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Chiral anomalies induced by gravitational waves
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Chiral symmetries in field theory are typically affected by an anomaly in the quantum theory.
This anomaly emerges when one introduces an interaction with a Yang-Mills or gravitational back-
ground. Physical applications of this quantum effect have been traditionally connected to topological
questions of the background field and the study of instantons. We show here how one can alter-
natively find situations of physical interest that only involve ordinary, but dynamical solutions of
the background field equations. More precisely, we show that solutions to the Einstein (Maxwell)
equations are able to trigger the chiral anomaly if and only if they admit a flux of gravitational (elec-
tromagnetic) radiation with net circular polarization. As a consequence, astrophysical systems that
admit such radiation spontaneously generate a flux of particles with net helicity from the quantum
vacuum.

I. INTRODUCTION

It is well-known that strong gravitational fields can affect the vacuum fluctuations of quantum fields and lead to
important physical phenomena. From the pioneer work of Parker on particle creation in expanding universes [1],
to the subsequent discover by Hawking of thermal emission during a gravitational collapse [2], different phenomena
of quantum origin can arise if a quantum field propagates on a dynamical, gravitational background. One of these
quantum effects is related to the emergence of anomalies due to spacetime curvature.
An anomaly is understood as the failure of some Noether symmetry of a classical field theory to persist after the

quantization. More precisely, when the classical conservation law of a Noether current breaks down in the quantum
theory, the associated symmetry is said to be anomalous [3]. Their discovery was initiated in the late 60’s with the
fermion axial or chiral anomaly [4, 5], motivated with the aim of understanding the observed phenomenon of the
pion decay into two photons. Since then, the field has grown enormously, leading to the discovery of many more
anomalous symmetries of diverse nature (conformal, gauge, etc), and to a rich interplay with differential geometry
and topology [6]. From a physical viewpoint, anomalies were found useful to address key conceptual questions in the
standard model of particles (U(1) problem, strong CP violation in QCD [7]) and cosmology (baryogenesis). Our goal
in this paper is to point out and develop an unexplored aspect of chiral anomalies that, remarkably, turns out to have
a simple physical interpretation, and could lead to new physical applications in gravity and electrodynamics.
For definiteness, let ψ(x) be a Dirac field interacting with a classical Yang-Mills background of field strength Fab

in Minkowski spacetime (R4, ηab), with coupling constant g. Let γa be the Dirac matrices, and let γ5 := iγ0γ1γ2γ3

be the chiral matrix. In the massless limit, the standard action of this theory possesses a (global) Noether symmetry

generated by the transformation ψ(x) → eiγ
5θψ(x), θ ∈ R, that leads to a Noether current: ja5 (x) = ψ̄(x)γaγ5ψ(x) .

This is the well-known (abelian) chiral symmetry. This current is conserved for solutions ψ(x) of the Dirac equation
of motion, ∇aj

a
5 (x) ≈ 0. In the quantum theory, however, off-shell contributions yield

〈∇aj
a
5 〉 =

−g2

16π2
TrFab

∗F ab 6= 0 , (1)

thus spoiling the classical conservation law. This is the indication that the classical symmetry is anomalous in the
quantum theory. Denoting by ψL = 1/2(I + γ5)Ψ and ψR = 1/2(I − γ5)Ψ the right-handed and left-handed chiral

sectors of the Dirac field, respectively, the associated Noether charge can be written as Q5(t) =
∫

Σ d3x
√
h(ψ†

RψR −
ψ†
LψL) , which is a measure of the net difference between right-handed (positive-helicity particles plus negative-

helicity antiparticles) and left-handed fermions (hegative-helicity particles plus positive-helicity antiparticles). While

this difference is preserved by the equation of motion for classical fields, Q̇5(t) ≈ 0, the emergence of the anomaly
indicates that quantum fluctuations are able to induce a change in time given by

〈

Q̂5(t2)
〉

−
〈

Q̂5(t1)
〉

=

∫

[t1,t2]×Σ

d4x
√−η 〈∇aj

a
5 〉 =

−g2

16π2

∫

[t1,t2]×Σ

d4x
√−ηTrFab

∗F ab , (2)

if and only if the RHS of this equation is non-vanishing. What does the anomalous time dependence of the chiral
charge imply physically? Using S-matrix theory and Bogoliubov transformations, it can be explicitly shown [8] that
the Yang-Mills field creates and destroys fermions in such a way that 〈Q5(t2)〉 − 〈Q5(t1)〉, which is a measure of
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asymmetric particle creation, is given precisely by the amount predicted by the RHS of the previous equation. Thus,
the anomalous temporal evolution of the chiral charge is physically interpreted as a phenomenon of asymmetric
particle creation by a dynamical background: a non-trivial gauge field is able to excite spontaneously a net number
of right-handed fermions over left-handed ones from the quantum vacuum, or viceversa.
In a similar fashion, it has been recently shown [9–12] that the analogous chiral symmetry in electrodynamics,

most popularly known as electric-magnetic duality symmetry of source-free Maxwell equations, suffers from a similar
anomaly when a non-trivial spacetime background (R4, gab) is introduced. More precisely, under a chiral rotation
±F (x) → e∓iθ ±F (x) of the self-dual and anti self-dual sectors of the electromagnetic field, ±Fab = 1

2 [Fab ± i∗Fab],
the usual action for the source-free Maxwell theory remains invariant. This leads to a Noether current that, for
solutions of the field equations, reads Ja

5 ≈ Ab
∗F ab − ZbF

ab. Although classically conserved, it was found in [9–12]
that quantum fluctuations of the electromagnetic field produce

〈∇aJ
a
5 〉 =

−1

96π2
Rabcd

∗Rabcd , (3)

if spacetime curvature Rabc
d is considered. The associated Noether charge can be expressed as the difference between

right-handed and left-handed photons, and, while Maxwell equations guarantee that Q̇5 ≈ 0 for the classical function
Q5(t), off-shell contributions can spontaneously make this quantity change in time if and only if the RHS of

〈

Q̂5(t2)
〉

−
〈

Q̂5(t1)
〉

=
−1

96π2

∫

[t1,t2]×Σ

d4x
√−gRabcd

∗Rabcd, (4)

is different from zero. Again, the physical picture is analogous to the fermion case: a non-trivial gravitational
background would be responsible to create spontaneosly a difference in the number of right- and left-handed circularly
polarized photons from the quantum vacuum.
In general, the physical interpretation of chiral anomalies is strongly associated to the phenomenon of “level-

crossing”. The Hamiltonian of the quantum field, which determines the energy of field modes, depends on the
background field. Then, a non-trivial temporal evolution of the latter can make a positive-chirality mode with
initial negative energy transform into a positive-chirality mode with final positive energy [8, 13]. In other words, the
dynamical evolution of the Yang-Mills or gravitational field can reverse the helicity of field modes, producing as a
result a net creation of helicity from the quantum vacuum: more particles of one helicity are created than particles of
the opposite helicity.
The question we want to answer here is: what are the physical spacetime backgrounds that can induce this level-

crossing in the helicity of field modes? How is this dynamical evolution supposed to be? In the Yang-Mills case an
important historical role has been played by instantons [14, 15]. Instantons are classical solutions to the Euclidean field
equations of a non-abelian gauge theory which exhibit a non-trivial topology in the manifold of field configurations.
Physically, they are interpreted as amplitudes that quantify quantum-mechanical transitions between topologically-
inequivalent vacua in the Hilbert space of gauge fields [14, 16–18]. Their use played a fundamental role in the 70-80
in addressing several problems of the standard model of particles and QCD, most notably the U(1) problem [19]. But
what about the gravitational case? Analogous solutions of the Euclidean Einstein’s equations are also known for a
long time [20, 21] and were baptised as gravitational instantons. While mathematically these solutions have a rich
structure [22], their physical interpretation could be regarded as exotic, since it relies on quantum-gravity issues [23].
If one is only interested in studying applications of chiral anomalies, it can be more natural to look instead for more
realistic spacetimes, i.e. for ordinary, Lorentzian solutions of Einsteins equations directly.
To our knowledge, this problem has not been proposed in the literature before. Since it is known that the integrand

in (4) is locally a total derivative, a priori one expects that only non-trivial spacetime topologies can produce non-
vanishing contributions, thereby the historical interest in instantons. However, in gravity this is not quite true because,
at least for asymptotically flat spacetimes, the boundary of the spacetime, called null infinity [24], is non-trivial and
can provide a contribution by means of the flux of gravitational waves (GWs) that enters/exits the spacetime. The
goal of this paper is to fill this gap, and to open a new window for applications of chiral anomalies that go beyond
the realm of topology or instanton calculus.
Our main result will be to show that chiral anomalies are intimately related to the circular polarization state of

ordinary gravitational radiation in the spacetime background. More precisely, we shall prove that:

〈

Q̂5(scri+)
〉

−
〈

Q̂5(scri−)
〉

=

∫ ∞

0

dωω3

24π3

∑

ℓm

[

|hℓm
+ (ω)− ihℓm

× (ω)|2 − |hℓm
+ (ω) + ihℓm

× (ω)|2
]

, (5)

where h+, h× denote the two GW linear polarization modes that reach future null infinity, emitted by an isolated
gravitational source that is stationary at both past and future timelike infinities, but otherwise arbitrary. What
this formula is indicating is that the more right(left)-handed gravitational radiation is emitted by a system, the more
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right(left)-handed particles will be excited from the quantum vacuum through the mechanism that produces the chiral
anomaly. This is a realistic gravitational setting, with a clear and unambiguous physical meaning.
That an asymptotically flat spacetime background must emit gravitational waves in order to induce the quantum

anomaly is an indication that only dynamical solutions of Einstein’s equations are relevant in this question. 1 This
should come with no surprise in light of the previous physical interpretation of anomalies in terms of asymmetric
particle creation, since only dynamical gravitational fields are able to spontaneously create particles (and hence helicity)
from the quantum vacuum. On the other hand, because the study dynamical solutions of Einstein’s equations is a
rather involved issue that typically requires numerical techniques, this could explain why only instantonic solutions
(which are known in closed form) have only been considered so far in the study of chiral anomalies.
In a given sense the result that we obtain shares some parallelisms and interpretations with instantons. Namely,

our result can be understood as tunneling between degenerate vacua of the asymptotically flat spacetime (associated
to the degeneracy of gravitational connections at future null infinity [25, 26]), but in this case these transitions are
produced classically simply by a flux of gravitational waves crossing null infinity (i.e. not through the usual quantum-
mechanical tunneling). However, important conceptual differences exist. For instance, our result indicates that any
spacetime that its manifold is homeomorphic to R4, but such that its metric is deformed with respect to Minkowski
so as to allow the presence of circularly polarized gravitational radiation (i.e. to allow for curvature, in a specific
form) will be able to induce the quantum anomaly and hence level-crossing of modes. Thus, our result has nothing
to do with topological or global questions, but rather to the geometry of the spacetime2. Moreover, it seems unlikely
that these results could be simply obtained by a wick rotation of an instanton solution, since the former are purely
dynamical (gravitational waves), and hence it does not look that they could be recovered from “static” euclidean
solutions by any analytical continuation.
In light of the systematic detections of gravitational waves by the interferometers LIGO-Virgo in the last years

