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Abstract

We investigate the doubling inequality and upper bounds of nodal sets for Robin and Neu-
mann eigenfunctions on the boundary and in the interior of the domain. Most efforts are
devoted to the sharp boundary doubling inequality with new and novel quantitative global
Carleman estimates. We are able to obtain the sharp upper bounds for boundary nodal sets
of Neumann eigenfunctions.
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1 Introduction

Problem statement: In this paper, we consider the Robin eigenfunctions with a possible
large parameter ||
—Au=Aiu inQ
; 1.1
{g"ﬁ—i—au:OonaQ d-D
on a smooth and compact domain 2 C R"” with n > 2, where v is a unit outer normal and
n is the dimension of the space. In the case of @« = 0, the Eq. 1.1 is called the Neumann

eigenvalue problem

—Au = Au in ,
{ 81 =0 ondQ. (1-2)
In the case of @ = oo, it can be considered as the Dirichlet eigenvalue problem
—Au = Au in ,
{ u=0 ondQ. (1.3)
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For any fixed constant «, there exists a sequence of eigenvalues A < Ap < --- — oo. If
« is negative, the first finite number of eigenvalues can be negative. Moreover, Ay — —o0
as ¢ — —oo for any fixed k > 1. If one considers the Robin eigenvalue problem (1.1) as
an elliptic problem in a special case A = 0, the Eq. 1.1 is reduced to the Steklov eigenvalue
problem

{Au:O in 2, (1.4)

2 4 au =0 ondQ.

One may regard —« as the eigenvalue for the Steklov eigenvalue problem (1.4). Hence, the
model (1.1) includes general kind of Laplacian eigenvalue problems.

Discussion of existing results: We are mainly interested in the doubling inequality and
nodal sets of eigenfunctions in Eqs. 1.1 and 1.2 on the boundary d<2. Doubling inequalities
are inequalities with norms in a ball controlling the norms in a double ball. They are quanti-
tative properties to control the growth of functions and quantitatively characterize the strong
unique continuation property. Doubling inequalities imply the vanishing order of functions.
Moreover, they are important tools to prove the measure of nodal sets. Nodal sets are the
zero level sets of eigenfunctions. Due to the rich literature on nodal sets of eigenfunctions,
let us first briefly review the history of this topic. For the eigenfunctions of Laplacian

Au+iu=0 (1.5)

on a compact smooth Riemannian manifold M, Yau [43] conjectured that the Hausdorff
measure of nodal sets can be controlled above and below by eigenvalues as

evA < H'" '({x € MJu(x) = 0}) < CVx, (1.6)

where ¢, C depend on the manifold M. For the real analytic manifolds, the conjecture was
answered by Donnelly-Fefferman in their seminal paper [10]. A relatively simpler proof for
the upper bound of general second order elliptic equations on the analytic domain was given
by Lin [27] by a different approach.

For the smooth manifolds with n = 2, Donnelly-Fefferman [11] and Dong [9] inde-

pendently showed the upper bound H!'({x € Mu(x) = 0}) < C A3 by using different

arguments. A slight improvement with upper bound CA3~¢ was given by Logunov and
Malinnikova [31]. For higher dimensions n > 3, Hardt and Simon [19] derived an expo-
nential upper bound. Logunov in [29] obtained a polynomial upper bound H"~!({x €
Mlu(x) = 0}) < CAP for some g > % Very recently, Logunov, Malinnikova, Nadi-
rashvili and Nazarov obtained the sharp upper bounds of nodal sets for analytical domains
with C! boundary [33]. For the lower bound, Logunov [30] completely answered the Yau’s
conjecture and obtained the sharp lower bound for smooth manifolds in any dimensions.
For n = 2, such sharp lower bound was obtained earlier by Briining [6]. This breakthrough
improved a polynomial lower bound obtained early by Colding and Minicozzi [7], Sogge
and Zelditch [40]. See also other polynomial lower bounds by different methods, e.g. [20,
35, 41] and other related results on nodal geometry of eigenfunctions, e.g. [18, 34]. The
recent breakthrough on nodal sets of eigenfunctions in [29, 31] and [30] is based on sem-
inal work on new combinatorial arguments for doubling index and further exploration of
frequency functions in [15] and [17].

The main goal of the paper is devoted to deriving doubling inequalities. As a con-
sequence, we are able to obtain the upper bound of nodal sets on the boundary and in
the interior. In order to prove the Yau’s conjecture (1.6) for eigenfunctions in Eq. 1.5 on
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compact manifolds without boundary, the following sharp doubling inequality plays an
essential role in [10]

el 22y, oy < € Il 28, oy (1.7)

for any B, (x) C M. In most aforementioned literature on the study of nodal sets, the dou-
bling inequality (1.7) is important. To derive the results on the measure of nodal sets on
the boundary, our main efforts are also devoted to obtaining the doubling inequalities for
Neumann and Robin eigenfunctions on the boundary 9. It is also challenging to obtain
boundary doubling inequalities since there is only a derivative for the solutions on the
boundary. Some partial results are only obtained for Steklov eigenfunctions, see e.g. [5, 38,
46]. The boundary doubling inequality relates to the quantitative boundary unique continu-
ation property discussed in [1, 14] except the rough boundary regularity. Since the doubling
inequality implies the vanishing order of solutions, it is also related to the local version of
Landis’ conjecture in [23] and [32].

Statement of new results: The following boundary doubling inequality seems to be new
and sharp. It characterizes the growth of Robin eigenfunctions on the boundary with
possible large values || and |A|.

Theorem 1 Let u be the Robin eigenfunction in Eq. 1.1. There exist positive constants C
and ro depending only on the smooth domain 2 such that

lull 28y, oy < €Yl g, (1.8)

forany O < r < ro and any By, (x) C 0€2.

For the Neumann and Robin eigenfunctions, it is likely that the nodal sets of eigenfunc-
tions in €2 intersect the boundary 9$2. More intuitively, the boundary nodal sets are where
interior nodal sets touch the boundary. Thus, it is interesting to find out how large the upper
bound of the measure of boundary nodal sets is and how the measure depends on « and A.
The nodal sets on the boundary are of co-dimension one. For the Neumann eigenfunctions,
we can show that

Theorem 2 Let u be the Neumann eigenfunction in Eq. 1.2 in the real analytic domain <.
There exists a positive constant C that depends only on the domain Q2 such that

H" 2({x € 9Qu(x) = 0}) < CVx. (1.9)

The upper bound of boundary nodal sets for Neumann eigenfunctions in the theorem
is optimal. See the Remark 3 in Section 3. Among other interesting results in [42], Toth
and Zelditch showed such upper bound for boundary nodal sets of Neumann eigenfunctions
in planar analytic domains using a different method. Theorem 2 improves such result to
general dimensions.

We are also interested in the measure of nodal sets in 2 for general eigenvalue prob-
lems of Laplacian (1.1). Especially, we want to find out how the upper bound of nodal sets
depends on possible large parameter || on the boundary. Using the similar idea, we further
study the upper bounds for the boundary nodal sets of Robin eigenfunctions.
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Corollary 1 Let u be the Robin eigenfunction in Eq. 1.1 in the real analytic domain <.
There exists a positive constant C depending only on the domain Q2 such that

H"*({x € 0Qu(x) = 0}) < C(la| + /| AD. (1.10)

Since the model (1.1) includes the Steklov eigenvalue problem (1.4) as the special case
with A = 0, the upper bound in the corollary includes the sharp results for boundary nodal
sets obtained by Zelditch [45] for Steklov eigenfunctions.

Furthermore, we want to know the role of « in the upper bound of interior nodal sets.
For the interior nodal sets of Robin eigenfunctions in analytic domains, we can show that

Theorem 3 Let u be the Robin eigenfunction in Eq. 1.1. There exists a positive constant C
depending only on the real analytic domain Q2 such that

H" ' ({x € Qlu(x) = 0}) < C(la| + /2D (1.11)

Let us give some comments on those aforementioned results.

Remark 1 The results in Theorem 1, 3 and Corollary 1 actually hold for either || or
|A| large. The general eigenvalue problem (1.1) includes Steklov eigenvalue problem as
the special case. Thus, the results in Theorem 1, Corollary 1 and Theorem 3 hold for
Steklov eigenfunctions. For the study of nodal sets and doubling estimates of Steklov eigen-
functions, see e.g. [5, 16, 37-39, 44—48], etc. Steklov eigenfunctions can be regarded as
eigenfunctions of the Dirichlet-to-Neumann map on the boundary. Thus, global Fourier
analysis techniques can be applied. However, those global analysis arguments seem not be
used directly for the eigenvalue problem (1.1). Some new and novel global Carleman esti-
mates are developed to obtain boundary doubling inequalities and boundary nodal sets. The
conclusions in Theorem 1, 2, 3 also hold for Robin eigenfunctions of Laplace-Beltrami
operator on any compact Riemannian manifolds.

