INTERSECTION COMPLEXES AND UNRAMIFIED L-FACTORS

YIANNIS SAKELLARIDIS AND JONATHAN WANG

ABSTRACT. Let X be an affine spherical variety, possibly singular, and L1 X its arc space.
The intersection complex of LT X, or rather of its finite-dimensional formal models, is con-
jectured to be related to special values of local unramified L-functions. Such relationships
were previously established in [BEGMO02] for the affine closure of the quotient of a reduc-
tive group by the unipotent radical of a parabolic, and in [BNS16] for toric varieties and
L-monoids. In this paper, we compute this intersection complex for the large class of those
spherical G-varieties whose dual group is equal to G, and the stalks of its nearby cycles on the
horospherical degeneration of X. We formulate the answer in terms of a Kashiwara crystal,
which conjecturally corresponds to a finite-dimensional G-representation determined by the
set of B-invariant valuations on X. We prove the latter conjecture in many cases. Under
the sheaf—function dictionary, our calculations give a formula for the Plancherel density of
the IC function of LT X as a ratio of local L-values for a large class of spherical varieties.

CONTENTS

(1.__Introduction

[1.1.  Arc spaces and their IC functions|

[1.2. Asymptotics and L-functions|

[1.3. Zastava spaces and the main theorems in terms of sheaves|
T1 Roluch Lol ] ]

5 Semnhm o T - - |
[1.6. Organization of the paper|

(1.7. Index of notationl

[1.8.  Acknowledgments|

[2.__Spherical varieties and their arc spaces|

|2.1. Spherical varieties]

.2, Affine degeneration, and assumptions in positive characteristic|
[2.3. 'The tormal loop space]

[3.  Models tor the arc space]

[3.1. _Global modell

B.2__Toric casd

[3.3.  Zastava modell

[3.4.  Graded factorization property|

[3.5.  Global-to-Zastava yogal

(3.6, DStratification of the Zastava modell

(3.7, Relation to the affine Grassmannianl

3.8.  Theorem of Grinberg—Kazhdan, Drinfeld

4. Compactification of the Zastava model|

[4.1. Basic properties|

4.2. Stratificationl

4.3, The central fiberl

O© O NN

12

14
14
18
18
18
20
22
25
25
27
29
30
30
32
32
34
35
35
37
38



2 YTANNIS SAKELLARIDIS AND JONATHAN WANG

4.4.  Dimension of central fibers| 40
[4.5.  Comparison of IC complexes| 41
b.__Global Hecke action and closure relations 45
(5.1, Main results of this sectionl 45
H.2.  Hecke action on global model| 47
5.3. Reduction to cye = NP)| 49
[5.4. Open Zastaval 51
(0.5, Proof of Theorem1.1.1l 52

[6.6.  Closure relations and components in the global model| 58
[6.7. Closure relations and components in the Zastava model| 61

6. Stratified semi-smallness| 62
[6.1. Upper bounds on dimension| 63
6.2. Connected components of open Zastaval 64
6.3 Stratified semi-smallness] 65
[6.4.  Euler product| 66
6.5,  Critical dimensionl 69
[7. The crystal of a spherical variety| 70
[7.1.  The crystal Bx| 70
[[2._Reduction fo Levl 74
[7.3.  Lowering operators via hyperplane intersections| 77
[8.  Nearby cycles| 80
[8.1. Principal degeneration| 80
[8.2. Grinberg—Kazhdan theorem in families| 81
[8.3.  Results on nearby cycles| 83
8.4.  Contraction principle 86

87
9.1. Pushforward of the basic functionl 87
[9.2. Asymptotics and the basic function| 88
9.3. Kuler factors of global integrals| 88

Kgpenaix A. Progerties of the global stratification| 92
A1. The factorizable space of formal loops| 92

[A.2. Multi-point orbits| 93
[A.3. Proof of Lemmal3.1.6l 94
N G o fications 95
(A5, Proof of Theorem15.1.9] 98
[References] 101

1. INTRODUCTION

1.1. Arc spaces and their IC functions. Let F be a finite field, G a connected reductive
group over F, and X an affine spherical G-variety. The formal arc space L™ X is the infinite-
dimensional scheme that represents the functor R — X (R[t]), and it is singular, if X is.
However, its singularities at “generic” F-points (namely, arcs SpecF[t] — X which generically
lie in the smooth locus X*™) are of finite type, according to the theorem of Grinberg-Kazhdan
and Drinfeld, and this allows one to define an IC function [BNSI6], that is, the function that
should correspond under Frobenius trace to the “intersection complex” of LTX. This is a
function ®¢ on X (o) N X (F) (where o = F[t] and F = F((t))), and it was conjectured in
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[Sak12] (before the rigorous definition of this function was available) that it is related to special
values of L-functions. Such a relation was established in [BNS16] for toric varieties and certain
group embeddings, termed L-monoids, generalizing the local unramified Godement—Jacquet
theory. One goal of the present paper is to prove such relations, for a different and broad class
of spherical varieties.

In order to compute the IC function, we need to work with finite-dimensional global models
of the arc space, or rather, the arc space over the algebraic closure k of F; from now on, we base
change to k, without changing notation. However, for motivational purposes, let us here pretend
that LT X were already finite-dimensional, and the intersection complex on it were defined as a
Qy-valued constructible (derived) sheaf, for some prime ¢ different from the characteristic of F.
We would normalize such a sheaf to be constant in degree zero over the arc space of the smooth
locus LT X®™ and we would normalize the intersection complex of a substratum S C LTX of
codimension d to be Q;(£)[d] on its smooth locus, where Q,(3) denotes a chosen square root
of the cyclotomic Tate twist.

The IC function is computed via some version of a “Satake transform” for the spherical
variety — we will recover the original function from its Satake transform in Corollary
Let B D N be a Borel subgroup of GG, and its unipotent radical, and consider the invariant-
theoretic quotient X /N = Spec k[X]", which is an affine embedding of a quotient Tx of the
Cartan T' = B/N. In this paper, we restrict ourselves to varieties where B acts freely on an
open subset X° of X, so let us already make this assumption for notational simplicity. Then
Tx =T, and we fix a base point to identify T" as the open orbit in X /N. In fact, our assumption
on X is stronger, requiring that the (Gaitsgory—Nadler) dual group of X, Gx, is equal to the
Langlands dual group of G — this condition is equivalentﬂ to the following:

B acts freely on X°, and for every simple root «, if P, is the parabolic
(1.1) generated by B and the root space of —a, the stabilizer of a point in the
open P,-orbit X°P, is a torus (necessarily one-dimensional).

The pushforward map 7 : X — X /N induces a map between arc spaces. Under our assump-
tions, the “generic” L*T-orbits on the arc space of X//N, that is, those corresponding to arcs
whose generic fiber lands in the open T-orbit, are naturally parametrized by a strictly convex
(i.e., not containing non-trivial subgroups) submonoid ¢x C A of the cocharacter group of T,
with X € cx corresponding to the image t* := A(t) of a uniformizer (acting on a fixed base point
of X//N). The pushforward mIC +x of the IC sheaf is LT T-equivariant, and under Frobenius
trace translates to a T'(o)-invariant function on X /N (0)NT'(F), which will be denoted by m®y.
Explicitly,

mPp(a) = /N(F) Dy (an)dn,

is a Radon transform on the spherical variety, i.e., the integral of the IC function ®g over generic
horocycles, that is, over the fibers of the map X (o) — X /N (o), where the Haar measure on
N(F) is so that dn(N (o)) = 1.

This integral is really a finite sum, hence makes sense over Q,, but let us for simplicity
choose an isomorphism Q, ~ C, such that the geometric Frobenius morphism Fr acts on the
chosen half-Tate twist @g(%) by q%. Our results and conjectures are best expressed under
the assumption that X carries a G-eigen-volume form; we will assume this for the rest of the

ITo be precise, we are referring to the modification of the Gaitsgory—Nadler dual group described in [SV17],
because the Gaitsgory—Nadler dual group would be G even if the stabilizers were normalizers of tori. This
small distinction is important, and such cases (for example, O, \GLy) are not expected to be directly related
to L-functions, and not included in the present paper.
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introduction. The absolute value of the volume form is a G(F')-eigenmeasure on the open orbit
X*(F), whose eigencharacter we will denote by 1. (We will not impose this assumption in the
rest of the paper, but see Remark ) Then, one should consider the following normalized
form of the integral above, analogous to the standard normalization of the Satake isomorphism:

(1.2) (10)* (a)mo(a) = (76)* (a) /N ,, olamyin

where 0 = |e2¢| is the modular character of the Borel subgroupﬂ
Ideally, we would like to prove a conjecture such as the following. To formulate it, recall that
T(o0)-orbits on T'(F) are parametrized by Galois-fixed (that is, Fr-fixed) elements of A.

Conjecture 1.1.1. There is a symplectic representation px of the L-group, px : "G = G x
(Fr) — GL(Vx), and a YT -stable polarization Vx = Vi @ Vi, such that the multiset B+ of
T-weights of V)}" belongs to c¢x, and the pushforward of the IC function satisfies:

(1.3) (775)% -m®gy = (try(Fr, Sym'(ﬁ(l))))*1 - tr4 (Fr, Sym'(V)}")).

Here, for a representation V' of LT =T x (Fr), the expression tr(Fr,V) denotes the function

on AT whose value on X is equal to the trace of geometric Frobenius Fr on the (T )\) etgenspace
of V.

From the point of view of number theory, the spherical varieties satisfying our assumption
Gx = G give, in some sense, the most interesting periods, because they are associated to
L-values at the center of the critical strip. Indeed, one should always be able to choose the
eigencharacter n such that the Frobenius morphism acts on V; by permuting elements of a
basis and scaling by q%. For example, when G is split and the colors (see below) of X are all
defined over F, this permutation action should be trivial, and should read:

-1 4
(1.4) (775)%”@0 _ [Toce+(1—q 16 ) 7
[liem+(1—g72¢%)
where BT is the multiset of weights, as in the conjecture, and e* denotes the characteristic
function of the T'(o0)-orbit of ¢

We will explain the relationship of this conjecture to various conjectures of arithmetic and
geometric origin below. We do not quite prove the conjecture in all cases, but we determine the
weights of px (in terms of X) and in the cases where px is minuscule, we prove the conjecture
(Corollary . It is helpful to distinguish between the special case when X = Twaﬂ is
the affine closure of a homogeneous quasiaffine variety, and the general case. In the special
case, let us also assume, at first, that the monoid cx is freely generated with a basis 71, ..., D,
so X//N may be identified with A”. This condition can always be achieved by passing to an
abelian cover of H\G and taking its affine closure, see In that case, the generators ; are
the valuations associated to the colors, that is, the prime B-stable divisors of H\G.

———aff
Theorem 1.1.2 (See . Assume that X = H\G  satisfies the conditions above (Tx =T,
Gx =G and cx =N is free). Then there is a (T x (Fr))-representation Vi§ satisfying:
(i) the T-weights of Vif belong to cx — 0;
(ii) the set of weights of Vi @ (Vi¥)* (without multiplicities) equals the set of weights of a
G-representation px;

2We use additive notation for the character group A of T, so e” will denote the actual morphism 7" — G,
corresponding to o € A.
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(iii) the dimensions of the weight spaces of Vi @ (Vi£)* are invariant under the Weyl group
W of G;

(iv) the weight spaces in Vi of the basis elements vy, ..

(v) under the Frobenius action, we have

B+

for some permutation action of Fr on the multiset B of weights, compatible with its
action on T,

such that the pushforward m®q of the IC functimﬂ satisfies the formula (1.3)) above.

In fact, we show more: we endow the multiset B := B+ L (—B7) of weights of Vx with the
structure of a Kashiwara crystal, see Theorem below, and show that, if Conjecture [[.1.1]
holds (equivalently, if the crystal is the one corresponding to the crystal basis of a finite-
dimensional G-module), then px must be the direct sum of the irreducible G-modules with
highest weights in A* N W{y,..., .}, each with multiplicity one (see Remark [7.1.11). In
other words, the highest weights of px are the dominant coweights that are Weyl translates of
the basis elements 1y, . ..

.U of cx have multiplicity one,

) VT'

As we already mentioned, Theorem [1.1.2] implies Conjecture when px is minuscule.
In particular, when H\G is itself affine (equivalently, H is reductive: see [Lun73l Ric77]), we
observe that px always has multiplicity-free weight spaces (Corollary. In this case Conjec-
turewas previously proved by [Sak13] Theorem 7.2.1], under some additional assumptions,
and Theorem gives a geometric interpretation of this result.

For an example when H\G is not affine:

Example 1.1.3. Let X*® = the quotient of SLJ by the unipotent subgroup

w= {4 )< (h ) ()

under the action of G = the quotient of G,, x SLJ by the diagonal copy of us, where a € G,
-1

x1+xz+~--+mn=0}7

acts as left multiplication by . Let X be the affine closure of X*®. Denoting by m the

identity cocharacter of G,,, the monoid c¢x is freely generated by the coweights
a1 +ao+--+ay —m
2

and

—Q1 — = Q1+ &~ — Gy +Th
2

see Remark These are minuscule weights of G = GLy/{(z); € G|,z = 1}, and in
that case Conjecture holds, confirming an expectation of [Sak12l §4.5].

,t=1,...,n,

For the general case, X contains an open G-orbit X* = H\G, which we will assume to satisfy
the conditions of Theorem [1.1.2] except perhaps for the freeness of ¢x«. In that case, the free
monoid NP where D denotes the set of colors, maps through the valuation map to cxe, and
cx is generated by its image and a minimal set DG, (X) = {01, ...,04} of distinct antidominant
elements of the cocharacter group A of T. For each 6;, we let V% be the irreducible module of
G with lowest weight 6;, and assume that the eigencharacter n of the G-eigenmeasure on X (F)

is of the form |e"| for some algebraic character h € AW

3Under the assumptions of the theorem, the restriction of the eigencharacter n to the colors o; is uniquely
determined, see Remark [5.4.4]

This doesn’t
ply minuscule, so
we didn’t prove
Conjecture

Did [SaSph] prove
existence of repre-
sentation vs virtual
rep?

im-
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Theorem 1.1.4 (See 11’ In the setting above, if V. denotes the T-representation for X
described in Theorem then the pushforward (776)% -m®q of the IC function for LT X is

given by (1.3|) with
0. + 2 7éi
(1.6) Vi=vie@v" (W) .

Notice that the set DS, (X) is stable under the Frobenius morphism. The action of Frobenius
on the sum of V%’s is the one obtained by identifying the crystal basis of this space with a set
of subvarieties of the affine Grassmannian (see Section@, and considering the Frobenius action
on those.

The reader should compare the passage from Theorem to Theorem to the passage
from a reductive group G to an L-monoid X in [BNS16, BNS17, Theorem 4.1]. While the result
is similar, however, the straightforward proof of [BNS16] uses the monoid structure on X in a

crucial way, and cannot be used here.

In below we will describe the sheaf-theoretic statements of these theorems, in the setting
of appropriate finite type models, the Zastava spaces for X and X //N. Before we do that, let
us relate the results above to conjectures in number theory and geometry.

1.2. Asymptotics and L-functions. The Radon transform m®y of the IC function (also
known as “basic function”) under the map X — X /N admits various interpretations in terms
of harmonic analysis, and, in particular, allows us to compute the Plancherel density of the
basic function,

(1.7 ool = [ 000

that is, the decomposition of its norm in the space L?(X*®(F)) (with respect to the fixed
eigenmeasure) in terms of seminorms || e ||, that factor through eigenquotients for the action
of the unramified Hecke algebra. The variable y € 7" here denotes an unramified unitary
character of T(F') (an element of the maximal compact subgroup of the complex dual Cartan),
which modulo the action of W represents the Satake parameter of such an eigenquotient, and
Q) = o2

The passage from m®( to the Plancherel formula is achieved through the theory of
asymptotics, which is of geometric interest because of its relation to mearby cycles. For an
affine spherical variety X over a field k in characteristic zero, one can define its horospherical
degeneration (or asymptotic cone) Xy, by passing to the associated graded of the coordinate
ring k[X] as a G-module. A similar degeneration exists under some assumptions in positive
characteristic, see Under our current assumptions, its open G-orbit X is isomorphic to
N~\G, where we use N~ to denote the unipotent radical of a Borel B~ opposite to B — an
expository choice without mathematical significance, which we will use to identify the abstract
Cartan T'= B/N as an automorphism group of Xy by identifying it with the torus B~ N B
(the latter acting “on the left” on N™\G).

The theory of asymptotics states that there is a canonical morphism

¢j : O (X*(F)) —» C=(X3(F))

which describes the behavior of any function “at infinity”, see [SV1T7, §5]. Of interest to us is
that the spaces X /N and Xy /N are canonically identified, and the corresponding pushforwards

q

15ee - for a reduction to the case where cxe is free.
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m and 7y satisfy
(1.8) uy Zﬂﬂgoea

(for appropriate functions, in order to ensure convergence), see [SV17, Proposition 5.4.6].

Inverting the Radon transform, leads to a calculation of the asymptotics of the basic
function. This, in turn, leads to a calculation of the basic function itself, as a function on
X*(F)/G(0). To express both, we note that there is a natural parametrization of the coset space
X3 (F)/G(o) by the Frqbenius—stable elements of the coweight lattice A (simply assigning 6 €
A¥* to the orbit of N~t?), and of the coset space X*(F)/G (o) by the Frobenius-stable elements
of its antidominant submonoid A~ — this is explained in Theorem in the geometric
setting, from which we will borrow the notation z¢t? to represent the orbit corresponding to
0 € A=F*. Then we have:

Corollary 1.2.1 (See . In the setting of Theorem we have
(1.9) (19)% (a)ej®o(N~aG (o)) = tr(Fr, Sym® () =1 - trys (Fr, Sym* (VY)),
and
(1.10) (né)%(a)q)o(xoa(?(o)) = try(Fr, Sym'(ﬁ))_1 - tryq(Fr, Sym'(V;))u,,Fr ,
where we use the notation try(---), as in Conjecture[I.1.1], to represent a T (o)-invariant func-
tion on T(F).
For example, in the setting of , the right hand side reads
[acss (1—e)
[Tem+(1— g iet)

Finally, the Plancherel decomposition of ® coincidesﬂ up to the factor |W|~! with that of
ep®o, which by Mellin transform on X§ (with respect to the action of T') gives:

2 _ [Taca(l —e*(x)) _ 1y dx
(1.11) 1®o|” = /T/W [Tics(1— q—%e;\(x))dx B /T/W Lo Vi, Q)L(Xag/{a 0)

Here B = BT U (—B™"), and L(x, Vx,0) denotes a local unramified L-factor, while the
density m is the unramified Plancherel measure for G.

The importance of for arithmetic is that, according to the generalized Ichino-Ikeda
conjecture of [SV1T7], the quotient of the Plancherel density of ®q by the Plancherel measure
of G is related to the local Euler factor of the “X-period integral” of automorphic forms. A

provable case of such an Euler factorization is related to Example

Example 1.2.2. Let G, X be as in Example[I.1.3] over the function field k = F(C) of a curve C,
and let ® = [[, ®, be a smooth, factorizable function of moderate growth on the adelic points
of the open G-orbit X*®, such that the support of ®, has compact closure in X (F;,), and for
almost every v the function @, is equal to the IC function of X. Let Oa(g) = >, c xo @) 2(79)
be the corresponding theta series, a function on the adelic points of G.

Let ¢ be a cusp form, belonging to a cuspidal automorphic representation m = ®; Ty, and
let We(g) = I1, We,u(gv) = fN_(]k)\N_(A) ¢(ng)y(n)dn be the Whittaker function of ¢ (where

5See the proof of Proposition m
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N~ is the lower triangular subgroup), with a chosen Euler factorization with W (1) = 1 for
almost all v. It can be proven by the usual unfolding argument that the pairing

/ #(9)Oa(g9)dyg
G(K)\G(A)

is convergent if the central character of ¢ is “large” enough (i.e., its restriction to G, has
absolute value | @ |* for some s > 0), and equal to the Euler product of zeta integrals

/ W¢,v(9v)‘1)v(gv)dgy.
Ho\G(ky)

Our Theorem [1.1.2] implies that almost every Euler factor is equal to the local unramified
L-factor L(m,,®,1 — %), where ® is the tensor product representation of G. We explain this

in 93

Such global applications are beyond the main focus of this paper. Of more immediate
interest here is the relation of the asymptotics map e; to nearby cycles: Since Xy is obtained
by degenerating the coordinate ring of X, there is an associated G,,, x G-equivariant Rees family
X — A! (depending, really, on the choice of a strictly dominant cocharacter into T'), whose
general fiber is isomorphic to X, and whose special fiber is isomorphic to Xy. This also induces
a family of arc spaces, or loop spaces Ly1 ¥ — Al where Ly1 X denotes the family of fiberwise
loop spaces, not the loop space of X. In the context of an appropriate sheaf theory, to be
denoted by D, this would give rise to a nearby cycles map:

U : D(LX) = D(LXy),

whose Frobenius trace is expected to recover the asymptotics map ej.
After replacing LT X, LT Xy, LT (X/N) by finite type models Y, Yy, A, respectively (see
below), we prove:

Theorem 1.2.3 (see Theorem [38.3.8). Let X be an affine spherical variety such that B acts
freely on X°. Then the following triangle of functors commutes up to natural isomorphism:

DA(Y) —— Dh(Yy)

A

Dy(A)

The function-theoretic asymptotics map ej satisfies the same commutative triangle ,
which suggests that nearby cycles ¥ is in a suitable sense the geometrization of the asymptotics
map. This resembles an analogous result [BFO12, Corollary 6.2] in the setting of character
sheaves. In the case where X is a reductive group, the nearby cycles of the IC complex of
(finite type models of) L™ X has been computed by S. Schieder [Schi8), [Sch16 [Schi5].

In Theorem we compute the intersection complex of the global model Mx of the arc
space, for the spherical varieties in , at the level of Grothendieck groups. We do this by
relating the nearby cycles complex to mICy, in a way that corresponds to the known relation
between asymptotics and Radon transforms.

Finally, we explain how a formula like relates to recent conjectures of Ben-Zvi—
Sakellaridis—Venkatesh [BZSV]: According to those conjectures, the formula should follow
by applying Frobenius traces on the endomorphism ring End(IC +x), where the endomor-
phism ring is taken in the derived sense, in the dg-category of derived constructible sheaves on
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LX/LTG. (The proper definition of the intersection complex on the arc space remains conjec-
tural, in the singular setting.) This conjecture identifies (ignoring cohomological grading)

(1.12) End(ICL+ x, ) ~ Q[Vx]®

for some symplectic representation Vx as above. We hope that our results can be related to
this conjecture in both directions: Namely, that by relating our results to such endomorphism
rings, one can upgrade the T-structure of Theorem to a G’—s‘crueture7 proving Conjecture
and, vice versa, one can make progress towards the conjecture of [BZSV] by utilizing our
results.

The conjectures of [BZSV], and the problems addressed by the present paper, can be for-
mulated for more general affine spherical varieties, without the assumption that Gx = G. As
already mentioned, from the point of view of number theory, the latter case is perhaps the most
interesting one, as it corresponds to central values of L-functions. In the general case, the vector
space Vx appearing in the conjectural relation needs to be replaced by a Hamiltonian
manifold living over the quotient G X\G.

1.3. Zastava spaces and the main theorems in terms of sheaves. From now on, we
work over the algebraic closure k of the finite field F, or over an algebraically closed field &
in characteristic zero. When X is defined over a finite field F, we will keep track of Weil
structures on our sheaves, which will always have the form of half-integral Tate twists, where,
as mentioned, (%) denotes a fixed square root of the cyclotomic twist. The intersection complex
of a d-dimensional scheme over k will be understood to have stalks Q,(£)[d] over the smooth
locus.

In order to replace the arc space by a model of finite type, we fix a smooth projective curve
C over k (or F). For an algebraic stack X and an open substack X° C X, we will use

Maps,, (C,X D X°)

to denote the prestack that assigns to a test scheme S the groupoid of maps C' x § — X such
that the open locus of points sent to X° maps surjectively to S. Equivalently, these are the
maps such that for every geometric point § — S, the restricted map C x5 — X generically lands
in X°. Since C' is smooth, Maps,,,(C, X D X°) is an open substack of the prestack Maps(C, X).

Given an affine spherical G-variety X with open G-orbit X*® and open B-orbit X°, we
consider the following two models for the arc space of X:

e the Artin stack

M =My = Maps,,, (C, X/G D X°*/QG),

gen(

that we will simply refer to as “the global model”;
e the stack

g = yX = Mapsgen(ca X/B ) XO/B)

that we will refer to as “the Zastava model”. In our setting (X° = B), this turns out
to be a scheme. Such a model is often referred to as the “local model” for reasons that
have to do with factorization structures, but since this can create confusion with the
genuinely local arc space, we will avoid such terminology.
For a discussion of why these are indeed formal models of the arc space (in the formal neigh-
borhoods of suitable points), see Theorem Lemma Note that the choice of a Borel
subgroup is immaterial, since X/B can also be written as (X x B)/G, where B is the flag variety,
with X°/B = (X x B)*/G, where (X x B)* is the open orbit under the diagonal G-action.
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We will also let A denote the analog of these models for the toric variety X /N, that is,
A = Maps,,,(C, (X/N)/T > (X°N)/T),

and notice that under our assumptions X°/N ~ T. Fixing such an identification, for every
X € ¢% (the subset of Ay, the character group of T', of those elements that are > 0 on cx),
the corresponding map X/N — G, gives rise to a morphism A — Maps,.,(C,Ga/Gm D
G /Gyn) = Sym C, the scheme of effective divisors on the curve. Thus, A can be thought of as
the scheme of c¢x-valued divisors. This scheme is well understood [BNSI6]: its normalization is
a disjoint union of partially symmetrized powers C* of the curve, indexed by formal N-linear
combinations B € Sym™ (Prim(cy)) of the primitive elements of cx (see §3.1.4).

The sheaf-theoretic analog of Theorems and is a statement about the pushforward
of the IC sheaf under

T:Y— A

We will only compute mICy in the Grothendieck group of sheaves on A (see Corollary ,
which is enough to determine the trace of Frobenius on stalks. The reason we do not compute
the pushforward in the DG category (although this can be done in principle) is related to
the fact that the map 7 is not proper. However, one can compactify 7 by consideringﬁ the
compactified Zastava space

Y = Maps,,,(C, (X/N)/T > X°/B),

where X/N stands for the stack (X x N\G)/G, where N\G = Spec k[N\G] is the affine closure
of N\G.

The difference between Y and Y will account for the factor of [[;c4+ (1 — ¢~ 'e®) in (L.3).
The number theory-minded reader will recognize in this factor, in the case of G = SLo, the
Euler factor of the quotient between Eisenstein series obtained by summing over integral points
of N\SLs, versus integral points of N\SLy = A2, More generally, this is the factor that relates
the “naive” and “compactified” Eisenstein series of [BG02], [BEGMO02].

In Proposition and Theorem we prove:

Theorem 1.3.1. The map 7 : Y — A is proper and stratified semi-small.

This is one of the key technical results of this paper, because it allows us to get our hands
on the pushforward of the intersection complex, without having a description of the complex
itself. The assumption that Gx = G is critical for the theorem: the analogous statement for
the usual Finkelberg—Mirkovi¢ Zastava space ([FM99, BFGMO02]) is far from true.

The condition of being stratified semi-small is a condition on “smallness” of fibers, relative
to a fixed stratification which, in this case, is the natural stratification of A by strata of the
form

F o CF o A,
where ¢ x-valued divisors take a fixed set of values. (Here, C® denotes the open “disjoint” locus
in a certain product of symmetric powers of the curve, corresponding to divisors of the form
D Reex Zfi*l (v;)jt with all v; € |C| distinct; we will denote by 7% the natural compactification.)

By the decomposition theorem, stratified semi-smallness ensures that m1Cy is a direct sum of
irreducible perverse sheaves. By a factorization property of Y, this easily implies an expression
for ﬁIICg of the form

(1.13) m(1Cq) = (@ Sym™ (Vi ) @7 (1Cow),

B by

60ne makes the usual modification to the definition when [G, G] is not simply connected.
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(see Proposition , where Vy 5 are the contributions of diagonal strata Moo A,
corresponding to divisors supported at one point. Moreover, perversity and an estimate of
dimensions imply that these contributions all come from the top degree cohomology of those
fibers of the map Y — A which (over diagonal strata) are of “maximal possible dimension”
in terms of the semi-smallness inequality. (We will discuss this dimension calculus in detail
below.) These fibers, over points on the diagonal stratum WA (C) are called the central fibers,
and denoted by Y*, with the point not appearing explicitly in the notation.

Therefore, to complete the calculation and prove Conjecture [I.1.1} we would need to count,
for every A € ¢y, the irreducible components of the central fiber Y» which achieve the maximal
dimension, and show that their cardinality is equal to the dimension of the A-weight space in
V; , which is “half” of a symplectic G-representation px. Note that cx is strictly convex, and
the weights of px will have the property that they belong to either ¢x — 0 or —¢x — 0. Thus,
the monoid ¢x determines which “half” of px to consider.

There is a reduction from the general case of Theorem to the special case of Theorem

that is, when X = faﬂ is the affine closure of its open orbit (Theorem , and
the monoid cx is free. This reduction uses the action of the Hecke algebra, and resembles
the calculation of the IC sheaf of reductive L-monoids in [BNS16], but is much harder. This
reduction will be discussed in below.

Hence for now let us focus on the case X = faﬁ7 assuming that cx is free. In that case,
the maximal possible dimension for the central fiber Y» will be called the critical dimension,
and is equal to

1 .
* flen(3) ~ 1),
where len(\) := > my, for A\ € cx written uniquely as >, mi7; in terms of our basis of cx.

Conjecturally, the set of irreducible components of Y* of critical dimension, ranging over all
\ € ¢x, should correspond to the subset of the crystal basis of px with weights in cx.

We do not go quite as far in general, but we show that these irreducible components give
rise to the aforementioned crystal, in the sense of Kashiwara [Kas93], over the Langlands dual
Lie algebra g. Namely, let ‘B}. denote the set of irreducible components of the central fibers of
critical dimension, so ‘B}. corresponds to a basis of Vi, := @cx Ve 5. Formally define By,

to be the “negatives” of %}., so By. corresponds to a basis of the dual space (Vi )*. Let

Bxe = %}. LB .. We prove in Theorems and

——zaff . .
Theorem 1.3.2. Let X = X* satisfy the assumptions of Theorem . The set Bxe has
the structure of a semi-normal, self-dual crystal over § such that the weights have the properties

described in Theorem [1.1.2.
We conjecture:

Conjecture 1.3.3. The crystal Bxe is isomorphic to the unique crystal basis of a finite-
dimensional G-module Vx .

This would imply Conjecture [[.1.1]

Theorem endows Vi @ (Vy¥)*, as we have defined it, with an action of an SLo-triple
corresponding to every simple root of G. These actions imply that the dimensions of the weight
spaces are invariant under the Weyl group of G, which provides a kind of “functional equation”

for m®(. This functional equation can be seen as a geometric analog of the functional equation
of the Casselman—Shalika method [Cas80), [CS80l [Sak13]. The content of Conjecture is to
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show that these SLa-triples satisfy the Weyl relations: [eq, fg] = 0 for simple roots o # 3. (The
Weyl relations imply the Serre relations by [CG97, Corollary 4.3.2].)

The construction of the action of the SLs corresponding to a simple root a of G goes as
follows: we factor X — X//N through X — X/Np  — X//N, where P, is the sub-minimal
parabolic corresponding to « and Np, is its unipotent radical. Then the GIT quotient X, :=
X//Np, is a spherical variety for the Levi factor M,. But now X, is (usually) larger than
the affine closure of its homogeneous part X3. The irreducible components of Yx of critical
dimension (i.e., elements of %}.) will either go to irreducible components

(i) of Yxs of critical dimension or
(ii) of Yx, — Yxe (not necessarily of critical dimension).

While the fibers of Yx — Yx_, are not necessarily irreducible, we show that the irreducible
components of different relevant fibers can be canonically identified. Then we define the SLo-
action by analyzing the two cases above in the base Yy, .

Under our assumptions, X2 is a torus torsor over G,,\PGLy and case (i) is an easy cal-
culation. Meanwhile our study of non-canonical affine embeddings using Hecke actions shows
that in case (ii) we always get a Mirkovié—Vilonen cycle (i.e., irreducible component of the
intersection of a semi-infinite orbit with a L™ G-orbit in the affine Grassmannian). The crystal
structure on these cycles was constructed by [BGO1].

To check the Weyl/Serre relations, one can similarly reduce to a spherical variety Xo s for a
Levi of semisimple rank two. There are only a handful such varieties (up to center) satisfying
our assumptions — a small subset of the spherical (wonderful) varieties of rank two classified
by Wasserman [Was96].

However, checking the Weyl/Serre relations, even in a few cases, “by hand” does not seem to
be easy, and we do not have a conceptual proof of them; therefore, we refrain from attempting
such a verification.

The remainder of the introduction will be devoted to describing the two most important
elements in the proofs of the theorems above.

1.4. Reduction to canonical affine closure. We give an overview of how to reduce the case

of an arbitrary affine X with X*® = H\G to the canonical affine closure X" = Waﬁ.

There is a canonical map X" — X, which induces an inclusion X" (o) N X*(F) C X (o) N
X°*(F) of G(o)-stable spaces. Of course, all points of X*(F') are G(F)-translates of points in
X1 () N X*(F). Tt is a fact that if 6 € A~ is antidominant and belongs to the monoid cx,
then the action of the double coset G(0)t?G(0) preserves X (o) N X*(F). The idea for what
follows is that we can obtain X (o) N X*(F) by acting on X (0) N X*(F) by G(0)t?G(o) for
éec;( =A"Ncy.

The Zastava model Y lives over Bung and does not carry a Hecke action. Thus, to model the
G(F)-action on X (0) N X*(F) we must use the global model M = Mx, which lives over Bung.
The canonical map Myean — My is a closed embedding. For 6 € ¢y — 0, let j{g,c denote

the Hecke stack over Bung xC with fibers isomorphic to @Gg, the closure of the LT G-orbit in
the affine Grassmannian corresponding to 0. In reality, we need a symmetrized (multi-point)
version of the Hecke stack, but we only describe the case where there is one point on the curve
in this introduction for simplicity. There is a well-defined map

(1.14) Mxeon X HE o — Mx

Bung
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modeling the action of Hecke operators, and we show (Theorem that this map is birational
onto its image. If we allow multiple points above, then the images of the corresponding Hecke
actions, with 6 varying, stratify My.

Under the assumptions of the previous subsection, we show that M xean is irreducible (Corol-
lary , so the study of ICy;, reduces to the study of the Hecke action on ICyc.. and the
determination of which of the strata above form irreducible components of Mx. For the lat-
ter, we need to understand the closure relations among the different strata (Proposition .
When cys = N”, the stratum corresponding to 6 is contained in the closure of the stratum cor-
responding to @’ if and only if 0 — @’ € cxe (more generally, the closure relations are determined
by the colors of X).

1.5. Semi-infinite orbits and dimension estimates. There is another way to understand
the central fibers Y»: as subsets of the affine Grassmannian of G. Let us fix the point v € C
that we take central fibers with respect to. Then a k-point of Y is a map C' — X/B such
that C — v is sent to X°/B = pt. Restricting to the completed local ring o, at v gives a map
Y* LX°/L* B. If we fix a base point zg € X°(k) to identify X° & B, we get a map Y* = Grg
and this turns out to be a closed embedding. The reduced image of the components of Grp in
Grg are the semi-infinite orbits S* (k) = N(F)t*G(0)/G(0). After passing to reduced schemes
we get identifications Y2, = (S* xx/1+¢ L* X/L*@)rea and Vg = (5 XLy /v 6 L X/LHG)rea

(see Lemma [4.3.2)).