[28], and given that gravitational backgrounds emitting these waves are intimately related to chiral anomalies, it is
important to discuss astrophysical settings where these quantum effects could play a role in the underlying physics.
What is the possible phenomenology that one could predict? This will be studied in detail in a separate paper. The
present paper is an extended and a detailed discussion of the theoretical results presented already in [29].
We shall work with 4-dimensional spacetimes and the Levi-Civita connection. We follow Wald’s [30] sign conven-

tions. Namely, the metric signature is (−,+,+,+), the Riemann tensor is defined by [∇a,∇b]vc =: R d
abc vd for any

covector field vd, the Ricci tensor is Rab := Rc
acb, and the scalar curvature is R := gabRab. Unless otherwise stated,

all tensor fields will be considered smooth. In section II we use units in which ~ = c = 1, while in section III we use
units in which G = c = 1.

II. A SIMPLE CASE: THE ELECTROMAGNETIC ANALOGUE

Although we are ultimately interested in understanding the chiral anomaly induced by a gravitational background,
the usual technical complications associated with the non-linearities of the gravitational field and Einstein’s equations
makes necessary working first with a simpler model. Consequently, let us focus in this section on the original Adler-
Bell-Jackiw chiral anomaly [4, 5], which is the electromagnetic analogue. The above complications are avoided due
to the simplicity of Maxwell theory. More importantly, the final result will have such a simple physical interpretation
that will guide us in the gravitational case.

A. Setup and main calculation

The Adler-Bell-Jackiw chiral anomaly is the anomalous non-conservation of the Noether current associated to
the chiral symmetry of a Dirac spinor Ψ(x). This anomaly arises when the spinor interacts with a background
electromagnetic field Fab(x). The explicit expression for this anomaly can be read off from (1) if we identify the gauge
group with U(1) and g2 → e2. As emphasized in the introduction, the quantity of major physical interest is the
Noether charge, whose failure to be preserved in time is determined by the integral over all spacetime M :

〈

Q̂5(scri+)
〉

−
〈

Q̂5(scri−)
〉

= − e2

8π2

∫

M

F ∧ F = − e2

16π2

∫

M

d4x
√−ηFab

∗F ab . (6)

1 But not all dynamical spacetimes produce a non-vanishing Chern-Pontryagin. One can easily check that Fridmann-Lemaitre-Robertson-
Walker metrics produce a zero result.

2 In the context of the Atiyah-Patodi-Singer index theorem, this geometric contribution is essentially the one that must be subtracted
from the Chern-Pontryagin integral in order to recover a topological quantity for manifolds with boundary, see [27]
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Our goal is to determine which class of electromagnetic backgrounds (i.e. solutions Fab of Maxwell equations) produce
a non-vanishing chiral anomaly. To achieve this we need to analyze this integral and to study under which conditions
it is not zero. We assume that this electromagnetic background Fab is produced by some electromagnetic sources Ja,
that are smooth and with spatial compact support, but otherwise arbitrary.
First of all, it is not difficult to prove that for stationary solutions of Maxwell equations, dF = 0, d∗F = ∗J ,

eq. (6) above is identically zero. To see this, let us take a cartesian coordinate system {t, ~x}. A stationary Maxwell
field is a solution of Maxwell’s equations that remains invariant under time translations, i.e. a solution that satisfies
LkFab = 0, where Lk denotes the Lie derivative along the generator of infinitesimal time-translations, k = ∂/∂t. This
condition is equivalent to kaFab = ∇bΛ, where Λ is a function, traditionally called the electrostatic potential. The
integral of interest can be now rewritten as

∫

M

d4x
√−ηFab

∗F ab = −4

∫ ∞

−∞
dt

∫

R3

d3~x kaFabkc
∗F cb = −4

∫ ∞

−∞
dt

∫

R3

d3~x∇bΛkc
∗F cb

= −4

∫ ∞

−∞
dt

∫

R3

d3~x∇b(Λ kc
∗F cb) , (7)

where in the first equality we used the 3+1 decomposition of the metric, ηab = −kakb + hab, and ∗Fab =
1
2ǫabcdF

cd to

write habhcdFac
∗Fbd = −2kaFabkc

∗F cb; while in the third equality we used Maxwell equation ∇a
∗F ab = 0. Assuming

standard fall-off conditions for the magnetic field and electrostatic potential at spatial infinity, ka∗F ab∇br ∼ 1/r3,
Λ ∼ 1/r, the final result is zero.
We must look then for non-stationary solutions to Maxwell’s equations. To guarantee convergence for the integral

in time in eq. ((6)), we shall assume that both at early and late times the solution of Maxwell equations approaches
a stationary configuration. 3 During the non stationarity period, the dynamics of the electromagnetic sources
will generate outgoing radiation propagating to infinity (we will assume no incoming electromagnetic radiation for
simplicity). The study of outgoing radiation is most conveniently carried out within the framework of asymptotically
Minwkoski spacetimes [31–33]. A detailed summary of this topic can be found in Appendix B, and we will provide the
key points here. Let (R4, η̂ab) denote our physical, Minkowski spacetime, and let (M , ηab) be the unphysical spacetime
constructed from the physical one by a standard conformal compactification.4 The unphysical metric is related to the
physical one by an ordinary conformal transformation: ηab = Ω2(x)η̂ab. On the other hand, the unphysical manifold
is just the physical one together with additional points attached smoothly to it: M = R4∪J . The set of all these new
points constitute a null hypersurface J , locally characterized by the condition Ω = 0, and with null normal ηab∇bΩ.
Physically, they represent the “points of (null) infinity”, i.e. the points that can be asymptotically reached in the
original spacetime by following outgoing, null geodesics.
The importance of this construction is that it allows to apply ordinary techniques in differential geometry to study

the behaviour of fields in a neigbourhood of infinity (which now is just a boundary of the spacetime manifold).
To do the calculation of interest, equation (6), one further needs to carry the tensors of the original spacetime
to the unphysical one. This is straightforward due to he invariance of the electromagnetic field under conformal
transformations, F̂ab = Fab, Âa = Aa. Thus,

−1

2

∫

R4

d4x
√

−η̂F̂ab
∗F̂

ab
=

∫

R4

F̂ ∧ F̂ =

∫

M

F ∧ F = −1

2

∫

M

d4x
√−ηFab

∗F ab . (8)

The key point now is to notice that, mathematically, p1(F ) = − 1
8π2F ∧ F is an invariant polynomial [6]. The

Chern-Weil Theorem from the theory of characteristic classes (see Theorem 11.1 in [6], for instance) states that the
difference between two invariant polynomials, p1(F )−p1(F

′), associated to two connection 1-forms, A and A′, is exact
and determined by the transgression term Q(A,A′) [6, 27]:

p1(F )− p1(F
′) = dQ(A,A′) . (9)

Because the spacetime (R4, η̂ab) is trivial from the topological viewpoint, it admits a global flat connection Â′. Due
to conformal invariance and continuity, we have an electromagnetic potential that is pure gauge globally: A′ = dα.
Then, the difference θ = A−A′ represents the same physical electromagnetic potential5. The transgression term can

3 At early times the electromagnetic field is stationary for all ~x ∈ R3 and using the same arguments as above we get
∫
R3 d3~x∇b(Λ kc

∗F cb) =

0. At late times t the field is stationary only in a spacelike open region U(t) ⊂ R3 of radius r(t) that does not intersect the electromagnetic
waves generated during the intermediate non-stationary period. Because the waves propagate to future infinity, r(t) = t + const, then
U(t → ∞) → R3 and we find

∫
U(t)

d3~x∇b(Λ kc
∗F cb) =

∫
dS2 r(t)2Λ(r(t)) kc∗F

cb(r(t))∇br ∼ t−2 as t → ∞, which guarantees

convergence of the integral.
4 Because we shall be working with the unphysical spacetime all the time, we use the hat symbol to denote quantities associated to the
physical spacetime in order to avoid its use later.

5 The advatadge of working with θ rather than with A directly is that the former is manifestly gauge invariant, while A is not. It is
customary in the literature to set A′ = 0, but this can be misleading during the calculation given that intermediate formulas would not
have a manifestly gauge-invariant form.
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be evaluated following its definition (see [6, 27] for details) and reads:

Q(A,A′) = − 1

8π2
θ ∧ F . (10)

It is straightforward now to check that p1(F
′) = p1(0) = 0. Then, by integrating (9) and applying Stokes Theorem

we get
∫

M

p1(F ) =

∫

J
i∗Q(A,A′) = − 1

16π2

∫

J
θaFbcǫ

abcdu dS2 , (11)

where the boundary of the unphysical manifold is ∂M = J ; i∗ denotes the pullback of the inclusion map i : J →֒ M ;
and du dS2 is the canonical integration measure on J ≈ R× S2. Note that the RHS is manifestly gauge-invariant, as
it must be in view of the LHS.
This result can be further simplified if we work in a Newman-Penrose basis [34]. The electromagnetic field has 6

physical degrees of freedom per spacetime point that can be described with 3 complex scalars (these are analogous
to the Weyl scalars in the gravitational case [35]). These scalars are the components of the tensor Fab in a null
tetrad {ℓa, na,ma, m̄a}. Without loss of generality, we can take na such that it equals ηab∇bΩ at Ω = 0, i.e. such
that it is normal to the hypersurface J . Then ℓa is chosen as a null vector that satisfies ℓana = −1; and ma, m̄a

are complex conjugate null vector fields, taken such that their real and imaginary parts are tangential to 2-spheres
(hence orthogonal to na and ℓa), and normalized as mam̄a = 1. In this null tetrad, the metric takes the form
ηab = −2n(aℓb) + 2m(am̄b) and the three electromagnetic scalars are defined by:

Φ2 = Fabn
am̄b , (12)

Φ1 =
1

2

[

Fabn
alb + Fabm

am̄b
]

, (13)

Φ0 = Fabm
alb . (14)

If we restrict to smooth solutions of Maxwell equations, the Peeling Theorem [36] guarantees that in a neighborhood
of J we can expand Φi(u,Ω, θ, φ) = Φ0

i (u, 0, θ, φ) + ΩΦ1
i (u, 0, θ, φ) + ..., where (u, θ, φ) are Bondi-Sachs coordinates

adapted to J [37, 38]. Going back to the physical spacetime, it is not difficult to see that this condition requires
Φ2 ∼ 1

r , so Φ0
2 represents the two radiative degrees of freedom of the electromagnetic field (corresponding to real and

imaginary parts of this complex number). If we further assume the same asymptotic behaviour for the electromagnetic
potential [39, 40], Aa ∼ O(1/r), then the two radiative degrees of freedom are encoded in the component A2 := Aam̄

a.
Indeed, using Fab = 2∇[aAb] and the above definitions for the scalars, one can see that Aan

a = 0 and φ0
2 = ∂uA

0
2 at

J .
We are now in position to evaluate (11). The tangent space of J is spanned by {na,ma, m̄a}, so ǫabc = i3!n[ambm̄c].