Remark 2 For Robin eigenvalue problems, the eigenvalue A depends on the parameter «. It
is interesting to study the asymptotic estimates of A with respect to . If o < 0, it has been

shown in [8] that

. Ak

lim — = 1

a—>—00 —(/

for every k > 1. Thus, the eigenvalue |1¢| and a? grow at the same rate. In this case with
|| sufficiently large, we can replace the term || by 4/|1| in Theorem 1, 3 and Corollary
1. Furthermore, the growth rate of |Ax| and o seems to be sharp, because |«| is related
to the first order differential operator on the boundary and A is related to the second order
differential operator. Thus, the quantities || and /|A| are the right quantities in Theorem

1, 3 and Corollary 1.

Discussions of interior nodal sets in the smooth setting: The interior nodal sets esti-
mates for Dirichlet eigenvalue problem (1.3) and Neumann eigenvalue problem (1.2) in real
analytic domains have been shown by Donnelly and Fefferman in [12] to be

H" '({x € Qu(x) = 0}) < CVA.

For the smooth manifold, one can obtain the polynomial upper bounds for the nodal sets
of Robin eigenfunctions. One can construct a double manifold 2 = Q U 2 to get ride of
boundary. Then one can do an even extension for the Neumann eigenvalue problem or an
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odd extension for the Dirichlet eigenvalue problem on the domain to have second order
elliptic equations with Lipschitz metrics. The following sharp doubling inequality on the
double manifold
Nl 2By, )y < eCﬁ”””LZ(B,(x)) (1.12)

can be deduced as [12] for the second order elliptic equations with Lipschitz coefficients.
Applying the new combinatorial arguments in [29] for the aforementioned second order
elliptic equations with Lipschitz coefficients (i.e. Equation 2.9) and doubling inequality
(1.14), one can obtain the polynomial upper bound. For the interior nodal sets, one can show
that

H"({x € Qlu(x) = 0)) = C(lal + V/IADP, (1.13)
where 8 > 1 depending only on the dimension n > 3. Note that Eq. 1.13 holds for Robin
eigenfunctions on any compact Riemannian manifolds.

Outline of the proof: Let us we briefly sketch the proof of these Theorems. We first need
to derive the sharp doubling inequality

leell 2wy ey < €YD ull 2g, ) (1.14)

on the double manifold 2 = Q U Q. We introduce an auxiliary function involving the
distance to the boundary, then transform the Robin eigenvalue problem into second order
elliptic equations with Neumann boundary conditions. We do an even reflection and obtain
some quantitative Carleman estimates to show (1.14) on the double manifold. To obtain the
boundary doubling inequality (1.8) in Theorem 1, we prove a new quantitative propagation
of smallness lemma (i.e. Lemma 1) with possible large || or |A|, which is based on a new
and novel global quantitative Carleman estimates with boundary terms (i.e. Proposition 2).
To obtain the upper bound for boundary nodal sets in Theorem 2, we combine the boundary
doubling inequality (1.8) and a complex zero growth lemma (i.e. Lemma 2). To prove The-
orem 3, we first find out the upper bounds for nodal sets for the regions in the neighborhood
of the boundary, then obtain the nodal sets estimates for regions away from the boundary.
The combination of the estimates in the two regions gives Theorem 3.

Organization of the paper: Section 2 is devoted to the transformation of the Robin eigen-
value problem to elliptic equations on the double manifold. The doubling inequalities in
balls and half-balls are presented. Section 3 is devoted to the proof of the boundary dou-
bling inequalities and nodal sets estimates on the boundary. In the Section 4, we show the
upper bounds of interior nodal sets for Robin eigenfunctions. In Section 5, we derive a new
type of global quantitative Carleman estimates with boundary terms. In the Appendix, we
include the construction of polar coordinates for Lipschitz metrics and the proof of doubling
inequalities in balls. The letters C, C; and C denote generic positive constants that do not
depend on u, and may vary from line to line. In the paper, since we study the asymptotic
properties for eigenfunctions, we assume that either |«| or |A| is sufficiently large.

2 Preliminary
In this section, we transform the Robin eigenvalue problem to elliptic equations with Neu-
mann boundary conditions. We want to move the parameter « on the boundary into the

coefficients in a second order elliptic equation. At first, we will transform the Robin eigen-
value problem to a Neumann boundary problem. Considering a small p-neighborhood of
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smooth 92, let

Q, = {x € Q|dist(x, 9R) < p},
where dist(x, 9€2) = d(x) is the distance function to the boundary 9€2. Since the domain €2
is smooth, there exists some small pg depending only on €2 such that the distance function
d(x) € C®in Q, for 0 < p < po. If x € 9L2, it is known that

Vd(x) = —v(x), (2.1)

where v(x) is a unit outer normal at x. Inspired by the construction in [5] for Steklov
eigenfunctions, we introduce the following auxiliary function

i(x) = e ®Wyx)  forx e Q,UdQ. (2.2)

It is easy to check that u(x) satisfies the following second order elliptic equations in a
neighborhood of 2

{ Aii +2aVd(x) - Vit + (@Ad(x) + o?|Vd(x)]> + Vi =0 in Q,,

8 =0 ondQ.

We use Fermi coordinates near the boundary to flatten the boundary. Let 0 € 9€2. We can
find a small constant p > 0 so that there exists amap (x', x,) € IQ x [0, p) — 2 sending
(x’, x,) to the endpoint, x € €2, with length x,,, which starts at x’ € 92 and is perpendicular
to 9€2. Such map is a local diffeomorphism. Note that d(x) = x, in the coordinates and x’
is the geodesic normal coordinates of d€2. The metric takes the form

(2.3)

n—1

Z gijdx' ' dx/ —dx + Z glj(x xp)dx'dx?,
i,j=1 i,j=1

where gl .(x’, x,,) is a Riemannian metric on 92 depending smooth on x,, € [0, p). In a
nelghborhood of the boundary, the Laplace can be written as

A= Z g” axl +qu(x)— 2.4)

i,j=1

using local coordinates for 92, where gif is the matrix with entries (gij N<i<j<n—1 =
(glf].)*1 and g" = 1 and g™ = gk = 0 fork # n, and g;(x) € C™.

In the local coordinates, we identify d€2 locally as {x,, = 0}. The Fermi distance function
from O on a relatively open neighborhood 0 in €2 is defined by

F=xf a2+l
The Fermi exponential map at 0, exp,, which gives the Fermi coordinate system, is defined
on a half space of R’}. We choose a Fermi half-ball IEB; (0) centered at origin at {x, = 0}
for 0 < 6 < 10pp. It is known that Bs/2(0) N Q2 C IE%; (0) C Bys(0) N 2, where Bs(0) is
the ball centered at origin with radius § in the Euclidean space. See e.g. the Appendix A in
[26]. For ease of notation, we still write I@; (0) as IBS; (0) . Then it follows from Eq. 2.3 that
u satisfies the following equation in a neighborhood of the boundary

{ Dgit + b(x) - Vit + ¢(x)it =0 in B (0),

w — on BF(0) A (x, = 0J,

(2.5)

where g = (gij)nxn is smooth in B;, and b(x) and &(x) satisfy

[ 1Bl ooty < Cllal + 1),

_ 2.6)
1€l e sy < C@2 + A1) (
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with C depending only on 9€2.

We also want to consider the eigenfunction globally on Q2. As it is discussed that the
distance function d(x) = dist(x, 9S2) is smooth to the boundary 92 in a small neighbor-
hood €2, for some small p, we make a smooth extension for d(x) in the whole 2. Then we
introduce a smooth function /(x) such that o(x) defined as

_Jdx) x €,
Q(x)_{l(x) r e,

is a smooth function in the whole 2. Performing the similar procedure as before, we first
transform the Robin eigenvalue problem to a Neumann boundary problem. Let

a(x) = e %®y(x)  forx e Q. 2.7
Then i (x) satisfies the following Neumann boundary problem

{ Aii 4+ 2aVo(x) - Vii + (@ho(x) + a?[Vox)|? + )it =0 inQ, 2.8)

% =0 onadQ.

We want to get rid of the boundary <2 as well. We define a global double manifold
Q = QU Q. To extend i to be on the double manifold Q, we consider an even extension,
that is

uomw =u,

where 7 : @ — Q is a cononical involutive isometry which interchanges the two copies
of Q. Near the boundary 02, the new metric ¢ on the double manifold Q is Lipschitz
continuous. To explain the metric g is only Lipschitz near the boundary, we use Fermi
coordinates with respect to the boundary as before. The differential structure of Q2 near 9Q
uses the Fermi coordinates in g;;. So x, > 0 and x, < O define the two copies of Q. In
these coordinates, g™ = 0 for k # n, there are no cross terms between 9, and dy;. The
metric g;;(x’, |x,|) is symmetric under x, — —x,. Thus, it is Lipschitz continuous across
0€2. Under the new metric g on the double manifold, from the Eq. 2.8, the new solution i
satisfies second order elliptic equations

Agii +b(x) - Vit + ()i =0 inQ, (2.9)
where b and ¢ satisfy

{ 15l yiee < C(la| + 1), (2.10)

IEllwree < Cla® + [A]).
Now we deal with the second order elliptic equations with Lipschitz continuous coef-
ficients. In order to apply Carleman estimates which are efficient tools to prove doubling
inequalities, we want to use polar coordinates. Following the strategy on the regularization
for Lipschitz metric in [3] by Aronszajn, Krzywicki and Szarski, we are still able to intro-
duce a suitable geodesic normal coordinates with a conformal metric. For completeness of
presentations, we construct such conformal metric in the Appendix. We are able to prove
the doubling inequality for i on the double manifold. We include the proof in the Appendix
as well.