Semi-infinite orbits have an important meaning for the geometric Satake equivalence [MV07]:

. . . . 5 ~~0 . .,
the fundamental classes of the irreducible components of the intersection S*NGr, the Mirkovié—
Vilonen cycles, are in bijection with the “canonical basis” for the A-eigenspace of the irreducible
G-module of lowest weight 6.

Our analysis of the central fibers Y is founded upon the following argument from [MVQT,
§3]. The boundary §)\ —Sh = Up< 5S” is a hyperplane section for some projective embedding

. . A . .
of Grg. Hence any closed subscheme of Grg which intersects S™, also intersects its boundary
in codimension one (unless already contained in the boundary). By inductively “cutting” by
these hyperplanes, we prove:

Theorem 1.5.1. Let X = X" be as in Theorem [I-123 Let b be an irreducible component of
the central fiber Y*. Then
e dimb < L(len(\) — 1),
e for a basis element ; of cx (corresponding to a color), Y” = pt,
e the inequality is an equality only if there is a sequence aq,...,aq of simple roots (with
repetitions) such that bNSA=%1==% 4s of dimension dimb — j (hence, also of critical
) . N d . .
dimension), and A —Y"._, &; = U for a color v.

The operation of hyperplane “cutting” can almost be thought of as the lowering operator for
some SLo-triple; unfortunately it is not quite precise enough, see Proposition [7.3.1]

If X # X" then we also show that if b is an irreducible component of Y§( of critical
dimension that is not contained in Y%e., then A must be a weight of V% for one of the 6;

appearing in Theorem and b is birational to a Mirkovi¢-Vilonen cycle in A n Gré&’. The
latter correspondence comes from the Hecke action (|1.14)).
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Let us comment on how the above relates to Theorems[I.3.T|and[[.T.4] Under our assumption
that cxs = N, the space Yxcan is irreducible. Then the dimension estimate in Theorem
together with a factorization property of Yx, implies the “stratified semi-smallness” condition.

The irreducible components of Y xean of critical dimension correspond to a basis of V..
The other irreducible components of Y x — Y ycan of critical dimension correspond to Mirkovi¢—

Vilonen cycles in Gr%', and these provide a basis for V% in Theorem by geometric Satake.

1.6. Organization of the paper. In §2|we briskly review the salient combinatorics of spherical
varieties and the classification of G(0)-orbits of the loop space of X*. In §3| we introduce
the global and Zastava models for the arc space of X and their stratifications, explain why
they are indeed models, and prove some foundational properties. In §4] we introduce the
compactification of the Zastava model and define the central fibers of (compactified and non-
compactified) Zastava models. Then we perform the comparison between mICy and mICy that
accounts for the “numerator” in the Euler factor .

Sections [B] and [f] are the technical heart of this paper. In §5] we establish the closure relations
for the global model M x and determine its irreducible components. This involves a study of
the G-Hecke action on the global model, which also reduces the problem to the canonical affine
closure, as explained earlier. In §6] we analyze the geometry of the central fiber and prove the
crucial dimension estimates using the Mirkovi¢—Vilonen boundary hyperplanes of semi-infinite
orbits. This allows us to prove Theorem [1.3.1

In we prove the aforementioned results on crystals. In we combine the results of the
preceding sections to compute the nearby cycles of the IC complex on the global model using a
well-known contraction principle. Here we establish that the nearby cycles functor does indeed
correspond to the asymptotics map under the sheaf—function dictionary.

In Appendix[A] we collect various technical results concerning the stratification of the global
model, some of which use the notion of generic-Hecke modification from [GNT0].

1.7. Index of notation.

In general, we will use calligraphic letters D,V to denote standard combinatorial objects
associated to spherical varieties in the literature, script letters M, Y, F for algebraic stacks and
sheaves, sans serif letters Y, S for (ind-)schemes that are subspaces of certain loop spaces with
respect to a fixed point v € |C|. The following table contains most of the notation used in this
paper, except for notation defined and used locally.

k an algebraically closed field. The characteristic of k can be zero or positive,
but in the latter case we will impose some restrictions on our spherical
varieties (see , to ensure that their geometry is similar to that in
characteristic zero.

F, Fr At some points in this paper, k is the algebraic closure of a finite field F,
and then Fr denotes the geometric Frobenius morphism.
pt Speck.
C a connected smooth projective curve over k.
SymC, C™  the scheme of effective divisors on (=symmetric powers of) C, and the
component of divisors of degree n.
CO'", C(™  the open subsets of distinct n-tuples of points, resp. multiplicity free divi-
sors of degree n, on the curve.
) , x for schemes living over any partially symmetrized powers of the curve, the

restriction of their Cartesian product over the multiplicity-free locus.
the field of rational functions on C.
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the set of closed points of C.

for v € |C|, it denotes the completion of the local ring at v.

the fraction field of 0,. By choosing a local coordinate ¢t we have a non-
canonical isomorphism o, = k[t] =: 0 and F, = k((t)) =: F. We sometimes
implicitly make this identification when the choice of local coordinate is
irrelevant.

the monoid of non-negative integers.

a connected reductive group over k.

the (abstract) Cartan of G, i.e., the reductive quotient of any Borel sub-
group. We sometimes fix a splitting T < B — G of the abstract Cartan
into a Borel subgroup.

the flag variety of Borel subgroups of G.

the (abstract) Weyl group of G.

for a simple root «, the corresponding reflection.

the coweight (resp. weight) lattice of T. The index G will often be omitted.
The monoid of dominant coweights (resp., dominant weights, antidominant
coweights).

The monoid generated by the non-negative integral span of the positive
coroots (resp. roots) in Ag.

the set of simple coroots (resp. roots) of G.

the sum of the positive coroots (roots) of G

For ), ji € Ag, this means that A\ — i € A%

the Langlands dual group of G over @, i.e., G is the connected reductive
group where the weights, roots of G equal the coweights, coroots of G, etc.
for A € Ag either dominant or antidominant, this denotes the irreducible
G-module over @, with highest (resp. lowest) weight A. Similarly, V*
denotes the irreducible G-module over k for A\ € Ag.

will mean a reduced, finite type k-scheme (not necessarily irreducible).
for a stack Z with an action of an algebraic group H, this will denote the
quotient stack.

for an affine variety Z over k, and a group H acting on it, the invariant-
theoretic quotient Spec k[Z].

if X,Y are stacks with (right) G-actions, we will use this to denote the
stack quotient (X x Y)/G by the diagonal action.

the formal arc and loop spaces of a scheme X (see .

for an algebraic stack Z, this is the derived category of bounded con-
structible Q,-complexes on Z.
means a complex of sheaves.
functors.

when Z is locally of finite type over k, this is the abelian category of
perverse sheaves.

the subcategories with respect to the perverse t-structure.

All functors between sheaves are derived
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the direct sum of the intersection cohomology complexes of all irreducible
components of Z. When working over a finite field, we will normalize this
sheaf to be pure of weight zero.

an affine G-spherical variety over k. (See for notions pertaining to
spherical varieties.)

the open B-orbit, for a fixed choice of Borel subgroup B.

a fixed base point.

the stabilizer of z.

the open G-orbit H\G.

the “canonical” affine embedding Spec k[X*] of X*°.

the (abstract) Cartan of X, that is, the quotient by which the abstact
Cartan of G acts on X°/N, where N is the unipotent radical of B.

the character and cocharacter groups of Tx. Our assumptions on X will
identify Ax with Ag, so it will often just be denoted by A.

the dual group of X; it has a canonical maximal torus isomorphic to the
dual of Tx.

the cone of invariant valuations of X; equivalently, the antidominant cham-
ber of the dual group of X.

the monoid of weights of T'x on k[X//N] (resp., its dual monoid).

the cone spanned by cx, inside of the vector space spanned by Ax.

the intersection of ¢x with the cone V of invariant valuations.

the set of irreducible B-stable divisors in X.

the set of colors, i.e., irreducible B-stable divisors which are not G-stable;
equivalently, this can be identified with D(X*).

for a simple root «, the set of colors D of X*® such that DP, D X°, where
P, is the parabolic generated by B and the root space g_,.

for D € D(X), the associated B-invariant valuation, restricted to the
group of nonzero B-eigenfunctions: vp : k(X )(B) — Z, and understood as
a functional on the character group Ax = k(X)) /k*.

the monoid generated by the 7p, D € D.

for A, ji € Ax, this means that i — \ € L.

the set of those primitive (=indecomposable) elements in ¢ that are min-
imal with respect to the < partial order.

the moduli stack of G-bundles, resp. B-bundles, on C'.

the “global model” of generic maps from a curve to X/G; it lives over
Bung. The restriction of such a map, defined over k, to the formal neigh-
borhood of a point v € |C| gives rise to a well-defined “valuation”, that is,
an element of (X*(F,) N X (0y))/G(0y).

See Section [3|for the various models of the arc space. For any model, when
X is understood, the index will be omitted.

the “Zastava model” of generic maps from a curve to X/B; it lives over
Bunpg. The restriction of such a map, defined over k, to the formal
neighborhood of a point v € |C| gives rise to a well-defined element of
(X°(F,) N X (0,))/B(0y)

Drinfeld’s compactification of Bung, see
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the compactified Zastava model (Section .

the global/Zastava model for the T'x-space X/N.

the natural maps 7 : Yx — A, 7 : Yx — A (extending 7).

the G(o)-orbit on X*(F) parametrized by § € VN Ax (Theorem ,
and the corresponding stratum of the loop space. When 6 € ¢, these
belong to X (o), resp. the arc space L X.

the set of multisets in elements of a set S; equivalently, the free monoid
@< N in the elements of S.

for a multiset P = > g Ns[s], the partially symmetrized power J[g C(Ns)
of the curve, and its disjoint locus f[sé'(Ns).

for © € Sym™ (¢ — {0}), the stratum of M containing those maps whose
multiset of nontrivial valuations (as elements of ¢y — {0}) is equal to ©.
When © = {0} is a singleton, we will write M.

the connected component of A of maps with total valuation A\ € ¢x C
]\X:Tx(F)/Tx(U). §
the preimage of A* in Y, resp. in Y. They live over strata Bunf;‘, Biung\
of Bung, resp. Bung.

the fiber products of 95‘,9)\ with M® over M.

for D € NP a certain connected/irreducible component of the “open Zas-
tava” space Yxo = Y*0, defined in The question mark ? corresponds
to the valuation px (D).

denotes the closure of the stratum M®. Note that QA, g/\’e, in contrast,
are not closures of strata, but strata of the compactified Zastava space. In
the case of the global model, there is no room for confusion, so we allow
ourselves this notation, for typographical reasons.

for 7 € Al”, the partially symmetrized power C¥ when  is thought of
. . . —X
as a multiset P in the simple coroots, a stratum of Bunp, and a stratum

AL . . N2 = 55
of Y, isomorphic, respectively, to C; x Bun%*” <+ Bunp and Oy x Y*=7

(see .

the affine Grassmannian of G, resp. B.
the Beilinson—Drinfeld affine Grassmannians, living over Sym C (see 3}

for 0 € A& the LT G-orbit in the affine Grassmannian containing the class
of t%, and its closure.

for © € Sym* (A — 0), the multi-point version of @9, see §5.2.1

the “semi-infinite” LN-orbit of t* in Grg, and its closure.

5 =X
the central fibers of Y*,Y", living over a point of the diagonal stratum C' —

A, They can be identified as subspaces of Sj‘, §)\ (see . From
onwards, we will implicitly consider only the underlying reduced structure
on all central fibers.
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By for A € ¢y, the set of all irreducible components of critical dimension of
the central fiber Y, see Proposition
%}, Bx the union of all By 5, A € cx, and the “crystal of X” (§7.1.4).
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2. SPHERICAL VARIETIES AND THEIR ARC SPACES

2.1. Spherical varieties. A spherical variety over k is a normal variety with an open B-orbit.
Let X be an affine G-spherical variety over k. Let X° denote the open B-orbit. We choose and
fix a point xg € X°(k) and let H denote its stabilizer. Let X*® = H\G denote the open G-orbit.

The quotient X°/N has an action of the universal Cartan T'= B/N, and is a torsor for a
quotient torus T — Tx. By our choice of base point, we can identify this torsor with Tx. In
the rest of this paper, we will assume that our spherical variety satisfies T'x = T'; however, for
now we proceed with general definitions.

All important combinatorial invariants of the spherical variety live in the rational vector
space t% spanned by the character group Ax of this torus, or in the dual vector space tx,
containing the dual lattice Ax. By “lattice points”, below, we will mean points belonging to
one of these lattices. The spaces tx, t% are the root and coroot space for the dual group Gx of
X E| The antidominant Weyl chamber for Gx in tx is denoted by V in the theory of spherical
varieties, because it coincides with the so-called cone of G-invariant valuations, see [Kno91].
Up to this point, all data depend only on the open G-orbit X*®, not on its affine embedding X.

The affine embedding X of X° defines an affine toric embedding X /N of T'x, described by the
cone Co(X) C tx whose lattice points are all cocharacters A into T'x such that lim;_,q t* € X//N.
We will denote by ¢x the monoid of lattice points Axn Co(X) C tx, and by ¢y its intersection
with the cone V of invariant valuations. The cone Cy(X) C tx has a canonical set of generators
Up, the valuations associated to all B-stable divisors D C X. The set of all irreducible B-stable
divisors in X will be denoted by D(X), and by “valuation associated” we mean the restriction
of the corresponding valuation to the group of nonzero B-eigenfunctions: p : k(X)B) — Z,
which factors through the character group Ax and hence can be identified with an element of
Ax C tx. The map D(X)>Dw—vp € Ax will be denoted by px. Inside of D(X) there is a
distinguished subset D, depending only on the open G-orbit X*®, which consists of the closures
of B-stable divisors in X°®; those are called colors. We will often abuse language and write
“colors” for the images of D in Ax.

We remark that the valuation map gx may fail to be injective, but this can only happen
when two colors have the same image. If this is the case for X* = H\G, there is always a torus
covering of it such that all colors have distinct valuations (see ; for example, GL;1\PGL4
has two colors with valuation %, but their preimages in GL;\GLy (where GL; is embedded

"The Gaitsgory—Nadler dual group was defined in a Tannakian way in [GNI10], but not completely identified
in all cases. A combinatorial description of a dual group (presumably the same) was consequently afforded
by Knop and Schalke [KS17]. The invariants that we present here are those of Knop and Schalke, which
match standard invariants of the theory of spherical varieties. For this paper, however, this distinction between
constructions of the dual group is immaterial, as we impose the condition that T'x = T and “all simple roots of
G are spherical roots of type 77, which implies that in both versions of the dual group, Gx =G.
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as the general linear group of a one-dimensional subspace) induce different valuations. In any
case, colors give rise to a map N? — c¢x, whose image we denote by ¢%.

We define an ordering < on Ay by postulating that A < X if X' — X can be written as a
non-negative integral combination of the valuations vp, with D € D, i.e., if N — X € cg. We
use the symbol < for the ordering on Ag defined by the positive coroots of G, that is, A < X
iff A’ — X is a sum of positive coroots. Notice that the ordering < is not defined simply in terms
of the cone spanned by the 7p’s: there can be non-comparable lattice points in this cone (and
similarly for the ordering <). As we will see later, this ordering describes the closure relations
on the global model of the arc space of X.

2.1.1. Spherical roots of type T. From Section [3| onwards we assume that Tx = T, equiva-
lently, B acts simply transitively on X°. From Section [5|on we assume, further, that all simple
roots of G are spherical roots of type T. Let us explain what this means: For a simple root
«a of G, let P, D B denote the corresponding parabolic of semisimple rank one. The quotient
P, /R(P,) by its radical is isomorphic to PGLg, and the invariant-theoretic (or geometric) quo-
tient X°P,/R(P,) is a spherical variety for PGLs. In characteristic zero, over an algebraically
closed field, those belong to one of the following types, see [Kno95, Lemma 3.2]:

a point: PGLy\PGLo;

type T: G,,,\PGLg;

type N: N(G,,)\PGLg2, where N/ denotes normalizer;
type U: S\PGLy, where N C S C B.

In positive characteristic there are some more cases, investigated by Knop in [Knol4].

Our assumption from Section [5| onwards is that for every simple root «, this PGLg-spherical
variety is isomorphic to G,,\PGLs. Our assumptions imply that the stabilizer in P, of a
point on the open orbit is isomorphic to G,,, and that there are precisely two colors DI, D
contained in X°P, (the + labeling is arbitrary). We will denote the set of these two elements
by D(a) C D; notice that these sets are not disjoint as « varies. Moreover, the associated
valuations satisfy (see [Lun97, §3.4]):

Upt = —Salp-,

Vpt + Up- =@,

and finally an element D € D belongs to D(«) iff (o, 7p) > 0 (in which case (o, 7p) = 1, by
the above).

Remark 2.1.2. Our assumptions above are over the algebraically closed field k. Over a finite
field F, the Galois group acts on the set of colors, compatibly with its action on the set of simple
roots. If; for example, G is split, each set D(«) is preserved by Frobenius, and the stabilizer of
a point on the open P,-orbit is a form of G,,. If that form is split, Frobenius acts trivially on
D(w); if not, it permutes the two colors.

Remark 2.1.3. A very straightforward way to compute the valuations Up+ in any example is
the following: If all simple roots are spherical roots of type T" and Tx = T, the stabilizer S
of a point in the open P,-orbit on X is a subgroup isomorphic (over the algebraic closure) to
Gy,- Choose a Borel subgroup B C P, containing S. An isomorphism G,, ~ S gives rise to a
cocharacter 7 : G,, — B — T, and we can choose this isomorphism so that («,7) = 1. There
are two choices for B, and they correspond to the valuations Ups-
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2.2. Affine degeneration, and assumptions in positive characteristic. In characteristic
zero, there is a well-known affine family degenerating X to a horospherical variety [Pop86],
[GNI0, §5.1], which in turn is related to its degeneration to the normal bundle of orbits in
a smooth toroidal (e.g., a “wonderful”) compactification of X, [Bri07], [SVIT, §2.5]. These
constructions sometimes fail in positive characteristic, and therefore the statements of this
subsection should be considered as assumptions in positive characteristic. These
assumptions will be imposed on X for the remainder of the paper. Notice that the Luna—Vust
theory of spherical embeddings holds in arbitrary characteristic over an algebraically closed
field by [Kno91].

2.2.1. We define a filtration Fy on k[X] for A € Ax by letting F) consist of all f € k[X]
such that every highest weight © € Ax of the rational G-module generated by f satisfies
(A=, V) <0. The affine degeneration 2 is the affine variety defined to be the spectrum of
the Rees algebra associated to the filtration above:

k2] = @ Fa®e* CE[X x Tx]
AeAx
where e* € k[Tx] denotes the character corresponding to A € Ax. This family is naturally
equipped with an action of the product G x Tx.
Note that k[27] contains @, yy<oke*. Define T s to be the spectrum of @, 1)<, ke
This is an affine toric variety with open orbit isomorphic to the quotient T'x ss of Tx by the

subtorus Z(X)° (the “connected center of X”) generated by cocharacters in V N (=V).
In summary, we get a G x T'x-equivariant map

X — TX,ssa

which we consider as our affine family of degenerations.

2.2.2. Fora € Tx s(k), let X, denote the fiber of £ — T'x s over a. From the definition of the
filtration Fy, it follows that k[X,]¥ = k[X]¥. The following “multiplicity-free” characterization
of spherical varieties (in arbitrary characteristic) implies that each fiber X, is spherical.

Theorem 2.2.3 ([VKT78|, [Tim11l, Theorem 25.1]). A normal quasi-affine variety X is spherical
if and only if the non-zero weight spaces of k[X|N are all 1-dimensional.

Since the torus T is determined by k[X]V, we have a family of spherical varieties X, with
associated torus Tx, = Tx.

We also have k[2]N = @<A_“7V>Sok[X]LB)®e/\ where k[X]LB) is the 1-dimensional B-
eigenspace of weight u. This gives a canonical isomorphism

(2.1) Z N 2 XN x Tx -

Define £°° to be the preimage of Tx X Tx ¢ C £ /N under the projection 2~ — 2 //N.
Equivalently, 2°° is the union of the open B-orbits of the fibers X,.
It will be convenient to lift the isomorphism (2.1]) to 2Z7°.

Proposition 2.2.4. There is a (non-canonical) B-equivariant isomorphism 2° = X° X Tx s
over Tx g5, compatible with (2.1)).

We will comment on the proof of this proposition in conjunction with Theorem below.
The affine degeneration is closely related to compactifications of the spherical variety. Namely,
let Z°* C 2 denote the union of the G-translates of Z°°. (It is the open subvariety which
specializes over each fiber X, to the open G-orbit.) The quotient 2°®/Tx turns out to be a
proper embedding of X*/Z(X)?. For applications, one is interested in proper embeddings of
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X* itself, and preferably smooth ones. Without getting into the details of the construction
(we point the reader to [Kno91]), we formulate the following result on the existence and local
structure of “smooth toroidal compactifications”:

Define P(X) D B to be the parabolic subgroup of G equal to {g € G| X°-g = X°}, and
let Np(x) denote its unipotent radical. Recall that we have fixed a base point zo € X°, for
convenience.

Theorem 2.2.5. There is a proper, smooth, G-equivariant embedding X® — X, a Levﬁ L C
P(X) C G, and a smooth toric embedding Tx of the quotient Tx of L, such that the action
map

L x Npcxy 2 (I,u) = xolu
descends to Tx and extends to an open embedding
@ X NP(X) — Ya

whose image is the union of all open B-orbits on X. Moreover, the support of the fan describing
the toric variety Tx is the cone V of invariant valuations.

Remark 2.2.6. Note that the embedding that we denoted above by T s is associated to the
image of the opposite cone —V modulo V N (=V). Thus, there is a map from Tx to m only
after inversion in T'x. We allow ourselves this notational flaw, since Tx will not be used beyond
this subsection and the next.

Theorem is the local structure theorem of Brion-Luna—Vust [BLV86, Théoréme 3.5],
applied to smooth toroidal compactifications [Kno91]. We outline its proof due to Knop [Kno94,
Theorem 2.3], which also applies to Proposition The main issue is how to choose the pair
(zo, L) appropriately. Let B denote the flag variety of G, and assume for the moment that no
choice of B, z has been made. One considers triples (z, B, x) € X x B x t§ such that z lies in
the open B-orbit. Out of these data one constructs elements in the cotangent bundle T*X*® as
follows: If x is the differential of a character (also to be denoted by x € Ax), the corresponding

cotangent vector is the logarithmic differential i{—x‘ at x of a rational B-eigenfunction with
X

xT
eigencharacter y, and for general y we extend this construction by linearity. This gives rise to
a map

(X x B)® x th — T*X*

(where the bullet denotes “open G-orbit”) with dense image. We can also apply this construc-
tion to the family 2°°, obtaining vectors in the relative cotangent bundle over T'x os. Composing
with the moment map 7% X*® — g*, Knop shows that if we choose a sufficiently generic, semisim-
ple vector ¢ in the image, and take L = Stabg(§) and zy a point of a triple (xg, B, x) in its
fiber, Theorem is satisfied. The same argument applies to prove Proposition as fol-
lows: Instead of fixing ¢, fix first just the Borel subgroup B, and consider all triples (x, B, x)
over &, now with x € 2°° (defined with respect to this Borel). The set of these triples is a
T'x-equivariant section of the map 2~ — Z /N = X /N x m over Ty X m, where T'x acts
diagonally on the latter.

80f course, there is no distinguished Levi in P(X) abstractly, but the choice of base point xg sometimes
imposes restrictions on the Levi subgroups that work; for example, the derived subgroup of L must stabilize xg.
In any case, the assumptions on X in the main body of this paper, that B acts simply transitively on X° and
V = the antidominant cone, imply that any L C P(X) = B satisfies the Local Structure Theorem.
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2.3. The formal loop space. For any k-scheme X, define the space of formal arcs by
LT X(R) = X (R[t])

for a test ring R. It is well-known (cf. [KV04, Proposition 1.2.1]) that L* X is representable by a
scheme (of infinite type), which is the projective limit of the schemes L;" X, n € N, representing
the spaces of n-arcs L} X(R) = X (R[t]/t"). If X is of finite type over k, then so is each L} X.
If X is smooth over k, then each L;" X is smooth over k and LT X is formally smooth over k. If
X is affine, then so are Lf X and LTX.

Define the formal loop space LX(R) = X (R((¢t))). If X is affine, then LX is representable by
an ind-affine ind-scheme, and we have a closed embedding LT™X < LX.

2.3.1. Let X be an affine spherical G-variety. Define
L*X :=LX - L(X - X°),

which admits an open embedding into LX. The G-action on X induces a natural action of LTG
on LX and LT X, L*X are stable under this action.

Example 2.3.2. Let X = A! with the scaling G,,-action. Then LTX = A>, where we

consider A* = Spec k[ag, a1, . ..] as the coefficients of infinite Taylor series, and the ind-scheme
LX = “lim ” Spec k[a—m, @—m+1, .- .| considered as the coefficients of Laurent series. Let X® =
—m

A' —{0}. Then L*X =LX — {0} so LT X NL*X = A~ — {0}, whereas LT(X*) = G,,, x A>.

Remark 2.3.3. The k-points of L*X are in bijection with X*(k((¢))). Since X*® is in general not
affine, however, X*(k((t))) does not always have an ind-scheme structure. Even when X* is
affine, L(X*®) may not be isomorphic to L* X, despite having the same sets of k-points.

2.3.4. Orbits on the formal loop space. For ease of notation, let o = k[t] and F = k((¢)), so
Lt*G(k) = G(o0), L*X (k) = X*(F). We review the decomposition of G(0)-orbits on X*(F') due
to [LV83]. We present the reformulation of this result found in [GNT0, Theorem 3.3.1].

Let X be an affine spherical variety, and pick a pair (xg, L) as in Theorem to write
X° =Tx x Np(x) for its open Borel orbit. For a cocharacter 0ely welett! € Tx (F) denote

the image of the uniformizer ¢ € o under the map 0 : G,,, — Tx. Let X*(F)/G(0) denote the
set of equivalence classes of G(o0)-orbits in X*(F').

Theorem 2.3.5 ([LV83], [GN10, Theorem 3.3.1]). (i) The map
(2.2) 0 X*(F)gg = 0 - °G(0)

is a bijection of sets V N Ax = X*(F)/G(o0) (which is independent of the choice of

(wo, L))-
(ii) This bijection restricts to a bijection ¢y = (X (0) N X*(F))/G(0).

The theorem can be viewed as a generalization of the Cartan decomposition. Define LYX to
be the LT G-orbit of z¢t? € L*X.

Remark 2.3.6. Observe that if 6 € ¢y, then in particular 0e A is antidominant (as a weight
for the dual group Gx of X). Therefore, wd — 6 € AY® C c¢x for any w € W, and hence
wh € cx. We suggest that the monoid (x =Co(X)NVYnN Ax should be thought of as the set of
Wx-orbits in Ax that are entirely contained in the cone Co(X).

Proposition 2.3.7. If k has positive characteristic, assume that the stabilizer of B acting on
xg € X° is a smooth subgroup. For any 0 € VN AX, the LT G-orbit L°X is a formally smooth
k-scheme with k-points equal to X*(F)q.5, and LY X is open in its closure in LX.
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Therefore, the collection of LOX .0 € VN Ax, form a stratification of L*X, in the sense that
the strata are disjoint and contain all the k-points.

Proof. Let S C L™ G denote the stabilizer subgroup of xoté € LX (k). A priori, the LTG-orbit
LY X is defined as the fpqc sheaf quotient L¥G/S. For n € N, let S,, denote the scheme-theoretic
image of S under the projection LYG — L} G. For m > n, the transition map

LEG/Sm — LYG/S, = LEG/(S, - ker(LE G — LEG))

is smooth affine since ker(L} G — L G) is smooth and unipotent. The schemes L G/S,, are

also smooth since L7 G is smooth. Therefore LOX =~ LTG/S = lim LFG/S, is representable by
a formally smooth scheme.
The fact that LY X — LX is open in its closure will follow from Lemma [2.3.10] below. 0

2.3.8.  Recall the family £ introduced in We define a map of formal loop spaces
(2.3) ig: LX = L

as follows: By definition, we have a map p : X x Tx — 2". For a test ring R and v € X (R((1))),
define i4(y) = p(v,t7%) € 27 (R((t)), where we are considering t=¢ € T (R((t))).

Lemma 2.3.9. The point ié(xoté) € LZ (k) is contained in LT (2°°).

Proof. By Proposition m (and the ensuing discussion), there exists a non-canonical section
s:Tx x Txgs — 2 °° such that s(1,1) = xo. If we choose a splitting 7' — G contained in the
Levi L from Theorem then the section s is T' x T'x-equivariant, where Tx acts diagonally
on Tx xTx ss- Thus on k((t))-points, we have ié(acoté) = p(xot? t70) = s(t9-470 +79) = s(1,¢79),
which lies in 2°°(k[t]) since —0 € —V. O

The map i4 is LG-equivariant. As a consequence of the lemma, we see that the LT G-orbit
of iz(wot?) is contained in L*(2°®). Thus ij restricts to a map LYX — LT (27®).
We have a closed embedding LT 2" < L2 and an open embedding LT(2'®) — LT.2".

Lemma 2.3.10. Assume that the stabilizer of B acting on x¢g € X° is a smooth subgroup.
Then the map ig induces an isomorphism
X 3 LX x LT(2°).
g, L2
Proof. Since i3 : LX — LZ" is injective on S-points, it suffices to show that LX x;, | o Lt(2'*)
is the L*G-orbit of iz(xot?) € LT(27*)(k).

Let B = G/B denote the flag variety, and let (2" x B)® C 2 x B denote the G-stable open
subvariety consisting of all points (z, B) where z € 2 in the open B-orbit. We have a smooth
surjection (2 x B)®* — Z'* by first projection. On the other hand, Proposition m gives a
non-canonical G-equivariant isomorphism 2°° x? G = (X° xB G) x Tx 4. The action map and
second projection induce an isomorphism 2°° xZ G = (2" x B)® and similarly for X° x? G.
Thus there is a G-equivariant isomorphism

(Z xB)* = (X xB)* xTxygs
over the base Tx ¢. The choice of base point (zg,B) € (X x B)® gives an isomorphism

G/Stabp(zo) = (X x B)®. Thus we have a G-equivariant smooth surjection G x Tx 33 — Z°°
which induces a surjection

(2.4) LT(G x Txss) = LT(27®)
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because Stabp(z) is assumed to be smooth. Since the composition LX By LTx s

sends everything to the image of t=% in LTx (), we deduce that (2.4) induces a surjection
LT™G — LX x;, L9 LT(Z"®). Thus the latter fiber product is a single L™ G-orbit. O

2.3.11. In this subsection we will use properties of toroidal compactifications of X. We refer
the reader to [SVI1T, §2.3-2.5], [Kno91], [GN10, §8] for an overview.

Let X denote a complete, smooth toroidal embedding of X* = H\G (the embedding is not
simple if Ng(H)/H is not finite). For any § € V N Ax, the point z¢ -t € X*(F) c X(F)
defines an o-point of X by the valuative criterion of properness. In particular, we can take the
limit as ¢ — 0 to get a point x4 := lim; 0 o - t? € X(k). Let Z C X denote the G-orbit of Zg.

Let Ax denote the set of normalized spherical roots of X. Equivalently, Ax is the set of
simple coroots of Gx. Let I C Ax denote the set of spherical roots o such that (o, 9> =0. In
the language of [SV17, §2.3.6], the orbit Z “belongs to I-infinity”. Let X} = H;\G denote the
open G-orbit on the normal bundle Nz X of Z in X; this is called a boundary degeneration of
X. As the notation suggests, X} and the conjugacy class of H; depend only on the subset I and
not 6 (see [SVI7, Proposition 2.5.3]). We call H; a “satellite” of H, following the terminology
of [BM20].

Lemma 2.3.12. Assume that B acts simply transitively on X°. Then the satellite subgroup
H; C G is connected and smooth, for any subset I C Ax.

Proof. We have X° = X? = B. Let H? denote the reduced identity component of H;. Then
HN\G — H\G is a finite covering of spherical varieties sending the open B-orbit of H\G to
X7. Since B acts on X7 = X° with trivial stabilizer, the covering must be an isomorphism. [

Corollary 2.3.13. Assume that B acts simply transitively on X°. Let 0 e VN Ax. Then the
stabilizer of the group ind-scheme LH acting on t’ € Grg is a connected scheme.

Proof. The cocharacter —0 € (—V) extends to a map Al — Tx g Let X := 2 X T 6 Al
Then X — A! is an affine family with preimage over G,, isomorphic to X x G,,. By [SVI7,
Proposition 2.5.3], the open G-orbit of the fiber over 0 is isomorphic to X?. Let X* denote the

union of the open G-orbits on each fiber, so X* is a family over A degenerating X*® to X?.
The map ;5 from (2.3)) factors through an embedding

ig:LX < LX x pt
LA

where pt — LA! corresponds to t € k((t)). Lemma implies that v := i, (xoté) eLt(x*).
Observe that Staby g (%, Grg) = LH Nt?(LTG)t~Y conjugates to

t=(LH)? NLTG = Stabp+ ¢ (w0 - 7, LX) = Stabp+ ¢ (v, LT (X*)).

Let J C G x X* denote the inertia group scheme consisting of all (g,z) € G x X*® such that
gr = x. The fibers of J — X* are all conjugate to either H or H;. Since X°® is smooth over
Al (cf. [GNI0, Corollary 5.2.3]), we have H and H; are of the same dimension, and they are
smooth by Lemma[2:3.12] Thus J — X*® is a smooth morphism.

Consider v as an arc Speck[t] — X*. For n € N, let ,, : D,, := Spec(k[t]/t™) — X* denote
the corresponding n-jet and J, := J Xxe ~, D, the fiber product, which is a smooth group
scheme over ©,,. Then

Stabi+g(y, LT (X*)) 2 lim Sect(Dy, Jn)

n
where Sect(D,,,J,) is the scheme of maps D,, — J, over D,. By smoothness of J — X°,
the transition maps Sect(D,,,Jm) — Sect(D,,J,) are surjective for m > n. The transition
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maps are also group homomorphisms with unipotent kernels, so they have contractible fibers.
Therefore Staby + (7, LT(X*)) contracts to Sect(Dg,Jo) = Stabg(v(0), X?), which is conjugate
to the subgroup Hj. Since Hj is connected by Lemma [2.3.12] we are done. g

3. MODELS FOR THE ARC SPACE

In this section we define two models (in the sense of Grinberg-Kazhdan) for the arc space
of X, both of which were already introduced in [GN10] and go back to ideas of Drinfeld. We
call these the global and Zastava models (the term ‘global’ refers to the fact that the model
depends on the curve C). The global model Mx is crucial because it allows us to model the
G(o0)-orbits of X (0), something which cannot be done directly via the Zastava model. On the
other hand, the Zastava model Yx is more suitable for finite type calculations.

Various incarnations of these constructions have been used in [FM99, [FFKM99, BG02,
BFEGMO02, BFEG06l, IABBT05]. To place our work in this context, we remark that when X =

———aff —_
N\G  we have Mx = Buny is Drinfeld’s compactification of Buny and Yx is “the” Zastava
space of [FM99).

While Gaitsgory—Nadler define the global and Zastava models for any affine X, in order to
avoid various technical difficulties they faced (such as the existence of twisted strata, which are
related to the existence of disconnected stabilizer subgroups) we make the following simplifying
assumption:

Starting from §3.3] we assume for the rest of the paper that B acts simply transitively on X°.
If Gx = G and X has no spherical roots of type N, then the assumption above always holds.

Remark 3.0.1. The assumption that B acts simply transitively on X° implies that H must be
connected, by Lemma [2.3.12

3.1. Global model. Gaitsgory—Nadler [GN10] define certain stacks of meromorphic quasimaps
from C --» X/G to model X*(F), the loop space of X*®. Our global model M is the substack
consisting of those quasimaps that extend to regular mapaﬂ C— X/G.

