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Abstract. We study flows of barotropic perfect fluid under the simultaneous action
of the electromagnetic field and the axial-vector potential, the external field conjugate
to the fluid helicity. We obtain the deformation of the Euler equation by the axial-
vector potential and the deformations of various currents by two external fields. We
show that the divergence of the vector and axial currents are controlled by the chiral
anomaly known in quantum field theories with Dirac fermions. We obtain these results
by extending the variational principle for barotropic flows of a perfect fluid by coupling
with the external axial-vector potential.
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1. Introduction

In two recent papers, [1, 2] we have shown that the axial-current (or chiral) anomaly
broadly known in quantum field theories with Dirac fermions is also a kinematic property
of barotropic flows of classical hydrodynamics.

The axial-vector anomaly by Adler [3] and Bell and Jackiw [4] states that parallel
electric and magnetic field cause a divergence of the axial current. In units of the flux
quantum ®y = he/c, and the Planck constant h, the divergence of the axial current
reads

d-j,=2E-B. (1)

We recall that the axial current is the difference between the currents of chiral left
and right components of the Dirac multiplet. Eq.(dl) is referred to as anomaly because
it seemingly contradicts the axial gauge symmetry of the classical Dirac Lagrangian,
which, by the Noether theorem, is expected to yield the divergence-free axial current. A
resolution of this broadly studied puzzle is that Eq.(I]) reflects a property of the space
of quantum states for which the group of axial transformations is not symmetry. For
that reason, the axial-current anomaly is largely insensitive to interactions.

In Ref. [I] we showed that in fluids, the helicity current
78 = € ps0yps (2)

plays the role of an axial current. In this formula, p, = (po, p) is the fluid’s 4-momentum
per particle. If the fluid is relativistic, this is the usual 4-momentum. If the fluid is
Galilean invariant, then p = mw is the fluid momentum, and py is the energy per particle

po = —0E/on, E=np?/(2m) +<(n). (3)

Here n is the particle number, and £(n) is the internal energy of the fluid per unit volume.
In a perfect barotropic fluid, the helicity current is conserved 0-j, = 0 [5]. However, if
the fluid is charged and is placed in electromagnetic field, a deformed current of fluid
chirality

3¢ = €pg(0yps + Fis) (4)

obeys the anomaly equation (I). In this formula, F,3 = 0,As — 0sA, is the
electromagnetic field tensor, and A, is the electromagnetic vector potential.

Similarly to fermions, one may introduce an external axial potential A* = (Aj, A*)
conjugate to the chirality current () by adding the term A*-j, to the fluid action. Such
potential produces a flow with non-zero fluid chirality which has interesting properties
addressed in [2].

A related problem for fermions was a subject of renewed interest (see Ref. [6] for
a recent review). It had been found that the axial potential can not be applied to an
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isolated system. The system must be connected to a reservoir which supplies an electric
charge (but not fluid particles) so that the electric current carried by fluid particles
diverges as

9-j=2(E*-B + B*.E), (5)

where E* = VAS—AA and B* = V x A* are the axial analogs of electric and magnetic
fields.

Here we show that the same formula (5]) also holds in fluids. In a particular case,
when the axial potential has only a temporal component A% = (Aj,0), with A} playing
a role of the axial chemical potential, had been considered in Ref. [2].

A barotropic fluid with or without axial coupling belongs to a special class of
hydrodynamic systems referred to as uniformly canonical |5, [7]. Flows of such systems
possess a special geometric property: the conservation of the helicity current (for a
review of conservation laws in uniformly canonical systems, see [§]).

In this paper, we extend the results of [2] to include all components of the
axial potential. For this purpose, a spacetime-covariant variational principle for
hydrodynamics is the most convenient. We introduce the axial coupling by extending
the variational principle known for a perfect fluid. See, also Ref. [9] for a use of the
variational functional for a related problem.

We focus on the derivation of equations of motions, and the hydrodynamic
representation of vector and axial currents, leaving an important question of the physical
realization of the axial coupling in fluids open.

2. Coupling with the axial potential

We will introduce the axial coupling via the deformation of covariant variational
functional for a barotropic fluid. However, before this, let us take a moment to review
the variational approach for a broader class of uniformly canonical fluid systems, of
which the barotropic fluid is the simplest example.