Then,
∫

M

p1(F ) =
−6i

16π2

∫

J
θaFbc(n

[ambm̄c])du dS2

=
−2i

16π2

∫

J
θaFbc(n

am[bm̄c] +mam̄[bnc] + m̄an[bmc])du dS2

=
1

4π2

∫

J
du dS2 (θan

aImΦ0
1 − Im(A0

2Φ̄
0
2 − ð̄α Φ̄0

2)) , (15)

where we used A′0
2 = ð̄α. Recalling that Aan

a = 0 at J , we get
∫

M

p1(F ) = − 1

4π2

∫

J
du dS2 Im(A0

2Φ̄
0
2 − ð̄α Φ̄0

2) . (16)

Notice that the value of α is determined by the choice of gauge of A0
2. In other words, under a gauge transformation

A0
2 transforms as A2 → A0

2 + ð̄β, while α transforms as α → α+ β, so the role of α is to maintain gauge invariance
in the full expression. In a specific gauge, α can be set to zero.

B. Physical interpretation: circularly polarized electromagnetic waves

Since A0
2 (or Φ0

2) is a complex number that encodes the two radiative degrees of freedom of the electromagnetic field,
we see that the chiral anomaly for fermions is intrinsically related to the emission of electromagnetic waves. Which



6

properties should these waves have in order to produce a non-trivial result? To understand the physical meaning of
this result, let us expand the electromagnetic field in Fourier modes as 6

Φ0
2(u, θ, φ) =

∫ ∞

−∞

dω

2π
Φ(ω, θ, φ)e−iωu =

∫ ∞

0

dω

2π

[

ΦR(ω, θ, φ)e
−iωu + Φ̄L(ω, θ, φ)e

iωu
]

, (17)

where in the second equality we explicitly splitted the modes in terms of positive and negative definite frequencies:
ΦR(ω) := Φ(ω) for ω > 0 while Φ̄L(−ω) := Φ(ω) for ω < 0. The electromagnetic potential satisfies Ȧ2 = Φ0

2, so we
can write

A2(u, θ, φ) =

∫ ∞

0

dω

2π

[

ΦR(ω, θ, φ)

−iω
e−iωu +

Φ̄L(ω, θ, φ)

iω
eiωu

]

+ β(θ, φ) , (18)

where the function β(θ, φ) emerges as a constant of integration. Imposing Φ2 = 0, one concludes that β = ð̄α.
Plugging these formulas in (16), we get

∫

d4x
√−g 〈∇aj

a
5 〉 =

e2

4π2

∫

dS2
∫ ∞

0

dω

2πω
(|ΦR(ω, θ, φ)|2 − |ΦL(ω, θ, φ)|2) . (19)

Note that this formula is reminiscent of the phenomenon of level-crossing, discussed in the introduction. What is the
physical meaning of these modes, ΦR and ΦL? The electromagnetic field Φ0

2 is self-dual, which means that it can be
written as Φ0

2 = (E + iB), where E, B are the electric and magnetic fields, representing the two possible, linearly
independent polarization directions of the electromagnetic field. Because of this, we can also write

Φ0
2(u, θ, φ) =

∫ ∞

−∞

dω

2π
(E(ω, θ, φ) + iB(ω, θ, φ))e−iωu , (20)

from which we identify

ΦR(ω) = (E(ω) + iB(ω)), ω > 0 ,

Φ̄L(−ω) = (E(ω) + iB(ω)), ω < 0 . (21)

The second equation implies ΦL(ω) = (Ē(−ω)− iB(−ω)), for ω > 0. Because E(u), B(u) are real functions, we must
have then Ē(−ω) = E(ω) and B̄(−ω) = B(ω), leading to ΦL(ω) = (E(ω)− iB(ω)). Taking into account all this, and
expanding the fields in spin-weight spherical harmonics of modes (ℓ,m), we finally arrive at

〈

Q̂5(scri+)
〉

−
〈

Q̂5(scri−)
〉

=

∫ ∞

0

dω e2

8π3ω

∑

ℓm

[

|Eℓm(ω) + iBℓm(ω)|2 − |Eℓm(ω)− iBℓm(ω)|2
]

.

The RHS represents the difference in intensity between right- and left-handed circularly polarized electromagnetic
waves reaching future null infinity, i.e. the Stokes V parameter. The LHS represents the amount of net helicity
spontaneously created on the fermion field. We conclude that the emission of circularly polarized electromagnetic
radiation implies the spontaneous creation of massless charged fermions (highly energetic electrons, for instance)
with net helicity. The more right- or left-handed electromagnetic radiation the spacetime contains, the more left or
right-handed massless fermions will be excited from the quantum vacuum.

C. A concrete example: electric-magnetic oscillating dipole

Consider an electric dipole of moment p0 pointing in the z-direction, oscillating with frequency ω. The electromag-
netic vector potential is [41]

~AE
a = − p0ω

4πe2r
cos(ωu)∇az . (22)

On top of this, consider a magnetic dipole of momentm0 located in the x−y plane, oscillating with the same frequency
ω but in opposite phase. In the radiation-zone approximation, the electromagnetic vector potential yields [41]

~AM
a = −m0ω

4πe2
sin(ωu) sin2 θ∇aφ . (23)

6 The condition Φ0
2(u → ±∞) → 0 is required from the finiteness of energy flux across J ,

∫+∞

−∞
du|Φ(u, θ, φ)|2 < ∞. This condition in

turn requires that Φ0
2 belongs to L2(C), and its Fourier transform exists. Notice that A0

2 does not necessarily decay at u → ±∞, so its
Fourier transform is not defined.



7

One expects this configuration to provide a non trivial Chern-Pontryagin because the magnetic fields of both the
electric and magnetic oscillating dipoles considered here are entangled, leading to a non-zero magnetic helicity [42].
To calculate (16), let us work in spherical coordinates (u, r, θ, φ). A (conformal) Newman-Penrose basis can be

constructed such that ma = qab

√
2
(∇bθ + i sin θ∇aφ), where qab = diag{1, sin2 θ} is the standard metric on the unit,

homogeneous 2-sphere. The radiative component of the total electromagnetic potential is:

A0
2 = m̄a ~Aa =

ω sin θ

4πe2
√
2
(im0 sin(ωu) + p0 cos(ωu)) . (24)

Then,

∫

J+

du dS2 Im(A0
2∂uĀ

0
2) = −ω3m0p0

16πe4
(u2 − u1) , (25)

where u2 − u1 is the period of (finite) time during which the system operates [we let ω → 0 for u < u1 and u > u2].
This result is gauge-invariant, so α = 0 in (16).

III. THE GRAVITATIONAL CASE

The fact that net fermion helicity can be spontaneously created from the quantum vacuum in a background of
circularly polarized electromagnetic waves is a physically interesting result. In particular, it suggests that a similar
phenomenon may occur for photon helicity in a background of gravitational waves, by simply noticing the parallelism
with the chiral electromagnetic anomaly of (3). In this section we prove this in detail, following a similar strategy as
in the electromagnetic case.

A. Setup and main calculation

Let (M̂ , ĝab) denote our physical, curved spacetime. The quantity of interest is

〈

Q̂5(scri+)
〉

−
〈

Q̂5(scri−)
〉

=
~

48π2

∫

M̂

Tr(R̂ ∧ R̂) =
−~

96π2

∫

M̂

d4x
√
−gR̂abcd

∗R̂
abcd

, (26)

where R̂ = 1
2 R̂abdx

a ∧ dxb is the curvature 2-form. Our goal is to compute this integral in an astrophysically relevant
setting in order to know under which circumstances a given gravitational system may generate a flux of photons with
net helicity. In particular, we restrict to asymptotically flat spacetimes. As in the previous section, the above integral
is identically zero for stationary spacetimes. The proof is similar to the electromagnetic case but technically more
tedious, so it is relegated to Appendix A. We must then focus on dynamical solutions of Einstein’s equations and, to
guarantee convergence, we consider spacetimes that asymptotically reach stationary regimes both at future and past
timelike infinities. An example of this is a binary merger of two black holes which, ideally, are initially separated an
infinite distance away, and end up merging to form a final stationary Kerr black hole.
As in the electromagnetic case, it is convenient to work instead with a conformally compactified spacetime, (M ,

gab), constructed from the physical one by the standard procedure: M = M̂ ∪J , gab = Ω2ĝab. Our physical spacetime

will be globally hyperbolic, so that M̂ ≃ R×Σ [30], and in particular we shall restrict to Σ ≃ R3 (physically one does
not expect more sophisticated spaces). The next step is to carry the relevant tensors of the physical spacetime to the
unphysical one. It is useful to note that, due to the totally antisymmetric tensor ǫ̂abmn, the Ricci part in the physical
Riemann tensor, R̂ d

abc , does not contribute in this problem:

√

ĝR̂ d
abc ǫ̂abmnR̂ c

mnd =
√

ĝĈ d
abc ǫ̂abmnĈ c

mnd , (27)

where Ĉabcd is the physical Weyl tensor. Using now the conformal invariance of the Weyl tensor, Ĉ d
abc = C d

abc ,
that

√
−ĝ = Ω−4√−g, and that ǫ̂abcd = Ω4ǫabcd then the quantity of interest turns out to be conformal invariant:

√

ĝR̂ d
abc ǫ̂abmnR̂ c

mnd =
√
gR d

abc ǫabmnR c
mnd , (28)

and therefore
〈

Q̂5(scri+)
〉

−
〈

Q̂5(scri−)
〉

=
~

48π2

∫

M̂

Tr(R̂ ∧ R̂) =
~

48π2

∫

M

Tr(R ∧R) . (29)
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Mathematically, p1(F ) = − 1
8π2Tr(R ∧ R) is another invariant polynomial. To calculate this quantity we shall

recall again the Chern-Weil Theorem. This theorem tells us that the difference between two invariant polynomials,
p1(R) − p1(R

′), associated to any two given connection 1-forms, ω and ω′ in M , is exact and is determined by the
transgression term Q(ω, ω′) [6]:

p1(R)− p1(R
′) = dQ(ω, ω′) . (30)

If we introduce the difference θ = ω − ω′, then the RHS can be evaluated in the standard way and yields [27]:

Q(ω, ω′) = − 1

8π2
Tr(2θ ∧R+

2

3
θ ∧ θ ∧ θ − 2θ ∧ ω ∧ θ − θ ∧ dθ) . (31)

Because the physical spacetime manifold is M̂ ≃ R
4, it admits a flat Minkowskian metric η̂ab. Its associated conformal

compactification, (R4 ∪ J+, ηab), with ηab = Ω2η̂ab, will represent our auxiliary spacetime in this calculation. We

denote all associated quantities with prime indices. Given that Ĉ′ d

abc = 0 in (R4, η̂ab) one has C′ d
abc = 0 at any

point of R4 ∪ J+ due to conformal invariance and continuity, and from (27) we deduce p1(R
′) = p1(C

′) = p1(0) = 0.
Thus, the value of

∫

M
p1(R) is simply determined by the flux Q(ω, ω′) at future null infinity (i.e. at Ω = 0):

∫

M

p1(R) =

∫

J+

i∗Q(ω, ω′) = − 1

8π2

∫

J+

i∗Tr(2θ ∧R+
2

3
θ ∧ θ ∧ θ − 2θ ∧ ω ∧ θ − θ ∧ dθ) . (32)

The previous formula can be simplified in a more convenient manner. First note that θ ∧ dθ = θ ∧ dω − θ ∧ dω′ =
θ ∧R− θ ∧ ω ∧ ω + θ ∧ ω′ ∧ ω′ (recall R′ = dω′ + ω′ ∧ ω′ = 0 for Minkowski). Then

Tr(−2θ ∧ ω ∧ θ − θ ∧ dθ) = Tr θ ∧ (−2ω ∧ θ + ω ∧ ω − ω′ ∧ ω′)− Tr θ ∧R

= −Tr θ ∧ (ω ∧ ω − 2ω ∧ ω′ + ω′ ∧ ω′)− Tr θ ∧R

= −Tr θ ∧ (ω − ω′) ∧ (ω − ω′)− Tr θ ∧R , (33)

where in the last step we noticed that Tr θ ∧ ω ∧ ω′ = Tr θ ∧ ω′ ∧ ω. Eq. (32) can now be written as
∫

M

p1(R) =

∫

J+

i∗Q(ω, ω′) = − 1

8π2

∫

J+

i∗Tr(θ ∧R − 1

3
θ ∧ θ ∧ θ) . (34)

It is convenient to introduce a 3+1 splitting of (M, gab) by {Ω = const} hypersurfaces in order to simplify the inte-
grand. Let n̂a = 1√

gabnanb

na, with na := ∇aΩ, be the normalized transversal vector to the Ω = const hypersurfaces.

The induced metric on these hypersurfaces is hab = −n̂an̂b + gab, and its associated Levi-Civita derivative operator
will be denoted by Da. For any two vectors ua, va that are tangent to {Ω = const} we can write the decomposition:

uaDav
b = uahb

c∇av
c = ua(gbc − n̂bn̂c)∇av

c = ua∇av
b + ua(∇an̂c)n̂

bvc , (35)

where in the last equality van̂a = 0 was used. This leads to Davb = hc
a∇cvb + n̂bv

cKac, where Kac = Dan̂c is the
extrinsic curvature of {Ω = const} as a hypersurface embedded in M (as usual, it satisfies Kac = Kca and Kabn̂

b = 0,
as can be easily checked). Consider now an orthonormal frame {eaI}I=0,...,3 in (M, gab), i.e. a set of 4 vectors labelled
by I that at each point x of M satisfy gab(x)e

a
I (x)e

b
J (x) = ηIJ . The dual frame is defined via ea,I = gabe

b
I , and

latin indices I, J, . . . can be lowered and raised with ηIJ . It is convenient to choose this frame as a Newman-Penrose
tetrad (η01 = η10 = −η23 = −η32 = −1, zero otherwise) such that for Ω = 0 the tangent space at future null infinity
is spanned by {na,ma, m̄a}. Given this tetrad, a (torsion-free) connection 1-form ωa is defined by the equation
∇ae

I
b +ω I

a Je
J
b = 0, and the metric-compatibility condition ∇agbc = 0 gives the antisymmetry property ωIJ

a = −ωJI
a .

Taking vb = eIb in (35) we find

hd
a(ωd)IJ = −ebJDaebI +KaI n̂be

b
J , (36)

where KaJ is a shorthand for Kace
c
J . Using the antisymmetry of ωIJ

a between I and J , one can deduce: hd
a(ωd)

I
J =

−δIK(ebJDae
K
b ) − KaJ n̂

I + KI
a n̂J , where δIJ and n̂I are shorthands for habe

aIebJ and n̂aeIa. Let us introduce the
additional notation (3ωa)

I
J ≡ −δIK(ebJDae

K
b ). Thus

(ωa)
I
J = (3ωa)

I
J −KaJ n̂

I +KI
a n̂J + n̂an̂

b(ωb)
I
J . (37)

Repeating this procedure exactly in the auxiliary Minkowskian spacetime (R4 ∪ J +, ηab) we get (ω′
a)

I
J = (3ω′

a)
I
J −

K ′
aJ n̂

′I +K ′I
an̂

′
J + n̂′

an̂
′b(ω′

b)
I
J , where prime indices denote quantities defined with respect to the metric ηab. Taking

the difference between the two (note that ha
b n̂a = ha

b n̂
′
a = 0),

hd
a(θd)

IJ = (3θa)
IJ − 2(K [J

a n̂I] −K ′[J
a n̂′I]) . (38)
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As discussed in [31, 32] and summarized in Appendix B, J = {Ω = 0} is a three-dimensional null hypersurface
that is endowed with a universal geometric structure, which consists in a collection of pairs (gab, n

a) satisfying a set
of properties. Each pair consists of a degenerate metric gab on {Ω = 0} and the corresponding null normal na. This
geometric structure is common and available for any asymptotically flat spacetime. Consequently, we can fix the
same conformal frame (gab, n

a) for both (R4 ∪ J+, gab) and (R4 ∪ J +, ηab) spacetimes. Furthermore, without loss of
generality we can choose this conformal frame such that i∗(Ω−2gabn

anb) = 1, (i∗ being the pullback of i : J →֒ M)
which will allow some simplifications in the next calculation. On the other hand, because the specification of the
degenerate metric gab is equivalent to the specification of two complex-conjugate vectors ma, m̄a whose real and
imaginary parts are tangential to the sphere, fixing this conformal frame (gab, n

a) is equivalent to fixing a common
basis {na,ma, m̄a} for both spacetimes. Consequently, the two tetrads introduced above, eaI and e′

a
I , agree for Ω = 0.

Taking this into account and the orthogonality properties, (3ωa)
I
J n̂

beJb = (3ω′
a)

I
J n̂

′be′Jb = KaJ n̂
beJb = K ′

aJ n̂
′be′Jb = 0,

one finds

i∗Tr θ ∧ θ ∧ θ = i∗
[

(3θa)
I
J (

3θb)
J
K(3θc)

K
I − 3(3θa)

IJ (KbI −K ′
bI)(KcJ −K ′

cJ)
]

ǫabc
√
hd3x , (39)

and

i∗Tr θ ∧R =
1

2
i∗
[

(3θa)
J
IR

I
bc J − 2(KaI n̂

J −K ′
aI n̂′J)R I

bc J

]

ǫabc
√
hd3x . (40)

The 1-form (3θa)
I
J can be determined at Ω = 0 from the intrinsic geometry of future null infinity. As discussed

in Appendix B, for any covector eIb at null infinity, the difference D′
a − Da between two (equivalence classes of)

connections is completely characterized by a traceless, symmetric tensor σab: (Da − D′
a)e

I
b = −σabn

ceIc . Since,

as discussed above, at Ω = 0 the tetrad eIa is equal to the tetrad e′
I
a, and Da is tangential to Ω = 0, we have

(3θa)
I
J = −δIKebJ(Da −D′

a)e
K
b at Ω = 0, and hence (3θa)

I
Je

d
Ie

J
e = −edIδ

I
K(Da −D′

a)e
K
e = −edIδ

I
Kσaen

geKg at Ω = 0.

Now: edIδ
I
KngeKg = edI(η

I
K− n̂I n̂K)ngeKg = nd− n̂gn

gn̂d = nd− ng∇gΩgdb∇bΩ
gef∇eΩ∇fΩ

, and since at Ω = 0 we have na = gab∇bΩ,

we conclude

i∗[(3θa)
I
Je

d
Ie

J
e ] = 0 , (41)

and we are led to
∫

M

p1(R) =
1

8π2

∫

J+

i∗
[

(Kad −K ′
ad)n̂

eR d
bc eǫ

abc
√
hd3x

]

. (42)

We obtain now a compact expression for the extrinsic curvature of J + as a hypersurface of M . First note that

i∗(Kab −K ′
ab) = i∗(Dan̂b −D′

an̂
′
b) = i∗[(Daα)nb + αDanb − (D′

aα
′)nb − α′D′

anb] = i∗(Ω−1(Danb −D′
anb)) ,(43)

where we denoted α ≡ 1√
gab∇aΩ∇bΩ

for brevity and in the last step we took into account that i∗(Ωα) = i∗(Ωα′) = 1.

