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Metasurfaces exhibiting spatially asymmetric inner structures have been shown to host unidirectional scattering effects,7

benefiting areas where directional control of waves is desired. In this work, we propose a non-Hermitian planar elastic8

metasurface to achieve unidirectional focusing of flexural waves. The unit cells are constructed by piezoelectric disks9

and metallic blocks that are asymmetrically loaded. A tunable material loss is then introduced by negative capacitance10

shunting. By suitably engineering the induced loss profile, a series of unit cells are designed, which can individually11

access the exceptional points (EPs) manifested by unidirectional zero reflection. We then construct a planar metasur-12

face by tuning the reflected phase to ensure constructive interference at one side of the metasurface. Unidirectional13

focusing of the incident waves is demonstrated, where the reflected wave energy is focused from one direction and zero14

reflection is observed in the other direction. The proposed metasurface enriches the flexibility in asymmetric elastic15

wave manipulation as the loss and the reflected phase can be tailored independently in each unit cell.16

The notion of parity-time (PT) symmetry was first proposed17

by Bender and Boettcher in 19981, where it is found that the18

behavior of PT-symmetric systems can change dramatically at19

a state transition from real to complex energies. At this point,20

the symmetry of the system would be broken, and real spec-21

tra in the Hamiltonian are achieved. A necessary condition22

for PT-symmetry is that for the Hamiltonian potential, it must23

be even in its real part and odd in its imaginary part. Once24

the imaginary part reaches a certain threshold, a break in PT25

symmetry can be observed which causes an abrupt change in26

the real energy spectrum2–4. This transition corresponds to an27

exceptional point (EP) where the eigenstates become degen-28

erate. Thanks to the mathematical equivalence between the29

Schrodinger’s equation and the paraxial electromagnetic wave30

equations2,5, the study of EP has been extended to a plethora31

of physical systems other than quantum mechanics. Such32

systems comprise acoustics6–11, optics12–19, photonics20–25,33

among many others.34

Recently, in the field of acoustics and elastodynamics, it35

is found that the occurrence of EP could be related to Willis36

coupling26–28 where a cross-coupling between stress and ve-37

locity or momentum and strain exists. To achieve this phe-38

nomenon, the eigenstates of the scattering matrix must coa-39

lesce. Due to the fascinating effects the Willis coupling pos-40

sesses, there has been an upsurge of interest in this area in41

recent years29–32. For example, perfect wavefront transfor-42

mation with 100% conversion efficiency has been proposed43

based on the concept where the input energy is directed to the44

intended direction without diffraction or scattering into un-45

desirable directions33–35. In the field of elastic waves, such46

a coupling effect has also been found in non-destructive test-47

ing and structural-health monitoring36,37. Willis coupling typ-48

ically takes place when the structures are geometrically asym-49

metric. It is found that when loss is added to the system50

and a non-Hermitian description is needed, EPs can be engi-51

neered by carefully tailoring the loss and the structure asym-52

metry such that unidirectional zero reflection is achieved26.53

Recent studies have shown that Willis material can be used54

for manipulating flexural waves using artificial structures28 as55

well as for constructing unidirectional reflectionless acoustic56

devices27 to achieve purposeful sound insulation and steering.57

However, existing metasurfaces that host EPs either do not58

have planar geometry or are difficult to individually control59

the loss profile in their unit cells, limiting their practical usage60

in different scenarios.61

In this paper, we are extending the concept by proposing62

a planar non-Hermitian elastic metasurface for the control63

of flexural waves. With the loss being induced by negative64

capacitance piezoelectric shunting, symmetry breaking takes65

place followed by an emergence of EPs. The numerical simu-66

lations show strong asymmetric reflection properties, i.e., zero67

reflection in the immediate vicinity of the EPs when the struc-68

ture is ensonified from one side. Additionally, with the waves69

