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Abstract. In this paper we show global well-posedness near vacuum for the binary—ternary Boltz-
mann equation. The binary—ternary Boltzmann equation provides a correction term to the classical
Boltzmann equation, taking into account both binary and ternary interactions of particles, and may
serve as a more accurate description model for denser gases in non-equilibrium. Well-posedness of
the classical Boltzmann equation and, independently, the purely ternary Boltzmann equation follow
as special cases. To prove global well-posedness, we use a Kaniel-Shinbrot iteration and related
work to approximate the solution of the non-linear equation by monotone sequences of super-
solutions and subsolutions. This analysis required establishing new convolution-type estimates to
control the contribution of the ternary collisional operator to the model. We show that the ternary
operator allows consideration of softer potentials than the one binary operator, and consequently
our solution to the ternary correction of the Boltzmann equation preserves all the properties of the
binary interactions solution. These results are novel for collisional operators of monoatomic gases
with either hard or soft potentials that model both binary and ternary interactions.

1. Introduction

We study global-in-time well-posedness near vacuum of the Cauchy problem for an exten-
sion of the classical Boltzmann transport equation (BTE) for monoatomic binary inter-
actions gases that includes ternary interactions. This equation, which can be viewed as
a model of a denser gas dynamics, has been recently introduced by two of the authors
in [5], who rigorously derived, from finitely many particle dynamics, the purely ternary
model for the case of hard potential interactions zone for short times. Moreover, it is seen
in [3] that the ternary collisional operator derived in [5] has the same conservation laws
and entropy production properties as the classical binary operator, which justifies that the
introduced ternary term can serve as a higher-order correction to the Boltzmann equation.
Such rigorous derivation of the full binary—ternary model is a work in progress ([4]). Let
us also mention that Maxwell models with multiple particle interactions have been studied
in [7, 8] for the space homogeneous case via Fourier transform methods.
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In this paper we provide the first rigorous analytical result that shows global-in-time
existence and uniqueness of mild solutions near vacuum to the binary—ternary model
and the purely ternary model on its own. By mild solutions we mean that the x-space
dependence of the solution is evaluated along the characteristic curves given by the Hamil-
tonian evolution of the particle system in between collisions (denoted by f*, which is
introduced in Section 2.2). The analytical techniques we use are inspired by the works
[6,13,14,16,19,20] and the more recent work of [1,2]. These techniques rely on finding
convergent supersolutions and subsolutions to the strong form of (1.1) in the associated
strong topology of space—velocity Maxwellian weighted in L°°-functions.

The binary—ternary Boltzmann transport equation we focus on is given by

{3zf+v~fo=Qz(f,f)+Q3(f,f,f), (t,x,v) € (0,00) x RY x R?, (L)

f0) = fo, (x,v) € R? xR?,

and describes the evolution of the probability density f of a dilute gas in non-equilibrium
inRY,d >2, given an initial condition fy: R? x R? — R, when both binary and ternary
interactions among particles can occur. The operator Q,( f, f) is the classical binary col-
lisional operator, which expresses binary elastic interactions between particles, and is of
quadratic order, while the operator Qs ( f, f, f) is the ternary collisional operator which
expresses ternary interactions among particles, and is of cubic order. For the exact forms
of the operators Q> (f, f), Os(f, f, f) used in this paper, see (2.1), (2.14) respectively.
We should mention that the purely ternary model, rigorously derived for short times in
[5], is given by

0f +0-Vef = 0s(f 1), (Lx0) € 0,00 xRIXRE,
£0) = fo, (x,v) e RY xRY, '
We refer to (1.2) as the ternary Boltzmann transport equation.
For the classical Boltzmann transport equation
f+v-Vof =0a(f. f). (t,x,v) € (0,00) x R? x RY, 13
f0) = fo, (x,v) e R? xRY, '

one way to obtain global well-posedness near vacuum is by utilizing an iterative scheme
that constructs monotone sequences of supersolutions and subsolutions that converge to
the global solution of (1.3). This has been carried out for the first time by Illner and
Shinbrot ([13]), who were motivated by the work of Kaniel and Shinbrot ([14]), who
in turn showed local-in-time well-posedness for (1.3) following this program. Later, this
work was extended by Bellomo and Toscani ([6]) , Toscani ([19,20]) and Palczewski and
Toscani ([16]) to include a wider range of potentials and to relax assumptions on initial
data. Alonso and Gamba ([2]) used Kaniel-Shinbrot iteration to derive distributional and
classical solutions to (1.3) for soft potentials for large initial data near two sufficiently
close Maxwellians in position and velocity space, while Alonso ([1]) used this technique
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to study the inelastic Boltzmann equation for hard spheres. Strain ([18]) remarks that
the estimates he derives can be combined with the Kaniel-Shinbrot iteration to obtain
existence of a unique mild solution for the relativistic Boltzmann equation.

Kaniel-Shinbrot iteration is also an important tool for proving non-negativity of solu-
tions; see for example [9, 10, 17]. Also, when initial data has decay in the direction of
x — v as opposed to x and v separately, Kaniel-Shinbrot iteration can be used to construct
solutions with infinite energy; see for example [15,23,24].

Certain problems have been solved by considering modifications of the Kaniel—
Shinbrot iteration. For example, Bellomo and Toscani ([21]) adapted the iteration to the
Boltzmann-Enskog equation. Ha, Noh and Yun ([12]) and Ha and Noh ([11]) also modi-
fied the iteration to prove global existence of mild solutions to the Boltzmann system for
gas mixtures in the elastic and the inelastic cases respectively. Also, Wei and Zhang ([22])
used another modified iteration to obtain eternal solutions for the Boltzmann equation.

The goal of this paper is to establish global existence and uniqueness of a mild solution
near vacuum to the binary—ternary Boltzmann equation (1.1) in spaces of non-negative
functions bounded by a Maxwellian. Moreover, solution of (1.2) follows as a special case.
Inspired by [2, 13, 14], we devise an iterative scheme that constructs monotone sequences
of supersolutions and subsolutions to (1.1). For small enough initial data, the beginning
condition of the iteration holds globally in time and the two sequences can be shown to
converge to the same limit, namely a function f that solves equation (1.1) in a mild sense.
This strategy requires new ideas given the fact that ternary interactions are also taken into
account in (1.1).

In particular, due to the presence of the ternary correction term, one needs to prop-
erly adapt the iteration, so that the corresponding supersolutions and subsolutions remain
monotone and convergent. One of the main tools is stated in Lemma 3.2, which provides
important exponentially weighted convolution estimates. This lemma not only recovers
the estimates developed in [2] for the binary interaction case, but also develops a new
approach in order to treat the ternary interaction case. Lemma 3.2 is crucially used to
obtain uniform-in-time, space—velocity L !-bounds that control the ternary gain and loss
terms (L>° L' estimates). In fact, using Lemma 3.2 one first obtains asymmetric estimates
(see Lemma 3.3) because of the asymmetry introduced by the ternary collisional operator,
which is not present in the binary case. However, to obtain convergence, it is essential to
have symmetry with respect to the inputs of the gain and loss operators. We were able to
achieve this symmetrization in Proposition 3.4. Finally, we also use Lemma 3.2 to prove a
global estimate for the time average of the gain and loss operators along the characteristics
of the Hamiltonian, see Proposition 3.7. With this, we were able to extend the argument
for controlling the binary time integrals of both gain and loss terms (see [2]) to the ternary
case by invoking properties of ternary interactions and a two-dimensional analog of the
time integration bound for a traveling Maxwellian.

With these tools in hand, for small initial data, the constructed iteration scheme is
proved to converge to the unique, global-in-time mild solution of (1.1). For more details
see Sections 4 and 5.
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Organization of the paper

In Section 2 we review the binary and ternary collisional operators and decompose them
into gain and loss forms. We then introduce some necessary notation and state our main
result (Theorem 2.10). In Section 3 we prove the convolution estimate and derive essential
bounds for the gain and loss operators. In Section 4 we inductively construct monotone
sequences of supersolutions and subsolutions which are shown to converge to a common
limit that solves the binary—ternary Boltzmann equation (1.1), as long as a beginning con-
dition is satisfied. Finally, in Section 5 we provide the proof of our main result (Theorem
2.10).

2. Towards the statement of the main result

The goal of this section is to present the precise statement of the main result of this paper.
In order to do so, we first review the collisional operators and decompose them to gain
and loss form in Section 2.1, introduce necessary notation and the notion of a solution in
Section 2.2, and then state the main result in Section 2.3 (Theorem 2.10).

2.1. Collisional operators

2.1.1. Binary collisional operator. The binary collisional operator is given by

02(f, ), x,v) (2.1
_ /SH B 0) (02 0) £(1.2.0) = F.x.0) £t 5. 00) do dn,

where
U =0, —V (2.2)

is the relative velocity of a pair of interacting particles centered at x, x; € R?, with veloc-
ities v, v; € R? before the binary interaction with respect to the impact direction

wi= 27T cgd-t 2.3)
|x — x1]
and
Vi=v+ (0w, vpi=v— (0w 2.4)

are the outgoing velocities after the binary interaction.
One can easily verify the binary energy—momentum conservation system is satisfied:
v+ v =v+ vy, (2.5)
012+ [y 2 = Jol® + o (2.6)

Either (2.4) or (2.5)~(2.6) imply

|u'| = |u|, whereu' :=v]—v". 2.7
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In addition, equation (2.4) yields the specular reflection with respect to the impact direc-
tion w:
w-u =—-w-u. (2.8)

In fact, it is not hard to show that, given v, v; € R¥, expression (2.4) gives the general
solution of system (2.5)—(2.6), parametrized by w € S4-1. The factor B> in the integrand
of (2.1) is referred to as the binary interaction differential cross-section, which depends
on relative velocity u and the impact direction w. It expresses the transition probability of
binary interactions, and we assume it is of the form

By(u, @) = [u|"by(il - ), 2 € (—d + 1,1], (2.9)

where 4 = \Z_I € S is the relative velocity direction and by: [—1, 1] — [0, o0) is the
binary angular transition probability density. It is worth mentioning that the case y; € (0, 1]
corresponds to hard potentials, the case y» € (—d + 1, 0) corresponds to soft potentials
and the case y, = 0 corresponds to Maxwell molecules.

We assume that the binary angular transition probability density b, satisfies the fol-
lowing properties:

*  by:[—1,1] — R is a measurable, non-negative probability density.
e byiseven,i.e.

bay(—z) = by(z) Vzel[-1,1], (2.10)

which, due to the property from (2.8), yields the binary micro-reversibility condition

bry(ii' - ®) = by(fi - ) Yo €S, Vv, v € RY, (2.11)

u

Tl € S is the scattering direction. In addition, relations (2.7), (2.9) and

where ti’ =
(2.11) yield

Bo(W',w) = Bo(u,w) Vo €S Vv, €RY. (2.12)

* The probability density is integrable on the sphere; i.e. for any fixed ## we have
-3

ba(it - w) € L' (S?~1) or, equivalently, b, (z)(1 —z2)2" € L'([-1,1]),forz =il - w,
and

1
||b2||L1(Sd—1) = |Sd72|/ |b2(Z)|(1 —22)% dz < oo, (2.13)
-1

where |S?72| is the volume of the (d — 2)-dimensional sphere.