Proposition 1 Let u be the solution of Eq. 2.9 satisfying the conditions (2.10). There exists
a positive constant C depending only on 2 such that the doubling inequality holds

1@l 28y ey < €€Vl g, ) 2.11)

forany x € Q.
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For the latter sections on the study of nodal sets and the doubling inequality on the
boundary, we want to show the doubling inequality in the half ball B} (0). Since we did an
even extension across the boundary {x, = 0}, the estimates (2.11) also holds in the half
balls. Thus, there exist positive constants C, ro depending only on €2 such that the doubling
inequality holds

il 2gag ) < €OV i) o 2.12)

forO <r < ro.

3 Boundary doubling inequality and nodal sets

In this section, we prove new quantitative propagation smallness results for the second
order elliptic (2.5) in the half ball. By rescaling, we may consider the equations in ]B%T/Z. To
present the results in a general setting, we may consider the second order uniformly elliptic
equations

— aijDiju +bi(»)Diu + c(Pu =0 in B}, 3.1
where a;; is C!,and b(y) and c(y) satisfy
“b”WI.OO(BT/Z) = C(IO{| + 1)7

3.2
lellyioeqsg < C@ + 2. G2

We are able to show the following quantitative two half-ball and one lower dimensional
ball type result.

Lemmal Letu € COO(IB%]/Z) be a solution of Eq. 3.1. Denote the lower dimensional ball

_ 1
Bis={(, 0 eR"y eR"™ Y| < 3

Assume that
||”||H‘(Bl/3) + || ”L2(31/3) <€ << l (33)

and ||u|| LB}, < 1. There exist positive constants C and B such that

”””L2( L5t < < Clal+VIRD B (3.4)

More precisely, we can show that there exists 0 < k < 1 such that

< ec(\aHx/lT)”u”

1_
lull 2 1 gty < LB+)(||u||H1<BI/3)+|| Uiz ) (3.5)

Such estimates without considering the quantitative behavior of « and A have been estab-
lished in [27]. To show the quantitative three-ball inequality in the lemma, we develop some
novel quantitative global Carleman estimates involving the boundary. The weight function
in Carleman estimates (3.6) is somewhat inspired by [24] and [21]. Such results play an
important role not only in characterizing the doubling index in a cube in [29], but also in
inverse problems, see [2].

The quantitative global Carleman estimates with boundary are stated in Proposition 2.
We choose a weight function

Y(y) = e,
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where
|)’/|2 y2
h(y) = i + 7" — Y

and s is a large parameter that will be determined later.

Proposition 2 Let s be a fixed large constant. There exist positive constants Cy and Cy
depending on s such that for any v € COO(BT/Z), and

t > Cs(Jae| + 12D,

one has

Ty 3203 Ty 1 1oy
lle (—a[jD[jv+biD,'v+Cv)||Lz(Bl+/2)+‘L’2s IV2e v||L2(3]BI+/2)+‘L’2s||1//22 vv”LZ(BIBl*/z)

> Coris?|yie™” Cotisllyte?v 3.6
> Cot2s7|y2e v”LZ([B;rﬁ)"‘ ot2slly2e v”LZ(BT/Z)‘ (3.6)

Since the proof of Proposition 2 is lengthy, we postpone the proof in Section 4. Thanks
to the Carleman estimates (3.6), we first show the proof of Lemma 1

Proof of Lemma 1 Notice that the constant s is fixed independent of « and A. We also know
¥ is bounded below and above by some constant C. We obtain that

3 1
||eﬁ//(—a,»jD,»jv + b;D;v + cv)||L2(]BT/2) + 12 ||ef'//v||L2(aBT/2) + 12 ||€”/’V””L2(BIBT/2)
3 1
> Crt2 ||€”/’U||L2(B,*/2) +Crt2 ||€”/’VU||L2(B,+/2)- 3.7
The following Caccioppolli inequality holds for the solutions of Eq. 3.1 in ]B%T/Z,

C(IO!I-I-\W)(
r

IVal 2 < el 2wg ) + 1Vull 2wy + Il 2w, ) (B8

We select a smooth cut-off function 5 such that n(x) = 1 in IB%T/g and 7(x) = 0 outside

IBBTM. Since u € C{° (BT/Z), substituting v by nu in the Carleman estimates (3.7) and then
using the Eq. 3.1 yields that

3
||et¢(_aijDijnu —2a;;DinDju + biDiW)”L?(]BT/z) +12 ||e”//77u||L2(B1/4)
1
+12 ||e”/’nVu||Lz(Bl/4)
> Cti eV null agr ) (3.9)
- LBy )p)"
We want to find the maximum of ¢ in the first term on the left hand side of Eq. 3.9.

Since h(y) is negative in IB%T/z, then

max h(y) = max ——— =——.
3<byi<hin.=0) Bebish 4 256

We also need to find a lower bound of i for the term on the right hand side of Eq. 3.9 such
that

1
— min h(y) — — <0
min h() = 756 <
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for some 0 < a < % Since h(y) decreases with respect to y” and y,, then the minimum of
h(y)is ﬁ(a) for |y| < a, where

Solving the inequality —h(a) < ﬁ, we have one solution a = 2;—6. Set
Yo = e B — Sz,
then 9 < 0. Define
v =1 _ oShizg).
Since /i(545) < 0, then ¥ > 0.
Applying the Caccioppolli inequality (3.8), we arrive at

exp{reﬁ}nunww y et lull o,y + e IVull e, )

> Ct exp{re”’<zss>}||u||L2(IB (3.10)

1256)"
Let
B, = ||”||L2(]E'1"/2)7
By = ”””LZ(Bm) + ||VU||L2(BI/3)7

B3 = |u .
3 I ”LZ(BT/Q%)

Multiplying both sides of the last inequality with exp{—res;’(zéfﬁ)} leads to
e™OB| + ™' B, > CB;. (3.11)

We want to incorporate the first term on the left hand side of Eq. 3.11 into the right hand
side. Let

1
6“1/031 < ECB3.

Thus, we need to have

1 CB3
7> —In .
Yo 2Bi
Therefore, for such 7,
C
eViB, > 533. (3.12)
Recall that the assumption
T > C(la| +VIAD
in Proposition 2. We assume that
CB
r_C(IozI—i—\/I)»)—I——l bl (3.13)
Yo 23
Note that yg and /| are constants. Substituting such t in Eq. 3.12 yields that
¥ 40
C(laH’\/‘T)B'/'l Yo B‘/’l —¥o > CB3 (314)
— _¥
Letk = TV
1—
lull 2 ppy < eCUaTEVID |y @1, (el 2y + 1V ull 2, ) (3.15)
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Since u € CZ(IBST/Z) and Vu = V'u + g—ﬁ on the boundary B ]/2 N {y, = 0}, the inequality
(3.15) implies the desired estimates (3.5). The estimate (3.4) is a consequence of Eq. 3.5.
Therefore, the lemma is finished. O

We are in the position to prove the boundary doubling inequality in Theorem 1 with some
inspirations from [27].