3.1.1. Definition. Define the stack
Mx := Maps,,,(C, X/G D X*/G)
to be the open substack of Maps(C, X/G) representing maps generically landing in X°*/G =
(H\G)/G = H\pt.
An S-point of Mx is a map f : C x S — X/G, which is equivalent to the datum (Pg, o)
where
e Py is a G-bundle on C x S and
e 0:C xS — X x%Psis a section over C' x S such that
® Olgpeck(c) x s lands in X* x%Ps = H\Pg and gives Pclspeck(c) x s the structure of
an H-bundle.

We call the preimage 0! (X*® x% Pg) C C x S the locus of G-nondegenerate points.

Proposition 3.1.2. The natural map Mx — Bung is schematic locally of finite type. In
particular, Mx is an algebraic stack locally of finite type over k.

9n the literature, when X = N\G regular maps C — N\G are still referred to as quasimaps to N\G.
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Proof. Since M x is an open substack of Maps(C, X/G), it suffices to show the latter is schematic

locally of finite type over Bung. Let S — Bung correspond to a G-bundle Pg on C x S. Then

the fiber product S x Maps(C, X/G) is isomorphic to the space of sections C' x § — X x%Pg
B

ung
over C' x S. This space is representable by a k-scheme locally of finite type ([FGIT05, Theorem
5.23]). O

If X = H\G is homogeneous, then Mx = Maps(C, H\pt) = Bung.

3.1.3. Adelic description. For motivational purposes, we give an “adelic” description of the k-
points of Mx. Let A denote the restricted product H:JEIC\ Fy and O = [[,¢/c00. (If k=T,
then A is the ring of adeles of the function field k = k(C).)

The underlying set of meromorphic quasimaps C --+ X/G can be identified with the set

x*(6) 5 G(A)/G(0) = HK)\G(A)/G(D).

Note that the G-action on X induces a map

G (k)
X*(k) x G(A)/G(O) = X*(A)/G(0) C X(A)/G(0).
The underlying set of Mx (k) identifies with the preimage of (X*(A) N X(0))/G(0O) under the
map above.

Note that the topologies on X*®(A) vs. X(A) are different: the fact that the geometric
constructions above depend on X can be expressed by saying that we are always using the
topology of X (A), not of X*(A).

3.1.4. For any set S, define the set of unordered multisets in S to be the formal direct sum

Sym™(S) := @N[S\]
Aes
An element of Sym™(S) is a formal sum B = "5 s N;[\] where N > 0 are integers and only
finitely many are nonzero. For a multiset B3, define

‘o _TT AV
¢ 71_[5\650 §

to be the open subscheme of C¥ := [] C(N3) with all diagonals removed, i.e., the subscheme of
multiplicity free divisors. We write 8 = 0 for the zero element, and we will use the convention
C0 = €% = pt. If we define IB| = > Ny, then there are natural maps CIFl - % - cBD ¢
Sym C.

Now consider the case when S = M — 0 for a commutative monoid M. Then Sym™ (M — 0)
identifies with the set of partitions of arbitrary elements in M. Given a partition 3 € Sym(M—
0) as above, we define deg : Sym™ (M — 0) — M by

deg(P) := Y N;A
AeM-0

with addition taking place in M. There is a natural order on the set Sym® (M —0): we say that
B refines P’ if the difference P — P’ viewed as an element of Pjs.y_, Z[A] can be written as a
sum of elements of the form [N'] 4 [\’] — [A] with ' + A = X in M.

Let Prim(M) be the set of primitive elements of M, i.e., the elements A € M — 0 that cannot
be decomposed as a sum A = A; + Ay where A, Ay € M—0. Then any partition in Sym> (M —0)
can be refined to an element in Sym® (Prim(M)).
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3.1.5. Stratification of Mx. We would like to stratify M x according to G(o,)-orbits of X (0,)N
X*(F,) at each v € |C|, described in Theorem [2.3.5|
Consider the set Sym™(cy — 0) of partitions in ¢y, as defined in §3.1.4] Let

0= > Nyb]
fecy—0
denote such a partition. We will write © = 0 for the empty partition and © = [f] for the
singleton partition corresponding to a single element 6.
In we define locally closed substacks M?( of M x ranging over all partitions © in ¢yx. For

simplicity we only describe M?( on k-points below: Such a point consists of amap f: C — X/G
and a formal sum ZUG‘ ol 0, - v satisfying the following conditions:

e 0, # 0 for finitely many v € |C/,
e for a fixed 0 # 0, the cardinality of {v € |C| | 6, = 0} equals Ny, )
e for each v € |C| the restriction f|speco, : Speco, — X/G defines a point in L% X/L*G.

Lemma 3.1.6. The substack M)é( is smooth and locally closed in Mx .

We defer the proof of Lemma to of the appendix.

Proposition 3.1.7. Assume k = C. Let 8 denote the collection of connected components of
MY, ranging over all © € Sym™ (¢ —0). Then 8 is a Whitne stratification of Mx .

By a stratification we mean a collection of locally closed substacks that form a disjoint union
on k-points and such that the closure of any stratum is a union of strata. The stratification is
Whitney if the strata are smooth and every pair of strata satisfies Whitney’s condition B. (This
only makes sense if the characteristic of k is zero; in positive characteristic, see §3.1.9 below.)

The proof of Proposition is given in We call this the fine stratification of Mx.
The open stratum M$ = Maps(C, H\G/G) identifies with Bunz. We abbreviate M% := M[)?].
Remark 3.1.8. If X is affine and homogeneous, then Co(X) NV = 0 so the stratification is
trivial, consisting of the single smooth stratum My itself.

3.1.9. Let D%(Mx, Q) denote the subcategory of bounded 8-constructible complexes, i.e., the
usual cohomology sheaf H!(F)|s is a local system of finite rank for all i € Z and S € 8. As
explained in [BBDGIS], the category D%(My) has a perverse t-structure. Let Ps(Mx) denote
the heart of this ¢-structure, i.e., this is the abelian subcategory of all perverse sheaves that are
S-constructible. .

In particular, the IC complex of the closure of any stratum M is an object of Ps(Mx).
When k has positive characteristic, this is the condition on 8 that we need (in place of the
Whitney condition). Proposition shows that this condition indeed holds in positive
characteristic.

3.2. Toric case. If we apply the definitions above to the special case where G is replaced by
the torus Tx and X is replaced by the toric variety X /N, we obtain the space

(3.1) A = Maps,,,,(C, (X/N)/Tx D pt)
of maps generically landing in Tx /Tx = pt.

10vye say that a stratification on an algebraic stack M locally of finite type is Whitney if the stratification is
Whitney after pullback along any (equivalently all) smooth cover of M by a scheme.
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The stack A has been previously studied in [BNS16, §3] as a model for the formal arc space
of the toric variety X /N (in particular, A turns out to be representable by a scheme). We
review the relevant properties below.

For any N € N, we have the Nth symmetric product CV) of C, which identifies with the
Hilbert scheme Hilb" (C) parametrizing relative effective divisors in C' of degree N. Let Sym C'
denote the disjoint union | |y CY) (where C(©) = pt).

Example 3.2.1. Observe that Maps,., (C, Al/G,, D pt) sends a test scheme S to the set of
relative effective Cartier divisors on C' x S, i.e., Maps,,(C,A'/G,, D pt) = Sym C. Addition
of divisors gives Sym C' the structure of a monoid.

gen (

Let ¢ = Hom(cx,N) denote the monoid dual to cx, so k[X/N] is the semigroup algebra of
¢%. Then there is an isomorphism

A = Hom(c, Sym C)

where the right hand side represents homomorphisms of monoid objects in the category of
schemes (with ¢y viewed as a discrete scheme). A k-point of A is a formal finite sum

S a
ve|C|
where ), is an element of the dual monoid ¢x and A, = 0 for all but finitely many v.

3.2.2. The stratification described in §3.1.5| takes here the following form: For any P €
Sym*(c¢x — 0) there is a natural map

C% < A,
where the image consists of the k-points Zve|C| Ay - v such that the unordered multiset of
nonzero A,, counted with multiplicities, coincides with 3.

Proposition 3.2.3 ([BNS16, Proposition 3.5]).

(i) The maps C® < A are locally closed embeddings, and the collection of such embeddings
over all B € Sym™(cx — 0) forms a stratification of A.
(ii) C%' lies in the closure of c¥ if and only if B refines P.
(iii) The irreducible components of A are in bijection with the closures of c® for P €
Sym® (Prim(cx)).

Corollary 3.2.4 ([BNSI6, Corollary 3.6]). For A € cx, let
AN C A

denote the subscheme whose k-points consist of all ZUE‘C‘ Ao - v such that Yo Ao = . Then

A* is a connected component of A, and this gives a bijection
WQ(.A) = Cx.

Remark 3.2.5. If cx is a free monoid with basis {#;}, then for A\ = 3. N;i%; we have AN =
I CWi),| The bases for the Zastava spaces in [BFGM02, §2.1] take this form.
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3.3. Zastava model. For the rest of this paper we assume that B acts simply transitively on
X?°. This implies that Tx =T and Ax = Ag, so we will use the notation interchangeably.

We introduce a special case of the model used in [GNI0, Part III}, which is based on a
general pattern pointed out by Drinfeld (see [Dril8, §4.2-4.4]). These are a generalization of
the Zastava[ﬂ spaces introduced by Finkelberg—Mirkovié in [FM99 [FFKM99, BFGM02], and
we will henceforth call them the Zastava model for X.

The Zastava model for X is defined as
(3.2) Y=Yy = Mapsgen(C, X/B D pt),

the stack of maps C' x S — X/B generically landing in X°/B = pt.
Applying Maps(C, ?/T) to the natural map X/N — X /N induces a map

(3.3) T:Y— A

For A € cx, let Y denote the preimage of A* under .
We show in Proposition below that Y is representable by a scheme locally of finite type
over k. This was predicted by Drinfeld [Dril8, Conjecture 4.2.3] in a more general setting.

Example 3.3.1. Let X = G,,\GLy where G,,, is embedded as (! ). Then Gx = G = GL,
and Ay = AG = 72 with standard basis &1, &5. The B-orbits on X are the same as G,,-orbits
on G/B = P!, so there are three orbits: G, {0}, {oc}. These correspond to X° and two colors
D*,D~ C X, respectively. We have vpy = &, Vp- = —&; and cx = N? is the free monoid
generated by Up+,Vp-. Note that Up+ + Vp- = & is the simple coroot.

Since X is affine homogeneous, Mx = Bunyg = Bun; is the moduli stack of line bundles.
The Zastava model is Y = Mapsge,(C, G,n\GL2/B D pt) = Mapsg,,(C, G,,\P' D pt). This is
the stack parametrizing two line bundles £, £’ on C and a fiberwise injective map of vector
bundles o : L — O¢ @ L’ such that both coordinates o1 : L <« O¢ and o9 : L «— L'
are generically nonzero. Thus, 01,09 are equivalent to two effective Cartier divisors Dy, Dy
which give £ = O(—D;) and £ = O(Dy — D;). The condition that ¢ = (01,09) is fiberwise
injective is equivalent to saying that the supports of D1, Dy are disjoint. Therefore, we have an
identification

HGm\GLg = Sym C>O< Sym C= |_| C(nl) >O<C(n2)

(n1,m2)EN?
Meanwhile Ag, \gr, = SymC x Sym C = | | C(m) x C("2)  In this case Y — A is the natural
open embedding, and Y*17p++727p- = C(1) x C("2) is connected. The map Y — My forgetting

the B-structure corresponds to (D1, D) — O(D2 — Dy).

Note that for the embedding above of G,, < GLg, the open B-orbit is the orbit of ({9) €
G \GLy. In particular X° does not contain the identity coset. If we conjugate G,, to the
embedding ( t o ), then we may take the base point xy = 1.

l-aa
Example 3.3.2. In the example above we could instead replace GLo by G = PGLs and
H = G,, becomes the split torus inside PGLy. Then we still have X = G,,\PGLy affine
spherical with Gx = G = SLy and two colors D, D~. However now Ax = Ag = Z% and
Up+ = Up- = <. The space Ye,.\paL, still identifies with Sym C'x Sym C. However now

2
Ag, \pcL, = Sym C with A"% = (™). Then Hgi\PGLz =]  C(M)xC("2) and the map

Y — A corresponds to addition of divisors.

nit+ng=

Hezastava” is Croatian for “flag”.
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Note that Mx = Bun; and C(")xC(™2) maps to the component Bunj?™ "™ of degree ny —
ni1 line bundles. Thus, while Y= is not connected, fixing a connected component of Bun;
determines the connected component of Ym=.

3.4. Graded factorization property. Note that our assumption on X° implies that X°/B =
pt is a dense open substack of X/B. In the language of [Dril8, §4.2.1], the stack X/B is pointy.
Drinfeld observed that maps from a curve to a pointy stack will have local behavior with respect
to C' (compared to [Dril8], we are in the special setting where we have a group B acting on X,
not just a groupoid).

Let A :_5\1 + }\2 with \; € ¢x and let us denote by A*M xA*2 the open subset of the direct
product AM x A*? consisting of oy, ay : C — (X//N)/T such that the supports of C' — aj*(pt)
and C — a; *(pt) are disjoint. We have a natural étale map A x A — A,

Proposition 3.4.1. The scheme Y has the graded factorization property, in the sense that there
is a natural isomorphism
Y AR 2 () g,
A

Proof. Let y1,y2 : C'xS — X/B be S-points of Y ,YAe, respectively. Let U; = y;l(pt) Cc CxS;
the condition that (m(y;),7(ys)) € AM xA*2 is equivalent to requiring that U; UUy = C x S.
Then y1|v,nv, = Y2|u,nu, @ Ur MUz — pt provides a gluing data for y;,y2 on the covering of
C' xS by Uy and Us. Since X/B is a stack, the gluing data descends to amap y : Cx S — X/B
that sends U; N Uy to pt. This defines y € Y*(S). The map in the opposite direction is
constructed in the same way and they are mutually inverse. O

We will henceforth use the notation Y* xY*2 to denote (95‘1 X 9;\2)\A;1 “ Ada-

3.5. Global-to-Zastava yoga. We have a map Y — M x by forgetting the B-structure. More
precisely, we have an open embedding
(34) 13‘—)MX X BunB.

Bung

Although the natural map Bung — Bung is in general not smooth, it is smooth over a large
enough open substack: consider T' as the Levi quotient of B~. Let n~ denote the Lie algebra
of N~ viewed as a T-module. Define the open substack Bunj C Buny to consist of those T-
bundles P7 for which H(C,V xT Pr) =0, for all T-modules V which appear as subquotients
of n~. Let Bunz be the preimage of Bun’. under the natural projection Bung — Bunr.

For fi € Ap, let Bung denote the corresponding connected component of Buny of degree i,
and let Bun’é (resp. Bup%’r) be its preimage in Bunpg (resp. Bunz). Note that by Riemann—
Roch, Bunz"" = Bunz" if (o, i) > 2¢ — 2 for all simple roots «;, where g is the genus of C.
We say that 1 is “large enough” if (v, t) > N for all simple roots «; and some N > 0.

Lemma 3.5.1 ([DS95], [BEGMO02, Lemma 3.7], [GN10, Lemma 14.2.1]). The restriction of
the map Bung — Bung to Bunp is smooth. Any open substack U C Bung of finite type is
contained in the image of Bungﬂ for i large enough, and the fibers of Bungﬂ — Bung over U
are geometrically connected.

Under our conventions, the composition YA 5 Bung — Buny lands in the connected com-

ponent Bun;)‘.

Corollary 3.5.2. (i) The map Y* — My is smooth with geometrically connected fibers (when
nonempty) for i large enough.
(ii) Any k-point of Mx lies in the image of Y* for all ji in a translate of A%*.
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Proof. We have an open embedding Y# < Mx Xpung Bungﬂ , so (i) follows from Lemma m
by base change. To show (ii), we consider the fiber of Y — Mx on k-points:

A point in Mx (k) is equivalent to a datum (Pg,0 : C — X x%Pg). First we show that
there exists some point in Y(k) that maps to f. By [Ste65], there exists an open subscheme
U C C on which Pg|y can be trivialized. If we fix such a trivialization, then o|y identifies
with a section U — H\G. Since H\G is spherical, o(U) intersects the open orbit of a Borel
subgroup gBg~! C G for some g € G(k). Then g defines a point in (G/B)(k) C (G/B)(k),
where k = k(C). Using our fixed trivialization of Pg|y, we get a section

G G
Speck % Speck x G/B = P |speck X (G/B) = Palspeck X G/ B,

which extends to a section C' — Pg x& G/B since G/B is proper. The latter is equivalent to
giving a B-structure Pp on Pg. By construction (Pp, o) satisfies the generic condition for it
to lie in Y(k), and (Pp,0) maps to (Pg, o) € Mx (k).

Next let us fix an arbitrary lift of (Pg, o) to (Pk,0) € Y(k). Fix a trivialization of PL|speck,
which also specifies a trivialization Pg|speck = PY|speck. With respect to this trivialization, we
have a bijection of sets

(3.5) H(k)B(k)/B(k) = {lift of (Pg,0) to a point in Y(k)}
where the map is given by sending h € H(k)B(k)/B(k) C (G/B)(k) to the section

h G G
Speck = Speck x G/B = PL|speck X (G/B) = Pglspeck X G/B
and uniquely extending to a section C — Pg x“ G/B. The point B € (G/B)(k) is sent under

to the lift (P}, 0).

We are concerned with the possible degrees of Pp for lifts (Pg, o) € Y(k) above (P, o). For
a simple root « of G, let P, denote the corresponding minimal parabolic in G. The image of
HNP, in P,/R(P,) = PGL; must contain a subgroup conjugate to (%) or ({%). Thus we
can choose an identification P, /B = P! such that the image of (H N P,)(k) in P!(k) contains
k* = k(C)*. For f € (HN P,)(k), let f denote its image in (P,/B)(k) = P!(k). For such
a function f, let (Pp,0) denote the corresponding lift of (P, o) under the bijection . It
f € k(C)*, then Pg is of degree —(ji; + N&), where —ji; is the degree of PL and N is the
degree of the divisor of zeros of f.

By the Riemann-Roch theorem, we have a rational function f € k(C)* with divisor of zeros
of degree N for any N > 0. Therefore for any N > 0, there is a lift Pp of degree — (i1 + N&).

pos

We conclude that there exists a lift (Pp, o) € Y (k) for any /i in a certain translate of A%®. O

X

3.5.3. It is not in general true that the natural map 95‘ — My is smooth for arbitrary A.
However, the following well-known argument (cf. [GN10, Theorem 16.2.1]) shows that any
neighborhood of a point in ‘jj‘ is smooth locally isomorphic to a neighborhood of a point in
MXI

Let X\ € cx be arbitrary. Since A%® C cx, we can always find i € A% large enough such
that A+ /2 is also large enough. Let Y*© denote the preimage of MY = Bungy under the smooth
map Y* — Mx. Then Y0 is smooth and the first projection

YA x yro -y

is smooth. On the other hand, by the graded factorization property (Proposition [3.4.1)), there
is a natural étale map

YAy _y yAti,
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We can compose this with the smooth map YAy My to get a smooth map YA Y0 s My,
To summarize, we have constructed:

Lemma 3.5.4. For any \ € ¢x and any fi € Agos large enough, there is a correspondence
13)\ « 13)\ >°<1éﬂ,0 N MX
where the left arrow is smooth surjective, and the right arrow is smooth.

3.6. Stratification of the Zastava model. We stratify YA according to the fine stratification
of Mx: for a partition © € Sym* (¢ — 0) and A € cx, define the stratum

Y=y x MR,
Mx

Abbreviate ‘éj"é = H;\’[é].
Proposition 3.6.1. The stratum YA® s q smooth locally closed subscheme of yX,
Proof. By Lemma there exists i € Ax such that there is a smooth correspondence
Y YAy My
Where the left arrow is surjective. Note that by definition of M)é(, the preimage of Mg;)( in
YAx Ym0 is isomorphic to YO x Y40 since Y-O consists of maps C — X*/B which can only

define points in L°X/LTG upon restriction to o, for any v € |C|. Therefore, we get a smooth
correspondence

(3.6) YO YROXYrO L MY

where the left arrow is still surjective. Now smoothness of 9;\’@ follows from smoothness of 3\/[?(

(Lemma [3.1.6]). O

We call the collection of connected components of Y*© the fine stratification of Y*. By the
smooth correspondence above and Proposition this is a Whitney stratification (in
fact the Zastava model is used in the proof of loc cit.).

Note that for a fixed A, many of the Y*© are empty.

3.7. Relation to the affine Grassmannian. Let Grg symc — Sym C denote the following
version of the Beilinson—Drinfeld affine Grassmannian: an S-point consists of a relative effec-
tive Cartier divisor D C C' x S and a G-bundle Pg on C x S together with a trivialization
Paloxs—p = (P%|st,p where TOG is the trivial G-bundle. For any linear algebraic group G, the
functor Grg sym ¢ is representable by an ind-scheme, ind-of finite type over Sym C (cf. [BDI6],
[Zhul7, Theorem 3.1.3]).

In particular, we can consider the ind-scheme Grp symc. Let Gr B.C() denote the preimage
over CV)

3.7.1. Choose some § € Ax that lies on the interior of the cone dual to Co(X), so (5, \) > 0
for any nonzero A € Co(X). Let f5 € k[X](B) denote the corresponding d-eigenfunction. Then
fs induces a map X/N — A!, which in turn induces a map A — Sym C sending A* — C(A)
We can ma

(37) H;\ — GrB,C(<5=5‘>)

12The effective Cartier divisor cut out by fs has the property that the complement of its support in X equals
X°. In this guise, the map Y — Sym C we have constructed coincides with the one described in [Dril8, Remark
4.2.6].
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as follows: let y : C x S — X/B be an S-point of Y. Let D C C' x S be the relative effective
divisor corresponding to the image of 7(y) € A(S) under the map A — Sym C. Since § was
chosen in the interior of the dual cone of Co(X), we have C x S — D = y~*(pt) =: U. Thus,
y defines a B-bundle Pg on C x S together with a section U — X° xBPp = Pp, ie., a
trivialization of Pg|y. The datum (D, Pp, Pply = PY|y) defines an S-point of Grp sym c-

Proposition 3.7.2. The map (3.7) is a closed embedding. Moreover, the stack Y is repre-
sentable by a scheme locally of finite type over k, and for fited \ € cx, the scheme Y is of
finite type over k. Consequently, the map w:Y — A is schematic of finite type.

Proof. First we show that is a closed embedding. Fix a map S — Grp sym ¢ corresponding
to a pair (D, Pp) and a trivialization of Pp away from D. A trivialization of Pg on C' x S — D
is equivalent to a section og : C x S — D — P = X° xB Pp. The fiber of Y — Grp,symc over
S parametrizes commutative diagrams

o B
CxS —D 25 X°xPgp

[ ;

CxS8 —2 3 X xPg

where S’ is an S-scheme, D’ := D xg S’, and o is a section over C' x S. Observe that o is
uniquely determined by og. By Lemma below, the condition that o extends to o is closed
in S.

We have shown that Y is representable by an ind-scheme ind-closed in Grp gymc. On the
other hand, we have a map Y — Bunp whose fiber over an S-point Pg € Bung(S) is open in
the space of sections C' x S — X xB Pp over C x S. This space is representable by a scheme
locally of finite type over k ([FGIT05, Theorem 5.23]). Since Bunp is an algebraic stack, we
conclude that Y is an algebraic stack representable by an ind-scheme. Hence Y is representable
by a scheme. For fixed A € cx, we now know that Y* is a closed subscheme of Grp o,

which is ind-of finite type. It follows that Hj‘ is of finite type over k. The other assertions all
follow. O

Lemma 3.7.3. Let S be a test scheme and D C C xS a relative effective divisor. Let X
be a scheme affine of finite presentation over C x S. Suppose that there exists a section o :
CxS—D — X over CxS. Then the functor sending S’ to the set of maps S’ — S such that
o extends to a reqular map on C x S’ is representable by a closed subscheme of S.

Proof. The map o is equivalent to a map of O¢ x g-algebras Oy — O¢ x s_p. Given S’ — S, the
condition that o extends to C x S’ is equivalent to requiring the image of Ox — Ogxs_p to land
in Ocxs C Ocxs —pr after base change to S’, where D’ := D x5 .5’. The claim is local in S, so
we may assume that Ox is surjected onto by Symg . (€Y) for some vector bundle € on C' x S.
Then we just need the composed O« g-linear map €Y — Ocxs—p — Ocxs—p/Ocxs to vanish
after base change to S’. Since &V is coherent, the image of this map is contained in a submodule
F=0(m-D)/Ocxs for some integer m > 0. The projections p: C x S — S, p': C x S — 5’
are proper, and we are considering when an element in Hp, (€ ®u,, s F ®oy Og/) vanishes.
Note that p.(E®o,, ¢ F) is finite locally free as an Og-module. By cohomology and base change
we are reduced to asking when an element of p, (€ ®¢ F) vanishes after base change to S’. This
is a closed condition on S. O
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Remark 3.7.4 (Open curves). The graded factorization property of Y> implies that the geometry
of Y is purely local with respect to the curve C. Therefore, we could define

Y(C) = Maps,,(C, X/B D pt)

for any smooth curve C' (not necessarily projective), and all the same properties would still
hold. For example, in [FM99], [Drilg], the affine curve C' = A is used.

3.7.5. Beauville-Laszlo’s theorem. Let S be an affine scheme and D a closed affine subscheme
of C' x S. Denote by Cp the formal completion of C' x S along D and by C}, the spectrum
of the ring of regular functions on Co (so Cp is an ind-affine formal scheme and éb is the
corresponding true scheme). Let 5,‘:’, = éb — D denote the open subscheme.

There are maps p : CA'D —Cx Sandi: (/Z’\D — CA'b We will implicitly use the following fact
in what follows:

Proposition 3.7.6 ([BD96, Proposition 2.12.6]). There exists a unique map p : 6;3 —-CxS
such that p = poi.

To justify that Y is of local nature, we record the following consequence of the globalized
version of Beauville-Laszlo’s theorem (cf. [BD96, Theorem 2.12.1], [BL95]). Let S be an affine
scheme and D C C x S a relative effective divisor. Proposition implies that there exists
amapp:@b%CxS.

Lemma 3.7.7. Let X be any affine scheme with an action of an algebraic group B such that
X/B is pointy, i.e., X has an open B-orbit X° with X°/B = pt. Let C,S and D be as above.
Then there is a natural equivalence between the following categories:
(i) the groupoid of (Pp,o) where Pp is a B-bundle on C x S and a section o : C x S —
X xB Py that sends C x S — D to X° xB Pg,
(ii) the groupoid of (P, &) where Pp is a B-bundle on é’D and a section & : é’D — X xBPp
that sends 61‘5 to X° xB Pp.

Proof. The functor from (i) to (ii) is just pullback along p. To define the functor from (ii)
to (i) we descend along the covering 6;3 U(C xS —D) = C xS. The justification for
this is Beauville-Laszlo’s theorem (cf. [BD96, Theorem 2.12.1]). First, 6 induces a section
6’73 — X° xB @B &~ jjg. Then we can “descend” fj’B to a B-bundle Pg on C x S with a
section C' x S — D — Pp (which is equivalent to a trivialization of Pp|cxs—p). The section
& is equivalent to a map of quasicoherent O@,D—algebras Oxy Bp, O@,D since X is affine.
Again by [BD96, Theorem 2.12.1], this descends to a map of quasicoherent O¢x s-algebras
OxxBp, — Ocxs such that the restriction to C x § — D factors through the trivialization
OxoxBpy = 0p, = Ocxs—p. By construction, the two functors are mutually inverse. g

3.8. Theorem of Grinberg—Kazhdan, Drinfeld. We now justify why M x and Y are indeed
“models” for the formal arc space LT X. Since My and Y are smooth-locally isomorphic, it
suffices to explain the latter.

Definition 3.8.1. A finite type formal model of LT X at v € LT X (k) is the formal completion
Y, of a k-scheme of finite type Y at a point y € Y equipped with an isomorphism of formal
schemes

(3.8) L+ X, ~ Y, x A%,

where A is the product of countably many copies of the formal disk Spf k[¢].
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Since X/B D pt is a pointy stack, Drinfeld’s proof [Dril8| §4.2-4.3] of the Grinberg-Kazhdan
theorem essentially shows that the scheme Y (which we have shown is a disjoint union of finite
type schemes) explicitly satisfies the following:

Theorem 3.8.2 (Grinberg-Kazhdan, Drinfeld). Fiz an arc o : Speck[t] — X in LT X (k) such
that vo(Speck((t))) C X°. Then there exists a point y € Y(k) such that the formal completion
of Y at y is a finite type formal model of LY X at 7.

More precisely, if vo belongs to the stratum LéX, for 6 € ¢y, we can take y to be the point
t9 in the central fiber Y99 over any point v € |C/.

The central fiber Y? over a point v € |C] is the fiber of Yo — A% over the “diagonal divisor”
0-ve A%k). We define YOO 1= Y0 x Mi. Then Y? is naturally a subvariety of Grg (see
, and ¢ denotes the corresponding point in Grg. The significance of this point will become
evident in Corollary [5.5.6{(iii).

The statements all follow from the proof of [Dril8, §4]. We also give the same argument,
with some notational changes, in the proof of Theorem [8:2.4]

Remark 3.8.3. The point y : C' — X/B can be chosen so that y~!(pt) = C — v for a single point
v € |C|. However it is essential, for the theorem to hold, that Y contains maps with multiple
points of C mapping to (X — X°)/B.

4. COMPACTIFICATION OF THE ZASTAVA MODEL

The map 7 : Y — A defined in (3.3)) is in general not proper, so for example we cannot apply
the decomposition theorem. To rectify this, we introduce a compactification.

4.1. Basic properties. Let G/N = Speck[G/N] denote the canonical affine closure of the
quasiaffine variety G/N. For an arbitrary connected reductive group G, Drinfeld’s compactifi-
cation Bunp is deﬁne as the closure of Bung inside

Mapsgen(ca G\G/N/T o pt/B)7

the stack parametrizing maps C — G\G/N/T that generically land in the open substack
G\(G/N)/T = pt/B. (When |G, ] is simply connected, [BG02, Proposition 1.2.3] show that
Bung is dense in Maps,,, (C, G\G/N/T > pt/B).)

Consider the stack quotient X x¢G/N := (X x G/N)/G, where G acts anti-diagonally.
Then X/N = X x% G/N is an open substack of X x% G/N, so we also have the open substack
pt=X°/B C X/B C X x%G/N/T. Define

(4.1) Y= Mx x Bunp)®° C Maps

Bung

(C, X X G/N/T > pt)

gen

where the superscript © denotes the open substack of

— G—
Mx x Bunpg C Maps,,,(C, X xG/N/T > X*/B)

Bung gen(

parametrizing maps generically landing in pt = X° /B. In particular, Y is an algebraic stack
locally of finite type. We can identify Y = Y Xz, Bunp as an open substack of Y. (If G, G
is simply connected, the containment in (4.1f) is an equality.)

13The definition as a closure is only true in characteristic 0. In positive characteristic, see [ABBT05, §4.1],
[Schis) §7.2].
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There is a natural map from X x% G/N to
(X x G/N)//G = Spec k[X x G]“*V.
Since k[X x G]¢ = k[X], we deduce that (X x G/N)/G = X//N. Therefore, we have a map

X x9G/N — XN extending the natural map X/N — X//N. Applying Maps(C,?/T) to the
former, we have constructed a map

(4.2) 7:Y—A

X .

extending 7 : Y — A. Let Y denote the preimage of the subscheme A*. The same proof

as in Proposition shows that Y has the graded factorization property. We will see from
1]

=X
Lemma 4.1.2| below that Y is representable by a scheme of finite type over k.
First, we show that 7 is indeed a compactification:
Proposition 4.1.1. The map 7 : Y — A is proper.

We proceed as in Choose § € Ay lying on the interior of the cone dual to Co(X). Then
§ defines a map X/N — A, which induces a map A — Sym C. This allows us to consider Y as
a scheme over Sym C'. Proposition m gives a closed embedding Y < Grp symc over Sym C.
We compose this with the natural map Grg symc = Gre,symc to get a map Y — Grg,symc-
We can extend this to a map

(4.3) Y — Grasymce

using the same idea as in the definition of . Namely, let y : C x S — X x¢ G/N/T be
an S-point of Y and let D C C x S denote the divisor it maps to. In particular, y defines a
G-bundle P on C x S with a B-reduction on C' x .S —D. Since y(C' xS—D) = X°/B = pt, the
G-bundle in fact admits a trivialization on C' x S — D. The data of D, Pg, and the trivialization
defines an S-point of Grg,sym c-

Lemma 4.1.2. The map Y — Grgsymc x A is a closed embedding.
Sym C

Since Grg,symc is ind-proper over Sym C (cf. [Zhul7, Remark 3.1.4]), Proposition m
follows from Lemma We also deduce from the lemma that Y is representable by a scheme,

=X
and each Y is of finite type.

Proof. The discussion above really defines a map

G
(4.4) Maps,.,(C, X x G/N/T D pt) = Grg symc q X CA7
ym

gen(
and Y — Maps,,, (C, X x%G/N/T D pt) is a closed embedding. Thus, it suffices to prove that
([4.4) is a closed embedding. Fix a test scheme S. Let P%, P%. PY denote the respective trivial
bundles on C' x S§. An S-point of Grg gym ¢ Xsym ¢ A consists of the data

(?G;TTaDaTaa)

with P € Bung(S), Pr € Buny(S), D € SymC(9), a trivialization 7 : P%|oxs—p =
Palexs—p, and a section a : C x S — (XJN) xT Pr such that (Pr,a) € A(S) maps to
D. In particular, this means that « induces a trivialization (P(%|CX5_D >~ Prlexs—p- Using
the identification X° = B, we get a section

0 ~ yo Ll a0 B o & 00
00:CxS—D—=>Pp=X°xPp = X xPp=XxPs.
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The composition o := 700y then defines a section C x S — D — X x% Px. On the other hand,
the trivial B-bundle also corresponds to a section kg : C' x S — D — P% x%(G/N). Composing
ko with the trivialization a : P%|cxs—p = Pr|oxs—p, we get a section

G T
k:CxS—D— PgxG/N xPr.

The datum (Pg, Pr, 0, k) defines an S-point of Maps(C, X x¢ G/N/T) if and only if o, & both
extend to regular maps on C x S. Therefore, the fiber of our chosen S-point over the map
parametrizes maps S’ — S such that the base change of o, % to S’ both extend to C x S’. By
Lemma this fiber is represented by a closed subscheme of S (here the key point is that
both X and G/N are affine). O

Remark 4.1.3. We need the extra factor of A in Lemma which was not present in Propo-
sition [3.7.2] because the map Grp — Grg is a bijection on k-points but far from an isomor-
phism of ind-schemes. Since A embeds into Grr symc, the lemma is really embedding Y into
Gra,symc Xsymc Grrsymc. The ind-scheme Grp is highly non-reduced, while (Grr)req is a
disjoint union of points.

Example 4.1.4. Let X = G,,\GLy as in Example ThenY = Sym C x Sym C and Y — A
is the identity morphism.

4.2. Stratification. We can uniquely write any 7 € AY® as a sum v = Y acAg Ma@ where
Ag is the set of simple coroots and n,, are positive integers. Let Cj := HAG C(™a) denote the
corresponding partially symmetrized power of C. Recall that Drinfeld’s compactification Bunpg

of Bunp has a stratification by defect, where the strata are given by locally closed embeddings
iy : Oy X Bun%”’ — Bun%,

for v € AP, i € Ag, cf. [BEGM02, §1.5, p. 7). Define the substack l«,Bun’; to be the image
of the corresponding embedding. We obtain an open substack SDBun% C Bun% by taking the
union of the strata f,/Bunl]; for all 7/ <.
Since QA maps to Bun;\ for A € cx, by base change we have locally closed subschemes
T =9 x Bung =Y
Bung
and open subschemes SDEA — 9/\ defined analogously. Observe that the identification f,Bun;\ &~

Cy % Bun’}’;j‘ induces an isomorphism
(4.5) I =0, x YT,

On the other hand, T also maps to Mx, so we get a locally closed subscheme
T =00 x Mg Y =7
Mx
for © any partition in ¢y (by Lemma . We deduce from (4.5]) that there is an isomorphism
pg)\ﬁ >~ Oy x YO,

—X,6 .
In particular, Proposition implies that ;Y is smooth. In summary:
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Proposition 4.2.1. The collection of locally closed subschemes 99/\76, ranging over all v € Agos

. —X
and partitions © € Sym™ (¢ — 0), forms a smooth stratification of Y~ .