Uniformly canonical systems whose significance was emphasized by Carter [5] [7]
(see, [8] for a review) could be defined as a system whose variational functional depends
on no other dynamical variables but 4-momentum p,, or the canonical 4-momentum

To = Pa + Aa (6)

if the system is charged and is placed in an electromagnetic field. This requirement,
in particular, excludes baroclinic fluids where the rest energy ¢ in (3)) also depends on
another Lagrangian scalar, such as the entropy (see, the Sec[S]).

A variational functional for a perfect fluid is known for a long time [10] 11]. It is
given by the spacetime integral of the fluid pressure

AL = / P(p)d*z. (7)
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In this approach, pressure, being a function of the chemical potential P(u), is expressed
through the relativistic 4-momentum according to the kinematic relation u? = —p?,
where p is the chemical potential. In the non-relativistic fluid, this relation is given by
Eq.(@) so that = —py — p?/2m. In the electromagnetic field, the action (7)) retains its
form but should be considered as a functional of the canonical fluid 4-momentum .

We introduce the axial coupling by deforming the variational functional ([L6])
A= AO 4 / (A ) d'z ()

While the integrand of the first term in (8]) depends only on the momentum, the coupling
also depends on momentum derivatives. As a result, the coupling significantly changes
the relationship between the momentum, particle number current, and electric current.
We discuss this in the next section.

3. Currents

The variational functional generates various currents which play an important role. The
first is the particle number current defined as the conjugate to the canonical momentum.

J¢ = —0A/6m, . 9)
The particle number current satisfies the continuity equation (see Sec. [4.1])
O J*=0. (10)
Next is the electric current defined by
JY:=0A/0A, R (11)

We emphasize that the variation is taken at a fixed m. As required by the gauge
invariance,
Ao = Ao+ 0up, Ta = T+ 0ap, (12)

the electric current, is also, divergence free
0 J* =0. (13)
And, finally, the axial current
Je=0A/0A%. (14)

If there were no axial potential, the particle number current 7 and the electric current
J would be equal and equal to (n, np/m). The axial coupling changes this accidental
relation.
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4. Variational principle for uniformly canonical fluid system

The variational principle states that on equations of motions
0A=0 (15)

under admissible variations of the 4-momentum 7.

Since we assume that there are no other variational parameters but =, the
variational principle for the uniformly canonical system requires

—/j“&ra d*z =0. (16)

It is known that in hydrodynamics one can not vary the momentum freely. The
canonical 4-momentum is a spacetime covector. The admissible variations of the
momentum are those which could be obtained by spacetime diffeomorphisms » —
xz+€(z). Under spacetime diffeomorphisms, a covector transforms as (see, e.g., [5,[12} [13])

0Ty = 6585% + Wgﬁaeﬁ
= GBQBQ + 0a(667rg) , (17)

where we introduced the 4-canonical vorticity tensor as
Qup = 0ag — OpTq . (18)
The variations of the canonical momentum (I7) for an arbitrary infinitesimal vector
field €’ are the admissible variations.
4.1. Carter-Lichnerowicz equation for uniformly canonical systems
Substituting (I7) into (16) and integrating by parts, we derive the relation
T*Qup +710,T“ =0. (19)

Contracting this equation with J# cancels the first term. Then the continuity equation
([IQ)| follows under the assumption J°7s # 0. Then, taking into account the continuity
equation (I0), we obtain form (I9) the equations of motion in the Carter-Lichnerowicz
form

T Qs = 0. (20)

We remark that for uniformly canonical systems the continuity equation (I3]) follows
from the variational principle (I6I7). This occurs because a particular diffeomorphism
along the direction of the particle current €’ = ¢ 77 /(J-7), where () is an infinitesimal
spacetime scalar, acts as a gauge transformation. Under such variation, (L6]) reads
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A=~ [T Oupd'z = [p0,J"d*x. Then the variation over ¢ gives the continuity
equation (I0). This does not happen, for example, in baroclinic fluid.

We also remark that the Carter-Lichnerowicz equation (20) does not depend on
a spacetime structure. It is valid for relativistic and non-relativistic fluids alike. The
spacetime metric enters as a relation between J and 7 encoded by the form of the
variational functional A.