Remark 2.1. The integrability condition on b, is weaker than the classical Grad cut-off
assumption, which assumes b, is a bounded function of z = # - w. So our result is valid
for a broader class of angular transition probability measures.

Remark 2.2. One can see that the usual hard sphere model is a special case of the form
(2.9) for
||

Y2 = 13 bZ(Z) = 7
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2.1.2. Ternary collisional operator. The ternary collisional operator is given by (see [5]
for details)

Q3(f. f. f)t.x,v)
_ /Sm-lszd B3, @)(f(t.x, v.0™) £(t.x.v.0%) f(t. x, v, v3)
— f(tx0) f(x01) £t x,v2)) deoy doy dvy dvy, (2.14)
where

Vp —V

u = (”‘ - ”) e R24 (2.15)

is the relative velocity of some colliding particles centered at x, x, x5 € ]Rd, with veloc-
ities v, vy, v» € R¥ before the ternary interaction with respect to the impact directions

vector
1 _
0 = (““) = (’“ x)eSZd—l, (2.16)
@2 VIx—x1? +x —xp2 \¥2 =X
nd (v1 =) + @3- (v2—)
% w1-(V1—v)t+wr-(v2—v
v =y 22 (w1 + w2),
14+ w;-ws
wy- (V] —v) + s - (vp —
A B ) e . k) Y 2.17)
14+ w-w
w1 - (V1 —v) + w2+ (V2 — V)
v =V l+ow “2
1°W2

are the outgoing velocities of the particles after the ternary interaction. It can be easily
seen that if v*, v}, v; are given by (2.17), the ternary energy—momentum conservation
system

v 4] + vy = v+ v + v, (2.18)
WP + vi? + 0312 = o + |ui > + |v2]? (2.19)

is satisfied. Expressions (2.18)—(2.19) also imply the ternary velocities conservation law
[0* —vf P+ v = o3P+ of =P = v —vi* + v —vaP + [vr —va]? (2.20)

For the postcollisional relative velocity, we will write

* *
ut = (l’j}k B z) (2.21)
2

and let us also define the quantities

lit] == /|v—v1]2 + [v — v2]2 + [v1 — V2|2, (2.22)

i*| = \/lv*—vﬂz—i—|v*—v§|2+|v’f—v;|2. (2.23)
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Then (2.20) can be written as
|a| = |a*], (2.24)

which is the ternary analog of the binary expression (2.7). Defining

= @t = (2.25)
|a] |a]
equality (2.20) implies &, #* € E2?~!, where
E*? = {1, v2) € R? 2 oi? + [ua? + i —vo* = 1} (2.26)

is a (2d — 1)-dimensional ellipsoid. The vectors u, #* are the ternary analogs of the rela-
tive velocity direction and the scattering direction of the binary interaction. Because of the
asymmetry of the ternary interaction they are not unit vectors, but they lie on the ellipsoid
E24-1 instead. However, for convenience we will refer to u, #* as the relative velocity
direction and scattering direction respectively.

The collisional formulas (2.17) also imply

®-u*f=—w-u, (2.27)

which is the ternary analog to specular reflection with respect to the impact directions
vector @ = (w1, ) € S~ Indeed, one has

w-ut=ow -V =)+ (v —vY)
2u - @
=u-0———(w1)* + o -0+ |02]*) = —w - u,
1+ wi-ws
which is equivalent to (2.27) due to (2.25).

The term Bj in the integrand of (2.14), depending on the relative velocity u € R2¢ and
the impact directions vector @ = (w1, ) € S2¢71, is the ternary interaction differential
cross-section, which describes the transition probability of ternary interactions. Recalling
|it| from (2.22) and & € E2¢~! from (2.25), we assume Bj takes the form

Bi(u,w) = |a|bs(it - w, w1 - w3), Y3 € (—2d + 1,1], (2.28)

and b3: [—1, 1] x [—%, %] — [0, c0) is the ternary angular transition probability density.
Since @ = (w1, w,) € S?4~1, the Cauchy—Schwarz inequality and (2.22) yield

_ _ _ ul
Iu-wlflul-lwl—ﬁfl. (2.29)
i

Moreover, for any @ = (w;, w;) € S?¢~!, the Cauchy—Schwarz inequality followed

by Young’s inequality yields
01> + |oa> 1
|1+ 2] < o] - Jao| = ———— = .

Therefore, for any @ = (w1, wy) € Sfd_l, the expression b3(# - @, w; - wy) is well
defined.
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In addition, we assume that b3 satisfies the following properties:
* by:[-1,1] x [-1, 1] - R is a measurable, non-negative probability density.

» b3 is even with respect to the first argument, i.e.
by(—z,w) = b3(z,w) V(z,w) € [-1,1]x[-1.1]. (2.30)
In addition, due to (2.27), the ternary micro-reversibility condition holds:
by(@* - w, 01 -w2) = b3(ii-@, 01 - w3) Yo €S Vv, eRY, (231)
and relations (2.28), (2.25) and (2.31) imply the total ternary collision kernel satisfies
Bi(u*,®) = B3(u,w) VYw € S*?7', Vv, v, v, € R?. (2.32)

«  The probability density b3 is integrable on S2¢~1 i.e.

[b3llL1(s2d-1) ==  sup de—l bs(v - w,w @) do < oo. (2.33)

2d—1
veE]

Remark 2.3. One can see that the ternary operator introduced in [5] is a special case of
(2.28) for

1|z

2VT+w’

Remark 2.4. Throughout the paper we assume that at least one of b,, b3 is not trivially
zero; one of the two, however, could be zero. If b3 = 0 we recover the classical Boltzmann
equation (1.3), while if b, = 0 we recover the ternary Boltzmann equation (1.2). As will
become clear, see for instance (2.77), the dependence on the sizes of b, and b3 is additive,
implying that the two collisional operators can be studied separately.

ys=1, b3(z,w) =

2.1.3. Gain and loss operators. It turns out to be more convenient to study the more
general collisional operators

02(f. ), x,v) (2.34)
= [Sd_l i By (u, w)(f(t,x, v)g(t, x,v}) — f(t,x,v)g(, x, vl)) dodvy,
03(f.g. M, x,v) (2.35)

:/ Ba(w. @) (f(t.x.v*)g(t. x. v))h(t, x, v})
S2d-1xR2d
— f(t.x,v)g(t, x,v1)h(t,x,v2)) dwy dw, dvy dv,.

Due to assumptions (2.13), (2.33), the binary—ternary operator Q»(f, g) + Qs (f. g, h)
can be decomposed into a gain and a loss term as

02(1.8) + Q3(f.8.h) = G(f.g.h) — L(f. g.h), (2.36)
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where

L(f.g.h) = La(f. 8) + L3(f. &, h).
G(f.g.h) =Ga(f.8)+ Gs(f.g.h).

The binary gain and loss operators G,, L, are given by

Ga(f, g)(t.x.v) = /

S4-1xR

By (u, @) f(t,x,v)g(t, x,v)) dwdv,
d

Lo(f. g)(t, x,v) = [Sd . By(u,w) f(t,x,v)g(t, x,v1)dw dvy,

“1xR

and are clearly bilinear. The ternary gain and loss operators L3, G3 are given by

Gs(f.g. h)(t.x.v) = / By(u.©) f(t.x.v")g(t.x. vD)
S2d—1xR2d
X h(t, x,v5) dwy dwy dvy dva,
Ls(f.g. h)(t.x.v) = [ B(u.©) f(t.x. v)g(t.x.v1)
S2d—1xR2d

X h(t, x,vz) dw; dw, dvy dv,,
and are clearly trilinear. Notice the loss term can be factorized as

L(f,g.h) = fR(g,h),

where R is given by
R(g.h) := Ra2(g) + R3(g. h),

R; is the linear operator

Ry(g)(t, x,v) := / . By(u,w)g(t,x,vy)dw dv,

—“IxR

and Rj is the bilinear operator

R3(g’ h)(tvx’ U) = / B3(uv(‘))g(t7x7 U])h(t,.x, U2) dCl)l da)z dvl de'

S2d-1xR2d

2.2. Some notation and the notion of a solution
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(2.37)
(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

Throughout the paper, the dimension d > 2, the binary and ternary integrability assump-

tions (2.13), (2.33) respectively, and the cross-section exponents

Vze(_d+1’1]’ 73 e(_2d+1’1]’

(2.47)

appearing respectively in (2.9), (2.28), will be fixed. Moreover, C; denotes a general

constant depending on the dimension d and can change value.
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2.2.1. Functional spaces. Let us introduce the functional spaces used in this paper. First,
in order to point out the dependence on positions and velocities, we will use the notation

Ly, :=L'R? xRY), (2.48)
LY, == L®[R? xRY), (2.49)

We also define the sets of space—velocity functions

Fey:={f :RY x R — R, such that f is measurable}, (2.50)
Fl, :={f € Fxy: f(x,v) 20, forae. (x,v) € R x R?}, (2.51)
Lyt =L, ,NF}. (2.52)

In general, for f, g € Fx ,, we write f > g iff f(x,v) > g(x,v) forae. (x,v) € R4 x R¥.
The same notation will hold for equality as well.
Given o, 8 > 0, we define the corresponding (non-normalized) Maxwellian M, g:
R? x R4 — (0, 00) by
My g(x,v) := e @XP=BlvE, (2.53)

We also define the corresponding Banach space of functions essentially bounded by M, g
as

Mg = {f € Frp i [l < oo}, (2.54)
where
1 bt = 11 f My pllLe, -

Mgy .
We will write f, —<£ 7 if

fu S f and sup 1 follae, 5 < 00 (2.55)
ne

My
It is clear that if f, LN f then f, € My g foralln € Nand f € Myg. If k € N and

M M M
fin =2 £, fon 2B for s frm =2 fr, we will write

Mo p
(frns-oos Jien) — (1o fio)-

We also define the set of a.e. non-negative functions essentially bounded by M, g as
My g = Map NFS, (2.56)
Given 0 < T < oo, we define the sets of time-dependent functions

Fr={f:10,T) > Fynu}, (2.57)
Fro={f:00.T) > F},}. (2.58)

and given f, g € Fr, we will write f > g iff f(¢) > g(¢) for all ¢t € [0, T'). The same
notation will hold for equalities as well.
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Finally, we define the following subsets of functional spaces:

C([0.7), Ly :=C°(0.7T). L} ,) N F, (2.59)
L (0.T), LyT) == Ly ([0.T). L} ) N F . (2.60)
L([0,T), L) := L®([0,T), Ly ) N Ff, (2.61)

and given «, B > 0, we define the Banach space of time-dependent functions uniformly
essentially bounded by M, g,

L=(0,T), Map) :={f € Fr : I flloo < o0}, (2.62)
with norm
oo = sup [F ) llagp- (2.63)
t€l0,T)

Notice that in definition (2.62), the supremum is taken with respect to all ¢ € [0, T'). We
also write
L°([0, T), M;Lﬂ) = L([0,T), Mq.p) N F. (2.64)

2.2.2. Transport operator. We now introduce the transport operator, which will be cru-
cial to define mild solutions to (1.1). Let us recall from (2.50)—(2.51) the sets of functions

Fyy = {f:Rd x R — R, such that f is measurable},
Fl,==1{f € Fep: f(x,v) 20, forae. (x,v) € R x R?}.