Note that for fixed A, many of these strata may be empty.

4.2.2. Changing the curve. In this subsection we let C' be a smooth curve which is not necessarily
proper and we define

A(C) = Hom(cx,SymC), Y(C) = Maps,,,(C, X/B D pt)

gen (

and Y(C) to be the closure of Y(C) in Maps,,, (C, X x G/N/T D pt) to emphasize the curve
being used. Here Hom denotes homomorphisms of monoid objects in the category of schemes.

Similarly we have A*(C), 1é’v\(C),g}\(C’). The local nature of Y(C) (in particular Lemma )
=X L .
ensures that Y~ (C) is still a finite type k-scheme.

Let p : C — C be an étale map of smooth curves. Let (Sym é)disj C Symé be the open
subset that consists of divisors D on C such that any fiber of p contains at most one point
of the support of D. Let A(C)qisj denote the open subset of Hom(c¥,Sym C) consisting of

homomorphisms landing in (Sym C)g;sj. Then pushforward of divisors defines a map A*(C) —
ANCO).

Proposition 4.2.3 (|[BFG06l Proposition 2.19]). For an étale map C — C we have a canonical
isomorphism
=X 5 N, ~ { ~
97(0) x ANC)ag =Y (C) x_ ANC)ais
AX(C) AX(C)

which preserves the fine stratification.

Note that setting C = C U C recovers the graded factorization property.

Proof. Choose 6 € ¢% as in §3.7.1} For (y,a) € gA(C) X 45(C) Ax(é’)disj, let D (resp. D)
denote the divisor corresponding to § paired with a (resp. 7 (y) € AX (). Then p*ﬁ =D

~

and we deduce that there is an isomorphism 6;3 > 6"5 Lemma [3.7.7] applied to the affine

G x T-scheme X x G/N, implies that the point y € g;\(C) is equivalent to its restriction y| ér -
Applying the same lemma again shows that y| e, is equivalent to a point § € 7(5) such that
7J(C — D) = pt. This defines mutually inverse maps in both directions and the compatibility
with strata is clear. 0

Since the diagonal 6* : C < A*(C) sending & — A - ¥ is contained in Aj‘(CN')disj, we de-
duce from the g;aded factorization property and Proposition that gj\(C’) is étale-locally

Y
isomorphic to Y (A!) for any smooth curve C.

4.3. The central fiber. Let A € cx. There is a diagonal map &0 — AN sending v — A - v.
For a fixed point v € |C], let us consider &, : v — A*.

Define the central fiber Y of ‘éx to be the preimage of 55‘ under 7 : ‘35‘ — A>. If we take
central fibers of the map (3.7, Proposition implies that we have a closed embedding
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Y* < Grp. In fact, A-v can be considered as a point in Grp. If we let S* denote the preimage
of this point under the projection Grg — Grp, then we get a closed embedding
(4.6) YA s st

Note that S* identifies with the LN-orbit of * in Grg. The orbits S* are commonly known
as the semi-infinite orbits of Grg, and their geometric properties were extensively studied by
Mirkovié-Vilonen in [MVO07]. Let S denote the scheme-theoretic closure of S* in Gre.

We analogously define Y as the central ﬁb(; of 7 : 9/\ — AS‘, and we deduce from
Lemma that there is a closed embedding 7)\ — Grg. From the moduli-theoretic descrip-

tion of §° (see [Zhul7l, proof of Proposition 5.3.6]), we see that this factors through a closed
embedding
(4.7) v s

4.3.1. Local description of Y*. Note that the central fiber Y* intersects the stratum Hj"é only
if © = [0] is the singleton partition corresponding to a single § € c¢. In this case, let Y\
denote the intersection YA NYy*0 = yA XM x Mg}. Also let Y7 =¥ XM x Jv[fi(.

The LG-action on the base point 2y € LX (k) defines a map LG — LX, which induces a map
Grg — LX/LTG.

Lemma 4.3.2. There are natural isomorphisms

(4.8) YA xsh x LtX/LTG
LX/L+G

(4.9) Y'=35' « Ltx/Lte
LX/L+G

which induce (Yj"é)red = (S;\ X LéX/L+G)red and (V)\ﬂ)red = (§)\ X LéX/LJrG)red.
LX/L+@G LX/L+@
Proof. Consider the composition GriB — Grg — LX/LTG. Tt follows from the definitions that
we have an embedding
Y oGy x Ltx/LtG
LX/L+@
The map in the reverse direction is defined using Beauville-Laszlo’s theorem: for a k-algebra R,
an R-point of Gr} consists of a B-bundle P on Spec R[t] and a section &¢ : Spec R((t)) — Pp.
Using the identification B = X°, we can identify 6 with a section & : Spec R((t)) — X° x
Pp. If the image of (Pp,d) in LX/LTG belongs to LT X/L*G, then 6 extends to a section
Spec R[t] — X x” Pp. By Lemma 3.7.7, the pair (Pp,6) is equivalent to an R-point y € Y.
By construction, y € Y*. The two maps are mutually inverse, so we get (4.§).
The same argument proves (4.9)), and the other identifications are by definition. O

We included the subscript .oq above for clarity, but from now on we consider only the

underlying reduced structure on all central fibers and omit the subscript since the étale site is
insensitive to reduced structures.

14The open subscheme Y does not need to be dense in VA.
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Example 4.3.3. Resume the setting of Example Then Y™7p++727p- i5 empty if both
ny and ny are nonzero Otherwise it consists of a single point. If we use the embedding
Gy — GLg viaa — ( 1la a) and fix the base point xyp = 1, then Y?p+ corresponds to the point
(§1)t°r € Grp while Y”p- corresponds to t~°2 € Grp.

4.3.4. Lemma implies that the central fibers YS‘,VA can be defined purely locally (in
particular, independently of the point v € |C|). We also deduce that Y* X gx 50 C = YA X C
and ' X a5 55 C = Y % €, where 7% € := 7 xAWkI 0N and C* — C is the Aut k[t]-torsor
classifying v € C together with an isomorphism o, = k[¢].

4.4. Dimension of central fibers. We will now discuss an argument that is critical when
estimating dimensions of Zastava spaces and their central fibers. This argument appeared in
the proof of [MVQT7, Theorem 3.2]. The second author thanks M. Finkelberg for explaining this

proof to him.
Semi-infinite orbits have a very simple geometric structure, summarized by the following:

Proposition 4.4.1 ([MV07, Proposition 3.1], [Zhul7, Proposition 5.3.6, Corollary 5.3.8]).
(i) We have a stratification S Us/<x S
(ii) Inside §)‘, the boundary of SA s giwen by a hyperplane section under an embedding of
Grg in projective space.

In particular, if a projective subvariety meets the semi-infinite orbit 55‘, it also meets its
boundary (Jy .5 SA'. We will use this simple fact several times, in order to estimate the dimen-
sions of central fibers.

For \ € cx, consider the central ﬁber Y C S C Grg. Observe that the defect stratlﬁcatlon
of ‘é gives a stratification of Y = UX’SX YV/7 where Y = Y N (x )\/y ) This is

ompatlble with the stratification of S = Us<i SA under the closed embedding v st
From Lemma, we have v NSY =Y for X <\

Proposition 4.4.2. Given an irreducible component Y cC §>\ of the central fiber v ofg/\, there
is a N < X\ with Y N'SY nonempty of dimension zero, and d := dimVY < (pa, A= N).

Moreover, if d = (pa, \—X'), then there exists a sequence of simple Toots oy, ..., aq (possibly
with repetitions) and subvarieties Y; C YA-G1——dy for 3 =0,...,d such that
e Yo=Y, .
e Y; is an irreducible component of Y;_1NS =177 of dimension d—j forj =1,...,d.

X . . . —
Proof. By the stratification S” = (Js5, .5 S*, there must exist A\g < A such that Y := Y N S*0 is
- o =X - B SO S
dense in Y. Then Y € S™ so we may assume A = \g. Write S” =S~ — S* for the hyperplane
- X X
of Proposition (ii). Since Y is a projective subvariety of S°, it must meet JS°. Hence
there exists \; < A such that dim(vv NSM) = d— 1. Let Y; be any irreducible component

N 5 T - . . . . .
of Y N'SM and Y, its closure in S”'. Continuing in this fashion we produce a sequence of
coweights A\g = A, A1,..., Aq and irreducible components Y; C Y,;_1 N SN for j=1,...,d, such

that \; < A\j_; and dimY; = d — j. Since \; < \j_; implies (pg, \j_1 — A;) > 1, we get
(pc, A— )\d> >dand N = )\d is the claimed cowelght in the proposition statement
In order for the last mequahty to be an equality, we must have A = \¢ and )\ = )\] 1— Gy

for some simple coroot ¢, j =1,...,d. O
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4.5. Comparison of IC complexes. In order to describe the restriction of ICy to strata we
will need to introduce several (graded) factorization algebras on the collection of Cj, 7 € AP,
We only state their definitions; we refer the reader to [BGOS, [Gai] for further context.

Let ng = ﬁ®@e Q¢ be the constant sheaf of Lie algebras over C. Let U(fic)” denote the
following sheaf on Cj for v € APGOS: its x-stalk at a point Y & - v; with v; € |C| distinct
is the tensor product @), U(#)” where the superscript 7; refers to the corresponding weight
space of the universal enveloping algebra U(1). These stalks glue to a sheaf by means of the
co-multiplication map on U(#). Let UY (i¢) ™7 = D(4(fc)”) € D2(C;) denote the Verdier dual.

We will also need the Chevalley—Cousin complex Y (fi¢) of fic. Consider the (homological)
Chevalley complex C, (i) as a sheaf of co-commutative DG co-algebras on C, endowed with a
grading by elements of A%”. By the general procedure of [BD04, §3.4], a sheaf of APy"-graded
co-commutative DG co-algebras on C' is equivalent to a commutative factorization algebra
on | |Cy. We let Y(fi¢)” denote the corresponding complex on Cy, which can be explicitly
constructed via a Cousin complex. Its x-stalk at > 7; - v; with v;’s disinct is the tensor product
®), Co(n)”. We remark that T(fic)” is actually a perverse sheaf, and Y (i) and 4" (fi¢) are
related by a certain Koszul duality.

4.5.1. Let .
ig’l, : Oy X HS‘_D s gA
denote the locally closed embedding corresponding to (4.5)).
Proposition 4.5.2. For any \ € cx, v € AX®, there is an equality
[if,(IC5)] = [ (o) ™" BICy5 ]
in the Grothendieck group of perverse sheaves on Cy X YyA-v,

We will prove the proposition in the course of this subsection. It is based on the following
result of [BGO8| Proposition 4.4], [BFGM02, Theorem 1.12].

Theorem 4.5.3. There exists a canonical isomorphism
sk N~ (Vs —U o
5 (IC=—: ) = U (ne) &ICB“?V

Bung
for any v € AR, ji € Ag.
Given amap f : Y — S between finite type algebraic k-stacks, we use the notion of a complex

on Y which is universally locally acyclic (ULA) with respect to f, as in [Del77), Définition 2.12].
The general lemma we will use is the following:

Lemma 4.5.4 ([BG02, Lemma 7.1.3]). Consider a Cartesian diagram of finite type algebraic

stacks

v g

ol
y .8
where S is smooth. Let j : Yo — Y be an open dense substack such that the map foj:Yy — S
is smooth. In addition, assume that the complexes ICy and ji(ICy,) are ULA with respect to
the map f.

Denote the closur of Yo xg 8" inY' by Yy xgS'. Then there is a natural isomorphism
ICYO xg S’ = ICS/ %ICY = fl* (ICS/) ®g/* (ICy)[— d1m S],

151 general it is possible for Y’ to have more irreducible components than Yy x g S’.
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where the left hand side is implicitly extended by zero to Y.
For a proof of Lemma see [Wan].

We would like to apply this lemma with Y = Bunpg, Yy = Bung, S = Bung, and S’ = Mx.
Unfortunately the stack Bung is “too big” for all of ICmB to be ULA over Bung. However,

we do get the ULA property if we restrict to open substacks where the defect is not “too big”:
Let j : Bung < Bunpg denote the open embedding.

Proposition 4.5.5 ([Cam19, [Cam18]). Fiz v € AY®. Then for any ji € Ag large enough:

(i) The complezes IC_ g—n and 31Cpuny|_ gm-r are ULA over Bung.
sv B

B <pBung ;
(ii) The fiber ofBung’l — Bung is dense in the fiber of S,;Bun;” — Bung over any k-point
of Bung.

Here “large enough” is in the same sense as in Lemma|3.5.1] i.e., deep enough in the dominant

chamber Af,.
Proof. The ULA property for IC<.B -5 is [Cam19, Corollary 4.1.1.1]. The ULA property for
<pbunpg
JCBunp|_ ggm-r can be deduced from the former, cf. [Caml8l §4.3]. We review the salient
»Bung

features of the proof in [Cam19] to deduce (ii).

The key object introduced in [Cam19] is Kontsevich’s compactification Bung of Bung, which
K
is a resolution of singularities Buny — Bunp of Drinfeld’s compactification. For an affine test

. 5—K . .
scheme S, an S-point of Buny is a commutative square

€ — pt/B

IR

CxS 2% pt/G

where C — § is a flat family of connected nodal projective curves of the same arithmetic genus
as C, the map C — C x S has degree 1, and the induced section C — Pg x% G/B is stable
in the sense of [Kon95|] over every geometric point of S. Let .#c denote the moduli stack of

proper connected nodal curves € equipped with a degree one map to C. Then the natural map
5—K . s .
Bung — .#¢ is smooth, and .#¢ is smooth ([Cam19, Proposition 2.4.1]) and there is a proper

— K N e .
map Buny — Bunp over Bung ([Caml9 Proposition 3.2.2]). Inside .#c we have the open
point corresponding to id : C' — C and the complement J.#¢ is a normal crossings divisor

([Cam19l Proposition 4.4.1]). Evidently the preimage of the open point in Bung identifies with
Bung. Let SDBunIB(’iH denote the preimage of SpBun;M. Ther} [Cam19l Proposition 4.1.1]
shows that for v fixed and & large enough, the map S,—,Bung’ﬂL — Mc X Bung is smooth.

Now for any Pg € Bung(k), the fiber of pX : SDBiung’iu — Bung is smooth over .#-. The
preimage over the open point equals (p”)~!(Pg) NBung, and since d.#¢ is a normal crossings
divisor, (p%)~}(Pg) N Bunp must be dense in (pX)~1(Pg). Since (p¥)~1(Pg) is a resolution
of the fiber of <,Bung" — Bung, we have proved (ii). O

Corollary 4.5.6. For any = cx, the subscheme 95‘ is dense in 95

i i _ ; A
Proof. The subschemes <;4" =Y~ xgg;, <;Bunp for i € A% form an open covering of Y.

. =X . . . 5 > W
Since Y is quasicompact, there must exist some 7 such that <34 =Y . Fix A, 7 as above.
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Then we can choose i € AP* such that A + i — i is large enough, for all 0 < & < 7, for the
53

Xt
5[ and Lemma 3.5.11 Now we may consider <;Y T as an open

- A—f R
subscheme of Y/ := Mx x <;Bung . Proposition [4.5.5(ii) implies that Mx x BunBA "
Bung ™ Bung

purposes of Proposition

. i
is dense in Y’, which implies that Y**# is dense in Y T The graded factorization property of
Y gives a natural étale map

T oui . (N o yii At
(4.10) Y)Y = (T <Y gagan = I
where Y# — 9“ is the open embedding. We deduce that YA Yi is dense in Qkiw, which

5 —X
implies YA is dense in Y~ .
O

Proof of Proposition[{.5.2 Applying Lemma to the Cartesian square

Y — My

i |

—X—ﬂ

<pBunpg —— Bung,
we can identify
(4.11) ICy: 210N, X IC i—p-
Bung  <qBung

In particular, this gives us a description of IC g = ICy| g For 0 <7 <1, we have a
< <n

Cartesian square

T T v
CD X yA+N7V ;) 13 ®

! !

i

At 5 =———A—fi
Cyp x Bung* "™ < Buny

Theorem together with the Cartesian square above and (4.11)), allow us to deduce that
there exists an isomorphism

i%J;(ICgXJrﬂ) = uv (ﬁC)_D IE(ICMX B%G ICBungi\f;‘LJFD)‘yS\Jrgﬂ; = le (ﬁc)_f/ IX(ICMX |!‘;}+ﬂ*f’)

on Cj X %}5‘4"1_’7 . In the last equality we have used the fact that Bunp is smooth. Since we chose
A+ i — v large enough to satisfy Lemma the map Y*+#~7 — My is smooth. Therefore,
ICnv |;‘x+ﬁw & ICys+n-» and we get a canonical isomorphism

(4.12) i, (10 5 0) = 80 ()" BIC, s

Observe that the following diagram is Cartesian:

S oun  eXid i

(Cp xYA77)xYF ——— Y xY"
| |@m

55 =X+

C[/ X W‘*ﬂ”’

Y
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where the left vertical arrow is identity on Cj times the map YA=v g yin _y YyAi—v coming from

. . . C . TAC o
graded factorization. Since the restriction of IC_x,, to Y xY* is ICg; XICy:, we deduce from
the Cartesian square and (4.12)) that there is a canonical isomorphism

it ,(1C55) KICys = (U (ie) ™ RICys ) K1Cys
when restricted to (Cy X gf\—ﬂ)%yﬂ, Lastly, let # be a connected component of Y0 g6 that

the projection p : (Cp x Y ")x% — Cy x Y*~7 is smooth surjective with irreducible fibers.
We have constructed an isomorphism

P (ig, (1053)) 2 5" (U (Re) 7 B1Cys ),

which implies Proposition because the functor p*[dim #/] is fully faithful on the category
of perverse sheaves ([BBDGI1S8, Proposition 4.2.5]). O

4.5.7. Convolution product. The toric variety X /N has the natural structure of a commutative
algebraic monoid. The multiplication operator on X /N induces a finite map

ma s AM x Ar2 5 gt
If we have sheaves F; € Dg(AXi), i =1,2, we define their convolution by
F1* Fy 1= ma,(F1 R Fy) € DE(AMHA2),
4.5.8. We have a closed embedding i4 5 : Cy < A” corresponding to the partition Y, n;[d;]
of degree 7 =", n;d;.
Corollary 4.5.9. There is an equality
[m(ICys)] = Z [lana(T(c)”) * M(IC s )]
pEAL”
in the Grothendieck group of perverse sheaves on A

Proof. Taking the Grothendieck-Cousin complex associated to the stratifications i , and ap-

plying Proposition [4.5.2] gives an equality 7

(Ci1= D [igpu W (Ac)” HICys )]

v
. . =X . .

in the Grothendieck group of perverse sheaves on Y . Note that Y*~7 is nonempty for finitely
many values of . The composition 7 o iy, : C X YrA=¥ 5 A* coincides with the composition

Oy x Yr=7 EXT gy o A7 ™ 4R Therefore, applying 7 to the equality above, we get the
equality
AOCE)] = 3 fiaoultl (50)") » mICys o)
veAY”
in the Grothendieck group of perverse sheaves on AX. Applying a further convolution by any
T € DY(Cy), " € A gives

[la,r 1 (T) * M (ICHx)] = D liasro (Tx W (7)) + m(ICys )]

U
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It is known ([BGOS, §6.4]) that for a fixed nonzero 7 € A%, we have an equality

> [XRe)” * 1 (5e) ] =0
171,1726[\%05
=0
in the Grothendieck group of perverse sheaves on Cj;. The two preceeding equalities and
induction prove the claim. O

5. GLOBAL HECKE ACTION AND CLOSURE RELATIONS

For the rest of this paper, assume that Gx = G and all simple roots of G are spherical
roots of type T. Equivalently, we are assuming that B acts simply transitively on X° and for
every simple root a of G, the PGLg-variety X°P, /%R(P,) is isomorphic to G,,\PGLy (over the
algebraically closed field k).

As a consequence, VN Ay = [X&, the monoid of antidominant coweights of G. Recall from
§2.1.7) that the type T assumption also implies that for every simple root «, the open P,-orbit
X°P, is the union of X° and the open B-orbits of two colors D(a) = {D}, D5 }. We will let 7+
denote the valuation of DI, respectively. Then 7} + 7, = & and (o, 7F) = 1. We encourage

the reader to refer to Examples [3.3.1] [3.3.2] [£.1.4) and 3.3

5.1. Main results of this section. This section is quite technical, and we advise the reader
to read the main results listed here, and skip the rest of the section at first reading. Before
we introduce the results, let us observe that, so far, we have uniformly treated all affine spher-
ical varieties. However, the classification of spherical varieties is divided into two parts: (i)
the classification of homogeneous spherical varieties H\G, and (ii) the classification of spher-
ical embeddings H\G — X (by a spherical embedding we mean a G-equivariant open, dense
embedding H\G — X, where X is a normal, and hence spherical, G-variety).
Since X is affine, X* = H\G is quasiaffine and there is a canonical affine embedding

X = Spec k[H\G].

(The fact that the coordinate ring of k[H\G] is finitely generated follows from the fact that
B-eigenspaces are one-dimensional, and the B-character group is finitely generated.) By nor-
mality, X" has no divisors that do not meet H\G, i.e., D(X) has no G-stable divisors, and
coincides with the set D of colors. Therefore, the cone Co(H\G) := Co(X ") is generated by
the valuations gx (D) of colors.

For any other affine spherical embedding H\G < X, there is a natural map X" — X so
X" is universal among affine embeddings of H\G.

It turns out that this distinction between the minimal and the general embeddings is impor-
tant when we consider arc spaces and their global models. As we will recall in Lemma |5.6.6
the map X" — X induces a closed embedding of mapping stacks

chzm — MX7

whose image is a union of irreducible components.
We are more interested in the closure of M%. = Buny in the former, which we will denote

by MOX (it may or may not be the same as Mxcan depending on whether the monoid ¢xean is
generated by colors, see Corollary [5.6.4)):

(5.1) ﬂg( — MXcan — MX.
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The main theme of this section is, in some sense, a reconstruction of Mx out of suitable

) ~—0 - _ . .
Hecke operators acting on My : For any © € Sym™ (¢ — 0), a multiset of nonzero elements in
¢, there is a natural proper map

(52) actyy : Mg( X @S,Cé — Mx,

~0
which corresponds to the action on the “basic stratum” My by the closed stratum of the affine
Grassmannian parametrized by ©. (See Proposition-Construction |5.2.3]) Recall that such a

multiset © also parametrizes a stratum M$ of the global mapping space (§3.1.5). The main
technical result of this section is the following:

Theorem 5.1.1. For every © € Sym™ (¢ — 0), the action map (5.2)

(i) has image equal to the closure of M?(, and
(i) is birational onto its image.

(iii) The restriction of acty to actj;tl(Mg;)() N (Bung x Grgéé) — Mg;)( is an isomorphism.

The proof of Theorem will be given in

We use this theorem to achieve two goals in this section:

The first gpal is to understand irreducible components of Mx and closure relations among
the strata M$. We will introduce the natural generalization to multisets of the order = among
elements of the lattice Ax (we remind that this order is determined by the monoid of colors,

see §2.1)), and prove:

Proposition 5.1.2 (See Proposition ). Lez{@, 0 e Sym‘io(c;( - 0)1 The st@atumvj\/[?(/ lies
in the closure of M if and only if there exists ©" such that © refines ©" and ©' = ©".

Moreover, observe that the irreducible components of M; are in bijection with connected
components of Mx« = Buny, i.e., parametrized by my(Buny) = 7 (H). Using the action
on those components gives us a parametrization of the irreducible components of the closure of
each stratum:

Proposition 5.1.3 (See Corollaries and . For every © € Sym™(¢y — 0), the irre-
~—0
ducible components in the closure My of the corresponding stratum are naturally parametrized

N 5 —6
by w1 (H). For any \ € cx, the base change of an irreducible component to Y* ¢, My is still
irreducible (when nonempty).

The combination of Propositions [5.1.2] and [5.1.3] implies:

Corollary 5.1.4 (See Corollary|5.6.5)). There is a natural bijection between the set of irreducible
components of Mx and

1 (H) x Sym™ (DG, (X)),
where DG, (X) denotes the set of primitive elements in ¢ that cannot be decomposed as a sum
0 + vp where 6 € ¢ — 0 and Up is the valuation attached to a color.

The second goal achieved by Theorem [5.1.1]is to reduce the study of the IC complex of an
arbitrary mapping space M x to that of the minimal affine embedding;:

Theorem 5.1.5. For any © € Sym™ (¢ — 0), there is a natural isomorphism

Icﬁg( * Icagcé = ICM?(
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We point to §A-5| for the notation and the proof. Theorem[5.1.5]and its proof are independent
from the rest of this paper; we include it only for conceptual completeness. The proof involves
a passage to Zastava model (the extra structure of a flag) and uses the results of the sequel
The argument of proof can also be extended to meromorphic quasimaps to verify [GNT0L
Conjecture 7.3.2] in the case Gx = G.

5.2. Hecke action on global model. Now we introduce the action map , as an analog
of the action of G(F') on X*(F') for the global model.

The notation is cumbersome because we give a multi-point version of the action, but the idea
is simple: in the notation of the k-points of M x correspond to a subset of H(k)\G(A)/G(0),
where O = Hve|C\ 0,. We have a Hecke correspondence

H\G(A) X G(A)/C(0) » Hk)\G(A)/G(0)

induced by multiplication in G. We think of G(A)/G(0) as a factorizable version of the affine
Grassmannian. Then the “action map” is simply the restriction of the above to a positively
graded subset of G(A)/G(Q) such that everything maps to (X*(A) N X(0))/G(0), i.e., the
locus of regular maps.

5.2.1. Positively graded subscheme of factorizable affine Grassmannian. Let © = Y ; Ny[f] €
Sym® (¢ — 0) be a partition. We have a closed subscheme

__¢ Aut® (k[t]] 0
GrG c = GrG X C = G Coord (C) C GI‘G’C

where Aut®(k[t]) = Speck[ai', as,...] is the group scheme of algebra automorphisms of k[t]
that preserve the maximal ideal, and Coord”(C) — C'is the Aut®(k[t])-torsor classifying v € C
together with an isomorphism k[t] = o, sending ¢ to a uniformizer (see §A.1.1| or [Zhul7,

(3.1.11)]). Consider the Nj-fold product (@Z’C)Né X oNg CNi restricted to the disjoint locus

with all diagonals removed. This descends to a subscheme @gégmé) C Gr In the

notation of let

G,cWNg)-

)
GI‘G ce = H GI‘G C(N ) C GI‘G caen C(>‘< o) O

—~© . . & . —~©
and let Grg ce denote its closure in Grg cqen X oo C®. We consider Grg co as a scheme
over C'I9)) with an action of the group scheme (£L1G)qen, the multi-point version of the arc
space defined in

The closure relations of the Beilinson-Drinfeld affine Grassmannian are known (cf. [ZhulT,

. . -6 . .
Proposition 3.1.14]), so we can describe the reduced fiber of Grg e over a point of C® as follows:
a point of C® is the collection (DY), for each 6, of a degree N; divisor DY = Zue\m Ng 0.

-0 . R
The reduced fiber of Grg e over this point is the scheme

(5.3) [T Gz ™.
ve|C|
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5.2.2. Let M x denote the stack representing the data of
(0,Pq) € Mx, D € SymC, and a trivialization ng|a,D = fPOG|a,D

(see for the definition of é’D), i.e., a point of M x together with infinite G-level structure
at points in the support of D. This admits a natural action by LG, and the forgetful map
Mx — Mx X SymC is a LT G-torsor. Let

~ LTG __9

-
MX X GI'G cé = MX X GI'G ce
! Sym C ’

denote the twisted product over cléh ¢ SymC.

For an affine test scheme S, an S-point of Mx i@gcé is the data (o, P, Py, (D)4, 7)
where

Pa, Py are G-bundles on C' x S,
0:0 xS — X x%Pg is a section such that (o, Pg) € Mx(S), )
for each 6 € ¢ — 0, we have a degree Ny effective Cartier divisor D’ cC xS,

o 7:Pulecxs—p = Palexs—p is a trivialization for D :=3; DY
such that after fixing an isomorphism Pl = P4l (which always exists after flat base
D D
change over S), the datum ((D?),P[;|5, ,7) defines a point in Grg ce. Here we are implicitly
A ;
using Beauville-Lazlo’s theorem to pass between the global and local descriptions of Grg,sym ¢
cf

Proposition-Construction 5.2.3. For any © € Sym™ (¢ —0) there is a natural proper map
~ =6
actyg : My X GrG,Cé — Mx.

Proof. Fix an affine test scheme S and (o, Pq, Py, (Dé)ém) € Mx x @2’0@3 (S). The compo-
sition 771 0 0| x 5_p defines a section o’ : C'x S — D — X x¢ Pe. We claim that o’ extends
to a regular map on C' x S. Given this claim, we can define (¢/, P;) € Mx(S) to be the image

of actyc. Properness of acty follows from properness of @gcé and Lemma[3.7.3

We now prove the claim that o’ extends to all of C'x S. Since k[X] is a locally finite G-
module, it is generated as an algebra by some finite dimensional G-submodule V' C k[X]. This
induces a G-equivariant embedding of varieties ¢ : X < V*, where V* is considered as a right
G-module. It suffices to show that the composition ¢(0’) : C'x S — D — V* x P/, extends.
For any weight p of V C k[X], we have u < \ for A € ¢%. Therefore given 6 € ¢y, we have

(u,0) > 0 for all weights p of V. We deduce that the group homomorphism G — GL(V)
induces a natural map

Gro.co — LTEnd(V)/LTCL(V).
Hence 77! induces a regular map V* x¢ Palg, = V* x @ Pale, and o(t7to oz, ) defines a
section 6'2, — V*x%P,. By Beauville-Laszlo’s theorem (cf. [BD96, Theorem 2.12.1]), this
implies that ¢(o”) is defined on all of C' x S. O

We describe more precisely what acty is doing on k-points: at a single v € |C|, a k-point of
Mx gives an element of (X (0,)NX*(F,))/G(0,) and the map acty; corresponds to the natural
G(F,)-action on X*(F,). For ji € A, define the set

X*(Fesn= U  X(Fo)aw,

B EeAG, i =
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in the notation of §2.3.4] In the next subsection we prove a slightly more precisd'¥ version of
[SV17, Lemma 5.5.2):

Lemma 5.2.4. Let i,0 € [X&. The action map sends

G( v)—“
X*(Famp % LG 10 LEG(R) = X*(F) g

~0
5.3. Reduction to cx. = NP. We are interested in applying Hecke actions to My, the closure
of Mxe = Mg( = Bung in My, since it is the most basic closure of a stratum. On the other

hand, in order to determine the stratification of My we need a moduli description of this stack.

—0 . . .
A first guess would be that My = (Mxecan)red, but this may not be true if cxe := cxcan is
not equal to ¢® = {\ = 0}. In this subsection we explain how to get around this technical
issue: we can always replace G by a central extension G’ — G such that if H\G = H'\G’ and

X' := Spec k[H'\G"], then My, = My and cxs = NP (see Lemma [5.3.3).

 aff ——=aff ~
This is a generalization of the need to replace N\G by N\G for G a simply connected
cover of G in [ABB™05, §4.1], [Schibl §7.2] to correctly define Drinfeld’s compactification of
Buny for an arbitrary reductive group G.

5.3.1. Let us first assume that k[G] is a UFD. Further, assume that H is connected, as is
the case under our assumptions (Remark [3.0.1). Then the preimage of any color D in G is
irreducible, and this defines a bijection between H x B-stable prime divisors in G and colors;
moreover, under our UFD assumption, the former are all principal.

Let k(G)H *B) denote the H x B-eigenvectors of k(G). Then, since HB is open dense in
G, we have

k(G)HXB) k= X(H) x  X(B),
X(BNH)
where X(H) is the character group of H (so X(B) = Ag by definition). The valuation map
gives rise to a short exact sequence
(5.4) 0— X(G)—XH) x XB)—2ZP -0,
X(BNH)

which sends an element of k(G)*B) /X to its divisor, identified with a Z-linear combination
of the colors. (We have used here both the UFD property, and the fact that invertible regular
functions on G are multiples of characters.)

The preimage in G of each color D defines a valuation vgp on k(G)*; its restriction to
k(G)(H x B) defines a map

omea:D— (X(H) x X(B))".
X (BNH)

Composing with the second projection to Ax gives the usual valuation map o m\c- By con-
struction we have vy p(fp/) = dp p for D, D’ € D, and the sequence dual to (5.4) is

0—2ZP ™ (¥(H) x X(B))Y = X(G)” = 0.
X(BNH)

161y [SV17] the ordering > is defined with respect to the rational cone generated by the valuations of colors,
whereas we define > with respect to the monoid generated by non-negative integral combinations of valuations
of colors.
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5.3.2. Now we return to the case of arbitrary G. Let
15Z-5G—G—1

be a central extension with connected kernel Z such that the derived group [é é] is simply
connected (such a G always exists). Then k[G] is a UFD ([KKLV89, Proposition 4.6], [IveTd]).

We consider H \G as a G—spherlcal variety, so H\G = H \G where H = HZ is the preimage of
H in G. Let B denote the Borel subgroup of G. If H is connected, then H is also connected.

The colors stay the same, so QH\G induces a short exact sequence

(5.5) 022 25 (x(H) x  X(B)Y - X(G)Y = 0.
X(BNH)

Let H,, = fNI/[I;' I;ﬂ so X(H) = X(H,y). We consider [H, H]\G as a spherical variety for
the group G' .= Hy, >< G where H,, acts by left translation and G acts by right translation.
Then [H, H\G = H'\G' where H' = (H/Z)%?8 = H%8 is diagonally embedded in . Observe
that G’ — @ is a central extension with kernel H,;, and

H'\G' = [H,H\G — H\G = H\G

is a Hap-torsor. The Borel subgroup B’ of G’ is Hy, xZ B and B' N H' = ((E N PNI)/Z)diag, S0
(5.5) is equivalent to a short exact sequence

0 — ZP “™" Ay = ker(X(B') — X(B'n H'))Y = X(G)" — 0.
To summarize:

Lemma 5.3.3. Let H\G be a homogeneous spherical variety with H connected. Then there
exists a central extension G' — G with connected kernel Z' and a spherical subgroup H' C G’
such that
(i) [G',G'] is simply connected.
(ii) The covering G' — G restricts to an isomorphism H' = H. In particular, the projection
H'\G" — H\G is a Z'-torsor.
(iii) The valuation map o embeds ZP — Apgne as a direct summand.

By (iii), we have that ¢y g = CZ,\G, = NP 50 there is no question of integrality. For a similar
result, see [Bri07, Lemma 2.1.1].

Example 5.3.4. If we start with H = G,,, the torus inside G = PGLs, then G’ = G,,, x GL2
and H' = G,, where G,, maps to GLy by (§9). So H'\G' = GL3, where G, acts by left trans-
lations and GLo by right translations. This is a G,,-torsor over G,,,\GL2 and a G,, x Z(GLq)-
torsor over G,,\PGLso.