The term inside parenthesis vanishes as O(Ω) at null infinity but the prefactor diverges as Ω−1, so the product is a
well defined, smooth quantity at null infinity. To calculate its value let us use equation (B4) from Appendix B:

ΩSab + 2∇anb − Ω−1ncncgab = O(Ω3) . (44)

The pull-back of i : J+ → M on this expression provides us with the value of Ω−1∇anb at future null infinity,

i∗(Ω−1∇anb) = −1

2
Sab +

1

2
gabi

∗(Ω−2nana) = −1

2
Sab +

1

2
gab . (45)

Repeating the same with the auxiliary Minkowski space, one gets (recall that we fixed the same conformal frame
(gab, n

c) for both spacetimes):

i∗(Ω−1∇anb)− i∗(Ω−1∇′
anb) = i∗(Ω−1(Danb −D′

anb)) = −1

2
(Sab − S′

ab) . (46)

But for Minkowski, S′
ab = ρab, where ρab is the “gauge” part of Sab. The combination Sab − ρab =: Nab is manifestly

invariant under conformal gauge transformations of the form Ω → ωΩ, and defines what is known as the Bondi News
tensor, Nab (see Appendix B). This is the quantity that determines whether an asymptotically flat spacetime contains
non-trivial gravitational radiation. We find

i∗(Kab −K ′
ab) = −1

2
Nab . (47)
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On the other hand:

i∗
(

n̂eR d
bc eǫ

abc
√
h
)

= i∗
(

neΩ−1(C d
bce + ge[bS

d
c] − δd[bSc]e)ǫ

abc
√
h
)

. (48)

Because n̂aǫ
abc = 0, the second term does not contribute. On the other hand, the third term can be written

as i∗(n̂eSn
e gcnǫ

adc) = i∗(gcnǫ
adcΩ−1)i∗(neSn

e ) ∝ i∗(gcbǫ
adcΩ−1)i∗(nb) = i∗(ǫadc)i∗(Ω−1nbgbc) = 0, where we used

Sa
b n

b ∝ na and nai∗(Ω−2na) = 1 in the last step. Thus,

i∗
(

n̂eR d
bc eǫ

abc
√
h
)

= i∗
(

neΩ−1C d
bce ǫabc

√
h
)

= −i∗
(

neΩ
−1C∗∗ ed

bc ǫabc
√
h
)

=
1

2
i∗
(

ǫdpqeneΩ
−1C∗

bcpqǫ
abc

√
h
)

,

where ∗ denotes the Hodge dual. Note that ǫabc = ǫabcdn̂d = Ω−1ǫabcdnd but
√
h = Ω

√
q, where qab is the metric

of the two-dimensional spheres, so that ǫabc
√
h = ǫabcdnd

√
q. Now, the quantity (ǫdpqene)(ǫ

abcmnm)(Ω−1C∗
bcpq) is

smooth in all M , and thus it exists in J + (see Appendix B). Its pullback to null infinity is denoted as ∗Kad. Taking
into account all this and using ∗Kab = 2ǫpqaDpN

b
q [31]:

i∗(Kad −K ′
ad)i

∗
(

n̂eR d
bc eǫ

abc
√
h
)

= −1

4
Nmn

∗Kmn√q = −1

2
Nmnǫ

pqmDpN
n

q

√
q . (49)

This expression can be simplified further. The basis {na,ma, m̄a} satisfies 0 = Lnm
a = ndDdm

a. Using ǫabc =
i3!n[ambm̄c], and Nabn

b = 0, Dan
b = 0, we can get

i∗(Kad −K ′
ad)i

∗
(

n̂eR d
bc eǫ

abc
√
h
)

= −iNabm
[nm̄a]ndDdN

b
n = −Im(N44∂uN33) , (50)

where N33 := Nabm
amb and N44 = N̄33, following the usual Newman-Penrose notation.

Taking into account these results, we can rewrite (29) in the final form
∫

d4x
√−g 〈∇aj

a
5 〉 = −~

6

∫

M

p1(R) =
~

48π2

∫

J+

du dS2Im(N44∂uN33) . (51)

Note the strong analogy with the electromagnetic case, equation (16), and also that this result is manifestly gauge
invariant (Nab is invariant under conformal gauge transformations of the form Ω → ωΩ). On the other hand, notice
that this result is purely geometrical. In other words, the topological information encoded in the Chern-Pontryagin is
here trivial (zero) because we are just working with R4 with the usual differentiable structure. It is the contribution
of the boundary (physically, null infinity) what contributes non-trivially to the final result, but this contribution is
not topological. For manifolds with boundary, the Chern-Pontryagin is not purely topological, and its utility as a
topological invariant is recovered only when a surface correction is added [27]. This correction is precisely equal to
the result that we obtain with a sign reversed.

B. Physical interpretation: circularly polarized gravitational waves

The result (51) tells us that the electromagnetic duality anomaly (4) is fully determined by the radiative content
of the spacetime. To write the result in terms of the Ψ0

4 Weyl scalar, widely used in the gravitational-wave literature,
we notice that N33 = 2σ̇ and Ψ0

4 = −¨̄σ, where σ is the shear of the gravitational radiation (see Appendix C). Then,
∫

d4x
√−g 〈∇aj

a
5 〉 =

~

12π2

∫

J+

du dS2
∫ u

du′Im(Ψ0
4(u

′, θ, φ)Ψ̄0
4(u, θ, φ)) . (52)

Despite its apparent form, the physical interpretation of this result is remarkably simple. Expand in Fourier modes
as

Ψ0
4(u, θ, φ) =

∫ ∞

−∞

dω

2π
h(ω, θ, φ)e−iωu =

∫ ∞

0

dω

2π

[

hR(ω, θ, φ)e
−iωu + h̄L(ω, θ, φ)e

iωu
]

, (53)

where in the second equality we splitted the modes explicitly in terms of positive and negative definite modes:
hR(ω) := h(ω) for ω > 0 while h̄L(−ω) := h(ω) for ω < 0. The News scalar satisfies Ṅ33 = −2Ψ̄0

4, so we can write

N33(u, θ, φ) = 2

∫ ∞

0

dω

2π

[

hL(ω, θ, φ)

iω
e−iωu +

h̄R(ω, θ, φ)

−iω
eiωu

]

+ β(θ, φ) , (54)
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where the function β(θ, φ) emerges as a constant of integration. This function, however, does not contribute to (51)
because the physical requirement of finite GW energy crossing null infinity implies N33(u → ±∞) → 0 (this is inferred
from the Bondi mass formula, [31]), and leads to β(θ, φ) = 0. From (51),

∫

d4x
√−g 〈∇aj

a
5 〉 = − ~

12π2

∫

dS2
∫ ∞

0

dω

2πω
(|hR(ω, θ, φ)|2 − |hL(ω, θ, φ)|2) . (55)

What is the physical meaning of these modes, hR and hL? Because Ψ0
4 = −¨̄σ = −(ḧ+ − iḧ×), where h+, h× are the

two standard linear polarization modes of the GWs, we also have:

Ψ0
4(u, θ, φ) =

∫ ∞

−∞

dω

2π
ω2(h+(ω, θ, φ)− ih×(ω, θ, φ))e

−iωu , (56)

from which we identify

hR(ω) = ω2(h+(ω)− ih×(ω)), ω > 0 ,

h̄L(−ω) = ω2(h+(ω)− ih×(ω)), ω < 0 . (57)

The second equation implies hL(ω) = ω2(h̄+(−ω) + ih̄×(−ω)), for ω > 0. Because h+(u), h×(u) are real functions,
we must have h̄+(−ω) = h+(ω) and h̄×(−ω) = h×(ω), leading to hL(ω) = ω2(h+(ω) + ih×(ω)), and

〈Q5(scri+)〉 − 〈Q5(scri−)〉 = ~

∫ ∞

0

dωω3

24π3

∑

ℓm

[

|hℓm
+ (ω) + ihℓm

× (ω)|2 − |hℓm
+ (ω)− ihℓm

× (ω)|2
]

, (58)

where we expanded the field variables in spin-weight spherical harmonics of modes (ℓ,m). The physical interpretation
of this result is again clear: while the LHS represents the net amount of photon circular polarization created, the RHS
is the difference in intensity between right- and left-handed circularly polarized GWs reaching future null infinity,
i.e. the Stokes V parameter of GWs. Thus, we conclude that the emission of chiral gravitational radiation by
astrophysical systems implies the spontaneous creation of photons with net helicity. The more right- or left-handed
GWs the spacetime contains, the more left or right-handed photons will be excited from the quantum vacuum.

C. An example: precessing binary black hole systems

Let us consider a binary black hole merger. The system emits GWs, which are analyzed in modes of fre-
quency ω and angular numbers (ℓ,m). During the inspiral phase the frequency spectrum is determined by the
angular velocity Ω as ωm ∼ mΩ. The shear of the gravitational waves can be decomposed as σ(u, θ, φ) =
∑

ℓm(A+
ℓm−2Y ℓm(θ, φ)e−iωmu + Ā−

ℓm 2Ȳ ℓm(θ, φ)eiωmu). Self-consistency requires Ā−
ℓm = (−1)mA+

ℓ−m, which is de-

duced using sȲ lm = (−1)s+m
−sY l(−m). Equation (58) gives

〈Q5(scri+)〉 − 〈Q5(scri−)〉 ∝
∑

ℓm

ω3
m(|A+

ℓm|2 − |A+
ℓ(−m)|2) . (59)

The parameters A±
ℓm can be understood as “excitation” factors for the generation of each GW polarization of mode

(ℓ,m), and they depend on the details of the physical system under consideration (initial data). If the binary
system is invariant under mirror symmetry with respect to some plane, choosing angular coordinates such that
θ = π/2 represents that plane, this invariance is equivalent to say that Cabcd(u, θ, φ) = Cabcd(u, π − θ, φ), which
implies σ(u, θ, φ) = σ̄(u, π − θ, φ). Using sYlm(π − θ, φ + π) = (−1)l−sY lm(θ, φ), the previous condition leads to
A+

ℓm = A+
ℓ(−m)(−1)ℓ, which makes (59) vanish. In other words, the chiral anomaly emerges in binary mergers that

do not have any mirror symmetry 7 Examples of this are precessing binary systems, in which the individual spins
of the BHs are not aligned with the total angular momentum [43] and break any potential symmetry under mirror
transformations (see [29] for more details and implications in astrophysics).

