RATIONALITY OF EVEN-DIMENSIONAL
INTERSECTIONS OF TWO REAL QUADRICS
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ABSTRACT. We study rationality constructions for smooth com-
plete intersections of two quadrics over nonclosed fields. Over the
real numbers, we establish a criterion for rationality in dimension
four.

1. INTRODUCTION

Consider a geometrically rational variety X, smooth and projec-
tive over a field k. Is X rational over k7 A necessary condition is
that X (k) # (), which is sufficient in dimension one, as well as for
quadric hypersurfaces and Brauer-Severi varieties of arbitrary dimen-
sion. When the dimension of X is at most two, rationality over k was
settled by work of Enriques, Manin, and Iskovksikh [Isk79]. Rationality
is encoded in the Galois action on the geometric Néron-Severi group —
varieties with rational points that are ‘minimal’” in the sense of bira-
tional geometry need not be rational. In dimension three, recent work
[HT21a, HT21b, KP20, BW20, BW19] has clarified the criteria for ra-
tionality: one also needs to take into account principal homogeneous
spaces over the intermediate Jacobian, reflecting which curve classes
are realized over the ground field. The case of complete intersections
of two quadrics was an important first step in understanding the overall
structure [HTCT21]; rationality in dimension three is equivalent to the
existence of a line over k [HT21a, BW19, KP20).

These developments stimulate investigations in higher dimensions
[KP21]; the examples considered are rational provided there are ra-
tional points. In this paper, we focus on the case of four-dimensional
complete intersections of two quadrics, especially over the real numbers
R. Here we exhibit rational examples without lines and explore further
rationality constructions.

Theorem 1.1. A smooth complete intersection of two quadrics X C P°

over R is rational if and only if X(R) is nonempty and connected.
1
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In general, a projective variety X that is rational over R has con-
nected nonempty real locus X (R). The point of Theorem 1.1 is that
this necessary condition is also sufficient.

Corollary 1.2. A smooth complete intersection of two quadrics X C
IPS is rational over R if and only if there exists a unirational parametriza-
tion P* ——» X, defined over R, of odd degree.

Indeed, odd degree rational maps are surjective on real points, which
guarantees that X (R) is connected. Smooth complete intersections of
two quadrics, of dimension at least two, are unirational provided they
have a rational point; see Section 3.1 for references and discussion.

We also characterize rationality in dimension six, with the exception
of one isotopy class that remains open (see Section 6.2).

Here is the roadmap of this paper. In Section 2 we recall basic
facts about quadrics in even-dimensional projective spaces and their
intersections. All interesting cohomology is spanned by the classes of
projective subspaces in X of half-dimension, and the Galois group acts
on these classes via symmetries of the primitive part of this cohomology,
a lattice for the root system Dy, 3. In Section 3 we present several
rationality constructions. The isotopy classification, using Krasnov’s
invariants, is presented in Section 4; we draw connections with the
Weyl group actions. In Section 5 we focus attention on cases where
rationality is not obvious, e.g., due to the presence of a line. In Section 6
we prove Theorem 1.1 and discuss the applicability and limitations of
our constructions in dimensions four and six. We speculate on possible
extensions to more general fields in Section 7.
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grant 1701659 and Simons Foundation Award 546235, the second au-
thor by the NSF grant DMS-1901855, and the third author by NSF
grant 2000099. We are grateful to Sarah Griffith-Siqueira for a com-
ment on the combinatorics of the isotopy types.

2. GEOMETRIC BACKGROUND

2.1. Roots and weights. Let Dy, 3 be the root lattice of the corre-
sponding Dynkin diagram, expressed in the standard Euclidean lattice

(L1,..., Lonys) Li- Lj =0y
as the lattice generated by simple roots
Ry =1Ly — Ly, Ry =Ly — Ls, ..., Ropy1 = Lont1 — Lonya,

Ropto = Lopyo — Lonys, Ropys = Lopto + Lopys.
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Its discriminant group is cyclic of order four, generated by
1(2(Ri + 2Ry + -+ (2n+ 1) Ropi1) + (2n+ 1) Rapya + (20 + 3) Ronys).

Multiplication by —1 acts on the discriminant via +1. The outer au-
tomorphisms of Dy, .3 also act via automorphisms of Dy, 3 acting on
the discriminant via +1, e.g., exchanging Rs, 12 and Ra, 3 and keeping
the other roots fixed.

The Weyl group W (Ds,3) acts in the basis {L;} via signed permu-
tations with an even number of —1 entries. The outer automorphisms
act via signed permutations with no constraints on the choice of signs,
e.g.,

L; f—)LZ’, 1=1,...,2n + 2, L2n+3f—) _L2n+3-

The odd and even half-spin representations have weights indexed by
subsets I C {1,2,...,2n + 3}, with |I| odd or even, written

The odd and even weights are exchanged by outer automorphisms.

2.2. Planes. In this section, we assume that the ground field is alge-
braically closed of characteristic zero.

Let X C P?"*2 be a smooth complete intersection of two quadrics.
We will identify subvarieties in X with their classes in the cohomology
of X when no confusion may arise.

Let h denote the hyperplane section and consider the primitive co-
homology of X under the intersection pairing. Reid [Rei72, 3.14] shows
that

(B"): = (=1)"Dapss.

In other words, the primitive sublattice of H?*"(X,Z(n)) — the Tate
twist of singular cohomology for the underlying complex variety — may
be identified with the root lattice. This is the target of the cycle class
map

CH"(X) — H*"(X,Z(n))

so the sign convention is natural.

