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Abstract

We construct and analyze a continuum dynamical percolation process which evolves in
arandom environment given by a y-Liouville measure. The homogeneous counterpart
of this process describes the scaling limit of discrete dynamical percolation on the
rescaled triangular lattice. Our focus here is to study the same limiting dynamics,
but where the speed of microscopic updates is highly inhomogeneous in space and is
driven by the y-Liouville measure associated with a two-dimensional log-correlated
field h. Roughly speaking, this continuum percolation process evolves very rapidly
where the field 4 is high and barely moves where the field £ is low. Our main results
can be summarized as follows.

e First, we build this inhomogeneous dynamical percolation, which we call y-
Liouville dynamical percolation (LDP), by taking the scaling limit of the associated
process on the triangular lattice. We work with three different regimes each requir-
ing different tools: y € [0,2—+/5/2),y € [2—+/5/2,4/3/2),andy € (/3/2,2).

e When y < 4/3/2, we prove that y-LDP is mixing in the Schramm—Smirnov
space as t — 0o, quenched in the log-correlated field 4. On the contrary, when
y > 4/3/2 the process is frozen in time. The ergodicity result is a crucial piece of
the Cardy embedding project of the second and fourth coauthors, where LDP for
y = /1/6is used to study the scaling limit of a variant of dynamical percolation
on uniform triangulations.

e When y < +/3/4, we obtain quantitative bounds on the mixing of quad crossing
events.
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1 Introduction

Given an arbitrary graph, (site) percolation on the graph gives to each vertex the
property of being open or closed independently. For infinite graphs and if p € [0, 1]
denotes the probability that a vertex is open, there is a critical value p. for p, which
is defined as the infimum of p for which there is an infinite cluster of open vertices
a.s. Critical percolation on a wide range of planar graphs and lattices is believed to
have a conformally invariant scaling limit. This was proved by Smirnov [55] for the
triangular lattice.

Dynamical percolation on a graph is a percolation valued process indexed by
the non-negative real numbers R, such that each vertex has an independent Poisson
clock and the status of the vertex is resampled every time its clock rings. The first
important properties of this model were proved in [32,56]. The subsequent papers
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Liouville dynamical percolation 623

[23,24,26] studied dynamical percolation on the triangular lattice in the homogeneous
case where all the Poisson clocks have the same rate. They proved that this process has
a cadlag scaling limit (@°(1))ser , when the rate is chosen appropriately. The limiting
process can be defined directly in the continuum as a stationary process, such that at
each fixed time # € R, @(¢) has the law of the percolation scaling limit.

In this paper we study dynamical percolation evolving in a random environment
defined by Liouville quantum gravity (LQG). The latter is a theory of random fractal
surfaces (see forexample [11-13]). Lety € (0, 2) and let 4 be an instance of a Gaussian
free field (GFF) or another log-correlated field (see Sect. 2.4) in a planar domain D.
Heuristically speaking, a y-LQG surface is a random surface whose area measure is of
the form e?"d?z. This definition does not make rigorous sense since / is a distribution
and not a function, but via regularization of & one can make rigorous sense of the area
measure e’” d%z and certain other measures of the form e’ do for y € (0,2) and
a base measure o. Recently it was also proven that a y-LQG surface is associated
with a natural metric (i.e., distance function) [10,21]. As explained in Sect. 1.3, LQG
is intimately related to the scaling limits of random planar maps and this connection
with planar maps constitutes the main motivation underlying this work.

The process we will focus on is called (continuum) Liouville dynamical perco-
lation (cLDP). Informally, it can be described as a continuum analog of dynamical
percolation where the clocks are driven by an independent LQG measure.

We construct cLDP as the scaling limit of (discrete) Liouville dynamical perco-
lation (dLDP) on the triangular lattice; see Theorem 1.3.! The rate of the Poisson
clocks will now be inhomogeneous and determined by a background log-correlated
field h. More explicitly, for n > 0 let T, denote the regular triangular lattice rescaled
such that the distance between adjacent vertices is 7. Let aZ(n, 1) be the probability
of having a so-called 4-arm event from a site to distance 1 (see Sect. 2.3). For x a
vertex on T, let Bf; (x) denote the hexagon corresponding to x in the dual graph of
T,. The following defines dynamical percolation driven by any given fixed measure
o (not necessarily a random measure associated to LQG).

Definition 1.1 (Dynamical percolation driven by a general measure o) Fix n > 0. Let
o be a measure on R2. A dynamical percolation on T, driven by o is a dynamics on
percolation configurations denoted by wj (-) that is built via the following procedure:

e Attimer = 0, a)‘n’ (0) is a percolation configuration on T}, in which the status of
the sites are chosen independently open or closed with probability 1/2.

e Each site x e T, of the lattice has an associated Poisson clock with rate
o (B,}Y1 (x))az (7, 1)~!, which rings independently of all other information.

e Each time a clock of some vertex x rings, we resample the status of the vertex
X, i.e., its status is set to open or closed with probability 1/2 independently of all
other randomness.

When o is Lebesgue measure on the plane, the dynamical percolation driven by
o is the subject of [25]. The scaling U(Bf?‘(x))ozz (7, 1)~! of the rate is necessary for
getting a non-trivial scaling limit.

! The notion “Liouville dynamical percolation” (LDP) may refer to either dLDP or cLDP, and the meaning
will be clear from the context.
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624 C. Garbanetal.

In this paper, we study the scaling limit of dynamical percolation driven by a specific
family of space-inhomogeneous fractal measures—the LQG area measures.

Definition 1.2 (discrete Liouville dynamical percolation (dLDP)) Let ), be the y-
LQG measure associated with a log-correlated field 4. We define a)Z,/ ()= wf,m' () to
be the dynamical percolation driven by the measure w5, such that i and a)z,/ (0) are
independent.

1.1 Main results

Let D C C be a bounded simply connected domain with smooth boundary. Let
0 <y < 2and let i be a centred Gaussian log-correlated field on D.> We denote by
tyn the y-LQG area measure associated with A.

The following theorem gives convergence of dLDP. We refer to Sect. 2.2 for a
discussion of the various topologies which can be used to represent the scaling limit w
of critical percolation. In this work we will mainly rely on the Schramm-Smirnov space
¢ introduced in [57]; see Sect. 2.2 for its definition. See [8,52] for other topologies.3
The space of cadlag functions with values in .7 will be equipped with two different
topologies: the Skorokhod topology and the L' topology, where the latter topology
is weaker and is generated by a metric where we integrate the distance between two
processes over the considered time interval.

Theorem 1.3

() If y € [0,2 — \/5/2), then (a)}; (t))>0 converges in law to a cadlag process
(0¥ (t))i=0. The convergence holds for the finite-dimensional laws and in the
Skorokhod topology for the Schramm—Smirnov space €.

(i) Ify € [2—/5/2,/3/2), then (a)z (t))i>0 converges in law to a cadlag process
(wk (t))r>0. The convergence holds for the finite-dimensional laws and in the
L'-topology for the Schramm—Smirnov space .

(iii) Ify € (J/3/2,2), then the conclusion of (ii) still holds. Furthermore, the limiting
process is constant (i.e., wlo (1) = 0k (0) forallt > 0).

In all cases (i)-(iii), conditionally on h, t +— wlo(t) is a Markov process on the
Schramm—Smirnov space F .

We refer to Sect. 1.2 for an intuitive explanation of the transition points at y =
2 —./5/2 and y = /3/2. Itis not clear to us whether one would expect convergence
in Skorokhod topology to hold also for y > 2 — /5/2.

We call the limiting process (wk (1)) >0 continuum Liouville dynamical perco-
lation (cLDP). A fundamental property of cLDP for y € [0, 4/3/2) is its mixing

2 See Sect. 2.4 for the precise class of fields we consider.

3 We remark that the loop ensemble space considered in e.g. [8] and the quad crossing space considered in
[26,57] and this paper are equivalent in the sense that the associated o -algebras are the same. See [8] and
[24, Section 2.3] for a proof that the loops determine the quad crossing information, and see [33, Theorem
6.10] for the converse result. Therefore (@ (1));>( can also be viewed as a process with values in the loop
ensemble space.
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Liouville dynamical percolation 625

property, which we state next and which will be instrumental in the second and fourth
authors’ work [33]. See Sect. 2.2 for the definition of a rectangular quad and what it
means for a percolation configuration to cross a rectangular quad. See Sect. 2.6 for a
reminder of the definition of mixing in the setting of ergodic theory and the fact that
it implies ergodicity.

Theorem 1.4 Let Q be a rectangular quad, and for any t > 0 let A(t) be the event
that w%,(t) crosses Q. For measurable sets B, C C ¢ and t € R, define the events
B(t) = {0k (t) € B} and C(1) = {wk(t) € C}.
G) Ify € [0, /3/2) then wk(-) is mixing. More precisely, for B(0) and C(t) as
above,

lim Cov(1g(), 1c)) = 0.
—00

(ii) Lety €10,+/3/4)andb(d, y) := %. Then for A(t) as above and any & < %
for0 =6(@3/4,y), we have that

lim COV(IA(O), lA(t))tE =0.
11— 00
More generally, for B(0) and A(t) as above,

lim Cov(1p(), 1agy)ts/* = 0. (1.1
11— 00

(iii) The results above also hold in the quenched sense, i.e., a.s.,

lim Cov(1p(0), leqy | h) = lim Cov(l(), Laq) | W)
—00 —00

= lim Cov(1p(), lag | W5/ = 0.
11— 00

We remark that we do not expect the power & in the theorem to be optimal, i.e., we
expect that (ii) and (iii) still hold for a larger value of &.

Remark 1.5 Since Theorem 1.4 holds for y = 0, we prove mixing for the Euclidean
dynamical percolation studied by Garban et al. [26]. In particular, we answer the
question asked in [26, Remark 12.3]. It was previously known [26, Section 12] that
we have polynomial mixing for the event of crossing a single rectangular quad for
y = 0. That is, if A(¢) denotes the event that a fixed rectangular quad Q is crossed
at time ¢, it was know that Cov(14(0), 1a¢) =< CQt_z/3 for a constant Cg > 0
depending only on Q (see in [26, Theorem 12.1]).

Remark 1.6 Theorem 1.3 and the non-quantitative assertions of Theorem 1.4 (i.e.,
Assertion (i) and the first limit in Assertion (iii)) also hold if we replace h by h + g,
where g is a (possibly random) function that is continuous on D, regardless of how g is
coupled with 4. Our proofs can be carried out exactly as before under this assumption
since we can find two random numbers m and M such thatm < g < M a.s.
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626 C.Garban et al.

In [26,27] convergence results for near-critical percolation and the minimal span-
ning tree are established, building on the method for dynamical percolation. In the
regime ¥ € (0,2 — 4/5/2) (where microscopic stability is satisfied, see Propo-
sition 3.2), we obtain analogous results in our inhomogeneous case as immediate
corollaries of the proof of Theorem 1.3, proceeding similarly as in the y = 0 case
studied in [26,27]. We will first define near-critical percolation and the minimal span-
ning tree in the LQG environment and then state these corollaries.

Definition 1.7 The y -near-critical coupling (a)% M (A)aer is the process constructed
as follows:

(i) Sample w,}; ’nc(k = 0) according to IP;, the law of critical percolation on T,.

(i) As X increases, closed hexagons switch independently to open at exponential rate

r(m) = pyn(By(x)ef(n, D" (1.2)

(iii) As A decreases, open hexagons switch independently to closed at same rate r(17).

As such, for any A € R, the near-critical percolation a),’; "M€(1) corresponds exactly to
a percolation configuration on T, with parameter

p=pct+1—e*r® if A >0,
p=pc—(1—e My ify <0.

Similarly, following [27], one may define an inhomogeneous model of minimal
spanning tree on the triangular lattice T), induced by an LQG measure. Let us start
with two preliminary comments. 1) As in [27], the microscopic definition of the model
of Minimal Spanning Tree for which one can prove a scaling limit is necessarily a
bit subtle as the Minimal Spanning Tree needs to be naturally related to critical site
percolation on T. 2) One technical restriction in [27] is that the scaling limit results
are stated on C and on the tori IL%,, = R?/(MZ?) but not on general planar domains
D. We will thus consider for this reason a log-correlated field /2 on IL%,[ with mean
Zero.

We are now ready to define the Minimal Spanning Tree in our present inhomoge-
neous setting.

Definition 1.8 Let M > 0 and h be a log-correlated field on L3, = R?/(MZ?) with
mean zero. Assign to each vertex x € T, N ]lew, a weight V(x) in [0, 1] given by

1.1 1 1
V(x) =1+ Lanh (Myh(B};(x)) (W, 2)) , (1.3)

where (W), eT,nL2, are i.i.d. uniform variables on [0, 1]. Now, exactly as in [27],
assign to each edge e = (x, y) of the triangular lattice T), the vector label

Ule) :=Vx) VvV, V) AV).
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Liouville dynamical percolation 627

We define the Minimal Spanning Tree MST}, in the Liouville random environment /4.,
to be the a.s. unique minimal spanning tree in T, N L%,I determined by these vector
labels considered with lexicographic order.

Remark 1.9 Minimal Spanning Trees are naturally defined out of a collection of
weights on the edges of a graph. In order to obtain a scaling limit result in [27]
from near-critical site-percolation on T, it was necessary to define a natural model
of MST whose weights were in correspondance with i.i.d. weights on the sites of T.
This is the reason for this lexicographic order in order to brake local ties that would
otherwise appear along the construction of the MST.

Remark 1.10 The particular choice of function in the definition (1.3) of the weights
V (x) is very flexible. It follows easily from [27] that choosing instead for example

—1 1 w. — |
o h, X ) 9
an </Lyh(32(x))( 2)>

would lead to the exact same limiting process. The only important feature of our choice
of weights is the fact they favor in some sense points in areas where the field / is large
(in the right quantitative way depending on y). We opted for this function in order
to match with the setup of [27] (i.e. weights in [0, 1] and half of the MST has been
constructed using Kruskal’s algorithm when reaching p, = %). The following choice
of weights (not restricted to live in [0, 1]) would also lead to the same limiting tree
and looks somewhat simpler:

Vx):=1+

8=
=

AP (G
T (B ()

where (W(x)) are now i.i.d. standard Gaussian variables.
We may now state the following two corollaries of Theorem 1.3:

Corollary 1.11 For any 0 < y < 2 — 4/5/2, the cadlag process (w%’nc(A))AeR con-
verges for the Skorokhod topology on € to a limiting Markov process (w&" (X)) s.cr.

Corollary 1.12 For any y € [0,2 — \/5/2), as n — 0, the spanning tree MST%’ on
T, N L%,I converges in distribution (under the setup introduced in [1]) to a limiting
tree MST%,.

Remark 1.13 Note that for these two models, we are only able to treat the regime
0 < y < 2 — +/5/2. For dynamical percolation, the fact that the process is stationary
together with the Fourier technology help tremendously. However, it seems natural
to guess that the other two models will keep behaving similarly thanks to a more
delicate stability analysis for y € [2 — 4/5/2, 7). The question of whether ¥, is
equal to +/3/2 or not does not seem obvious to us. Indeed, for the out-of-equilibrium
case corresponding to near-critical percolation, the microscopic stability may cease
to exist before reaching /3/2 while in the equilibrium case, on and off switches may
still compensate each other.
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628 C.Garban et al.

Finally, in Sect. 4, we prove a scaling limit result for the so-called spectral mea-
sures. The spectral measures are certain random measures in D, each associated with
a percolation crossing event (see Sect. 2.1). Spectral measures play an important role
in several of our proofs and were a crucial tool in [23]. In particular, we use the spec-
tral measures as a tool to prove mixing in the subcritical regime and to prove that
the supercritical process is trivial. In Proposition 4.1, we prove that spectral measures
associated with a large class of crossing events converge in law as n — 0. This answers
half of the third open problem stated in [23].