7 Note that we are neglecting the backreaction of GWs on the evolution of the inspiral. When this is taken into account, the radius of
the orbit shrinks for any binary merger, and to some extent this breaks the symmetry under spatial reversals. However, this process
can be considered adiabatic, and its contribution insignificant.
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IV. CONCLUSIONS

Chiral anomalies are a long-standing prediction of quantum field theory that have provided rich physical conse-
quences along the last decades in several branches of physics. Despite this, their use has been considerably restricted
to non-trivial topological issues, with instantons playing a dominant role. While this has been fruitful in many
aspects, as for instance in unraveling the vacuum structure in Yang-Mills theories and solving problems of major
importance in particle physics, it is not the whole story, at least in gravity (and electrodynamics). In this paper we
characterized which class of solutions to Einstein’s (and Maxwell) equations are able to induce the chiral anomaly on
fermion and electromagnetic fields. On the one hand, we found that stationary solutions cannot trigger this anomaly.
On the other hand we found that, among all dynamical solutions, only those which involve radiation with net circular
polarization are able to induce the quantum anomaly, and we provided specific examples of physical interest where
this occurs. The physical interpretation of this quantum effect is associated to spontaneous creation of particles, but
in sharp contrast to the familiar Hawking radiation of black holes, a net amount of helicity can be originated from
the quantum vacuum. This new aspect of chiral anomalies could be useful in the search for phenomenology, but this
is out of the scope of this paper and will be left for future studies.

Acknowledgments.– The author is grateful to I. Agullo and J. Navarro-Salas for useful comments and many dis-
cussions over the time that this work took place, and to A. Ashtekar for useful discussions on the convergence of
the integrals. The author acknowledges support under NSF grant PHY-1806356 and the Eberly Chair funds of Penn
State; and funds from the grant No. FIS2017-91161-EXP during an early stage of this work.

Appendix A: Stationary spacetimes

In this appendix we prove that in stationary, asymptotically flat spacetimes (M , gab) with M ≃ (t1, t2) × R3 one
has

∫

M

d4x
√−gRabcd

∗Rabcd = 0 . (A1)

The argument follows in close analogy to the electromagnetic case (see section IIA).
Given a local orthonormal frame (“vierbein”) {eaI}, we can define the curvature 2-form from the Riemann tensor

as Rab
I
J = R d

abc eIde
c
J . For notational simplifity we will frequently omit the internal indices I, J of the curvature

2-form and/or work directly with R = 1
2Rab dx

a ∧ dxb. If the spacetime is stationary there exists a timelike killing
vector ka that leaves the metric invariant along its integral curves, Lkgab = 0. We construct our tetrad basis {eaI}
such that Lke

a
I = 0 as well. The stationarity condition leads to LkRabcd = 0. Together with the previous equation

it gives LkRab = 0, or equivalently dikR + ikdR = 0. For a general matrix-valued, p-form V we can introduce the
covariant derivative DV = dV + ω ∧ V − (−1)pV ∧ ω [27], under which the familiar Bianchi identity ∇a

∗Rabcd = 0
is equivalent to DR = dR + ω ∧ R − R ∧ ω = 0. Using these equations we can write ikdR = ik(−ω ∧ R + R ∧ ω) =
−ikω ∧R+ ω ∧ ikR + ikR ∧ ω +R ∧ ikω and d(ikR) = D(ikR)− ω ∧ ikR − ikR ∧ ω. Joining both results:

D(ikR) = ikω R−R ikω . (A2)

For any matrix Λ one has D(DΛ) = −ΛR + RΛ, so one can deduce from the above that ikR = −D(ikω), or
kaRab = −∇bikω.
On the other hand, let us use the normalized vector k̂a = 1

αk
a, with α =

√
−kaka, to make a 3+1 decomposition

of the metric, gab = −k̂ak̂b + hab. This decomposition allows the simplification:
∫

M

d4x
√−gRabcd

∗Rabcd = Tr

∫

M

d4x
√−gRab

∗Rab = −4Tr

∫

M

d4x
√−gk̂aRab

∗R b
c k̂c , (A3)

where in the last equality we used ∗Rab = 1
2ǫabcdR

cd to write TrhabhcdRac
∗Rbd = −2Tr k̂aRabk̂c

∗Rcb. Doing some
manipulations one gets

Tr((Dbikω)α
−1k̂c

∗Rcb) = ∇bTr(ikω α−1k̂c
∗Rcb)−∇b(α

−1k̂c)Tr(
∗Rcbikω) . (A4)

It turns out that the second term is identically zero. To see this expand as

∇b(α
−1k̂c) = α−1∇bk̂c −

1

α2
k̂c∇bα . (A5)
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Since ∇bα = − 1
αk

d∇bkd and ∇akb = −∇bka (ka is a Killing Vector field):

∇b(α
−1k̂c) = α−1(∇bk̂c −

1

α
k̂ck̂

d∇dkb) =
1

α
(2∇(bk̂c) −Dck̂b) , (A6)

where in the last equality we used ka∇aα = 0 (which can be deduced after expanding kaLkka = kagabLkk
b = 0),

k̂ak̂b = −gab + hab, and introduced the spatial covariant derivative Dak̂b = hc
ah

d
b∇ck̂d = hc

a∇ck̂b. The RHS is a

symmetric tensor, so when contracting with ∗Rcb in (A4) the result will be zero.
We end up with the integral of a total derivative, which can be solved using Stokes Theorem. Let us work in

coordinates {t, r, θ, φ}, where t is the time measured by static observers at spatial infinity: k → ∂
∂t as r → ∞. Then

∫

M

d4x
√−gRabcd

∗Rabcd = lim
r→∞

∫ t2

t1

dt

∫

dS2 r2 Tr(ikωk̂c
∗Rcd∇dr) . (A7)

(notice that for asymptotically flat spacetimes: α → 1 as r → ∞). Using Lke
a
I = [k, eI ]

a = 0 one can further deduce
that (ikω)IJ = eaIe

b
J∇akb so

∫

M

d4x
√−gRabcd

∗Rabcd = lim
r→∞

∫ t2

t1

dt

∫

dS2r2∇akb
∗Rabcdkc∇dr . (A8)

At spatial infinity we have ∇akb = ∇a∇bt = 0 so ∇akb ∼ O(r−1). Assuming standard fall-off conditions at spatial
infinity for the Weyl tensor [44], Cabcd ∼ O(r−3), we finally see that

∫

M

d4x
√−gRabcd

∗Rabcd = 0 . (A9)

Appendix B: Asymptotic Minkowskian spacetimes

We summarize here the basic points of [31–33] that are needed to follow the calculation in the main text.

A spacetime (M̂, ĝab) is called asymptotically flat at null infinity if there exists a manifold M with boundary I

endowed with a metric tensor gab, and a diffeomorphism from M̂ onto M − I (with which we identify M̂ and M − I)
that satisfies:
(a) there exists a smooth function Ω on M with gab = Ω2ĝab on M̂ ; Ω = 0 on I; and na := ∇aΩ is non-vanishing at I.
(b) I is homeomorphic to S2 × R.

(c) g̃ab satisfies Einstein’s equations R̂ab − 1
2 R̂ĝab = 8πGT̂ab, and Ω−2T̂ab has a smooth limit to I.

One refers to (M̂, ĝab) as the physical spacetime, and to (M, gab) as the unphysical one, or the conformal completion

of (M̂, ĝab). Using the known conformal transformation rules for the Ricci tensor and scalar curvature, it is easy to
find that these conditions imply nana = 0 on I. Thus, I is a 3-dimensional null hypersurface in M .
Notice that within this definition there is freedom to perform conformal rescalings: if Ω is an allowed conformal

factor for a physical spacetime (M̂, ĝab), so is Ω′ = ωΩ, where ω is a smooth function on M and non-vanishing at I.
Under this conformal gauge transformation, it is easy to check that gab → ω2gab, n

a → ω−1na + ω−2Ω∇aω. Using
this freedom, it is always possible to consider a conformal completion so that ∇an

a = 0 on I. This gauge-fixing will
be preserved under conformal gauge transformations as long as we restrict consideration to functions ω that satisfy
na∇aω = Lnω = 0 on I. This gauge-fixing condition, together with property (c) above and the formula for the Ricci
tensor under conformal transformations, implies ∇anb = 0 on I, or equivalently ∇anb = ∇(anb) = 1

2Lngab = 0 on
I. Furthermore, suppose we have any two divergence-free conformal frames associated to Ω and Ω′. Because the
relative conformal factor ω obeys Lnω = 0 on I, the vector field na is complete if and only if n′a is complete. An
asymptotically flat space-time is called asymptotically Minkowski if I is complete in any divergence-free conformal
frame.
Denote by I a diffeomorphic copy of I, and let ξ : I → M the corresponding smooth map. The pull-back, denoted

by ξ∗, is defined on all covariant tensor fields in M in a natural way. It can also be extended to those contravariant
tensor fields such that their contraction of each of their indices with na gives zero at I. Set na := ξ∗(na), gab := ξ∗(gab),
and ω := ξ∗(ω). It follows from the discussion above that I is endowed with the following universal structure. It is
homeomorphic to S2 × R, and equipped with pairs of fields (gab, n

c) such that:
(i) gab is a degenerate metric of signature 0,+,+ with gabn

b = 0 and Lngab = 0;
(ii) na is complete; and,
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(iii) any two pairs (gab, n
c) and (g′ab, n

′c) in the collection are related by a conformal rescaling Ω → ωΩ as g′ab = ω2gab,
n′a = ω−1na, with Lnω = 0. 8