Proof of Lemma[5.2.7} Let 1 — Z' — G’ — G — 1 be a central extension as in Lemma [5.3.3
Since cyngr = cg,\G,, there is no question of integrality and [SV17, Lemma 5.5.2] applied to
the G'-variety H'\G’ says that the action map sends

(HNG)(F)i 5% G(00)0G (00) = (HNG)(F) s

where /1,0 € A;I,\G,. Since H'\G' — H\G = X* is a Z’'-torsor, it is surjective on F,-points
and corresponding orbits). Since ¢Z,, -, maps to ¢%, we deduce that the action map sends
H\G b'e

. G(ov) 7 .
X (Fv)tﬂ X G(ov)t G(Uv)—>X (FU)E;EJré
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for /1,0 € A;. The preimage of @g(k) in G(F,) consists of the union of G(ov)télG(uv) for
S Aa, ¢’ > 0. Since @’ > 0 implies 6’ > 6, we deduce the claim. O

5.4. Open Zastava. Consider Y"0 = Yxo =Y x31, MG = Maps,., (C; H\G/B D pt), which
is an open subscheme of Y. Since M% = Buny is smooth and Yy is smooth locally isomorphic
to MY% by Lemma the scheme Yxe is also smooth. )

The preimage of the connected component A* in Yxe is by definition Y*0. Let G’ — G be a
central extension as in Lemmal5.3.3] so we have a torsor H'\G' — X*. Let X’ = Spec k[H'\G'].
Then c¢x = NP and we have an isomorphism of stacks X’*/B’ = X*/B. Hence,

(56) Yxe 2 Yxre = Mapsgen(X/./B/ B pt)7
and the map Yx. — A factors through nx/ : Yx» — Ax/. The base Ax/ is a disjoint union
of smooth partially symmetrized powers of the curve indexed by NP. For D = >pnp - D€
NP we will denote by Y&, the preimage of the corresponding component of Ay:. We define
Qx(D) = ZnD/f/D/ and len(D) = ZTLD/. Hence, if 5\ = QX(D), then HQ. C Hﬁ‘(.

This implies:

Lemma 5.4.1. The stratum ‘jj"o is nonempty only if X = 0.

Under our assumption that all simple roots of G are spherical roots of type T', every color
D € D belongs to D(«) for some simple root « of G and X°P, /R(P,) = G,,\PGLs.

Lemma 5.4.2. If D(a) = {D},D;} for a simple root o, then for any nt € N, there is an
isomorphism

Y PaEn D ot o),

D ntDY4n= D> . °
Proof. We may assume cxe = N”. Then, Y. > classifies maps from the curve to X*/B
which have zero valuation on every color other than those in D(«), and therefore is a subscheme
of Maps,,(C, (X* — Upep_p(a) P)/B D pt). Since X°Py = Gy, \ Py is affine, its complement
is the union of the colors that it does not intersect. Hence

(x*-~ |J D)/B=(X°P,)/B=G,\PGLy/BrcL, = Gy \P".
DeD—D(a)
By Example [3.3.1} we see that Maps,,, (C, G, \P* D pt) = Sym C'x Sym C, and it follows that
the components correspond to NP(®) in the natural way. g

Remark 5.4.3. For a general element D = np/ -D' € NP, the graded factorization property
together with Lemma imply that there is an open embedding ﬁDC("D’) — YL., where
the product is over the disjoint locus. We will show in Lemma @ that Y2., D € NP are
precisely the connected components of Yxe, so the open subscheme above is dense. (This also
implies that the Y. are defined intrinsically and independently of the choice of G’ — G.)

Remark 5.4.4. Tf D is as above, and A = gx (D), we can read off the length len(D) directly from
A, if X* happens to admit a G-eigen-volume form. Namely, under this assumption there is a
character v € A such that (v, 7p/) = 1 for every color D', and therefore len(D) = (7, 5\> Indeed,
for such a color D’, there is a simple root o such that D’P, contains the open Borel orbit, and
then D'P, ~ vp/(G,,)\P,. For such a homogeneous space to have a P,-eigen-volume form
with eigencharacter b, we must have that (h + 2pn_,7p/) = 0, where 2py_ is the sum of roots
in the unipotent radical of P,. Equivalently, since (a, 7p/) = 1, this reads (h + 2pg,vp/) = 1.
Therefore,

(57) len(D) = <h + 2pG7 5‘> 5
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which we can unambiguously denote by len()).

5.5. Proof of Theorem [5.1.11

5.5.1. Idea of the proof. Let us give a set-theoretic idea for the proof of Theorem [5.1.1] as well
as a guide to new notation we are about to introduce. The discussion here is not rigorous, using
sets as avatars for geometric objects.

We have been using the notation X*(F)q.5, or (X*(F)/K).5 to denote the set of points in
the K-orbit parametrized by € V N Ay, where K = G(0). The stratum M% of the global
model corresponds to (X (0)/K)q.5, in the sense that it is determined by the condition that the
“G-valuation” of maps in this stratum, at points where they fail to land in X°®, is given by 6.

Similarly, T'(0) N (F')-orbits on X °(F') are parametrized by Ax, and let us denote by X (F') 5.5
the subset of points which: (1) belong to X°(F'), and (2) belong to the T(O)N(F)—orl?i‘g
parametrized by A € Ax. As with the global model, the central fibers of the stratum H;}’e
of the Zastava space correspond to (X (0)/B(0)) .5

B:A .

The following facts will be proven about the space ‘é}\(’e:

e It is nonempty only if A = (see Lemma and Corollary |5.5.6)). This is essentially
a statement about the image of X (o) in X/N(F).

e It contains yﬁ;‘*%yﬁf as an open dense (see Lemma . This is a geometric
statement, and it follows from the constructions that we describe below.

Theorem [5.1.1] says that the geometric analog of the action map
(5.8) act : X*(0) x®* KtVK — X(0)g4

is birational and proper. (The closures are also understood here in the “geometric” topology,

see Lemma )

To prove this, we fix 6 € ¢y, which will not appear in the notation, and work with B(o)-
orbits, defining spaces whose central fibers satisfy the following set-theoretic analogies:

. X0y % (T(0)*N(F) N KOK)/B(o)
ZA-v 300 X*(0) B>(<°) (T(o)t" N(F)NKt"K)/B(o)

B:A\—v
Here, 77 > # (and antidominant), so that the Cartan double coset Kt"K belongs (in the
affine Grassmannian) to the closure of Kt K. Both of the spaces above are subspaces of the

preimage of X (0) 5.5 in X*(0) x K Kt9 K — in fact, substacks, in the appropriate setting. Indeed,

stratifying Kt/ K by the “Mirkovié-Vilonen (MV) cycles” corresponding to its intersection with
the horocycles Kt” N (F), we obtain a stratification of this space by

(X*(0) <" (Kt"N(F) N KtK)) /B(o) Nact ™ (X(0)/B(0)) .5

(where act denotes the action map). Note that Kt”N(F)/B(o) = K xZ() T(0)t? N(F)/B(o),
hence the above can also be written

(X*(0) <7 (T(0)t"N(F) N KtK)) /B(o) Nact ™ (X(0)/B(0)) 5.

An element of X*(0), multiplied by "N (F), lands in (X (0)/B(0)) .5 if and only if it belongs
to X*(0) .5_,, showing that the sets corresponding to Z*~”* (and also to Z*~7*0"7 after a

further stratification by G-valuations) are indeed subspaces of X*(0) x* Kt/ K.
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Here comes the important geometric input: the topology on the affine Grassmannian, resp.
on the arc space of X (or rather, its global models), implies that ZA=0.2.0.0 jg open and dense.
This is a combination of the statements that X®(o) is (tautologically) open dense in X*(0)
(allowing us to take 8 = 0), that the Cartan double coset K K is (again tautologically) open
dense in its closure, and that the MV cycle Kt'K N KtéN(F) is open in it.

The open MV stratum on the affine Grassmannian K\G(F) meets the coset K\Kt’K along
the N(o)-orbit K\Kt?N (o). Therefore, the quotient

(T(0)t’ N(F)n Kt°K)/B(o)
is just a point (f is anti-dominant). Thus,
X*(0)ps_g X P (T N(F) N K17 K)/B(o) = (X*(0)/B(0)) p.x s
which, on the other hand, can be identified as an open dense subset of (X(0)/B(0))g.5. Thus,

B:\
in the geometric setting, the action map (5.8)), restricted to the subsets with B-valuation equal
to some (any) A, is indeed birational. On the other hand, the map Y* — My is smooth for
large A (Corollary , proving the birationality of (the geometric version of) (5.8).

5.5.2.  We now turn to the actual proof of Theorem
. =0 . 5 .
Since Grg ce lives over C®, we can factor acty into
- —0 act g S T
(5.9) Mx % Grgco —5 My x C° 25 My
where acte is the naturally induced map over c®e.

Lemma 5.5.3. Let © € Sym™ (¢ — 0).
- R
(i) The preimage of Mg in Mx X Grg co under actyc ts contained in the open substack
Bung x Grg Go-

. ) ~ =6 ) <
(i) The image acty(Bung x Grg ge) C Mx contains M as an open dense substack.

Proof. Statement (i) follows from the description of acty on k-points, Lemma and the
fact that no element of ¢y —0is < 0.

To simplify notation, we give the proof of (ii) in the case when © = [f],6 # 0 is a singleton
partition. The general case is entirely analogous.

——
Now we are considering actc : Mx x Grg o — Mx X C. Recall that we have a locally closed

embedding Mg( — Mx x C. First we show that M := actc(Bung x @270) C Mx x C contains
MY. Fix v € |C|. Take an arbitrary H-bundle P € Bung(k), and choose a trivialization of
PH|spec o, » Which induces a trivialization 7o : (Pg x¥ G)|spec o, = PLlspeco,- Then (Pr,v,0)
defines a point of Myx. We also have the point 7 € Grg’v. The image of (P, v, 10, té) gives a
point in My X Grg’v, and by construction actc will send this point to the stratum Mg}.

Thus we have shown that M contains a point of M% over every point v € |C|. It follows
from Lemma that M C Mx x C is stable under generic-Hecke modifications away from
the marked point in C'. Since these generic-Hecke modifications act transitively on the stratum
M4 (Proposition , we deduce that M contains all of M5

The previous paragraph and Lemma, imply that

Mh =M — U acto (Mx i@g),
6’6
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which shows that Mg} is open in M.
A . .
Since Grg is irreducible, for every connected component U of Bung, the image My :=
~ =0 . . . o . . 5.
actc(U x Grg o) is irreducible. It is easy to see that its intersection with M% is nonempty,

hence dense. O

As a corollary, we can now prove Theorem i):

Proof of Theorem[5.1.1|(i). Let M denote an irreducible component of ﬁg(. Then M’ :=
acty (M x @g,c) is an irreducible closed substack of Mx, and since M contains a connected
component of Bung, Lemma i) implies that M’ NM is dense in M’. Tt follows that M%)

. . 0 ~ =0
is dense in acty(Mx x Grg ¢)- O

5.5.4. Base change to Zastava model. Fix 6 € ¢y — 0 and a point v € |C|. Consider the
restriction of acty to Mx x @Z,U — M x, which is the fiber of actc over v — C = clol.

Let us consider for A € cx the fiber product diagram

Z?,j\ acty 95\
v

(5.10) l J

—0 ~ —0 actng
My % Grz, 2 My

An S-point of Zg’;\ consists of the data (o, Pg, Pz, v, 7) where
b (07 fPG) € ﬂg{v
e Py € Bunyz” is a B-structure on a G-bundle P}, := G xZ Py,

o 7 : Pulic—v)x s = Pclic—v) x s is a modification inducing a point in Grg such that
71 o o generically lands in X° xB P7,.

Let Y — Y denote the Zariski locally trivial L B-torsor parametrizing (0,P5) € Y and a
= —0
trivialization Pp|s = P%|s, , and let Yo — Yo be the restriction to My. (We will use the index
0 for the same purpose on the strata of Y.)
Proposition-Construction 5.5.5.
(i) The fiber product ZZ’j‘ admits a stratification by

« <~ L'B . T 401+
Z)‘_V’A — 90 % (L+T StV LNNLTG - t9 . L+G)/L+Bv

v

where 7 ranges over the weights of the irreducible G-module %2
(ii) We have an isomorphism at the level of reduced schemes

T U G
Z)~rh =2 Y 2(S” N Grg).

where %‘4’ X — means 90 xLTB _

(iii) The open stratum corresponds to v = 0. More precisely, we have

where v corresponds to the embedding {té} — Grgv.
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Proof. Recall that LTG - t9 - L+@G has a stratification by intersecting with LG - t” - LN. If we
take the quotient on the left by L*G, then under the identification L+G\LG Grg:gr g%,

we have described above the stratification of GrG by MV cycles GrG N'S~7, where —0 is

dominant. It is known by [MVQT7, Theorem 3.2] that GrG N S™” is non-empty precisely when
—r is a weight of V— 6 , and the open stratum corresponds to when — equals —0.

Now let (o, in,fPB, 7) be an S-point of Z A The restriction of (Pg, Pz, 7) to C) gives a
point in LTG\L*+G - t0 . LTG/L* B. Therefore, by the previous paragraph, we can stratify Zz’j‘
by the preimages of

LTG\(L+G - ¢ - L*GNLTG - " -LN)/LTB.
Suppose our S-point lies in such a stratum corresponding to ». In particular, 7 corresponds
to a point in LT B\(Gr}p)red, which means that there exists a B-structure Pp|s on Pgla
such that 7 gives an isomorphism of generic B-bundles 7 : P3|5, = Ppls.. By Beauville-
Laszlo’s theorem, the datum (Pg|c—v, TB|5’, ,7) descends to a B-structure P on Pg such that
Phlo—v =2 Pplc—y. Then (0,Pp) € %37”(5) and (o, Pp, P, v,7) € Z;\”V“S‘(S). The procedure
above can be reversed to see that Z,~7* is equal to the entire stratum. This shows (i).

Observe that LT7 -t” - LN = LN -t - LTB and there is a map from (LN -¢t”-LTB N
L+G -9 - L+G)/LTB to S” N GZ which is an isomorphism at the level of reduced schemes.
Now (ii) follows from (i).

The open stratum Zg‘*é*j‘ corresponds to the open stratum @ae N S’é, when 7 = 6. By
IMVO7, (3.6)], we have s 0@2 = {t%} so (iii) is a special case of (i). O

a0 o =0 . . 5" = ] . -
Observe that My x Grg, has a stratification by M§ x Gry, , for those © € Sym™ (¢y —0)
= —0
such that the stratum M belongs to My — still to be determined, see Lemma m — and
those 7} € Aa such that 77 > 6 (equivalently, 7 is a weight of V). Let ZZ“\’@/ﬁ denote the
preimage of the corresponding stratum in ZZV)‘, so we have a Cartesian square

?2,7,0" 7 aCty
Zv K yX

(5.11) l l

5~ 7 act
MY x G, —5 Mx

This diagram now has no dependence on 6 and is defined entirely with respect to 7. Proposi-
tion [5.5.5| implies that there is a stratification

ZZ,Z\,@’,?? _ U qu;\ffz,j\,é’,ﬁ
v
where i runs through the weights of V7, and Z}~7*©" admits a map to Y*~”©". The open
stratum is o )
Z)\fﬁ,)\,(;)’,ﬁ o yA—ﬁ,é’ % {tﬁ}
b4 .
~We will make special use of the cz}sevé/ =0and ) = 0 because Lemma implies that
Y is contained in the images of Z)M%¢ — Y* over all v € |C|. Note that Z, 0.0 = yA=0.0,

Recall that ¢& denotes the monoid generated by p for D € D.

Corollary 5.5.6. Let 0 € cx — 0.
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(i) The scheme Yyro s nonempty only if A= 4.
(ii) We have an isomorphism (90 Q)red = C over the diagonal C' — A
(iii) The single point in the central fiber Y00 corresponds to 9 esin Grg.

Proof. As we remarked above, every point of 135"9 is contained in the image of Zz,j\,o,é for some
v € |C|. By the description of the stratification of Z2*%-0  the latter is nonempty only if Y*=7-0
is nonempty for some . This implies that A = 7 by Lemma Since 7 > 6, we deduce (1).

If A= é then yé—po is only nonempty when o = é in which case Y° = pt and Z0 0,06 —
{te} By moving the point v around, we get a surjection C' — (He e)rcd and it must be an

isomorphism (on reduced schemes) since the composition with 7 : Yoo, A9 gives the diagonal
embedding. O

Let 95‘_570;«/ denote the disjoint locus Hi_é’oin’é. Observe that the composition
YA05y o3 YA0 = Z2 0.2 20y yA
coincides with the composition ‘éj‘_éﬁw — Hj‘_é;’(’g}é’é — 95‘ where the second map is given by
the graded factorization property.

Lemma 5.5.7. Let 0 € ¢y — 0. Then:

(i) The open embedding YrA=0.05y6.0 , yro given by the graded factorization property is
dense.

(ii) For X large enough, the open stratum yr-6.0 Z?’S"O’é

X U > is dense.

Proof. First observe that by Lemmawe may always assume that \ is large enough so that
the conditions of Corollary |3 - 2| hold: namely, H’\ — My is smooth with connected fibers.

By definition, Y™? is the preimage of Ma . Now let V be a connected component of M
that intersects the image of H’\. Then ‘g} = ‘g}’\ Xny V is a nonempty connected component

of the smooth scheme Y*¢. Lemma5.5. 3] 1mphes that V lies in actyc(U x GrG ¢), where U is a
connected component of Buny. Consider the fiber product diagram

7,1,0,0 yi\
(5.12) l J

Bung x GrG c — Mx

which is the analog of (5.11] - ) where we allow v to vary. The fibers of ‘z}/\ — Mx are irreducible,

Z M08 773,040 XBuny U s irreducible and the image of

?,1,0,0 A
Zy —Y

contains 9"\/’9 as a dense open. Proposition m (twisted by C') implies that Z;”\’O"9 has a

stratification J, Z>‘ 7,%,0,6 Zz}—v,/\,oﬁ
— lIO y)\ 7,0

over the weights U of V‘é7 and maps to Yyr=1,0 XBunH U.

In particular, y X Bungy U is nonempty for some . Since v > 6, Corollary (3. ii)

implies that HU 9.0 is also nonempty. Therefore, the open stratum Z)‘ 62,00 o HA 00« O is

nonempty. By Corollary [5 . we can identify C = (‘39 9)red, and the map

gA—O,OXC N Z?,)\,O,Q _ 13)\

coincides with the open embedding 9;\*61 0% ‘dé 6 < Yyh 6 given by graded factorization. Then

YA= U % C is a nonempty open subscheme of the irreducible component HV , S0 it must be dense.
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To show (ii), note that a priori the preimage of 9{\/0 in 2”09 is contained in a finite union
of Z; 200 for connected components U of Buny. However we saw above that the open stratum

HA 6 O Cis nonempty, and therefore dense in Z;’)"O’o, for each such U. 0

In the proof above, we have essentially shown Theorem ii) along the way:

Proof of Theorem|[5.1. 1 n(zz ). To simplify notation, we only show the case © = [#]. The multi-
point version is proved in exactly the same way. We continue to use the notation from the

previous proof of Lemma By Corollary and the base change diagram (5.12)), it is
enough to show, by restricting to open dense subsets, that

08 uh L b
Z?,)\,O,G N '%)\ % MX
Mx

is birational for A large enough. It follows from Lemmam that Y*—99%C is a dense open in
both the target and source. O

Proof of Theorem [5.1.1)(iii). Again to simplify notation we only show the case © = [4]. By
Zariski’s Main Theorem, it suffices to show that the restriction of acty; to

(5.13) actyd (M%) N (Bung x Grl o) — My

is a bijection on k-points. By Lemma this map is equivariant with respect to generic-
Hecke modifications away from the marked point in C. Fix a marked point v € C and let
M9 denote the preimage of v under the projection Mg( — C. By Proposition all

the k points of M v are equivalent under the equivalence relation generated by generic-Hecke
correspondences. Thus it suffices to determine the fiber of (5.13)) at the single point {9} = Y00,
By Proposition | the fiber of te has a stratification by Y9 70 % (57 N GrG) for 7 a weight
of V¢, On the other hand, Corollary |5 m implies that Yo-70 ig nonempty only if 7 = 6. In
this case YO0 x (57 N GrG) is a point. O

5.5.8. Recall that for an arbitrary algebraic group H, the algebraic fundamental group m (H) is
defined as the quotient of the coweight lattice by the coroot lattice of the reductive group H/H,,,
where H, is the unipotent radical of H. For fi € m1(H), let Bun¥, denote the corresponding

=0 . .
connected component of Bung and let #My be its closure in Mx.

. ~—6
Corollary 5.5.9. Let © € Sym™ (¢ —0). Then the set of irreducible components of My is in
bijection with w1 (H), where i € w1 (H) corresponds to

- —0O 10 ~—=—0
My = acty (" My x Grg ge).

Proof. 1t follows from Theorem that the irreducible components of ﬁi are in bijection

. . . ~ =—© . —© .. .
with the irreducible components of Buny x Grg ce. Since Grg ce is irreducible, the latter are
in bijection with mo(Bung) = m (H). O

- @ ~ -
We will let “J\/[g)( = AMy NM§ denote the corresponding connected component of M?(

(which is smooth).
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5.5.10. Mirkovic-Vilonen cycles. We finish this subsection by proving a result that will be used
in the following sections. The goal here is to show that the Mirkovié¢-Vilonen cycles in the 6-
stratum of the affine Grassmannian map, generically, to the f-stratum of the global model of
X, under the action map.

Fix v € |C| and § € ¢ — 0. Consider the restriction of actyr,, to

(5.14) pt x Gry,,, — Buny X Gres,, — My,
where pt — Bung corresponds to the trivial H-bundle. Note that the map (5.14)) above can be

extended to a map

(5.15) act, : Grg = X (L+X/L+G) — Mx
LX/L+@

using Beauville-Laszlo’s theorem: a point of the left hand side consists of a G-bundle Pg and
a trivialization 7 : Pg|c—y = fP%|C_v such that 771 oxg : C —v = X x@ P is regular when
localized at o,. Here z : C — X x© P% = X x C denotes the section corresponding to the
base point zg € X°. Thus, act,(Pg,7) := (Pg, 7" o 2) € M% is well-defined.
o - = -
Define Gr% C Gr% to be the open subscheme equal to the preimage of the stratum Mg(
o ~ «
under (5.14). We can also identify Gr%, = Gr%, x (LYX/LTG).
LX/LtG

Taking central fibers with respect to v, the restriction of act, to a semi-infinite orbit factors

through

(5.16) SN Tre = YA x Moy,
Mx

where A is a weight of V% and we consider (Yj‘)rcd as a subscheme of $* via Lemma Note

that S* N @g is isomorphic to the closed stratum Zg’j‘ from Proposition Under this
identification (5.16]) coincides with the restriction of the map acty : Z/* — Y* from (5.10).

~ — . o .
Observe that SY N Grg = {t’} is contained in Grf,. We will use this to deduce:

- ~ e (O
Lemma 5.5.11. Let \,0 as above. Then S* N GreG intersects every irreducible component of
S' N Gry,.
Proof. Let Z denote an irreducible component of A n @g, which must be of dimension d =

(pg,\ — 0). Let Z denote its closure in $'n @g. Then the proof of [MV07, Theorem 3.2],

which we briefly recall in the next paragraph, shows that Z contains e Grg. Thus, Z N Gr%
is open and nonempty, hence dense in Z.

. 5. TN . - - .
Since the boundary of S* in S” is a hyperplane section (Proposition , 7 — Z contains an

< 5 5 )
irreducible component of dimension d — 1 inside S* N Grg; for A; < A. In this way we produce
a sequence A\ = A, ..., \g and irreducible components of S* N Z of dimension d — 4. The only

weight Ay of V¥ such that A — Ag) > dis A\g = 6, so Z must contain s? ﬂ@e ={t. O
g PG> ) G

5.6. Closure relations and components in the global model. Let 6,0’ € Sym™ (¢ —0).
Consider ©' — © as a formal sum in @éec;—o Z[f]. We say that

0 +6
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if ©' — O can be written as a sum of formal differences [0] —[0] where 0,6’ € ¢y, and 6’ = §. Note
that we allow § = 0 (in which case [0] = 0), and for general 6,6’ as above, it is not necessarily
the case that 6 — 0" € V.

Proposition 5.6.1. Let ©,0' € Sym™(¢x —0). We have that Mg lies in the closure of M?(
if and only if there exists ©" € Sym™ (¢ — 0) such that © refines ©" and ©' = .

Remark 5.6.2. We warn that our notation in Corollary is unfortunately not compatible
with the closure relations in the following sense: it is possible that ﬂﬁ)@( N M?(/ =+ ﬂM?(/ for
©' >0 and i€ m(H).

The reader may want to skip the proof of this proposition at first reading, and focus on the
corollaries that follow. Note that the proof will use Zastava models, despite the fact that the
statement is about the global model. The proof of the proposition starts with the following
special case:

Lemma 5.6.3. The closure of M% in My intersects M?( only if © = 0.

Proof. Let © correspond to a stratum such that Mg”)( intersects MS(. Then by Corollary

there exists A such that 13;\’@ intersects the closure of 9;\’0 in yﬂ. Now consider the torsor
H'\G' — X* from Lemma Let X’ = Spec k[H'\G'] considered as an affine G’-variety.

The corresponding compactified Zastava model g)’é, — AR, is indexed by D € cx, = NP. Since
X'*/B' = X*/B as stacks, y;\(,o is a disjoint union of Y&, = %}%O ranging over all D € N? such
that ox (D) = A (see . Choose D € NP such that the closure of Y£. in ‘éé‘( intersects the
stratum Hi‘(’é. The map

—D =X
(5.17) 9x = Ux
—D —X\ .
is proper because Y., Yy are proper over A)D(,,Aﬁ‘(, respectively, and the natural map AL, —

A% is proper. Therefore, the closure of Y%, in Y% is contained in the image of || Note
that the stratification of Mx/ is indexed by ©’ € Sym™ (¢, —0). In particular, ©" > 0 since

=D . . —D 5 = C e .
cx: = NP. Therefore, Yy, is a union of Y, XM s M)@(/ for © = 0, which implies its image in

—\ —\ = -~
Y is contained in the union of Yy xp¢, M for © = 0. O

Proof of Proposition|5.6.1 By Theorem i), the closure of Mg;)( is equal to the image of
—0 ~ =06 . . 5 . . c e V%
M(;( X Grg e, so we will consider the latter. Note that C® is stratified by disjoint loci C®
for all partitions ©” such that © refines ©”. By the description of the fibers of Grg ce — Cc®
in (5.3]), we have an identification
76 o I 7®//
Gra oo x 09 =Grg ger
C° le :
at the level of reduced schemes. Therefore, replacing © by ©”, it suffices to show that the
. 70 ~ =6 . 5 - e A -
image of My Grg ¢e contains MY if and only if © = ©.
The “only if” direction follows from the description of acty; on k-points and Lemmas [5.2.4]
and £.6.31
We will show the “if” direction only in the case when © = [4], ©' = [#'] are singleton (so
0" = 0) to lessen notation (allowing ¢ = 0), but the multi-point version is proved in exactly the
same way. Fix v € |C|. We have a distinguished point in Mg; degenerate at v: the image under
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act, of t7 € Y% We will show that M; contains this point. Then, stability of Mi under
generic-Hecke correspondences (Theorem [.1.1)i) and Lemma [A.4.7) and Proposition

imply that My contains all of M%.,

Since 6’ = 0, we can decompose ' — 0 = 2?21 v; for (not necessarily distinct) ; equal to
valuations of colors D; € D (in case D; is not uniquely determined by its valuation, the choice
of Dj is arbitrary). The graded factorization property gives a map €= Hé’éﬁlﬁ[ jy)%; — Yo
We claim that the image of € contains C = ymd in its closure. (Note that éred = Co’d+1.) This
will produce an irreducible variety whose generic point maps to Mg} while a special point maps
to act,(t9) € M.

Consider the Beilinson-Drinfeld affine Grassmannian Grg ca+1, whose fiber over d + 1 pair-
wise distinct points (vo,...,vq) € CaH1 g H o Grp while the fiber over vy = ... = v, is Grp.

By Lemma we have an isomorphism YA GrB X x/+p(LTX/LTB), Wthh depends on
a fixed base pomt xo € X. Now a reduction to G,,\GLz (see proof of Lemma and Exam-

ple|4.3.3) shows that the central fiber YD; = pt is contained in LY N - % C GrVB' Therefore, ¢
is contained in the orbit of the multi-point jet space (L*N )Cd+1 acting on the closed subscheme
C4 C Grycarr C Grg garr given by (vo, ..., vq) — t9 I1; t,2, where the v;’s are allowed to

collide. The orbit of (vg, .. .,vq) € C is
{t'l)()} H] 1(L+N tZJ) C GI'B ,V0 X H B ;050

while the orbit of the diagonal v = vg = ... = vg is LY N - tg ={t"} c Grgv since @' is
antidominant.

Now assume that C' = A', which is justified by Proposition m Then we can identify
(LTN)e =LTN x C. Let Yg{ correspond to the point n;t” € Grp for n; € LY N(k). For any
pairwise distinct vg, ...,vq € Al we have a line A' — C9*1 : a s (avo,...,avq) contracting all
points to 0. Multiplication defines a map m : (LY*N x C)¢ — (L N)ca. Lettmg m(n, .. nd)

act on the point ¢/ I, tah, € Grp, Cd+1 as a — 0, we get a curve connectlng {0 } x HYxo,y

avg
to tg . Hence the closure of € in 9 X 460 citl ¢ Grp cat+1 contains ‘jred 0. Since the map
Cd+1 5 A9 s finite and C is irreducible, we have proved the claim. O

Now we draw some corollaries from Proposition [5.6.1
Corollary 5.6.4. The open substack M = Buny is dense in Mxcan iff cg NV = Cxean-

This is an analog of [BG02, Proposition 1.2.3], which says that Bung is dense in Bung if
[G, G] is simply connected.

Proof. Tndeed, ¢ NV = ¢y is precisely the condition that every @ € Sym™(cy — 0) is
= 0. O

Define Dgt (X ) to be the set of primitive elements in Prim(cy ) that cannot be decomposed
as a sum 0 + \ where 6, A are both nonzero, 6 € ¢y and A = 0 (see for the definition of
primitive). Note that DG (X) contains px (D(X) — D), the valuations of the G-stable prime

sat
divisors, but the containment may be strict.

Corollary 5.6.5. There is a bijection between the set of irreducible components of Mx and
™1 (H) x Sym™ (DG, (X)),
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such that fi € m (H), © € Sym®™ (DS, (X)) corresponds to [‘ﬁ)e(.

sat

Proof. For any ©' € Sym™ (cy —0), let ©” € Sym* (¢ —0) be a minimal element with respect to
the ordering < such that ©” < ©’. Then ©” can be refined to an element © € Sym™ (D&, (X)).
Therefore, the closure relations from Proposition tell us that any stratum is contained in
the closure of M?( for a partition © as above. By definition if 6,0, € DSCCI'Lt (X) satisfy 0y = O
then they must be equal. From this one deduces that M)é( is not contained in the closure of
any other stratum. )

Thus, the closure of each MY, © € Sym™ (D&, (X)), is a union of irreducible components,
and no irreducible component is contained in two different such closures. The Corollary now

follows from the description of irreducible components of Mg;)( by Corollary O

Lemma 5.6.6. Let X; — X5 be a G-equivariant map of affine spherical varieties with X =
X3 = H\G. Then the induced map Mx, — Mx, is a closed embedding.

Proof. Let S be a test scheme and let (Pg,02) € Mx, (S), where 0y : C' xS — Xy x% Pg is
a section. By Corollary there exists a B-structure Pp on P after a suitable surjective
étale base change S’ — S such that (Pp,02) € Yx,(S’). Then in particular there exists a
relative effective divisor D C C x S’ such that o2(C' x S’ — D) C X3 xP Pg, cf. §3.7.1} Since
X? = X3, we have X7 = X3. By Lemma the condition that os|c x 57— p extends to a
section C' x 8" — X1 xBPp = X; xC Py is closed in S’. Therefore, S’ Xy, Mx, = 5" is a
closed embedding. 0

Lemma implies that Mxecan is a closed substack of M x containing ﬁOX, and when the
condition of Corollary is satisfied, M xcan = ﬁg(.

5.7. Closure relations and components in the Zastava model. In order to extend the
results above to strata of Y, we will need the following result:

Lemma 5.7.1. Let y € Y*(k) for X € cx. For any simple root a with D(o) = {D}, D5} and
any N > 0, there exists a k-point

y' c %}J\;C(N) <O y,‘\ >°<pr; ;<pr;
such that the first coordinate is y and the image of y' under the composition
y/’\inp;r NSTIALONEEN yi\ﬂva — My
coincides with the image of y.

Above we are using the fact, from Lemma that HN”f contains C(N) if o+ £ v~ or

cN oW if vr = 7. In the latter case, Lemma 1|is picking out one of these components
(depending on the point y).

Proof. The point y is equivalent to a datum (Pp, o) where Pp is a B-bundle on C and o :
C — X xBPp is a section. Let Pz = G xE Py denote the induced G-bundle. The image
of y in Mx corresponds to (Pg,0). Set k := k(C). Then olgpeck defines a trivialization of
Pclspeck, which we fix. With respect to this trivialization, B-structures on P are in bijection
with sections Speck — G/B, and Pp corresponds to 1B € (G/B)(k). The preimage of (Pg, o)
in Y identifies with the orbit H(k) - 1B C (G/B)(k). Since X°P,/R(P,) = G,,\PGLy, the
orbit of HN P, on 1 € P,/B = Pl is G,,. Let r € G,,(k) = k(C)* be a rational function
on the curve C. Then the principal divisor defined by r is of the form vt — v~ where v*
are effective divisors with disjoint supports. By the Riemann—Roch theorem, for any N > 0
there exists € k(C)* such that deg(v') = deg(v~) = N and the supports of v and v~ are
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both contained in 0~ 1(X° x® Pg). Under the isomorphism X°P,/B = G,,\P!, let us identify
DI with 0 € P! and D, with co € PL. Then the preimage of (Pg, o) in Y corresponding to
r € PY(k) has the desired property. O

Recall from Corollary m that the irreducible components of Mg:)( are denoted by ﬂMg,
with ji € w1 (H). For any A € cy, define 7Y€ = YA spe AME and AYA=0 = YA )0 AN,

Corollary 5.7.2. For any \ € ¢x, i € m(H), © € Sym™(¢y — 0), the scheme AYA=6O g
irreducible (if nonempty), and #Y*® is open dense in it.

Proof. For \ large _enough, the claim immediately follows from Corollaries 2| and |5
Now, for arbitrary X, consider \' = A + Y ac A M@ large enough. By the graded factorlzatlon
property and Lemma [5.7.1] there exists an étale map

(5.18) AYAE® 2@ —y AYN =0,

where C = ]i[AGC(””) x (e,

By the validity of the proposition for large N, we know that ﬂyﬂ"@ is connected and dense
in AYr.=6, Therefore, if AYXz© g not irreducible, there exist y1,y. in disjoint connected
components of f“jj‘*@ and ¢1,c2 € € such that (y1,c¢1) and (yo,c2) have the same image in
AYN.O et |ey], e2] C |C| denote the support of c1, ¢y as divisors. From the definition of the
factorization map , if (y1,c1) and (ya, c2) have the same image, we have

Y = yilo—(eijUlea) = Y2lo—(erjUlea)) : C = (Je1| Ulea]) = X/B.

We can extend 3’ to an element of Y*=%© with |c;|U|co| in its B-nondegenerate locus, for some
7 > 0. By replacing € by a possibly different irreducible scheme €', we may assume that |c1]
and |02\ are disjoint. Now we must have (v, c2) — y1, (v, ¢1) — y2 under the factorization map

YrA-703 @ 5 YA This implies that y;,ys were originally in the same connected component.
O

Corollary 5.7.3. For every \ € cx, there is an injection from the set of irreducible components
of Y* to w1 (H) x Sym™ (DS, (X)).

Proof. By Corovllaries - 2(and - the irreducible components 95‘ are those AY»=© that are
nonempty, for © € Sym™ (D&, (X)). O

sat

In §6.2] and in particular Corollary [6.2.2] we will see a different description of the irreducible
components of Yy, based on the partition of Yxe = H?)éo into the subschemes 9;’%. of

6. STRATIFIED SEMI-SMALLNESS

We keep the assumptions of i.e., B acts simply transitively on X° and every simple root
of GG is a spherical root of type T.