Other results of independent interest not mentioned above are found in the appen-
dices. In particular, we want to highlight Proposition A.1, where we prove under mild
assumptions that if (6"),en is a sequence of measures converging in probability to
a limiting measure o, then the LQG measure with base measure ¢” converges to the
LQG measure with base measure o . Furthermore, in Appendix B we prove upper and
lower bounds for the total mass of the spectral measure associated with the crossing
of multiple quads. This extends the main result of [23], where the case of a single
rectangular quad was considered.

1.2 Sketch of proofs

When 0 < y < 2 —4/5/2, one proves Theorem 1.3 by adapting the proofs of [26] for
the case y = 0. The key reason that the proofs carry through in this regime, is that*

/chh(Bf;(x)) < aZ(n, 1) as. forall x € D and sufficiently small n > 0. (1.4)

In a certain sense, on the scale of the microscopic grid T,, this means that there are
no sites in D whose clock rates are of order one or higher. See Remark 1.14.

In the case 2 — /5/2 < y < +/3/2, one cannot directly apply the techniques of
[26] to prove Theorem 1.3. The reason is the failure of (1.4). In fact, in this case there
are a.s. points x € D such that /Lyh(Bf]l(x)) > 062 (n, 1) as n — 0. To fix this issue

one needs to modify the dLDP. For some ¢ > 0 (depending on y) to be determined,’
define the moderate points of constant C by

—n

Mc :={x € D : pyn(Bi_,(x)) < Caj (27", 1)27"¢, foralln € N}. (1.5)

Then define the measure ,Tifh () := pyn(-NMc), and define the dynamical percolation
with measure Hoyn by

~C.y )
B () = awy" (). (1.6)

The points of M are called moderate since they are points where the rate of the
associated clock is o(1).

4 Above we defined B;‘ (x) only for x € T, but the definition extends immediately to x € C by considering
T}, recentred so that x € T;.

5 We will choose o such that Lemma 2.14 is satisfied.
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Liouville dynamical percolation 629

It is easy to see that for this modified measure the proofs of [26] work, so Gnc’y )

converges to some process ET)go’y (+). The difficulty now is to show that lim, .o a)}?’ )=

lime— oo 555)/ () a.s. To do this we first couple ET),?’)/ (-) with a),); () in the natural way.
Then we show that when C is big enough, for any fixed quad Q and t > 0, the
probability that Q is crossed for ch)g 7 (¢) and not for w}; (1), or vice versa, converges
to 0.

Finally, when y € (/3/2, 2), we study P(Q € o) (0)Aw} (1)) for a fixed quad Q.
This probability can be expressed in terms of the so-called Liouville spectral measure.
In this regime it is possible to show that this measure converges in probability to O,
which implies the same for the considered probability. Intuitively, cLDP is trivial in this
regime since the limiting pivotal points® are disjoint from the so-called y-thick points
of A, which implies that the limiting measure M)A/Eh is trivial since y-LQG measures
are supported on y-thick points.

The attentive reader may have realized that for the second and third cases we made
reference only to the distribution of quads at a given time ¢. In fact, we are not able to
prove convergence for all times simultaneously, and we only get convergence of the
finite-dimensional marginals and for the L' topology rather than for the Skorokhod
topology for these cases.

Let us now explain how we prove the mixing properties of cLDP when y < 4/3/2.
First, we show that if . is the scaling limit of the spectral measure of the crossing
of a given quad Q, then one can define /Ly];, which is the y-LQG measure with base
measure .. Then we show the following key identity

— 3/, (D)
Covlgeuz 0 Lgeatin | 1) = E[e 4P 1z 1 1] (1.7)

Using that a.s. M‘ﬁ, (D) # 0 onthe event . (D) # 0, we can prove convergence of the
right side to O as + — oo. The same is true when one studies the events in Theorem 1.4.

To prove the quantitative speed of decorrelation, we use (1.7) again. The new idea
is to take expected value and prove, first, the result in the annealed regime. To do
that, we use the quantitative estimates obtained in [19], which allow us to give explicit
polynomial decay, at least for y < +/3/4. Then we deduce the quenched result from
the annealed result, using, among other properties, that the covariance decreases in
time.

Remark 1.14 We observe in Sect. 2.5 that the transition point y = 2 — /5/2 corre-
sponds exactly to matter central charge ¢ = 1. It is an interesting coincidence that
our stability argument breaks down exactly at ¢ = 1; note that almost all mathematics
literature on LQG considers only the classical range ¢ < 1 and not the more exotic
range ¢ > 1. We see no apparent reason why the desired stability property (namely,
;Lyh(Bf; ) K ocZ (n, 1) for all z € D and sufficiently small 1) should break down

6 A concrete way to understand the limiting pivotal points is through the limiting loop ensemble called
CLEg [8]. The limiting pivotal points can be realized as the collection of double points and intersection
points of loops in CLEg. Since our paper is mainly focused on the Schramm-Smirnov topology, we will
not elaborate on this point of view. See [33, Section 5] for more details.
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630 C.Garban et al.

exactly at c = 1. We leave as a curiosity for the interested reader to investigate this
further.

1.3 Motivation from random planar maps

The current work is an important input to a program of the second and fourth authors,
which proves the convergence of uniform triangulations to 1/8/3-LQG under the so-
called Cardy embedding.

Let us start by shortly discussing how LQG surfaces arise as the scaling limit of
discrete surfaces known as random planar maps (RPM). A planar map is a graph drawn
on the sphere (without edge-crossings) viewed modulo continuous deformations. Le
Gall [40], Miermont [42], and others proved that certain uniformly sampled RPM
equipped with the graph distance converge in law for the Gromov-Hausdorff distance
to alimiting metric space known as the Brownian map. Miller and Sheffield [43,44,46]
proved that the Brownian map is equivalent to 4/8/3-LQG in the sense that an instance
of the Brownian map can be coupled together with an instance of /8/3-LQG such
that the two surfaces determine each other in a natural way.

An alternative notion of convergence for RPM to LQG is provided by the so-
called peanosphere topology. Convergence of RPM to LQG in this topology has been
established for RPM in several universality classes. The idea of this topology is to
decorate the RPM with a statistical physics model (see e.g. [7,17,39,41,54]), and show
that the decorated map is encoded by a 2d walk which converges in the scaling limit
to a correlated Brownian motion. By [12], the correlated Brownian motion encodes
an instance of SLE-decorated LQG in a same manner as in the discrete.

Our main motivations from LQG/planar maps are the following:

1. First, as mentioned above, the Cardy embedding is a discrete conformal embed-
ding which is based on percolation crossing probabilities on planar maps. In [18]
(based on [2,7,12,20] and other works) it is proved that a uniform percolated tri-
angulation converges as a loop-decorated metric measure space to a 1/8/3-LQG
surface decorated by an independent CLEg. By applying the mixing result of our
Theorem 1.4, it is shown in [33] that the convergence to CLEg is quenched, i.e.,
the limiting CLEg is independent of the randomness of the planar maps. This
allows us to conclude that the Cardy embedded random planar maps converge to
V/8/3-LQG.

2. Second, the study of the conjectural scaling limit of dynamical percolation on
random planar maps. In [33] it is proved that dynamical percolation (with a certain
cut-off) on a uniformly chosen triangulation converges to the process built in
this paper, namely Liouville dynamical percolation with parameter y = 1/+/6.
For general values of y € (0, 4/3/2), Liouville dynamical percolation should
represent the scaling limit of dynamical percolation on random planar maps in
other universality classes.

Note that dynamical percolation on uniform planar maps do not correspond in
this setting to LDP for y = 1/+/6 rather than y = /8/3. The reason for such
a smaller y value here is that the dynamical percolation is driven by an LQG
measure on a lower-dimensional fractal rather than an open subset of the complex
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plane. In fact, the relationship between the Euclidean dimension d = 3/4 of the
fractal and y = 1/4/6 is a consequence of the coordinate change formula for
LQG. See (2.21) and the text around it for further explanation.

The relationship between y and its corresponding matter central charge ¢ = c(y)
is discussed in detail in Sect. 2.5. Let us point out that in this correspondence
we have ¢ < 1 (resp. ¢ € (1, 16)) if and only if ¥ (c) € (0,2 — 4/5/2) (resp.
v(c) € 2 — 4/5/2,4/3/2)). In particular, note that our paper studies a non-
trivial dynamical percolation process even when ¢ € (1, 16), which lies outside
the more classical range ¢ < 1 for Liouville quantum gravity surfaces.

3. Finally, we conjecture that the near-critical percolation and the minimal spanning
tree studied in Corollaries 1.11 and 1.12 represent the scaling limit of the associ-
ated models on random planar maps. In particular, this work falls into the class
of works that study natural continuum processes inspired by statistical physics
models on random planar maps. Other works of this type are the works of Miller
and Sheffield on the Quantum Loewner evolution (QLE) [45,46]. QLE represents
the conjectural scaling limit of growth models such as the Eden model and DLA
on random planar maps.

Organization of the paper

The paper is organised in the following way. We present some preliminaries on dynam-
ical percolation and LQG in Sect. 2. In Sect. 3 we prove convergence in Skorokhod
topology of dLDP for y € (0,2 — +/5/2), adapting the techniques in [26]. Based on
this technique along with Fourier analysis, we prove convergence in law of the spectral
measure in Sect. 4. Section 5 is the main technical contribution of the paper. After
establishing convergence of the modified dLDP, we prove that this process is close
to true dLDP in the scaling limit, and we prove that the limiting process is cadlag.
In Sect. 6 we prove mixing for cLDP via Fourier analysis techniques, and in Sect. 8
we upgrade to quantitative mixing using [19]. In Sect. 7 we prove Theorem 1.3 for
the supercritical case. In Appendix A we prove various convergence results for LQG
measures, and in Appendix B we prove upper and lower bounds for the spectral sample
associated with the crossing of multiple quads.

2 Preliminaries and further background
2.1 Fourier analysis for Boolean functions

In this subsection, we present theory of Fourier analysis of Boolean functions. A
function f is said to be Boolean if for some finite set Z it is a function from {—1, 1z
to {—1, 1}. We endow {—1, 1} with the uniform probability measure.

First we will define an appropriate orthonormal basis for the inner product ( f, g) +—>
E[fg].Forany S C Z,let xg be the Boolean function defined by x5 = [[; g xi, where
xi 1s the Boolean function defined by projection onto the ith coordinate. Note that
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(xs)scz is an orthonormal basis for the functions on {—1, 1}2. Therefore, defining
F(S) = E[f xs] for any Boolean function f : {—1, 1}% — {—1, 1},

f= FSxs.

ST

By Parseval’s formula,

YNt =1

SCT

This allows us to define, for every Boolean function f, a random variable . such that
P =S8)= (f(S))z. We call . the spectral sample associated with f.

In this paper, we are interested in Boolean functions whose domain are D N T,
for D C C a bounded domain. This motivates us to abuse notation and identify its
spectral sample .#, with the measure’

o) = DY 11633@51%. Q2.1
xesy

Then we can talk about weak convergence of .}, in the space of measures, and define

/Ly 4 » the LQG measure with base measure .. In the remainder of the paper (except
in Appendix B) we refer to this measure (rather than the subset of C) when we talk
about .} and .. For C € Nand ¢ > 0 asin Lemma 2.13 we also define the following
truncated Liouville measure

~C 5”
@D =, DT Y Lepponmeiyn (@) 2.2)
xesy
where M is as in (1.5). Let us note that for any set £ C D, 11 i y”(E) ,uyh (EN

Moe).
The following key identities express the covariance between f (a),, (0)) and

f (a),] (1)) (and with @, Cy (+) instead of a)n (+)) in terms of the spectral measure.

Lemma 2.1 Let f be a Boolean function defined on DT, and let ./}, be the associated
spectral measure. Then

T
Cov | (@] ), f(@]®) | h] =E [e‘”‘yh P1y,0)20 | h} : 23)

Cov [ @S O, F@S7 1) | h] =E [ T Ul/(D);éoIh] 24)

7 In [23], the distinction is made between the spectral sample .#;; viewed as a random set and the counting
measure 1, on the spectral sample .#;. Here we identify the concepts for convenience.
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(See Sects. 1.2 and 5 for the definition of the process 5,, Y(t)). Furthermore, the
function (f, g) — Cov[ f (@S (0)), g(@ Y (t)) | h]is an inner product if we identify
functions that differ by a constant,® so the Cauchy-Schwarz inequality gives that for
any Boolean function g,

Covlf (@57 (0)), g(@5 Y (1)) | h] < Covlf @S Y (0)), @S Y (1) | h1'/*. (2.5

Proof Let us first note that if S # ', then E [ xs(w} (0) xs (@) (1)) | h] = 0. If
wf; x(t) € {—1, 1} describes whether x € T, is open or closed for any x € S then we
have E[a),);,x (O)a),};,x(t) | h] = exp(—tag(n, 1)_1Myh (B,};(x))); recall when deriving
this identity that when the Poisson clock of some vertex rings then the status of the
vertex is resampled rather than changed, so it remains unchanged with probability 0.5.
Therefore

E [ xs (@] O)xs @] ) | h] =exp (= Y rad(n, D7 iy (Bi )

xes

= exp(—1 4ty (D)) .

This implies that

E[£@]O) /@) |h] = Y (7S exp(=11:5,(D))

SCT

_E [exp (—zuf,'j(D)) | h] . (2.6)

We conclude the proof of (2.3) by noting that f(@) =K [ f (w% (0))] and subtracting

]?((ZJ)2 on both sides. The same proof works for 5,7C 7).
For the second part, by the same calculation,

Covl £ (@57 (0)), g@5 7 () | k1 =Y F()HZ(S) exp(—tpy;’ (D).
SH(D

From this identity we see that (f, g) — Cov[f (5,7C’y(0)), g(ag ’i(t))] is an inner
product if we identify f with the constant function x — 0 if f(S) = 0 for all
S # ¥; equivalently, we identify f with x > 0 if f = a for some constant a. The
Cauchy-Schwarz inequality gives
Cov[ f (@57 (0)), g(@57 (1)) | h]
< Covl[f (@57 (0)), f(@5 7 (1)) | 1"/ Covg(@y 7 (0)), g(@5 7 (1)) | h]'/?
< Cov[ £ (@7 (O)), f(@5 7 (1) | hl'/2.

m}

8 We identify functions that differ by a constant since (f, g) = 0if f = a or g = a for some constant a.
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Remark 2.2 By taking expected value in equations (2.3) and (2.4), one obtains

)
Cov [ /(@] (0. /(@] )] =E [e‘”‘vh (D>1yn<m¢0] L@
Cov [ £ @S O, F@T 1)) = E [efﬁff”“’>1ynw)¢o] TS

2.2 Quad-crossing space

The idea in [57] is to consider a percolation configuration as the set of all quads crossed
by it. Let us start by defining what a quad is.

Definition 2.3 Let D C C be bounded. A quad Q in D is a homeomorphism Q :
[0, 11> — D.Let Qp denote the set of quads, equipped with the topology generated by
the following (pseudo)metric do(Q1, Q2) := infy sup,cy0.172 [Q1(@(2)) — Q2(2)1,
where the infimum is over all homeomorphisms ¢ : [0, 11? — [0, 1] which preserve
the four corners of the square. A crossing of a quad Q is a connected closed subset
of Q([0, 17%) that intersects both boundaries 3;Q = Q({0} x [0, 1]) and 330 =
O({1} x [0, 1]).

We say that a quad is rectangular if Q ([0, 1]?) is a rectangle and if the four corners
of [0, 1]% are mapped to the four corners of Q ([0, 11%) by Q.

The space of quads has a natural partial order induced by the crossings. We write
01 < Q» if any crossing of Q; contains a crossing of Q1. We say that a subset
S C Qp is hereditary if, whenever Q € S and Q' € Qp satisfies Q' < Q, we have
Q' € S. Note that if we are given an instance of site percolation on T, (equivalently,
a percolation on the faces of the hexagonal lattice) and let S be the set of quads which
are crossed by the set of open hexagons, then S is necessarily hereditary.

Definition 2.4 (The space 7¢) Let 7 be the collection of all closed hereditary subsets
of QD.