This collection exists in any asymptotically Minwkoskian spacetime, and thereby receives the name of universal
structure. A choice of one element (gab, n

c) of the collection {(gab, nc)i}i∈I will be called a choice of conformal frame.
Note that, since 2-spheres carry a unique conformal structure, every gab in this collection is conformal to a unit
2-sphere metric. Because of this, it is sometimes convenient to restrict the remaining conformal freedom at I (i.e. to
fully fix the gauge function ω) by demanding that the metric qab on these 2-spheres be the metric of the unit radius
2-sphere. This is always possible, and this conformal frame is known as the Bondi frame.
The metric in (M, gab) allows the raising and lowering of indices, introduces an alternating tensor field ǫabcd unique

up to a sign, and leads to a preferred derivative operator ∇a and its associated curvature tensor R d
abc . Suppose we

are given a fixed conformal frame. We study now what the corresponding apparatus is for (I, gab, na). This is not a
trivial question since gab is a degenerate metric. In the following we will define what fields, operations, etc one can
construct from this conformal frame, and then study their behaviour under a conformal gauge transformation.
First of all, we can lower indices with gab, but we cannot raise indices a priori since gab is degenerate and hence it

does not have an inverse. Define a tensor gab by the property: gamgmngnb = gmn.This is unique up to addition of a
tensor of the form v(anb), for any vector field va. We will use this gab to raise indices whenever the lack of uniqueness
does not lead to an ambiguous result. Next, we introduce an alternating tensor field ǫabc, up to a sign, by the equation
ǫamnǫbpqgmpgnq = 2nanb and demanding antisymmetry. Having fixed the sign, we can define uniquely the tensor ǫabc
by ǫabcǫabc = 6 and the condition of antisymmetry. The above definition implies that ǫabc = ξ∗(ǫabcdnd), but note

that ǫabc 6= ǫa
′b′c′gaa′gbb′gcc′ = ξ∗(ǫabcdn

d) = 0. The usual identities for ǫabc and ǫabc hold.
As commented above, the universal structure of I is common to every asymptotic Minkowski spacetime. The

S2 × R differentiable structure together with the collection of pairs (gab, n
c) is called the zeroth order structure of I,

and is available in any asymptotic Minkowski spacetime. We shall describe now higher order geometrical structures
that are not universal, that contain specific physical information of the given space-time. The connection D defined
intrinsically on I in any given conformal completion, induced by the torsion-free connection ∇ compatible with gab,
will be regarded as the first order structure. As we shall see, it contains the “radiative information” of the physical
space-time (M̃, g̃ab) and consequently it changes from one space-time to another.
We define the derivative operator in I by Daµb := ξ∗(∇aνb), where µ is any 1-form in I, and νa is a 1-form in M

such that µa = ξ∗(νa). This derivative operator is defined intrinsically in I. Notice that given any µa in I, there
exists many νa in M that satisfies µa = ξ∗(νa). However, it can be shown that the derivative operator is a well-defined
operation: given two νa, ν

′
a that leads to µa in I, one actually has ξ∗(∇aνb) = ξ∗(∇aν

′
b). Having seen this, we can

now extend the derivative operator to all tensor fields in the usual manner. In particular, given that ∇agbc = 0, and
∇an

b = 0 on I, we find Dagbc = 0, Dan
b = 0 (it is also not difficult to prove also that Daǫbcd = 0, Daǫ

bcd = 0). In
other words, this derivative operator is compatible with the metric gab. However, it should be remarked that this
connection is not uniquely defined because gab is degenerate. We shall now characterize in physical terms the different
allowed derivative operators.
First of all, we need to know how any derivative operator changes under a conformal gauge transformation Ω → ωΩ.

For any covector ka, the transformation rule, at points of I, is

D′
akb = Dakb − 2ω−1k(aDb)ω + ω−1 (∇mω) kmgab . (B1)

Notice that, even when ω = 1 so that gab and na are invariant,Da changes non-trivially asD
′
akb = Dakb+f (nmkm) gab,

where we introduced ∇aω =: fna. This shows that the derivative operator at I is not invariant under conformal gauge
transformations (in analogy to the magnetic potential in electrodynamics). Because this residual transformation of
the derivative operator is just pure gauge, one is motivated to define an equivalence class of connections {Da}, in a
given conformal frame (gab, n

c), by the equivalence relation:

Da ∼ D′
a iff (D′

a −Da)kb = (fnckc)gab , (B2)

where f is an arbitrary function on I. Now, given two connections Da, D
′
a belonging to different equivalence classes,

their difference when acting on any covector is linear, and thus it must be determined by another tensor C c
ab :

(Da −D′
a)kb = C c

ab kc. The torsion-free derivative ∇a implies that C c
ab = C c

(ab) (just take kb = Dbg in the previous

equation for some function g to find C c
ab = C c

ba ). On the other hand, the condition Dan
b = D′

an
b = 0 implies

C c
ab nb = 0, and the metric compatibility Dagbc = D′

agbc = 0 implies C d
a(b gc)d = 0. Since the only vector that

anihilates the metric is nd, then

(Da −D′
a)kb = Σabn

ckc , (B3)

8 The result ξ∗(na) = Daξ
∗(Ω) = 0 implies g

ab
nb = 0. On the other hand, because the pull-back conmutes with the Lie derivative, we

automatically inherit Lngab = 0 and Lnω = 0.
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for some tensor Σab with Σab = Σ(ab) and Σabn
b = 0. Consequently, due to (B2) the difference {D′

a}− {Da} between

the equivalence classes of connections is fully characterized by the trace-free tensor: σab := Σab − 1
2Σcdg

cdgab. The

space of equivalence classes {Da} is an affine space, we can select any {D0
a} as an origin, and then any other {Da}

is labeled uniquely by a transverse (σabn
b = 0) trace-free symmetric tensor σab on J +. These properties allow to

write σab = σmamb + c.c., for some complex function σ. In physical terms, the two independent components of σab

represent the two radiative degrees of freedom of the gravitational field in full general relativity.
We turn now to study the second order structure of an asymptotically Minkowski spacetime. Let R d

abc be the
Riemann tensor of the unphysical spacetime, defined by ∇[a∇b]kc = 1

2R
d

abc kd for any covector kc. The Riemann

tensor can be splitted into a totally traceless part (the Weyl tensor C d
abc ) plus a trace-full part (the Ricci Rab, or

alternatively, Schouten tensor Sab) as Rabcd = Cabcd+ ga[cSd]b− gb[cSd]a. It is a fundamental result [31] that the Weyl
tensor vanishes at I, and consequently all the information about the curvature of I will be determined by Sa

b . On the

other hand, let us introduce the combination Lb
a := R̂b

a − 1
6 R̂δab and Lab = gacL

c
b, where R̂b

a and R̂ denote the Ricci
tensor and scalar curvature of the unphysical spacetime. From the standard formula for he behaviour of the Ricci
tensor under conformal transformations, and using property (c) above, one can find:9

ΩSab + 2∇anb − Ω−1ncncgab = Ω−1Lab = O(Ω3) . (B4)

From this equation one deduces that, at points of I, 2∇anb = 2∇(anb) = Lngab = Ω−1ncncgab. But remember that

Lngab = 0 at points of I, so f := Ω−1ncnc = 0 at points of I too. Now, contracting the above equation with nb and
rearranging terms, one arrives at

Sabn
b +∇af = O(Ω2) . (B5)

Since f vanishes at I, it serves to define this hypersurface, and so its gradient must be transverse to it. Since the only
trasnverse covector to I is na, we necessarily have ∇af ∝ na. Then, S

b
anb ∝ na, and vanishes at I. This means that

the pull-back is well-defined on the tensor Sb
a, so we define Sba := ξ∗(Sb

a) and also Sab := gacS
c
b. Notice the properties

Sabn
b = 0 and Sab = S(ab). There is one further property of Sab that is important to keep in mind. By taking the

pull-back of the Riemann tensor, and recalling the vanishing of Cabcd at I, one gets

R d
abc = gc[aS

d
b] + Sc[aδ

d
b] . (B6)

If we define Rabcd := R e
abc gde, then the contraction of any of its indices with na is zero. The corresponding Ricci

tensor Rab := gcdRabcd and scalar curvature R := gcdRcd are thus unambiguous. Since Rabcd lives in the 2 dimensions
orthogonal to na, it can be reconstructed from its scalar curvature alone, Rabcd = Rga[cgd]b. Combining this with

(B6), one finally gets gabSab = R.
The tensor Sab carries information of major importance about gravitational radiation in the given spacetime, but

there is still a small complication. If we change the conformal frame, this tensor transforms in a complicated way:

S′ab = Sab − 2ω−1DaDbω + 4ω−2DaωDbω − ω−2 (gmnDmωDnω) gab . (B7)

Consequently, a portion of this curvature is “gauge” in the sense that it contains information that is not truly
physical. The goal is to extract information from this curvature tensor that remains invariant under conformal gauge
transformations. This was succesfully done in [31]: given any conformal frame (gab, n

c), it can be proven that there
exists a unique tensor field ρab on I that fulfills:

ρ[ab] = 0, ρabn
b = 0, ρabg

ab = R , D[aρb]c = 0 , (B8)

and, most importantly, transforms exactly as Sab does under a conformal gauge reescaling. Therefore, the combination

Nab := Sab − ρab , (B9)

is conformally gauge invariant. Consequently, the role of ρab is to subtract from Sab the pure gauge-dependent
contribution. In a Bondi conformal frame, in particular, one has ρab =

1
2gabR. Nab is referred to as the Bondi news

tensor and is regarded as the second order structure at J . It satisfies

N[ab] = 0, Nabn
b = 0, Nabg

ab = 0 . (B10)

This is all the physical information we can extract from Sab. Nevertheless, the full information of the curvature of
{Da} is actually contained in Sab , and not in Sab (notice that since gab is not invertible it is not possible to reconstruct

9 The definition of asymptotically Minkowski spacetimes requires that T̂ab = O(Ω2), and so R̂ab = O(Ω2). Then Lab = gbcL
c
a = O(Ω4).
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Sab from Sab.). This information is encoded in what we shall call the third (and last) geometric asymptotic structure,
which can be worked out from the Weyl tensor. Since the Weyl tensor vanishes at I, the tensor Ω−1Cabcd is smooth
up to and including I. If we define:

Kab := ǫamnǫbpqξ∗(Ω−1Cmnpq) , (B11)

∗Kab := ǫamnǫbpqξ∗(Ω−1∗Cmnpq) , (B12)

then we immediately see that they are symmetric and that Kabgab =
∗Kabgab = 0. Taking the curl of (B4), using the

definition of Riemann tensor, expressing it in terms of the Weyl tensor, and doing some manipulations, it is possible
to show that D[aS

c
b] =

1
4ǫamn

∗Kmc, which automatically leads to

D[aNb]c =
1

4
ǫamn

∗Kmngnc , (B13)

or, equivalently, ∗Kab = 2ǫpqaDpN
b

q . Furthermore, a straightforward calculation shows that ∗Kab remains invariant

under conformal gauge transformations with ω = 1, so it is a physically meaningful quantity. Because ∗Kab involves
derivatives of Sb

a, it is called the third order structure at I.