Remark 2.1 (Caveat on signs). When X is defined over R, codimension-
n subvarieties Z C X defined over R yield classes in H**(X,Z(n)) that
are invariant under complex conjugation. However, the correspond-
ing classes in H?*"(X,Z) are multiplied by (—1)". When we mention
invariant classes, it is with respect to the former action.
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Given a plane P ~ P* C X, we have
(P-P)x =c¢,
where [Rei72, 3.11]
c=1lca=-lc=2c3=-2,...,¢c, = (=1)"(|5] +1).
The projection of P into rational primitive cohomology takes the form
Pl
which has self-intersection ¢, — 1/4. The corresponding element wp €
Doy 3 has
wp - wp = (2n + 3)/4.
By [Rei72, Cor. 3.9], we obtain bijections
{wP}Pz]P’”CX = {wl}|l| has fixed parity -
Note that the residual intersections to P* C X
XNP*2=P"US

give cubic scrolls S C X; these realize the weights of opposite parity.
By [Rei72, Th. 3.8], two planes P; and P, are disjoint if and only if

Wp, - Wp, = (_1)n+1/4‘

For example, if n = 1 and wp, is identified with (L3 —Lo—Ls—Ly—Ls)/2
then the relevant weights are

(L1+ Lo+ Ls—Ly—L5)/2, ..., (Ly—Ly—Ls+ Ly+ Ls)/2
and
(=Li+ Lo+ Ls+Ly—Ls)/2, ..., (=L1— Lo+ L3+ Lys+ Ls)/2,

a total of 10 = (g) such lines. When n = 2 and wp, is identified with
(Ly — Ly — - -+ — L7)/2 then the relevant weights are

(L1+Lo+Ls+Ly+Ls—Le—L7)/2,...,(Li—Lyo— L3+ L4+ Ls+Le+L7)/2
and
(—=Ly+Lo+Ls+Ly—Ls—Le—L7)/2,...,(—L1—Lo—L3s—Ly+Ls+Le+L7)/2,

a total of (2) + (g) =35 = (;) planes. The planes P, and P, meet at
a point if and only if

wp, - Wp, = (_1)nz§1'

If they meet along an r-plane then an excess intersection computation
gives [Rei72, 3.10]

P-Py=(=1)"(15D)+1)
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and
wp, wp, = (<1715 + 1) — (-1)
In particular, they meet along an (n — 1)-plane when
Wp, - Wp, = _(I_HT_lJ + 1) - (_1)71%1’
for a fixed wp, there are 2n + 3 planes P, meeting P; in this way. For
example, if n = 1 and wp, = (L1 — Ly — Ly — Ly — Ls5)/2 then the
possibilities for wp, are
(Ly+ Lo+ Ly + La+ Ls) /2, (=Ly — Lo+ Lz + Ly + Ls) /2,
(=Ly+ Ly — Ls+ Ly+ Ls)/2, (—=Ly+ Lo+ L3 — Ly + L5)/2,
(=L + Lo+ Ly + Ly — L3) /2.
2.3. Quadrics. We retain the notation of Section 2.2.
Our next task is to analyze quadric n-folds () C X, i.e., ) a degree-

two hypersurface in P*1. Let {Q;},t € P! denote the pencil of quadric
hypersurfaces cutting out X. The degeneracy locus

D :={t € P': Q, singular }

consists of 2n 4 3 points; since X is smooth, each has rank 2n+ 2. The
Hilbert scheme of quadric n-folds () C X is isomorphic to the relative
Fano variety of (n + 1)-planes

F(Q/PY) = {Il ~ P C Q, for some t € P'},

which consists of 2(2n 4+ 3) copies of the connected isotropic Grassman-
nian OGr(n + 1,2n + 2). Given a quadric @, its projection to rational
primitive cohomology

Q—1n
corresponds to an element
wq S D2n+37 wq S {:l:Ll, ceey iL2n+3}.

In particular, we have

2 if n even
Q'Q_{o if n odd.

Residuation in a complete intersection of linear forms

QUQ = X Nh"

reverses signs, i.e., wg = —wq. On the other hand, if @); and @, are
not residual then
(2.1) Q1 Qy=1.

We summarize this as follows:
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Proposition 2.2. The signed permutation representation of W (Day,43)

is realized via the action on classes [Q], where Q@ C X is a quadric n-
fold.

Note that there are
22+ (2p 4 3)
reducible quadrics — unions of two n-planes meeting in an (n—1)-plane —
with 22" reducible quadrics in each copy of the isotropic Grassmannian.

3. RATIONALITY CONSTRUCTIONS
We now work over an arbitrary field k of characteristic zero.

3.1. General considerations. Let X C P42 denote a smooth com-
plete intersection of two quadrics of dimension at least two. Recall the
following:
o If X (k) # 0 then X is unirational over k and has Zariski dense
rational points [CTSSD87, Rem. 3.28.3].
e If there is a line £ C X defined over k then projection induces
a birational map m, : X --» P%.

For reference, we recall Amer’s theorem [Lee07, Th. 2.2]:

Theorem 3.1. Let k be a field of characteristic not two, Fy and F
quadrics over k, and Q; = {Fy +tFy} the associated pencil of quadrics
over k(t). Then X = {F, = F, = 0} has an r-dimensional isotropic
subspace over k if and only if Q; has an r-dimensional isotropic sub-
space over k(t).