5. Conservation of helicity current and axial current anomaly

5.1. Conservation of helicity current

An essential property of uniformly canonical systems is the conservation of the helicity
current [5] (14} [15] [16]. Helicity current is defined as a vector dual to the 3-form = A dm

h® = PV 1505m,, . (21)
Helicity is conserved
O,h® =0 (22)

as a consequence of (20) independently of the relation between the current J and the
momentum 7 and with or without electromagnetic and axial fields.

We briefly derive this important fact. It is convenient to work with differential
forms. We denote the canonical momentum 1-form as @ = m,dz® and the closed 2-
form of canonical vorticity as Q = Q.gdx® A do® = dr. Then, the helicity 3-form
reads h = m A dn. The divergence of the helicity current (2I) is dual to the 4-form
dh =dn Ndm = QAQ.

Let us show that on a solution of the equation (20) the helicity form is closed
dh = 0. Eq. (20) states that vorticity surfaces defined by €2 are normal to the current.
Hence, the vorticity 2-form cannot have a maximal rank. At the same time, the 4-form
QA€ is a top form in four dimensions and should be proportional to the volume form.
As it does not have a maximal rank four, the proportionality coefficient must be zero.
Then

dh =QANQ2=0. (23)
In tensor notations, one uses the identity
2000 "0 = $630,6 7Y, (24)

valid for any antisymmetric 2-tensor, where we denoted *Q2,5 = %EO‘BV‘S 25. Multiplying

the identity by J” and using (20), one arrives at {2,, *Q*" = 0, which is equivalent to
23).

Alternatively, one can derive (22) by choosing a special diffeomorphism in the
variational principle (cf., [17]). In (1G), we set € = 2nh®/(J- ), where h® is the helicity
current and 7(x) is an infinitesimal spacetime pseudo-scalar. Then using identity (24)),
we obtain A = — [ dhnd*z. Setting it to zero, we obtain (22).
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5.2. Azial current anomaly

Helicity current (2I)), although conserved, is not a gauge invariant entity. Under a gauge
transformation ([I2) h* — h* + 95(*Qupe). Counter to the total helicity H = [ h0d>x,
helicity current can not be associated with an Eulerian observable. This obstacle is
the signature of an anomaly. It turns out that a modification of the helicity current in
such a way that it remains divergence-free and at the same time gauge invariant is not
possible. A deformation of the helicity current to the chirality current

Js = eaﬁwpﬁ(avpé + Fvé) (25)

solves the problem at the expense of its conservation. However, as we showed in [1],
the divergence of the chirality current does not involve dynamical fields. It is expressed
solely in terms of the electromagnetic field as in ().

Differential forms shorten calculations. We represent the chirality current (25) as
a dual of a 3-form

Ja=pAd(p+2A) (26)

and express it through the canonical momentum 1-form
ja=(m—A)Ndr+A) =h—ANdA+d(ANT).

The divergence of the chirality current is dual to the exterior derivative of the chirality
3-form. The exterior derivative eliminates the last term in the above expression, which
is the exact form. Hence, we have

djs = dh — dANdA. (27)

Then the helicity conservation (22)) yields the axial anomaly dj, = —dA A dA quoted in
the introduction as ()

e 1 * [0
0ajS = 5 Fas Fre (28)

where *F*8 = %EO‘BV‘S F,s is the dual electromagnetic field tensor.

In the remaining part of the paper, we refer to chirality current j, as axial current.

6. Equations of motion in the form of conservation laws

Now we obtain the equations of motions in the form of the conservation law generated by
spacetime diffeomorphisms. These equations are equivalent to the Carter-Lichnerowich
equations and the continuity equation but emphasize different aspects of flows in the
chiral background. We start from the conventional barotropic fluid.
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6.1. Perfect barotropic fluid

In this section, we consider a perfect barotropic fluid not coupled to external potentials
(neither vector nor axial field). In this case, the canonical momentum and the fluid
momentum are identical # = p as A = 0. In the absence of axial field, the particle

number current is the partial derivative of pressure with respect to the momentum

—%Z. It is equal to

oP

—% = nu®, (29)

where we denote nu® = (n, nv) and mv = p.