Proof of Theorem 1 We consider the solution # in the Eq. 2.5 with conditions (2.6). We
argue on scale of order one. We may normalize u as

Nl 2 g5,y = 1- (3.16)

We claim that there exists a positive constant C > 0 such that the following lower bound
holds on the boundary

||M||HI(B 6) = e~ Cllal+VIAD, (3.17)

We will need to use the quantitative three-ball inequality (3.5) on the half balls. Note that
T = 0 on the boundary {x,, = 0}. We may normalize the inequality (3.5) as

< eC(\Ol\-h/IT)”u”K

1/512) — 2 IB+ )” ||H1(B]/6) (318)

” u ” LZ(IB
We prove the claim by contradiction. If the claim is not true, from Eq. 3.18, for any constant
C > 0, we have
i —C(lal+v/ID
||“||L2(Bl+/512 <Ce . (3.19)

Since the doubling estimate on the half ball has been shown in Eq. 2.12, using the doubling
inequality finitely many times, we obtain that

e~ Clal+VIAD lal, 2(IB% N

V

u
|| ||L2(]B1/512)

- e—C(\Ot\-ﬁ-x/IT)’ (3.20)

which contradicts the condition (3.19) since Cisan arbitrary constant that can be chosen to
be sufficiently large. Thus, the condition (3.17) holds.
Next we claim that there exists a constant C such that

il 2, 5) > e COHVID, (3.21)

We recall the following interpolation inequality in [38] or [5]. For any small constant 0 <
€ < 1, there holds

N4 Wl p2@a-1y < 62 (Ivv'’ w||L2(]R y+ ||w||L2(R")) +€ -3 lwll2qge-1y, (3.22)

where V' is the derivative for first n — 1 variables. We choose w to be i, where 7 is a radial
cut-off function such that n = 1 in IBBT/G and vanishes outside IBST/S. Substituting w = un in
the interpolation inequality (3.22) gives that

- 3 - - N
”V/(Mﬂ)“LZ(Rn—l) <e€2 (HVV/(IA?])”LZ(BT/S) + ”uT}“LZ(BT/S)) +€ 3 ||MT]||L2(B1/5).(3.23)

Using the fact that g;,, = 0 fori # n and % = 0 on {x,, = 0}, the following Caccioppolli
inequality holds,

_ Cllal +VIAD _
”VUHLZ(Bj) = %HUHLZ(B;y (3.24)
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By the elliptic estimates, it is true that

— 20 =
IV il 2t ) < Clal+ VANl s - (325)
Applying the estimates (3.24) and (3.25) for u in Eq. 3.23, we derive that
_ 3 L
IVl 2, ,6) < Co€2 (lor] + v/ IAD? 473 lall 2w, )s), (3.26)

where we have used Eq. 3.16. Adding ||L_t||L2(Bl/6) to both sides of the last inequality yields
that
_ 3 1
1] 11w, < Co€ (Il + VIAD? + 2675 il 2, - (3.27)

To incorporate the first term on the right hand side of the last inequality into the left hand
side, we choose € such that

3 L
Coe? (leel + VIRD? = Sl 11y - (3.28)

That is, B
”u”HI(Bl/G) 2/3

€e=(—"-"TT"F—7—
2Co (|| + V/111)?
Therefore, (3.27) turns into

-,11/9 _
il g, o) < Cllerl + VRNl 2w, - (3.29)
Because of Eq. 3.17, we infer that
- C l -
1l 1m0 < €YYl 2, ) (3.30)

From (3.17) again, it also follows that

lill 2qp, s = €OV, (3.31)

which verifies the claim (3.21).
Let 1 be a cut-off function such that n(y) = 1 for |y| < % and vanishes for |y| > % By
the Hardy trace inequality and elliptic estimates (3.24), it follows that

Nl 2w, < 1l 2, ) < IVGDI L2
< C||Vﬂ||L2([B§1*'/3) + C”ﬁ”Lz(]Bf'/})
=< C('“l + v |)‘-|)”’/_‘”L2(Bl+/2)
< C(laf +v/IA]- (3.32)
Combining the established estimates (3.31) and (3.32), we have
il 2, < €SV il 2, - (3.33)

Notice that u = i on By /2. By rescaling and diffeomorphism of Fermi exponential map, we
arrive at

Clal++/TA])

Il 22, (xg)) = € el 22, (x)) (3.34)
for any xo € 92, By, (x9) C 9%, and r < ro for some ro depending only on 9<2. This
completes the proof of Theorem 1. O

We will show the upper bounds of nodal sets for Neumann and Robin eigenfunction on
the analytic boundary. To achieve it, we need a quantitative inequality on the relation of
L? norm of eigenfunctions on the boundary and on the half balls. We argue on scale with

@ Springer



Boundary Doubling Inequality and Nodal sets of Robin...

8 = 1 for Eq. 2.5 with the conditions (2.6). Applying quantitative two half-ball and one
lower dimensional ball in Eq. 3.5 by replacing u by i, and the doubling inequalities in the
half ball in Eq. 2.12 finitely many times, we have

~ C(la|+IrD) 5116 —nl—k
<
Thus, we obtain that
||’2||L2([531+/8) < eCllelt |)\|)||12||1-11(1;1/3)~ (3.36)

By the arguments in deriving the estimates (3.30), we can improve (3.36) as

il gt g < €Y 2, ) (3.37)

For the upper bounds of nodal sets, we need a lemma concerning the growth of a complex
analytic function with the number of zeros, see [10] or Lemma 2.3.2 in [17].
Lemma 2 Suppose f : B1(0) C C — C is an analytic function satisfying

fO) =1 and sup |f] <2V
B1(0)

for some positive constant N. Then for any r € (0, 1), there holds
Hz € B(0): f(2) =0} <cN
where ¢ depends on r. Especially, for r = %, there holds
i{z € By2(0) : f(z) =0} < N.

We are ready to provide the proof of upper bounds for the boundary nodal sets. See
the pioneering work in [10] and [27] for interior nodal sets. For conveniences of the
presentations, we first show the proof of Neumann eigenfunctions.

Proof of theorem 2 To get the measure estimates of nodal sets of Neumann eigenfunctions
on the boundary, we perform a standard lifting argument. Let

W(x, 1) = eVMu(x). (3.38)

Then w(x, ) satisfies the following equation

(3.39

oW
v

—Ad =0 inQ x (=00, 00),
=0 ond x (—o0, 00)

with A = A + d?. By straightening the boundary 92 locally, rescaling and translation. we
may assume that (p, 0, 1) € (8]3;?]6 N{x, = 0}) X (—%, 1—16) with p € R"*~L. From elliptic
estimates in Lemma 2.3 in [36], we obtain that

| V'éb(p,0,0)

Ak
3l |<CC IIwIILw( (3.40)

BT/SX(_%*%)y
where |@| = k, the derivative is taken with respect to x” on 815%;”/16 N {x, = 0}, and C>1

depends on Q2. By the definition of w, we have that

V'%(p,0)
a!

Ak CN/h
| | <CC" IIMIILOC(BT/S). (3.41)
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Then u(p, 0) is real analytic for any (p, 0) € 8BT/16 N {x, = 0}. We may consider p as the
origin in R”~!. Summing up a geometric series gives a holomorphic extension of u with

sup ()| < e ull e, (3.42)
1
|Z|52(n—l)é

1
2m—1)C
conditions with « = 0. Hence, it follows that

where < % and z € C"~ L. The estimates (3.37) also hold for Neumann boundary

el 2gary < €l 2y - (3.43)

Note that B, is denoted as the ball in R”~! with radius r. Taking the boundary doubling
inequality (3.33) with @ = 0, Eq. 3.42 and elliptic estimates into consideration, by finite
steps of iterations, we conclude that

sup  Ju(@)] < eV sup Ju()l. (3.44)
IZIS% xeB |
2(n=DC 4n-1)C

By rescaling arguments, we derive that

sup [u(2)] < eV sup Ju(x)l, (3.45)

|z|<2r xeB,
where 0 < r < 7y and Fo, C depends on €.

Thanks to the doubling inequality (3.45) and the growth control lemma for zeros, i.e.
Lemma 2, we are ready to give the proof of Theorem 2. Since r does not depend on XA, we
can argue on scales of r = 1. Let p € Byy4 C R*~! be the point where the supremum of ||
is achieved. After rescaling, we assume that [u(p)| = 1. By the doubling inequality (3.45),
we have

sup ()] < eV sup lu(x)|
lzl=<1 i<}
< CVE, (3.46)
Applying (3.45) to the translation of u, we obtain that
sup u(@)] < €V sup Ju(xo)]
lz—pl=l lk—pl<y
< Y% sup u(n)
Ix|<3
< CVE, (3.47)

For each direction € $"~2, we consider the function
Uy(z) = u(p + zw), z€ B1(0) cC.

Denote N(w) = t#{z € Bi1,2(0) C Clen(z) = 0}. By the doubling inequality (3.45) and
Lemma 2, we obtain that
H{x € B12(p) C R"! |x — p is parallel to w and u(x) = 0}
#{z € B1,2(0) C Cluy(z) = 0}
= N(w)
< CV. (3.48)

IA
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By the integral geometry estimates, we further derive that

H"{x € Bip(p)|u(x) =0} < c(n) s N(w)dw
< / CVidw
-2
< CV. (3.49)
Thus, we show the upper bound of nodal sets
H" %{x € Bi/4(0)|u(x) =0} < CV/1. (3.50)
By rescaling, it also implies that
H”_Z{B,O(p) C aQu(x) =0} < CvVa (3.51)
for some o depending only on 2 and for any p € Q. Since the boundary 92 is compact,
by finite number of coverings, the theorem is arrived. O

By the strategy in the proof of Theorem 2, we consider the boundary nodal sets of Robin
eigenfunctions (1.1).

Proof of Corollary 1 To get rid of « on the boundary, we introduce the following lifting
argument. Let
D(x, 1) = e u(x).