We apply this for & = R, where X C P42 is a smooth complete
intersection of two quadrics and Q@ — P! is the associated pencil.

Recall Springer’s Theorem: A quadric hypersurface Q over a field L
has a rational point if it admits a rational point over some odd-degree
extension of L. Applying this to the pencil @ — P! associated with a
complete intersection of two quadrics, with Amer’s Theorem, yields:

Proposition 3.2. If d > 1 and X contains a subvariety of odd degree
over k then X (k) # 0.

We can prove a bit more:

Proposition 3.3. If d > 2 and X has a curve of odd degree defined
over k then X is rational over k.

Proof. Recall that double projection from a sufficiently general rational
point x € X (k) yields a diagram

X-5Y P!
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where Y is a quadric bundle of relative dimension d—1. A curve C C X
of odd degree yields an multisection of this bundle of odd degree. Thus
Y — P! has a section by Springer’s Theorem and its generic fiber Y;
is rational over k(P'). It follows that X is rational over the ground
field. O

Remark 3.4. The pencil defining X gives a quadric bundle
Q— P!

of relative dimension d + 1. We apply Witt’s decomposition theorem
to [Qy] and [Y;], understood as quadratic forms over k(P') = k(¢), to

obtain
el-ma (7 o).

Thus a section of ¥ — P! yields an isotropic line of @ — P!, and
Theorem 3.1 implies that X contains a line defined over k.

Corollary 3.5. (see appendiz by Colliot-Thélene [HTCT21, Th. A5])
Let X C P2 denote a smooth complete intersection of two quadrics
of dimension at least two. Suppose there exists an irreducible positive-
dimensional subvariety W C X of odd degree, defined over k. Then X
15 rational over k.

Given these results, we focus on proving rationality in cases where
X does not contain lines or positive-dimensional subvarieties of odd
degree.

3.2. Rationality using half-dimensional subvarieties. We now
turn to even-dimensional intersections of two quadrics

X c P2 > 1.

Y

Throughout, we assume that X (k) # 0, and thus X is k-unirational
and k-rational points are Zariski dense.

Construction I: Suppose that

e X has a pair of conjugate disjoint n-planes P, P, defined over a
quadratic extension K of k.

Projecting from a general x € X (k) gives a birational map
X -5 X' c P

where X' is a cubic hypersurface.
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Since X (k) C X is Zariski dense, we may assume that the images of
P and P in X' remain disjoint. The ‘third point’ construction gives a
birational map

Ry (P) -=» X',
where the source variety is the restriction of scalars. We conclude that
X is rational over k. This construction appears in [CTSSD87, Th. 2.4].

Construction II: Suppose that

e X has a pair of conjugate disjoint quadric n-folds @, @, defined
over a quadratic extension K of k, and meeting transversally at
one point.

Projecting from = € Q N Q, which is a k-rational point X, gives a
birational map

X -5 X' c P
where X' is a cubic hypersurface.

The proper transforms Q’, Q' C X' are disjoint unless there exists a
line
x €l CPt?

with

{z} 2 nQ,(NQ
as schemes. We may assume that ¢ ¢ X as we already know X is
rational in this case. Thus the only possibility is

NQ=/NQ

as length-two subschemes, which is precluded by the intersection as-
sumption.
Repeating the argument for Construction I thus gives rationality.

Construction III: Suppose that
e X contains a quadric () of dimension n, defined over k.
Projection gives a fibration
q:Blg(X)—P"
with fibers quadrics of dimension n. Now suppose that X contains a
second n-fold T with the property that
deg(T) =T Q

is odd, i.e., a multisection for ¢ of odd degree. It follows that the
generic fiber of ¢ is rational and thus Y is rational over k.
When dim(X) = 4 a number of 7" might work, e.g.,

e a plane disjoint from @),
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e a second quadric meeting () in one point,

e a quartic or a sextic del Pezzo surface meeting () in one or three
points,

e a degree 8 K3 surface meeting () in one, three, five, or seven
points.

Construction I'V: Suppose that
e dim(X) =4 and X contains a quartic scroll T', defined over k.

Geometrically, T is the image of the ruled surface
Fo = P! x P! — P°

under the linear series of bidegree (1,2). Over R we are interested in
cases where T' = P! x C with C a nonsplit conic. We do not want to
force X to have lines! (Note that quartic scrolls geometrically isomor-
phic to 5 contain lines defined over the ground field and thus are not
useful for our purposes.)

On projecting from a point x € X (k) we get a cubic fourfold

X' c P,
containing a quartic scroll. The Beauville-Donagi construction [BD85]
— concretely, take the image under the linear system of quadrics van-

ishing along T' — shows that X’ is birational to a quadric hypersurface
thus rational over k.

Recall that an n-dimensional smooth variety W C P?"*! is said to
have one apparent double point if a generic point is contained in a
unique secant to W.

Construction V: Suppose that X contains a variety W defined over
k of dimension n > 2 such that:

e IV spans a P?"*! and has one apparent double point; or
e I/ has a rational point w such that projecting from w maps W
birationally to a variety with one apparent double point.

Then X is rational over k.

As before, one projects from a rational point to a get cubic hyper-
surface X’ C P?"*!. Cubic hypersurfaces containing varieties W with
one apparent double point are rational [Rus00, Prop. 9]. Indeed, inter-
secting secant lines of W with X’ yields

Sym?(W) —-» X',

which is birational when each point lies on a unique secant to W'.
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Quartic scrolls in P> have one apparent double point so Construction
IV is a special case of Construction V.