To obtain (29), we use the thermodynamic relation P = ndu for the barotropic
fluid, where 1 = de/dn is the chemical potential of the fluid. Then, the variational form
of the relation (3) reads —dpu = dmo+ (p/m)op = u®dp,. It gives (29). Having a relation
between the particle number current and momentum (29), the Carter-Lichnerowicz
equation (20) reads

p—Vpo—vx(Vxp) =0. (30)

This is, of course, known as the Euler equation.

We can cast this equation in the form of a conservation law. With the help of (L7
with m = p, we compute the variation of § 4 as

I& P il
(SA(O) _ 8875pad41, :/ [%aﬁpa +aa <-§7p5):| 66d41’. (31)

The first term in this formula is the complete derivative (%Z@Bpa = 0gP. Then
M@z/%ﬁﬁf@ (32)
where
Ty = nupg + Pdg (33)
is the momentum-stress-energy tensor of the perfect fluid. We recognize the density of

the variational functional P as fluid pressure. Equating the variation ([B82) to zero, we
obtain the conservation law equations

0.T5 = 0. (34)

The formulas (29132|33134)) also hold for relativistic fluid.
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6.2. Barotropic flurd with the azial-vector potential
Now we extend the equations of motions (B84) by coupling with the axial-vector and
electromagnetic potentials. We will use the general equations

a1 = Fpo ™ — AgOaJ™ + F5, 54 — A30.7% (35)
and the divergence of the currents obtained above.

The electric current is, of course, divergence-free (I3)), so the second term is dropped
from the r.h.s. of (33]), but the divergence of the axial current is given by the axial current
anomaly (28]). With the help of the identity

2Fp0 *F* = 163, F* (36)

we rewrite the last term in the r.h.s. of (B5) as A30,j8 = —2Fp, *F*7 A% and combine
it with the first term. We obtain one of the main results of this paper

01§ = Fpaj™ + Fi,j% , (37)
where we introduced the vector current
je=Je - QAQ*F‘”. (38)

To complete this section, we comment on the derivation of Eq.(33). Since ja
is a dual of the 3-form (26]), it is an (axial) vector-current. Then, the coupling
[ A*-j, d*z does not change under spacetime diffeomorphisms (I7) and the simultaneous
transformation of the axial potential treated as a spacetime covector

SAL = P05 AL + Aj0ac” . (39)
Similarly, if the vector potential is transformed as a covector

0A, = 668514& + Aﬁﬁaeﬁ , (40)
the fluid momentum p, = 7, — A, also transforms as a covector

0pa = eﬁﬁgpa —i—pg&leﬁ . (41)

Let us now apply the combined transformations (I739/40) to the variational functional.
We obtain

SA = / (=T 070 + JO6 Ay + jOSAY) d'z, (42)

where we used the definitions of the currents (QITI4). Then we evaluate (42) on the
equations of motions. This amounts to dropping the first term in the r.h.s. of [@2). The
remaining two terms we write with the help of (3940) as

SA = / ¢ (Fpad® — AgBad® + Fijs — A38,j2) d'z. (43)

At the same time, under combined transformations 6.4 = §. A, because the variation
of the coupling term in (8) drops. But 6.A© varies solely under (4I) as its integrand
is a function of p. That variation was already computed in the previous section (B2)).
Equating (32)) and (43)), we obtain the main equation (35)).
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7. Hydrodynamic representations of currents

We obtained Eq.([37) before specifying the explicit form of the currents entering this
equation. Now with the help of the explicit form of the variational functional, we
compute the currents in terms of Eulerian fields. This gives us a hydrodynamic
representation of the currents and closes the equations of motion given by two equivalent

forms (37) and (20).

Using the general definitions of Sec. [3, we obtain the deformation of the particle
number current, electric current, and the vector current (38))

J¢ =nu® — *Ffﬁpﬁ + 27028 A4 , (44)
J* = nu® = Fpg + PFPAY = T+ 270, (Alps) , (45)
§* =nu® = FPps = J* — 2PFP AL (46)

We notice that particle number current is no longer equal to electric current, and both
are different from nu®, the current of the perfect fluid. The currents J and .J are both
divergence-free being different by a curl. However, the vector current (46]) diverges. We
collect the divergence of all four currents here

0uT* =0, 0aJ*=0, (47)
Onjs = A F, s F™ (48)
Dnj® = Fogl?. (49)

Eq.(9) is the chiral anomaly (B) quoted in the introduction. The relation between
the vector current and the electric current (46) suggests that the fluid is coupled with
a charge reservoir which supplies and removes electric charge as required by the axial
potential. The current contributed by the reservoir is 2*F°‘5Ag. It does not depend on
the fluid momentum. Together with the vector current j, it forms the electric current
J. Hence, the vector current should be interpreted as the part of the electric current
carried by fluid particles. The total electric current is conserved, but the parts are not.
This interpretation was suggested in [2]. A few additional comments are in order.