Then 0(x, t) satisfies the equation
AD+ 320 — a0+ A0 =0 in Q x (—00, —00),
3 4 90 — 0 on IQ x (—00, —00) (3:52)
v ot ’ .
Using the lifting arguments, we get rid of A and «. Let

W(x, 1, 5) = eWHYRS G 4y,

If A < 0, then +/A is considered as the imaginary number. Then we have

kin} (353)

Aw+82w+82w—01n9x( 00, —00) X (=00, —00),
=0 o0ndR2 x (—o0, —0) X (—00, —00).

Note that Eq. 3.53 is a unlformly elliptic equation with oblique boundary conditions. The
similar lifting argument has been used in [28]. We introduce the cube with unequal radius as

Qrs ={(x,t,5) € R"+2||xi| < Rwheni < n, |x,| <8R, |t| < R, |s| < R}
and half-cube
Q}f,a ={(x,t,5) € R”+2||x,-| < Rwheni <n,0<x, <8R, |t| <R, |s| < R}.

By rescaling, we may consider the function Ww(x, t, s) locally in the cube with the flatten
boundary using the Fermi coordinates in Section 2. Thus, w(x, t, s) satisfies

Aw—i—azw—l—azw—OmQL,

3.54
Doy db on Q3 N {x, = 0}. (3.54)

dx,,

By the analytical results in [36], we can extend w(x, t, s) to the region ] s, where §
depends only on 2. Moreover, we have

W]l Lo, ) < Cz(Q)llﬁillLoo(Q;l). (3.55)
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Letus assume 0 < § < 21—4. Choose any point (p, 0) € BIB%Jli6 N{x, = 0} with p e R~ 1, By

elliptic estimates in €21 5, we have

V'%b(p,0,0,0) Ak
G| = CCll

al Bs(p.0)x (—8.8)x (~3.5))

IA

cCrla) (3.56)

LW(IB*%(p.O)x(—é,@x(—g,é))’

where |@| = k, the derivative is taken with respect to x’ in 8183;“/16 N {x, = 0}, and C>1
depends on 2. In the second inequality of Eq. 3.56, we applied the growth control estimate
(3.55). From the definition of w(x, 7, s), it holds that

V'%u(p,0)
o!

| | < CCRCUITVID ] st - (3.57)
8

The estimate (3.57) is the same as Eq. 3.41 in the proof of Theorem 2. The rest of the proof
follows from Theorem 2 by using the boundary doubling inequality (3.33), and (3.37), and
Lemma 2. Thus, we can show the upper bounds of boundary nodal sets in the Corollary. [

At last, we show the sharpness of the upper bounds of boundary nodal sets for Neumann
eigenfunctions.

Remark 3 The upper bound for boundary nodal sets of Neumann eigenfunctions in Eq. 1.9
is sharp.

For n = 2, the sharp example was already constructed in [42] in a disc with radius one
in R2.

For n > 3, we consider the Neumann eigenvalue problem in a ball with radius one. By
separation of variables, let u(x) = R(r)®(w), Then R(r) satisfies the equations

1
R+ 2R +0— LR =0 (3.58)
r r
and
—Dp®=yd onS"!, (3.59)

where y = k(k+n—2) is the eigenvalue for the spherical harmonics on $"~!. By a standard
scaling, let W(r) =r o R(r). Equation 3.58 is reduced to the equation

" 1 (n — 2)2 2
W)+~ W) + =+ — T YW(r) = 0. (3.60)

We can write the solutions as

W(r) = m(ﬁm,
NER

where J is the Bessel function. Recall that the k-th Bessel function J, is the
m()’) k()

solution for
Y23+ 30 (3) + P = kDI (y) = 0. (3.61)
That is,

Rry=-Y""+=+__

n—

J 2 («/X’”)
[y+ =2
7 _ )

rz
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The Neumann boundary condition
u _ IR(NPW)

0
av ar

onr = 1 implies that
n—2
-—=J NOESL VIVA = 0. 3.62
5 m( ) + m( ) (3.62)
The measure of nodal sets for spherical harmonics @ (w) is known in [10] as
ey < H'" Hwe " |d(w) =0} < C/y. (3.63)
LetC - ()1742)2’

2.1 and Theorem 2.3 in [13] that

. be the kth positive zeros of the solution in Eq. 3.62, it is shown in Theorem

2 s

C\/Hi("iz)z’ 7

as y is large. Let VA = C \/W v It follows from Eq. 3.63 that the conclusion in the
Y=z

Theorem 2 is optimal for n > 3.

4 Interior nodal sets on real analytic domains

In this section, we prove the upper bounds for interior nodal sets of Robin eigenfunctions
using again the doubling inequality and complex zero growth lemma. Assume that 2 is
a real analytic domain. If A = 0, the Robin eigenvalues problem can be reduced to the
Steklov eigenvalue problem as discussed in Remark 1. The measure of interior nodal sets
for analytic domains has been obtained in [48]. Hence, we assume A # 0 in the section.
We first show the upper bounds of nodal sets in the neighborhood close to boundary, then
show the upper bounds of nodal sets away from the boundary 0<2. To deal with the nodal
sets close to the boundary, we do an analytical extension across the boundary using lifting
arguments and analyticity results.

Proof of Theorem 3 By the lifting argument, we introduce
Dx,t,s) = e(\ali—%—ﬁ)seatu(x) 4.1)

as in the proof of Corollary 1. Then w satisfies (3.53) and W can be analytically extended
to the region €21 s whose definition is given in the proof of Corollary 1. Choose any point
pE 83{716(0) N {x, = 0} with p € R". By the elliptic estimates in [36], we have

IA

| V& (p,0,0)

ut cCrla|
a!

£ (B () x (=3.0)x(=8.8))
cChy||

IA

L= (BY (mx(— 1. Hx(=§.D)’ “2)
8

where || = k, the derivative Vg‘ is taken with respect to x € R" and C>1 depends on €2.
From the definition of w(x, t, s), we obtain that

Vau(p) Ak C (a4
_x T C CkeClal+vIrD
| 7! | < 2 ”””Locagg-g ()" 4.3)
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By the uniqueness of the analytic continuation, it also holds that
—Au=Au in 51, 4.4)

where Q| = {x e R"|dist{x, 2} < §}. We may regard p as the origin. If summing up
a geometric series, we can extend u(x) to be a holomorphic function u(z) with z € C".
Moreover, we derive that

sup (@) = eI ) e 4.5)
g

lz|= ﬁ
with C > 1. From the relations of & and u, the doubling inequality (2.12) also holds for u as

< (Cllal VI

”u”LZ(IB;) |M||L2(Bj) (4.6)

for 0 < r < rg. Applying the doubling inequality (4.6) in L norm finitely many times in
the half balls, we have

C(lal++/I2D
<
sup |M(Z)| =e€ ”u”Loo(]BJrl

1 1 _
< —= A~
lzl=5, = an€

)

< eC(IaIJr«/W) ||u||L°O(]EL)- 4.7)

anC
From the rescaling argument, we conclude that

sup [u(z)] < eCIHYID qup ()| (4.8)

lz|<2r lx|=<r
for 0 < r < rg with ro depending on 2 and C depends on €.
In the first step, we prove the nodal sets in a neighborhood €25 . Since d€2 is compact, we
can choose a sequence of finite number of balls centered on d€2 such that those balls cover
Q 5 By rescaling and translation, we can argue on scales of order one and choose balls

centered at origin. Let p € By,4 be the point where the maximum of || in B 4 is attained.
After a rescaling, we may assume that u(p) = 1. By the doubling inequality (4.8), we have

sup Ju(z)] < eCUHVED qup Ju(x))|

<1 i
lzl= [xI<z

< oClal+VIAD 4.9)

Applying (4.8) to the translation of u, we obtain that

sup [u(2)| < eCOHVIDqup Ju(n))|
lz—pl=<l |x7p\§%
< eC(IalJr«/W) sup |u(x)|

1
[x1<3

< Cllal+VIAD (4.10)

For each direction w € §"~!, set u,(z) = u(p + zw) in z € B1(0) C C. By the doubling
property (4.10) and Lemma 2, we can show that

f{x € B12(p) | x — pisparallel to w and u(x) = 0}
f{z € B1,2(0) C Cluy(z) = 0}
< C(lal +VIAD. @.11)

IA

A
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Recall that N(w) = t{z € Bi12(0) C Clu,(z) = 0}. With aid of integral geometry
estimates, it yields that

H" Y € Bip(p)lu(x) = 0} < C(”)/s  N@do

/S Cllal + /i) do
C(la| + V). (4.12)

IA

Since B;,4(0) C By/2(p), we obtain the upper bound estimates
H' Yx e Bi/4(0)u(x) =0} < C(la| + V). (4.13)

Covering the domain 5 C ﬁl with a finite number of balls centered at 02, we obtain that

H"_l{x € Q%|u(x) =0} < C(la| + VIA])- (4.14)
In the second step, we deal with the measure of nodal sets in €2\ €2 5 Recall that we have
obtained the doubling inequality in the interior of the domain in Proposition 1, i.e.