4. ISOTOPY CLASSIFICATION

4.1. Krasnov invariants. We review the classification of smooth com-
plete intersections of two quadrics X C P?"2 over R, following [Kral§].

Express X = {F; = F; = 0} where F; and F; are real quadratic
forms. We continue to use D for the degeneracy locus of the associated
pencil Q; = {t1F} + toFy = 0}. Let r = |D(R)| which is odd with
r < 2n 4+ 3. Consider the signatures (I, 1) of the forms

s1F0 4+ s9Fy,  (s1,82) € St = {(s1,52) € R? : 5% + 5% = 1}.

Record these at the 27 points lying over D, in order as we trace the
circle counterclockwise. We label each of these points with + or -
depending on whether the positive part I of the signature increases
or decreases as we cross the point. Each point of D(R) yields a pair of
antipodal points on S! labelled with opposite signs.

We give examples for n = 0 and r = 3. Consider the sequence of sig-
natures, with alternating singular (underlined) and smooth members,

(0,2)(1,2) (1,1) (2,1)(2,0) (3,0) (2,0) (2,1) (1,1) (1,2) (0,2) (0, 3).

We encode this with +++---. The sequence

(LD DA D (A,2) 1,1 (2,1)1,1)(1,2) (1,1) (2,1) (1, 1) (1,2)

yields +-+-+-. These sequences are well-defined up to cyclic permuta-
tions and reversals. The signature of a singular fiber may be read off
from the signatures of the adjacent smooth fibers; the signatures of the
smooth fibers may be recovered, up to cyclic permutation, from the
signatures of the singular fibers.

A pencil with anisotropic (definite) smooth members — with signa-
tures (2n + 3,0) or (0,2n + 3) — necessarily has X(R) = 0.

Suppose the sequence of + and - has maximal unbroken chains of +’s
of lengths 71,79, ..., 79,11 Where

r=ry+ro+ -+ Tosq1-

The number of terms is odd because antipodal points have opposite
signs. In the examples above we have 3 =3 and 3=1+1+1, i.e., (3)
and (1,1,1). Our invariant is the sequence (rq,...,r911) up to cyclic
permutations and reversals — a complete isotopy invariant of X over R
[Kralg].
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3.2,2,1,1), (3,2,1,2,1), (3,2,1,1,2), (3,1,2,2,1), (2,2,2,2,1),
3,1,1,1,1,1,1), (2,2,1,1,1,1,1), (212,11, 1,1) (2,1,1,2,1,1,1),
1,1,1,1,1,1,1,1,1)

r | possible invariants

11D

31(3), (1,1,1)

51(5), (3,1,1), (2,2,1), (1,1,1,1,1)

71(7), (5,1,1), (4,2,1), (3,3,1), (3,2,2), (3,1,1,1,1), (2,2,1,1,1),
(2,1,2,1,1), (1,1,1,1,1,1,1)

91(9), (7, ,1), (6,2,1), (5,3,1), (5,2,2), (4,4,1), (4,3,2), (3,3,3),
(5,1,1,1,1), (4,2,1,1,1), (4,1,2,1,1), (3, 3,1,1,1), (3,1,3,1,1),
(
(
(

FIGURE 1. Even-dimensional Krasnov invariants for
dim(X) < 6 with » = |[D(R)| real singular members

4.2. Relation to the Weyl group. We observed in Section 2 that
the primitive cohomology of a complete intersection of two quadrics
X C P?*2 has W(Da,3) symmetry. When X is defined over R,
complex conjugation yields an involution in this group. Here we relate
Krasnov invariants to these involutions. We will use this dictionary in
Section 6 to make geometric constructions based on the isotopy class.

Given (11, ...,7r9541),7 = »_ 1;, we derive a sequence of +1’s of length
r as follows: For each point of D(R), record the sign of the discriminant
of the associated rank-(2n+2) quadratic form, determined by the parity
of (I" —I7)/2. In the examples above, we obtain (—1,+1,—1) and
(+1,4+1,+1). The number of —1’s is always even.

The analysis in Section 2.3 shows that complex conjugation acts on
H?"(X,Z(n)) in the basis {Li, ..., La,43} as a signed permutation of
order two. This is a direct sum of blocks

(+1), (=1), + ((1’ (1))

Actually, we may assume the sign is positive in the third case after
conjugating by
0 —1
()

Suppose there are a blocks (+1), 2b blocks (—1), and ¢ blocks of the
third kind, with a+20+2c = 2n+3. These correspond to the conjugacy
classes of involutions ¢« € W(Da,3) [Kot00, §3.2,3.3]. We have r = a+
2b, reflecting the number of points of D(R) with positive and negative
discriminants respectively, and 2¢ = 2n 4+ 3 — r, reflecting the number
of complex-conjugate pairs in D(C) \ D(R).
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The passage from isotopy classes to conjugacy classes in W (Da,,3)
results in a loss of information. We give an example for real quartic
del Pezzo surfaces X C P*.

Example 4.1. The isotopy class (5) has singular members with signa-
tures
(0,4)(1,3)(2,2)(3, 1)(4, 0)(4,0)(3, 1)(2,2)(1,3) (0, 4)
with involution given by the diagonal 5 x 5 matrix
dlag(lv _17 17 _17 1)7

where the bolded 1 corresponds to a degenerate fiber Q; whose rulings
sweep out quadric curves (conics) on X defined over R. (There is
only one pair of such conics.) Here X(R) = ) as it is contained in an
anisotropic quadric threefold.