The four equations ([B7) and two equations for the divergence of the vector and
the axial current (A8[9) determine four independent fields. They are 7, or the density
n together with the 3-fluid momentum p. The compatibility of this formally over-
constrained system is noteworthy.

Having the explicit form of the currents, one can check (with a good deal of algebra)
that equations of motions in the form of energy-momentum conservation laws (37)
are identical to the Carter-Lichnerowicz equation (20) combined with the continuity
equation (I0). Eq.[37) is explicitly invariant under the axial gauge transformation
AL — A2 + 0,p", as the equation contains only Eulerian fields, the axial field tensor,
and the vector and the axial current. In turn, these currents depend solely on Eulerian
fields and the field tensors. It is less evident that equation (20)) also possesses this
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property since the particle number current explicitly depends on A* through the last
term in (44]). However, this term drops from equation (20) due to the identity (24) and
the helicity current conservation (23)).

In the literature on relativistic hydrodynamics, it is customary to use the following

notations for relativistic vorticity and the projection of the electromagnetic field onto
the hyperspace normal to u®

w* = 2eugd us, B = 1eugE; . (50)
In these notations, the vector and the axial currents read (compare to [18, [9])
§ = nu® + uBY, Y = 2uPw® 4+ 2uBY. (51)

Formulas (B744H49) were announced in Ref. [2]. Their derivation from the

spacetime-covariant variational principle is the main result of this work.

8. Discussion

The chiral anomaly we discuss in this paper and in [2] occurs in barotropic fluids, or more
generally, in uniformly canonical fluid systems. For example, in baroclinic fluids, there
is no notion of the axial current since, in this case, the helicity current does not conserve.
In a baroclinic fluid, the pressure depends on an additional thermodynamic variable, a
Lagrangian invariant, such as entropy (per particle) S. Hence, the variational functional
for the perfect fluid A® = [ P(p, S)d*z [L1], and, therefore, the entire functional now
depends on five Eulerian fields 7, and S with admissible variations (I7) supplemented
by

0S5 = €40,S . (52)
Equation (I9)) is then modified as
T*Qap + 130, T =nT0pS . (53)
Now multiplying by J”, we obtain
(7T )0 T =nT(TJ-0S5). (54)

Here T' = 0=/0S, the temperature, is a thermodynamic variable conjugate to S. It
is important to notice here that the continuity equation (I0) does not follow from the
admissible variations (I7)) as it was in the barotropic case discussed in Sec. LIl The
continuity equation must be imposed outside of the variational principle. If one wants,
however, to obtain the continuity equation within a variational principle approach, one
has to extend the set of admissible variations (I7]52)) by the gauge transformation

0yTo = Oatp, 0,5 =0. (55)
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This variation with an arbitrary ¢(z) ensures the continuity equation (I0). Then (54
and (B3) yield the transport equation for the entropy J%0,S = 0 and the Carter-
Lichnerowicz equation for baroclinic fluid [§]

T Qs =TS . (56)

This equation is no longer uniformly canonical, that is, the r.h.s. of (B6) is not zero,
and we cannot use the arguments of Sec. 5.1l Instead, we derive

2nT

Ooh® =
(J-J)

Ta ¥ 058 . (57)

We see that unless the flow is homentropic (entropy is constant in space and time),
helicity current does not conserve. Hence, the notion of the axial field can not be
extended beyond uniformly canonical fluid systems.

To summarize, in this work, we showed that the variational principle greatly
facilitates the study of flows in a chiral background and studies of chiral anomalies
in hydrodynamics. We obtained various forms of the equations of motions in the
background potentials and showed that the vector and axial currents generated by the
background potentials do not conserve. Rather they obey equations (Il analogous to
a chiral quantum anomaly for Dirac fermions.
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