (Paley–Wiener)

sections. That means, in particular, that for every element Φ1 P SpX̄adq1 we
can find an element Φ˝ of (its subspace) SpX̄adq˝ so that the Mellin trans-
forms of Φ1 and Φ˝, as elements of the fiber of E ˝

ad, coincide at χ “ ηδ
1
2 with

η quadratic, and vice versa. Let f 1, f˝ be the corresponding push-forwards
in SpX̄{SL2q. As Corollary 7.3.3 shows, the class rf˝s˝

0 depends only on
the values of Φ̌˝

pχq at χ “ ηδ
1
2 , with η ranging over all quadratic quarac-

ters. Thus, extending the definition of r s˝
0 to the space SpX̄adq1, and taking

f 1 “ h ‹ f , for any f P SpX̄{SL2q, we deduce that the map

rf s0 Ñ rf 1s˝
0 “ rf˝s˝

0

is an isomorphism
SpX̄{SL2q0

„
ÝÑ SpX̄{SL2q˝

0,

and given as in the non-Archimedean case by multiplication byL˚pηt2´4,´0q´1.

Multiplying by the non-zero factor
Lpηt2´4,1q

ϵpηt2´4,1,ψq
, we obtain the isomor-

phism of the proposition.
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The statement on basic vectors follows from the relation (8.22) between
their Mellin transforms.

□

10.3. κ-orbital integrals. Now we will interpret SpX̄{SL2q0 in terms of κ-
orbital integrals for SL2. These are the usual orbital integrals for SL2 over a
stable conjugacy class, twisted by a character κ of the Galois cohomology
group which parametrizes conjugacy classes in the given stable class, but
since here there is at most one non-trivial character κ, we will use this letter
just as a symbol for the following:

Let η be a quadratic character, T Ă SL2 a torus associated to this qua-
dratic character (in the sense that its splitting field is the quadratic field
associated to η, or η “ 1 and T is split), and let Cη be the image of T pF q

in C :“
SL2

SL2

; that is, Cη consists of the closure of the set of t ‰ ˘2 such

ηt2´4 “ η. Notice that here we are not using the notation Cη for an alge-
braic variety, but for a subset of CpF q.

We let Sκη pSL2
SL2

q Ă MeaspCηq denote the space of “κ-twisted push-forward
measures”, that is, the image of a twisted push-forward map

trη,κ! : SpSL2q Ñ MeaspCηq

defined as follows:

‚ If η “ 1, then this is just the restriction of the push-forward map

tr! : SpSL2q Ñ Measp
SL2

SL2

q to Cη; its image Sκη pSL2
SL2

q consists of the

restrictions of elements of SpSL2
SL2

q to Cη, the closure of the set of hy-
perbolic conjugacy classes.

‚ If η ‰ 1, then every t ‰ ˘2 in Cη has two conjugacy classes in its
preimage, and every class is represented by an element of the form
ˆ

t ´c´1

c

̇

. We let Fη be the function which is `1 on the conjugacy

class where ηpcq “ 1 (that is, where c is a norm for the associated
quadratic field) and ´1 on the conjugacy class where ηpcq “ ´1.
Then we let trη,κ! φ be the push-forward to Cη of the (restriction to
the preimage of Cη of the) measure φ ¨ Fη.

Notice that, by using the coordinate c of
SL2

N
we have trivialized the

torsor of conjugacy classes inside of any regular stable conjugacy class. This
is the usual trivialization by the rational canonical form. We let Aad act on
the space Sκη pSL2

SL2
q by the character η.
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10.3.1. Proposition. The map

Pκ : f ÞÑ rf s0ptq ¨
λpηt2´4, ψq

γ˚pηt2´4, 1, ψq
|t2 ´ 4|

1
2dt

“ L˚pηt2´4,´0q
|t2 ´ 4|

1
2

γ˚
Et

p1, ψ ˝ trq
Ress“ 1

2
Lpηt2´4,

1

2
´ sq´1f̌pηt2´4| ‚ |s, tq

(10.16)

defines an Aad-equivariant isomorphism

SpX̄{SL2q0
„
ÝÑ

à

η

Sκη p
SL2

SL2
q b δ

1
2 .

Here, γ˚pηt2´4, 1, ψq denotes the leading term in the Laurent expansion of the
function γpηt2´4, 1 ` s, ψq at s “ 0, and γ˚

Et
p1, ψ ˝ trq is, similarly, the leading

term for the local Dedekind gamma factor of Et “ F p
?
t2 ´ 4q at 1.

For F non-Archimedean and unramified over the base field, with the symplec-
tic form integral and residually non-vanishing, it sends the basic vector fX̄ P

SpX̄{SL2q (the image of the basic vector 1X̄poqdx, with dxpX̄poqq “ 1) to the im-

age of the unit element of the Hecke algebra of SL2 in
À

η Sκη pSL2
SL2

qbδ
1
2 , and, more

generally, for any h in the unramified Hecke algebra of G̃, sends h ¨fX̄ to the image
of diag˚h, where diag˚ is the map of Hecke algebras HpG̃, K̃q Ñ HpSL2,SL2poqq

which under Satake isomorphism corresponds to pullback under the diagonal em-
bedding of dual groups

PGL2
diag
ãÑ G̃̌.