The isotopy class (2,2,1) has singular members with signatures

(1,3)(2,2)(2,2)(2,2)(3,1)(3,1)(2,2)(2,2)(2,2)(1,3)
with involution
diag(—1,1,1,1,-1).
This has the same Galois action but contains three pairs of conics

defined over R, represented by the bolded 1’s.
These are distinguished cohomologically by the arrow

Z* ~ H°(G,Pic(Xc)) — H*(G,I'(0%.)) = Br(R) ~ Z/27Z
of the Hochschild-Serre spectral sequence.

Proposition 4.2. Fiz a conjugacy class [t = tae| of involutions in
W (Dayy3). Consider the isotopy classes of X (R) C P"*2 such that
complex conjugation acts by 1. The possible isotopy classes correspond
to shuffles of
(L,...,1,—1,...,=1)
a times 2b times

up to cyclic permutations and reversals.

Proof. Observe first that points in D(C) \ D(R) are irrelevant to the
Krasnov invariant, assuming the dimension is given. So it makes sense
they are not relevant in the enumeration.

We have already seen that sequences of the prescribed form arise
from each isotopy class; we present the reverse construction.

Choose such a sequence, e.g.

(1,1,1,-1,1,—1,—1,1,—1).

The key observation is that local maxima and minima of I —1~ — which
necessarily occur at smooth points — arise precisely between points of
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the degeneracy locus where signs do not change. We indicate smooth
fibers achieving maxima/minima with |, e.g.,

1)11,-1,1,-1]-1,1,—1

or equivalently
|1]1,-1,1,—-1| —=1,1,—-1,1 |

after cyclic permutation.
Lifting to the double cover S! entails concatenating two such expres-
sions:

|1|17_1717_1|_1717_171|1|17_1717_1|_1717_171|

From this, we read off the points of D(R) on which I* increases and
decreases
e B et o = S

which determines the Krasnov invariant — (1, 4,4) in this example. [

5. APPLYING QUADRATIC FORMS

5.1. Quadric fibrations over real curves. Let C be a smooth pro-
jective geometrically connected curve over R with function field K =
R(C). Let Q@ C P! be a smooth (rank d + 2) quadric hypersurface
over K and F;(Q) the variety parametrizing i-dimensional isotropic
subspaces, so that Fy(Q) = @ and F,,(Q) is empty when 2m > d.
If d = 2m then F,,(Q) has two geometrically connected components;
otherwise it is connected.

Suppose that 7 : Q@ — (C'is a regular projective model of (), such that
the fibers are all quadric hypersurfaces of rank at least d4 1. The locus
D C C corresponding to fibers of rank d + 1 is called the degeneracy
locus.

Fundamental results of Witt — see [CT96, §2] and [Sch96] for a mod-
ern formulation in terms of local-global principles — assert that:

e if d > 0 then Q(K) # 0 if Q. = 7~ !(c) has a smooth real point
for each ¢ € C(R);

o if d > 2 then F1(Q)(K) # 0 if F1(Q.) has a smooth real point
for each ¢ € C(R).

We can translate these into conditions on the signatures of the smooth
fibers

e if d > 0 then Q(K) # 0 if Q. is not definite for any ¢ €
(C\ D)(R);

e if d > 2 then Fi(Q)(K) # 0 if Q. does not have signatures
(d+2,0),(d+1,1),(1,d+1) or (0,d+2) for any ¢ € (C'\ D)(R).
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In other words, we have points and lines over K if the fibers permit
them.

This reflects a general principle: Suppose X is regular and has a flat
proper morphism w : X — C to a curve C, all defined over R. The
local-global and reciprocity obstructions to sections of w are reflected
in the absence of continuous sections C(R) — X (R) for induced map
of the underlying real manifolds [Duc98|.

5.2. Implications of Amer’s Theorem. Let X C P%*2 be a smooth
complete intersection of two quadrics over R and @ — P! the associated
pencil of quadrics.

The results of Section 5.1 imply that Q@ — P! has a section unless
the Krasnov invariant is (d + 3); the variety of lines F;(Q/P') — P!
has a section unless the Krasnov invariant is

(d+3),(d+2—ee,1) withl <e< %2 (d+1).

Thus the Krasnov invariant determines which dimensional linear sub-
spaces and quadrics appear on X:

Proposition 5.1. Let X C P2 be a smooth complete intersection of
two quadrics defined over R. The only isotopy classes of X that fail to
contain a line are:

o (d+3);

o (d+2—ee,1) withl <e< d%?;

o (d+1).

As observed in Section 4.1, the pencil in case (d + 3) has anisotropic
members so X(R) = (). The case (d + 1,1,1) has disconnected real
locus X(R) [Kral8, p. 117]; thus X cannot be rational over R. The
cases (d+2 —e,e, 1) with 2 <e < % are connected.

5.3. Quadric n-folds over R. Assume now that X has even dimen-
sion d = 2n. We may read off from the invariant (rq,...,r91) which
classes of quadric n-folds ) C X¢ are realized by quadrics defined over
R.