The main result of this section is the following, which will be proved in §6.3]

Theorem 6.0.1. Under the assumptions above, T (ICg;) is perverse and constructible with
respect to the stratification AN = Udeg(m):i c® of Proposition .
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6.1. Upper bounds on dimension. Define

A0 =X —0 —X

Y =Y x MxCY
Mx

A0 —=A=0 =X\ =X

Y’ =Y nNY cS

and let ‘éj"té,Y;\’té denote the corresponding intersections with ‘g}j‘ (the notation is justified
—A —A
by Proposition . From the stratification Y~ = J ;Y we deduce that
= L y¥ =,
<X

Proposition 6.1.1. Let A€ ¢cx — 0 and 0 € ¢. For any connected component % of 95"9, we
have

(6.1) dim(Y* N %) < = (dim(%) — 1).

N |

_Moreover, whenever the inequality above is an equality for an irreducible component Y of
YAN Y, the same holds for the inequality of Proposition : that is, the closure Y in the
affine Grassmannian Grg meets a semi-infinite orbit SN with <pg, A— /\’> =dimY.

Proof. Let % denote the closure of % in QA. Recall from Corollary that & = Y* x /A

~ P 7A - -
where .# is a connected component of Mg(. Then we have % C Y Xy, # where 4 is the
—0
closure of .#Z in M.
. _ S S

Fix an irreducible component Y of YAN% and let Y be its closure in Y~ N%/ . From Proposi-
tion we know, by intersecting Y with semi-infinite orbits in the affine Grassmannian, that
there is a X < A with Y’ := YNS* nonempty of dimension zero, and d := dimY < (pg, A— ).
Note that Y/ c YN N c y» Xty A -

Since A— X € AL, we can dflCOIElpOSG A=N =3 eas Na(Ups +Vp-) where the sum is over
simple roots and Y n, = (pg, A — X'). By the graded factorization property and Lemma m
there is an étale map

(6.2) W x )% [[ (©rIxct)) 9> x 4
Mx aCAe Mx

over A .
If 5§l # 0, then Y X, .#Z contains Y'XC and hence (6.2) implies that dim(%) > 1 +
2(pg, A — A'). Therefore,

(6.3) 4 < {p A~ X) < S (dm(@) 1)

if A’ # 0. This proves the claim in the case X # 0.

There remains to consider when d = (pg, A — X') and N = 0. In particular, YO Xy, ﬁi is
nonempty, which can only be the case if = 0 since YO = Y%0 = pt. When considering Y*°, we
may use to reduce to assuming that c¢x = N?. In this case again by Proposition there
is a simple root « and an irreducible component Yy_; of Y N'S% of dimension 1 such that Yg_;
contains Y%? = pt. This implies that Yq4_; is an irreducible component of Y& of dimension 1.
Since cx is now the free monoid, & = 1 + - for D(a) = {DF, D, }. Lemma implies
that Y®0 is empty, a contradiction.
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6.2. Connected components of open Zastava. Recall from that ‘j;’-o = Yxe is a
disjoint union of subschemes y;@., indexed by D € NP i.e., multisets of colors. Therefore, we
have a map m(Yxe+) — NP. On the other hand, Corollary gives an injection mp(Yxe) <
71 (H) x cx where #Y*0 i (11, \) when the former is nonempty.

Observe that m1(H) @ Q =2 X(H) ® Q. Then tensoring (5.5) by Q, we get an injection
(6.4) ZP — QP — (m(H) x Ax) ®Q.
One can check that the maps above fit into a commutative diagram

mo(Yxe) — m(H) X cx
(6.5) l l
NP 8D () x Ax)®Q
We now show that the left vertical arrow is a bijection.
Lemma 6.2.1. For D € NP, the smooth scheme Y&, is connected of dimension len(D).

Proof. As discussed in §5.4] we may assume that X = X and cx = NP. Now the claim is
equivalent to showing that, under those assumptions, Y is connected for A = > npwp. One
deduces from the graded factorization property of Y that if Y20 is not connected, there must
exist a possibly different A with a connected component % contained entirely in the preimage
of the diagonal yro X 45 g2 C. Then dim(Yj‘ N¥)=dim% — 1, and the dimension inequality
of Proposition can only hold if dim% = 1. By Corollary the component % must
be of the form

Y = Pyro — Bun, x Bung,)‘
Bung

for some fi € m (H). Now by the graded factorization property and Lemma [5.7.1] we have an
étale map

AyA0 5 H CNa) 5 0(Na) _y fiyA',0
acAg
for X' = A4+ N, and any N, large enough. Thus, dim AYN.0 = 1423 N,. By Lemma

we may assume that Bunéx — Bung is smooth. Note that dim Bun’;I only depends on the
image of /i in m (H)® Q. On the other hand, the commutative diagram (6.5) says that this

image is determined by X. These observations imply that 95‘/’0 = Bung Xx BunE;)‘ is equidi-
Bung

mensional. However we know that 95‘/’0 has a connected component birational to .Aj‘/, which is
of dimension >  npr + 2> N,. The equality

dim YN0 =1 425 Ny =S np + 235N,
forces A = vp for some color D' € D, hence D = D’. Lemma now implies that Y?:0 is

connected. 0

Corollary 6.2.2. For every A € cx, 0 € ¢y, the connected components of 95‘7é are in bijection
with the closures of

yg. ;yé,é N 155\,9
for D € NP such that ox(D) = A — 0.
Proof. Immediate from Lemmas [5.5.7|(i) and O
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6.3. Stratified semi-smallness. Following [MV0T7, §4], we will use the notion of a stratified
semi-small map, which we now review. Let f :Y — A be a proper map between two stratified
spaces (Y,8) and (A, 7). Suppose all strata are smooth and connected and each f(S5),S € 8 is
a union of strata S’ € T. We say [ is étale-locally trivial (in the stratified sense) if whenever
S" C f(S), the restriction of f to SN f=1(S") — S’ is étale-locally a trivial fibration. We say
that f is stratified semi-small if it is étale-locally trivial and for any S € 8§ and any S’ € T such
that S" C f(S) we have

(6.6) dim(f~'(a)NS) < =(dim S — dim S")

N | =

for any (and thus all) a € §'.
The notion of stratified semi-smallness is relevant due to the observation below, which follows
from dimension counting and the definition of the perverse t-structure:

Lemma 6.3.1 ([MV07, Lemma 4.3]). If f is a stratified semi-small map then f.(F) € Ps(A)
for all F € Pg(Y).

Note that the lemma holds even if the stratifications are not Whitney. In this case we
simply define Ps(Y) := P(Y) N D%(Y) to be the subcategory of perverse sheaves that are 8-
constructible, i.e., the F € P(Y) such that H (F)|s is a local system of finite rank for all i € Z
and S € 8.

X ‘
6.3.2. Let us return to our situation: consider the proper map 7: Y~ — A*.
We have the smooth stratification defined in Proposition

X 3,6 3,6 5
Yy =UI YT =Crx Yy
7,0
for v € AR®, © € Sym™(cy — 0). Let (g)\,S) denote the stratification by the connected

components of ;Y*©. We will not show that 8 is a Whitney stratification; for our purposes the
following suffices:

Lemma 6.3.3. For any \ € cx, the IC complex ong is 8-constructible, i.e.,
Y
Ich €Ps(4).

. =X =2 . . . TN . .
Proof. Let 7 € AZ” be such that Y~ = <zY", which exists since Y is of finite type. For any
s Agos large enough, we have a smooth correspondence preserving stratifications

R A 4

where the right arrow comes from the graded factorization property of Y. Thus, it suffices to
check that ICy is 8-constructible. By (4.11]), we have an isomorphism

10y = (ICMX gcmm};”)‘y

Bun

Now Proposition [3.1.7] implies that ICy¢,, is constructible with respect to the fine stratification

on M x, and Theorem %.5.3 implies that ICgg; . is constructible with respect to the stratification
by defect. Thus, it follows that ICy is 8-constructible. O

Let (A*,T) denote the stratification from Proposition

A =¥
B
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for P € Sym™(cx — 0) such that deg(PB) = A.
Now Theorem [6.0.1] follows from Lemmas [6.3.1} [6.3.3] and the following theorem:

Theorem 6.3.4. The map 7 : (9 .8) — (AN, T) is stratified semi-small.

Proof. Fix P € Sym™(cx — 0) such that A = deg(B). Let I = {1,...,[PB[} be the finite set
of cardinality |B|. We fix an ordering f = >, ;[A\;] on our partition 9, so each \i € cx. Let
CT denote the I-fold product C7 with the diagonal divisor removed. Then the map C7 — C®
corresponds to choosing an ordering on an unordered multiset of points in C'.

We leave it to the reader to check that 7(S) is a union of strata for S € 8. It is also a
consequence of the graded factorization property that for v € ApOS SRS Sym™(cx — 0), the
fiber product

1,0 o - S5~
(6.7) A x = || [y ko)
AX -
i, AL 0; 1E€T
is equal to a disjoint union of open and closed subschemes, running over all assignments ¢ €
I — e ApGOS,A; € tx,0; € ¢y (including zero) such that »; + X, = \; and 3°,[0;] =
O+ (|I| — |8])[0] € Sym™(cx) as a multiset with zero.
Since CI —> C® is finite étale, (and everything is of finite type) we deduce that the restriction

of 7 to ;,15 °n 7 H(CP) — O™ is étale-locally a trivial fibration.

It remains to check the dimension inequality (6.6] . Let B,7,0 be as before, and fix a
connected component S of ,,g)\ ° We deduce from ) that for any a € Cq3 the restricted
fiber 7" (a) N S is contained in a union of HI(Y)‘ 91 N S ) for ©;, N, 0; as above and S; some
connected component of W‘w . By Proposition we have

(6.8) dim(Y*% N S;) < %(dim(Si) ~1).

The image of the composition

=X,6

—Xi,0;
— Y

H(CVz X Sl) - 171‘15
iel i€l
is connected, so it must be contained in S. Thus, dim(S) > (pe,7) + >, dim(S;). Summing

over I, we get
dim(77(a) N S) <

—_

(dim(S) — dim(C¥) — (pg, 7)),

|

which establishes the inequality . O

6.4. Euler product Let us explain how we can combine the graded factorization property of
Y with Theorem [6.3.4| to deduce that 7 (ICg) “looks like an Euler product”.

In the expression that we are about to obtain a special role will be played by those strata
Y20 of Y* which correspond to elements € DZ, (X)U{0}. Recall, by Corollary that the
closures of those strata are unions of irreducible components of Y. Let

(6.9) Byi= U Uss,

eDE (X)u{0} ¥

ﬁdt

where % runs over all irreducible components of HA’97 and By is the set of those irreducible
components b of the central fiber YA N % for which the inequality of (6.1)) is an equality, that
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is,
: 1 .
(6.10) dimb = §(d1m@ —1).

Such components will be said to be of critical dimension; we will explicate this dimension in
Proposition @ The sets B y 5 will define the crystal of X in Section [7} For now, we treat
them as a black box.

We let Vy 5 denote the free vector space on By 5, that is,

(6.11) Vis= EB Q.

%x,i

Note that, when X is defined over a finite field F, and k is its algebraic closure, the (geomet-
ric) Frobenius morphism induces a dimension-preserving bijection between the sets B xx and
B x pyxs for every A € A. Hence, Fr acts naturally on the sum of vector spaces Dicex Vi i

For a partition R =" Nﬂ[/}] € Sym™(cx — 0), let (&2 : C% .= [[CWV&) < A* denote
the locally closed embedding, with A = deg(R). This extends to a finite map % : C% =
[TCWa) — AN which is the normalization of the closure of C™ in A*.

Proposition 6.4.1. For \ € cx, there exists a canonical isomorphism

(6.12) n1Cx) = @ (Qsym™ (Vxz) @i (1Ce)
deg(R)=A &
where R =3, ..o Nulfi] and the spaces Vx ;, are defined by (6.11)).
When X is defined over a finite field F, and k is its algebraic closure, this isomorphism is
Galois-equivariant.

The implied Galois action on the right hand side of (6.12) is the one obtained by the action
of Frobenius on the sum of spaces Vx ;; (by permuting their basis elements), and the standard

Weil structure @g(l%‘)ﬂﬂ%ﬂ on ICpm.
Note that if 93 = [\] is the singleton partition, then CIN = ¢ and N = §* : € < A is the
diagonal embedding. The corresponding summand of fr;(ICg;) above is Vy  ® ICc. We call

this the diagonal contribution of m (ICg;).
Proof. The proof follows the same logic as [BEGMO02| §5.4, 5.11]. Theorem implies that
ﬁg(Ing) is perverse, and the decomposition theorem ([BBDG18, Théoréme 6.2.5]) implies that
it is semisimple. Since 7 (ICg;) is constructible with respect to the stratification by +™ : (SRR
A for R € Sym™(cx — 0), deg(R) = A, we deduce that there exists a canonical decomposition
(6.13) mICx) = P LR

deg(R)=X

where () denotes the middle extension functor along the locally closed embedding, and £ is
a local system on C™. ) )
Now consider the singleton partition [\]. For v € |C| let d; : v — A* denote the composition

of v = C with §* : C — A*. Recall from §4.3.4] that QA X 45 55 C = Y s Aut kI on, Taking
the x-pullback along 55‘ of (6.13)), we have
I * ~ X %
RI(Y'ICH[5) = (P _(53) e (LT[R
deg(R)=A
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For %% = [X], we have £ is a local system on C, so (5{;\)%,[;\] (£A)[1] lives in cohomological
degree —1. For R # [5\], we have dim C™ > 1 so the uniqueness property of middle extension im-
plies that ((55‘)*L?:(L%)Hm|] has lisse cohomology sheaves on C' and lives in usual cohomological
degrees < —1. Therefore, we deduce that

A] | - A *
L |u—>C = H, 1(Y 7ICgi |7I\)7
which is the top cohomological degree.
Recall from Corollarymthat the irreducible components of ‘j)‘ are naturally parametrized

by a subset of 71 (H) x Sym™ (DG (X)). Let YA denote the union of Y*© for all © €
Sym™ (DS

@ (X)). Then Y*° is a disjoint union of smooth connected components in bijection

with the irreducible components of ‘di, by Corollary Again, the uniqueness property of the
IC complex implies that ICg; %A U lives in strictly negative perverse cohomological degrees.

Since 7 is perverse t-exact by Theorem we deduce that ﬁ!(Ing %A g5 _) is constructible
and lives in strictly negative perverse degrees. This in turn implies that (55‘)*7‘7! (ICg; |%A )

lives in (usual=perverse) degrees < —1. We conclude that
L"[)\] |:;—)C = H(TI(Y)\v (Icg* |‘;j;\ o |Y/\ @ Hdlm v 1(Y)\ ny Ql(dlm Q/))v

with the sum running over all irreducible components of Y*°. Note that Y* NY*© is empty

unless © = [0] is singleton, for § € D&, (X) U {0}. Moreover, the right hand side consists of
only top cohomological degrees, by Proposition SO Hgim?’—l(w N, @g(%)) is equal

to the sum B
@@Z(%)a
By

Where By is the set of irreducible components of YA of dimenbion M

In particular,

L has trivial monodromy under Aut k[t], so we deduce that LA VX 3 ®ICc where
Vx 1 is defined by (6.11)) (with the (§)-twist absorbed by IC¢).

Next, consider an arbitrary partition R = 3" . o Ng[f]. We defined C% = H cw
the graded factorization property, we have a diagram with Cartesian squares

li[ﬂ (Vﬂ % C) XNy Hg(gﬁ) XN, _6tale 9
ﬁéNﬂ ﬁﬂ(ﬂﬂ);NM étale ‘A)‘
and the composition of the bottom arrows factors through the (][, &, )-torsor
li[CD’Nﬂ BN ﬁco'(Nu) — Co'ff*’
where G denotes the symmetric group on N elements. By induction, we deduce that

(6.14) SR ey = @(Vics O1C0) ),

There is a natural & Ny-équivariant structure on (Vx,p® ICc)gNﬂ compatible with the & Ny~

action on CV#. On the other hand, we have the map

(V" )N s YNk G(Ni)

AN
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which is a &, -torsor, where Gy, acts on the left hand side in the natural way. Now from
the definition of Vx ; we deduce that the isomorphism must intertwine the [[ &y, -
structures. By Galois descent we conclude that LR[|9R]] = (&, Sym™# (Vi 1)) @ ICsm. Since
% C% = A* is the normalization of the closure of the stratum C in A*, the middle extension
of IC 4 is isomorphic to i} (ICom).

When X is defined over a finite field F and k is the algebraic closure, the Galois group of k

over F acts naturally on the set of components B := U peex B x j, and the isomorphisms above

are clearly equivariant, taking into account that ICsx is the constant sheaf @@(‘%l)ﬂﬁﬂ] O

6.5. Critical dimension. We can now give a more precise description of the diagonal contri-
bution Vy 5 defined in (6.11), that is, the free vector space on the set By 5 of components of

critical dimension in the “open strata” of the central fiber YA,

Proposition 6.5.1. For A € cx — 0, the set By 5 of components of critical dimension on the
central fiber Y* consists of
(i) the irreducible components of YR. N Y* of dimension i(len(D) — 1), for D € NP with
ox (D) = X; ] ) )
(i) the irreducible components of S* N Grl, for § € DS, (X), embedded in Y via (6.16).

sat

Remark 6.5.2. We have MV cycles for every § € ¢y, but only those belonging to DG, (X)
contribute to VX7 5 since those correspond to YAP which are connected components of YA We

will reserve the term critical dimension of Y for the maximal dimensions in the two cases
above.

Proof. By definition, an element of By 5 is a component b of the central fiber YAna , where
% is an irreducible component of the smooth stratum Y*?, for some § € D&, (X) U {0}, such
that

(6.15) dim(b) — %(dim(@) —).

If 6 = 0, then YO is the disjoint union of connected components Y2, for D € NP with
ox (D) = X, by Lemmalm Then ([6.17]) becomes dim(b) = % (len(D) — 1).

If 6 # 0, by Corollary le the connected components of YM are in bijection with the
closures of

yg. ;géé‘v N 13)'\,9
for D € NP such that ox(D) = XA — 6. The statement now follows from the following lemma,

which we write separately, for later use, because it applies to arbitrary 6 # 0.
O

Lemma 6.5.3. For any 0 € cx—0,D¢ N? and \ = ox(D) +0, if we denote by ¥ the closure
of the image of

gg. Qléé,é SN yi,é’
then we have dim(Yj‘ N%) < %len(D) = %(dim@ —1). The irreducible components of V& for
which this is an equality are precisely the MV cycles in AN @g, embedded in Y via ,
Proof. Proposition implies that dim(Y* N %) < $(dim#% —1). Since  # 0, we have
Hfég = C, and by Lemma this inequality translates to dim(Y* N %) < 1len(D).
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If v € |C] is the point we are taking central fibers with respect to, then YA maps to the
substack Mx, C Mx of maps that are only G-degenerate at v. Recall from Theorem

that Mg(,v is contained in the image of

actyr,y : Buny X Gr% — Mxﬂ)

and the map is birational onto its image. We deduce from and Proposition that
the fiber product (Bung x GrG) XM x Y? has a stratification by

Y 0 %(8” nGrd)

where 7 ranges over the weights of V?.

Observe that we have an embedding A < NP by sending a simple coroot & +— DI + Dj.
By restricting to X°P, we can deduce that the image of & in 71(H)® Q under is zero.
Thus, the commutativity of diagram ensures that if we restrict to the connected component
of Buny corresponding to Y&., then the stratification above becomes

Uo7 nyRa ) (s n i),

where 7 — 6 € APGOS C NP. In particular, the dimension of the stratum corresponding to i is

N —

< %(len(D — (v —0)) — 1) +{pc, v —0) < ~(len(D) — 1)

by Propomtlon unless D = v —6. Thus, in order for dim YA =1 len(/\ 6), we must have

A\ = is a weight of V9 and YM is birational to an irreducible component of pt X(S)‘ N GrG)
i.e., a Mirkovi¢-Vilonen cycle. By Lemma [5.5.11] this latter case always occurs. O

Remark 6.5.4. By Proposition [6.5.1] the irreducible components of central Zastava fibers of
critical dimension, which give rise to the “new” contributions V 5 to the pushforward of the
IC sheaf by Proposition [6.41} are of two different kinds: those associated to the Zastava space
of the open G-orbit X*, and those associated to certain strata of the affine Grassmannian. On
the other hand, Theorem [5.1.5] gives a similar description of the intersection complex of the
global model in terms of the Hecke action on the intersection complex of the global model for
X*. These two descriptions “match” under the nearby cycles functor of Theorem [8.3.6 and the
Hecke action on Drinfeld’s compactification Buny- (cf. [BG02]).

7. THE CRYSTAL OF A SPHERICAL VARIETY

We keep the assumptions of §5H6l In this section, we study the irreducible components of
central Zastava fibers of critical dimension (Proposition which give rise to the “new”
contributions Vy 5 to the pushforward of the IC sheaf by Proposmon Our main result is
that these Components give rise to a crystal, in the sense of Kashlwara if we formally attach
to them their “negatives”. These components are, by Proposition [6.5.1] of two different kinds,
namely those associated to the Zastava space of the open G-orbit X * and those associated to
certain strata of the affine Grassmannian. Since the relation of the latter to crystals is well-
known by [BGOI, BFGO06], the problem quickly reduces to the study of the crystal associated
to X°.

7.1. The crystal Bx.
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7.1.1. Definition of crystal. We review the definition of crystal, in the sense of Kashiwara
[Kas93], over the Langlands dual Lie algebra g. We refer the reader to [Kas94l Kas95l, BS17,
HK02)] for further details on crystals, which can be associated to any Kac—Moody algebra.

Let I denote the set of vertices of the Dynkin diagram associated to G, so {a;}icr = Ag is
the set of simple roots of G.

A crystal 9B over § is a set with the following data:

wt: B — Ag
giy0i B = ZU{—00} foriel,
& fi B — BU{0} forie I,

satisfying the following axioms:
(1) wi(b) =¢e;(b) + (ay, wt(b)) for b € B, i € I.
(2) If b € B and é;b # 0, then

wt(é;b) = wt(b) + &;, €;(€;b) = ;(b) — 1, v;(&;b) = ¢;(b) + 1.
(3) If b e B and f; # 0, then
wt(fib) = wt(b) — &, e(fib) + 1, @i(fib) = pi(b) — 1.
(4) For by,by € B, by = f;by if and only if by = &;bs.
(5) If p;(b) = —o0, then ;b = f;b =0.
A crystal B is called seminormall”] if
i(b) =max{n >0|é&'be B} e N, ¢;(b)=max{n>0|f'beB}eN

for all b € 8,7 € I. From now on we will only consider seminormal crystals, so the maps €;, ¢;
are uniquely determined by wt, é;, ﬁ

Kashiwara showed the existence and uniqueness of crystal bases for any integrable module
of the quantized enveloping algebra U,(g). The crystal basis of an integrable U,(g§)-module is
the limit at ¢ = 0 of Lusztig’s canonical basis ([Lus90, [GLI3]). A crystal 9B is called normal if
it is isomorphic to the crystal basis of an integrable U, (g)-module.

For any subset J C I, let g; denote the corresponding Levi subalgebra. For a crystal 8B of
g, let @;(B) denote B regarded as a crystal over g;. Then saying that 9B is seminormal is
equivalent to saying that ®y;(B8) is isomorphic to the crystal basis of an integrable U, (d(;})-
module. One can check the normality of a crystal by restricting to every pair of vertices in the
Dynkin diagram:

Proposition 7.1.2 (JKKM™92, Proposition 2.4.4], [BS17, Theorem 5.21]). Let B be a finite
crystal over § such that for every subset {i,j} C I, the crystal ®y; ;3(B) is isomorphic to the
crystal basis of a finite-dimensional Uy(§y; j3)-module. Then B is normal.

For a crystal B one can construct an oriented crystal graph with vertex set 8 and edges
given by the f;. We can decompose B into a disjoint union of crystals corresponding to the
connected components of the crystal graph. We will call these the connected components of B.

For A € Ag, there is a unique crystal basis %%‘ for the irreducible highest weight module V*
of Uy(§). (We will abuse notation and use V* to denote both the representation of the quantized

enveloping algebra and its classical limit at ¢ = 1, which is the corresponding irreducible g-
module.) In other words, there is a unique normal connected crystal with highest weight vector

TThis is the terminology of [Kas94l, [Kas95]. In [Kas93] the term normal was used for what we call
seminormal.
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of weight . However, we warn that in general there may be many seminormal connected
crystals with the same property.

Given a crystal 9B, we can define a crystal BY by “reversing the arrows”: the set BY =
{bY | b € B} is formally the same as 9B, and wt(b") = —wt(b). The roles of &, f; are swapped.

The crystal (%é)v is isomorphic to the crystal basis of the irreducible U, (§)-module of lowest
weight —\, which we also denote by VA,

7.1.3. Let us mention an important consequence of the structure of a seminormal crystal 9.
Let W be the free group generated by {si | i € I} with the relation s? = 1. The Weyl group
W is the quotient of W by the braid relations.

It follows from the classification of integrable U, (slz)-modules that we have a natural action
of W on B defined by

S(b) 7 ﬁ<ai’Wt(b)>(b) if <Ozi,wt(b)> >0
i - é;<ai’Wt(b))(b) if <0lz,Wt(b)> < 0

for b € Bx.. For & € W we have wt(wb) = w(wt(b)), where W acts on Ag = Ax through W.
In other words, we have isomorphisms

(7.1) w B g%w;\

por

a priori depending on we W for all \ € Ac.
If 8 is normal, the W-action on B factors through W.
7.1.4. Definition of Bx. For A € cx, we have defined the set B x 5 to consist of the irreducible
components of Y* of critical dimension (Proposition [6.5.1), that is:
o if e 2, t%le irreducible components of YA (or equivalently, of Y;\(. = Y;\vo) of dimen-
sion %(len()\) -1y
e the irreducible components of $X N Gr% of dimension (pg,S\ — é}, for 0 € D&,
identified with their image in Y* through the action map (5.16].

Note that A = 0 never satisfies the conditions above.
Define By 5 := By 5, which is well-defined since Co(X) is strictly convex. Let

%} = U %X,S\’ By = U %X,—X'

S\GCX S\ECX

(X),

In other words %} is the set of all irreducible components of the central fiber of Y of the
maximal dimensions satisfying the semi-smallness equality.

We (rather artificially) define By = B% L B%. Let wt : Bx — cy be the map sending
%X,S\ to A.

Theorem 7.1.5. The set Bx has the structure of a semi-normal crystal over § such that the
defining bijection %; < By is an isomorphism of crystals Bx = BY.

The statement of the theorem above is not optimal, of course, as it does not specify all the
data that give rise to the structure of a crystal, such as the operations é;, fl To do so, we will
need to introduce a process of “reduction to a Levi”, in particular, a Levi of semisimple rank
one, that will provide these operators. We will define these operators, giving the structure of a
self-dual semi-normal crystal to By, in

Conjecture 7.1.6. The crystal Bx is isomorphic to the unique crystal basis of a finite-
dimensional G-module px .
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In Remark [7.2.6] we explain that it suffices to prove Conjecture [7.1.6| when G has semisimple
rank 2, where there are finitely many cases (corresponding to the wonderful varieties in [Was96]
with only spherical roots of type T').

7.1.7. Reduction to X*®. Theorem and Conjecture immediately reduce to the study
of the irreducible components of critical dimension in the central fiber of Yxe:

Lemma 7.1.8. Let %}. = Bx X4, &, hence %}. is the set of irreducible components of
central fibers of Yxe of critical dimension. Define By, and Bxe = ‘B}. U By. as before.
Then, Theorem [7.1.5 and Conjecture hold if they hold for B xe, with a decomposition of
the crystal Bx into a disjoint union of crystals:

]
(7.2) By =By || B
6e+DE . (X)

where SBg is the crystal associated to the irreducible G-module Vo of lowest weight 6, if 6 €
D& (X) C Ag, or highest weight 0 if —0 € DS, (X).

sat sat
Proof. Indeed, by Proposition the elements of ‘B} consist of elements of %}. and irre-
ducible components of S* N Gr% of dimension (pg, A — ), for § € DS, (X). As explained in

[BGO1], the latter can be identified with the elements of the crystal basis in the \-eigenspace
of the irreducible G-module V? of lowest weight 6. g

While the methods of this paper are insufficient to prove Conjecture for B x., we do
show that it must satisfy the following properties in

Theorem 7.1.9. The crystal B xe« has the following properties:
(i) The set wt(Bxe) is equa to the set of weights of eaXeAnggX(D) VA, where AE N
Wox (D) denotes the dominant Weyl translates of valuations of colors.
(ii) If b € BL.,, then there is a sequence of lowering operators fij sending b to an element
of Bxe s, for some color D € D.
(iii) For A € Wox (D), the cardinality of B xe 5 @5 equal to 1, unless A=
necessarily simple) coroot ¥, in which case the cardinality is 2.

rol

for some (not

Remark 7.1.10. The “multiplicity 2” case appears when two colors have the same valuation,
e.g., X = G,,\PGLg; see §2.1]

Remark 7.1.11. Note that if Conjecture is true, then properties (i)—(iii) of Theorem
uniquely determine the G-module px: it must be isomorphic to

(7.3) b HEesle Hoove
MeALnWox (D) fe+DG, (X)

sat

where the cardinality of B y. 5 is specified by property (iii).

Corollary 7.1.12. If all coweights in /v\g N Wox (D) are minuscule, then Conjecture
holds, i.e., Bx is the crystal basis of the G-module given by (7.3).

Proof. This is immediate from Theorems [7.1.5] [7.1.9] and §7.1.3] after we make the assumption
cx+ = NP, which is allowed by (5.6). O

We also show in Corollary that if X is affine homogeneous (equivalently, H is reductive),
then all coweights in A5 N Wox (D) must be minuscule.

I8Here we only describe an equality of sets counted without multiplicities.

problem:  what if
two colors belong
to same weight-
multiplicity-free
irrep?
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7.2. Reduction to Levi. From now on, having reduced the problem to giving a crystal struc-
ture to the set Bxe, we may (by ) and will assume, unless otherwise specified, that
X = X and ¢y = NP. Under this assumption, Y*© is dense in Y* by Corollary |5.7.2
and Bx = Bx.. Moreover, any A = 0 is an element of NP, so the length function len is a
function of .

Let P be a standard parabolic subgroup of G, i.e., P D B. Let Np denote its unipotent
radical and M = P/Np the Levi quotient. Observe that the map X — X /N factors through
X — X//Np — X//N. Set

X = X//Np = Spec k[X]|"".
Then X, is an affine spherical M-variety and the map X — X, is M-equivariant. However,
note that even if X = X" it will not in general be true that Xy, is the canonical embedding
of X3,;. We will use this to our advantage later, using the crystals of Lemma to produce
the é;, ﬁ operations, when M is taken to have semisimple rank one.

For now, we work with a general parabolic P. Let Bj; denote the image of the Borel
subgroup B in M. We have k[X](B) = k[X,;](BM) | therefore cx,, = cx. On the other hand,
Cx, = CxXu N /v\& is, in general, larger than ¢y. The open P-orbit X°P maps to the open
M-orbit X3, and we have

Lemma 7.2.1. The preimage of X3, under the quotient map X — Xjr coincides with the open
P-orbit X°P, and the quotient stacks X°P/P and X3;/M are isomorphic.

Proof. A color D € D belongs to the open P-orbit X°P if and only if D € D(«) for some
a € Ays; otherwise, it is P-stable, and induces an M-stable valuation on k(Xj), which is the
function field of k[X]V7. This valuation is nontrivial (because it is nontrivial on k[X]B) =
k[Xps](BM)), therefore the image of D cannot belong to X3,.

Since N acts freely on X°, the subgroup Np acts freely on X°P, and therefore X°P/P =
(X°P/Np)/M = X3, /M. O

Define the parabolic Zastava model

1éX,p = Mapsgen(C’,X/P D) XOP/P) CMyx x Bunp,

Bung

which naturally maps to Bunp. The Cartesian diagram

X/B —— X/P

| |

gives rise to a diagram

Yy Yx Ix.p

(7.4) | J J

X
YXM HXM MXM

with all squares Cartesian. Central fibers are taken with respect to a fixed point v € |C|.

Our goal is to study the components of critical dimension of Y% in terms of Yﬁ‘(M and the
fibers of the map mx p. At this point, it will be critical to distinguish the stratum Yg\gfd where
the image of the generic point of a component b € By 5 lies, that is, the M(o,)-orbit of its
image in Xjs(0,) (after trivialization in a formal neighborhood of v). The reason is, as we are
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about to see, that this stratum will completely determine the fiber of the map mx, p over the
image. )

Indeed, recall from that lifting a point from Myx,, to Y%M induces a trivialization of the
corresponding G-bundle away from v (depending on a fixed choice of base point zy € X°), which
identifies the central fiber Yg‘(M with a subscheme of the affine Grassmannian Gr,;. Moreover,
the map Y;\(M — Mx,, factors through the map

GI‘M X (L+XM/L+M)—>MXM.
LX /Lt M

as defined in (5.15)). Similarly, the map Y;\( — Yx, p factors through
GI‘p X (L+X/L+P)*>%X7p.
LX/L+P
Hence we have a commutative diagram
L

YA —2 5 Grp x (LYX/LTP) —2 L, Yy p
LX/L+P

(7.5) Jq J JWX,P

Y, —2 Gray x (LT X /LPM) 222 My,
LX /LM
with all squares Cartesian.
Let Hjp; be the stabilizer in P of the base point z¢. By Lemma [7.2.1] it is isomorphic to the
stabilizer in M of the image of zy in X,;. We first note:

Lemma 7.2.2. For any 0 € Cx,, s the fibers of the map of ind-schemes

(76) GI‘P X (L+X/|_+P) — GI‘M X (L+XM/|_+M)
LX/L+P LX /LM
over the stratum LéXM/L"’M are isomorphic under the LH yr-action, and this action gives rise
to a canonical bijection between the irreducible components of any two fibers.
More precisely, all fibers are isomorphic to {t’} XMy, 9x,p and of dimension < 1 (len(f) —
1), unless 6 = 0, in which case the restriction of to the O-stratum is an isomorphism.

Notice that, under our assumption that c¢x = NP since the beginning of this subsection,

len(#) makes sense.

Proof. Since LH); acts transitively on Gryy ><|_XM/|_+1\4(L9X1\/[/L‘*‘M)7 the fibers of (7.6) over
the f-stratum are all isomorphic. ) )
We may now choose the point t’ € Y%, whose image in L* X5, /L* M lies in the f-stratum

— in fact, by Corollary Yg}’i = {té}. By Corollary [2.3.13 the stabilizer in LH; of its
image t’ € Grj; is connected. Therefore, the action of LHj; induces a canonical bijection

between irreducible components of the fibers.

Finally, if 6 # 0, the dimension of Y% is < Z(len(d) — 1), as explained in Proposition m
and therefore so is, a fortiori, the dimension of the fiber over Yg(’i = {té}. For 6 = 0, we
observe that

Yx,p x M%,, = Maps(C, X°P/P) = Maps(C, X3, /M) = M%,,,
Mx,,

by Lemma [7.2.1] so the fibers are singletons. O
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Remark 7.2.3. At this point, we would like to emphasize a fine point in the arguments that
follow: Consider the decomposition of EB;}M according to (7.2]) (restricted to the +-part):

e

+ _ ot
8L, =B, 0 || B
0eDM (X )
(where we have denoted BY by %g, to emphasize that it corresponds to the #-lowest weight
crystal of a m-module). We will not claim that the map ¢ of (7-4) induces a map from B to
%;{M. Indeed, the generic fiber of a b € ‘B} may map to the image of S%ﬂGr?M — Yﬁ‘(M (where
S3; denotes the semi-infinite orbit corresponding to A in Gryy), for some 0 € ¢x,, that is not
an element of DM (X,;). These are the MV cycles that were discussed in Remark which
are not “of critical dimension” in terms of Xj;. Representation-theoretically, if we believe that

B x corresponds to a representation of G (as predicted by Conjecture 7.1.6)), this just says that
the M-lowest weights of the spans of some vectors do not need to be extremal in ¢ ; however,

in we will see that there are weight-lowering operators ﬁ-, possibly corresponding to roots
not in M, which eventually lower such weights to the weight of a color.