In this paper we will consider two different topologies on Qp. The first topology
is the so-called Schramm—Smirnov topology, which was also considered in [26] and
originally introduced in [57]. This gives a compact, Polish, and metrizable space, and
we let d ,» denote a metric which generates the topology. There is not a known natural
explicit form for the metric d ;. The following discrete family of quads will be useful.

Definition 2.5 For any k > 1, let OF be the set of all quads Q satisfying

i) Qispolygonalin DN (27k72%), i.e., its boundaries are included in D N (2%Z2).

ii) Furthermore, as opposed to [26], we also add the constraint that the inside angles
at each of the 4 corners of 9 Q and 9, Q need to be 90 degrees. See Fig. 1 for
an illustration of allowed quads. (This property will make the arm-exponents
analysis in Sect. 5.2 slightly simpler).

We denote by Q™ the union Q® := UgenQF.
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anQ Qe

0Q 0

Fig. 1 The quad Q on the left belongs to Q°° while Q on the right does not because of an inside angle of
180 degrees at the corner of 3; Q'

Even though our family of quads O is slightly smaller than in [26] due to ii), it
is immediate to check that the Borel o-algebra of (77, d ;) is generated by the sets
{Q € w} for Q € Q. We refer to [26, Section 2.2] for further properties of the space
(A, d ).

The other topology on 7 is slightly stronger. Define the following distance on 5%

A5 (w, ') 1= sup{2™* : there is Q € QF such that Q € wAw'}. (2.9)

Itis possible to see that this metric generates a finer topology than the one of Schramm-—
Smirnov.? Additionally, let us note that under this metric, ¢ can be identified with
{0, 1}ro equipped with the product topology and the appropriate metric. The space
€ is not complete under the metric d;lzi’d.lo

At several occasions we will use the following lemma to upgrade convergence
statements from d , to d;“z‘zd.

Lemma 2.6 Assume w, for n € (0, 1] is a collection of random elements in 7€ such
that vy, — we € J a.s. for the metric dy as n — 0. If weo has the law of the
critical percolation scaling limit, then w,, — weo € JC a.s. for the metric dg;?d as
n— 0.

Proof The lemma is a direct consequence of [57, Lemma 5.1]. O

The metric d‘;‘f?’d is sometimes easier to work with since it is explicit. However,
when we consider cadlag processes w(-) such that w(t) € 2 for each t € Ry we
want to use the metric d j» due to completeness of the space.

9 One can check that, in the notation of [26], both E"Q and ij are open for the topology generated by
df}“Od. Furthermore, it is possible to see that this topology is also finer than the one presented in [26, Section
2.3] (as long as @ is considered to be a quad).

10 For example, consider the sequence of elements in .7 such that the nth element consists of the quad
On((x,y)) = ((1 =1/n)x, y) and all quads Q satisfying Q < Q. This sequence is Cauchy, but does not
have a limit, since (by the requirement that the elements of 7# are closed) the limiting object would need
to contain the quad Q(z) = z, while the limit cannot contain this quad by definition of d;’;d.
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Definition 2.7 (Skorokhod space) For T > 0 let (Skr, dsi,) denote the set of cadlag
functions w : [0, T] — JZ equipped with the following metric dsy,

dSkT(CUaCU/) = inf sup (d,yf(w(¢(t)),w/(t))+ o (1) —tl),
# 1el0,T]

where ¢ : [0, T] — [0, T'] is an increasing homeomorphism.
Let (Sk, dsi) denote the set of cadlag functions @ : Ry — 77 equipped with the
following metric dsy

d5k<w,w’>=2mf2"‘A< sup dﬂ<w<¢<r>>,w’<r>>+|¢(r>—r|),

- ¢ teRy :1ve(1) <k

where ¢ : Ry — R, is an increasing homeomorphism.

For the case when y > (2 — /5/2,2) \ {</3/2} we do not prove convergence of
a)i,/ (+) in Skorokhod space, but rather in the following weaker topology.

Definition 2.8 For T > 0 assume w, @' : [0, T] — 7, and define the following
distance

T
dp(w, o) =/ dyp (), (1) dt.
0

If w, @ : Ry — S define the following distance

00
dri(w, a)/) = 227k Adpi ][0,k a)’|[0,k]) .
k=1

2.3 Continuum Euclidean dynamical percolation

In the following section, we present the main definitions and results used to prove the
convergence of the classical dynamical percolation to its continuum counterpart (i.e.,
the Euclidean case y = 0). This element will be important, as the first step in the proof
of convergence of LDP for y # 0 follows the same lines as in the classical case. We
refer to Sect. 3 for further details.

Let us start by defining four arm events and the four arm exponent. For a percolation
configuration of T), we define an arm to be a simple path of vertices such that all the
vertices have the same status (either all open or all close) and consecutive vertices in
the path are adjacent in T),. Let A; and A, be bounded simply connected domains in
D, such that A] C Aj. Define A = A\ A1, so that A is a topological annulus. We
say that a site z is A-important if z € A; and if there are four arms of alternating
status connecting z to dA. We call this event a four arm event. For 0 < r < R
let aZ (r, R) denote the probability that the four arm event happens with A (resp.
Aj) the square of side length 2r (resp. 2R) centred at z. It was proven in [58] that
aj(r, R) = (r/R)>/4to),
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Next let us define the set of e-important pivotal points.

Definition 2.9 (Importance of a point) Lete > 0and consider the grid € Z*. For z € R?
let A, be the topological annulus as defined above, with A equal to the square of €Z?
containing!! z, and A, the square of side length 3¢ concentric with A;. We say that z
is e-important if z is A,-important.

Let us now consider convergence of the e-important points. Define

2(@2) = Y LoepninLeis eimporamet (7, 1)~ d%z. (2.10)

xeTy,

The next theorem follows from [24, Theorem 1.1] (see also [26, Theorem 2.13]).

Theorem 2.10 ([24]) For any € > 0, there is a measurable map A€ from (I, d yp)
into the space of finite Borel measures on D such that A (wy) is given by (2.10) and
such that as n — 0,

(@2 A€ (@) > (@0 2 (@00)).

where we use the Schramm—Smirnov topology in the first coordinate and the weak
convergence of measures in the second coordinate.

2.4 Liouville quantum gravity

Our presentation of LQG is going to be based on [5], and for more advanced results
we are going to rely on [4] (see also the useful review [51]). Let & be a log-correlated
field on a bounded simply connected domain D. More precisely, let 4 be a centred
Gaussian field with correlations given by a non-negative definite kernel

K(x,y) = —log(lx — y]) + g(x, y), (2.11)

where g is continuous over D x D. In the rest of the paper we will always assume that
the considered field / satisfies these assumptions. As “K (x, x) = 00” this definition
does not make rigorous sense, and we obtain a precise mathematical definition by
considering a centred Gaussian process (4, p) such that the variance satisfies

E [(h, p)z] = / / p(OK (x, y)p(y)d>z,
DxD

where p can take any value such that the right side is finite. In particular, p can be any
continuous function in D x D.

The LQG measures may be constructed via an approximation procedure. Take
€ > 0 and define h = h * 6., where 6, is an appropriate mollifier. If 4, is a circle

T In case z lies on the grid (i.e., at least one of its coordinates is an integer multiple of €), choose A}
arbitrarily among the possible squares.
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average or if 6. is smooth, one can argue that h.(-) has a continuous version. We
assume Var(h(z)) = log e+ O(1) for all z € D with distance at least € from
C\ D, where O(1) is uniform in the choice of z bounded away from 9 D.

Let y > 0, let o be a positive measure on D, and let & be a log-correlated field. We
define the LQG measure u,]‘z ;, associated to & with base measure o and parameter y
by

uo(d*z) = lim " 2erhe @ (427), (2.12)

where the limit is taken in the topology of weak convergence of measures. In this
work, we write w,, when o is the Lebesgue measure restricted to D.

The non-triviality of the limit depends on the dimension of the measure. Ford > 0,
we say that o has finite d-energy if

Ed(a):=// ! o(d*x)o(d?y) < 00. (2.13)

lx — yl
We define dim(o) as the supremum of d such that the d-energy is finite, i.e.,
dim(o) = sup{d = 0 : (o) < 00} .

When y < /2dim(o) then the limit in (2.12) exists in L! and is non-trivial a.s.
(see e.g. [5]). By e.g. [35],

th(D) >0 as. (2.14)
Furthermore, we proved the following lower bound for M‘; 5 (D) in [19].

Proposition 2.11 (Corollary 3.2 in [19]) Ford,y > Odefine6 = 6(d, y) := %. If

v < /d, then there exists a K > 0 (depending only on the law of the log-correlated
field h) such that for any

1/6
t>1:=K [i"((g))} (2.15)
we have
O K
E[e zuy,,w)] < o (2.16)

Let us now discuss the regularity of LQG measures. See e.g. [4, Corollary 6.5] for
the following result. We remark that the constraint y < 2 — /5/2 corresponds to
matter central charge ¢ < 1; in particular, the variant of Liouville dynamical percola-
tion corresponding to dynamical percolation on uniformly sampled maps (¢ = 0) is
covered.
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Lemma2.12 Let § > 0 and y € [0, 2), let h be a log-correlated field, and define
By =2-2y+ ¥2/2. Then there exists a random C > 0 such that for all r € (0, 1)
and z € D, we have that ,uyh(B?(z)) < Crfr—s,

In particular, if y < 2 — /5/2, there is a deterministic § > 0 and a random C > 0
such that i, (BR(2)) < Ca (r, 1)r® = Cr¥/4to+o) g5

A variant of this lemma holds for the measure ﬁgh defined in (1.6).

Lemma 2.13 There is a universal constant K > 0 such that for all x € D, C > 0,
r=2"<2"1 and o as in the definition of Mc,

J5; (B} (x)) = juyn (Bl (x) N M) < CKa (r, r?. (2.17)

Proof 1f ﬁyh(Bf(x)) > 0 then there exists z € D such thatz € M¢ and |[x —z| <.
Thus,

fyn(BM(x)) < wyn(BY (2)) < Ca(2r, )€ < CKaj(r, Dr®,

where we use quasi-multiplicativity of the four arm probability [24] in the last step. O
The y-LQG measure is supported on so-called y -thick points.

Lemma 2.14 For C > 0 and o > 0 let Mc be defined by (1.5). For y < /3/2 and
o sufficiently small as compared to y,

lim g0 (D \ Mc) = 0.
C—o0
Proof Let us start by defining
Mcn = {x € D: puyn(BL,(x)) < Caf " (27", 1)27"¢). (2.18)

Note that M¢ = () Mc.,. Let us first bound the Liouville mass of D\M¢ . To do
this let us first define x, as the element of 2774 closest to x and note that

Hyh (B;l—(n—n (X)) )p

1 < —
*#Me.n (c(xg @-, 1)2-ne

This implies that

/ Leg M, di (dx) < C7P " (uyn(BY oy )P (0F (277, 1) P2"0P,

xe2—n7d

Now, we want to use the expected value. To do that, we use [4, Proposition 4.1 and
Corollary 6.2], which states that for any log-correlated field and any g < 4/y2,

E [Myh(Bll(x))q] < pVP@P 24y Dg+ 0 (2.19)
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where the O(1) is uniform in x. Since y < /372 and a " (27", 1) = 27/4+e()
[58] we can find a small o > 0 and a constant K > 0 such that for all n € N we have
Ko '(27" 1) > 2-1(2=y*/2-20) This gives that for n € N,

E[ / 1X¢Mc_nduy<dx>}

n(M7(2+y2/2)(p+])+0(])> y-n
<sc’ )y 2 (af @77, 1)7r2mer
xe2-nzd

v2p?

< O()KPC—Pr 2 —nep,

Let us note that we can choose p > 0 small enough so that the exponent is negative.
This implies, summing over n € N, that E [y, (D \ M¢)] < O()KPC~P. We
conclude by taking C — oo. O

2.5 Central charge

This section gives further background to understand the main motivations of this
work (explained in Sect. 1.3). It will not be used in the rest of the paper and can be
skipped at the first reading. Liouville quantum gravity surfaces are associated with
a matter central charge c, a background charge Q, and a coupling constant y .
These parameters are related to each other by ¢ = 25 — 60Q% and Q = 2/y + y/2.
Most probability literature on LQG considers the range ¢ € (—oo, 1] (corresponding
to @ > 2and y € (0,2]). LQG for ¢ € C is studied in multiple works in the
physics literature [6,9,14,15,34,48-50,59,60], but to our knowledge the only other
papers which study ¢ ¢ (—oo, 1] in a probabilistic setting are [16,22], ?, [3], which
consider the range ¢ € (1, 25) (corresponding to Q € (0, 2) and |y| = 2).

In [53] a Liouville quantum gravity surface with background charge Q > 2 is
defined to be an equivalence class of pairs (D, h), wh’gre’:v h is a distribution on a
domain D C C. Furthermore, two pairs (D, k) and (D, h) are equivalent if there
exists a conformal map ¢ : D — D such that

h=ho¢+ Qlog|d'|. (2.20)

It is observed in [16] that this definition of an LQG surface may be extended to
0 €(0,2).

Let (D, h) be an equivalence class representative for an LQG surface. Let A C D
and d € (0, 2]. Assume that the d-dimensional Minkowski content of A defines a
locally finite and non-trivial measure A which is supported on A. Assuming A has
finite d’ dimensional energy for all d" € (0, d), one may define an LQG measure
/,Li;h = e""d} supported on A for any y < +/2d [5,13,51]. If we want to interpret the

measure ,u;‘/ ; as intrinsic to the LQG surface it is natural to require that the measure is

invariant under coordinate changes, i.e., if ,Tl?/ 5= e”"d for & the Minkowski content
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of p~1(A), then ﬁiﬁ(qﬁ’] ) = ,u;h(U) a.s.forany fixed U C D. By the coordinate
change formula (2.20) for LQG surfaces with a given background charge Q, it is seen
that we need to have

Q=d/y+vy/2 (2.21)

in order for the LQG measure to be invariant under coordinate changes (see [13,
Proposition 2.1] and [16, Proposition 2.2]).

As we will explain in Sect. 3.1, the continuum Liouville dynamical percolation is
driven by an LQG measure supported on the CLE¢ pivotal points. The CLEg¢ pivotal
points have Hausdorff dimension d = 3/4 [47] and (after applying a cut-off) well-
defined 3/4-dimensional Minkowski content which defines a non-trivial and locally
finite measure [31]. We now see why the case of uniformly sampled planar maps
(which is the case relevant for the Cardy embedding project described in Sect. 1.3)
relies on the particular case of y = 4/1/6 in Theorem 1.3. This is due to the fact that
if one plugs y = /1/6 into (3/4)/y + y /2 one recovers Q.—o = +/3/2 + /2/3.

In greater generality, the y-LQG measure supported on these points may be defined
for y < 4/3/2. Combining the formulas above, this gives ¢ < 1 (resp., ¢ € (1, 16))
if and only if y € (0,2 — /5/2) (resp., y € (2 —+/5/2, +/3/2)). In other words, the
two transitions points for y in Theorem 1.3 corresponds to ¢ = 1 and ¢ = 16. See
Remark 1.14 for a discussion of the first of these transition points.

2.6 Mixing for Markov processes

Let (X;);>0 be a stationary cadlag Markov process taking values in a standard Borel
space (S, F). Let (S®+, FR+) denote the measurable space in which (X;);>¢ takes
its value. For any E € FR+ define E(T) := {(Xt41)i>0 € E} for T > 0. In ergodic
theory literature one says that (X;);>o is mixing if for any E1, E; € F R+ one has

lim Cov (151(0), 152(]‘)) =0. (222)
T—o00

We say that E € F R+ is an invariant event if £(0) = E(¢) forall 1 € R,. We say
that (X;);>0 is ergodic if for any invariant event £ we have P[E] € {0, 1}. Mixing
implies ergodicity, i.e., if (X;);>¢ is mixing then it is also ergodic.

The following proposition says that in the setting of Markov processes, decorrela-
tion of events at times 0 and 7" as 7 — oo implies mixing (and hence also ergodicity).
We believe the proposition must be known in the literature but since we have not found
it we have added a proof. The assumption that the process is Markov is key for the
result; there exist (non-Markov) stationary processes which satisfy (2.23) but are not
ergodic.