Consider a positive time 0 < T < oo (we can have T = o0) and recall from (2.57)—
(2.58) the sets of time-dependent functions

Fr:={f:10.T) = Fxp},
Fro={f:[0.T) > F/,}.
Given f € Fr, we define f* € Fr by
¥t x,v) = ft,x +tv,v), (2.65)

and f~* € Fr by
fHt, x,v) = f(t,x —tv,v).
Clearly, the operators #: ¥7 — Fr and —#: ¥ — F7 are linear and invertible and, in

particular,
@ = —#

Remark 2.5. Let f, g € Fr. Since the maps (x,v) — (x + tv,v) and (x,v) = (x —tv,v)
are measure preserving, for all ¢ € [0, T'), we have

frge ff>dfo >

In particular,
feFfe ffest o frert (2.66)
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Remark 2.6. Let f, g € F7. Since the maps (x,v) — (x + tv,v) and (x,v) — (x —tv,v)
are measure preserving, for all ¢ € [0, T'), we have

1 Ollpr, = 17 Oly, = 1/ Olly, Ve e 0.7). (2.67)
Relations (2.66)—(2.67) and linearity of the transport operator imply
JeCU0.T). L) & fFeCOo0.T). L) & [ e CO0.T). L), (2.68)

Throughout the manuscript, we will often define f* € F7 directly, implying that f is
defined by f := (f*)~*.

2.2.3. Transported gain and loss operators. In order to define mild solutions to (1.1),
it is important to understand the action of the transport operator on the gain and loss
operators. More specifically, given f, g,h € F7, for the gain operators we write

Gg(f’ g)(t,x,v) = (GZ(f? g))#(t’x’v)
:/ By(u,w) f(t,x +tv,v")g(t, x + tv,v]) dw dvy,
Sd-1xR4
Gi(f.8.M)(t.x,v) := (G3(f.8.h)*(t.x.v)
= / Bs(u,w) f(t,x + tv,v*)g(t, x + tv,v])
S2d-1xR2d

X h(t,x + tv,v3) dwy dws dvy dva,
G'(f.g.h)(t,x,v) := G3(f,8)(t, x,v) + G5(f.8, h)(t, x,v), (2.69)

and for the loss operators we write

Lg(f’ g)(tvx’ 'U) = (LZ(fv g))#(t’x» U)
=/ By(u,w) f(t,x +tv,v)g(t,x +tv,v1)dwdvy,
S4-1xR4
Lg(f’g’ h)(t’xvv) = (L3(f’g’ h))#(t’x’v)
:/ Bs(u,w) f(t,x +tv,v)g(t, x +tv,v1)
S2d-1xR2d

X h(t,x + tv,v2) dw; dws dvy dv,,
L*(f.g.h)(t.x,v) := LE(f. g)(t. x,v) + LY(f. 8. h)(t. x. v). (2.70)

Under this notation, it is straightforward to verify that

L5(f.g. (@) = fH(OR3 () (@),
L5(f.g.)(0) = fHOR5 (8. W)(@). (2.71)
L*(f.g.h)(t) = fH(O)R (g.h)(0).
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where

Ry(g)(1.x.v) := (R2(g)*(t. x,v) = / Bo(u, w)g(t, x + tv,v1) dw dvy,
Sd-1xR4
Ri(g. h)(1,x,v) := (R3(g. h))*(t. x,v)

= / Bs(u,w)g(t, x + tv,v1)h(t,x + tv,v2) dwy dws dvy dv,,
S

2d—1yR2d

R*(g.h)(t,x,v) := R: (g, x,v) + RY 3(g, h)(t, x,v). (2.72)

2.2.4. Notion of a mild solution. Using (2.36), the binary—ternary Boltzmann equation
(1.1) is written as

{atf—i-v-fo =G L. /)=L(f f.f). (t.x,v) €(0,00) xR? xR, (2.73)

f©0) = fo, (x,v) € R xR,

where the gain term G(f, f, f) and the loss term L(f, f, f) are given by (2.38)—(2.37)
respectively.

Here is where the importance of the transport operator will become clear. Indeed, using
the chain rule, the initial value problem (2.73) can be formally written as

{3tf#+ L*(f. f. /) = G*(f. f. /). (t.x.v) € (0,00) x R x R, (2.74)

FH0) = fo. (x,v) e R x R4,
Motivated by (2.74), we aim to define solutions of (1.1) up to time 0 < 7" < oo, with

respect to a given Maxwellian M,, g, where o, > 0.

Definition 2.7. Let 0 < T < o0, o, > 0 and fj € M;rﬂ. A mild solution to (1.1) in
[0, T), with initial data fo € M o 18 a function f € ¥4+ such that

@) f*eCO(0.7), L) NL¥([0.T), M),
() LALSL).GHL S ) € L2(0.T). L),

(iii)  f*is weakly differentiable and satisfies

f#
+ LY L) =GN L,

f#(o) = fo.

Remark 2.8. The differential equation of (2.75) is interpreted as an equality of distribu-
tions since all terms involved belong to L} ([0, T), L)lc’j,r).

(2.75)

loc

Remark 2.9. Remarks 2.5-2.6 imply that a mild solution f to (1.1) belongs to C°([0, T),
L)

2.3. Statement of the main result

Now we are ready to state the main result of the paper.
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Theorem 2.10. Let 0 < T < oo, o, B > 0. Then for any initial data fo € M;'ﬂ with

ol/2
l follae,p < T (2.76)
B o
48Kp(1+ - —61<ﬂ)
where
1
Kp = Calllb (A ———
p = CalIballisin (B + 7—)
1
—d -
+ 153111 (5201 (B +2d+y3_1)]>o 2.77)

and Cg is an appropriate constant depending on the dimension d, the binary—ternary
Boltzmann equation (1.1) has a unique mild solution f satisfying the bound

_ 1/4
- \/1 — 48K g0 21+ 20 foll,

I *llloo < (2.78)

—1/2 al/d
24Kgo (1 + 5 6Kﬂ)
Remark 2.11. As we will see, the uniqueness claimed above holds in the class of solu-
tions of (1.1) satisfying (2.78).

Remark 2.12. According to the assumptions on b, b3 made in Remark 2.4, Theorem
2.10 applies as well to the endpoint cases where either b, = 0 or b3 = 0 (but not both).
In the case b3 = 0, one recovers the solution of the classical Boltzmann equation (1.3)
constructed in [13], while in the case b, = 0, one obtains well-posedness of the ternary
Boltzmann equation (1.2) introduced in [5].

3. Properties of the transported gain and loss operators

In this section we investigate properties of the transported gain and loss operators, which
will be important for proving global well-posedness of (1.1).

3.1. Monotonicity and L!-norms

As we will see, the transported gain and loss operators are monotone increasing when
acting on non-negative functions. These monotonicity properties will allow us to construct
monotone sequences of supersolutions and subsolutions to (1.1). Moreover, we show that
the L'-norm of the gain is equal to the L!-norm of the loss. This equality will allow us
to reduce estimates on the norm of the gain term to estimating the norm of the loss term.
In the following, saying that an operator is bilinear/trilinear, we mean it is linear in each
argument, and saying it is monotone increasing, we mean it is increasing in each argument.
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Proposition 3.1. Let 0 < T < oco. Then the following hold:
(i) RE: ?T+ — 37T+ is linear and monotone increasing.
(ii) Lg, G’;, R’;: J*"; X 37; — 37T+ are bilinear and monotone increasing.
(i) Lg, Gg: 37T+ X 57T+ X fFT+ — 5‘7T+ are trilinear and monotone increasing.
Giv) L*, G*": .’F; X 3772" X 37T+ — 3773" and R*: 3773" X 5‘7T+ — 37T+ are monotone
increasing.
(v) Forany f,g,h € 37T+ , the following identities hold:
IG5 &) DIy, = IL5(f )L, Vi €[0,7),
IG5(fog. MOy, = IL5(f g Oy, Ve[0T, (3.1
IG*(fg. DO, = IL*(feHOlL, Ve e0.T).

Proof. Parts (i)—(iv) are immediate by linearity of the integral, positivity of the functions
considered and relation (2.66).
Let us now prove (v). We first prove (3.1) for the binary case. By (2.67) we have

IG3(£.e) Dy, = I1G2(f£. )DLy, Virel0.T),
ILS (£ )OIy, = 1L2(£8) @)y, Y1 e[0.T).

Therefore, for any ¢ € [0, T'), using (2.12) and the involutionary substitution (v’, v}) —
(v, vy), we obtain

1G3(/£. )OIy, = 1G2(£ )OI,

= / Ba(u,w) f(t,x,v)g(t, x,v}) do dvy dv dx
R3d xSd-1

= / By(u',w) f(t,x,v")g(t, x,v]) dw dvy dv dx
R3d xSd—1

= / By(u,w) f(t,x,v)g(t,x,v1)dw dvy dv dx
R3d xSd-1
= IL2(f. ) Ole, = IL5(L )DL,
We now prove (3.1) for the ternary case. By (2.67) we have

1G4(f.8. DIy, = 1Gs(f.g. MOy, Vi e[0.T),
IS g WOy, = ILa(fg. O]y, Vie[0.T).