Proof. Recall that X̄ » V ˆSLpV q. Fix a Haar measure dg on SLpV q, and let
dx be the measure on X̄ which is its product with the measure |ω| defined
by the symplectic form on V . Write f “ Φdx for an element of SpX̄q, where
Φ P FpX̄q. The product Φ|ω|, restricted to the fiber X̄g of the map X̄ Ñ

SLpV q over a point g, is a Schwartz measure on that fiber, while the product
Φ|Y dg is a Schwartz measure on the zero section Y “ SLpV q. The restriction
map Φdx Ñ Φ|Y dg is an equivariant map

SpX̄q Ñ SpSLpV qq b δ
1
2

which does not depend on the choice of dg. The map Pκ of the proposition
will descend from that; we just need to compute the (surjective) composi-
tion of the arrows

SpX̄q →→ SpSL2q b δ
1
2 →→

À

η Sκη pSL2
SL2

q b δ
1
2 ,

showing that it factors through the injective map from SpX̄{SL2q0 given by
(10.16).

Assume that t “ trpgq ‰ ˘2, so that the coordinate c of X̄ � SLpV q

defines a non-degenerate quadratic form on X̄g. As we saw in the proof
of Theorem 8.2.1, the discriminant of this quadratic form with respect to
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the symplectic form is d “ ´1
4pt2 ´ 4q. If we identify X̄g with ResEt{FGa,

where Et “ F p
?
t2 ´ 4q is the corresponding quadratic extension (possibly

split) in such a way that the quadratic form c corresponds to its norm, then I
claim that the average volume of Eˆ

t (see (2.6)) with respect to the measure
dˆe “

|ω|

|c| is

AvgVolpEˆ
t q “

#

|t2 ´ 4|´
1
2Ress“0γEp1 ´ s, ψ ˝ trq, in the non-split case;

|t2 ´ 4|´
1
2 pRess“0γp1 ´ s, ψqq

2 , in the split case.
(10.17)

Indeed, let us compare the given volume ofEt with the volume obtained
by identifying Et “ F ‘ F by means of a dual basis for the trace pairing
px, yq ÞÑ trpxyq which, by [Sak19a, (2.26)] is equal to

Ress“0γEtp1 ´ s, ψ ˝ trq

in the non-split case, where γEtp1 ´ s, ψ ˝ trq is the gamma-factor of the
functional equation of the Tate zeta integral for the trivial character on Et,
with respect to a self-dual measure. It decomposes as in (7.14)

γEtp1 ´ s, ψ ˝ trq “ λpηt2´4, ψq´1γp1 ´ s, ψqγpηt2´4, 1 ´ s, ψq,

with Ress“0γp1´s, ψq being, by the same result, the average volume of Fˆ.
In the split case, the average volume with respect to the self-dual measure
for ψ ˝ tr will be, by the same result, pRess“0γp1 ´ s, ψqq

2.
Now, as in the proof of Proposition 7.4.3, the trace pairing can be related

to the symplectic form by ωpx, yq “ trpDxȳq, where ȳ is the Galois con-
jugate of y and D is a traceless element such that the discriminant of the
quadratic form c is ´ 1

4D2 , and given this we can compute that the average
volume ofEˆ

t with respect to the symplectic volume is
a

|D2|F “ |t2´4|´
1
2

times the average volume with respect to the self-dual measure for the char-
acter ψ ˝ tr. This proves (10.17).

Now we apply Corollary 7.3.2. Disintegrating the measure dg against
dt “ dptrq, we obtain measures dg9 t on the stable conjugacy classes. Let ft
be the push-forward of the measure Φdg9 t (for t ‰ ˘2) with respect to the
function c. Let at denote the leading coefficient of the Laurent expansion of
f̌ tpχ ¨ | ‚ |sq at χ “ ηt2´4. Applying Corollary 7.3.2, we have

at “ ˘AvgVolpEˆ
t q ¨Oκt pΦ|Y q,

where Φ|Y is the restriction of Φ to the zero section Y » SL2 Ă X̄ , and
Oκt pΦ|Y q is its “κ-orbital integral” of (7.10), taken against the measure dg9 t.
The sign is positive in the split case (where the pole of f̌ tpχ ¨ |‚ |sq is of order
two), and negative in the non-split case (where it is of order one).

The product atdt is thus equal to AvgVolpEˆ
t q times the image of Φ|Y dg

in
À

η Sκη pSL2
SL2

q, up to a sign that depends on t. By Proposition 7.3.1, the
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image of Φdx in SpX̄{SL2q0 is equal to

rΦdxs0ptq “
at

´AvgVolpFˆq
“ ¯

AvgVolpEˆ
t q ¨Oκt pΦ|Y q

AvgVolpFˆq
,

hence the image of Φ|Y dg in
À

η Sκη pSL2
SL2

q is equal to:

rΦdxs0ptq ¨
¯AvgVolpFˆq

AvgVolpEˆ
t q

dt “ rΦdxs0ptq ¨
¯Ress“0γp1 ´ s, ψq

|t2 ´ 4|´
1
2γEt

˚
s“0p1 ´ s, ψ ˝ trq

dt

“ rΦdxs0ptq ¨
λpηt2´4, ψq|t2 ´ 4|

1
2

γ˚pηt2´4, 1, ψq
dt,

where the signs on the first line are negative in the split case and positive
in the non-split case, γEt

˚
s“0 denotes the leading term of the Laurent ex-

pansion at s “ 0. The second equality of the formula (10.16) follows from
(10.14).

The normalized action of Aad multiplies the measure on Vad by δ
1
2 and

shifts the base point in the definition of trη,κ! ; thus, it acts on the projection
to Sκη pSL2

SL2
q by ηδ

1
2 .