Fix a smooth real quadric hypersurface
Q= {F =0} c P!,

Recall that F' is classified up to real changes in coordinates by the
signatures I (F) and I~ (F). The following conditions are equivalent
[EKMO08, §85]:
e the geometric components of the variety of maximal isotropic
subspaces OGr(Q) are defined over R;

e the discriminant of F' is positive;
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e [T(F)— I (F) is divisible by four.
This means that complex conjugation fixes the class of a maximal

isotropic subspace. Witt’s Decomposition Theorem [EKMO0S8, §8] gives
an equivalence between:

e there is a maximal isotropic subspace P* C Q defined over R;
o [F(F)=1(F)=n-+1.
Thus quadric n-folds
Q cXcC ]P>2n+2

defined over R correspond to rulings of degenerate fibers Q;,¢t € D(R)
where Q; has signature (n + 1,7+ 1). As in Example 4.1, the corre-
sponding (+1)-blocks in the complex conjugation involution ¢ € W (Da,43)
will be designated 1, in boldface.

5.4. Analysis of the remaining even-dimensional isotopy classes.
We continue to assume that X has even dimension d = 2n, focusing on
the isotopy classes without lines.

The cases

2n+2—ee,1)=(e,1,2n+2—-¢), 2<e<n+1
have degeneracy consisting of 2n 4 3 real points. The signatures of
nonsingular members are
(L2n+2)...(e+1,2n+2—e€)(e,2n+3 —e)(e+ 1,2n+2 —¢)...
2n+1,2)(2n+2,1)...2n+2—e,e+1)(2n+ 3 — e, €)
2n+2—ee+1)...(2,2n+ 1)

For (n+ 1,n + 1,1) the resulting signed permutation matrix is the
diagonal matrix

(5.1) diag((-1)",...,-1,1,1,1,—1,...,(=1)"),

(N J/ N J/
-~ -~

n+1 terms n+1 terms

with the bolded 1’s corresponding to singular fibers with signature
(n+1,n+ 1). The number of +1’s

n+2 ifnodd
n+3 if n even.

For e # n + 1 we have
diag((—l)”, . (_1>n—i-e—17 (_1)7z-|—e—17 (_1)n+(2n+2—e)—1’ o (_1)71)'

(& J/ N J
~ ~

e terms 2n+2—e terms
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Note that (—1)"T¢~! = (—1)"*+n+2=€)=1 54 the three middle terms are
equal. There is exactly one 1 corresponding to the singular fiber with
signature (n + 1,n + 1). The number of 4+1’s is given

n if n,e odd

(5.2) . n+2 ifn odd and e even
' " )n+3 ifneven and e odd

n+1 if n,e even.

For case (2n + 1) the signatures of nonsingular members are
(2,2n+1)...(2n,3)2n +1,2)(2n +2,3) ... (2,2n + 1)

The signed permutation matrix has one factor

0 1
10
and diagonal entries
(=)™ 1. =11, =1, (=)™ h).

The number of positive terms is

{n if n odd

n+1 if n even.

6. APPLICATION OF THE CONSTRUCTIONS

6.1. Proof of Theorem 1.1. Rationality is evident for isotopy classes
of varieties that contain a line defined over R. Propostion 5.1 enumer-
ates the remaining cases

(5),(1,3,3),(1,2,4).
These are covered by the following propositions.

Proposition 6.1. Let X C P*"*2 be a smooth complete intersection of
two quadrics over R with invariant (2n + 1). Then X s rational.

Proof. The analysis in Section 5.4 indicates that complex conjugation
exchanges two classes of quadric n-folds associated to complex conju-

gate points in D(C) \ D(R). Denote these by [Q] and [Q)] — recall from
(2.1) that

[Q] - [Q] = 1.
Choosing a suitably general complex representation () C X¢, the inter-
section QNQ is proper. Then QN(Q consists of a single rational point of
X with multiplicity one. In particular, the hypotheses of Construction
IT are satisfied. 0
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Proposition 6.2. Let X C P?"*2 be a smooth complete intersection of
two quadrics over R with invariant

2n+2—ee,1)=(e,1,2n+2—¢), 2<e<n+1.
Assume that either e is even or e =n 4+ 1. Then X 1is rational.

Proof. Assume first that e = n+ 1. It follows from (5.1) in Section 5.4
that X admits three classes

@ Qs Qs
Wl 4 2 2 2
Qi 2 1+(-1)" 1 1
Q| 2 1 1+ (=1) 1
Qs | 2 1 1 14 (=1)"

with each @); realized by a quadric n-fold defined over R. Construction
IIT gives rationality in this case.

Now assume that e is even. The formula (5.2) shows that the num-
bers of +1’s and —1’s appearing in the ¢ € W( Dy, 3) associated with
complex conjugation are as close as possible. If n is even then we have
n~+ 1 of the former and n + 2 of the latter; when n is odd we have n + 2
of the former and n + 1 of the letter. Given an n-plane P C X¢, the
formulas in Section 2.2 yield

wp -wp = (—1)"1/4

whence P and P are disjoint in X¢. Thus we may apply Construction
I to conclude rationality. U

Remark 6.3. Remark 3.4 implies that X does not admit curves (or
surfaces!) of odd degree defined over R. These would force the existence
of lines defined over R, which do not exist in this isotopy class.

6.2. Remaining six-dimensional case. To settle the rationality of
six-dimensional complete intersections of two quadrics X C P8, there
is one remaining case in the Krasnov classification: (1,3,5).

The sequence of signatures of nonsingular elements of {Q,} is:

(1,8)(2,7)(3,6)(4,5)(5,4)(6,3)(5,4)(6,3)(7,2)
(8,1)(7,2)(6,3)(5, 4)(4,5)(3, 6)(4,5)(3,6)(2. 7).