Therefore, for any ¢ € [0, T'), using (2.32) and the involutionary substitution (v*, v}, v5) —
(v, v1, v2), we obtain

IG3(f. 8. D)Ly, = I1Gs(f.8. D)Ly,

= / Bs(u,w) f(t,x,v*)g(t, x,v))h(t, x,v5) dwy dwy dvy dvy dv dx
R4d xS2d—1
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= / Bi(u*, @) f(t,x,v")g(t, x, v])h(t, x,v5) dw) dwy dvy dvy dv dx
R4d xS2d—1

= / Bi(u,w) f(t,x,v)g(t,x,v1)h(t, x,v3) dwy dw, dvy dvy dv dx
R4d xS2d—1
= IL3(f 8. O, = IL5(Lg. DO 1, -

We finally prove (3.1) for the mixed case. By positivity, for any ¢ € [0, T'), we have

IG* (8. MDllL1, = IG3(f.8)(®) + Gi(f.g. (@)1,

= [G3(£.)D)y, +1G5(f 8. MOl
IL*(fog. WOy, = IL5(f.8)0) + L3(f.g. (D)L,

= |L3(£ )OIy, + IL5(f.g. DOy, -

Equality (3.1) for the mixed case immediately follows from the corresponding binary and
ternary equalities. ]

3.2. Convolution estimates

We now present a general convolution-type result, which will be essential for control of
the binary and the ternary collisional operators. These estimates will be of fundamental
importance in the proof of the L L! estimates (see Section 3.3) and the global estimate
on the time average of the transported gain and loss operators appearing in Proposition 3.7,
which in turn will be crucial for the proof of global well-posedness of (1.1). For the binary
case one can find similar convolution estimates in [2, 13, 14]. Here, our contribution is the
derivation of these estimates for the ternary case, since this is the first time global well-
posedness has been studied for such a ternary correction of the Boltzmann equation. The
estimates of the ternary term illustrate that consideration of softer potentials is allowed for
the ternary collisional operator.

Lemma 3.2. Let 8 > 0, g2 € (—d, 1] and q3 € (—2d, 1]. Then the following hold:

(1) Foranyv € R4, we have
/R ) ul2e PP quy < B2 (1 + o)), (3.2)

where u = vy — v, g5 = max{0, ¢2}, E; 4, IS given by

R34y = Cal(1 4+ B2 4+ =5 ) gsm0(a2) + (6792 + lso@2)] 33)

d+qs

and Cy is an appropriate constant depending on the dimension d.

(ii) Forany v € R?, we have

[ Ve PO G vy < B (1 o), (3.4)
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where |u| is given by (2.22), q; := max{0, g3}, K~g 45 is given by

R3gn = Cal(1 4 B+ 8725 ) 1gmo(ap) + (87 + luzo(@)] (5

)
2d + qs
and Cy is an appropriate constant depending on the dimension d.

Proof. We will rely on the elementary estimate
/ e Pl gy, < capmd? (3.6)
R4
and, given ¢ € (0, 1], on the estimate
[ ot v < (g1 [ e
R4 [v1]>1
<181+ [ jule P an
[v1]>1
< Cu(1+ 75, (3.7)

where |B{i | denotes the volume of the d -dimensional unit ball.

(i) We take separate cases for g, € (—d, 1].
* ¢ € (0, 1]: Since g, € (0, 1] we have

[ul? = v —v1]? < (Jv] + [v1)? < [V + |v]22.

Therefore

/ |u|qze—ﬂ|v1|2 dv, 5/ (lv|22 + |v1|qz)e—f3|v1\2 dv,
R4 R4
d
< Ca(1+ 72 + =551 + [v]®2), (3.8)

where to obtain (3.8), we use estimates (3.6)—(3.7) for g = ¢».
* g, € (—d, 0]: Since g < 0, estimate (3.6) implies

— 2 _ 2
/ v — vy |2e P11 gy, 5/ e Pl gy, +/ [v —v1]?% dvy
R4 lv—v1|>1 lv—vy|<1

— a1 / [ dy

lyl<1

1
= Cdﬂ_d/z + Cd/ rd=1%4a gy
0

= Ca(p + - iqz), (3.9)

since we have assumed ¢, > —d.
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(i1) We take separate cases for g3 € (—2d, 1]
* g3 € (0, 1]: Since g3 € (0, 1], we have
@] = ([v—v1]* + [v = val” + o1 — vz )/
< 28 (ol + [ui P + o)/

=2(10[%” + 1] + 2| ).

Therefore, Fubini’s theorem and estimates (3.6)—(3.7) applied for ¢ = g3 imply
/ ji[92e=BU P+ gy gy
R2d
= 2/ (0% + [v1]% + [v2]93)e B+ gy gy
R2d

< Cy(1+ B~ 4 B35 + ] ?). (3.10)

* g3 € (—2d, 0]: Recalling (2.22) and using the fact that g3 < 0, Fubini’s theorem and
estimates (3.6)—(3.7) imply

. B 2 > _ 2 2
|u|q3e B(v1]*+]|v2| )dvl dvz < |u|qSe B(v1*+|v2| )dvl dvz
R2d R2d

< / e—ﬁ(lv1|2+|vz|2) dvy dvy + / |u|? dvy dv,
|u|>1

|lu|<1

fcdﬁ_d+/ |ll|q3 dUl dU2

lul<1

— +f 1% dy

lyl<1

1
<Cip7¢ + Cd/ p2d=1+as g
0

= Ca(p + 5 @.11)

since we have assumed g3 > —2d.

Combining (3.8)—(3.10) and (3.11), we obtain (3.2)—(3.4). [

3.3. L°L1 estimates

Here we prove uniform-in-time, space—velocity L! estimates on the transported gain and
loss operators. These estimates will be of fundamental importance for the convergence of
the iteration to the global solution. As we will see, the ternary collisional operator intro-
duces some asymmetry which is not present in the binary case. For this reason, when we
use Lemma 3.2 we first obtain estimates in asymmetric form (see Lemma 3.3). However,
we will need a symmetric version of this estimate, which we derive in Proposition 3.4. To
achieve that, we crucially rely on properties of the ternary interactions.
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Recall from (2.47) the fixed cross-section exponents y, € (—d + 1, 1] and y3 €
(—2d + 1, 1]. For convenience, we define the function

Pras(@) = 14 0”2 + [v]"3 . (3.12)
Notice that, given ¢ > 0, 8 > 0, we have
PraysMap € Ly, (3.13)

Using Lemma 3.2 for g, = y, and g3 = y3, we obtain some of the asymmetric estimates
mentioned above.

Lemma 3.3. Let0 < T < ooanda, B > 0. Then there is a constant Cg > 0 such that the
following hold:

(i) Forany g,h € 3773" with g% h* € L*([0,T), M+ﬂ), and anyt € [0, T), we have

o,
0 < R3(&)(®) < Cpllg" o Pya,yss (3.14)
0 < R3(g. 1)) = Cpllg ool oo Pys.ys- (.15
0 = R*g, () = Cpllg oo (X + 12"l cc) Pyay- (3.16)

(ii) Forany f,g,h € 377:", with f*, g% h* € L>([0,T), ‘M+3)’ andt € [0,T), we have

o,
ILS5 (LDl 1G5 Oz, = Callg*llooll F* O Pyaysliy, . (B17)
IL5(f g MOlge,. 1G5(Lgm)Olzr, = Callg”lloollA*ll o

X1 O Pyayslizy,» (3.18)
LA g O, 1GHL g DO, < Callg* e + 1A llo0)
<N f* O pyaysliLy,- (3.19)
Moreover,
L*(f.g.h). G*(f.g.h) € L®(0.T), L) (3.20)

Proof. We prove each claim separately.

« Proof of (i): Positivity follows immediately by the monotonicity of R, R%, R* on ?F
(see Proposition 3.1). Since gt hnte L*>([0,T), M:ﬂ), for any ¢ € [0, T"), we have

0<g(t,x,v) < |||g#|||Ooe_"“"_“’lz_/’?|"|2 for a.e. (x,v) € RY x R?,

(3.21)
0 < h(t.x.v) < |h*|l e @ P=BF  forae. (x,v) € R? x RY.

Recalling the fact that R*(g,h) = R%(g) + R%(g, h), it suffices to prove estimates (3.14)—
(3.15).
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Let us first prove (3.14). For a.e. (x,v) € R24 | estimate (3.21) and Lemma 3.2 (i),
applied for g» = y» and g3 = y3, imply

Ra(g)(7, x,v) < ||b2||L1(Sd—1)/d lul"2g(t, x,v1) dv,
R

Bl |2
= ||b2||L1(Sd—1)|||g#|||oo[Rd [u|”2e Bluil dv,

.
< Cpllg™lloo (1 + [v]"2)
< Cllg* oo Pya.ys (V). (3.22)

Since the right-hand side of (3.22) does not depend on x, we obtain (3.14).
Let us now prove (3.15). For a.e. (x,v) € R24 estimate (3.21) and Lemma 3.2 (ii),
applied for g = y, and g3 = 3, imply

R3(g, h)(t, x,v) < ||b3||L1(S2d*1)/2d la|"g(t, x, vi)h(t,x, v2) dvy dv,
R

~ — 2 2
< 10l ol ool [ 117260041 oy v,

+
< Callg* oo A lloo (1 + [v]75)
< Calllg™ oo 12"l oo Pya,ys (V) (3.23)

Since the right-hand side of (3.23) does not depend on x, we obtain (3.15).
Estimate (3.16) follows by the fact that R*(g, h) = Ri(g) + R4(g, h).

* Proof of (ii): We first prove the claim for the loss operators. Positivity follows immedi-
ately from the monotonicity of L%, L’;, L*on 3773" . Estimates (3.17)—(3.19) follow directly
from (2.71) and part (i). Moreover, estimate (3.19) implies (3.20) since f*, g*, h* €
L®([0,T), My ) and py, 5, Mg € Ly, by (3.13).

For the gain operators, positivity follows immediately from the monotonicity of G,
Gg, G* on 37T+. Estimates (3.17)—(3.19) and (3.20) come from (3.1) and the estimates for
the loss operators. ]

Notice that bounds (3.17)—(3.19) are only with respect to the first argument f.
Although this is not an issue in the binary case, where the gain and loss collisional oper-
ators are symmetric with respect to the inputs in the L!-norm, this is not the case for the
ternary operators. In order to treat this asymmetry, we need to derive estimates with respect
to all three inputs of the ternary gain and loss collisional operators. This is achieved in the
following result

Proposition 3.4. Let0 < T < oo and a, B > 0. Consider f1, f>, f3 € 37; with i, f5,
fieL>(o,1), M:ﬂ). Then there is a constant Cg > 0 such that, for any permutation
w:{1,2,3} — {1, 2,3}, the following estimates hold for any t € [0, T):

IL5CA. O, 1G5 Oy, < Coll AN AL Opyallis,. (3.24)
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ILS(fis foo SOy, 1G5 fos )DLy, < Cll £ Mol fs o

< fay O Ppaallpr,.  (3:25)
IL*(fis for YOI, 1GHfL fo Oy, < Coll f o U+ A0
<t OPpallrr,-  (326)

Proof. By (3.1), the triangle inequality and Lemma 3.3 (ii), the proof of (3.24)—(3.26) for
the loss term reduces to showing the following estimates:

IL5 i 2Oy, < Coll ool S5 Praalizy, - (3.27)
IL5(f1s £ 5)OIr, < Coll A ool £ Moo 115 Pyt - (3.28)
ILSCfr for 5 ONr, = Coll Aol A5 Mool f5 Pyssyslly - (3.29)

* Proof of (3.27): Performing the involutionary change of variables (v, v;) — (vy, v) and
using (2.10), for any ¢ € [0, T), we have

IL2(f1. f2) DIy, = 1L2(f2. OOy, = ||L§(f1,f2)(f)||L;,u= IL5(f2 SOOIy, -

The claim comes from Lemma 3.3 (ii).