Cllael++/TAD

el ooy, (p)) <€ il oo, (py)-

Since u(x) = u(x)exp{—ap(x)} and —Cy < o(x) < Cp for some constant Cy depending
on  in Eq. 2.7, it follows that
el Lo @By, (py) < €C(|a|+ﬁ)||u||L°°(JB,(p)) (4.15)

holds for p € Q\Q s and 0 < r <rg < %. We can similarly extend u(x) locally as a
holomorphic function in C”. Choose any point p € Q\Q% . By the elliptic estimates, we
have

Vi (p, 0,0) N
@l =cc ”w"LN(B%<p)x<—a,a>x<—a,s))

)), (4.16)

A

IA

Ly
%(p)x( 3:8)%(—3,

.
CE N e

ool —
ool—

where || = k, the derivative V)‘? is taken with respect to x € R” and C>1 depends on 2.
From the definition of w(x, t, s), we obtain that

vy N
|X.—,(m| < CCReC@VID |uf| g, ). (4.17)
a! 16
Summing up a geometric series, we can extend u(x) to be a holomorphic function u(z) with
z € C". Moreover, we derive that
sup u(2)| < eIyl e, (4.18)
16

1
<—
‘Zl_ZnC

with C > 1. By iterating the doubling inequality (4.15) finite number steps and rescaling
arguments, we arrive at

sup |u(z)] < €UV gup Ju(x)] (4.19)

lz|<2r lx|<r

for 0 < r < ro with ro depending on €2 and C independent of A and r.
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Following the same procedure in the neighborhood of the boundary, and making use of
Lemma 2 and the doubling inequality (4.19), we can obtain the upper bounds of the interior
nodal sets

H" '{x € Bia(p)lu(x) = 0} < C(la| + v/]AD). (4.20)

Covering the domain ©\2 5 using finite number of balls gives that

H" Yx e Q\Q Ju(x) = 0} = C(la| + VIAD. 4.21)

Combining the results in (4.14) and (4.21), we arrive at the conclusion in Theorem 3. [

5 Global Carleman estimates

In this section, we prove the quantitative global Carleman estimates in Proposition 2. Inter-
ested readers may refer to the survey [22] and [25] for more exhaustive literature for local
and global Carleman estimates. We will use the integration by parts arguments repeatedly
to get the desired estimates. Recall that the weight function

Y(y) =M
with
VP

h(y) = EAIRNE
) 4+2 Yn

Actually, the weight function can be chosen as any & € C2 such that |VA| # 0 in IBT/Z to
have the Carleman estimates in Proposition 2. Recall the assumptions about b(y) and c(y)
are

161wty < Cllal+ 1),
VG 2 (5.1)
”C”Wl,oc([ggl*/z) < C(a” + |A].
Proof of Proposition 2 Choose
w(y) = eV Vu(y). (5.2)

Since v(y) € C C>o(IPB;F/Z), then w(y) € C C>o(Bfrﬂ). We introduce a second order elliptic
operator
Py = —a;jDjj + bi (y)Di + c(¥).
Define the conjugate operator as
Pow = eﬂ//(y)po(e—ﬂb()')w)_
Direct calculations show that
Prw = —a,-jD,-jw + 2ta[jD,'lﬂDjw + ‘L'a,'jD,'jww
—72a;; Dy Djyrw — Tbi (y) Diyw + bi () Diw + c(y)w
= —a;;Djjw + 2tsyra; DihDjw — 25>y B(y)w + ta(y, s)w
—Ts¥b; (y) Dihw + b; (y) Diw + c(y)w, (5.3)
where
B(y) =a;jD;hDjh,
a(y,s) = s*B(y) + sa;; D;jh. (5.4)
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Note that §(y) > C for some positive constant C on IB%;F/2 by the uniform ellipticity. We
split the expression P;w into the sum of two expressions Pyw and P,w, where

Piw = —a;;Dijjw — t2s21ﬁ2ﬂ(y)w —ts¥bi(y)Dihw + c(y)w,

Pyw =2tsyra;jDihDjw + b; (y) D;w.
Then
P.w = Piw+ Pw+ ta(y, s)w. (5.5)
We compute the L? norm of P,w. By the triangle inequality, we have

IPrwl? = [Piw + Pow + ta(y, s)w]?
| Pyw))? + | Pawll* + 2(Piw, Paw) — ||tra(y, s)w]>. (5.6)

%

Later on, we will absorb the term ||[t¢ra(y, s)wl2. Now we are going to derive a lower
bound for the inner product in Eq. 5.6. Let’s write

4 4
(Prw, Pyw) =Y "L+ I, (5.7)
k=1

k=1

where

—a;jDjjw, 2tsyra;; DihDjw),

—rzszt/fzﬁ(y)w, 2tsya;jDihDjw),

—tsyb;(y)Dihw, 2tsyra;jDihDjw),

c(y)w, 2tsya;;DihDjw),

—a;jDijw, b;(y)D;w),

— Y B(w, bi(y)Diw),

—tsybi(y)Dihw, b;i(y)Diw),

c(y)w, bi(y)D;w). (5.8)

I =
I = (
I3 =
Iy = (

Ji =
Jo =
J3 = (
Jy=(

We will estimate each term on the right hand side of (5.7). Performing the integration by
parts shows that

I = 2fs2/+ WaijD,-ijhalethzwdy+2'L's/+ Dj(ajjax Dh)y DiwDyjw dy

1/2 1/2
+2‘[S/ Yra;jDiway DyhDijjw dy — 2ts Yray DyhDywa;jDiwv; dS
IBT/Z 31531*/2
=11+ 124+ +1 (5.9)

The first term 1 11 can be controlled as
Il = 2742 D, n12
. = 2ts ) YlaijDiwDjh|”dy
B

1/2

0. (5.10)

v
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Applying the integration by parts argument, the third term / ]3 can be computed as

113 = ‘L'S/ VYajja DihDy(DiwD;w) dy

By

—rs/+ Y Dy(aijap Dxh)DiwDjw dy — 752 /IB# YvB(y)aijDiwDjwdy
1/2
+‘L'S/ Ya;jDiwD jwag DihvdS. (5.11)
1/2

Combining (5.9), (5.10) and (5.11), and using the fact that ||a;;l|c1 is bounded, we can
estimate /; from below

I > 2752 / w|a,]D,wD]h| dy—rs / YB(y)ai;DiwD;wdy

By

—Crs/ v|Vuw| dy—Crs/ v|Vw|*dy. (5.12)
BT/Q aIBST/Z
Thus,

I >—ts / YBa;jDiwDjwdy— Crs/ W\le dy— Crs/ W\le dy. (5.13)

1/2
Now we compute the term /> using integration by parts argument,
L = -1 / 1// B()aijDihDjw dy
= 3r3s4/+ V3B (y)aij Dih D jhw dy+r3s3/+ ¥3D;(Baij Dihyw* dy
B

—3s / 1,0 ﬂ(y)w ajjDihv;dS

A%

31334/ v3BZ(wldy — Cts / 1//3w2dy—C‘r3s3/ YIw?dS. (5.14)
IBTr/z BT/Z BBT/Z

Choosing s large enough and noting that 8(y) > C, we deduce that

%S4/+ V3w dy — Cr3s3/ V3wt ds. (5.15)
By, 0

4
B/

For the term /3, using the integration by parts argument leads to

I3

—12s / w bi(y)Drhaij Di hDjw dy

7257 / . DjWbi(y) Dihaij Dihyw? dy — *s? / . VPwlhi(y)Dihaij Dihv; dS. (5.16)

1/2

Making use of the assumption of Eq. 5.1 gives that

Iz > —C(la| + D’s / v2w?dy — C(la| + 1)’s /+1//2w2dS. (5.17)
B
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We proceed to estimate the term /4. Using integration by parts shows that

Iy = rs/+ c(y)t//aijDihDjwzdy
By

= TS/ waiijc(y)Dihwzdy — ‘L'SQ/+ c(y)l/faiijhDihwzdy
]B+

1/2 IB31/2
—rs/ c(y)lﬁDj(aijD,'h)wzdy—i—rs/ c(y)yw?a;;Dihv; dS. (5.18)
]E%T/z 313,72

Again, the assumptions of Eq. 5.1 leads to
2,2 2 2 2
Iy > —Cts”(a” + IAI)/ Yyw dy — Cts(a” + IAI)/ Ywdy. (5.19)
BT/Z 311331*/2

Together with the estimates on each I from Eqgs. 5.13-5.19, using the assumption that
T > Cs(la| + +/|A]) for some C depending on s, we arrive at

! 14
S > —r3s4f W3t dy — Cr3s3/
P 5 B}, OB

—rszf W,BaijD,-ijwdy—CTs/ vIVw|®dy. (5.20)
]B%T/z BT/Z

1/f3w2dS—C'cs/ N v|Vw|>dS
B,

+
172

Next we continue to estimate the integration about J; using the strategy of integration by
parts. Direct computations show that