Proposition 2.15 Let (X(t));>0 be a cadlag stationary Markov process defined on a

standard Borel space (S, F). Suppose (X (t));>0 pointwise decorrelates, meaning that
for any events B, C € F it holds that
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lim COV(IB(()), IC(T)) =0. (2.23)
T—o00

Then (X(t)):>0 is mixing in the sense defined right above.

Proof For o > 0 let F' denote the o-algebra generated by X|{o.,,j. For B, C € F%
let

B(1) = {Xljrs410) € B), C(t) = {X|pr.1440) € C).

In order to complete the proof it is sufficient by approximation to argue the following
for arbitrary 19, B, C

lim Cov(1g ). 1¢(r)) = 0. (2.24)

T—o0
Note that

P[B(0)C(T)] = E[P[B(0)C(T) | X (to), X (T)]]
= E[P[B(0) | X(10), X(T)IP[C(T) | X (o), X(T)]]  (2.25)
= E[P[B(0) | X (10))IP[C(T) | X(T)]]

The second and third equalities follow from the Markov property of X, which says
that (X (5))s>7, and (X (s))s<s, (resp. (X(s))s>7 and (X (s))s<7) are independent con-
ditioned on X (ty) (resp. X(T)).

We choose measurable functions D, F : & — [0, 1] such that D(X(fy)) =
IE”[E(O) | X(t9)] and F(X(0)) = ]P[E"(O) | X(0)] almost surely. By the stationarity
of X, we have F(X(T)) = P[G(T) | X(T)] almost surely. Therefore (2.25) gives
that P[B(0)C(T)] = E[D(X(#))F(X(T))]. Since D and F can be approximated
arbitrarily well by simple functions, by (2.23) we have

E[D(X(10))F(X(T))] — E[D(X(t))JE[F(X(T))] asT — oco. (2.26)

Since the right side here is equal IP’[E(O)]IP’[G(T)] we get (2.24). m|

3 Convergence of the LDP: direct microscopic stability

The proof of convergence of y-LDP for y € (0, 2—4+/5/2) is based on the proof of [26,
Theorem 1.4]. As many of the techniques are the same in this case, it may be helpful
to the reader to read this chapter alongside with [26]. In many parts, when needed,
we will just cite the results from [26]. We assume y € (0, 2 — 4/5/2) throughout the
section so that we can apply Lemma 2.12.
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3.1 Dynamical percolation with cut-off

The first step of the proof, following [26], is to build a suitable approximation of the
limiting dynamics for which only points which are initially (i.e., at time ¢ = 0) pivotal
at least up to a macroscopic distance € are updated. The reason for introducing such
an e-cut-off is that otherwise in the scaling limit the set of pivotal points which would
be resampled between times 0 and ¢ would a.s. be some random countable dense set
of the plane. Updating so many points at once would make the construction of the
dynamics nearly intractable. To avoid dealing with this intrinsic explosion of pivotal
points which need to be updated, we thus proceed as follows (see [26] for more details).

1. First, we fix a (small) cut-off scale € > 0. On the discrete lattice 5T, let
(wf,’y (t))1=0 denote dynamical percolation on T}, where we only update pivotal
points which are e-important for w; ’(0) (see Definition 2. 9). This process can
be sampled by considering a P01ss0n point process PPP Al o te’" & Sy
i € NJon D xRy x { 1, 1} with intensity /L h x Leb x Uniform where )f is

given by (2.10) and /,Ly 5 18 its associated LQG measure. We then set the status of
x;"" equal to that of &" at time #;"" for each i € N (such that " = —1 means
closed and Sf’" = | means open).

2. Then, we wish to let  — 0 and obtain a limiting cut-off dynamics (s (1)) 1>0-
The first observation, exactly as in [26], is that based on [24] one may define a
Poisson Pomt Process PPPY. {(xf,tf,67) i e NJon D x Ry x {—1, 1} with

intensity u " h x Leb x Uniform, where

e )€ denote the Euclidean pivotal measure supported on the e-important pivotal
p01nts of wg) (0) (as in Theorem 2.10),
o ut h is its associated LQG measure.

A key stepherelstocouplewny(O) /LV” andPPP V= {()cE " t“7 Sf’n) ti e
N} such that they are close to wg (0), i h,andPPP = {(x, ff &) 1 i e N}

We use for this Proposition A.1 to argue the existence of an aplprolprlate coupling.

3. Given the initial configuration a) ¥ (0) and the set of updates PPPOo , one still
has to build a continuum cut-off dynamics ¢t — w5 (f). This is far from
being straightforward as one needs to detect in the Schramm-Smirnov space
the uncountably many quads which are affected by flipping the points in PPPg. .
This is done in [26] by developing a theory of so-called networks which are
associated to a dense family of quads Q € On (see [26, Section 6] for more
details). These networks correspond to certain graph structures inside each quad
0 and whose vertices correspond to the pivotal points which shall switch along
the dynamics. (By our choice of cut-off, on a finite time interval [0, T], note that
this set is a.s. locally finite). The good news is that this whole network technology
from [26] works in the exact same way in our present inhomogeneous setting.
Therefore we will not give more details here on these networks. This gives us a
well-defined dynamics  — @S (7).
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4. The next step, exactly as in [26] is the fact the construction of ¢ +— a)g;} (1)
can be made in such a way that it is coupled to the process ¢ > a);’k(t) and
both processes are very close to each other under the Skorohod topology on the
Schramm-Smirnov space. This step uses a certain stability property of the above
networks as well as the uniform structure from [26, Section 3] to handle the
convergence in Skorohod topology.

Following the above outline, the following theorem is proved exactly as [26, The-
orems 7.3 and 7.10].

Theorem 3.1 Consider the setting above.

e One can define a cadlag process (w3 (1))icr . with values in the quad-crossing
space A, which starts from uniform site percolation wk,(0), and which is deter-
mined from ol (0) and {(xi, t;, &) : i € N} in the exact same way as in [26,
Theorem 7.3].

e As n — 0, the process wf]’y(t) converges in law in (Sk, dsy) to the process
(s ())ier +- Furthermore, the convergence is a.s. if the coupling is the one
described above.

It now remains to show that things do stabilize as the cut-off € — 0. This does not
come for free as instabilities such as the one pictured in [26, Figure 1.1] may arise.
We now address this stability property.

3.2 Stability of LDP

In this section we will prove Theorem 1.3(i), i.e., we will prove that for y € (0,2 —
+/5/2) we have convergence of the dLDP a)l,/ (+) in the appropriate spaces as n — 0.
The whole proof works quenched in 7, i.e., we prove the result for almost any instance
of h.

The main result of this section is the following proposition. Combined with
Theorem 3.1 and proceeding as in [26, Section 9], it implies Theorem 1.3 when

y € (0,2 — J/3572).

Proposition3.2 Let T > 0, y € (0,2 — /5/2) and some instance h of the log-
correlatedfield be fixed. There exists a continuous functionyy = yrr 5, : [0, 1] — [0, 1]
with ¥ (0) = 0 such that uniformly in0 < n < e,

E[ds, (@] () 057 (D] < ¥ (©).

The proof proceeds similarly as the Euclidean version in [26, Section 8]. We will
therefore omit many details in the proof, and point out only the places at which our
argument differs from the one in [26]. The main new input is Lemma 2.12.

To prove the proposition, we will need to introduce some notations as well as some
preliminary lemmas. Since the entire section is about discrete configurations w, € 7,
we will often omit the subscript  and denote the percolation configurations simply
by w. We let X = X, 7 denote the random set of sites of T, which are updated
along the dynamics ¢ - w, (1) = w(¢) for t € [0, T']. Furthermore, we let Q(w, X)
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denote the set of percolation configurations ' such that o, = w, for all x ¢ X,
where w, € {—1, 1} represents the status at site x. Finally, let A4(z, r, r") denote the
4-arm event in the topological annulus A(z, r, r’) := BE, (z)\Bf (z), where B}’(z) is
the square of side length 2r centered at z.

Lemma3.3 Let T > 0 and the instance of h be fixed. Set r; := 2 and N =
Llog, (1/m)]. Let W, (i, j) denote the event that there is some o' € Q(w, X) satisfying
A4(z, ri, rj). Then for every pair of integers i, j satisfying 0 < i < j < N and every
z e R?,

PPV (i, j) | h] < Crag(ri,rj), (3.1

where C1 = C(T, h) is a constant that may depend only on T and h.

Proof The proof proceeds exactly in the Euclidean case, except that we use the new
definition of P[x € X | h]. The reader is advised to also read the proof of [26, Lemma
8.4], since many steps are skipped here.

Define A,, = A(z, rn, rn+1). Note that conditioned on £ the events {x; € X} and
{x2 € X} are independent, similarly as in the Euclidean case. In particular, defining

b! :=sup_ P[W.(i, j)], we get as before

j—2 ]
PW.(G. j), D] < O(T) Y pyn(An N M) e, )~ b~ b b)),
n=i+1

and further for some absolute constant C» and all i, j with j > i,

Myh(An)> . (3.2)

i1
bl = Caltirp (147 CF
P = el P> ol (ras 1)

n=i+1

Note that the latter bound is our variant of [26, equation (8.3)]. As in [26], we show
(3.1) by induction on j, and for a fixed j by induction on j —i. By Lemma 2.12, there
exists ¢ > Oand C(h) > Osuchthat u,,(Ay) < Coz"‘7 (rn, DrS. This and Lemma 2.13
imply that we can find a constant M = M(T) € N such that for N — j > M,

j—1
3 Z Hyn(An)
n=i+1 ~4VT

Choosing C; = 2C3 and inserting into (3.2) complete the proof by induction as in
[26]. O

For a site z and a percolation @ we will now define a quantity Z(z) = Zz(z) which
is closely related to the importance (Definition 2.9) of z. Let Z(z) = Z(z) denote the
maximal radius 7 such that the four arm event holds from the hexagon of z to distance
r away. This is also the maximum r for which changing the value of @(z) will change
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the closed connectivity in @ between two closed sites at distance r away from z, or
will change the open connectivity between two open sites at distance » away from z.
Then set

Z¥@) = sup  Zy(2), Zx(@):i= inf  Z,(2).
' eQ(@,X) o' eQ(®,X)

In the same context as the lemma before we have the following result.

Lemma 3.4 Let§ > 0beasinLemma2.12. For every site z and every € andr satisfying
2n<e <2%¢ <r <1, we have

P[Z¥() = r, Zu(2) <€ | h] < Or 5D (n, )€’
where Ot j,(1) is a constant depending only on T and h.
Proof Letus work onthe event {w : Z,,(z) < €} and assume o’ is suchthat Z,/(z) > r,
and let xq, ..., x; be some enumeration of the sites in BE (z) where o’ and w are
different. For each j = 0, 1, ..., m, let w; denote the configuration that agrees with
o' onevery site different from Xj41,Xj42, ..., Xm,and agrees with @on Xjglsenos Xm.
Then w,, = o and Z,(z) < €. Let k,y be the first j such that Zy(2) =,

Let X be the set of sites x € BE (z) such that x = x; , for some o’ satisfying
Z./(z) > r. Proceeding as in the proof of [26, Lemma 8.5] we see that

P[Z¥@) =7, Z(@) <€, x € X | h] < Or(D)af(n, r*) pyn(BL(x)) af(r, 1)(3.4)
Since X is non-empty if Z X(z) > r and Z(z) < € both occur,

P(zX@) =71, Z@) <e|h] < Y P[Z¥@) 27 ZG) <€ x e X | h]

x€BP(2)
log, (/1)

<or() Y a0 r)uyn(Ane](r, D7
n=0

The lemma now follows from Lemmas 2.12 and 2.13 along with quasi-multiplicativity,
ie, o, D (r, D7 <) (n, 7). o

Next we state a similar result to Lemma 3.4 which will be needed in a later work
of the second and fourth coauthors [33]. Set

Zx(z) == _ inf )Za/(z).

o' eQ(@,X

The proof of the following lemma is omitted, since it is identical to the proof of
Lemma 3.4.
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Lemma 3.5 Let§ > 0beasinLemma 2.12. For every site z and every € and r satisfying
2n <e€ <2%¢ <r <1, we have

P[Zx(2) <€, Zu(2) =] < Orn(Da (1. r)e’.

For any quad Q € OF,if r > 0 is smaller than the minimal distance from 9 10 to
93 Q, we will say that Q is r-almost crossed by w = w, € S if there is an open path
in the r-neighborhood of Q that comes within distance r of each of the two arcs 91 Q
and 03 Q.

The following lemma and proposition are proved exactly as [26, Proposition 8.6
and Lemma 8.7], and the proofs are therefore omitted. Note that there is an exponent §
in the statement of these results, while the corresponding results in the Euclidean case
have explicit exponents depending on the four-arm exponent. Proposition 3.2 follows
from Lemma 3.7 exactly as in [26].

Proposition 3.6 Let T, h, X, and § be as above, and fix some quad Q € Q. Let
r > 0 be smaller than the minimal distance between 91 Q and 93 Q, and suppose
that0 < n < 2n <€ < 2°€ < r < 1. Then the probability that there are some
@, 0" € Q(w, X) such that

(a) Q is crossed by o/,

(b) Q is not r-almost crossed by ', and

(¢) ' (2) = &' (2) for every site 7 satisfying Z,(z) > ¢,

is at most

Or.on(€)a(r, )7L

See [24, Definition 3.3] for the notation O (-) used in the following lemma. Intu-
itively, for k € N and w € 7, Ox(w) denotes the set of percolation configurations
which have the same crossing properties as  for all quads in QF, possibly with some
small deformations of size 27%.

Lemma3.7 Leté > Obeasin Lemma?2.12,letk € Nand T > 0 be fixed, and suppose
that0 < 1 < 2n < € < 275720 Then the probability that there are ', " € Q(w, X)
such that

(@) o ¢ Or(0"),

(b) @ ¢ Or(e), and

() o' (2) = &' (2) for every site 7 satisfying Z,(z) > €,

is at most

Or k.1 (€%).

4 Law of the spectral measure viainhomogeneous dynamical
percolations

The spectral sample plays an important role in our proofs, due to the identity (1.7). In
[23] it was proved that the spectral sample associated with the crossing of a single quad
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Q converges for the Hausdorff metric as a set in the complex plane to a conformally
invariant limit with dimension 3 /4. Since the size of the spectral sample has the same
first moment as the number of pivotal points (see e.g. [38]), we also have tightness
of the spectral measure. Non-triviality of subsequential limits follows from the bound
on the lower tails of the spectral sample. However, it was not proved in [23] that the
spectral measure converges in law, i.e., the uniqueness of the limit was not proved. We
establish this in the following proposition.

Proposition 4.1 Consider quads Q1, ..., Q, let f : 7 — {0, 1} be the function
which says whether all the quads are crossed, and let -7, be the corresponding spectral
measure for percolation on the lattice T,. Then the measure .7, converges in law in
the scaling limit for the weak topology to a measure ..

Remark 4.2 In [23], the third open problem asked about the convergence in law of
the coupling (.}, ,)), where .}, denoted the spectral sample viewed as a random set
while A, denoted the rescaled counting measure on .#;;. The convergence in law of the
random set ., (for the Hausdorff topology) was proved in [23] but not for the counting
measure A,. In the present paper, .7} in fact denotes the measure A, from [23] (this
slight abuse of notation was motivated by the fact that 1, is already used to denote
the weighted counting measure on pivotal points). We thus make significant progress
on this open problem by showing the weak convergence of the second coordinate A,;.
It remains to prove the convergence of the joint coupling to fully answer the question
raised in [23].

We will prove the proposition by giving a formula for E[exp(—¢.¥)] for all bounded
continuous functions ¢ : D — R,, where ¢.¥ is the measure assigning mass
/i y ¢d to any measurable set U C D. This is sufficient to characterize the law
of . due to the following result, which can be found in e.g. [37, Corollary 2.3].