* Proof of (3.28): Here the proof is subtler because the inner product # - @ is not sym-
metric upon renaming the velocities. However, we will strongly rely on the fact that the
expression
> = [v—vi]* + [v— v + |v1 — v2?,
given in (2.22), is symmetric with respect to the inputs v, vy, V5.
Since fl#, f3# € L*°([0,T), M+ﬁ), forany t € [0,T) and a.e. (x,v) € R x RY, we

a,
have

0< fit.x.v) < I/ lge @ PP < 1l e P Vi e (1.3} (3.30)

Using (2.67), the change of variables (v, v;) — (v1, v), bound (3.30), Lemma 3.2 (ii) and
the fact that p,, ,, is invariant in space, we obtain

ILE(fr. fa Oy, = ILs(f1. fas 3,

< ||b3||L1(S2d—1)[I;4d | fi(z, x, v)[ | f2(t, x, v)| [ f3(2, x, v2) | dvi dvp dvdx

= 163l s2a-1) /B;M('” — 1?4+ v =02 + o1 — 022 fi(t. x. V)
x | fa(t, x,v1)| | f3(, x, v2)| dvy dva dv dx

= 1163l L1 (s2e-1y /RM('“ — 1P+ v = 02 + o1 — 02|72 fo(t, x, V)]
x| fi(t, x,v1)|| f3(t, x, v2)| dv1 dva dv dx

< ||b3||L1(S2d—1)A;4d @7 fa(t, x, 0)[ | f1(t, x, v)| [ f3(2, x, v2) | dvi dvp dvdx
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= ||b3||L1(S2d—1)/ |fz(f,x,v)|/ ] f1(z, x, v1)]
R4 xR4 R24
x | f3(t, x,v3)| dvy dva dv dx
=< ”b3||L‘(82d—1)|||f1#”|oo|||f3#|||oo/ | f2(2, x, v)]
R4 xR4
% / |ﬁ|73e—ﬂ(\v1|2+|v2|2) dvy dvy dv dx
R2d
< Call A Mool S5 Moo 1 2O Prays i,
= Coll SN oo 1 13 o I CS20) Pyl

= Cll Moo N 3 Moo 115 @ Pys sl -
* Proof of (3.29): This follows in a similar way to the proof of (3.28).

Estimates (3.24)—(3.26) for the loss operators follow. Estimates for the gain operators
follow from (3.1) and the estimates for the loss operators. The proof is complete. ]

Proposition 3.4 also implies an L !-continuity result for the transported gain and loss
operators.

Corollary 3.5. Let0 < T < oo and «, ,3 > 0. ﬂori € {1,2, 3}, consider some sequences
(fin)n C 37T+ and f; € ?TJ" such that ¥ (t) —= f(t) forallt € [0, T). Then, for all
t € [0, T), the following convergence holds.

(L#(fl,n’ fZ,n’ f3,n)(t)» G#(fl,ns f2,nv f3,n)([))

2 (L, 200 G'(fi. fo f)D) asn o0, (33D)
Proof. Fixt € [0,T). Since (t) f#(t) forany i € {1,2, 3}, we have

f”,(t) N ALO) Sug{l FOLIF Ol < CMgp, (3.32)
for some constant C > 0. Thus
fin®) => fi(0), sup {1 fen (O 1 O]} < CMo o). (3.33)

Let us first prove (3.31) for the loss case. By (2.37) and the triangle inequality, it suffices
to prove

ILAfins Fo) @) = LACAL )OIy, ——> 0, (3.34)
ILS(fims foms f30)@) = L5 (f1s fo, [5) O, % 0. (3.35)

* Proof of (3.34): Using bilinearity of L4, bound (3.33) and monotonicity of L%, we have

ILS(fins So) @) = L5 (fis )OI,
< IL5(fin = fis o) Ollpy, + L5 (f1s fom = )11,
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< CILEfim— 1 MOy, + CILAMZS. fou — Ol
< CoUIULn @) = [ OV Pyasllr, + Col (S50 (@) = 5O PraallLr,). (3:36)
where to obtain the last inequality we use (3.24) from Proposition 3.4 and || Mo g [, , = 1.

By (3.32) and the dominated convergence theorem, each of the terms in (3.36) goes to
zero as n — oo and (3.34) is proved.

* Proof of (3.35): Using trilinearity of L%, bound (3.33) and monotonicity of L¥, we have

ILEfrns foums F3n)(@©) = LE(f1. fo O,
< IL5(f1n = f1s foms i) Dy, + L5 fon = fos i) DIy,
+ L5 fos fam = f3)ne,
< CILAfim — fis Myl M)t + CILAM Y fom — fo MO,
+ CILS My My, fan — fD)Iy,
= Cﬂ(”(fl#jn @) = fO) Pya.ys iy, +Cg ||(f2#n (1) = 15(0)) Pya.ys iy,
+ Coll(f5,@) = f3(1) Pyays Iz, (3.37)
where to obtain the last inequality we use (3.25) from Proposition 3.4 and || Mg [l ¢, ;= 1-

By (3.32) and the dominated convergence theorem, each of the terms in (3.37) goes to zero
as n — oo and (3.35) is proved. Combining (3.34)—(3.35), we obtain (3.31).

The gain operator convergence follows by a similar argument. ]

3.4. A global estimate on the time average of the transported gain and loss
operators

Here, we prove Proposition 3.7, which provides upper global bounds for the time average
of the transported operators. These estimates will be essential to prove that the necessary
beginning condition (4.49) for the convergence of the iteration holds globally in time for
small enough initial data (see Section 5). For the binary case and soft potentials, these
bounds were established in [2]. However, the presence of the ternary collisional operator
requires new treatment which strongly relies on the properties of ternary interactions.

Before stating Proposition 3.7, we provide the following auxiliary estimate for the
time integral of a traveling Maxwellian which will be used in the proof of the result for
n = d in the binary case and n = 2d in the ternary case.

Lemma 3.6. Letn € N, xg,uo € R”, withug # 0 and a > 0. Then the following estimate

holds: o
/ e~ho—muol” g < ﬁa_l/zluol_l.
- 2
0

Proof. By the triangle inequality we have

|luol — |xo0l| < |xo — Tuol = gm0t < pmalthuol—lxol® yr > g
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Therefore, integrating in t, we obtain

© 2 o0 2 © 2
/ e~ lxo—Tuol drg/ e~ (zluol=Ixol) drSa_1/2|u0|_1f e dy
0 0

0
T
< %a—1/2|u0|—1’

and the estimate is proved. ]

We now state and prove Proposition 3.7. Given f € L*°([0, T'), Mg g), recall from
(2.63) the norm

I lloo = sup [l F ()]st

t€l0,T)

Proposition 3.7. Let0 < T <ooanda, B > 0. Then, forall f,g,h € Fr with f*, g* h* €
L°([0,T), My g), the following bounds hold for any t € [0, T):

* For the binary operators,

t t
/OILZ*(f,g)(T)IdL /0 G3(f. )@ dt < Kpa > My gl fHlloollg*lloo:  (3:38)

* for the ternary operators,

t t
| iscremolan [(165 s DOl = Kgo™ Mg
<L ool Mool lloo: (3:39)

* for the mixed operators,

t t
/ IL*(f, g.W)|(x) d. / G*(f.g. (@) dt < Kga /My g (3.40)
0 0
< 1 lleollg oo (1 4+ 11A¥lloo):

where

B 1
Kpg = Cd|:||b2||L1(Sd’l)(’B "+ m)

1
—d -
+ ||b3||L1(S2d71)(ﬁ S e 1)] (3.41)

Proof. We prove each of the estimates separately.

* Proof of (3.38): As mentioned above, these bounds were established for the soft poten-
tial case in [2]. Here we also treat the hard potential case. Since L%, G§ are bilinear, we
may assume without loss of generality that

1/ *lloo = llg*lloe = 1. (3.42)
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Let us first prove it for the loss term. For any ¢ € [0, T) and a.e. (x,v) € R?4, relation
(3.42), followed by an application of Lemma 3.6 forn = d, xo = x, ug = u, the fact that
—d + 1 < y <1 and an application of Lemma 3.2 (i) for ¢, = y, — 1 imply

t
| 1o lar
0
t
<eallsey [ [ WL ool gt + rv,vn)l dvr de
0 JR
t
= Woallron, [ [ P17 )€+ w0 = v). )l do duy d
0
t
< ||b2||L1(Sd—1)Ma’,3(.X,U)/ / |u|V2e—a|x+t(v—v1)|2_ﬂ|v1|2 dvy dt
0 JRY
2 © 2
< alrson Map (o) [ ale#P [ = emebmil e gy,
R4 0
T 1 — 2
< ||bz||L1(sd-1)§a Y2 Mo p(x.0) A; S utem Pt dv,

N -
= ||b2||L1(Sd—1)TK§,yz—1a l/zMa,ﬂ(X»U)

< Callballpgene (872 + Map(x.v), (3.43)

1
d+y>— 1)
where Cy is an appropriate constant depending on the dimension d. To obtain (3.43) we
used (3.3) and the fact that g, = y», — 1 < 0. Estimate (3.38) for the loss term follows.

To prove (3.38) for the gain term we will use the identity

x+t(—=v)+|x+ (- v'l)|2 = x>+ |x + (v —v))|% (3.44)
which follows from the binary conservation of momentum and energy,
v v = v+,

(3.45)
W2+ P = vl + o

Forany ¢t € [0, T) and a.e. (x,v) € R24, (3.42) and (3.44)—(3.45) imply
t
[ 16w opar
t
=< / / [u”2by(ti - w)| f(z,x + Tv,V)||g(z,x + TV, v])| dwdvy dT
0 JSd-1xR4

t

:/ / b2 (@ - )| fH(z, % + T(v = V"), V)]
0 JSd-1xR4

x |g*(r,x + (v —v}), v}))| dw dv; dt

t
</ / 72y (i1 - )e— X HTOVIPHx+TVDP) =B P+ g, 4y, de
—Jo Jsd-1xrd

t
= IIbzllLl(sd—l)Ma,ﬂ(x,v)/ [d u|72 e~ tr—vDP=Bluil® gy g, (3.46)
0 JR
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Combining (3.46) with an identical argument to the one used for the loss term, we
obtain

t
[ 1650w x v < Callalla gy (52 + My p(x.0),

(3.47)

1
1)

and estimate (3.38) for the gain term follows.