1
J1 = /+ Dj(aijbk)Dikawdy+§/+ ajjbx D (DiwDjw) dy

1/2 B

—/ by Dywa;jDiwv;dS
BIBT/Z

1
= /+ Dj(aijbk)DikaWdy_§/+ Dy (a;jbi) DiwDjw dy

172 B\

1
+f‘/ aijDiijwbkvde—/ by Dywa;jDiwv; dS. (5.21)
2 Jamt, B,

By )

Thus, from the assumption of b;,
Ji = —C(la| + 1) / Vw|>dy — C(la| + 1) / [Vw|*>dS. (5.22)
]B%T/Z 3131*/2
For the term J;, integration by parts argument yields that

1
= ——1%? f YB(»)bi (y)Diw? dy
2 BT/Z

72s3 2 7252 2
T/+ YB(y)bi Dihw” dy + T/+ ¥ D; B(y)bi(y)w” dy
By, By,
2.2

7252 5 TS 2
+T/ YB(Y)Dibi (Y)w*dy — —— YB()wbi(y)v;dS. (5.23)
BT/2 2 3BT/2
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Therefore, we can show that
b > —Ct2s3 (o] + 1)/ Byw?dy — Ct2s>(Ja| + 1) / yw?dS. (5.24)
Bfr/z 3131*/2
In the same way, we can show that
J3 = —E/ I/fkakhbiD[w2dy
2 ]B_l'—/z

s Di(kathbi)wzdy—E/ Ywby Dghbiv; dS.  (5.25)
2 B 2 0B},

We can control J3 below as
J3 > —Crs’(Jo| + 1)2/ vw?dy — Cts(la| + 1)2/ vw?dS.  (5.26)
JBT/Z a]B,+/2

Similarly, applying the integration by parts leads to

1
Jy = */ c(y)bi Diw?* dy
2 Bt
172
1 2 1 2
= —= Dic(y)biw~dy — = c(y)D;b;w=dy
2 BT 2 BT
12 1/2
1
+= c(y)w?b;v; dS. (5.27)
2 JoBr
172

Then we can obtain that

Jy > —C@® + A (| + 1)/ w?dy — C(? + A (| + 1) w?dS. (5.28)
]BT/Z a]ﬁa;f/z

Using the fact that T > Cs(|a| + +/|A|) for C depending on s, and summing up the
estimates from Eqs. 5.22-5.28 gives that

4
> k= —C(laf +1)/ YIVw*dy — Ct*(|a| + 1)s3/ yw*dy
k=1 B B

—Cz2s2(|a|+1)f 1//w2dS—C(|oz|+1)/ IVw|?dS. (5.29)
aJBa,*/z aBT/Z

Recall the inner product (5.7). Combining (5.20), and (5.29) and using the the assumption
T > C(|a| + +/|A|) again, we derive that

1L 5 4 3522 5 9
(Piw, Pyw) > —1°s Y w dy — —ts Ya;;DiwDjwdy
4 BT 4 Bt
172 1/2
—co3s3 v3w?dS — Crs/ v|Vw|?ds. (5.30)
GBT/Z 8]B%|+/2

We want to control the gradient term on the second term on the right hand side of
Eq. 5.30. To this end, we consider the following inner product

4
(Prw, Ts*YB(w) = Y L, (5.31)
k=1
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where
Ly = (—a;jD;jw, ‘L'szwﬁw)
Ly = (-2 ¢ Bw, s>y pw) = / w3 p2w? dy, (5.32)
Ly = (—tsyb; Dihw, ts>yBw)
=—‘cs/ 1//,Bthwdy
B
= —Ct%s%(|la| + 1)/ vrw?dy, (5.33)
B
and
Ly = (c(y)w, ts*yBw)
= [ computay
i
>

—Cst((>52+|/\|)/B+ vBw? dy. (5.34)
1/2

We want to find out a lower estimate for L to include the gradient terms. It follows from
integration by parts and Cauchy-Schwartz inequality that

Ly =15 / YBa;jDiwDjwdy + ts f+ D;(a;jyB)wDjwdy

1/2 1/2
g2 YBwa;jDiwv; dS
aBT/Z
> ts2/ wﬁla,-jD,-ijwldy—Cts3/ VIVw||w|dy
B B}
1/2 1/2
—Ts YBwa;jDjwv;dS
BBT/Z
> —rs / YBa;;DiwD;wdy — Crsm/ wzw dy — Crs? wwzdS
3113%1*/2
—Crts? /+ V|Vw|?ds. (5.35)

Taking (5.31), (5.32), (5.33), (5.34), and (5.35), and t > C;(|e| + +/|A]) into account gives
that

5 3 4
P,y > —/ VBai DiwDjwdy — f y2 2w dy
1/2 1/2
—Crts? vw?dS — Crs? v|Vw?dS.  (5.36)
aIBSl/Z BIB%UZ
Since
25 5752
I Pyw|? + anszx/fﬂwnz > 2(Pyw, ——ypw), (5.37)
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from Eq. 5.6, we obtain that

ts*ypw) + 2(Piw, Pyw)

—[ltyraly, syw|*. (5.38)

From the expression of a(y, s) in Eq. 5.4, we can absorb |[t¢a(y, s)w||® into the inner
product (Pjw, P,w) by the dominating term t s4f 1// 32w? dy in Eq. 5.30. We can

2, 25, 2 2 5ts?
IPewl” + = lirs™ypwl” = 2{P1w,

absorb ||rs21pﬁw||2 into the inner product (Pjw, Pzw) as well. Thanks to Egs. 5.6, 5.30
and 5.36, using the assumption that 7 > C(|a| + 4/|A|) and s is a fixed large constant, we
arrive at

||wa||2+”/ 1//3w2dS+rs/ 1/f|Vw| ds
1/2

> CT3S4/ vrw?dy + Crs2/ 1//|Vw|2 dy. (5.39)
B B
Recall (5.2) and the operator Py. We derive the following Carleman estimates for v as

e Pyvl|®> + o35 / 1//3 2tyy2 dS—l—rs2[ . ve¥V |Vt ds

> Ctls / V3?2 dy + Cts / vV |Vu|? dy. (5.40)
1/2 1/2
Thus, we arrive at the conclusion in the proposition. O
Appendix

In the Appendix, we first construct polar coordinates for equations with Lipschitz metrics
in Eq. 2.9, then we obtain the doubling inequalities on the double manifold. Most of the
arguments in the Appendix are kind of known and scattered in the literature. We present
the details for the conveniences of the readers. Without loss of generality, we consider the
construction of normal coordinates at origin. Starting from a ball Bs in local coordinates,
for the metric g;; in Eq. 2.9, we introduce a “radial” coordinate and a conformal change
metric g;;. Let

r=r) = (@;O)xx))? (5.41)
and
8ij(x) = gi; ()Y (x), (5.42)
where
dr or

¥ (x) =g ) (5.43)

axk axl
for x # 0 and (§Y) = (& j)’l is the inverse matrix. In the whole paper, we adopt the Ein-
stein notation. The summation over index is understood. We assume the uniform ellipticity
condition holds in Bg for

ALIEIP < Y &ij(0&E; < MallEN?

i,j=1
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for some positive constant A and A, depending only on 2. Then Y is bounded above and

below satisfying
Al A A
Ly < 2 (5.44)
Ay A
We can also see that 4 is Lipschitz continuous. With these auxiliary quantities, the following
replacement of geodesic polar coordinates are constructed in [3]. In the geodesic ball By, =

{x e fZ|r(x) < Fo}, the following properties hold:
(i)  &ij(x) is Lipschitz continuous;

(ii) & (x) is uniformly elliptic with + AL ||z§||2 < &ij(0)&E; < x ||é§||2

(iii) LetX = BIBS,O. We can parametrlze IB,O\{O} by the polar coordinate r and 6, with r
defined by Eq. 5.41 and 6 = (61, ---6,—1) be the local coordinates on X. In these
polar coordinates, the metric can be written as

§ij(x)dx'dx’ = dr* +r?;;do'do’ (5.45)
with y;; = ,%ékz(x)?)j;f 3%-
(iv) There exists a positive constant M depending on g;; such that for any tangent vector

§j e Th(D),
3y (r, 0)
| | < M1 (). (5.46)
Let p = det (y;;). Then Eq. 5.46 implies that
d1n
| afl <CM. (5.47)

The existence of the coordinates (r, 8) allows us to pass to “geodesic polar coordinates”.
~ 1. L L . A
In particular, r(x) = (g;;(0)x;x;)2 is the geodesic distance to the origin in the metric g;;.
In the new metric g;;, the Laplace-Beltrami operator is

A ol
Ap = f o f

where g = det(g;;). If it is a solution of Eq. 2.9, then i is locally the solution of the equation

Agit +b(x) - Vi +é)i =0 inBy, (5.48)
where .