Theorem 4.3 ([37]) Let S be a Polish space, and let & and n be random Borel measures

on S. Then & 4 n if and only if Ele~%] = E[e~%"] for all bounded continuous
functions ¢ : S — R with bounded support.

Proof of Proposition 4.1 Let w?(-) denote the dynamical percolation on T, driven by
the measure which has density ¢ relative to Lebesgue area measure (see Definition 1.1).
By Lemma 2.1,

Cov [ @f ), @] =E[e" @D P11y, 4] 1)

Proceeding just as in Sect. 3, w(,j,) (-) converges in law in Skorokhod space to a process
a)fo(-). Furthermore, using that each fixed point (e.g. + = 1) is almost surely a point
of continuity for the limiting process (see [26, Proposition 9.6]) we get that the left
side of (4.1) converges to Cov [ F(02(0)), f(wg;m)] asn — 0.

Since lim sup, _,( E[.%}(D)] < oo (see for example the proof of Theorem 10.4
in [23]), the measures .%;, converge subsequentially in law as n — 0. Let . denote
a subsequential limit. The lower bound in Theorem B.1 gives that (., 1 y(D)#0)

@ Springer



Liouville dynamical percolation 649

converges in law along the considered subsequence to (', 1.97(pyo). By the bounded

convergence theorem, the right side of (4.1) converges to E [e_(d"yj (D) 1o D)?&O], S0

Cov [ @&, F@h()] =E [P 1) 0] .

By Theorem 4.3, this is sufficient to uniquely identify the law of .. O

An alternative proof of Proposition 4.1 can be obtained by using [36, Theorem 4.3],
which says that a random vector X with values in Ri for some d € N is uniquely
characterized by E[exp(—X - s)] for all s € Ri. This result can be used to find the
joint law of {-(U,)}o<n<a for any d € N and any finite collection of sets (Uy,)o<n<d>
which is sufficient to identify the law of .7

5 Convergence of the LDP: indirect microscopic stability

In this section we prove the convergence of the dLDP in the case when y € [2 —
/572, /3/2). It is tempting to use the same proof as in the case y € (0,2 — 4/5/2).
The main problem is that, in the notation of Lemma 3.3, a.s. there exist points z such
that the associated annuli A, satisfy Y, i, n(An)aj (ry, 1)~! = occ. This implies that
Proposition 3.2 cannot be proved using the same method. We circumvent this problem
using the modified LDP.

Recall the definition of 5,? Y () as the dynamical percolation (Definition 1.1) driven
by the measure Zlgh(-) = uyn(-NMc), where Mc is given by (1.5). This additional
cut-off is useful, as Lemma 2.13 implies that ), Myn(Ay N /\/lc)oz:‘7 (rn, D7 < 00
a.s.

The section is organized as follows. We start by observing that the modified LDP
converges in the Skorokhod topology for any fixed C > 0 to a limit (T)go’y (+). Then,
in order to show that cT)go’V (-) converges when C — oo to a limiting process who(-),
we control via a coupling argument the amount of times a given quad changes from
being crossed to not being crossed and vice versa. Once the convergence as C —
oo is achieved, we show how this implies that the finite-dimensional laws of w,),/ )
converge. To show that we have stronger convergence, we introduce a topology on
cadlag processes in the quad-crossing space (namely, the L' topology in Theorem 1.3
and Definition 2.8) for which a)ﬁ,’ () converges. We finish by showing that conditionally
on h, wk () is a Markov process.

5.1 Convergence of the modified LDP
The following proposition follows from the same proof as the convergence of the LDP
in the case y € (0,2 — /5/2).

Proposition 5.1 Forany 0 <y < /3/2, the dynamics 5,?’7/(-) converge in law to a

limiting dynamic 650’)/(-) in the Skorokhod topology. Furthermore, this convergence
holds jointly for any countable collection of C € (0, 00).
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Proof The proof for fixed C has two differences as compared to the proof for y €
(0,2 — 4/5/2). The first is that to prove the equivalent of Theorem 3.1, we need to
rely on Proposition A.6 instead of Proposition A.1. The second difference is that one
needs to change u,; to ﬁgh in (3.2), (3.3), and (3.4), and then use Lemma 2.13 to
conclude the equivalent result of (3.3).

To get joint convergence for different C, let us for simplicity focus on the case of
two values: C” and C with C’ < C. By the analog of Proposition 3.2 for a cutoff
C, it is sufficient to show that for any fixed € > 0, the processes (ﬁe’c*y(t))telo,m
and (a')e,C’,y (t)):e10,1] converge jointly (these processes are defined such that only e-
important pivotals are updated, similarly as (0" (¢));>0). By the argument for fixed
C, we can find a coupling for n € (0, 1) such that the PPP {(xf’c’”, tf’C’", éf’c’") :
i € N}associated with (@€ (1)) ref0,7] converge as 1 — 0 and satisfy [26, Corollary
7.6]. The PPP associated with C’ < C can be obtained by a subsampling of the PPP
associated with C’, and therefore also satisfies the mentioned corollary. Note that the

spatial measures ,u;zc and thc from which we define these PPP converge jointly

since the limiting measures are functions of @ ¢-°°(0) and 4. Now joint convergence of
the PPP satisfying the mentioned corollary implies joint convergence of the dynamics
as n — 0, see [26, Sections 7.4 to 7.6]. |

5.2 Control of the jumps for LDP

Recall that Q*° is the set of all quads whose boundaries are contained in Q2 *z-nD
(see above (2.9)) for some k € N. We are interested in the study of the jumps of a)z,/ ).

Proposition5.2 Let 0 < T < T» and Q € Q, and let w‘n’(') be a dynamical
percolation driven by a deterministic measure o. Then

E[#{r € [T1, T2] : Q € f (t7) Ay (11)}]
=(I, —T) Z O'(BS()C))O{Z (n, 1)_1P[x is pivotal for the crossing of Q](.S'l)

xeT,

Furthermore, in the case of Liouville dynamical percolation for any y € (0, 2), for
all Q € Q% there a.s. exists a random constant C(Q) = ¢(Q, h) < 0o such that

sgp”E[#{t €lTi. T2l Q €Wl (DA (D} |h] = (T = THC(Q). (52)
nely,

Proof The first claim is classical and a direct consequence of the invariance of the
Bernoulli product measure under the dynamics ¢ +— a)g (#). The identity (5.1) follows
from the observation that each time a site x flips according to a Poisson clock of
rate o(B,l; (x))ozZ(n, 1)~!, it sees the invariant uniform measure and the flip adds a
switching time if and only if x is a pivotal point of Q at that moment.
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The second claim follows from the first claim together with the fact that uniformly
inn > 0 and x € T, one has

P[x is pivotal for the crossing of Q] < 0(1)042(;7, 1). (5.3)

N.B. This property would not be true without the condition ii) in the definition of
O from Definition 2.5. Indeed the above upper bound is clear in the bulk of the
quad Q by standard quasi-multiplicativity estimates. Near the boundary, whatever the
local geometry is, the probability to be pivotal is even smaller as one can see from the
different cases below:

e Near an edge and far from the corners of 91 Q and 9, Q, the relevant arm-event
for pivotality is the three-arm event in H whose exponent, 2, is larger than the
four-arm event 5/4 in the bulk.

e Near a corner of dQ and far from the corners of 9; Q and 9, Q, the three-arm
exponent is in the worse case of an inside angle of 270-degrees given by 4/3
which is still bigger than 5/4.

e Finally, near a corner of 91 Q or 9, Q, things may degenerate as the relevant arm-
exponent is now the rwo-arm event, but thanks to the property ii) in Definition 2.5,
the exponent in this case is 2 which again is confortable enough.

Intermediate cases are treated as usual using quasi-multiplicativity. See for example
[23] or [28] for such analysis of boundaries and 90 degree corners.
Now, claim (5.3) together with the first claim (5.1) lead us to

lim sup E [#{t €T, T] : Q €l ()AL (M) | h]
n—0

= (T, — Ty) lim sup Z uyh(B,l;(x))er(n, 1)_1]}”[x is pivotal for the crossing of Q]

n—0 xeT,

< 0()(Ty = T limsup Y pyn(BY () Lrentno

n—0 xeTy,

< 0o()(T> — T pyn(QOD),

where Q(O'l) is the 0.1-neighborhood of Q. O

5.3 Modified LDP is close to dLDP

Let us start by noting that ﬁgh(') is increasing in C. Thus, for fixed n > 0 one

can couple (5;(7;’}’(-))15c500 in a natural way (note that cﬁf,o’y(-) = w%(-)). In this
coupling, for a fixed + > 0 and C < C’, the times before 1 where the clock of

x € T, rings for Zf)g,’y(-) but not for (T)g’y(-) follows a law of a PPP with rate

fyn (Bl (x) N (Mc\Mc)).

Proposition 5.3 For any y € (0, /3/2), take Q € QX t > 0, and C, C’ € [1, 0]
satisfying C < C'. Then there exists a function Yy g : [1,00] — [0, 1] such that
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1imc_>oo TI’Q(C) = T[’Q(OO) = 0and

P(Q €57 AT (1)) = Y1.0(O).

Proof Fixt > 0.As C gets large, the natural idea here is to proceed as in Proposition 5.2
by first sampling the configuration ET),? "V (t) and then arguing that there are very few

’
remaining possible switches (in expectation) because going from EZ‘),? (@) to ET),? 0
is governed by a dynamical percolation driven by a measure ji,, (Mc/\Mc) of very
small total mass as C — oo.

This intuition is mostly correct except that once 53,? V(1) is sampled, it is not correct
that one can obtain 5,? V(1) by starting the dynamics at time s = 0 from 53,? 7 (t) and
then updating sites forward in time along s € [0, t] according to the PPP driven by
Hyn(Mc\Mc). One way to see what might go wrong is as follows: suppose you
run forward in time from the initial con3uration 5,7C’V (t) and a site x rings at time s.
If that same site x had been already updated when constructing 5,,C’y (r) at some later
time s’ > s, then in order to build 55 "7 (t) one should NOT update the site x at time
s.

To deal with this issue, we shall condition both on the final configuration 5,? 0]
as well as the PPP PC e

~C,y y . ~C,y ~C'y . .

(wy,"" (1), P, ;") wewill sample the pair (&, ” (1), @, '” (1)) using adynamical process
s o(s) for s € [0, t] constructed as follows.

c [0, 71T used to define s > cT),,C’V(s). Given the pair

1. We initialize &(0) := a),,c Y (0).

2. Ass € [0, 1] increases, we update @(s) dynamically according to Poisson clocks
governed by the measure 1, (M ¢\ Mc) as follows: when a site x rings at time
s, this site is updated if and only if that same site x had not been updated along

the construction of Z),]C’y (1) between times s and ¢ (or in other words {(x, u), s <
u< t}ﬂP,f,’” = ).

3. We let s — w(s) denote the dynamical process which updates points without
any restriction coming from the knowledge of P C’V . As such, o(s) is updated

more often than @(s) but has the advantage that glven ®(0) = 0(0) = &, Cr (1),
it follows a regular dynamical percolation.

It is easy to check that (@(0), @(¢)) has the desired law, namely (@(0), @(¢)) 4
@57 @), w,f (). Note also that for all s € [0, ¢), the law of (@(s), @(¢)) is NOT the
same as (a),] R (s), a),f 7 (t)). Therefore our setup does not allow us to say anything

about 53,? 4 (s) for s € (0, t); in particular, we do not get convergence in Skorokhod
space since this requires us to consider all s € [0, 7] simultaneously.

A crucial point for what follows is for all s € [0, ¢], the marginal law of the
configuration @(s) is i.i.d. percolation. This gives that for a constant C > 0,

(Q e &S (1) aFC" V(t)) <P[#{s €[0,1]: Q € (s ) AD(s )} > 1]
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<E[#{s €[0,1]: Q € a(s )AD(sT)}] <E[#{s €[0,1]: Q € @(s ) Aw(s)}]
< Cpyn(D\ M), (5.4)

where we proceed as in Proposition 5.2 to justify the last inequality. Since the right
side converges to zero a.s. as C — oo by Lemma 2.14, this concludes our proof. O

Let us now see how Proposition 5.3 implies the fact that the finite-dimensional laws
of wz,/ converge.

Proposition 5.4 Let y € (0, /3/2). Then the finite-dimensional distribution ofa)g )
converge in law in (€, d yp).

Proof We will only prove that (a),}; (9))qeq, converges, since the case of Q replaced
by some other countable set can be treated in the same way. By Proposition 5.1 and

Skorokhod embedding there is a coupling of c~o,7c’y(~) for C € Nand n € (0, 1) such
that each 5,7C’V (-) converge almost surely to some limit &')oc(;y () asn — 0. Let us first

prove that for any fixed ¢ € Q, the sequence (5g<;y(q))cEN is a Cauchy sequence
as C — oo.For C < C/,

P3G @.557 @) > 27) = Y P(Q edS @adl @)
Qe

. ~C,y ~C'y
<lim 3" P(Q €7 @AF @)
QeQk
< (#Qk) sup Yy, 0(C) >0 asC,C" — oco.

QeQy

In the second inequality we use that g is almost surely a point of continuity for the
limiting process, and in the third inequality we use Proposition 5.3. It follows that
(c’?)ggy (¢))cen is a Cauchy sequence for d™99, 5o it is a Cauchy sequence for d j». By
completeness of (7, d ), it has a limit in probability w,(q) for the metric d .

Let us continue using the same coupling, and show that the finite-dimensional
distribution of a)% (-) converge to those of wl,(-). We will show convergence of the
law of (a),); (9))geq, to that of (a)go (9))qeq, ; the case of Q4 replaced by some other
countable set follows from the same argument. Note that for any ¢ € Q_, the triangle
inequality gives

(@@, @ @) = do (Ko@), 3 @) +dor (557 @0, 557 @)

5.5
+dy (55”’(61), w) (61)) :

The first term does not depend on 7 and converges to 0 in probability as C — oo by
the previous paragraph. For any fixed C € N the second term converges a.s. to 0 as
n — 0 by our choice of coupling. It remains to bound the third term. As before, we

@ Springer



654 C.Garban et al.

can bound

P (a’;};;’d (a),}; (@), 55#(4)) > Z_k) < (#9p) stg Yy,0(C) > 0 asC — oo.
k

We conclude that for all ¢ € Q- the following convergence holds in probability as
n — 0 ford »

wlh(q) — b (q) asn — 0.

This implies that the finite-dimensional distribution of a)z; (-) converge in probability
(and therefore also in law) to those of wl (). O

5.4 Liouville dynamical percolation is cadlag
Let us define

Z:={f:[0,1) = {0,1}: f cadlag and liTnll f(¢) exists}.
t

Let M([0, 1)) denote the set of all signed measures on [0, 1). Each function f € 7
may be associated with a unique measure vy € M([0, 1)), namely the measure v
such that v ([0, ]) = f(¢). Note that this measure will have a point mass +1 at each
point where the value of f changes from O to 1 or vice versa. This will allow us to
work with the convergence of U}Z and Vs the positive and negative part of the Jordan
decomposition of v, .

In the next lemma we consider a deterministic process (@ (1)) ref0,1) in (JC, dyp).
We give a criterion which guarantees that (@ (¢));e0.1) is cadlag. We identify ¢
with a subset of {0, 1}900 by identifying w € J# with (fp(w))geco> for fo(w) =
1pcw. This allows us to see a .77-valued process w(-) as a sequence of functions
(fo(@(-))) geg from [0, 1) to {0, 1}.

Lemma 5.5 Let (w,(1))icf0,1) be a sequence of processes with value in F such that
forall Q € Q%, fo(w,(-)) € L. Define vnQ as the measure associated to fg(w,(-)).

Assume that for all Q € Q*°, (vnQ )T and (vnQ)_ converge weakly to certain measures
Wt and W2)~. Furthermore, suppose there exists a dense set S C (0, 1) such that
forallt € S, w,(t) converges to some @w (t) in (€, d ) and

SN{t €(0,1):¢tisinthe support of(iQ)+ or (ﬁQ)_for some Q € Q%) = 0.

Then, @ (1) = limy; @ (s) is a cadlag process in the space of Schramm—Smirnov and

R sesS
o (s) =w(s) foralls € S.