For that reason, for the following proposition, which is the main technical result of this
subsection, we denote by ‘B% the crystal corresponding to the representation of m of lowest

weight 0, that is, the set of irreducible components of S}/l N Gr?m for any 0 € Cx,, -

Proposition 7.2.4. For any \ € %, the diagram (7.4) induces a canonical decomposition
P 6
(7.7) Byos=Bxe sU || BY;xB% 5

e Xy 0
where %;é denotes the set of irreducible components of {té} XMx,, dx,p of dimension %(len(é)—
1).
Taking the union over all such \, we get
0
(7.8) BL. =B, U || 3%, x5
Oeck,, 0
The set %i P should be thought of as the multiplicity space for the irreducible representation

with basis %2:1, and is something of a “black box” to us.

Proof. The dimension yoga here goes as follows: Let b € B y. 5, and suppose that its generic

point lands in the stratum Y;‘(’i under the map ¢ of .

If 6 = 0, then A =xs, 0, i.e., it belongs to the positive span of colors in X, hence len(\)
is the same, whether we define it with respect to X or with respect to X»;. By Lemma [7.2.2]
the irreducible components of critical dimension %(len(ﬂ) —1) of Yx and Yxs are in bijection,

hence the set of b € By 5 which map generically to Y;‘gg{ is identified with B X, %

If 0 # 0, then ¢ sends b to YB\{’EQ, which has dimension < %len(j\ — 6) by Lemma On
the other hand, Lemma [7.2.2] states that the dimension of the corresponding fibers of 7x p is
< (len(d) — 1). Thus, the only way that b is of critical dimension §(len(A) — 1) is if both
inequalities are equalities. In this case Lemma implies that A > 6 and the generic point of

b is sent under the map (act, ovx,tx,, ©q) to an element of ‘31; PR Sth <. Vice versa, for any

irreducible component (MV cycle) of S%,[ N Gr?w (i.e., every element of %2,5\), Lemma |5.5.11
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guarantees that it corresponds to a component b’ of Y;‘(’i of the same dimension, and Lemma

7.2.2| ensures that the components of Yg‘( of critical dimension in the preimage of b’ are in
canonical bijection with %i T O

7.2.5. Kashiwara operations é;, fz For i € I let P, = P,, denote the corresponding parabolic
subgroup of semisimple rank one. Let M, denote the Levi factor. Then the Langlands dual Lie
algebra m; equals g} in our previous notation. Applying Proposition [7.2.4] to M; we get the
disjoint union
BL.=8%, u || BY st‘)
" fec; —0

where ¢;” =y .

Now, by our Z“type T” assumption (see , X3./Bu, = G, \P! as stacks. Therefore,
Hx;wi = Sym C'x Sym C (see Example and %;R/I consists of two elements, which can be

identified with their images Dli in Ax, ;- = ox (Df) are the valuations of the two colors in

D(«;). Therefore, we have a bijection of sets

Bye = Bh . UBL. = {7, o, -, - } U |_| %va %e (%?ﬁi)v)'
Geci —0

o+
Observe that {;", —#; } is in bijection with the normal crystal B since (o, 7;") = 1 and

5= 5t

vt —&; = —i; . We also observe that {i7;, ~_’7¢+} = %:{ = (‘B::)V as sets.
Now we simply define the operations éi, fi such that

(7.9) By (Bye) = B UBY L || %, (B, u(B%)Y)

96c. -0
as normal crystals over m;, where ‘BP is treated as an abstract set. This gives the structure

of a seminormal crystal over § to Bx, such that the bijection BF % < B identifies it with its
dual. This completes the proof of Theorem [7.1.5

Remark 7.2.6. The decomposition gives a decomposition into crystals over m. Therefore,
if we consider Proposition for all standard parabolics corresponding to {i,5} C I, then
Proposition implies that 8 x is normal (i.e., Conjecture holds) if B xs is normal for
all M of semisimple rank 2.

The discussion of also leads to the following observation:

Lemma 7.2.7. The W-orbit of ox(D) is contained in ¢§ U —c%. If X\ € wt(B%.) is not in
Wox (D), the entire W-orbit WX is contained in the monoid c%.

Proof. Let b € 8%, with A = wt(b). The decomposition of ®;;(B%.) from §7.2.5shows that
if X ¢ {7}, we have sib € B., so s;\ € ¢§. Since s;iVF = —T, we can iteratively apply
simple reflections to deduce the claims. O

7.3. Lowering operators via hyperplane intersections. In this subsection we prove The-
orem Property (iii) follows from Lemma and the W-action on B x given by semi-
normality of the crystal (§7.1.3).

To prove properties (i)—(ii) we will need a geometric interpretation of the weight-lowering
operators f;. This mterpretatlon is already hiding behind the crystal structure of %9 (in the
notation of Proposition , and has to do with closure relations of semi-infinite orblts in the
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affine Grassmannian. To bring such closure relations into our discussion, we need to extend the
considerations of to the compactified Zastava models.

Proposition 7.3.1. For \ € cg, let b € By. 5 be an irreducible component of critical dimen-

sion, and let b be its closure in VA, For i € I, consider the intersection
bAY % ¥
(i) If the intersection above is non-empty, then fib # 0 and it corresponds to an irreducible
component of dimension dim(b) — 1 of b N YA Viee versa, if f;b # 0 then the
intersection above is non-empty, unless A\ = Dii is a color, in which case b C Y* is a
point. .
(ii) The intersection b N YA~% is empty only if either A = 1) or {a;, Ay <0.

We remark that it may be possible for b N YE\{‘E” to be reducible (cf. [BFGO6l Proposition
19.2], which replaces the erroneous Proposition 15.2 of loc. cit.).

The proof of this proposition will be given at the end of this section. We first use the
proposition to prove Theorem Both properties (i)—(ii) of the theorem rely on the following
observation:

Lemma 7.3.2. For \ € L and b € B o 5 there is a sequence au,...,aq of simple roots
(possibly with repetitions), where d = dimb, such that we have

o bji=fa, -+ far(b) # 0 for 0 < j < d,
e the intersection bj_1 N S*~%17"=% s nonempty of dimension d —j for 1 < j <d,

° )\ — Z?:l &; = Up for some color D € D.
In particular, X > vp.

Proof. By definition, b is of critical dimension d = %(len(j\) 1). Proposition |4.4.2| shows that

there exists a A < A such that (pg, A—X') > I(len(}X) —1), and bNS* is nonempty of dimension
zero. Proposition|6.1.1|states that the dimension inequality should be an equality, in which case
Proposition [4.4.2| again provides the sequence of simple roots as in the statement. In that case,
len(\') = 1, hence \' = ip for some color D € D. Then Proposition i) applied inductively

shows that fa]. -+ fu, (b) # 0 satisfies the claim. O
Proof of Theorem [7.1.9(ii). Immediate from Lemma [7.3.2 O

Proof of Theorem|7.1.9 -(z) We assume as in -that cx = NP. First we show that the weights
of B xe are contained in the weights of V> for € AL NWox (D). Let 6 € wt(B%.). By (7-] (73)
and Lemma [7.2.7] - we may assume that 6 € A Now Lemma [7.3.2) - gives some color D € D
such that 7p < 0. Since 0 is antidominant, it must be a weight of VA where \ is the unique
dominant coweight in the W-orbit of Up. If « is a simple root such that D(a) = {D,D’},
then so(Pp/) = —Pp. Thus, we see that Wox (D) = —Wox (D). Hence all of wt(By.) is also
contained in the weights of the claimed representations.

Next suppose that ji is a weight of V* for A € AJGF N Wox(D) C . We will show that
B ye ;; is nonempty. By Theorem iii), there exists an element b € B y 5, and by we
may assume that i € [X+ is also dominant. By Lemma m below, we can find a sequence
of simple coroots dr, .. (p0581b1y with repetitions), where d = (pg, A — 1), such that
)\j = A—dy — —a; satlsﬁes )\ + pa € AJr for j = 1,...,d and Ay = fi. In particular,
this means that (aﬁ_l,)\ — Q1) = <aj+1,AJ+1> > -1 for all 0 < j < d. Equivalently,
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(aj11,A5) > 0 for all 0 < j < d. Now Proposition i) implies that fa, - fa,(b) € Bxe 5
is nonzero. O

Lemma 7.3.3. Let i € Ag and X € Ag such that X > i and \ + pg € Ag Then X\ — [i =
a1+ -+aq for a sequence of simple coroots & (possibly with repetitions) where d = (pg, 5\—;2>
such that A — & —--- — &; + pa e[\g forj=1,...,d.

Proof. Since A\ > [ we can decompose A\ — L = &1 + -+ + &g into a sum of simple coroots
(possibly with repetitions), where d = {pg, A— ). To prove the lemma, it suffices, by induction
on 5\7 to show that there exists an ¢&; such that A— aj+pg € f\g for some 1 < j < d. We claim
that if A # /i, then there exists some ¢; with (o, \) > 1. If not, then (a;, A — 1) < (o, A) <0
for all j. This implies that P [t has non-positive norm with respect to an appropriate inner
product on t, and hence A = ji. Therefore if d > 0, then we have an &; such that (o, ) > 1.
Equivalently, («a;, M- pg) > 2 and (e, ;\fo‘zj +pc) > 0. This implies that ;\fdj +pg € ]\E. O

Corollary 7.3.4. If X* = H\G is affine, then all weights in wt(Bxe+) are Weyl translates of
colors ox (D). The multiplicities of these weights are determined by Theorem (m)

Proof. Assume X* is affine, so ¢y, = 0. If there exists a non-minuscule coweight in Ag N
Wox (D), then Theorem (1) implies that B y. ;5 is non-empty for some 0 € cxo — 0 not in

Wox (D). Lemma and (7.1)) allow us to assume 6 € ¢xe = 0, which gives a contradiction.
[l

7.3.5. The rest of this section is devoted to the proof of Proposition[7.3.1} We use the notation
from §7.2.5 For brevity we write X; = Xur,, H; = Huy,, Bi = By, and N; = Np,. We say
i <i \if A — 1 € Na.

We would like to embed the left Cartesian square of into a Cartesian square involving
compactified Zastava spaces. For that purpose, consider the extension of the map vx,, = tx;

7)\ X
of that diagram to Yy, and define Y)S{)‘ by the Cartesian diagram

Yir 0 Grp, x (LFX/LYR) 2 yyp
LX/L+P;

(7.10) LJ l lmi

Yy —X Gy, ox (LFXG /LM, -2 vy,
’ LX,/L+M;

Lemma 7.3.6. The scheme (Y;{j‘)red 18 naturally a locally closed subscheme of V;}, equal to
the union of strata

SIS\ _ 5\77’7,027;
Y3t = vy

n>0

. ; . Y \—nd,
Proof. From the Cartesian diagram (7.4)), we see that the stratification Yy = J, Y;\Q e
induces a stratification of Y3 by U, -, Y "

A point of Y5 is a map of stacks

Py ————

problem: we don’t
show crystal is nor-
mal anymore
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such that C'—v is sent to the open substack pt = X°/B. In particular, y defines a P; x T-bundle
together with a trivialization on C' — v, i.e., a point of Grp, x Grr. This gives a map

(7.11) Y)S("’S‘ — Grp, X Gré\«.

Since X x M;/N; is affine and X x M;/N;/(P; xT) D (X x M;)/(P; x N;T) = X/B contains
pt as an open substack, Lemma implies that (7.11)) is a closed embedding (the argument
is the same as the proof of Lemma {4.1.2]). Therefore, at the level of reduced schemes we have
a closed embedding

(Y)S(i)\)red — Grpi.

We deduce that (Y)S(i)‘)red is a locally closed subscheme of (Vi()red, since the (reduced) connected
components of Grp, are locally closed subschemes of Grg. O

We are now ready to prove Proposition |7.3.1

Proof of Proposition|7.5.1, Let b € B x4 5. The generic point of b C Yg‘( maps to Y;}e for some
0 Cx,-
If 6 = 0, then in the decomposition ([7.7]) we have that b € %X_.7;\ and \ = l?ii is the valuation

attached to a color of X?. In that case, f/ii —&; ¢ cx, SO Y;‘(:d“o = (). At the same time, b is

a point, as recalled in §7.2.5|
Now assume 6 # 0. As in the proof of Proposition the composition ¢x, o ¢ sends b into

5 =0 . . 3 .
55\\41- N Gry,,; let b; be the image. By construction, f;b either

e is zero iff A = 0, which happens precisely when 53\\4 N @?\/L; = {té} is closed in @}gm;
e or has image (under ¢t x, 0q) equal to an irreducible component fibi of EiﬁS%di. Indeed,
this is a property of the crystal structure on MV cycles by [BGO1].

In either case, the closure relations “downstairs” lift to closure relations “upstairs” under
(7.10), as b and f;b get identified with the lifts of b; and f;b; corresponding to the same element
of ‘B? 5 under the identification of fibers afforded by Lemma Therefore, in the first case

the closure of b in Y)S{')‘ is entirely contained in Y*, which by Lemma means that bN YA~
is empty; while in the second case f;b corresponds to an irreducible component of bNY*~%:, [

8. NEARBY CYCLES

8.1. Principal degeneration. In this section we will consider the principal degeneration X —
Al degenerating X to a horospherical variety. This is the base change of the affine family
Z — Tx g from along a certain line in the base. The principal degeneration was studied
by [Pop86] in characteristic 0 and [Gro92] in positive characteristic.

We fix a choice of a regular dominant coweight ¢ € [\E N [\gos once and for all; none of our
results depend on this choice. The image of ¢ lies in —V and thus induces a map Al — T .

We define the principal degeneration

X:=2 x A

Tx ,ss,0

We have a G x G,,-morphism X — A', where G acts trivially on A'. This forms an affine flat
family ([Pop86l, Proposition 9]). The fiber over 1 € A! is canonically isomorphic to X and
the fiber over 0 € Al is Xy := Spec(grk[X]). The G,,-action on X induces an isomorphism
X X G 2 X x 41 Gy, We also have a canonical isomorphism X /N = (X/N) x Al.
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For k of arbitrary characteristic, Grosshans showed that there is an injection
(8.1) k[Xo] = (K[X/N]@ kINT\G])"

of G-algebras, which is an isomorphism if and only if k[X] admits a G-module filtration with
subquotients isomorphic to dual Weyl modules of G ([Gro92] Theorems 8, 16]). Of course
this always holds in characteristic 0; in positive characteristic we will assume that is an
isomorphism in what follows.

Let X° denote the preimage of Tx x A! C X//N x A! under the map X — X//N. This is the
open subvariety which specializes over each fiber above A! to the dense open B-orbit of that
fiber. Let X* C X denote the open subvariety which specializes over each fiber to the open
G-orbit of that fiber.

The isomorphism (8.1) implies that Xy has a natural left T'x-action, and the orbit of the
coset N71 gives an embedding Tx — Xy. We will temporarily denote its closure by Tx.

Lemma 8.1.1. The composition Tx — Xy — Xy //N = X//N is an isomorphism. In other
words, we have a section X /N — X.

Proof. This is essentially a special case of [AT05, Proposition 7]. For A € Ag, the isotypic com-
ponent k[N ~\G]™ is the dual Weyl module of highest weight A\. The embedding T < N~\G
corresponds to the algebra map k[N~\G] — k[T] that sends k[N"\G]N — ke* (explic-
itly it sends all T-eigenvectors not of highest weight to zero). Thus, using , the map
k[Xg] — k[Tx] sends k[Xg]*) — ke for \ € c¥%. O

8.1.2. Contracting action. Let s : X/N — X denote the composition of the section given by
Lemma and the embedding Xy < X as the zero fiber. We will construct a G,,-action on
X that contracts X to the section s.

Recall the coweight ¢ : G,,, — T used to define X. Let G,, act on X via the group homomor-

phism G, = G x G, : a— (9(a™1),a) and the natural G x G,,-action on X.

Lemma 8.1.3. The action map G,, x X — X extends to a reqular map A' x X — X such that
the composition 0 x X — Al x X — X coincides with the composition X — X /N 5%,

Proof. The action map can be described as the map of rings
E[X] = k[G,n) @ K[X] : fue™ s e" 0 @ f e

for a T-eigenvector f, € k[X](y) of weight . We have (u, 9) < (), 9) < n, so the image of the
co-action lies in the subalgebra k[A!] @ k[X].

Moreover, since ¢ is regular dominant, observe that n — (u, ) = 0 if and only if f, is a
highest weight vector and n = (), §), which implies that the composition 0 x X — Al x X — X
factors through X — X /N > X. O

8.2. Grinberg—Kazhdan theorem in families. The map X — A! induces a map of formal

arc spaces LTX — LTA!. Define L, X = LTX x A! where A! — LTA® is the map of constant
L+Al

arcs. Then LLx is an affine scheme over A! with fiber over G,,, isomorphic to LT X and zero
fiber isomorphic to LT Xp. While there does not currently exist a theory of nearby cycles for
infinite type schemes, we explain below how the nearby cycles of the “IC complex” of LT X can
be modeled by nearby cycles on the global or Zastava model.
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8.2.1. From now on we return to assuming that B acts simply transitively on X°, so Tx =T.
Note that now (8.1)) implies that X is an affine embedding of N~\G.

First, we define the analogous models in families: let
Mz = Maps,, (€. X/G 5 X*/G),  Yx = Maps,,(C.X/B > X°/B),

where X°/B = A!. Since C is proper, Mx maps to A! with generic fiber isomorphic to My
and special fiber My,. The arguments of §3| easily generalize to show that My is an algebraic
stack locally of finite type over Al

The B-equivariant map X — X//N x A! induces a map Yx — A x Al. We think of Yz — A!
as a family degenerating Y = Yx to Yy := Yx,. For = cx, let ‘éj‘x denote the preimage

of A* under mx : Yx — A. We summarize the properties of Y5 below; the proofs are easy
generalizations of those for Y.

) 9;‘6 is representable by a finite type scheme,
e Yy satisfies the graded factorization property in families, in the sense that there is a
natural isomorphism

Y x (AMSAR) 2 (Y30 Y30 s, e
AX Al
when 5\1 + 5\2 =\
e There exists a closed embedding Yx < Grp symc x AL
The models Mz, Y are smooth-locally isomorphic as families, by the following generalization
of Lemma Let Yxe = Maps,,,(C,X*/B D X°/B).
Lemma 8.2.2. For fized \ € cx and any i € Agos large enough, there is a correspondence
(8.2) Y2« Y3 A§< Yhe — Mx
over A, where the left arrow is smooth surjective and the right arrow is smooth.

The proof is the same as in loc cit., together with the observation that Maps(C,X*/G) is
smooth because X*®/G is the classifying stack of a smooth group scheme over Al.

8.2.3. Fix an arc v € Xg(k[t]) N X§(k((t))) and consider 7o as a point in L}, X(k).

Theorem 8.2.4 (Grinberg-Kazhdan, Drinfeld). There exists a point y € Yg(k) C Yx (k) such
that the formal neighborhood (L}, X),, is isomorphic to A x 9“

Proof. Fix apoint v € |C| and an identification o, = k[t]. Note that each orbit in X3 (F,)/G(o,)
has a representative in X§(F,). Thus, by G(o,)-translation we may assume that vy € Xg(0,)N

Xj(F,). We may consider vy as a section Speco, — Xj xB 93% where j’% is the trivial B-bundle
on Speco,. By Lemma this is equivalent to a map y : C — Xy/B with y(C — v) = pt.
This is the point y € Yy(k) we will use.

Next, we define a map of formal schemes

(8.3) (L;{lx)% - g%ay
as follows: Formal schemes are determined by their R-points where R is a local commutative k-

algebra with residue field & whose maximal ideal m is nilpotent. Let 7 : Spec R[t] — X be an R-

point of (L;{l X)+,. The reduction modulo m of v|gpec r(¢) €quals Yolspec k(1) € X°(k((t)). Since
E((t)) is the unique closed point of R((t)), we deduce that v|gpec r(+) has image contained in X°.

Consider 7 as a section Spec(R® 0,) — X xZ fﬁ% where j’% is the trivial B-bundle. By an easy
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generalization of Lemmam the pair (ﬁ’%, ) is equivalent to a map ¢ : C' x Spec(R) — X/B
such that §|(c—_v)xspec g factors through Spec(R) — Al = X°/B. We define on R-points
by sending v — 7.

Since (L/+\B)1 is non-canonically isomorphic to 1&"0, the theorem follows from the proposition
below. g

Proposition 8.2.5. Let y : C — Xy/B satisfy y(C' —v) = pt and y|speco, corresponds to
(P%,70). Then the map (8.3) is a (L+ B)-torsor.

Proof. Let (R, m) as above. By a generalization of Lemma an R-point of Qxy is equivalent
to a map 7 : Spec R[t] — X/B such that [spec r(1) factors through Spec R — A'. The fiber of
(8.3) over ¥ parametrizes maps v : Spec R[t] — X that induce 5 and whose reduction modulo

m equals 7p. Since any B-bundle on Spec R[t] can be trivialized, we see that (@)1(}%) acts
simply transitively on this fiber, since 7o € X (k((t))) = B(k((1))- O

8.3. Results on nearby cycles. We will now consider nearby cycles on the global and Zastava
models.

8.3.1. Fix \ € cx and consider the family f : 13:5% — A'. We have complementary embeddings
yr S yd Lyl xg,,
where i, j correspond to f~1(0), f~1(G,,), respectively. We let
Wy : DY(Y* x Grn) = DL(Y;)

denote the nearby cycles functor defined in [SGAT3 Exposé XIII], shifted by 1 so that ¥y is
perverse t-exact.
Let U} denote the direct summand where the monodromy operator acts unipotently.

Remark 8.3.2. Since X has a Gp,-action making f equivariant and F W ICg,, is Gp,-equivariant
for any sheaf F on Y*, a standard argument ([AB09, Remark 14]) shows that ¥y (FR1Cg,,) =

U} (FRICg,, ), i-e., the monodromy is unipotent.
By t-exactness, \Ihd(ICy ;XGm) is also perverse. In this section we will compute the im-
age of Wy(ICyx,, ) in the Grothendieck group of D%(Y) (equivalently, that of P(Yy)); this

determines the semisimplification of Wy(ICys, ) in the Artinian category P(’z}%‘) over the
algebraically closed field k.

There is an analogous global family Mz — A! and complementary embeddings
MX@ — Mx — MX X Gm.

Denote the associated unipotent nearby cycles functor by ¥a : D2(Mx x G,,) — D2(My,).
We will simultaneously compute [Py (ICxty xG,,)]-

8.3.3. Stratifications in the horospherical case. Before proceeding, we give a more concrete
description of the stratifications on Yy, Mx, using (8.1).
Since Tx =T, we have Xj = N7\G and MX@T = Buny-. The isomorphism (8.1]) induces a

map of affine schemes X /N xT N-\G — Xp, which in turn induces a map of stacks

v :A x Bunpg- %MXQ.
Bunp
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Let tpr : A X Bunp- < Mx, denote the restriction. For A€ cx, let LM, LM denote the maps
Bunp

corresponding to A>. The following is a variant of [BG02, Proposition 1.2.7], whose proof we
leave to the reader.

Proposition 8.3.4. The map Z%/[ 1$ finite, and its restriction Lg‘v[ s a locally closed embedding.
X - -

The subschemes Mg(; = i (AN xg

stratification of Mx,. This is a coarser stratification than the one defined in in the

following sense: Note that V(Xjy) = tx so ¢y = cx. For a partition P € Sym™ (cx — 0), there

-5 BunB ) for A € ¢x form a (possibly non- smooth)
np

is a locally closed embedding C¥ — A€ and the collection of these subschemes ranging
over all partitions 8 with deg(*3) = A forms a smooth stratification of A*. It follows from the
constructions that the strata from are given by

M?é@%ém x Bung- 2%  x  v{des(®)

Bunyp Adeg(P) 8
indexed over all B € Sym™(cx — 0).
Next if we consider the corresponding Zastava model, we have

Yxg = 270 = Maps(C, N"\G/B > pt)

is the open Zastava space of Finkelberg—Mirkovi¢. The Zastava spacﬂ is in turn defined by
Z = Maps,,, (C, N"\G/N /T D pt). The geometry of the Zastava space has been extensively
studied in [FM99, [FFKM99, BEGMO02]. The components of 2 are indexed by A}”.

Buny = Mapsg., (C, B~\G/B D pt/T).
are smooth locally isomorphic (cf. [BEGM02, §3.1]). For A € AR,

let Zg On denote the preimages of Bun”. 5o X Bun”, B - running over all i € Ag.

We can also define the relative open Zastava space 250
The spaces 2”0 and 200

Bunp

Since Yy is open in M x, X Bun Bunpg, we deduce by base change that for any N € cx, i€ AR,
there is a locally closed embedding

Mg X 2,0 A
iyl AN zBunTc%y

— Bung- — Bunp. Note that 220 = Bunrp, so Ly O defines

where we are mapping 25,0 Bunp —

Bunp
a map AN < ‘éw. One can check that this map corresponds to applying Maps(C,T\?) to the
section sg : X /N — Xp from Lemma Therefore,

56‘ = L\j LAY 13@
is a section of the projection 7y : %‘ — AX.
8.3.5. We compute the x-restriction of nearby cycles to the strata above, which suffices to
determine nearby cycles in the Grothendieck group. Let Q(fic)™” = D(T(i¢)”) denote the

Verdier dual of the factorization algebra defined in Recall that we defined a convolution
product x on D%(A) in The statement of our main result is:

19The Finkelberg—Mirkovié Zastava space is the Zastava model for G/N. In this paper we made a slight
distinction in semantics between ‘model’ and ‘space’ to avoid confusion, but the two terms are interchangeable.
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Theorem 8.3.6. We have equalities in the Grothendieck group

WOy xen)] = 3 Z{Ljv\v[,l((iﬂ’,;y!(Q(ﬁc)_f’)*ﬁg(ICg;,g)) X ICBunB,)}

XECX 750 Bunp
[Wy (ICysxg,, )] = XZ ;)[Lgf—k((mm(g(ﬁc)ﬂ) *m(IC0) B IcZg:nXT,o)}
Ecx V2
<

for any i € cx in the second equality.

We point out that the description of mICyx is the main content of the previous sections of
this paper. In particular it has the format (6.12)
Recall that & X G denotes the x-restriction of ¥ X G to the corresponding fiber product

Bunt

over Bunr, shifted by [— dim Bunr|. Note that Bung- and Z
respective IC complexes are shifted constant sheaves.

Proof. Theorem[8.3.6]follows by combining Corollary[£.5.9|with Lemma[8:3.7|and Theorem 8.3§]
below. g

2,0

Bun, are smooth stacks, so the

First, a well-known argument using some Zastava-to-global yoga allows us to reduce from
computing restrictions to all strata to only computing 53’*\115 (IC%xGm) for all A € cx.

Lemma 8.3.7. We have equalities in the Grothendieck grouﬂ

(8.4) [T Tt (IChtx x,)] = 53" (Py (ICys 5. ) BET ICBun,,_]
(8.5) [Lg’wp’*\yy (Icy;\waGm)] = [56"* (\Ily (Icys\xGm)) BET IC ;,SHT},

where X € cx, v € AR,

Proof. The argument is the same as [BEGMO02] §3.1], [BFGMO04, §8(1)] and [BGOS8| Proof of
Proposition 4.4]. The strategy is that we first show and then use it to show .

Fix X' € cx and i € A%® large enough as in Lemma @l and consider the correspondence
. The fiber of over 0 € Al gives the correspondence

Yo =Yy %2R0 - My,

Since nearby cycles commutes with smooth base change of the family over A!, we deduce that
there is an isomorphism

(8.6) Wy (ICyx xG,,,L)|!1(;:5)\’ womo = Yn(ICnmy G, ) Ii;‘éf %200

We now restrict to strata: for A\ € cx observe that there is a commutative diagram where both
squares are Cartesian

A N=X,0 A N=X0\ & op p
AY x 2R —— (AY X Zp ) x 20 —— A* X Bung-

Bunp Bunp Bunp
8.7 S5/ .
g ! 2
96\ %)\ x 20 MX@

201 fact the isomorphisms hold in the derived category, but we omit the proof as it uses generic-Hecke
equivariance to show no twist exists on the Bung— factor.
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By the argument of [BEGMO02, §8(1)], every point of A* XBuny Bung- is in the image of
AN % 20 for some [i large enough, i.e., we only need to consider the diagram when
N = X. Note that A* X Buny Bunpg- is of finite type, so there exists a single i such that the
map HéQZﬂ’O — Mx, has geometrically irreducible fibers and contains AX X Buny Bung- in
its image (Corollary . In particular, pullback along this map is fully faithful on perverse
sheaves.
By restricting the isomorphism to the stratum A* x 210 we get
5y Uy (ICys 6 s s im0 = it Ut (I0ntx x@ )55 5 o

This establishes the equality (8.4) in the Grothendieck group by fully faithfulness of the pull-
back.
The equality (8.5) follows from (8.4) and in the same fashion by considering the diagram

B7) with N = X+ o. O

Define the functor ¥ : D2(Y*) — DE(Y}) by ¥(F) := Uy(F KICg,,) = U(FKICg,,). The
crucial fact that will allow us to do our computations is the following:

Theorem 8.3.8. There are natural isomorphisms of functors DZ(%S‘) — DQ(AS‘):
53’*\11 =7 VU=,
58’!‘1/ =g, ¥ =m.

The theorem will be proved using a standard argument involving the contraction principle.

8.4. Contraction principle. Set s* =io 56‘ CAN — Hg. We drop the superscript to denote
the section s : A — Yx on all components. Recall that s corresponds to the map induced by
the embedding s : X/N — X, and Lemma defines an action of A! on X that contracts to
s. The action of A' commutes with that of G, so we get an action A' x Y — Yx such that
0 x Y= — Yx coincides with s o mx. In this situation, the contraction principle ([BEGMO02,
Lemma 5.3], [Lafl Lemme 2.2], which is closely related to Braden’s theorem [Bra03]) says that
there is a natural isomorphism of functors 7x . = s* : D%(Yx) — DY(A).

Proof of Theorem[8.3.8 We will prove the first line of isomorphisms; the second line follows
from the first by Verdier duality. If we apply the contraction principle to 53’*\11 =M, U, we

immediately get the first isomorphism 56"*\11 =~ 7y W,
Next, we will show the isomorphism 56"*\11 = 7,. Recall that [Bei87b|] gives an equivalence

D'P(Y*) = D%Y?), so we only need to define the isomorphism on perverse sheaves. Let
F e P(‘g})‘). For any a > 1, let £, denote the local system on G,, whose monodromy is a
unipotent Jordan block of rank a. There are canonical injections £, — L,41. Beilinson’s
construction of the unipotent nearby cycles functor (cf. [Bei87al 2.3]) gives an isomorphism

U (F) = col>i{ni*j* (FRL,).

We can further apply 53’* to get an isomorphism 53’*\11(?) =~ colim s™* j, (F XK L,). Applying
the contraction principle, we get an isomorphism

53 W(F) = colim(mx © ). (FHLy).
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Note that mx 07 : Y x G,,, = A is equal to the composition of the first projection Y x G,,, = Y
and 7 : Y — A. Therefore,

(rx 0§)«(FRL,) = 71 (F) @ H* (G, L4)-
Since colim,>1 H*(Gm, £4) = Q;, we conclude that 53"*\11(3") = 1. (9). O

9. FUNCTION-THEORETIC COROLLARIES

9.1. Pushforward of the basic function. When £ is the algebraic closure of a finite field
F, and X is defined over F, satisfying the assumptions of §2.2] the action of the geometric
Frobenius Fr morphism on (IC 5 ) is described, up to a yet unknown permutation action on
the set BT v=UsB XA of central components of critical dimension, by Proposition We
use this to prove Theorems [[.1.2] and [[.T.4] from the introduction.

Proof of Theorems and[1.1.7] Recall that o, in the context of these theorems, denotes the
ring F[¢], where F is the finite field of definition of X, and F is its fraction field.

We need to recall the definition of the IC function ®( from [BNS16]: It is a function on
(X (o) N X*(F))/G(o0) which, in our case, is parametrized by the set (¢3 )" of elements of ¢
that are fixed under the Galois group. To define it, choose an arc 7 in the coset of such an
element 6, and consider a finite-dimensional formal model ?y of the formal neighborhood of ~v
in the arc space L™ X (Definition . In our case, we can take Y = Y% and y = the point ¢’
on the central fiber Yé’é, by Theorem Then, the value of ®q on 6 is equal to the trace of
geometric Frobenius on the stalk of the intersection complex ICy at y, where the intersection
complex is normalized to be constant (without Tate or cohomological twists) on the smooth
locus of Y.

In our setting, this means that for every component % as in Proposition the Tate
and cohomological twist on ICg should be modified from @@(%)[dim %] to Qy, and
should be replaced by the space

(9.1) PP (-45Z)-dm@]= @ Qf-dimb - §)[-2dimb —1].

Y B bEB 5 x

To calculate the value at A(t) of the integral of the basic function that was denoted by m®
in the introduction, for A fixed by Frobenius, we need to calculate the (alternating) trace of
Frobenius on the fiber of m(IC_xs) over an F-point of the diagonal C' — A*, and then divide
by the factor ¢rs(Fr, Sym®(i(1))) in order to account for the difference between ICy and ICy

(Corollary [4.5.9)).

Taking into account the twists in the intersection complexes of the C*V’s in (6.12), we deduce
that, with this normalization of the IC sheaves, Frobenius acts on that fiber as on

P ((X) Sym™ (@ Qu(~dimb) [2dimb])).
deg(R)=X £ beB x i
Thus, in the notation of Theorems [I.1.2] and [I.1.4] we have
m®y = trp(Fr, Sym® (#(1))) ™! - tr7(Fr, Sym®( @ Qy(—dimb))),
beB T
where we remind that B = Useex Bxi-

The dimensions dim b are given by Proposition 1 they are either equal to (len(D) -1,
if b meets YX., or (pg, A — 0), if b meets YA for 6 € DS (X).

sat
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Both theorems assume the existence of a G-eigen-volume form on X*®, which we fix, with
eigencharacter ). We denote the absolute value of this eigencharacter by n. By Remark
for any D € N? with ox (D) = A, we have len(D) = <b + 2p¢, 5\> The effect of multiplying by
(n0)2 () will be to replace Q,(— dimb), in the expression above, by Qy(%), for those b in Y&.;
this proves Theorem 1),(iv),(v).

For the rest of the components b, taking into account that A > 0 and b is trivial on the roots,
therefore <b, 5\> = <h, 9> and <2,0G7 ;\> has the same parity as <2pg, é), the effect of multiplying

by (n6)2(t) will be to replace Q,(— dimb) by @é(w)v proving Theorem [1.1.4

The remaining parts, (ii), (iii) of Theorem follow directly from Theorem [7.1.9} O

9.2. Asymptotics and the basic function. We explain the proof of Corollary com-
puting the basic function and its asymptotics.

Proof of Corollary[1.2.1, The (function-theoretic) Radon transform g on X3 is well-understood;
in particular, the function 1 X3(o) Maps to

8~ 3 trp(Fr, Sym® (i) - tr(Fr, Sym® ((1))) %,

in the notation of (1.3). Moreover, mp is equivariant for the action of the torus T(F'). This
implies the formula for e;®Po.