* Proof of (3.39): Since L%, G% are trilinear, we may assume without loss of generality
that

1/ *lloo = Ng*lloo = llA*llloo = 1. (3.48)

Let us first prove (3.39) for the loss term. For any ¢ € [0, T) and a.e. (x,v) € R24,
(3.48) implies

t
/0 ILA(f g )z x.v)| d

t
<ol [ [ a1+ w0l (e + v
o JR
X |h(t,x + tv,v2)| dvy dvadt
t
= ||b3||L1(SZd’1)/ / @[] f*(z, x,0)| [g*(z, x + T(v — v1), v1)]|
0 R2d
x |h*(t,x + (v — v2),v2)| dvy dvp d T
t
~ —, — 2 _ 2
< 10l oy Map ) [ [ et
x e~ BUv1P+lv2]?) dvy dv, dt

~ — 2 2
< ||b3||L1(§2d—1)Ma,’3(x,U) /1;2,1 |u|"2e B(v1*+|v2|*)
o0 2
x / e g dvy dvs, (3.49)
0

where in (3.49) we use the notation

X = (x) G]Riz’i, u= (vl —v) e R,
X vy — U

Notice that by the triangle inequality and Young’s inequality we have

a> = [v—vi]* + v — v + v — w2

<fo—vil+ -0+ (v—vi] + v —v2)?

<3(lv—vil* + v —v2?)

= 3|ul?. (3.50)

Therefore, an application of Lemma 3.6 for n = 2d, xo = x, ug = u, followed by (3.50),
the fact that —2d + 1 < y3 < 1, and an application of Lemma 3.2 (ii) for g3 = y3 — 1
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yield
! #
[ 14w
0

o0
< ||b3||L1(§2d71)Ma,,3(x,v)/ |ﬁ|y3e—ﬁ(\v1|2+|vz\2)/ o lx—Tul? dedvy dv,
R24 0

Nz
= l1bsllzr(s2a-1 =5

Ol_l/zMa,ﬂ(X, v)/ |ft|y3|u|_le_ﬂ(|“1|2+|”2|2) dvy dv,
R2d

3
6

V3m

< ||b3 ||Ll(82d_1)TKg,m—lail/zMa,ﬂ (X, U)

< ||b3||L1(S2d—1) a_l/zMa,ﬂ(X, U) /D;Zd |a|73—le—ﬂ(|vl\2+|v2|2) dvl dv2

< Callballp a2 (87 + Mo,p(x.v). (3.51)

2d+)/3—1)

where Cy is an appropriate constant depending on the dimension d. To obtain (3.51), we
used (3.5) and the fact that g3 = y3 — 1 < 0. Estimate (3.39) for the loss term follows.
To prove (3.39) for the gain term we will use the identity

X+t —v")* +|x + (=) + |x + (v —v3)|?
=P+ Iy +t@ —v)? + |x + 10 - v2) (3.52)
following from the ternary conservation of momentum and energy,

V¥ v + vy =v+ v+ v,

. . . (3.53)
02+ TP+ (o317 = P + o1 P + o2

Foranyt € [0,T) and a.e. (x,v) € R24, by (3.48) and (3.52)—(3.53) we obtain
t
| 164 gmolar
0
t
< / / @) bs3(@1 - 0, w1 - @2)| f(T,x + 7v,0)||g(T, x + TV, V])|
0 Js2d-1xR2d
X |h(t,x + tv,v3)| dw dwy dvy dva dt
t
[/ @b+ @. 01 - 02)| £z x + 70 = 0%).0")]
0 Js2d-1xR24d
x |g¥(t, x + t(v —v}), vP)| | (T, x + (v — v3),v})| dwy dwy dvy dvy dT
t
< / / |ﬁ|y3b3(l_l @, 0] - wz)e—a(lx-i-r(v—v*)|2+|x+r(v—v’f)|2+\x+r(v—vg)|2)
" Jo Jszd-1xR2d ’
x e BUVPH TP +v3 ) dwi dw,y dvy dvydt
t
= ||b3||L1(S2d—1)Ma’/3(X,U)A Azd |ﬁ|1’3e—a(\x+r(v—v1)l2+|x+r(v—vz)|2)

x e~ Bv1P+lv2l?) dvy dv, dt
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~ _ 2 2
< ||b3||L1(S2d—1)Ma,ﬂ (x,v) /1‘{241 |i|2e B(lv1|>+[v2[*)

o0
x / e~ =Tl g vy, dv,. (3.54)
0

Combining (3.54) with an identical argument to the one used for the loss case, we
obtain

! 1
GH(f.g.h) (D) dt < Callb . —1/2(—d —)M ),
| 1638l dr = Calbslse (B + 5t ) Mup(.0)
(3.55)
and estimate (3.39) for the gain term follows.
* Proof of (3.40): It follows directly from (3.38)—(3.39). [ ]

4. The Kaniel-Shinbrot iteration scheme and the associated linear
problem

In this section we present the Kaniel-Shinbrot iteration scheme, which will then be used
as the heart of the construction of a global solution in Section 5. This scheme is motivated
by [13, 14]. However, the presence of the ternary collisional operator, in addition to the
binary collisional operator, required a modification of the original construction.

In particular, we outline the construction of the Kaniel-Shinbrot iteration that we will
use in this paper. Formally speaking, given an initial data fy, we construct an increasing
sequence (I, )nen and a decreasing sequence (U, )neN, With [, < u,,, through the iteration

a;i_l: +v-Vily = Glu—1.ln—1,ln—1) — Lln, up—1,upn—1), @.1)
In(0) = fo.

duy

dr +v-Veu, = G(un—ls Up—1, un—l) - L(urh In-1, In—l)a (4.2)
un(0) = fo.

We will see that the sequences I, u, converge to the same limit, namely a function f,
which will be the solution of the binary—ternary Boltzmann equation (1.1).

To make things rigorous, we first study an associated linear problem, and then induc-
tively apply these results, together with the estimates derived in Section 3, to establish that
the Kaniel-Shinbrot iteration converges to a solution of (1.1), provided that an appropri-
ate beginning condition is satisfied. This solution will be unique in the class of functions
uniformly bounded by a Maxwellian.

4.1. The associated linear problem

Here, we prove well-posedness for a linear problem associated to the iteration scheme
(4.1)—(4.2). More precisely, given some functions of time g, #, we show well-posedness
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up to time 0 < 7" < oo of the linear problem

{8,f+v-fo=h—L(f,g,g), (t,x,v) € (0,T) x RY x R4, 3

f(0) = fo, (x,v) € R? x R¥.

Definition 4.1. Let 0 < T < 00, @, > 0, fo € Ly, g* € L®([0,T), M 5) and h* €
LL.([0,T), Ly3). We say that a function f € F; with

@ ffeC(0.T). Lyy).

(i) L*(f.8.8) € Lipo([0. 7). L),

(iii)  f*is weakly differentiable and satisfies

df# # _L#
F40) = fo,

is a mild solution of (4.3) in [0, T') with initial data fy € L,IC’I.

Remark 4.2. The differential equation of (4.4) is interpreted as an equality of distribu-

tions since all terms involved belong to L1 ([0, T'), L)lc’j,r).

Remark 4.3. Remarks 2.5 and 2.6 imply that a mild solution f to (4.3) belongs to
C°([0.T), Ly3).

For technical reasons, we first prove well-posedness of (4.3) under the additional
assumptions

foe Ml 0<h*(0) < Ce " Myg, Viel0,T), (4.5)

for some constant C > 0. Clearly, if (4.5) holds, then fj € L,lc’j,r and h* € L}OC([O, T), L,IC’,;"),

thus (4.5) is a stronger assumption than those appearing in Definition 4.1. This additional
assumption will be removed later using an approximation argument.

Lemma 4.4. Let 0 < T < oo and «, B > 0. Consider fo, h satisfying (4.5) and g* €
L*°([0,T), M;”,ﬂ). Then there exists a mild solution f of (4.3) with f# e L*®([0, T),

eM; 5). Moreover, || f*()|| L1, is absolutely continuous and satisfies

t
1Ol + [ 180l dr
t
= lallzy, + [ W@l dv vee.1), 46)
L |
Proof. Since g* € L*>([0,T), M:ﬂ), Lemma 3.3 (i) implies

0= R"g.£)(1) = Cpllg"lloo(l + g o) Pyarys V2 €10.7), 4.7
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for some constant Cg > 0 depending on 8. We define f by
t
70= foesp(~ [ K00 do)

+ /t h* (1) exp(— /t R*(g,9)(0) da) dt, t€][0,T). 4.8)
0 T

By (4.5), (4.7) and the fact fo € M T f*1is well defined and satisfies the bound

0=/ = fot fh#(r)dr<(||fo||mﬂ+6‘/_) wp VLEOT), (49)

thus f > 0 and

1 e L=(0,T), My p). (4.10)
Let us now show that f# € C°([0,T), Lx’,v ). Forany ¢, s € [0, T), expression (4.8) yields

£ @6) = fH )l

- ‘[fo exp(— [ ®eoe do) + [ exp(— [ R0 do) dr}
X [exp(— ftR#(gyg)(o) do) — 1] + /th#(r) exp(—/tR#(g’g)(o) do) dt|,

and therefore by (4.5), (4.7), we may find a positive constants Cy, , > 0 such that

|f#(t) - f#(s)l = Cfo,g,hMa,ﬂ (1 — e_cfoyg,h‘t_ﬂl’yzvys)

+ Crenlt —s|Myp VYt e[0,T). 4.11)
Using the elementary inequality 1 —e™ < x, for all x > 0, we obtain
[£5O) = fH )| £ 2Ch enlt = 51Pysys Map V1 €[0.7). (4.12)
Integrating (4.12) we obtain
LF*@) = f* Oy, < 2Chenlt —s| Vios €[0.7), (4.13)

since py,,y, Mo g € L)lc’,;". We conclude that f# € C°([0, T), L)lc’j,r , and therefore f €
Cc([o,T), L,lcj;"). In particular, bound (4.13) implies that f is actually Lipschitz continu-
ous.

Since f*, g* € L>°([0,T), =M+/3) Lemma 3.3 (ii) implies

L#(f’ g, g) € Loo([o’ T)’ L ) < Lloc([o’ T)’ L)lc’,j) (414)

Finally, by (4.5), (4.14), representation (4.8) and the dominated convergence theorem,
we conclude that f* is weakly differentiable and satisfies

#
L (e =

f (0) = o

and thus it is a mild solution of (4.3).

(4.15)
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Integrating (4.15), the fundamental theorem of calculus and the fact that f# €
CO[0.7). L), L*(f.8.) and h* € L}, ([0.T). Lyy). imply

loc

f#(t)—i—/ L*(fg.9)(v)dt = f0+/ h*(t)dt Vte[0,T). (4.16)
0 0

Using the non-negativity of all terms involved in (4.16), and Fubini’s theorem, we obtain
(4.6) and absolute continuity of || f(¢)| .1 follows. The proof is complete. L]

Since the gain operator does not satisfy (4.5), it will be convenient to relax assumption
(4.5)to0 fo e Ly, bt € LL ([0, T), LY). As in [14], the idea is to approximate fp,
h* in the L }C’U—norm with a monotone sequence of solutions occurring from a repeated

application of Lemma 4.4. We obtain the following well-posedness result.