The signed permutation is the diagonal matrix

diag(—1,1,-1,1,—1,-1,—1,1,—1)
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and the invariant cycles are:

‘h3 Q1 Q2 Q3
B4 2 2 2
Q12 0 1 1
Q12 1 0 1
Q:12 1 1 0

Here ()1 corresponds to the singular fiber of signature (4,4) and Qs
and @3 correspond to the singular fibers of signatures (2,6) and (6, 2).
If P C X is a three-plane then wp - wp = —3/4 and P and P meet in
a single point.

7. EXTENSIONS AND MORE GENERAL FIELDS

We work over a field k of characteristic zero. In this section, we
give further examples of rationality constructions for 2n-dimensional
intersections of two quadrics over k, relying on special subvarieties of
dimension n.

7.1. Dimension four: intersection computations. Given X C P°,
a smooth complete intersection of two quadrics, we have
ci(Tx) = (14 7ht +21R*2) /(1 4+ 2ht)*  (mod t*)
= (1 + 7ht + 21h%t*)(1 — 2ht + 4h*t*)*  (mod t*)
=1+ 3ht +5h** (mod t°)
If T"C X is a smooth projective geometrically connected surface then
ct(N7x) = (1 + 3ht + 50°1%) /(1 — Kot + x(T)t?)
=1+ (3h + Kp)t + (5h* + 3hKp + K7 — x(T))t?,
where x(7") is the topological Euler characteristic. The expected di-
mension of the deformation space of T in X is
XWNrx) =2 — 5(3h + Kr)Kr + %(3h + Kr)?
— (5h* + 3hKr + K7 — x(T))
= 2x(Or) + 5(=h* = 3hKr) — K} + x(T)).
For example,

o if T = P? is embedded as a plane then (T'-T)x = 2 and T is
rigid;

e if T is a quadric then (T -T)x = 2 and T moves in a three-
parameter family;
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e if T is a quartic scroll then (7'-T)x = 6 and moves in a five-
parameter family;

e if T is a sextic del Pezzo surface then (7' - T)x = 12 and T
moves in an eight-parameter family.

7.2. Dimension four: surfaces with one apparent double point.
Recall that Construction V gives the rationality of fourfolds admitting
a surface with one apparent double point. A classical result asserted
by Severi — see [CMR04, Th. 4.10] for a modern proof — characterizes
smooth surfaces T' C P° with one apparent double point, i.e., surfaces
that acquire one singularity on generic projection into P*:

e deg(T') = 4: T is a quartic scroll
T ~P(Op1(2)?), P(Opi(1) @ Op(3));
e deg(T') = 5: T is a quintic del Pezzo surface.

Thus Construction V says that a smooth complete intersection of two
quadrics X C PY is rational if it contains a quartic scroll, a quintic del
Pezzo surface, or a sextic del Pezzo surface with a rational point. Ra-
tionality always holds when there are positive-dimensional subvarieties
of odd degree (see Section 3.1), so we focus attention to the first case.

We seek criteria for the existence of a quartic scroll " C X, defined
over k. Clearly, the class [T'] must be Galois-invariant; however, Galois-
invariant classes need not be represented by cycles over k.

The intersection computations above imply that

[T] = [Qa] + [Qs],

where Q3 and ()3 represent quadric surfaces in X, defined over the
algebraic closure. Assume that the class [Q2] 4 [@3] is Galois invariant
and represents algebraic cycles defined over the ground field. We look
for quartic scrolls T C X with class [T] = [Q2] + [Q3].

Remark 7.1. Over k =R, case (1,2,4) has signed permutation
diag(1, -1, —1,-1,1,—1,1).

The intersection form on the invariant part of H*(X¢, Z) takes the form

P Q1 Qs Qs
R4 2 2 2
O.l2 2 1 1
Q12 1 2 1
;12 1 1 2

Here we assume @Q; (and h? — Q) are associated with the element
of {Q;} with signature (3,3) and Q3 and Q3 are contributed by the



20 BRENDAN HASSETT, JANOS KOLLAR, AND YURI TSCHINKEL

elements with signatures (1,5) and (5,1). While @, is definable over
R, @, and Q3 are not definable over R (see Section 5.3).

The requisite real cycles exist in [T] = [Q2] + [@3]. This follows
from the exact sequence in [CT15, §4], using the rationality of X over
R to ensure the vanishing of the unramified cohomology. It would
be interesting to deduce this directly using cohomological machinery
[Kah96]. However, we do not know whether such X contain quartic
scrolls, in general.

Let M denote the moduli space of quartic scrolls in a fixed cohomol-
ogy class on X. There is a morphism

M — (PS)Y
T + span(T)

assigning to each scroll the hyperplane it spans.

Hyperplane sections Y = H N X containing such scrolls are singular
by the Lefschetz hyperplane theorem. Computations in Macaulay2
indicate that a generic such Y has four ordinary singularities. If a
complete intersection of two quadrics Y C P° contains a quartic scroll,
it contains two families of such scrolls, each parametrized by P3: These
arise from residual intersections in quadrics in

1:(2)/ 1y (2).
Thus the residual family has class

2h% — [T] = (h* — (1)) + (h* — [Q3)).

The hyperplane sections of X with four singularities should be para-
metrized by a reducible surface with distinguished component ¥ C
(7).