This, in turn, implies the formula for @, by [Sak18 Corollary 5.5], where it is proven
that, for an appropriate parametrization of the G(0)-orbits, any G(o)-invariant function ® on
X°*(F) is equal to its asymptotic ey ®, restricted to the antidominant lattice AP Note that
that paper was written under the assumption of G being split (and X being “wavefront”, which
is automatic in our setting), but the proof of the result that we are quoting is valid without this
assumption. (For example, “quasi-split” is enough for the Casselman—Shalika method, which is
the basis of that argument, and for the asymptotics theory developed in [SV17].) O

9.3. Euler factors of global integrals. Finally, to demonstrate how our results apply directly
to compute Euler factors of global integrals of automorphic forms, let us return to the setting of
Examples in order to discuss the Euler factorization of the pertinent global period
integral. This will not directly invoke the nearby cycles functor (hence, is based on results of
previous sections only), but it makes use of the asymptotics map ej that we just recalled.

To recall, the group is G = (G,,, x SL3) /2, and X is the affine closure of H\G, where H is
the product of the group Hy of with a copy of G, embedded diagonally into G as

(9.2) a mod ps — (a7 (a a1> ) mod fio.

We let @ =[], ®, be a function on X*(A) as in Example

Let ¢ € 7 be a cusp form, where the restriction of 7 to G,, is a character of the form yo| e |*
for xo unitary and some s > 0. Fix a nontrivial character ¢ of A/k, identified as a character
of the quotient N~ /Hy, where N~ is the lower triangular unipotent subgroup (mapping to the
additive group through summation of the entries). The standard method of writing ¢ in terms
of its Whittaker function Wy with respect to (N, ) shows that the integral

[0 dg = [0} hqg)dhd
/G UPRCCID SRCCTT /X 0 /H o A9y

veXe (k)

“unfolds” to the Eulerian integral

| Wi
Ho\G(A)
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We can write the Whittaker function as Wa(g) = [[, We,u(gv), so that Wy (1) = 1 for
almost all v, and we can factorize the invariant measure on Ho\G so that for almost all v,

po(Ho\G(0,)) = 1.

Proposition 9.3.1. At places v where Wy (1) is G(o,)-invariant with Wy ,(1) = 1 (in par-
ticular, m, is unramified), ®, = ®g,, (the IC function), u,(Ho\G(0,)) =1, and the conductor
of Y|k, is the ring of integers, we have

(93 [ Wanlg)®ulg)ds, = Limo.1 - 3).
Ho\G (k)

Proof. The proof can be obtained by direct computation from the explicit formula for
the basic function. However, we would like to sketch a “pure thought” argument, which applies
to other cases as well, without providing all details. We drop the index v, denoting the place
under consideration, and write F' for k,.

First of all, the square of the absolute value of follows immediately from Plancherel-
theoretic considerations. Indeed, we can write the local integral as

Z(®,) =/ We(9)Wa(9)dg,
N-\G(F)
where
(9.4) Watg)= [ algwinin

We identify the abelianization G* with G,,, so that the composite G,, — G — G,, is the
square character. Let n be the character a +— |a|'™™ on G — it is the character by which it acts
on the SL7-invariant measure on X°®. Fix that measure giving volume 1 to X*(0). It is known
from [SVI7, Theorem 9.5.9] that the “unfolding” map ® + Wg extends to an L2-isometry

L2(X*(F)) = LANT\G(F),¢71),

where the Haar measure on N~\G(F) is fixed so that the volume of N~\G(o) is 1.
The local zeta integrals appear in the Plancherel decomposition of Whittaker functions,

(9.5) ||‘I’||%2(x-(p)) = ||W‘1>||2L2(N(F)\G(F),1/;—1) = / |Z(‘I’a77)|2d7ﬂ

where 7 ranges over the unitary unramified dual of G(F'), which can be identified with the set
of semisimple conjugacy classes in the compact form of the complex dual group G(C), and the
Plancherel measure dr is the Weyl measure |(1 — eov‘)\2 dx (when we identify the unramified
dual with the quotient 7 /W, where T is the group of unitary unramified characters — the
maximal compact subgroup of the complex points of the dual Cartan T)).

On the other hand, the Plancherel decomposition of ® can also be expressed in terms of its
asymptotics:

||‘1)||2L2(X°(F)) = W] Hea(I)H%Z(X(Z(F))v

where we have applied [SVI7, Theorem 7.3.1], together with the following observations: 1) our
calculation of ej® shows that it already lies in L? (X§(F)), so there is no difference between
that and what is denoted by ¢;® in loc.cit.; 2) there are no unramified functions ® on X*(F)
with ej® = 0; this is essentially [Sak08, Theorem 6.2.1], and it implies, together with the
previous point, that the summands of [SVI7, Theorem 7.3.1] with © # § do not contribute
to the Plancherel decomposition. (This is not an essential point for this proof; the argument
would go through even if there were contributions outside of the most continuous spectrum.)
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By our formula ([1.4]), as specialized in Example and the commutation of asymptotics
with Radon transform, ((1.8)), we can write the Plancherel decomposition of the basic function
as

2

1
dy — /L(ﬂ,@), SILG,®, 3)dr.

W1 Sz

9:6)  N®l72(xe(ry = HUaeor(1- i )

[iews (1 — g 2e X))

Comparing and (9.6), we get that |Z(®,7)|? = L(r,®, 1)L(7,®, 3) for 7 unitary. This
is what we get “for free” from the L2-decomposition.

To upgrade it to a formula on Z(®, ), we utilize the following information about the image
Wg under the unfolding map. Note that this is a G(0)-invariant Whittaker function, hence can

be identified as a function on the antidominant coweights, by evaluating it on the elements a
The facts that we need are:

(i) The support of Wg lies in the intersection of the antidominant lattice with the cone
generated by ¢ and the coweight

~ d1+d2++dn—m
002:— .

Its value at 1 = t9 is 1.

Indeed, the support of ® lies in H&tx G(o), where € is the diagonal image of (1 (1)) ,

and from the definition of the unfolding map, the support of Wg will lie in
HENTtxG(0) = N™Gypt*xG(0), where Gy, is embedded as in (9.2). But a G(o)-
invariant Whittaker function with respect to a character of N~ whose conductor is o
can only be supported on antidominant elements.

When g = 1, the integrand of (9.4)) only lies in the support of ® when n € Hy\ N~ (o).

(ii) The value of Wg at any ¢/ is a polynomlal ing 2.

This fact, which can be seen as expressing the “motivic” nature of this function,
requires some explanation. First of all, the statement is true if Wg is replaced by the
pushforward m®, by Theorem m (see also . Secondly, the unfolding integral
(9.4) of the characteristic function of each G(o)-orbit has this property; this can be
seen by direct calculation, or by a similar geometric argument, and we omit the details.

(iii) If ¢4 denotes the G(o)-invariant Whittaker function supported on the coset N ~t?G/(o)
(with g antidominant) and equal to 1 on 0, its asymptotic epy is supported on the
union of a finite number of cosets N~t? G(0), with 6 — 6 in the positive root monoid,
and is a polynomial in q’%.

Here, the asymptotics map is for the Whittaker model, but we denote it by the
same symbol. It takes values in N™\G(F'), without a character on N~. This fact is
a corollary of the Casselman—Shalika formula. (See [Sak18, Theorem 6.8 and Example
6.4] for an intepretation of the Casseman—Shalika formula in terms of asymptotics.)

Granted, now, the facts above, we can represent e;Wg as a formal series in the elements
¢’ which stand for the characteristic functions of the sets N~t?G(o0), multiplied by 6=2 (t¢) =
q<pG’9>7 with coefficients in Clg~2]:

_i g
epWo = E ¢ 4 2¢f.
i,0
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According to the first and the third facts above, the support of this function lies in the set
of #’s which are translates, by the positive coroot monoid, of the intersection

(¢x +span(fy)) NA~.
The description of colors of X in Example allows us to conclude that this monoid only
includes coweights for which the “determinant” character

KiL =+ ) KiGy
i %;l idi
is nonnegative; moreover, the restriction to the kernel of the determinant cocharacter is simply
equal to the asymptotics of the “basic Whittaker function” ¢g, which by [Sakl8| Theorem 6.8
and Example 6.4] is equal to
IT a—em.

aed+
Thus, if we “divide” the function ejWs by the product above (this corresponds to acting on
it by a series in the Hecke algebra of the torus T'), we obtain another series

(o] o0
H (1—e*)tesWe=1-¢"+ Z Zq*%ej%0i7j,
acd+ j=1i=0
where the C; ;’s are finite linear combinations of the elements e*, where A now ranges over
half-multiples of elements in the coroot lattice. (The finiteness of the linear combination also
follows from [Sak18, Theorem 6.8 and Example 6.4]: the asymptotics of every ¢, is a “multiple”
of the factor [[;c4+ (1 —€e®).) Note that % is not, by itself, a coweight of GG, so one has to
expand this series to make sense of it as a linear combination of the elements e with 6 € A.
Now we invoke the Plancherel formula: the fact that the unfolding map is an isometry tells
us that the Plancherel density of Wy is also given by . On the other hand, this Plancherel
density can be expressed in terms of the asymptotics e;We as

2 2
_i sB &
Wl = gl Wl = o [ 10+ o3 amsebon| | ] a-en) dx-
j=11i=0 GedT
1 A= _i iR oooofif-l* ENE
SR CRCES ) YR N RS 9) sl I | ISR
T j=11i=0 j=11i=0 acd+

where we now identify the elements ¢? with characters of the dual torus 7', use the fact that

for a unitary character ¢?(y) = e9(), and set Crj=>sce Mif Cij =35 c;\ej‘.
In other words, we have expressed the Plancherel density

1 . 1

DL @, )

L
(ﬂ—v®» 9

as the product

o0 o0 ) ~ o0 oo ) ~
1-eo+22q_563%0i,j 1-60+22q_56_7%0;j
j=11i=0 j=11i=0
We will be done if we can identify the first factor of the former with the first factor of the latter.

But, viewed as series in the elements ¢~ 2ze 9% (with coefficients in polynomials in the group
ring of the half-root lattice), the first factor of the former is the restriction of the series to the

elements of the form q’%ei%, while the product L(7, ®, %)L(fr, ®, %) is supported on elements
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of the form ¢~ %¢7% with j <i. It follows that the series 1- R D INRD Pt g 3750 s also
supported on elements of the form ¢~ 2e’2 with j < i, coincides with L(m, ®, %) on elements

with ¢ = 7, and a simple inductive argument in the variable ¢ — j shows that it coincides with
it everywhere. O

APPENDIX A. PROPERTIES OF THE GLOBAL STRATIFICATION

A.1. The factorizable space of formal loops. We briskly review the definitions of multi-
point versions of the spaces of formal arcs and formal loops. We refer the reader to [KV04],
[Zhul7, §3.1] for a more complete account.

Let C be a smooth curve over k. For any N € N, we have the Nth symmetric product
CN) of C, which identifies with the Hilbert scheme Hile(C) parametrizing relative effective
divisors in C' of degree N.

Recall that if S is an affine scheme and D C C' x S is a closed affine subscheme, we denote
by é’D the spectrum of the ring of regular functions on the formal completion of C' x S along
D (so C}, is a true scheme, not merely a formal scheme). Let C9 := C, — D denote the open
subscheme.

For any k-scheme X, we define the global space of formal arcs by the functor

(LX) (S) ={D € CM)(8),7 € X(Cp)}-

for affine test schemes S. By [KV04, Proposition 2.4.1], the functor (£* X)) is representable
by a scheme of infinite type over CN). If X is affine, then (£ X)) is affine over CV),
cf. [KV04, 2.4.3]. More specifically, define the space of n-jets (£} X)qov) by

(LhX)en(S) = {D € C™M(S),7 € X(Cp)},

where 6}5 denotes the nth infinitesimal neighborhood of D in C' x S. Then (£} X)an is
representable by a scheme over CY)| which is affine (resp. of finite type) if X is. As n
varies the schemes (£ X)(v) form a projective system of schemes with affine transition maps,
and (£;7X)oov is equal to the projective limit of this system. If X is smooth, the schemes
(LX) o are smooth over CV) with smooth surjective transition maps (cf. [Ras, Lemma
2.5.1]).

We can also define the functor for the global loop space by

(LX) (8) = {D € CN)(8),v € X(C)}.

If X is affine, then (LX) o) is representable by an ind-scheme ind-affine over CV), cf. [KV04,
Proposition 2.5.2]. We have a closed embedding (£ X)ov) < (LX) o).

A.1.1. Let Auto(k[[tﬂ) denote the functor sending a k-algebra R to the group of R-algebra
automorphisms of R[t] that reduce to the identity map mod ¢. Then Aut”(k[t]) is representable
by the group scheme Spec k[afl,ag,ag, ...}, cf. [Zhul?, (1.3.13)].

There is an Aut®(k[t])-torsor Coord?(C) — C classifying v € C together with an iso-
morphism k[t] = o, that sends ¢t to a uniformizer, cf. [Zhul7 (3.1.10)]. We can think of
(LT X))o, (LX) as twisted products

(LYX)e = CXLTX,  (£X)o = C % LX,
where C' x LT X := Coord®(C) xAut’ K[t |+ x
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Remark A.1.2. The space £LX really lives over the Ran space of C'. Essentially this just means
L X only cares about the support of the divisor D and not its multiplicities. More specifically
for any finite set I we have a map C7 — C(H) where |I| denotes the cardinality of I. Then
the spaces (LX)cr := C! Xy (£X)eary have a factorization monoid structure as defined in
IKV04, Definition 2.2.1], and we can think of the collection of these spaces as (£LX)ran. . This
is certainly the more philosophically correct approach to considering the loop space, but for
technical simplicity it will suffice for our study of arc spaces to work with £TX over Sym C.

A.1.3. We can apply the constructions above to the algebraic group G. Since G is smooth,
LG is a group scheme formally smooth over Sym C.

Consider the (factorizable) Beilinson-Drinfeld affine Grassmannian Greg sym ¢ defined in
By Beauville-Laszlo’s theorem (see [BD96, Remark 2.3.7], [Zhul7, Proposition 3.1.9]), we have
an isomorphism Grg symc = LG/LTG.

A.1.4. Let X be an affine spherical G-variety. Define
L°X =LX - L(X - X°),

which admits an open embedding into £X. The G-action on X induces a natural action of LG
on £X and the subspace £*X (resp. LT X) is stable under the action of LG (resp. LTG).
We will primarily be concerned with the global space of non-degenerate arcs

(LYX)* = LTX xox L°X.

The study of the loop space £*X is beyond the scope of this paper.

A.2. Multi-point orbits. We now consider the £*G-orbits on (£ X)®, and we will prove a
multi-point version of Proposition [2.3.

A.2.1. What is going on at the level of k-points. A k-point of Rang is a nonempty finite subset
{v; € |C|}ier of points on C. Then a k-point of (LX)} over {v;} consists of points

Ranc

r; € X(0,,) N X*(F,,). Each z; belongs to an orbit X*(F,,)q.4 for a unique 0; € ¢ by

Theorem ii). The collection 0;, i € I forms a multiset in ¢x- Note that 0; may be zero.

Therefore, the tuple (z;);er is a k-point in the product of orbits [] Lf:j_X.
il
The idea for what follows is that this product of orbits only depends on the unordered
multiset {6;}, counted with multiplicity. Moreover since Cy is a strictly convex cone, the set of

formal sums ), 0; - v; admits a positive grading.

A.2.2. Construction. Let Oy denote an (unordered) multiset in ¢, by which we mean a formal
sum

> Nylh] € Sym™(cx)

fecy

where all but finitely many N; = 0. Note that we include the case 6 = 0 and Ny may be
nonzero. See for notation.

We have an étale map

¢leol = T[ ¢V — [ 690 = ¢,

éEc; éEc}
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By the factorization property, the base change €€l Xsymc L1 X identifies with the [©g]|-fold
disjoint product of C x L*X. By Proposition we have the locally closed subscheme

Al T (€ % LPx)*Ms < ¢l6l LFX.
(A1) H (Cx LX) — eps
Occy
This is stable under the action of [[; &x,, and therefore (A.1) descends to a locally closed
subscheme

LOX €% x LTX = (LX) e,
Sym C
Proposition A.2.3. The scheme L?OX s formally smooth over Co’éo, and second projection
induces a locally closed embedding £LO°X — LT X .

Proof. Formal smoothness follows from Proposition It remains to show that the second
projection pr, : £ X — LT X is a locally closed embedding. Note that pr, is the composition
of the finite étale map

Pty (L1 X) ey = (L1 X)gqepy = CUOD x £tx

Sym C

and the open embedding (£ X)xqe,) < £7X. Hence it suffices to show that the restriction
LOX C (£TX)pe, — (£TX)paqe, is locally closed. Let Y be the closure of LOoX in
(LX) gy, s0 Y = pry(Y) is a closed subscheme of (LX) e, and prh(£°9X) is open in
Y’. Observe that the induced map
(A.2) L£OX = prly(£90X)
is a bijection on geometric points: a point in the right hand side consists of an unordered set of
points {v;} C C and x; € L, X such that if §; denotes the G-valuation of z;, then }~,[6;] = ©p.
There is a unique way to partition the v;’s according to distinct values of 0,’s to get a point in
L9 X . Therefore (A 2) is étale and a bijection on geometric points, hence an isomorphism. [J

A.3. Proof of Lemma Assume that C' is complete. Let (Mx x Sym C)*® denote the
substack of M x x Sym C consisting of those pairs (f, D) where f(C — D) C X*/G, ie., C — D
is contained in the non-degenerate locus. This is an open substack since C' is complete. Define
the map

(A.3) (Mx x SymC)* — LT X/LTG
over Sym C by sending (f, D) to (f\éb , D). Here we are using the fact that an £ G-torsor on

an affine scheme S is the same as a G-torsor on (f*b by formal lifting.

Recall that we defined a partition ©, or unordered multiset without zero, in ¢y, to mean
an element of Sym™ (¢, — 0). To such a partition ©, we have a corresponding locally closed
subscheme £OX < L+ X by Proposition Then we can define M(;% to be the preimage
of £9X/L*G under the map (A.3). One can check from the construction that this definition
gives the description on k-points from By base change M?( is a locally closed subscheme
of Mx x C(9D, In particular, Mg;)( is an algebraic stack locally of finite type over k.

Lemma A.3.1. The natural map M?( — LéX/LJrG s formally smooth.

Proof. Let S < S’ be a nilpotent thickening of affine schemes. Let (f, D) € M?((S). This
maps to the point (f|6’D7D) € LOX(S). Suppose that we have a lift of this point to (f,D’) €
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L£OX(S"), where D' C C x §' is a relative effective Cartier divisor and f : C}, — X/G is
equivalent to the datum of a G-bundle P, on C),, and a section 6" : C},, — X x& P/,

We would like to lift (f, D) to an S’-point of M§ that maps to (f, D’). Themap f:CxS —
X/G consists of the datum of a G-bundle Pg on C' x S and a section o : C x S — X xCG Pa
satisfying the condition that o(C' x S — D) C X* x% Pg = (H\G) x¢ Pg. The restriction
oloxs—p gives a reduction of Pg|oxs_p = G xH Py to an H-bundle Pg on C x S — D such
that o|cxs—p identifies with the canonical section

H G
C x S*DgH\(PH — (H\G) X{PH% (H\G) Xfpg|c><S_D

corresponding to H1 € H\G.

The obstruction to lifting P to an H-bundle P%; on C'x S’ — D' is an element in H?(C' x S —
D,bhp, ®og I) where I is the zero ideal of S < S’ and hp,, denotes the quasicoherent sheaf on
C x5 —D obtained by twisting the adjoint representation of H by Py . This obstruction vanishes
since C x S — D has relative dimension 1 over S and we can compute cohomology over the Zariski
site. Thus, we obtained an H-bundle P}, over OCxS'—D’. Let o’ : CxS'—D' — X x%(Gx1P,)
denote the corresponding section.

We know that after base change to S, there exists an isomorphism

R H
T TIG'@]% = TG|6]% = (G X (‘P}-I)‘@]OD

such that 7o 6’|z, = 0'|g, . This is equivalent to a section f : C9 — Py xH G xC Pl such
that £ is sent under

;0 G / G 4y
(A.4) Py xGxPr— (CxS)xX xPg,
to the restriction &’|5%. The map (A.4) is smooth since G — X* = H\G is smooth. The

scheme 63 is affine since S’ is affine. The zero ideal of éj_—’) — 6’,%, is still nilpotent, so by
formal smoothness of (A.4)), we can lift § to a section 3’ that maps to ¢’|5, . Such a section
D/

B’ is equivalent to an isomorphism 7/ : j)/G|6° =~ (G x"Py)| 5. such that 706" |50 =0'|g0 -

D/ D! D’ D/
By Beauville-Laszlo’s theorem (Lemma [3.7.7), the data ((Pg,6"), (P, 0’),7") descends to a
map f': C x S’ — X/G. By construction, (f’, D’) is an S’-point of MY lifting f. O

Proof of Lemma[5.1.6, Lemmaand Propositiontogether imply that M(;)( is formally
smooth over k. Since Mg;)( is locally of finite type, it is therefore smooth over k.

We claim that the first projection pry : Mx x C1©D — My induces a locally closed embedding
Mg;)( < Mx. Let Z C Mx x CU9D denote the substack with S-points consisting of those (f, D)
such that f~1(X*/G)N D = (). Since D is faithfully flat over S, the image of f~*(X*/G)N D
in S is open. Therefore, Z is a closed substack of My X (9D, Since O is a multiset without
zero, observe that M?( embeds into Z. Now (f,D) € Z(k) satisfies the property that the
support of D € (9D is contained in the support of C' — f~1(X*/G). We deduce that pry|z :
Z — Mx is proper and quasifinite, hence finite. On the other hand, pr, |M§;’( is injective on

k-points, and (pr1|Z)’1(pr1(M§)) = M% From this we deduce that pr, ‘Mi is a locally closed
embedding. O

A 4. Generic-Hecke modifications. We review the notion of generic-Hecke modifications
between quasimaps introduced in [GN10, §2.2], applied to our situation. We assume that B
acts simply transitively on X° and that H is connected.
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A.4.1. Function-theoretic analog. We explain the idea behind the generic-Hecke modifications
at the level of sets; this construction appears in the geometric Langlands program in the con-
struction of Whittaker models, cf. [Gaildl §5.3.1].

We use the notation of For any finite subset v C |C|, let A = [[ g0 Fory By =

[1,c, For and similarly for 0%, Q,. Then we can consider the set
(A.5) G(A%)/G(0%) x H(Ay)/H(Oy)

which maps to H(k)\G(A)/G(O) in two ways: (i) by projecting along the first factor to
(H(k) X g(a,) H(Oy))\G(A?)/G(0%) C H(k)\G(A)/G(O) and (ii) by projecting to

H(K)\(G(A)/G(0%) x H(A,)/H(0,)) € HRK)\G(A)/G(O).

Every meromorphic quasimap (element of H(k)\G(A)/G(Q)) belongs to the image of the second
projection for some v. If H is connected, then by weak approzimation H(A,) = H(k)H(O,) so
every quasimap also belongs to the image of the first projection. Thus, the union of over
all finite subsets v defines a groupoid acting on the set of quasimaps.

A.4.2. We define the ind-stack H g e, of generic-Hecke modifications to be the stack classi-
fying data

(P&, P, 01,0950, 7T)
where (PL,0;) € My, v € SymC is a divisor with support v contained in the non-degenerate
locus o '(X*® x¥ PL) for both i = 1,2 and 7 is an isomorphism of G-bundles

T TG|C’ v = T |C’ v

such that the following diagram commutes

c oL S x
—v—— P x X|c—y

o I
9 G
CPG X X|C,2.

Note that the definition only depends on the support of v and not its multiplicities.
We call a generic-Hecke modification trivial if the isomorphism 7 extends to an isomorphism
over all of C. We have the natural projections

Mx = Hpoae, > My,
and Hpg i, — SymC. By definition, the generic-Hecke correspondence preserves the strata
ME.
Define a smooth generic-Hecke correspondence to be any stack U equipped with smooth
maps

MX U#MX

such that there exists a map U — H{ g, such that the following diagram commutes

PSRN

MX %%HMX 4>MX

Call a smooth generic-Hecke correspondence U trivial if the image of U — H g, consists of
trivial generic-Hecke modifications.
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Define a morphism of smooth generic-Hecke correspondences to be a map p : Uy — Us such
that h{;, op = h{; and hy, op = hi/.
2 1 2 1

A .4.3. Generic-Hecke equivariant sheaves. We define a generic-Hecke equivariant perverse sheaf
on Mx to be an object F € P(Mx) of the category of perverse sheaves on M x equipped with
isomorphisms
¢u  hyy " (F) = hg ™ (F)
for every smooth generic-Hecke correspondence U, satisfying some natural conditions (see
[GNTI0, §2.3] for details).
For any © € Sym™(¢y — 0), the uniqueness of the IC complex endows ICﬁ@ with the

X
structure of a generic-Hecke equivariant perverse sheaf. (In general, when H is connected, the

condition of generic-Hecke equivariance is a property, not additional structure, of a perverse
sheaf on Mx by [GN10, Proposition 3.5.2].)

A4.4. Fix 0 € ¢ — 0. Recall that by definition Mg} is a substack of My x C. For a fixed
v € |C|, define M%UO := MY x¢ vy to be the based stratum consisting of maps C — X/G
such that C' — v maps to H\pt and the G-valuation at vy is 6. Observe that the generic-Hecke
modifications preserve the substack Mg}wo.

Proposition A.4.5 ([GNI0, Proposition 3.5.1]). If H is connected, then all geometric points

of J\/[g(,vo C Mx are equivalent under the equivalence relation generated by the generic-Hecke
correspondences.

The preimage of C' C Sym C' in H g, may be realized as the twisted product of an open
substack of My x C' with the affine Grassmannian Grg. From this it is not hard to deduce
that all geometric points of Mg{,vo are equivalent under smooth generic-Hecke correspondences.

A.4.6. Recall the G-Hecke action defined in Proposition [5.2.3] By construction, this action
commutes with the generic H-Hecke modifications (in our set-theoretic description above, we
are considering the action of right G(F,)-translation at some point v’ # vg):

~ =0
Lemma A.4.7. The map actc : Mx X Grg o — Mx X C is equivariant with respect to the
generic-Hecke modifications away from the marked point in C.

A.4.8. Proof of Proposition[3.1.7 Proposition allows us to consider the based strata with
generic-Hecke modifications as an analog of the stratification by orbits of a group action. This
will be the idea behind the proof of Proposition together with the following fact:

Theorem A.4.9 ([Kal05, Theorem 2]). Let S be a smooth stratum in an algebraically stratified
scheme of finite type over k = C. Then the subset of points in S that do not satisfy Whitney’s
condition B form a constructible subset of dimension strictly lower than dim S

Thus, if we show that any two points in a given stratum have neighborhoods in My that
are smooth locally isomorphic and compatible with the stratification, Theorem [A-4.9] will imply
that every point must satisfy Whitney’s condition B.

Fix a connected component of M?( for some © € Sym™(cx — 0). Since Whitney’s condition
B is local in the smooth topology, it suffices by Corollary to show that every point in
95‘*@ satisfies Whitney’s condition for all A € cx. Now the graded factorization property of Y
allows us to to reduce to the case where © = [6] is singleton. By Proposition we may
replace our curve C' with A = P! — o0, i.e., ‘zﬂ = H;\(Al). Now A' acts on itself by translation,
which induces an Al-action by automorphisms on 135‘(A1). This action allows us to move the
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degenerate point of any y € Y Y(Al) to vg = 0 € Al, ie., the map y : A' = X/B sends
A' —0 — X*/B and the G-valuation at vy equals 0. Thus, we are reduced to showing that any
point in YM? with degenerate point at vy satisfies Whitney’s condition. §

Embed A! = P! —co C P! so we also have an open embedding Y* (A1) € Y*(P?). Lemmam
shows that Y*(P!) is smooth locally isomorphic to Mx = Mx(P!) in a way that preserves
strata and degenerate points. Therefore, we may reduce to checking that any point in M?{,vo
satisfies Whitney’s condition B. Proposition implies that all such points are equivalent
under smooth generic-Hecke correspondences (which preserve strata), so either they all satisfy
or fail to satisfy Whitney’s condition. By Theorem [A74.9] we deduce that every point satisfies
Whitney’s condition B.

The same argument as above also shows that the closure of any stratum in M x must equal
a union of strata.

A.4.10. Arbitrary characteristic. Let the characteristic of k be arbitrary.

Proposition A.4.11. For any © € Sym™(cy — 0), the complex IC e is constructible with
X
respect to the fine stratification of Mx .

Proof. The argument is exactly the same as in the proof of Proposition [3:1.7] above, except

that we replace the use of Theorem with the fact that for any connected smooth stratum

S in My, there exists some open U C S such that H’(ICﬁ@ﬂU is a local system for all s.
p.e

We implicitly use the uniqueness of the IC complex, which in particular implies that ICM@) is
X

generic-Hecke equivariant. O

A.5. Proof of Theorem [5.1.5. For © € Sym™(cy — 0), let PL+G(@2VCQ) denote the

—-© . . . .
category of perverse sheaves on Grg ce that are equivariant with respect to the action of
(£L1G)qen, considered as a group scheme over Sym C' (defined in §A.1). For F € P(Mx) and

GeP L+g(@2,ce), we can form the twisted external product
- IO
FXG e P(Mx x Grg o)

. L v =~ —6
with respect to the projections of Mx x%" ¢ Grg co to Mx and £L1G\Grg ce. Then we define
the external convolution product by

F %G :=acty (TR G) € DYMy).

We have introduced all the ingredients in the statement of Theorem [5.1.5] The remainder
of this section will be devoted to its proof.
Observe that IC50 X ICCTé = ICMO - —o& , which we will simply denote JC for brevity.
X I'a,c

x X GrG,C
We have a stratification

—0 ~ —6 —06' - 57"
My % Grgee = | My X Grg son
@/’é//

running over all ® > 0 and ©” > O where O refines Ql (the definition of ©" > O is analogous
to that of »). Lemma i) implies that acty; (M) is contained in the dense open stratum

corresponding to © =0 and ©” = .
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A.5.1. By Proposition Eﬂ we know that IC5z0 is constructible with respect to the fine
X
stratification of M x. Therefore, JC is constructible with respect to the stratification above, so

if we let LS;’S” denote the *-restriction of JC to the stratum Mg;)(' X Grg//cvé,,,
é/,é//

glob N
it lives in perverse cohomological degrees < 0, and the inequality is strict unless © = 0 and

we have that

its cohomology sheaves are local systems. Since L is the restriction of an IC complex,

~ ~ S/ 1"

©” = ©. Since its cohomology sheaves are local systems, this implies that LS O’S lives in usual
é//
G,Co'é”

and ©” = ©. We are abusing notation here: MS;)(/ may not be connected, in which case each
connected component should be considered separately.

. 5 & . . - =0
We abuse notation and also use LSO’S to denote its l-extension to Mx x Grg ce. Then

by the characterizing properties of the intermediate extension (and the fact that J€ is Verdier
self-dual), Theorem is equivalent to the following assertion:

cohomological degrees < fdim(Mg x Gr ), and the inequality is strict unless © =0

Proposition A.5.2. For ©',0" as above, consider the complex actM’!(Lé/’é”). Then:

glob
i) It lives in PDS"1(My) unless © =0 and ©” = O.

0,6

~—© 5 . . .
glob) to My — M(?( lives in perverse cohomological degrees

(ii) The *-restriction of actyi(L
< -1.

(iii) There is a natural identification actMyg(Lgfb) ;v[?( & ICM?('

Point (iii) follows immediately from Theorem [5.1.1(iii). Points (i)-(ii) concern the cohomo-
Lé/,é,,

. A 77O 5 . .
logical degrees of the *-restriction of acty(Lyy, ) to a stratum of My — M§. To simplify

notation we only consider the restriction to a stratum of the form M"X where 7 € ¢y — 0. The
general case is proved in the same way by considering multiple points on C simultaneously.

By Theorem and Proposition the preimage acth,[1 (M"X) intersects Mg x Grg”ceéu

only if ©' = [0'] and ©” = [0"] are singletons (§’ is allowed to be 0). Moreover we must have
0" > deg(©) and 1 = 0" + 6"

A.5.3. Fiber dimension. Fix a point v € |C| and consider the subscheme Mx , of maps where
there is only one (G-degenerate point at v. Let M},U denote the substack of Mx , where the
G-valuation at this degenerate point is 7. Then the preimage acty (M}v) N (Mg; X Grgic) is

. . 5 ~ g!! .
contained in MY x Gr%,v. The restricted map

(A.6) acty : M% % Grg:v — Mx v
is equivariant with respect to generic-Hecke modifications away from v by Lemma[A 47 Mean-
while these modifications act transitively on the stratum M}’v. Therefore we deduce that the

fibers of (A.6]) over all points in Mﬁx’v are isomorphic to one another. Let this fiber dimension
be denoted d. )
We have a special point {t"} = Y77 — MY by Corollary W We deduce from Proposi-
tion that the preimage of Y/ under the map (A.6) has a stratification by
Y18 3 (S7 N Grl)
where 7 runs over the weights of V9" Therefore

(A7) d< m;dx(dimYﬁ”}’é, + (pg, v — 0")).
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A.5.4. Passage to Zastava model. By Corollary [3.5.2] it suffices to prove Proposition [A.5.2] after
base change to the Zastava model. Consider the fiber product diagram

X A’ Al X
AR yA

My % Grly o 2% My
which is the analog of - where we allow v € |C] to vary. We pull back along this diagram
for all A large enough. The corresponding diagram for strata is given by (5 . We x- pullback
with a shift by the fiber dimension of Y* 5 Mx. With this shift, the dlscussmn of §
implies that Lglob goes to a complex

?2,2,07,0" br7?,7,0",6"
Lﬂag € DC(Z )7

X g g . . . .
7A0%0 ), and the inequality is strict unless
?2,7,0",0"
L a,

which lives in usual cohomological degrees < — dim(Z

¢’ =0 and 6" = 6. The usual cohomology sheaves of are local systems.
To prove Proposition[A’5.2]it is enough, by the definition of the perverse t-structure, to prove
the following;:

Lemma A.5.5. Let 0',0",7,\,d be as above. Then we have
— dim(Z"M0") 4 2d < — dim Y™
and the inequality is strict if @ =0 and 0" # 7.
Note that the statement of the lemma has nothing to do with 6.
Proof. By we may assume that cxe = NP. Now it makes sense to talk about len(j\) for

A >0, cf. . By Lemma and Corollary n, we have that dim Y7 = len(X — 7) + L.
.

For o a weight of 7% , we have dim Y779 < (dlm yin—0" _ 1) by Proposition 1} unless

=p. If @ =0, then dlm Yi=70 = len(1) — ). Otherw1se dim Y7~ = len(ij — 7) + 1. We also
have (pc, v —0") = %len(ﬁ —0"). Therefore (A.7) implies that

(A.8) d< %len(ﬁ -0 6"

and the inequality is strict if @/ = 0 and 7] is not a Weight of V9.
In the case #' = 0 and 7] is a weight of V9 not equal to 6", we claim the inequality (A.§ - above

is still strict. Indeed, equality can only hold if » = v and an open subvariety of Y% x (S"ﬂGrG )
is sent to the special point ¢" under . However we know from Lemma m that every

irreducible component of S7 N GrG generlcally maps to the stratum M9 Thus if 7 # 6", the

inequality - is strict.
Thus to prove the lemma it suffices to show that

len(A— & — ") +1 =1len(s — 0’ — 0") +len(X — 7)) + 1 < dim(Z"70").
Proposition (twisted by C) implies that Z**¢ 0" has a stratification by
YA (s NGy x ¢,

where i ranges over weights of V%" (in part1cular v > 6"). By Corollary [3 n(u if yr-no’
maps to a connected component M of MX, then Y290 must map to the same connected
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23X gt g . . . . 5 a0 gt
720007 ig irreducible with dense open stratum Y*~9 - x C. Therefore

dim 27200 = Qim(Y*=0"0") 41 > len(A — 6’ — 6”) + 1, as desired. O

This completes the proof of Theorem [5.1.5
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