Proposition 4.5. Let0 < T <ooanda, > 0. Consider foe Ly, g*€L®([0,T), M )
and h* € L1 ([0, T), L)lc’j,_). Then there exists a unique mild solution f of (4.3). In par-

loc
ticular, f* is given by

£ = fo exp(— [ ®eo0 do)
0

+ /t h* (1) exp(— /t R*(g,2)(0) do) dtr, te][0,T). 4.17)
0

T
Proof.

» Existence: Given n € N, let us define

if fo<nMgysg,
fomi= 0 T Jo=nMap (4.18)
nMypg if fo>nMypg,
and )
h*(t if h*(1) <ne ™" My,
W=, O =ne M (4.19)
ne " Mypg ifh*(t) >ne™" Myp.
It is clear that fj ,, &, satisfy condition (4.5) for all n € N and that
0<fon . fo asn — oo, (4.20)
Vi el[0,T): 0<ht@t) /h*{t) asn— oo 4.21)
Then the monotone convergence theorem yields that
| foullzs, / I folly, — asn— oo, (4.22)
vVt el[0,T): ||hf,(t)||L)1(v S ||h#(t)||L)1w asn — oo. (4.23)

Moreover, since fo € L}, and h* € L ([0, T), LY, relations (4.20)—(4.21) and the

loc
dominated convergence theorem yield

L,
forn —> fo asn — oo, 4.24)
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Ly,
forae.t €[0,T): hi(t) — h*(t) asn — oo, (4.25)
t L,lv,v t
vVt €[0,T): /0 hﬁ(r)dr —>/0 h*(t)dt asn — oo. (4.26)
Let f, € .‘FT"' be the mild solution to the problem
dfn
R -V =h,—L » 85 )
di +v- Vi fa n (fn:.8.8) 4.27)
fn(o) = fO,n,

constructed in Lemma 4.4. Let us note that Lemma 4.4 is applicable for all n € N since
Jo.n» hn satisty (4.5). Hence, fn# satisfies
art
d_;l + L#(fns g, g) = h?zv
I3 0) = fon,

(4.28)

and is given by the formula

FHO) = fon exp(— [ ®e.o0 do)
0

+ /t hf,(r) exp(— /t R*(g.2)(0) do) dr, te][0,T). (4.29)
0 T

Also by (4.6), given t € [0, T'), we have the bound
t
sup [L££ )l < sup(nfo,nnL;,v + / I @)L, dr)
neN neN 0

t
<ol + f 1)l de < oo, (4.30)
=y |

where to obtain the last bound we use (4.22)—(4.23), the fact that R*(g, g) > 0 (by mono-
tonicity of R*and g > 0), fo € L}C’v and h* € Llloc([O, T), L)lc’j).

Since the sequences (fo.n)n, (h#(t)), are increasing and non-negative for all 7 €
[0, T), formula (4.29) implies that the sequence (f,¥(¢)), is increasing for all 7 € [0, T).
Let us define

@) = lim fH@).
n—o0

Clearly f > 0. By the monotone convergence theorem and bound (4.30) we obtain that
) e L,IC:?,L forall ¢ € [0, T). Then the dominated convergence theorem implies

L,
viel0,T): fFe) —= f*(t) asn— oo. (4.31)
Moreover, we have

Viel0.T): L*(fu.8.8)(t) = fF()R*(g.2)(t)
/' ffORY (g.9)(t) = L*(f.g.)(t) asn — oo, (4.32)
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since R*(g, g)(t) > 0 by monotonicity of R* and the fact that g > 0. By the monotone
convergence theorem we obtain

viel0 D [ I g @l dr

t
/ /0 IL*(f8.8) @Iy, dT asn — oo (4.33)

Therefore, for any ¢ € [0, T'), equation (4.6) implies

t t
[ I e @y, dr = swp [1L g @)@y, dv (434)
0 neN JoO
t
< sup(nfo,nnL;v + [ o, dr)
neN ’ 0 ’
t
<ol + / Il dT < oo, (435)
S |

since fo € LL , and h* € L} ([0.T), L), and thus

loc

L*(f.g.8)(t) e Ly, forae.te[0,T), (4.36)
L*(f,8,8) € Lig([0,T), LY. (4.37)

By (4.32), (4.36) and the dominated convergence theorem, for a.e. t € [0, T) we have

Ly
L*(fa.8.8)(t) —> L*(f.g.8)(1) asn — oo, (4.38)
and by (4.37) and another application of the dominated convergence theorem we obtain
t L)lc v t
[ g o@ar =5 [ (e pmde vieon. @)
0 0

Since fn# satisfies (4.28), the fundamental theorem of calculus and the fact that fn# €
CO([0.T), L), L*(fu. g, &) and iy € LY, ([0, T), Ly:)) imply

loc

t ¢
0! +/ L*(fn.g.8)(®)dt = fon +[ Ri(t)ydt Vte[0,T), VneN. (4.40)
0 0
Using (4.31), (4.39), (4.24) and (4.26), we let n — oo in (4.40) to obtain
t t
)+ / LY(fg.9)0)dt = fo+ / W (t)dt Vte[0,T), VneN, (441)
0 0

and thus f* € C°([0,T), L }Cj) f*#is weakly differentiable and satisfies (4.4). We con-
clude that f is a mild solution of (4.3). Moreover, since g > 0 we may take the limit as
n — oo on both sides of (4.29) to obtain (4.17).
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* Uniqueness: Since the problem is linear it suffices to show that if f is a solution of (4.3)
with fop =0and h = 0, then f = 0.

Assume f is a mild solution of (4.3) with fp =0 and 7 =0, ie. f >0, f* ¢
C([0,T), L)lc’j,r), L*(f,g.g) € LL ([0, T), Lylc’j) and f* is weakly differentiable and
satisfies

art B
o TEUee) =0 (4.42)
*0) =o.

Then (4.42), the fundamental theorem of calculus and the facts f# € C°([0, T), L)lc’,;" ,
L*(f.g.8) € LL([0.T), Lyy) imply

t t
o == [ Lire@di=- [ FORGo@E vieD.D). @)
0 0
We claim the following:

Claim. For any compact set K € R4 x R?, we have ||f#(t)||Lch (k) =0forallt €[0,T).

Proof of the claim. Fix any compact set K € R? x R?. By (4.43), Fubini’s theorem,
Lemma 3.3 (i) and the fact that p,, ,, is continuous, we obtain

t
IOl = [ 17 OR @000 do
t
< Call oot + 118" o) [ 17y £Vl 07
t
< Ciplle'lool + "lle) [ 17 Oy .

Since f* € C%([0,T),LY7), themapr €[0,T) — I/ *® L1, k) € [0,00) is continuous,
and thus (4.44) and Gronwall’s inequality imply that

”f#(t)”L)l(’v(K) =0 Vte [0, T)

The claim is proved. |

Consider now a sequence of compact sets (K)m /' R? x R¢. By the claim above
and the monotone convergence theorem, we have

# _ 1 # —
1 Olzy, = Jim 1Ol k,y =0 Vi €[0.7).

Since f# > 0, we obtain f# = 0 and hence f = 0. Uniqueness is proved. |

The following comparison corollary comes immediately by the monotonicity of R¥
and representation (4.17).
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Corollary 4.6. Let 0 < T < oo and «, > 0. Consider fo1. for € LYF, g1.82 €
L>(([0,T), M g) and by, by € L, ([0, T), L), with

loc

4o # 4 _ o4
Jo1 = fo2. g1 =85 h]=<h;.

Let f;, i € {1,2} be the corresponding unique solution of (4.3) with fo := fo;, § '= gi
and h := h;. Then f1 < f5.

Proof. We have g% > g4 = ¢| > g>. By monotonicity of R* we obtain R*(gy, g1) >
R*(g2. g2). The claim then comes immediately by representation (4.17). ]

4.2. The Kaniel-Shinbrot iteration

Now we will use well-posedness of the associated linear problem and the estimates devel-
oped in Section 3 to prove convergence of the Kaniel-Shinbrot iteration to the unique
solution of (1.1) in the class of functions bounded by a Maxwellian, if an appropriate
beginning condition is satisfied.

Let0 < T < ooand «, 8 > 0. Consider a function fy € M: P and a pair of functions
(& ul) e M;:ﬂ X M;:ﬂ. By Lemma 3.3 (ii) we have that G*(ly. lo, ly), G* (ug, ug, ug) €

L°°([0,T), L}C’j,r). Applying Proposition 4.5 with & either G (ly, lo, lp) or G(ug, ug, Uy),
we find unique functions /1, u; such that /; is the mild solution of

dlq
— -Vyeli =G, lo, lo) — L(I1,ug, ,
T +v 1 (lo. 1o, o) (/1,u0,uo) 4.45)
[1(0) = fo,
and u is the mild solution of
du
d_ll —i—v-qul = G(uo,uo,uo)—L(ul,lo,lo), (446)
u1(0) = fo.

We obtain the following result:

Theorem 4.7. Let0 < T < oo, a, B > 0 and

B 1
Kp = Callb2lsin (877 + 7 —)

1
bl (87 + 5 r=7)]
+ 1103l L1 (s2a-1)( B +2d+y3—1

be the constant given in (3.41). Consider fo € M;'ﬁ and (1§, u}) € M:ﬂ X ‘M;—ﬁ with

gl s < Aap- (4.47)

where
ol/? o1/

—_— . 4.48
24K,3 2,/61(5} ( )

Aap = min{
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Let [, uy be the mild solutions to (4.45) and (4.46) respectively, and assume that the
following beginning condition holds:

0<ly <@t <uf(t) sup Vtre[0,T). (4.49)

Then we conclude the following:

(1) There are unique sequences (1,)n, (Un)n such that, for any n € N, I, u,, are the mild
solution to (4.1), (4.2) respectively. Moreover, for any n € N we have

o<ii<lity<---<l)y<ul@)<---<ul@)<ul veelo,T). (4.50)
(ii) Forallt € [0,T), the sequences (I%(t))n, (u¥(t))n converge in My p. Let us define
1%(t) := nli)n;oljf(t), u'(t) = nli)n;oufl(t), tel0,7).
Then we conclude that

I*ut € CO([0,T), L}C;") N L*([0,7), Mot,g),
LY uu), LA, D), G*(L1LD), G*uu,u) € L=([0,T), L)

and the following integral equations are satisfied.:
t t
z#(z)+/ L u,u)(z)dt = f0+/ G*(1,1,1)(v)dt Yt el0,T), (4.51)
0 0
t t
u#(t)—i—/ L¥u,l,l)(r)dt = f0+/ G*u,u,u)(r)dt Vte[0,T). (4.52)
0 0

(iii) The limits [, u coincide, i.e. u = I.