For the statement on basic vectors, take Φ “ 1X̄poq, and assume that
dgpSL2poqq “ 1. For unramified data, i.e., the symplectic form on V be-
ing integral and residually non-vanishing, this means that dxpX̄poqq “ 1,
so the product Φdx maps to the basic vector fX̄ . Then, by the above, the
measure

rΦdxs0ptq ¨
λpηt2´4, ψq|t2 ´ 4|

1
2

γ˚pηt2´4, 1, ψq
dt

is equal to the image of the unit element of the Hecke algebra in
À

η Sκη pSL2
SL2

qb

δ
1
2 and, more generally, for any element h in the Hecke algebra of G̃, the

image of h ¨ 1X̄poqdx under (10.16) is equal to the image of the element
ph ¨ 1X̄poqq|SL2dg, where by restriction to SL2 we mean restriction to the zero
section X̄ ∖X . This is the image of h under the push-forward map under
m : G̃ Ñ SL2 induced by A ˆ SL2

2 Q pa, g1, g2q ÞÑ g´1
1 g2, and by Lemma

9.4.3, this coincides with the restriction of the Satake transform of h to the
diagonal PGL2 ãÑ G̃̌. □

Now we will define a similar map

SpX̄{SL2q˝
0

„
ÝÑ

à

η

Sκη p
SL2

SL2
q b δ

1
2 .

It will not be the map that is induced from Pκ under the embedding SpX̄{SL2q˝ ãÑ

SpX̄{SL2q; such a map would be zero on hyperbolic conjugacy classes.
Rather, it will be compatible with the map of Proposition 10.2.2 between
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germs at zero, and such that the following diagram commutes:

SpX̄{SL2q˝ ←← →→
↑↑

H˝
X

↓↓

P˝
κ

→→

SpX̄{SL2q
↑↑

HX

↓↓

Pκ→→
À

η Sκη pSL2
SL2

q b δ
1
2 ,

SpX̄{SL2q˝ ↘
↙ →→ SpX̄{SL2q

(10.18)

although H˝
X and HX do not commute with the embedding of SpX̄{SL2q˝

in SpX̄{SL2q. The dotted arrow in this diagram does not represent an ac-
tual map between the spaces, but the isomorphism of Proposition 10.2.2
between their germs at zero. Recalling the relation (8.19) between the oper-
ators, we have:

10.3.2. Theorem. The map

P˝
κ : f ÞÑ rf s

˝
0 ptq ¨ λpηt2´4, ψq|t2 ´ 4|

1
2dt

“
λpηt2´4, ψq|t2 ´ 4|

1
2

γ˚p1, ψq
Ress“ 1

2
f̌pηt2´4| ‚ |s, tq (10.19)

is an Aad-equivariant (for the normalized action) isomorphism:

SpX̄{SL2q˝
0

„
ÝÑ

à

η

Sκη p
SL2

SL2
q b δ

1
2 (10.20)

which makes the diagram (10.18) commute.
Its restriction to the η-summand satisfies the fundamental lemma for the Hecke

algebra, for F non-Archimedean and unramified over the base field, mapping the
basic vector f˝

X̄
to Lpη, 1q´1 times the image of the unit element in the Hecke

algebra of SL2, and similarly for its Hecke translates, as in Proposition 10.3.1.
Moreover, the transfer operator

Tκ :“ P˝
κ ˝ H˝

X ˝ Ū´1 (10.21)

is an Aad-anti-equivariant surjection (for the normalized action):

S´

LpSym2,1q
pN,ψzG{N,ψq ↠

à

η

Sκη p
SL2

SL2
q b δ

1
2 .

The projection to the η-summand is an pAad, ηδ
´ 1

2 q-equivariant quotient, given
by the formula:

Tκfptq “

ż

c

ż

x
f

ˆ

c,
t

x

̇

ηpxctqψpxqdx (10.22)

(when t is such that ηt2´4 “ η).
For any element h of the unramified Hecke algebra of G̃, the image of h¨fLpSym2,1q

under Tκ in Sκη pSL2
SL2

q b δ
1
2 is equal to the image of ζp1qζp2q

Lpη,1q
diag˚h, where diag˚ de-

notes the map of Hecke algebras defined in Proposition 10.3.1.
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10.3.3. Remarks. (1) For the unnormalized action of Aad the projection to
the η-summand is η-equivariant, exactly as it should be for the func-
torial lift corresponding to the representation r̄ of L-groups (as in
the beginning of this section).

(2) The theorem will be complemented with a statement on relative
characters, see Proposition 10.4.4 below.

Proof. This is just a combination of results already proven:
By Proposition 10.2.2, division by γ˚pηt2´4, 1, ψq induces an isomorphism

of quotient spaces:

SpX̄{SL2q˝
0 Ñ SpX̄{SL2q0,

and Proposition 10.3.1 proves the isomorphism (10.20).
The second expression in (10.19), in terms of a residue, follows from

(10.13), using the equality

´AvgVolpFˆq “ ´Ress“0γp1 ´ s, ψq “ γ˚p1, ψq.

For the commutativity of (10.18), apply the relation (8.19) between the
operators HX and H˝

X to the formulas (10.16), (10.19).
By Theorem 8.3.5 and the definition of S´

LpSym2,1q
pN,ψzG{N,ψq, the map

H˝
X ˝ Ū´1 is an Aad-anti-equivariant isomorphism (with respect to the nor-

malized action of Aad):

S´

LpSym2,1q
pN,ψzG{N,ψq

„
ÝÑ SpX̄{SL2q˝.