Proof Let us take Q € Q> and note that for any ¢ € (0, 1) that is not in the support
of @) or (v9)~, we have fo(w, (1)) — Vo ([0, t]). This implies that for all s € S,
fo(@(s)) =vo(0, s]).
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We show now that @ (¢) exists and is right-continuous in 7. To do that, it is enough
to show that for any ¢ € [0, 1) and k € N there exists a § > 0 such that

sup{d (@ (s1), w (52)) : 51,52 € [t,t +8) NS} < 27k,

This follows simply from the fact that t — (V2)*([0, 1)) for Q € Q> are cadlag
functions with finitely many jumps, which implies for all k € N, Q e QF, and
t € (0, 1), there exists § > 0 such that fQ(ﬁ(-)) is constant in [#,7 + §) N S.

To conclude we just need to prove that @ (-) has a left limit. To do that, it is enough
to show that for any ¢ € [0, 1] and k € N there exists a § > 0 such that

sup{d - (w (s1), w(s2)) : 51,82 € (t =8, 1) N S} < 27%,

This follows by a similar argument. O

Remark 5.6 Note that the conditions of the lemma do not imply that @, — @ in the
Skorokhod topology. For example, assume ¢ ¢ S, that (f,),en and (¢)),eN are two
sequences converging to ¢ such that #, < ¢, for all n € N, and that for two distinct
quads Q, Q' € Q% the measure (v,,Q)+ (resp. (vnQ/)"‘) has a point mass at #, (resp.
1) for all n € N. Then @, (-) does not converge in the Skorokhod topology, while
(assuming all assumptions of the lemma are satisfied) the process @ (-) is cadlag such
that both (V€)™ and (v Q,)Jr have a point mass at r. Another example is the case when
fo = l[tn,t,g) for the same sequences (#,),eN and (¢)),en and some quad Q.

The process an () := 1Qew¥(-) is cadlag and, thus, belongs to Z. By Lemma 5.4,

there exists a collection of random variables (wk (9))geq, such that the following
convergence holds in law

(@) (@))gen;, = (@&(@))qgeq; - (5.6)

We want to use these two results and Lemma 5.5 to argue that (wgO (9))geQ, has an
extension to R4 which is cadlag.

Lemma5.7 Lety € (0, /3/2) and let (wk (9))geq, beasin(5.6). Then the following
process is well-defined as a cadlag function

t— limowk(q). 3.7
qlt

Remark 5.8 Tn the remainder of the paper we let (wk (1))/er . denote the function in
5.7).

Proof of Lemma 5.7 Let us take S = Q4 and treat

3y = (@) 6Dses. 0], Ly Doeo= 07 v Doe0.) (5.8)
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as a sequence in 75 x (M([0, 1)))2% x (M([0, 1))) 2> endowed with the product
topology induced by d ,» and the weak topology. Note that the first coordinate is
tight, as we have finite-dimensional convergence by Proposition 5.4. Furthermore, the
second and the third terms are also tight thanks to Proposition 5.2. This implies that
the law of x;, is tight. By the Skorokhod embedding theorem, we have a coupling of
(a subsequence of) x, such that for all s € S and Q € O, a.s. w}) (s) — who(s) for
dy, v}rg W~ w2t and v — (v9)~ for some random measures (v2)*

fo(@y ()
and (v2)~ in M([0, 1)). Thanks to Lemma 5.5, we see that it is enough to show that
a.s. there is no point in S in the support of (v2)* or (v¢)~. This follows, because for
a given Q € Q and a given s € S, the probability that s is in the support of either
w9)* or (v9)~ is 0 as it can be computed from Proposition 5.2. m]

The following proposition implies the convergence of (co,’{ (t))rer, in the L' topol-
ogy of Definition 2.8.

Proposition5.9 Forany T > 0, w,}; (-) converges in law to wk(-) for the topology of
L'([0, T, (A, dz)).

Proof To prove this proposition, we use Skorohod‘s embedding theorem to find a
coupling such that a)% (q) — wk(q) for the metric d y for all ¢ € Q. Let us now
measure the expected value of the L' distance between w% () and wk ().

T T
E[/ djgo(w%’(t),wgo(t))dt]zf E[d @] (1), ol | dr
0 0

As d y is bounded, we only need to show that E [d s (w] (1), w’(t))] converges to 0
for each fixed ¢ € [0, T']. By the triangle inequality, for arbitrary ¢ € Q,

d e (@ (1), ) (1) <d s (@5(D), 0% (@) +dr (WL (@), 0] (@) +dr (@] (@), ) (1)) -

Since wly (+) is cadlag we can find § > 0 such that for all ¢ € [¢, t 4 5] the expected
value of the first term is smaller than € > 0. For any fixed ¢ the second term also
converges to 0 a.s. as a)% (q) — ol (g) by the choice of coupling. Thus, to finish the
proof we have to show that for sufficiently small 8" > 0 and all ¢ € [¢, ¢t + §'],

sup E[d (! (@), 0 1) < e.
ne(0.1] [ ! ! ]

This follows from Proposition 5.2. O
We finish this section with the proof of Theorem 1.3 (ii).

Proof of Theorem 1.3 (ii) Let us first note that the limiting process wq (+) is defined in
(5.7) and is cadlag thanks to Lemma 5.7. The convergence of the finite-dimensional
laws is proven in Proposition 5.4 and the convergence in L' is done in Proposition 5.9.

O
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5.5 Markov property

This section concerns the (conditional on /) Markov property of w,(-). Let us first
remark that the process a),’; (+) is not a Markov process, as the past of the process gives
us information about the underlying field 2. However, when one conditions on 4 then
a)z,/ (-) is Markov. The following proposition says that same is true for wk(-). The proof
is identical to the proof of [26, Theorem 11.1] and is therefore omitted.

Proposition 5.10 (Markov property) For any t > 0 the law of () (t))r>0 given h is
that of a simple Markov process, reversible with respect to the law of w’,(0).

6 Mixing of Liouville dynamical percolation

In this section we discuss mixing properties of LDP. We study the covariance between
the crossings of a given collection of finitely many quads at two different times for the
limiting dynamic. These estimates are useful to prove the convergence of the finite-
dimensional laws in the supercritical regime and to understand the mixing properties
of the limiting dynamics in the subcritical regime.

6.1 Convergence of the quantum spectral measure

In the following we are going to see that the modified Liouville spectral measure,
defined in (2.2), converges in law as n — 0. This allows us to use Lemma 2.1 to
understand the covariances of w’ (-).

Proposition 6.1 Forn > 0 and y € (0, \/3/2), let f, be a Boolean function and let
Sy be the corresponding spectral measure (see (2.1)). Assume that (.7, 1.7, (p)#0)
converges in law to (', 1.(py+0), where we use the topology of weak convergence
in the first coordinate. Furthermore, assume SUP,e(0,1] E[& ()] < oo for some

d > y?/2. Then

lim Cov | £y} ). fy(@} (1)) | h] = E [exp(=iu/y (D)L o0 1 h].

6.1
Furthermore, for any y € (0, 2) such that uﬁ (D) converges in law to 0,
lim E [ £,(@} ) fy@} )] = 1. 6.2)
n—0

Proof For the first part, thanks to Skorokhod embedding we can assume that
(s lyn:g) — (&, 1 »_yp) a.s. Let h be the same field for all . Thanks to Lemma 2.1
and bounded convergence, it is enough to prove that the following convergence holds
in probability

. I 7
Jim 111 (D) = 11/, (D).
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This follows from Proposition A.1.
For the second part, we note that by (2.6) and bounded convergence,

tim B[ (@] 0) f @] (1)) | = lim E[exp(—11,}(D)] > 1. (63)

O
The importance of the latter proposition is that it can be applied for crossings.

Corollary 6.2 Let y € (0, /3/2), let Q1, ..., Qn € QX be a collection of quads, and
let f . A — {0, 1} be the function which says whether all quads Qy, ..., Q, are
crossed. Let .7, be the spectral measure associated with f on the lattice T, and let
& be the weak limit in law of #, as in Proposition 4.1. Then, almost surely

Cov [£ @k (O, @k () | h] = E[exp(—11, (D)L (my 0 | 1] =5 0.6.4)

Proof By Proposition 4.1, we know that the measures ., converges in law for the
weak topology to some measure ., and by the lower bound in Theorem B.1 we see
that (.3, 1.7, (p)0) converges in law to (., 1.7(p)x0)-

lim, Cov | /@] (0)). f(@}(0)) | h] = E [exp(—111, (DD Ly o0 | 1]

Note that thanks to Proposition 5.2, (f (@} (0)), f(w} (1)) = (f(05(0)), f(wh(?)))
in law. Therefore

Cov [£ @k (O)f @k () | h] = E[exp(—t1, (DD Ly pyso | ] . (6.5)

By (2.14), /,L‘Vyh (D) > 0 a.s. if (D) # 0. Thus, the right side of (6.5) converges to 0
ast — oo. O

6.2 Mixing properties of the subcritical regime

After understanding the correlations of quad crossings, we can obtain information
about the mixing in the subcritical regime. The following proposition gives the non-
quantitative mixing results of Theorem 1.4 for the case where the event C(¢) can
be expressed in terms of a finite number of quad crossings. The proof combines
Corollary 6.2 and the inclusion-exclusion principle.

Proposition 6.3 Consider Liouville dynamical percolation (w%,(t));>0 of parameter
y € (0, /3/2). Let k be a natural number, and let Q1, . .., Qy be quads. For some
J < kandanyt > 0 let A(t) be the event that Q1, ..., Q; are not crossed at time
t,and that Q 1, ..., Qk are crossed at time t. Then for any event B(0) measurable
with respect to w’(0), we have that a.s.

Aim PLA®@); B(O) | h] = PIAO)IP[B(O)]. (6.6)
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Proof Corollary 6.2 gives that if j = 0 then
PLA(1); A(0) | h] — P[A(0)]*.

Applying (2.5) we get that (6.6) holds for j = 0.

Consider the lexicographical ordering on pairs (k, j) with k € N, j € N U {0},
and j < k. We will prove (6.6) by induction on (k, j) with this ordering. The case
(k, j) = (1, 0) is immediate since (6.6) holds for j = 0. Consider some (k, j), and
assume (6.6) has be proved for all (k’, j') < (k, j). To conclude the proof by induction
it is sufficient to argue that (6.6) also holds for (k, j). If j = O this is immediate by
the previous paragraph, so we assume that j > 0.

Let X(t) be the event that Q,..., Q; are not crossed at time ¢, and that
Qj+1, ..., Qr are crossed at time 7. Let A’(f) be the event that Q; is not crossed
at time 7. Then A(t) = A (t) N A’(¢). Using this identity and the induction hypothesis
for (k —1,j — 1) and (k, j — 1), we get

P[A(1); B(0) | h] = P[A(t): B(0) | h] — P[A(1); (A'(1)); B(0) | h]
= PLA®N] - P[B(0)] = PLA®); (A'())]- PB(0)]
=P[A®]-P[B(O)],
which concludes the proof by induction. O

Proof of Theorem 1.4(i) and the non-quantitative assertion of Theorem 1.4(jii) Foranyt >
0, the set of the events A (¢) from Proposition 6.3 generates the same o -algebra as wl, (¢)
viewed as an element of (J7, d ) (see [57, Theorem 1.13]). Therefore, by [30, The-
orem D, Section 13], given any n > 0 we can find an event A(¢) as in Proposition 6.3
such that P[A(¢)AC ()] < n. It follows that

lim sup [P[C(2); B(0) | h] = P[C ()] - P[B(0)]]

—>00
< limsup [P[A(7); B(0) | h] — P[A(1)] - P[B(0)]| + 2n = 27.

—>00

Since n was arbitrary this concludes the proof of the quenched result. To obtain the
annealed result, we average over & and use the bounded convergence theorem. O

7 Convergence in the supercritical regime
In this section we will prove Theorem 1.3 for the supercritical case, i.e., y € (/3/2, 2).

We start by proving convergence of the finite-dimensional distribution, which is imme-
diate by the following proposition.

Proposition 7.1 Let y € (/3/2,2). Then foranyt > 0 and € > 0,
IP’(dj;‘;d(w;(o), w) (1) < 6) — 1 asn—0.
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Thus, the finite-dimensional distribution of a);,/ (+) converge to those of the constant
process why (1) = wk(0).

Proof Note that when y € ({/3/2, 2), Proposition A.3 implies that if .7}, is the spectral

measure for the crossing of a quad Q, then ,u;f:j — Oinlaw as n — 0. Thus, if fp is

the Boolean function encoding the crossing of Q,

P (a5 (@ 0, 0] 1) > 27F) = 3 P(Q € o 0Aw] (1))
Qe Q¥

< #Q5. sup (1 —E[fo @} (0) fo(wh )]) — 0.
QeQ>

as n — 0, thanks to (6.2). O
We can now finish the proof of Theorem 1.3.

Proof of Theorem 1.3(iii) Let us take a coupling of a)% (+) such that a)z (0) converges in
probability to wk, (0) for d 4. Now, Proposition 7.1 implies that the finite-dimensional
distributions of a)i,’ (-) converges as n — 0 to those of the constant process wk, (0). To
show convergence in LY([0,T1, (A,d #)), we study the expected value of the L!
distance between w,); () and X (0).

T T
E [/ d (@} (1), wgo(O))dt] = / Eld y (] (1), 0 (0))]d1 . (7.1)
0 0
For any ¢ € [0, T,

d (@] (1), 0%(0) < d (@] (1), @ (0) + d (@] (0), s (0)) .

The first term on the right side converges to 0 in probability thanks to Proposition 7.1,
and the second term converges to 0 in probability because a),); (0) converges to ol (0).
Since t was arbitrary, this implies that the right side of (7.1) converges to 0 as n — O.
O

8 Quantitative decorrelation bounds

In this section, we obtain explicit decorrelation bounds in the case y € (0, \/3/4).
We use Proposition 2.11 to obtain a quantitative estimates on the decorrelation of
the crossings for cLDP. In Proposition 8.2 right below we have rewritten (ii) and the
quantitative assertions of (iii) in Theorem 1.4 to be more explicit. The following lemma
will be used in the proof.

Lemma 8.1 Let Q be a rectangular quad and consider critical site percolation on T
Sfor some n > 0. Let ., denote the spectral measure associated with the crossing of
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Q. Then for any d € (0, 3/4),

sup E[&4(F)] < oo. (8.1)
ne(0,1)

Proof Consider the double integral over x, y in (2.13). Recall that the spectral sample
has the same one- and two-point functions as the pivotal points (see e.g. [38] and [23,
Section 1.1]). By Proposition A.2, (8.1) holds if we restrict the integral to points where
x, y are bounded away from the boundary. By an analysis of boundary and corner arm

exponents, the integral is also finite if the points are near the boundary. See the last
two paragraphs in proof of Proposition 5.2 for a similar estimate. O

Proposition 8.2 Let us work in the context of Theorem 1.4. For all y € (0, \/3/4) and

any & < 20/5 (recall from Proposition 2.11 that9 = 0(d, y) := %), we have that

(PIA0)A()] — PLAO) )5 — 0,
and
(P[B(0)A(1)] — P[B(O)IP[AO)]E/? — 0. (8.2)

Furthermore, for allé€ < 20/5 and almost surely in h, we have the following quenched
decorrelation bound

PIAO)A®) | h] —PIAOPE -0 and
(P[B(0)A(t) | h] — P[B(O)IP[AO)])¢*/> — 0.

Proof We can use Corollary 6.2 and Proposition 2.11 to get that for some K > 0,

Cov[A(0), A()] = E [exp(—117, (DD Ly ()20
Ey( ATV K
§]P’<K [m] zt>+]E[W/\l]. (8.3)

Let us control the first term on the right side. Take @ € R, and upper bound the first
term on the right side of (8.3) by

P(£4(7) = 1") + P (F(D) < K1) < E[E4(A)] 17 + 0 (1)1~ 2O= /3o
where we used [23, equation (1.7)], i.e., that P(.#(d) < u) < u~?/3*t°()_ Further-

more, note that the first term on the right side is finite by Lemma 8.1.
Now for any b > 0, we can bound the second term on the right side of (8.3) by

b yp [y(D)te < tbK] <t o) 20013,
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By taking a = b = 26/5, we obtain
Cov[A(0), A(D)] < O(1) 1™ .