being incident on the other side, there is an occurrence of fo-70

cusing of the waves. Thus, a desired asymmetric control of71

flexural waves can be achieved with the planar elastic meta-72

surface. The loss can be conveniently tuned by varying the73

negative capacitance shunting of the piezoelectric disks, thus74

enabling other potential applications.75

We consider flexural wave propagation on a thin elastic76

beam made of acrylic. The geometry of the building block77

is shown in Fig.1a, where a cavity is perforated on the beam78

and a piezoelectric disk and a metallic block are connected in79

series. In this way, the unit cell is loaded asymmetrically since80

the piezoelectric disk is only attached to one side of the cav-81

ity. As shown in previous works26,28, this spatial asymmetry82

can lead to different scattering properties for waves incident83

from opposite directions. To achieve a larger degree of asym-84

metry, each unit cell of the metasurface is composed of five85

individual building blocks, as illustrated in Fig.1b. We define86

the forward direction when the piezoelectric disk is placed in87

front of the metallic block. Here the piezoelectric material is88

chosen as Lead Zirconate Titanate (PZT-5H) with dimensions89

being lp = 1 mm, wp = 3 mm, and hp = 0.585 mm. The metal-90

lic block is made of lead with ll = 1.5 mm, wl = 3 mm, and hl91

= 3.9 mm and the size of the acrylic beam building block is la92

= 5 mm, wa = 6 mm, and ha = 2 mm. The total length of the93

unit cell of the metasurface is therefore 25 mm.94
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FIG. 1. (a) Schematic view of one resonating building block. (b) Forward and backward view of the unit cell with given directions of the
flexural waves. (c) Amplitude of the reflection and transmission coefficients for the flexural wave propagating in forward and backward
directions. (d) Phase shift of the reflection and transmission coefficients for the flexural wave propagating in forward and backward directions.

To this end, numerical simulations based on finite element95

analysis are performed to study the scattering properties of96

the metasurface unit cell using COMSOL Multiphysics. The97

material properties used in the simulations are density of 119098

kg/m3 and 11340 kg/m3, Young’s modulus of 3.20 GPa and99

16 GPa, and Poisson’s ratio of 0.29 and 0.44, respectively,100

for acrylic beam and lead. It should be noted that no loss is101

introduced at the moment for PZT-5H, and it has a density,102

short circuit modulus, Poisson’s ratio, and electromechanical103

coupling coefficient of 7500 kg/m3, 60.6 GPa, 0.34, and 0.36,104

respectively. Out-of-plane flexural waves are excited from one105

end of the unit cell within the frequency range between 5000106

Hz and 7500 Hz.107

The amplitude and the phase of the reflection and trans-108

mission coefficients are shown in Figs.1c and 1d. It is ex-109

pected that the amplitude of the reflected and transmitted wave110

should be the same regardless of the propagation direction of111

the waves as the structure is entirely passive and lossless. The112

slight difference is likely caused by the numerical errors in the113

simulations. The reflected phase, on the other hand, is differ-114

ent depending on the incident wave direction, which is a result115

of the structural asymmetry of the unit cells.116

To further break the symmetry of the system, loss is added117

to the structures. The introduction of loss will make the sys-118

tem non-Hermitian as manifested by the change of the reflec-119

tion amplitudes. Here the loss is induced by a shunted circuit120

connected to the piezoelectric disk36,38. The effective Young’s121

modulus, including the loss factor, can be modified by apply-122

ing the negative capacitance shunting circuit, which is shown123

in Fig.2a. The equivalent capacitance Cn realized by the cir-124

cuit can be tuned by the R1, R2 and C values, and the modified125

effective Young’s modulus is expressed as38:126
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FIG. 2. (a) Piezoelectric disk connected to a negative capacitance shunting circuit. (b) Amplitude of the reflection coefficient for the flexural
wave propagating in a forward direction for different loss patterns. (c) Amplitude of the reflection coefficient for the flexural wave propagating
in a backward direction for different loss patterns.

FIG. 3. Real (a), imaginary (b), and absolute value (c) of the eigenvalues of the S matrix at 6190 Hz.