I; 2 gl] ‘ﬂ + él;l

292 ’
éx) = 29, ’ G4

v

ki
wZ gl] 3x]

in l; is only continuous and does not depend on either « or A, it can be ignored in the future
quantitative estimates for doubling inequality or nodal sets. The major term — 7 Lbis Lipschitz

continuous. From the conditions in Eq. 2.10, we still write the conditions for b and ¢ as

1511100 < C(la| + 1),
{ W By,) (5.50)

”dlwloc(m; ) = C(O{ + |)\|)

For simplicity, we may write Ay or Ag as A if the metric is understood. Since the geodesic
balls or half balls under different metrics are comparable, we write all as B, (x) or IB%;r (%)
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centered at x with radius ». The rest of section is to show the doubling inequality on the
double manifold. Let » = r(y) be the Riemannian distance from origin to y. Our major
tools to get the three-ball theorem and doubling inequality are the quantitative Carleman
estimates. Carleman estimates are weighted integral inequalities with a weight function ¥,
where v usually satisfies some convex condition. We construct the weight function i as
follows. Set

Y (y) = —g(nr(y)),

where g(t) =t + log 2 for —oo < t < Ty, and Tp is negative with |7Tp| large enough. One
can check that

lim —e'g”’(t) =00 and lim g'(t) =1. (5.51)
t——00 ——00

Define
Ye(y) = eV, (5.52)

We state the following quantitative Carleman estimates. The similar Carleman estimates
with lower bound of the parameter T have been obtained in e.g. [4, 10, 48]. Interested readers
may refer to them for the proof of the following proposition.

Proposition 3 There exist positive constants Cy, Co and small ro, such that for v €
CS° By \By), and

T > Ci(1+ el + VIAD.
one has
Collryre (B0 +b(y) - Vo + ) I* = Y (logr) ™ vl|* + |y (logr) ™' Vo ?
1
+rpllr 2 gl (5.53)

The || - ||, or ||- || norm in the whole paper denotes the L norm over B,-(0) if not explicitly
stated. Specifically, || - ||B, (y)) for short denotes the L? norm on the ball B, ( y). Thanks to
the quantitative Carleman estimates, it is a standard way to derive a quantitative three-ball
theorem. Let u be the solutions of the second order elliptic (5.48). We apply such Carleman
estimates with v = nu, where 7 is an appropriate smooth cut-off function, and then select an
appropriate choice of the parameter t. The statement of the quantitative three-ball theorem
is as follows.

Lemma 3 There exist positive constants ro, C which depend only on Q and 0 < 8 < 1
such that, for any 0 < R < ry, the solutions u of Eq. 5.48 satisfy

- _ _ 1=
il By < eCOTYENAIE il P, (5.54)

for any xo € Q.
Since the proof of three-ball theorem is kind of standard by the applications of quan-

titative Carleman estimates (5.53). We skip the details. The readers may also refer to
Proposition 1 for similar proofs.
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Let [lull2(q) = 1. Because of the even extension, we may write
Set x be the point where

il ;2. (5 = max |||l 2.
(By, (£)) = MAX (B, (1))

for some 0 < 7y < %". The compactness of 2 implies that
el 2287, ey = Cio

for some Cj, depending on Q and 7. From the quantitative three-ball inequality (5.54), at
any point x € €2, one has

1
= —Clal+VIAD 71 B
||14||L2([5;;0/2(x)) =e ||u||L2(IB;O(x))' (5.55)

Let [ be a geodesic curve between X and X, where X is any point in Q. Define xo =

X,-++,xym = X such that x; € [ and B#, (x;+1) C B;, (x;) for i from O to m — 1. The num-
z

ber of m depends only on diam(€2) and 7. The properties of (x;)1<;<m and the inequality

(5.55) imply that

1
- —C(lal+VTAD) 7118
||”||L2(B;0/2(x,-)) >e ”u”L2(IB;0/2(x,~+1))' (5.56)

Iterating the argument to get to x, we obtain that

A%

1
. —Cp, a4+ 2 B
Nl 2@y, o)) = €70 G

> e—C;O(laH\/m)”IZ”LZ(Q). (5.57)

Let Ag o = (Bar(x0)\Bg(xo)) for any xo € €. Then there exists By, 2(X) C Ay, 27, for
some X € Ay, #,- Thus, by Eq. 5.57,

> e—C;O(IaIJr«/W)“ﬁ”LZ(Q). (5.58)

el 22z, 25,
With aid of the quantitative Carleman estimates (5.53) and the inequality (5.58), using
the argument as the proof of Lemma 3, we are ready to derive the doubling inequality as

follows.

Proof of Proposition 1 Let R = %0, where 7y is the fixed constant in the three-ball inequal-

ity in Eq. 5.54. Choose 0 < p < %, which can be chosen to be arbitrarily small. Define a
smooth cut-off function 0 < 1 < 1 as follows,

n(r)=0 if r(x) < p or r(x) > 2R,

n(r)y=1 if 2 <r(x) <R,
o Vnl<S ifp<rv) <%,
o |Vy<C if R<r(x)<2R.
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We substitute v = nu into the Carleman estimates (5.53) and consider the elliptic (5.48).
It follows that

A

3 1 1 1
T2 (logr) eV it +T2p2|r 2V ni| <

Cllr*e™ (Mg (nit) + b(x) - V(nit) + E(x)nid)|
Cllr?e™ (Anii + 2V - Vo + b - V)|

IA

Thanks to the properties of 1 and the fact that T > 1, we get that
Idogr) ™ e™Vitllg 22 + lle™Vitll3 ,, < C(le™Vill 3 + lle™Vitllr.2r)
2°73 24P )
+C(plle™ Vil , 3 + Rlle™" Vitllr.2r)

3 + Rlle™Vit| g 2r).

’ 2

+C(lal + D(plle™al,
Since R < 1 is a fixed constant and p < 1, we get that
le™illg 2 +lle™Vills, o, < Cllal+D(le™ il 3 + lle™illg,2r)
2°3 2P P

+C@lle™ Vi, 3 + Rlle™ Vil g 2r)-
Using the radial and decreasing property of ¢ yields that
VD llg o+ e il y, < Cllal+ DV DNl 5 + e Pl )
+Clpe™ " PVl 3 + Re™ V| Vitllr 2p).
For the Eq. 5.48, it is known that the Caccioppoli type inequality

_ Clal+ VI
r

IVull(1-ayr = lluell (5.59)

holds with any 0 < a < 1. With the help of the Caccioppoli type inequality (5.59), we have

2R _ _ — —
eV il g 2+ il y , = Cllal +VIADE P il + e P ilsp). (5.60)

Adding the term ™V “”)|iz|| 3, to both sides of last inequality and taking ¥ (o) > ¥ (4p)
2
into account yields that

2R
eV il g ap + e illap < Clal + VIDEV Ol + eV Plilzr).  (5.61)
We choose 1 such that

1 2R
Clal+VIADe™ ®lilsr < Se™ il g 2.

To achieve it, we need to have

1 2C (|| + VTAD llill3r
T2 7R In i '
Y (5 — ¥ (R) el & 2z

Then, we can absorb the second term on the right hand side of Eq. 5.60 into the left hand
side,

2Ry _ - —
VD il g 25 + eV iy < Cal + VIRV il (5.62)
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To apply the Carleman estimates (5.53), we have assumed that T > C(la| + +/|A])-

Therefore, to have such t, we select

1 2C (|| + VIADIull3r
T=C(lal +VIAD + —5% In — .
v -y (®) lillg
Dropping the first term in (5.62), we get that
_ 1 2C(la| + VIAD N3k
liallap < Clal + /11D exp{( In

V) — ¥ (R) il z 3
+ C(lal +IaDHill,

c M, lullsr ¢, -
CUHVIRD (28 Cil,,
lill & s

IA

where we have used the condition that
—1 2R
B < WT) — ¥ (R) < B,
Byl <v(p)—vdp) < B

for some positive constants 81 and f, independent on R or p.
Letrg = g be fixed in Eq. 5.58. With aid of Eq. 5.58, we derive that

132l 22 B3 < (Clal+VID)|

”IZ“LZ(AE 3R)
2 2

Therefore, it follows from Eq. 5.63 that

- A’ _
”“”LZ(]M,,) < eC(\oth)”u”Lz(sz)‘

Choosing p = % we get the doubling inequality

< (Cllal+VTAD

Il 25, ) il 2,

forr < £.1fr > &, from Eq. 5.57,
il 2w,y = Nillp2 g
12

> e—CR(|a|+«/W)”,Z”L2(Q)

> 67CR(|Q|+\/W)||”_‘||L2(]B32,)'
Together with Eqgs. 5.64 and 5.65, we obtain the doubling estimates

Clarl+/TAD

lullp2,,) <e Nl 2w,

)W (p) — ¥ (4p))

(5.63)

(5.64)

(5.65)

(5.66)

for any r > 0, where C only depends on the double manifold Q. By the translation invariant

of the arguments, the proof of Eq. 2.11 is derived.
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