Equation (8.2) is obtained by using (2.5) and this result.
Finally, to conclude the proof, we obtain the quenched results thanks to the claim
below. O

Claim 8.3 Let X, be a random decreasing process such that E [X;1t5 — Oast — oc.
Then a.s. for all € < &, X;15 — 0ast — oo.

Before proving the claim let us note that this is exactly what is needed as
P[A0)A(t) | h]— P[A(0)]? is decreasing in ¢ and its expected value is P[A(0) A(¢)] —
P[A(0)]%. Note that the second equation also follows the same argument.

Proof Let us note that as X, is decreasing it is enough to prove the claim for the
sequence t, = 2". First let us take § > 0 and use Markov’s inequality to see that for
n sufficiently large,

PIX,t5 > ) <E[X 5] 70 <277,
We conclude by applying the Borel-Cantelli lemma. O
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Appendix

A Limit properties of LQG measures

A.1 Continuity of LQG measures

Let y > 0, let " be a sequence of random measures in a bounded domain D C C
converging in probability for the Prokhorov topology to a measure o with finite total
mass, and let u;’, = ,u;‘/;l be the sequence of y-LQG measures of  with respect to o;,.

The goal of this se.ction is to give a sufficient condition for ,u’; , to converge to M‘; e
the y-LQG of h with respect to o.

@ Springer



Liouville dynamical percolation 663

We will use several estimates from [5], where it was proved that u)‘j 5, 18 the limit of

/L‘; he in L! for h. a smooth approximation to % (see (2.12)). Many notations will be
borrowed from that paper, and it is advisable that the reader is familiar with that paper
before reading the proof.

Proposition A.1 Take d > 0 and assume that sup, E[E4(c")] < oo. Then, for all
v% < 2d and deterministic sets © C C such that 0(30) = 0 a.s., the LOG mea-
sures considered above are well-defined and we have that /L; 2 (0) — M’; 5 (O) in L'
Furthermore, ,u;i 2O converges in probability to u)‘i »O in the topology of weak con-
vergence of measures on O. If y* < d and o™ — o in L2, then V“;l/h (0O) —» ,u;h (@)
in L?.

Proof Fix y2 < 2d. For simplicity we write /L; » as u'. For some smooth approxima-
tiop he to h (e.g. the circle average apprqxim'fltion) we write /LJ”/ h, 3 M? Sirpilarly, we
write 1 and e when the base measure is o instead of o”. By the triangle inequality,
forn e N,

E|n"(0) = n(O)| < EIln"(0) — g (O)] + Elpg (0) — e (O)] + Elpne (O) — (O]
Since k. is smooth, 0 (d0) = 0, and 6" — o in probability, we get that u? (0) —
e (O) in probability. Using sup, E[E4(c™)] < o0, this gives that the second term on

the right side converges to 0 as n — oo for any fixed €. The third term converges to 0
as € — 0 by e.g. the main result of [5]. Therefore, to show that ,u,’;/h O0) — 'U“;h O)

in L! it is sufficient to handle the first term, i.e., to show that

lim sup E [|u" (O) — ul (O)|] = 0.

€~>YneN
This result follows from a close inspection of [5].

For some €y < 1 to be determined right below, define the following event G2 (x),
which, roughly speaking, says that the field /4 is not too large close to x:

G¥(x) = {hy(x) < alog(l/r) forall r € [€, €ol} .

Then define
I i=/01(Gg)c(x)MZ(dZX), Je ::/OIG?(X)MZ(dZX)s

and note that u (O) = I' + J!. By [5, Lemma 3.2], for all > O there exists €9 > 0
such that sup,, oy E [17] < nforall € € (0, €); we fix €9 > 0 such that this condition
is satisfied. It is sufficient to show the following:

lim supE[(J" — J")*]=0.

!
€,6/—=0,eN
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We will prove this by showing the existence of a function F : O x O — R such that
uniformly in n,

E [(Jg)z] CE[J0] > // F(x, y)o"(d*x)o"(d%y) ase, e — 0.
Ox0O
We just treat E [(J?)?], since E [JJ"}] is treated in the same way. We have
E [(J:)Z] = / / 7 ElheWh-OIB(G(x) N G (1)) 0" (d*x)0" (dy)
Ix—y|<8

Ff[ O OIBG, (0 0 G o @00 @),
lx—y|=8
(A.1)

where P is a certain probability measure absolutely continuous with respect to P
(defined above [5, equation (3.8)]). Now [5, equation (3.12)] shows that we can find
B < d (which corresponds to choosing a nice « > 0 in [5]) such that for all n € N,
the first term on the right side of (A.1) is smaller than a constant depending only on
the correlation kernel of 4 times

/ f v — y| o (@Px)o" (d?y) < 8PP sup E5(0™),
[x—yl|<é n

where f is chosen such that 8 € (8, d). Given > 0, let us choose § > 0 such that the
first term on the right side of (A.1) is smaller than 1. Now, as in [5, Lemma 4.1], when
|x —y| > §, we have that eV Elhe(0he (y)]f”(Gg (x) N G¢(y)) converges in the topology
of uniform convergence to a function F (x, y). Thus, uniformly in n, the second term
on the right side of (A.1) converges to fflx—ylzs F(x, y)o"(d*x)o" (d*y). Since n
was arbitrary, this concludes the proof that ,u’; 2 (0) — M‘; 4 (O) in L'

The next assertion of the lemma is that ,u)’i »lo converges in probability to u)‘j alo
in the topology of weak convergence of measures on O. The proof can be carried out
exactly as in [5] and is therefore omitted.

To conclude the proof of the lemma, we will argue that we also have L? convergence
if y2 < d and 0" — o in L%. We have

Elu"(O) — u(O)?
< 3E|u"(O) — 2 (O)* + 3E|u (O) — e (O)* + 3E|1e (O) — n(O)[*.

The second term on the right side converges to O since %, is smooth and by the
assumption that 0" — o in L2. The third term on the right side converges to 0 by e.g.
[5]. The proof that the first term converges to 0 can be done as in the L' case, except
that we may choose o > 2, which implies that G¢ (x) does not occur for any x a.s.,
so I =0a.s. O

It is possible to bound uniformly the expected energy of the measure A€ and its
approximations.
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Proposition A.2 Forany e > 0andd < 3/4,

sup E[E4(1 ()] < 0.
n€(0,1]

Proof This follows by the argument in the proof of [23, Lemma 4.5], where it is proved
via quasi-multiplicativity that E[1€ (a),,)z] < 00. O

A.2 Convergence to 0 of Liouville measures

Let 8 > 0 and assume that o, is a sequence of measures that can be written as

oy @) =Con P Y gy dz, (A2)
xel, €T,
where C;, = n°D is a deterministic sequence and I, is a (possibly random) set

independent of /. Furthermore, assume that the expected total mass of the measure is
bounded uniformly in 7, i.e.,

sup C,,nz_’3 Z Plz € I;] < o0. (A3)

n>0 zeTy,

We are interested in seeing when the Liouville measure associated to this measure
converges to 0. In particular, we are interested in proving the following proposition.

Proposition A.3 Assume 0 < 2 — B < y?/2. Then the sequence of Liouville measures
/L;'}l converges to 0 in probability as n — 0.

Proof We just need to prove that u;'}l (D) — 01in probability. To do that, let us define

2
Ay =1z € D uyn(By) < 0’72

for some § > 0 to be determined. We have
u (D) = Cyn ™ 3" doea, myn(BR(2)

zelCTy

+Cn P Y Laga, myn(By(2) . (A4)

zel,CT,
First we show that the first term on the right side of (A.4) converges to 0 in L. To
do that, let us recall [4, Proposition 4.1 and Corollary 6.2], which say that for any
log-correlated field and any g < 4/y2,

E [0 (B @)1 < 7 022 Darko), (A5)
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where the O (1) is uniform in z. Thus, for any p > 0 the expected value of the first
term on the right side of (A.4) is upper bounded by

_ _ _.2
E|Con™® > uyn(Bh(2)! "y @ /Aor
zel, €Ty,
2012 2 _ _2 _
< VU2 AP oD Gy 240~ S P ¢ )
zeT
— VP20

Therefore, for any § > 0 we can find p > 0 sufficiently small such that the first term
on the right side of (A.4) goes to 0 in probability.

Now, we will show that the second term on the right side of (A.4) converges to 0
in probability. By Markov’s inequality,

2
_ _r 2
2 (2+8 - >+0(1) _ L _st0()

.2
P(uyn (B (2)) > > /20y <y n

where again, the O(1) can be taken uniformly for all z € I,,. Therefore we can upper
bound the probability that the second term on the right side of (A.4) is bigger than 0
by

P(I\A, ##) <E|E| Y 14,

I, <E [|I,7|] supP(AS )
Z

Z,n
zely
< n—2+ﬂn§—a+0(1) 1200,
where we have taken 28 = y2/2 — 2 + B > 0. This is enough to conclude. O

A.3 Convergence of the modified Liouville measure

As in the section before, we work with measures of the type (A.2). However, we
now assume that y € (0, \/3/2). We add the assumption that 0;, — o a.s, and that
sup, E[&4(0y)] < oo for a fixed d > ¥?2/2. Let us note that Proposition A.1 implies

Fhat u;’}l - ,u; ;, in probability for the weak topology as n — 0. The issue we address
in this section is the convergence of the measure

~C, _
Myhgn (dzz) = CUT] B Z IZEB#(X)QMCMVh(dZZ) .

xely

To do this, let us introduce the following set, where o is as in (1.5),
Mg = {x € D : pyn(BY,(x)) < Caf (27", 1)(27")%, foralln < [log,(r)]},
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and show the following lemmas.
LemmaA.4 A.s. for any n € N, the function x +— /Lyh(Bg_,, (x)) is continuous.

Proof To see this let us define

f(r) := sup pyn (3B} (x) N D).
xeD

Note that the lemma follows from just showing that P(f(27") = 0) = 1 foralln € N.
First, let us see that f(r) is a measurable function of /. This follows because

Sy =inf sup  pyn((BYL (X)\B!_(x)) N D).
€Y xeQ?2nD

The edges of the hexagonal lattice dual to T, have angle with the y-axis equal to 0,
2m /3, or 41 /3. Therefore, to conclude it is sufficient to show that a.s. no line in one
of these three directions has positive mass. We will show this for lines parallel to the
y-axis, but the two other directions can be treated by the exact same argument.

For simplicity we assume that D C [0, 1]%; the exact same argument works for D
contained in a larger square. For each n € N let Z,, be a collection of 2" rectangles
with disjoint interior contained in [0, 1]% of the form [k27", (k + 1)27"] x [0, 1]. By
a union bound, in order to conclude it is sufficient to show that for any s > 0 and for
alll € Z,,

Pluyn(I) > 5] < 0, (D277, (A.6)

where the 0, (1) is uniform in /. Let £ = [2"/27, and divide / into £ disjoint rectangles
of width 2" and height 2" /£. Define a new log correlated field 7 in 5n = [0, ¢] x
[0, 2" /] as follows. Divide D, into £ disjoint rectangles of width 2" and height 2" /¢,
and let Z,, denote this collection of rectangles. For some arbitrary enumeration of Z,
andZ,and j =1, ..., ¢, set h restricted to the jth rectangle of Z,, equal to & restricted
to the jth rectangle of Z,,. Let h be equal to 1 +r times a log-correlated field in [0, 1]?
of the form (2.11) which is independent of n, where r > 0 is some small parameter
to be determined; then the covariance kernel of / is equal to —(1 + r)? log|x —y| +
(14 7r)?g(x, y). For sufficiently large n, the covariance kernel of 1 will be pointwise
smaller than the covariance kernel of h| B, S0 the by Kahane’s convexity inequality

[35] (see also [4,51]), we have [, ()'+] = E[u g(f) Y] < Elp h(f) Y+

Proceeding as in e.g. [4, Corollary 6.5] we have E[u (D Y] =< 2”(1“")/2 for r
sufficiently small, so we get (A.6) by an application oty Chebyshev’s inequality. O

LemmaA.5 Foranyr > 0, we have that u° h(8./\/l ) =0a.s.

Proof Let us define the set
={x € D:uyp(BL,(x) =Cai (27", 1)27"),
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and note that Lemma A.4 implies that h(BM )< U E¢. Thus, it is enough to
show that u? h (E¢) = 0. Thanks to Fub1n1 s theorem, it is sufﬁc:1ent to show that for
any fixed x e D, as.,

Pluyn(BY - (x) = Caj " (27", 127"0] = 0. (A7)

By the proof of [5, Lemma 5.1] we can write & on the form & = ag + &', where g is a
deterministic continuous function, « is a standard normal random variable, and /4’ is a
random log-correlated field independent of «. We may assume that g is not identically

equal to zero in B2 . (x). Condition on /" and define the following random function

G (@) = 1y (ag+h) (By-n (X)) = / 78D d iy (2).

h
B, ()

By expanding e”“¢®) pointwise as a power series in a, we get that, conditioned on 4/,
the function a — Gy (a) is real analytic. By calculating the second derivative of a
Gy (a), we see that the function is not constant. For any constant ¢, the set of points
at which a non-constant analytic function is equal to ¢ cannot have any accumulation
points; otherwise all derivatives of the function would be zero at this accumulation
point, and the function would be constant. In particular, the set of points at which the

function is equal to ¢ has zero Lebesgue measure. Since G,/ (a) Hyh (B _,(x)) and
a is a standard normal independent of /', this implies (A.7). O

Let us use this lemma to prove the following proposition.

Proposition A.6 For all y € (0, +/3/2) and all open O C D such that 6 (O) < o0
and o (00) = 0 a.s., we have that ﬁcilgn ((’)) ,uyh ONMce) = n h(O N Mc) =

NC U(O) in L' as n — 0. Furthermore [{ M h ”lo converges in probability to /L vh “o
in the topology of weak convergence of measures on O.

Proof Let us start by fixing » > 0 and upper bounding |uJ,(Mc N O) — ﬁfhg" (O)]

by

1S, (M N O) = 8, (M N O)] + |1, (Mi 0 O) — 1) (M N )|

LMEN0) — 11,7 (O)].

(A.8)

Oy

+ I,

Let us first note that as » — 0 the first term converges to 0 a.s. thanks to the fact that
M | Mc asr | 0. For the second term, we need to show is that for fixed r > 0,

~C, ..

uyhU" MENO) = ,u;i’}, MeNO) — M;h(M’C N O) as n — 0. This is true thanks

to the last assertion of Proposition A.1 and Lemma A.5. For the last term, we use that
¢ 1s decreasing in r to show that it is equal to

P yn(BY(x) N (ME\Me) N O).

xely
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Thus, its expected value is bounded by a constant times
E [pyn(ME\Me)] (A9)

Note that this term is independent of 5, and that M. | Mc as r | 0. Thus, we can
use dominated convergence to show that this term converges to 0 uniformly in 5.
The last assertion is proved similarly as the last assertion of Proposition A.1. O

B Size of the spectral sample for multiple quad crossings

Let Q be a collection of finitely many quads. For R > 1 let RQ denote the same set
of quads rescaled by R, i.e.,

RO :={RQ : Q € 9O}

Let T denote the triangular lattice where adjacent vertices have distance 1. For an
instance w of critical site percolation on T let f(w) = fro(w) be the indicator
function describing whether all the quads of RQ have an open crossing. Throughout
this section we do not rescale the triangular lattice; to be consistent with [23] we instead
rescale the quads by R. Several observables throughout the section will depend on R,
and by simplicity we will often omit the R dependence in notations.