EP = EE
P

CT
P −Cn

CT
P(1− k2

31)−Cn

(1)

where CT
P , Cn, EE

P , and k31 represent the capacitance of the127

piezoelectric disk, the capacitance of the circuit, the short cir-128

cuit modulus, and the electromechanical coupling coefficient,129

respectively.130

The loss can thus be conveniently tuned by the shunting re-131

sistance and the negative capacitance. Compared to other ap-132

proaches such as attaching a soft porous rubber to the beam28,133

it provides an easy means to tune the loss of the PZT. This134

will greatly facilitate the design of the unit cells as well as135

the metasurface since the loss profile needs to be carefully ad-136

justed, as will be shown later. It is important to point out that137

the intrinsic loss of the host beam is not considered in the sim-138

ulation. If necessary, the induced loss by negative capacitance139

shunting can be adjusted such that the overall loss leads to140

zero reflection from the forward direction.141

As shown in Fig.2b, at the resonance frequency of 6190 Hz,142

the reflection amplitude of the wave propagating in the for-143

ward direction is finite when the system is lossless. The am-144

plitude changes as we increase the loss factor monotonically.145

Remarkably, when a loss factor of 0.02 is introduced, the unit146

cell exhibits unidirectional zero reflection, i.e., the reflection147

amplitude approaches zero in the forward direction while it is148

finite in the backward direction. Furthermore, when the loss149

factor passes this critical value, the amplitude is changed and150

is no longer zero. In addition, when we are taking into consid-151

eration the propagating wave being incident from a backward152

direction as illustrated in Fig.2c, it is obvious that the ampli-153

tude is the same as the amplitude of the wave propagating in a154

forward direction when the system is assumed lossless. To ad-155

ditionally elaborate, an introduction of a particular loss at the156

same frequency of 6190 Hz clearly shows that the reflection157

amplitudes for the propagating wave in the backward direc-158

tion differ from the forward representing an asymmetry, thus159

the reflection never reaches zero. At this point, it is obvious as160

expected that the scattering matrix no longer remains unitary.161

It is important to point out that the transmission amplitudes of162

the propagating wave stay the same regardless of the amount163

of the added loss because the system is reciprocal albeit it is164

lossy. To further confirm the behavior at this frequency and165

its relation to EP, the eigenvalues of the scattering matrix are166
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FIG. 4. Theoretically calculated v.s. designed phase for achieving a
unidirectional focusing effect.

calculated as a function of the induced loss factor at 6190 Hz167

and the results are presented in Fig.3. It can be seen that when168

the loss factor is tuned to 0.02, there is a coalescence of the169

real and the imaginary part of the eigenvalues. A biased dis-170

tribution is observed before and after the occurrence of the EP171

in Figs.3a and 3b, respectively for the real and the imaginary172

part. The absolute values also undergo a phase transition at173

this point. As such, the two eigenstates become degenerate as174

shown in Fig.3c. This peculiar behavior is a clear sign of the175

emergence of EP in the system.176

A metasurface is further designed to achieve a unidirec-177

tional focusing effect. This is achieved by designing a series178

of unit cells that all host EP in the forward direction but have179

different reflected phases in the backward direction. From180

previous simulations, we have confirmed that the wavelength181

of the flexural wave is λ = 30.66 mm at 6190 Hz, the width of182

the unit cells, on the other hand, is wa = 6 mm which is about183

1/5 of the wavelength. This helps to achieve enough spatial184

resolution of the metasurface. The focal distance is assumed185

to be d = 60 mm, and the required phase of the metasurface is186

calculated by the constructive interference at the focal point:187

φ = 2π

√

d2 +∆x2
−d

λ
(2)