We speculate that ¥ is a quartic del Pezzo surface, constructed as
follows: Consider the pencil of quadrics Q; defining X and fix the pair
of rank-six quadrics

thy th

whose maximal isotropic subspaces sweep out ()2 and @)s. Let v; € Q.
denote the vertices and ¢ the line they span, which is defined over k
even when t, and t3 are conjugate over k. Projecting from ¢ gives a
degree-four cover

X — P
Geometrically, the covering group is the Klein four-group and the

branch locus consists of two quadric hypersurfaces Y5, Y3 intersecting
in a degree-four del Pezzo surface Sy3. Is 3 =~ So3 over k7
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7.3. Dimension six: Threefolds with one apparent double point.
Construction V indicates that the existence of a threefold W C X with
one apparent double point yields rationality. The following classifica-
tion [CMRO4] builds on constructions of Edge [Edg32]:
e deg(WW) = 5: a scroll in planes associated with two lines and
twisted cubic, or one line and two conics;
e deg(W) = 6: an Edge variety constructed as a residual inter-
section

Qﬂ(Pl X]P)S) :H1UH2UVV,
where () is a quadric hypersurface and the II; ~ P? are fibers
of the Segre variety under the first projection;

e deg(WW) = 7: an Edge variety constructed as a residual inter-
section

QNP xP)=TTUW
with the notation as above;
e deg(W) = 8: a scroll in lines over P? of the form P(£) (one-
dimensional quotients of £) where £ is a rank-two vector bundle
given as an extension

0—=0p—E—TI, ,(4)—0

for eight points p1,...,ps € P2, no four collinear or seven on a
conic.

Given that rationality follows when there are positive-dimensional
subvarieties of odd degree (see Section 3.1) we focus on the varieties of
even degree.

7.4. Dimension six: Degree six Edge variety. Let W C P” denote
an Edge variety arising as follows: Consider the Segre fourfold

P'x P? C P’
and take the residual intersection to two copies of P3

{0,00} x P* C P! x P?

in a quadric hypersurface. The resulting threefold

W ~P!'x ¥,
where ¥ C P2 is a quadric hypersurface. Note that the ideal of W C P7
is generated by nine quadratic forms. Complete intersections of two

quadrics
WcycP’

depend on five parameters. A Magma computation shows that a generic
such Y has eight ordinary singularities.
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Suppose we have an embedding W — X, where X C P? is a smooth
complete intersection of two quadrics. For fixed X, the Hilbert scheme
of such threefolds has dimension eight. Realizing

W ~ P! x P! x P!
we have
Cl(NW/X) = 3(hy + ha + hg),
co(Nwyx) = 8(hiha + hihs + hohs),
es(Niwyx) = Ahihohs.

The Riemann-Roch formula gives x(Nw,x) = 8. Since (W - W)x = 4,
the primitive class

(W] —2r%)?=4-1849=—5.
Remark 7.2. Suppose that X is defined over R, and corresponds to the
(1,2,6) case, with signed permutation matrix (see Section 5.4)
diag(—1,1,1,1,—1,1,—1,1, —1).

The invariant cycles are:

Q1 Qy Q3 Qi Qs
RPl4 2 2 2 2 2
O l2 0o 1 1 1 1
@12 1 0 1 1 1
@12 1 1 0 1 1
Qi 2 1 1 1 0 1
Qs12 1 1 1 1 0
Here Q)1 corresponds to the singular fiber of signature (4,4) and the
classes s, . . ., Q5 correspond to the singular fibers of signatures (2, 6)
and (6,2).
The class

Qo] + [Qs] + [Qu] + [Qs] — [@Q1]

has degree six and self-intersection four. Is it represented by cycles
defined over R? Does it admit an Edge variety of degree six over R?
Over more general k where the requisite cycles exist?

7.5. Dimension six: Degree eight variety. Let £ be a stable rank-
two vector bundle on P? with invariants ¢;(€) = 4L and ¢»(&) = 8L2.
Note that I'(€) has dimension eight, giving an inclusion

V:=PEY) CP.
We have a tautological exact sequence
0— Ov(—=&) =& —Q—0,
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whence
0— Q&) — Ty — Tp2 — 0.
Thus we have the following
£ —ALE+8L* =0
c(Q(€)) = 1+ (26 — 4L) + (& — 4L +8L7),
o(Tv) = (14 3L +3L%)(c(Q(€))

=1+ (26 —L)+ (€ —4LE +8L% + 66L — 1217 + 3L7)
and we find

Cl(NV/X) = 3+ L,

c(Nyyx) = b —EL+ 217,

c3(Nyyx) = 38 —3¢L+2L°¢—9L°.
Note that

deg(L?) =0, deg(L*¢) =1, deg(L&?) =4, and deg(€?) =8,
so we conclude that
(V- V)x = 14.

The primitive class [V] — 2h® has self-intersection 14 —4 -8 4+ 16 = —2
which means that

V] =h°+ Q2] + [Qs], (Q2-Q3) =1,
where ()o and Q3 are classes of quadric threefolds in X, defined over
the algebraic closure. (Up to the action of the Weyl group W (Dy) this
is the only possibility.)

Returning to the only remaining case in dimension six where ratio-
nality over R remains open (see Section 6.2):

Question 7.3. Let X C P® be a smooth complete intersection of two
quadrics over R in isotopy class (1,3,5). Which classes of codimension-
three cycles X are realized over R? Are there varieties with one appar-
ent double point, defined over R, representing these classes?
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