For the statement on basic vectors, we see from Theorems 9.4.2 and 8.4.1
that H˝

X ˝ Ū´1 takes the basic vector fLpSym2,1q to ζp1qζp2qf˝
X̄

; moreover,
since it descends from a pG̃, ιq-equivariant transform (where ι is the in-
volution on G̃ induced by inversion on A), it will also send h ¨ fLpSym2,1q

to ζp1qζp2qpι˚hq ¨ f˝
X̄

, for every h P HpG̃, K̃q. Under the correspondence
of Proposition 10.2.2 between stalks at zero, f˝

X̄
corresponds to Lpη, 1q´1

times the basic vector fX̄ , and by Proposition 10.3.1 and the commutativ-
ity of (10.18), it is mapped under P˝

κ to ζp1qζp2q

Lpη,1q
times the basic vector of

Sκη pSL2
SL2

q. More generally, the operator P˝
κ carries h ¨ fLpSym2,1q to the image

of ζp1qζp2q

Lpη,1q
diag˚h in

À

η Sκη pSL2
SL2

q b δ
1
2 .

We can write an explicit formula for Tκ, using the formulas (9.19), (8.20)
for Ū´1 and H˝

X . Fix a quadratic character η (possibly trivial), and assume
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that t is such that η “ ηt2´4; then

Tκfptq “ P˝
κ ˝ H˝

X ˝ Ū´1
fptq “

λpη, ψq|t2 ´ 4|
1
2

γ˚p1, ψq
¨

¨Ress“ 1
2

˜

λpη, ψq´1

ˇ

ˇ

ˇ

ˇ

c2

4 ´ t2

ˇ

ˇ

ˇ

ˇ

1
2

ˆ

pψp
1

‚
qηp‚qdˆ‚q ‹1 Ū´1

f

̇

pp4 ´ t2qc´1, tq

¸_

pη|‚|sq

“
1

γ˚p1, ψq
¨Ress“0

ˆˆ

pψp
1

‚
qηp‚qdˆ‚q ‹1 Ū´1

f

̇

pp4 ´ t2qc´1, tq

̇_

pη|‚|s´ 1
2 q.

Here, ‹1 denotes multiplicative convolution in the first argument of the
function Ū´1

f , but this function is then evaluated at pp4´t2qc´1, tq, so even-
tually we will are looking at the Mellin transform of the function

pψp
1

‚
qηp‚qdˆ‚q ‹1 Ū´1

f

at the inverse character. The variable c is a “dummy variable” that serves as
the argument of the Mellin transform. Explicitly, this reads (recalling from
(7.5) the normalization of Mellin transform):

Ress“0

ş

cpψp1
‚
qηp‚qdˆ‚q ‹1 Ū´1

fpp4 ´ t2qc´1, tqηpcq|c|´s

γ˚p1, 1, ψq
“

“
Ress“0

ş

cpψp1
‚
qηp‚qdˆ‚q ‹1 Ū´1

fpc, tqηpcq|c|s

γ˚p1, 1, ψq
.

We can use the definiton of Ū´1 to expand this completely to

Tκfptq “
1

γ˚p1, 1, ψq
¨ Ress“0

ż

c

ż

z

ż

x
f

ˆ

zxp4 ´ t2q

ct
,
t

x

̇

ηpcq|c|´sηpzcqψpx` zqdxdˆz

“
Ress“0

ş

c

ş

z

ş

x f
`

zc, tx
˘

|c|sηpxzctqψpx` zqdxdˆz

γ˚p1, 1, ψq
(10.23)

(given that ηp4 ´ t2q “ 1), or use the functional equation of Tate zeta inte-
grals (2.12), to get

1

γ˚p1, ψq
¨ Ress“0γp1 ` s, ψq

ż

c
Ū´1

fpc, tqηpcq|c|s “

ż

c
Ū´1

fpc, tqηpcq,

which, using the formula for Ū´1, becomes
ż

c

ż

x
f

ˆ

xc

t
,
t

x

̇

ψpxqdxηpcq.

This proves (10.22).
□
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10.3.4. Remark. The simplicity of (10.22) is best understood through the
commutativity of (10.18), and the fact that the map from the bottom-right
SpX̄{SL2q to Sκη pSL2

SL2
q b δ

1
2 is essentially a twisted push-forward; see the

proof of Proposition 10.4.4.

10.4. Transfer to tori. We now combine this with the Labesse–Langlands
theory of endoscopy [Lan80, LL79] for SL2, to get the transfer operator from
the Kuznetsov formula to a torus. First, let me summarize the results of
Langlands and Labesse:

We fix, as in Theorem 10.1.1, a quadratic character η, the corresponding
quadratic algebra E over F , and the torus T , the kernel of the norm map
ResE{FGm Ñ Gm, considered as a subgroup of SL2 » SLF pResE{FGaq. In
the non-Archimedean, unramified case, F will be replaced by its ring of
integers o in these definitions. The L-group of T has an L-embedding

r̄ : LT » Ť ¸ GalpF̄ {F q ãÑ LG “ Gm ˆ PGL2 ˆGalpF̄ {F q, (10.24)

as in the beginning of this section, whose projection to the PGL2-factor
factors through the Galois group of E{F , sends Ť to the diagonal torus,

and the non-trivial element of GalpE{F q to the Weyl element
ˆ

1
1

̇

, if T

is non-split.
We let ℓ denote the isomorphism

ℓ : SpT qW “ SpT {W q
„
ÝÑ SpT qW

whose inverse is 1
2 times the composition of SpT qW ãÑ SpT q Ñ SpT {W q. In

other words, ℓ preserves the measure on every measurable subset of T on which
the map to T � W is injective. Explicitly, there is a Haar measure da on T
which, locally (that is, on subsets which injecto to T � W ), satisfies da “

dt?
|t2´4|

, and if we write an element f P SpT {W q as Φptqdt, we have

ℓpfqpaq “
a

|tpaq2 ´ 4|Φptpaqqda. (10.25)