For any set V C C let Ao(V, Q) denote the event that the vertices in V N T are
pivotal for Q, i.e., there exists a percolation configuration @’ such that wlny = 104 IT\v
and f(w) # f(o'). Let @° C C denote the union of the complementary components
V of the quad boundaries which are such that PLAG(RV, RQ)] > 0 for sufficiently
large R. We assume throughout this and the next section that Q has finitely many
connected components and the boundaries of the quads are piecewise smooth.'? Let
7 denote the sites of T which are contained in at least one quad in RQ. Throughout
the section we let o4 (R) be defined by a4(R) = aZ(S, R) for n = 1, where the right
side is defined as in Sect. 2.3. For r < R we write a4 (r, R) instead of ai (r, R) since
we work with lattice n = 1 throughout the appendix.

The following is the main result of this appendix. In other words, we prove that the
size of the spectral sample .7 is of order R4 (R). Note that the theorem was proved
in [23] for the case where Q consists of a single quad.

Theorem B.1

lim inf P [|yf| e Is~' R2ay(R), s R*as(R)) U {0}] —1,

§—00 R>1

where | - | denotes cardinality.

12 Notice that Q° is always non-empty: There exist configurations where all the quads are crossed (e.g. if
all sites of T are open) and there exist configurations where the quads are not all crossed (e.g. if all sites of
T are closed). By moving from one configuration to the other by changing the sites one by one, we see that
there exist configurations where we have a pivotal point.
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Proof Our proof follows very closely the strategy from [23]. The main focus here is
to extend the key arguments from that paper to the present multi-quads setting. In
particular, the theorem will follow from Theorem B.2 and Proposition B.3 below by
exactly the same argument as in the proof of [23, Theorem 7.4]. O

TheoremB.2 Let U C Q° be open, and let U' C U cU. Then, for some constants
r=rU,U,Q)>0andq(U’,U, Q) > 0, for any r € [r, Rdiam(U)],

P[0 < |7 NRU| < r*a4(r), S NRU C RU']
R? a4(R)?

=qU.U. 9 rrag(r)?

(B.1)

Proof The theorem follows from Propositions B.5 and B.6, and from [23, Proposition
6.1]. See the proof of [23, Theorem 7.1] for a similar argument. O

Proposition B.3 Given any 8 > 0 we can find an open set U C U C Q°, such that
Pl C RU]>1-4.

Proof Let y = Jpcg dQ C C be the union of the quad boundaries. Given s > 0 let
g : Q — {—1, 1} be measurable with respect to the o-algebra F; of quad crossing
information at distance > Rs from Ry, such that

—1 ifP[f =—1|F]>1/2,
glw) = .
1 otherwise.

By [57, Theorem 1.5], given any € > 0 and a quad Q it holds for all s and sufficiently
small and R sufficiently large that Ple < Plw(Q) | Fs] < 1 — €] < €, where w(Q) €
{0, 1} indicates whether Q is crossed. (Note that it is important here to assume that
the boundaries of our quads are piecewise smooth.) Therefore, for sufficiently small
s and sufficiently large R,

Ple <P[f=—-1|F]<l—€]<e.
It follows that for sufficiently small s and sufficiently large R,

Plf#gl<Plf#ge<Plf=—1Fl<1l—¢€]
+Plf =LPf =—1|F]>1—¢€]
+Pf=-LPIf=1]F]>1-¢€] <3¢,

which implies that with || - || denoting the L? norm we have || f — g|| < 10/€. With
tv denoting total variation distance,

V(Tp, T < Y T =2 < IIf = glllf + gll < 204/,
ScT
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where the second inequality follows from [23, equation (2.7)]. The spectral sample of
Z, has distance at least Rs from Ry, so we see that the proposition holds with U’
instead of U if we let U’ C C be the points which have distance at least s from . We
have that . N (U’\ Q%) = @, and we obtain the proposition by defining U = U’ N Q°.

O

Remark B.4 Note that a possibly more direct proof of this proposition would consist
in decomposing the a-neighborhood of the boundaries of each quads into O(a~")
squares of side length « and then argue through a first moment bound by noticing that

P[Yf intersects the a-neighbourhood of the boundaries of quads]

is dominated by the sum over all these squares of the probability that the spectral
sample intersects the fixed given square. In the bulk this probability is O (/4D
and one can conclude the proof along those lines after dealing with boundary issues.
In some sense such boundary issues are already dealt with in the work [57], which
explains why we have chosen this other approach.

As in [23], the proof of Theorem B.2 relies on two key properties: few squares
intersect the spectral sample and partial independence in the spectral sample. In the
single quad case these properties are established in [23, Section 4] and [23, Section 5],
respectively. The proof given in [23, Section 4] generalizes without difficulty to our
multiple quads setting, while the argument in [23, Section 5] requires slightly more
work. Therefore we will simply state our variant of [23, Proposition 4.2] right below,
while we provide a more detailed adaption of [23, Section 5] in Sect. B.1. For a set
S c T and r > 0 define S, to be the collection of squares in rZ? that intersect S.

Proposition B.5 Consider a collection Q of finitely many quads, and let %/ be the
spectral sample of fo. Let U C U C Q° let R denote the diameter of U, let
a € (0, 1), and suppose that the distance from U’ to the complement of U is at least
aR. Let S(r, k) be the collection of all sets S < T such that |(S N U)r‘ = k and
SN (U\U') = 0. Then for g(k) := 27 IOg%(k“Lz), with © > 0 large enough, and
y,,(ﬁ) = (i?\/r)zom(r, ﬁ)z, we have

Vik,reNy  P[Y €S0k <cag® (R,

where ¢, is a constant that depends only on a and Q.

Proof The proposition is proved by adapting the techniques of [23, Section 4]. In
particular, we construct so-called annulus structures for the collection of quads Q by
defining annulus structures for each component of Q° with diameter at leastaR. O

We also point out here that another generalization of the techniques needed here

have been analyzed in the work [29], where the needed extension of [23, Section 4]
happened to be more substantial and was thus written with more details.
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B.1 Partial independence in the spectral sample

Proposition B.6 Let Q be a collection of finitely many quads, and let U be an open
set whose closure is contained in Q°. For R > 0, let .¥ = YfRQ be the spectral
sample of fro, the £1 indicator function for the crossing event in RQ. Then, there is
a constant ¥ =7 (U, Q) such that for any box B C R U of radius r € [r, Rdiam(U)]
and any set W with W N B = (), we have

P[Lfpo NB'NZ#W| S oo NB£B, Spo "W =0]=aU,Q),

where B’ is concentric with B and has radius r /3, the random set Z contains each
element of T independently with probability 1/(a4(r)r?), and a(U, Q) > 0 is a
constant that depends only on U and Q.

Proof The proof is identical to the proof of [23, Proposition 5.11]. Propositions B.10
and B.11 below give the required first and second moment estimates. O

Remark B.7 As we outline below, it is not too difficult to extend the proof of [23] to our
present multiple-quad setting. Yet, one crucial property of our multiple-quad Boolean
function f = frg isthatitis a monotone Boolean function. Otherwise the techniques
from [23] break down completely. See Remark 5.5 in [23]. This is the reason why we
only control via Fourier analysis the intersection of several monotone events (crossing
events) and deal with the more general ones via an inclusion-exclusion argument.

Let B, W C I be disjoint. Let Ap = Ay p be the event that B is pivotal for f.
More precisely, Ap is the set of @ € Q such that there is some o’ € € that agrees
with w on B¢ while f(») # f (). Also define Ag,.w = A(B, W) := P[Ag | Fwe].

The following lemma is derived as in [23, Section 5.3, equation (5.10)].

Lemma B.8 Consider the setting of Proposition B.6. Let fbe a monotone function of a
percolation configuration on L such that ftakes values in {—1, 1}, and let 7 denote
the associated spectral sample. Let w, ' be instances of critical percolation on T
which are the same on W and independent on W. Then the following two inequalities
are equivalent for any constant ¢ > 0

Plo, 0" € Ag(x, Q)] = ¢1 P[0, 0" € A4(x, B)|P[e, 0" € AQ(B, Q)].
IP’[x € ﬁ IAW = Q)] > ¢ ]E[)%’W] o4 (r).

Recall Definition 2.3. We call the boundary arcs d; Q and 93 Q (resp. 92 Q and 94 Q)
the open boundary arcs (resp. closed boundary arcs) of Q. For an instance of site
percolation on T the quad Q is crossed (resp. not crossed) if and only if there is a path
of open (resp. closed) sites connecting the two open (resp. closed) boundary arcs. See
Fig. 2 for an illustration of the following lemma.

LemmaB.9 Let V be a connected component of Q°. For any V' C V such that
V' C V, we can find quads qy, ..., q4,q1,q3 and a collection of quads A(Q) for
each Q € Q such the following hold.
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Fig. 2 Illustration of the quads defined in Lemma B.9. The bold black boundary arcs of the quads
01,02, 03,91, -..,94,q1, q3 indicate the boundary arcs which are connected on the event that the quads
have an open crossing. For the quads Q1 and Q; we are in case (b) of Lemma B.9(ii), while for the quad
Q3 we are in case (a). Therefore A(Q1) and Q(Q>) consist of two quads each, while A(Q3) consists of a
single quad

(i) The quads qy, ..., qa are bounded away from V' and each other, and they are
contained in V. One of the open boundary arcs of q1 (resp. q3) is equal to a
boundary arc of V, while the other boundary arcs of q1 (resp. q3) are in the
interior of V. The same property holds for g2 and qa, but with closed instead of
open. The quads qy, . .., qa are in counterclockwise order around 0V .

(ii) For each quad Q € Q one of the following properties (a) or (b) holds.

(a) A(Q) consists of a single quad q contained in Q, which is such that the open
boundary arcs of q are contained in each of the open boundary arcs of Q.

(b) A(Q) consists of two quads q’, q" contained in Q, which are such that one
open boundary arc of q' is contained in an open boundary arc of Q and the
other open boundary arc of q' is contained in the closed boundary arc of either
q2 or q4 which does not intersect 3V . The same property holds for q”, except
that q" intersects the other open boundary arc of Q.

(iii) There is a quad Q € Q such that q| and q3 are contained in @ Furthermore,
one closed boundary arc of q is contained in a closed boundary arc of @ and
the other closed boundary arc of qy is contained in the open boundary arc of
q1 which does not intersect 3V . The same property holds for q3, except that the
closed boundary arcs intersect the other closed boundary arc of Q and an open
boundary arc of qa, respectively.

(iv) g1 Ugq3Uq1 Ugs and g2 U g4 U (UpegA(Q)) are disjoint.

Observe that V is pivotal for Q if all the quads in {g2, g4} U (UQeQ A(Q)) have
open crossings, and none of the quads in {q1, g3, 1, g3} have open crossings. (N.B.
obviously this is not an iff).

Proof Choose R large and consider a percolation configuration such that there is a
pivotal point x € V for the event that all the quads in RQ are crossed. Let x be closed.
We may assume R~ !x is bounded away from 8V and choose V’ such that x € V' and
V' c V.For quads for which there is an open crossing define A(Q) and ¢ as in (ii)(a)
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by using the open crossing, e.g. consider a path of open hexagons in the dual lattice
connecting the two open sides of Q and let ¢ be contained in these hexagons.

For the remaining quads Q € Q the vertex x is pivotal. Define @ to be one of these
remaining quads (in Fig. 3 we chose @ = Q»). If Q is a quad which is not crossed
(including, among others, the particular quad é), define A(Q) as in (ii)(b) by using
two open arms from V to the open boundary arcs of Q. At this point we have not yet
defined ¢; and g4, so instead of the requirement involving g2, g4 in (ii)(b) we assume
that one of the open sides of each quad in A(Q) is contained in V. We may assume
that the quads in A(Q) do not enter and exit V multiple times in the sense that for
each ¢’ € A(Q) the set ¢’ \ V has one connected component (viewing g’ as a subset
of C). If ¢/ does not satisfy this property then it will hold for some quad g contained
in ¢’ (such that g still satisfies the requirements as specified in (ii)(b)), and we replace
q'byq.

Defineq, g3 satisfying (iii) by using two closed arms from V to the closed boundary
arcs of Q . Again we assume that gy \ V and > \ V have one connected component.

Note that (iv) is satisfied if we let the quads in A(Q) forall Q € Q along withq1, 3
be contained in the interior of the hexagons which define the crossings. Finally, we can
find quads g1, . . ., qa satisfying (i), (ii)(b), and (iii) (after doing local deformations of
the parts of the quads in A(Q) U {q1, g3} intersecting V) since 9V can be divided into
four arcs such that with these arcs in counterclockwise order, the first (resp. third) arc
contains g N 3V (resp. g3 N dV), and the union of the remaining two arcs contain
g N AV for each g in some set A(Q). O

The following is our first moment estimate. It is an analogue of [23, Proposition
5.2] for the case of multiple quads.

Proposition B.10 Consider the setup of Proposition B.6. There is a constant ¢c; > 0
(depending on U and Q) such that for any x € B' NZ,

Plxe s, SNW=0]=cE[x}y]as(r). (B.2)

Proof In the proof below, we will rely on the notations introduced in [23, Section 5]. It
is sufficient to prove the first inequality of Lemma B.8 (which is a quasi-multiplicativity
type of estimate). We will use for this the construction provided by Lemma B.9, where
V is the component of Q° containing R~ 'x. Let V" be the connected component of U
which contains the point R~!x, and set d = R dist(V", V°). Then define V' = {y €
V : Rdist(y, VS) > d/3},sothat V' Cc V' C V.

Let B C RV (resp. B C RV) be the square concentric with B of side length
d/3 + r (resp. d/6 + r). Note that B has distance at least d/3 from (RV')". Let
Lo, ..., L7 be defined as in [23, Section 5] with the annulus E\ B'. Let E be the
event o', ” € y(x, §), with the additional requirement that the two open (resp.
closed) arms cross the annulus B \ B’ inside Lo, L4 (resp. Lo, Lg), and that there are
open (resp. closed) paths that separate dBNL j from 3B'NL jinside L; for j = 0,4
(resp. j = 2,6). Let E’ be the event that the quads (Jyco A(Q). 2, g4 rescaled by
R have open crossings, and that g1, g3, q1, g3 rescaled by R have closed crossings.
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Fig.3 TIllustration of the events
E and E” in the proof of
Proposition B.10. Open arms are
blue and closed arms are orange

Let E” be the event that there is an open crossing from 3B’ to R(dq, N 8V) inside
Lo U ((RV)\ B), that there is a similar crossing with L4 and g4, and that there are
similar closed crossings. We have

Plo', 0" € y(x, B)|Plo', " € @/7(B, RQ)]

< Plo/, 0" € H(x, B)IP[o, o € (B, B)] (a)
< Plo/, 0" € 4(x, B)] (b)
< Plo, " € i(x,B)NENE NE"] (©)
< Plo, " € 97(x, RO)]. (d)

Here (a) and (d) are immediate by inclusion of events, (b) is [23, Proposition 5.6],
and (c) follows by using the Russo-Seymour-Welsh theorem, the FKG inequality, and
compactness. O

The following is the (easier) second moment estimate. It is an analogue of [23,
Proposition 5.3] for the case of multiple quads.

Proposition B.11 Let . be the spectral sample of f = fro, where Q is a collection of
finitely many quads. Let 7 be a point in one of the quads and letr > 0. Set B := B(z, r)
and B’ := B(z,r/3). Suppose that B(z,r/2) C RQ° and that B and W are disjoint.
Then for every x, y € B' NI we have

]P’[x, yves, SNW= @] < cz]E[)L%’W] as(|x — y|) aa(r),

where co < 00 is an absolute constant.

Proof The proof is identical to the proof in [23]. Note that [23, Lemmas 2.1 and
2.2], which are used in the proof, hold for the spectral sample of general real-valued
functions f of the percolation configuration. For an arbitrary set A C Z we let A 4 be
the event that A is pivotal for our quad crossing event. One key geometric argument
in the proof which still holds in our setting is that if we condition on w restricted to
the complement of W U {x, y} and if flipping w, affects f(w), then we must have a
four arm event from x to distance |x — y|/4, and four arms in an annulus with outer
boundary d B and inner boundary defined by a box centered at (x + y)/2 with radius
2|lx —y|. m]
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