(iv) Let us define f :=1 = u. Then f is the unique mild solution of the binary—ternary
Boltzmann equation (1.1) in [0, T'), with initial data fy € M; p satisfying

7 lloo < N2l bty - (4.53)
Remark 4.8. The uniqueness claimed above holds in the class of solutions satisfying
(4.53).
Proof of Theorem 4.7.

(1) We will construct sequences (1), (U,), satisfying (4.1)—(4.50) inductively.

e n=1:11, u; satisfy (4.1) for k = 1 by assumption. Moreover, for k = 1, (4.50) reduces
to assumption (4.49).

» Assume we have constructed 1, ...,l,—1,u1,...,U,—1 satisfying (4.1) and

B<ljy<s---<i_ o) <ul_j()<--- <uf@) <ul Vie[0.T). (454
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Let [, u, be the mild solutions of (4.1), (4.2), respectively, for k = n, given by Proposition
4.5. Having in mind (4.54), in order to prove (4.50) it suffices to show

o)<t <ut@)<ul_(t) vtelo,T). (4.55)

Fix any 7 € [0, T). Then (4.54) and Proposition 3.1, which gives monotonicity of G*, yield
that for any ¢ € [0, T') we have

G#(ln—z» ln—z» ln—z)(t) = G#(ln—l, ln—l, ln—l)(t)
= G#(unfl s Un—1, unfl)(t)
< G*(Un—2.Un—2.Un—2)(0). (4.56)

Using (4.54), (4.56) and Corollary 4.6 with

g? = uﬁ_z, gg = uf;—p h? = G#(ln—Zv ln—2, ln—2)9 hg = G#(ln—l, In—1, ln—l)»

n— 1 — 'n-
G*(lh—1, L 1, n—1)s B = G*(up—1, un—1,un—1), we obtain [} < u¥, and using 1t for
_# 4 _ 4 _ .
gt= l,, 1585 =15, h7 =G " (Un—1,un—1,un—1), h5 = G" (Un—2,Un—2,Un—2), we obtain

uﬁ < un_l. Cond1t10n (4.55) is proved and the claim follows.

we obtain [}, < [*. Similarly, using Corollary 4.6 for g§ = uf_ v, gh=10_ . h =

(i) To prove convergence, notice that (4.50) implies that, for any ¢ € [0, T'), the sequence
(I#(1))n is increasing and upper bounded and the sequence (u% (7)), is decreasing and
lower bounded, thus they are convergent. Let us define

I*(t) := lim If(0), u*(t) := lim ul(t), te€][0,T).
n—>oo n—>00

Since ug € (M: 8 estimate (4.50) actually implies that the convergence takes place in

My, p and that I*, u* € L>([0, T), rM;rﬁ). Thus relations (3.20) from Lemma 3.3 imply
that

L*(u,u), Lf(u,l.0), G*(.1,1), G*(u,u,u) e L>([0,T),LyH). (4.57)

Moreover, since for any ¢ € [0, T') we have

(T AT 1)(1)—>(1# ut ) (0), (. Iyl 1)(f)—>( ANLIG)

as n — oo, Corollary 3.5 implies that for any ¢ € [0, T') we have

L* (ln,un 1, Un— 1)(t) L#(l u, M)

(4.58)
L¥(up, Ly—1, li—1)(?) —> L*(u,1,1).
Similarly, for any ¢ € [0, T'), we obtain
Liy
G 1. ln_1, L)) —> G*(1,1,1), 459)

Ly
G (Up_1, Un_1,un_1)(t) —> G*(u,u,u).
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Moreover, by relation (4.50), monotonicity of L#, G* and the fact that u’g S M;‘ 8 Lemma
3.3 implies

L*(p un—1,un-1), G*(ln—1.ln—1,ln—1) € L=°([0,T),L},) Vn €N,

u “ o 1 (4.60)
L (un, ll’l—15 ln—1)7 G (ul’l—la un—17 un—l) € L ([07 T)a Lx’v) Vn € N'

Recalling Definition 2.7, the initial value problems (4.1), (4.2) and the fundamental theo-
rem of calculus imply that for all n € N we have

o) + /0 Lyt ttpr)(0)

= f0+/0t G lp—1, L1, lh_1)(x)dt Yt e€[0,T), (4.61)
Wt (1) + /0 Lty ) () d T

= fo+ /: G* (U1, Un_1,un_1)(t)dt ¥t e0,T). (4.62)

Letting n — oo and using the dominated convergence theorem, we obtain (4.51)—(4.52).
The fact that /*, u* € C°([0, T), L} ,) easily follows from (4.51)—(4.52).

(iii) Since I < u® by (4.50), letting n — oo we obtain
0<1d<I*t) <u*(t) <ul Vtelo,T). (4.63)
Subtracting (4.51) from (4.52) and using (4.63) and the triangle inequality, we obtain
t
(1) = 1*(1)| < / |G*(u, u,u)(x) = G*(1,1,1) ()]
0
+ |L*(Lu,u)(z) — L*(u,1,1)(7)| dx. (4.64)
Let us estimate the right-hand side of (4.64). Recalling (2.38), the triangle inequality yields
t
/ |G*(u,u,u)(r) — G*(.1,))(v)|dt
0

< /t G5 (. u) (1) — G3(1, D)(D)] + |G5(u, u,u)(x) — G5, 1 1) (1) dT. (4.65)
0

Bilinearity of G%, the triangle inequality, bound (3.38) from Proposition 3.7 and the right-
hand side inequality of (4.63) yield

/0|G§<u,u><r>—Gz*(l,l)(r)ur5/0 G — 1u)(@)] + G2 u — D(0)] d

< Kga™ 2 My gllu* — ¥ oo to.11.00 ) (¥l oo + 1177 00)
< 2Kpo ™ 2 My gllubllac, , llu* = ¥l (4.66)
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The trilinearity of Gg, the triangle inequality, bound (3.39) from Proposition 3.7 and
the right-hand side of (4.63) yield

/t |G (u, u,u)(x) — GE(L,1,1)(7)|dT
0

t
= [ 1650~ L@+ 16300 = L (@] + 1630 L = D)
0
— 2 2
< Kpo 2 My gl — ¥l (12 + e oo ¥l + E#112,)
< 3Kpa ™2 Mo glug |5, , le* — ¥ lloo- (4.67)

Then estimates (4.66)—(4.67) yield

t
/|G#(u,u,u)(r)—G#(z,z,z>(r)|dr
0
< 6K a2 Mg (s + I3, DI~ Pl (468)

By a similar argument, using (3.38), (3.39) instead, we also have

t
| I aan@ - L nn@lde
0
< 6Kgo 2 My g(ufll e, , + 53¢, e = ¥l oo (4.69)
Combining (4.64), (4.68)—(4.69), we obtain
(1) — 1% (1)) < 12Kgo™ 2 My g (ufll s, + luglGe, llu* =¥l Ve €[0.7),
which is equivalent to
Il = 1¥lle < 12Kpa™ 2l ag, p + N3, Dl = 1¥lloc. (4.70)
Notice though that (4.47)—(4.48) yield
12Kga™ 2 (lufllac,, + 14§l ) < 1:

hence (4.70) yields u = [.

(iv) To prove existence, let us define f by

[P=1=u? € CO0,T), L) N L([0,T), My p).

Then either (4.51) or (4.52) implies

f#(f)+/ L#(ﬁﬁf)(f)df=fo+/ G'(f. f.)de Viel0.T),
0 0

and therefore

==+ Lf S ) =G L),

t

10 = fo.

dft
d
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Recalling Definition 2.7, we conclude that f is a mild solution to the binary—ternary
Boltzmann equation (1.1) with initial data fy. Bound (4.53) directly follows from (4.63).

Uniqueness of solutions satisfying (4.53) follows similarly to the proof of (iii) using a
bilinearity—trilinearity argument and Proposition 3.7. Clearly, condition (4.53) is needed
to have a contraction. |

5. Global well-posedness near vacuum

In this final section we prove the main result of this paper, stated in Theorem 2.10, which
gives global well-posedness of (1.1) near vacuum, in the interval [0, T'), where 0 < T <
oo. To prove this result we will rely on the time average bound of the gain term from
Proposition 3.7.

Proof of Theorem 2.10. Consider fy € M;‘ P satisfying (2.76) and let us define /i = 0,
ubh = CouMy g, where

- \/1 — 48K o1 2(1 4 792) | foll

i ) (CR))
2. /6Kﬂ
and Kpg is given by (2.77). The reasoning behind defining C,; will become clear in (5.8).

Notice that due to (2.76), uﬁ is well defined. In order to conclude the proof, we will use
Theorem 4.7. Recalling from (4.48) that

Cout =
24Kga~1/2(1 +

1/2 1/4

o

o
Ao g = min{ —_— },
P 24K 2, /6K,

(5.1) and (2.76) yield

||ug||Ma’ﬁ = Cou < Aa,ﬁa (52)
and thus the conditions of Theorem 4.7 are satisfied. By Theorem 4.7, it suffices to prove
that the beginning condition (4.49) for the approximating sequences generated by fy €
,M;' P and the pair of functions (/ # u‘g) € ,M: PRe .M;' 8 is satisfied. Indeed, by the iteration
scheme (4.45), we have

di#
d_tl + lfR#(uo, ug) =0,
du®

d_tl = G"(uo, uo, uo),

u} (0) = 1{(0) = fo,
and therefore, we obtain

lf(t) = fo exp(— /Ol R#(uo,uo)(r)dt), tel0,T), 5.3)

t
u’;(l) = fo +/ G*(ug, ug, uo)(v) dr, t €0, T). 5.4)
0
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Since ug > 0, formulas (5.3)—(5.4) together with Proposition 3.1 imply
0=1<lf) <ul(t) VYtelo,T). (5.5)

It remains to prove that
uh(t)y <ub Vvt elo,T). (5.6)

By representation (5.4) and (3.40) from Proposition 3.7, we obtain
W3(0) < 1 foll oy Mg + Ko™ > Ma gl I3, , (1 + 1h]Lac, )

B ol/4
< Ma,ﬂ[llfollma,ﬁ + Kga 1/2(1 + )Cjn], (5.7

2,/6K;

where to obtain (5.7) we use the fact that uﬁ = CouMy,g and (5.2). Recalling (5.1), we
notice that C,,, satisfies

1/4
o

I folla + 12Kpe /(1 +

NG

)C2 Couts (5.8)

out —

and thus (5.7) implies
u#li(t) = CoutMa,ﬂ = ug vVt €0, T).

Estimate (5.6) is proved and the claim of Theorem 2.10 follows. ]
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