10.4.1. Theorem. There is an isomorphism

TLL : Sκη p
SL2

SL2
q Ñ SpT qW

given by

f ÞÑ ℓ

˜

λpE{F,ψq
a

|t2 ´ 4|
f

¸

,

such that for every unitary7 character θ of T we have

T ˚
LLθ “ Θθ,

where:

7“Unitary” is automatic for η ‰ 1, but the theorem includes the case of split tori.



TRANSFER OPERATORS AND HANKEL TRANSFORMS, II 91

‚ in the split case, Θθ is the character of the principal series representation
obtained by unitary parabolic induction from θ;

‚ in the non-split case, there is an L-packet (=restriction of an irreducible
representation of GL2) of SL2, consisting of two (possibly reducible)8 rep-
resentations π` and π´ labelled so that π` admits a Whittaker model for

the character
ˆ

1 x
1

̇

ÞÑ ψ´1pxq, such that Θθ is equal to the difference

of characters
Θπ`

´ Θπ´
.

For E{F unramified non-Archimedean, TLL takes the basic vector of Sκη pSL2
SL2

q

(the image of the unit element of the Hecke algebra) to the basic vector of SpT q

(the unit of the Hecke algebra). Moreover, for every h in the unramified Hecke
algebra of SL2, it takes the image of h to r̄˚h, where r̄˚, under Satake isomorphism,
corresponds to pullback under the L-embedding r̄.

10.4.2. Remark. The unramified Hecke algebra of T is trivial (» C) if T is
non-split; in that case, r̄˚h is the trace of h on the principal series represen-
tation of SL2 induced from the unique non-trivial unramified character of
its Cartan; this is the same as the integral

ş

SL2
hFη, where Fη is as in the

definition of Sκη pSL2
SL2

q in §10.3.

This formulation of the results of Labesse and Langlands is certainly
well-known to experts, but for the convenience of the reader I will outline
its reduction to the statements of the original papers.

Proof. To compare with the results of [Lan80, LL79], first we need to relate
our trivialization of κ-orbital integrals (along the rational canonical form
ˆ

´1
1 t

̇

) with that used in [LL79, Lemma 2.1]; the significant factor is the

factor

κ1

ˆ

γ ´ γ

γ01 ´ γ02

̇

(10.26)

of loc.cit., where κ1 is what we denote here by η, and the expression in brack-
ets can be identified with

e´ ē

e0 ´ e0
,

where e, e0 P T pF q Ă Eˆ, and e0 fixed. The same factor appears in the
definition of a certain function χθ on T in [Lan80, Lemma 7.19], except that
κ1 (our η) was there denoted by ω.

These factors depend on the choice of a base point e0 P T pF q; it is easy to
see that, if we choose the isomorphism of SLF pResE{FGaq with SL2, and a
point e0 P T pF q, in such a way that the lower-left entry of the matrix of e0 is

8The representations π`, π´ are reducible if and only if θ “ θ´1 — in which case the
packet consists of 4 irreducible elements. However, at no point will we need to distinguish
between the irreducible components of π` and π´.
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equal to 1, these factors become equal to the restriction to T of the function
Fη in our definition of κ-orbital integrals in §10.3. Thus, when we compare
the statement of the above theorem with the results of [Lan80, LL79], these
factors will disappear, since we identified elements of Sκη pSL2

SL2
q as measures

on T �W by trivializing regular stable conjugacy classes along the rational
canonical form as above.

The statement on characters is equivalent to saying that, pulled back to
the space SL2

N with coordinates pc, tq as in §8.1, the difference Θπ`
´ Θπ´

is
equal to the function

#

0, if F p
?
t2 ´ 4q fi E;

ηpcqλpE{F,ψq
θpγq`θpγ̄q?

|t2´4|
, if γ, γ̄ P T are the two elements with tr “ t.

This is Lemma 7.19 of [Lan80], except that to fix the sign ˘ that appears
at the statement of the lemma, one needs to look into the proof. Langlands’
normalization is that π` has a Whittaker model for the upper triangular
unipotent group with respect to the character ψ, not ψ´1 as in our statement
of the theorem. (The description of π` appears on p. 132 of [Lan80].) But
the result on difference of characters, then, which appears in his equation
(7.11), includes a factor of ηp´cq (ωp´cq in his notation), which means that
the torsor of conjugacy classes inside of a stable one is trivialized at c “ ´1.
Applying the automorphism of SL2 given by conjugation by the diagonal
element diagp1,´1q, we obtain the statement with Whittaker character ψ´1

and trivialization at c “ 1.
For a function Φ on SL2, the image of the measure Φdg in Sκη pSL2

SL2
q is

equal to Oκt pΦq
a

|t2 ´ 4|dt, where Oκt pΦq is the κ-orbital integral restricted
to values of t with F p

?
t2 ´ 4q “ E, and taken with a measure on the con-

jugacy classes that matches dg (in the sense that it disintegrates it against
a

|t2 ´ 4|dt). The statement about transfer to SpT qW is then [LL79, Lemma
2.1], which states that a certain function γ ÞÑ ΦT pγ,Φq extends to a smooth
function on T . That function, using our κ-orbital integral which is based at
c “ 1 hence absorbing the factor (10.26) of [LL79] is the function

λpE{F,ψq
a

|t2 ´ 4|Oκt pΦq.