where ∆x is the lateral distance from the center of the meta-188

surface. The required phase is illustrated by the blue curve189

in Fig.4, while the red circles mark the actual phase of the190

designed unit cells. A total number of eight unit cells are de-191

signed which cover a phase shift of around π . The geometry192

of each unit cell is obtained by tuning the height of the metal-193

lic blocks as well as the piezoelectric disks while keeping the194

unidirectional zero reflection behavior. The corresponding di-195

mensions and the associated loss factors for each unit cell are196

given in Table I. It should be noted that the loss factors are197

different for each individual unit cell in order to achieve EP.198

In other words, the loss profile of the entire metasurface needs199

to be carefully modulated such that all the unit cells can ac-200

cess their respective EP. The negative capacitance shunting201

mechanism provides a convenient means to adjust the loss in202

each unit without physically altering the structure or adding203

additional materials. The designed metasurface consists of204

sixteen resonator-based unit cells, placed symmetrically about205

the center of the metasurface, in order to achieve a unidirec-206

tional focusing effect.207

Fig.5a shows that when the flexural wave is excited in the208

forward direction at 6190 Hz, the wavefront remains planar,209

and very little interference is observed on the reflection side,210

which indicates zero reflection is achieved. This is because211

each unit cell is tailored to exhibit EP at the operation fre-212

quency, hence net-zero reflection is achieved for the entire213

metasurface. On the other hand, the interference pattern is214

vastly different for flexural waves propagating from the oppo-215

site direction. Different local reflection coefficients are in-216

duced at the unit cells, and focusing of reflected waves is217

achieved based on constructive interference at the far-field.218

Such phenomenon is confirmed by Fig.5b, which displays a219

focusing pattern. The focal point is around 55 mm away from220

the metasurface, which is slightly different from the designed221

value as d = 60mm. This can be explained by the non-ideal222

reflected phase and the coupling and interactions among the223

unit cells. Nevertheless, the metasurface exhibits strong asym-224

metric scattering properties that could be of great importance225

where directional wave manipulation is desired. As for the226

difference on the transmission side, it is likely caused by the227

diffractions at the metasurface since its width is much larger228

than the corresponding wavelength. This is similar to the case229

where a wide waveguide that supports multiple modes can230

lead to different transmission patterns for incident wave from231

different directions39. It should be noted that, however, such232

an asymmetry does not break the reciprocity of the system.233

Moreover, to quantitatively evaluate the focusing effect by234

the metasurface, the displacement amplitude of the reflected235

waves is extracted at a distance of d = 55 mm away from the236

metasurface. The result is shown in Fig.5c and a clear focal237

profile is observed. The full width at half maximum (FWHM)238

is around 0.83λ . The focusing effect may be further increased239

by improving the design, e.g., with more unit cells that cover240

a larger phase shift.241

To conclude, we have proposed a non-Hermitian planar242

elastic metasurface for a unidirectional focusing effect using243

Willis materials. The metasurface contains piezoelectric ma-244

terials and metallic blocks that are asymmetrically loaded and245

the loss is introduced by the shunted piezos. The proposed246

design works for flexural waves on elastic structures. Unidi-247

rectional zero reflection is achieved when approaching the EP248

of the scattering matrix in the unit cells by tuning the losses,249

which are represented as a non-Hermitian system. Further-250

more, a unidirectional focusing effect is achieved based on251

a metasurface composed of a series of unit cells. The back-252

ward propagation of the waves shows that there is a focus of253

the wave energy due to the constructed phase of the reflection254

waves while negligible reflection is observed from the other255

side. Compared to curved metasurfaces that achieve similar256
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Unit cell number Height of lead [mm] Height of PZT [mm] Loss factor
1 6.5 1.56 0.05
2 6.0 1.21 0.04
3 5.5 1.01 0.04
4 3.9 0.59 0.02
5 3.5 0.51 0.02
6 2.8 0.41 0.02
7 2.2 0.34 0.02
8 2.0 0.32 0.01

TABLE I. Corresponding dimensions and loss factors for each unit cell.

FIG. 5. (a) Displacement magnitude of the metasurface with incident waves in the forward direction. (b) Displacement magnitude of the
metasurface with incident waves in the backward direction. (c) Normalized reflection magnitude from the cutline at d = 55mm.

effects40, the compact and planar structure is easy to be inte-257

grated into existing structures and can be applied in various258

scenarios. The ability to tune the unit cells individually offers259

a greater design degree of freedom by controlling the reflec-260

tions from different directions. For example, other unidirec-261

tional wave devices can be synthesized by engineering the re-262

flected phase based on the same concept to achieve other types263

of beam engineering, e.g., beam steering, accelerating beams,264

and so on. The proposed mechanism can be also used in dif-265

ferent types of elastic waves, such as bulk and surface waves266

by the means of a suitable design and introduction of loss.267

As of experimental implementation, a potential challenge is268

the complexity of the metasurface due to the individual tuning269

of the unit cells and external circuits41. It is hoped that the270

proposed system will bring about additional possibilities for271

elastic wave manipulation for applications in structural health272

monitoring and non-destructive testing. Further improvement273

of the design may be done by optimization of the unit cells274

to be able to cover a full phase shift of 2π to achieve other275

functionalities.276
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