Thus, the measure e ÞÑ λpE{F,ψq
a

| trpeq2 ´ 4|Oκtr epΦqde, where de is any
Haar measure on T , will live in SpT q, and it is evidently W -invariant. Its
push-forward to T �W , one can check, is the measure λpE{F,ψqOκt pΦqdt “

2λpE{F,ψq
fptq?
|t2´4|

, for the choice of de which is locally (in neighborhoods

mapping isomorphically onto their image in T �W ) equal to dt?
|t2´4|

. Thus,

the “pullback” of λpE{F,ψqfptq?
|t2´4|

to T (in the sense of the lift ℓ) is indeed an

element of SpT qW . The fact that we obtain all elements of SpT qW is implicit
in [LL79], and easy to see. (One can produce many elements out of one by
multiplying by a smooth function on T �W .)



TRANSFER OPERATORS AND HANKEL TRANSFORMS, II 93

The fundamental lemma, i.e., the statement about basic vectors, is proven
in [LL79] before Lemma 2.4, and the equivariance with respect to the Hecke
algebra follows either by a similar direct calculation, or by the statement on
characters (once it is known, in the non-split case, that only for the trivial
character θ and only when E{F is unramified is the packet tπ`, π´u un-
ramified, corresponding to the principal series of the non-trivial unramified
character). □

Having introduced the virtual character Θθ, we backtrack for a moment
to complement the statement of Theorem 10.3.2 with a statement about
characters:

10.4.3. Theorem. For Θθ as above, its evaluation at c “ 1, understood as a
function in one variable t, satisfies

pFId,1 ˝ ηq˚Θθ|c“1 “ Jπ` ,

where JΠ “ Jπ`
is the Kuznetsov relative character (“Bessel distribution”) of the

L-packet associated to Θθ (or, equivalently, its pN,ψ´1q-generic element π`), and
the composition of Fourier convolution FId,1 with multiplication by η is applied to
the space SpN,ψzSL2 {N,ψq of standard test measures for the Kuznetsov formula
of SL2.

The Fourier convolution should be understood again as the Fourier trans-
form of a distribution.

Proof. The proof is identical to the proof of statement (2) of Theorem 4.2.1,
so I will only present the formal argument. Notice that the only difference
to that statement is the appearance of the character η in the Fourier convo-
lution, and the replacement of the stable character ΘΠ by the endoscopic
character Θθ.

As in the proof of Theorem 4.2.1, let f P SppN,ψqzSL2 {pN,ψqq, and f ˆ

dn its pullback to SL2
N , an pN,ψq-equivariant measure (under left or right

translation) on the set of N -conjugacy classes on SL2. The pairing (which
should be understood as a regularized integral, as in the proof of Theorem
4.2.1) ⟨︁

f,Θπ`

⟩︁
:“

ż

SL2
N

Θπ`
pgqf ˆ dnpgq

is equal to the analogous pairing

⟨f,ΘΠ⟩

with the stable character, since π´ is not generic (a fact that was used in the
proof of Theorem 4.2.1), or to

⟨f,Θθ⟩ ,
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for the same reason. On the other hand, as was explained in the proof of
that theorem, it is also equal to

ż

NzG{N
Jπ`

¨ f.

But Θθ is only supported on the values of t which are contained in the
image of T pF q in T � W , and is η-equivariant in the c-variable. Thus, we
have, formally,

⟨f,Θθ⟩ “

ż

F
Θθptq

ˆ
ż

Fˆ

ηpcq
f ˆ dnpc, tq

dt

̇

dt.

The identification of the inner integral with FId,1 ˝ η now follows as in
(4.11); hence, pFId,1 ˝ ηq˚Θθ “ Jπ`

. □

In §10.5 I will present a derivation of the formula for stable characters of
SL2 based on the proposition above.

10.4.4. Proposition. The pullback of Θθ P

´

Sκη pSL2
SL2

q b δ
1
2

¯˚

under the transfer
operator Tκ of Theorem 10.3.2 is equal to JΠ, where Π is the L-packet associated to
θ.

Proof. As in (9.29), the transform Ū descends to a meromorphic family of
morphisms

SpX̄{SLpV qq˝
pAad,χq Ñ S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq.

The proof of Proposition 9.3.3 shows that, for almost all χ, this map fac-

tors through the image S
ˆ

SL2

Bad,χδ
1
2

̇

of a twisted push-forward map, and

computes its inverse,

S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq Ñ S

˜

SL2

Bad, χδ
1
2

¸

.

For χ “ ηδ´ 1
2 , this inverse is given by the operator η ˝ FId,η,1 “ FId,1 ˝ η.

Notice that at χ “ ηδ
1
2 both the Mellin transforms of elements of

S´

LpAd,χ´1δ
1
2 ˝e

α̌
2 q

pN,ψzSL2 {N,ψq and of elements of SpX̄{SLpV qq˝ have poles;

the former is stated in Proposition 9.3.1, and the latter is Theorem 10.3.2,
which also shows that the residue, multiplied by the scalar factor m˝

η :“

λpη,ψq|t2´4|
1
2

γ˚p1,ψq
, lives in Sκη pSL2

SL2
q b δ

1
2 .

Hence, taking residues of the Mellin transforms, we have a commutative
diagram:
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S´

LpSym2,1q
pN,ψzG{N,ψq

↓↓

Ū´1
→→ 1SpX̄{SL2q˝

H˝
X →→

↓↓

2SpX̄{SL2q˝

m˝
η ¨Ress“0f̌pηδ

1
2 `s

q

↓↓

S´

LpAd,ηδ˝e
α̌
2 q

pN,ψzSL2 {N,ψq
FId,1˝η

→→ SpX̄{SL2q˝

pAad,ηδ
´ 1

2 q

→→ Sκη pSL2
SL2

q b δ
1
2 ,

(10.27)
where we have put exponents 1, 2 above the two copies of SpX̄{SL2q˝ in
order to distinguish them.

I claim that the pullback of Θθ to 1SpX̄{SL2q˝ under this diagram is equal
to Θθ itself, understood as a function on X{SL2 “ SL2

N . Granted that, the
proposition follows from Theorem 10.4.3.

The claim follows from the commutativity of the diagram (10.18). Let us
recall that HX descends from symplectic Fourier transform F on the sym-
plectic vector bundle X̄ Ñ SL2; and that the map SpX̄{SL2q Ñ Sκη pSL2

SL2
qbδ

1
2

descends from the map that takes a measure Φ ¨ |ω| ˆ dg P SpX̄q to its re-
striction to the zero section Φ|SL2dg P SpSL2q (see Proposition 10.3.1). By
elementary properties of Fourier transform, the pullback of any general-
ized function Θ on SL2 under the adjoint of

SpX̄q
F →→ SpX̄q

restriction to

zero section
→→ SpSL2q b δ

1
2

is its pullback π˚Θ under the canonical projection π : X̄ Ñ SL2. We con-
clude that the pullback of the virtual character Θθ to 1SpX̄{SL2q˝ is equal
to Θθ.

□

Combining the above with the theorem of Labesse and Langlands, The-
orem 10.4.1, setting TT “ TLL ˝ Tκ, we can now prove Theorem 10.1.1.

Proof of Theorem 10.1.1. Composing the Labesse–Langlands transfer TLL of
Theorem 10.4.1 with the transfer operator Tκ of Theorem 10.3.2, we obtain
the desired transfer operator TT . To compute it, we combine (10.22) with
the formula of Theorem 10.4.1 to write

TT pfq “ ℓ

˜

t ÞÑ
λpE{F,ψq
a

|t2 ´ 4|

ż

c

ż

x
f

ˆ

c,
t

x

̇

ηpxctqψpxqdx

¸

Explicating the lift ℓ, we can write its argument as the product of the func-
tion t ÞÑ pdtq´1λpE{F,ψq

ş

c

ş

x f
`

c, tx
˘

ηpxctqψpxqdxwith the measure dt?
|t2´4|

,
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and the definition of ℓ states that this lifts to the pullback of the same func-
tion to T , multiplied by the measure da. Thus, we get

TT pfqpaq

da
“ pdtq´1λpE{F,ψq

ş

c

ş

x f
`

c, tx
˘

ηpxctqψpxqdx

“ pdtq´1λpE{F,ψq
ş

x fη
`

t
x

˘

ηpxtqψpxqdx, (10.28)

with fη as in (10.3).
The stated properties of this operator follow from the corresponding

properties of the transfer operators Tκ and TLL, per Theorems 10.3.2, 10.4.1
and Proposition 10.4.4.

□

10.4.5. Remark. As a check for our formulas, let us calculate the relative
characters on basic vectors. Hence, let F be non-Archimedean, with ring of
integers o, and assume that the torus T is unramified (possibly split).

Let f P SpN,ψzG{N,ψq be the image of the identity element of the Hecke
algebra, and π “ χ b τ an unramified representation of G “ Gm ˆ SL2,
whose L-packet we will denote by Π. By (4.3),

⟨f, JΠ⟩ “
ζp2q

Lpτ,Ad, 1q
,

Hence, if we replace f by the basic vector fLpSym2,1q P S´

LpSym2,1q
pN,ψzG{N,ψq,

⟨︂
fLpSym2,1q, JΠ

⟩︂
“
ζp2qLpπ,Sym2, 1q

Lpτ,Ad, 1q
.

Note that Sym2 denotes the descent of the Sym2-representation of GL2 un-
der GL2 Ñ GmˆPGL2; that is, the adjoint representation of PGL2 tensored
by the scalar action of Gm.

If fT is the identity in the Hecke algebra of T , and θ is an unramified
character, we have ⟨fT , θ⟩ “ 1. On the other hand, the theorem states that

1 “ ⟨fT , θ⟩ “

⟨︃
Lpη, 1q

ζp1qζp2q
TT fLpSym2,1q, θ

⟩︃
“

Lpη, 1q

ζp1qζp2q

⟨︂
fLpSym2,1q, T

˚
T θ

⟩︂
“

“
Lpη, 1q

ζp1qζp2q

⟨︂
fLpSym2,1q, JΠ

⟩︂
“

Lpη, 1q

ζp1qζp2q
¨
ζp2qLpπ,Sym2, 1q

Lpτ,Ad, 1q
,

where Π is the endoscopic lift of θ — that is: if T is split then Π “ 1b the
principal series representation unitarily induced from θ, and if T is non-
split (so θ “ 1), then Π “ ηb the principal series representation unitarily
induced from η, the unique non-trivial quadratic unramified character.

One easily confirms directly that the right hand side is, indeed, equal to
1.
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10.5. An application: the Gelfand–Graev–Piatetski-Shapiro formula. The-
orem 10.1.1 provides the transfer operator from tori to the Kuznetsov for-
mula. On the other hand, we have already seen in Theorem 4.2.1 how to
transfer between the Kuznetsov formula and the stable trace formula for
SL2. We will combine those two in order to obtain the well-known formula
for the stable transfer of characters from tori to SL2, when T is non-split:

Θst
θ ptq “

2

VolpT q

η

| ‚ |
‹+ Sθptq, (10.29)

where:

‚ Θst
θ is the stable character lifted from the character θ of T , expressed

as usual in the trace variable t;
‚ Sθptq “

θpaq`θ´1paq?
|t2´4|

if a P T has trace t (and Sθ is zero otherwise);

‚ ‹+ denotes additive convolution in the variable t, with respect to an
additive Haar measure dt;

‚ the volume of T is taken with respect to the Haar measure da which
is locally equal to dt?

|t2´4|
, as before.

This is formula 2.5.4.(7) in the book [GGPS69] of Gelfand, Graev, and
Piatetski-Shapiro. In the split case, Sθ is equal to the character of the lift,
i.e., the measure 2

VolpT q

η
|‚|

is replaced by the delta measure at zero, and it
will become clear why this is so.

Theorem 10.1.1 states that the adjoint of the operator T ˚
T θ takes the char-

acter θ of the torus T to the relative character JΠ for the Kuznetsov formula
of G “ SL2 ˆGm. This will be η-equivariant in the Gm-factor; let us now
ignore the Gm-factor, and use JΠ to denote the restriction of the relative
character to SL2. For f P SpGq, let fηptq “

ş

c fpc, tqηpcq, a measure in the
variable t. Then, (10.1) can be written:

TT pfqpaq

da
“ λpη, ψq

ż

x

fη
`

t
x

˘

dt
ηpxtqψpxqdx,

where t “ tpaq.
By Theorem 10.1.1,

JΠ “ T ˚
T θ,

which from the above formula can easily be computed as

JΠpζq “ λpη, ψqηpζq
`

ψp‚´1q| ‚ |´1dˆ‚
˘

‹ Sθpζq, (10.30)

where Sθptq “
θpaq`θpa´1q?

|t2´4|
, with a, a´1 being the elements of T with tpa˘1q “

t.
On the other hand, by Theorem 4.2.1,

JΠ “ T ˚
SL2

ΘΠ,
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where TSL2 is given by multiplicative convolution by the measureψpzq|z|dˆ.
Its adjoint (on generalized functions) will be given by multiplicative con-
volution by the measure ψp1z q|z|´1dˆz, and the inverse of that will be given
by convolution by ψ´1pzqdˆz.

Hence,

ΘΠptq “
`

ψ´1p‚qdˆ‚
˘

‹ JΠptq

“ λpη, ψq
`

ψ´1p‚qdˆ‚
˘

‹
`

ηptq
`

ψp‚´1q| ‚ |´1dˆ‚
˘

‹ Sθptq
˘

.

If Φ̂ denotes usual Fourier transform Φ̂pyq “
ş

Φpxqψpxqdx (with self-
dual Haar measure with respect to ψ), the above can be written

ΘΠptq “ λpη, ψq

ż

ψ´1ptuqηpuqSθxpuqdu.

In the split case, where η “ 1, λpη, ψq “ 1, this just says that

ΘΠ “ Sθ, (10.31)

the well-known formula for the character of a principal series representa-
tion.

Assume now that we are in the non-split case. Then η is the Fourier
transform of γpη, 1, ψq´1 η

|‚|
, understood as a generalized function by a Tate

integral, and the above can be written

ΘΠ “
λpη, ψq

γpη, 1, ψq

η

| ‚ |
‹+ Sθ.

By (7.17), λpη,ψq

γpη,1,ψq
“ 2

VolpT q
, where the volume of T is taken with respect

to the Haar measure da that is the quotient of the self-dual measure of the
associated quadratic extension E with respect to the character ψ ˝ tr, and
the self-dual, with respect to ψ, measure dt on F . I claim that this is the
same as the measure da which, locally in T , is equal to dt?

|t2´4|
. Indeed, if

E “ F p
?
Dq is the quadratic extension associated to the torus T , and we

write z “ x ` y
?
D for an element, the self-dual measure with respect to

ψ ˝ tr is |4D|
1
2dxdy. Computing differentials for the sequence

1 Ñ T Ñ ResE{FGm Ñ Gm Ñ 1,

one sees that the multiplicative measure dˆz “ dz
|x2´Dy2|

factorizes as the

product of the measure on T which is locally equal to dx

|Dy2|
1
2

, and the mul-

tiplicative measure on Gm. On T , the kernel of the norm map, we have
|Dy2|

1
2 “

a

|x2 ´ 1|, and together with the fact that x “ t
2 , this shows that

the quotient measure on T is the measure that is locally equal to dt?
|t2´4|

.

This proves the formula (10.29) for the stable characters.
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[Jac72] Hervé Jacquet. Automorphic forms on GLp2q. Part II. Lecture Notes in Mathemat-
ics, Vol. 278. Springer-Verlag, Berlin-New York, 1972.
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