If ∗Kab = 0, then Nab = 0, and the associated equivalence class {Da} of connections is said to be trivial. In

this case, the physical space-time (M̂, ĝab) does not contain gravitational radiation. In particular, every stationary,
asymptotically flat spacetime produce a trivial connection on I. Conversely, if Nab = 0 (i.e. no gravitational waves),
it can be shown that the spacetime is stationary [45].

Appendix C: Spin-coefficient formalism and asymptotic behaviour

Let (M, gab) be a spacetime and {ℓa, na,ma, m̄a} a Newman-Penrose basis, i.e. a null tetrad satisfying naℓa = 1,
mam̄a = −1, and zero otherwise 10 If we introduce the notation ea1 = ℓa, ea2 = na, ea3 = ma, ea4 = m̄a, then this basis

of null vectors satisfies gab = ηije
i
ae

j
b with η12 = η21 = 1, η34 = η43 = −1. Internal indices (i, j, . . . ) are raised and

lowered with ηij , while spacetime indices (a, b, . . . ) are raised and lowered with gab.
Given this tetrad we can introduce the connection 1-form by γ b

c a := −eic∇ae
b
i , which satisfies γabc = −γbac. In

this basis there are 12 independent (complex) components of the connection 1-form, which are called spin coefficients.
They are designated by

κ = γ311 = −maℓb∇bℓa , ρ = γ314 = −mam̄b∇bℓa , ǫ =
1

2
(γ211 + γ341) = −1

2
(naℓb∇bℓa − m̄aℓb∇bma) ,

σ = γ313 = −mamb∇bℓa , µ = γ243 = m̄amb∇bna , γ =
1

2
(γ212 + γ342) = −1

2
(nanb∇bℓa − m̄anb∇bma) ,

λ = γ244 = m̄am̄b∇bna , τ = γ312 = −manb∇bℓa , α =
1

2
(γ214 + γ344) = −1

2
(nam̄b∇bℓa − m̄am̄b∇bma) ,

ν = γ242 = m̄anb∇bna , π = γ241 = m̄aℓb∇bna , β =
1

2
(γ213 + γ343) = −1

2
(namb∇bℓa − m̄amb∇bma) .

Note that γ311 = γ̄411, γ314 = γ̄413, etc. On the other hand, the Weyl tensor has ten independent components which
are represented in this framework by 5 complex scalars:

Ψ0 := −C1313 = −Cabcdℓ
ambℓcmd , (C1)

Ψ1 := −C1213 = −Cabcdℓ
anbℓcmd , (C2)

Ψ2 := −C1342 = −Cabcdℓ
ambm̄cnd , (C3)

Ψ3 := −C1242 = −Cabcdℓ
anbm̄cnd , (C4)

Ψ4 := −C2424 = −Cabcdn
am̄bncm̄d . (C5)

The remaining components are determined using the symmetry properties of the Weyl tensor. In particular, it is not
difficult to show that

Ψ1 = C1334 = C1231 , (C6)

10 In this appendix and in the next one we follow the Newman-Penrose [34] notation. In particular, the metric signature will be (+,−,−,−)
in order to use the asymptotic expressions for the spin-coefficients calculated in [46].
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Ψ3 = C2443 , (C7)

ReΨ2 =
−1

2
C1212 =

−1

2
C3434 , (C8)

ImΨ2 =
1

2i
C1234 , (C9)

C1314 = C2324 = C1332 = C1442 = 0 . (C10)

In asymptotically flat spacetimes, a preferred coordinate system and an associated null tetrad can always be
considered. Following Bondi and Sachs, we can always introduce a foliation of the asymptotic region of M by
outgoing null hypersurfaces {u = const}. Denoting the corresponding geodesic null normal by ℓa, we can introduce an
affine parameter r of ℓa (i.e. ℓ = ∂

∂r so that ℓa∇ar = 1) such that each null surface u = const is foliated by a family of
(space-like) 2-spheres {r = const}. The set {u, r, θ, φ} is called Bondi-Sachs coordinates. Let us denote the intrinsic
(−,−) metric of these 2-spheres by qab and the other null-normal to each of these 2-spheres by na, normalized so that
gabℓ

anb = 1. If ℓa is normal to the {u = const} hypersurfaces, necessarily ℓa = gab∇bu, so that ℓa := gabℓ
b = ∇au

and we can write n = V ∂
∂u + U ∂

∂r +XA ∂
∂XA with V = 1 (na is not simply given by ∇ar since na is not normal to

{r = const} hypersurfaces in general). Finally, introduce a null complex vector field ma and its complex conjugate
m̄a such that their real and imaginary parts are tangential to these 2-spheres, and they are normalized such that
gabm

am̄b = −1. Thus, at each point in the asymptotic region we have a null tetrad {ℓa, na,ma, m̄a} for which the
only non-zero contractions are ℓ · n = 1 and m · m̄ = −1. In terms of the null tetrad, the metric takes the form
gab = 2n(aℓb) − 2m(am̄b).
The spin-coefficient formalism is particularly useful for asymptotically flat spacetimes. If the Weyl scalars are

smooth functions on the spacetime manifold, their asymptotic behaviour as r → ∞, keeping u, θ, φ constant, is
determined by the Peeling theorem [36]:

Ψi(u, r, θ, φ) ∼ Ψ0
i (u, θ, φ)/r

5−i, i = 0, 1, 2, 3, 4 . (C11)

Furthermore, the asymptotic behaviour of the spin-coefficients can be systematically obtained by integrating asymp-
totically a set of equations in the Newman-Penrose framework that are equivalent to Einstein’s field equations [46].
The results read

λ = λ0/r +O(r−2), λ0 = ˙̄σ0 , (C12)

µ = µ0/r +O(r−2), µ0 = −1 , (C13)

σ = σ0/r2 +O(r−4), σ0 = free data , (C14)

ρ = ρ0/r + ρ1/r3 +O(r−5), ρ0 = −1, ρ1 = −|σ0|2 , (C15)

κ = 0 , (C16)

π = 0 , (C17)

ν = ν0 +O(r−1) , ν0 = 0 , (C18)

τ = ᾱ+ β = (ᾱ0 + β0)/r +O(r−2), (ᾱ0 + β0) = 0 . (C19)

and Ψ0
4 = −¨̄σ0.

The relation with the Bondi News N33 = Nabm
amb introduced in Appendix A can be obtained using (B12) and

the result ∗Kab = 2ǫpqaDpN
b

q . Using the first equation we get ∗Kabmamb = 4inambncmdξ∗(Ω−1Cabcd) = −4iΨ̄0
4;

on the other hand, the second equation yields ∗Kabmamb = 2inpDp(Nabm
amb) = 2i∂uN33. Combining both we get

Ṅ33 = −2Ψ̄0
4 = 2σ̈0. Furthermore, from the Bondi mass formula

∫

J du dS2|N33|2 < ∞ one infers N33 → 0 at u → ±∞
so N33 = 2σ̇0.

Appendix D: Alternative derivation using the Spin-Coefficient formalism

In this appendix we derive the result (51) using the spin-coefficient formalism and the corresponding asymptotic
behaviour summarized in the previous appendix. Our starting point is equation (42), which in the physical spacetime

(M̂, ĝab) can be rewritten in a similar way (in this appendix we only work with the physical spacetime so we will omit
the hat symbol in all associated geometric quantities for convenience)

∫

M̂

p1(R̂) = − lim
r0→∞

1

8π2

∫

r=r0

(Kad −K ′
ad)n̂

eR d
bc eǫ

abcf n̂f

√
hd3x , (D1)
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where here n̂b = 1√
gab∇ar∇br

∇br is the normal vector to {r = r0} hypersurfaces and Kab = Dan̂b the extrinsic

curvature. In terms of the Newman-Penrose basis constructed in Appendix C we must have ∇ar = a1na + a2ℓa.
Given that ℓa∇ar = 1, then ∇ar = na + a2ℓa; and squaring na = ∇ar − a2ℓa we get a2 = 1

2g
rr so that ∇ar =

na + grr

2 ℓa. The asymptotic behaviour of grr in Bondi-Sachs coordinates can be found in [37, 38], and is given

by −grr = 1 − 2M
r + O(r−2). Note that Dan̂b = ha′

a hb′

b ∇bnb′ = ha′

a ∇an̂b and ǫabchn̂hDan̂e = ǫabchn̂h∇an̂e. We
can also take the prefactor of n̂b out of the derivative operator thanks to the antisymmetry of the Riemann tensor,
(∇an̂e)n̂dR

de
bc = ∇a[(g

rr)−1/2∇er]n̂dR
de

bc = (grr)−1/2∇a[∇er]n̂dR
de

bc + 0. Finally, if we take the {r = r0} surface
outside the gravitational sources (we assume they have spatial compact support), then Rabcd = Cabcd. Taking into
account all this:

∫

M̂

p1(R̂) = lim
r0→∞

1

8π2

∫

r=r0

√
h

(grr)3/2
d3xC de

bc ǫabch(nh +
grr

2
lh)(nd +

grr

2
ld)∇a(ne +

grr

2
le) . (D2)

We have ∇a(ne +
grr

2 le) = −(γ2ea +
grr

2 γ1ea) +
1
2 le∇ag

rr. Then, using ǫabcd = 4! i l[anbmcm̄d], we find

−1

8π2

∫

6
√
hd3x

(grr)3/2

[

(C2ebc +
grr

2
C1ebc)i(n

[ambm̄c] − grr

2
l[ambm̄c])(γ e

2 a +
grr

2
γ e
1 a)− C21bci(n

[ambm̄c] − grr

2
l[ambm̄c])

∇ag
rr

2

]

(D3)

We do the calculation term by term:
(A)

C2ebcn
[ambm̄c] =

1

3
C2ebc[n

am[bm̄c] +mam̄[bnc] + m̄an[bmc]]

=
1

3
[naC2e34 +maC2e42 + m̄aC2e23] =

1

3
[naC2e34 + 2iIm(maC2e42)] , (D4)

(B): same as (A) but changing na → la

C2ebcl
[ambm̄c] =

1

3
C2ebc[l

am[bm̄c] +mam̄[blc] + m̄al[bmc]]

=
1

3
[laC2e34 +maC2e41 + m̄aC2e13] =

1

3
[laC2e34 + 2iIm(maC2e41)] , (D5)

(C): same as (A) but changing C2... → C1...

C1ebcn
[ambm̄c] =

1

3
C1ebc[n

am[bm̄c] +mam̄[bnc] + m̄an[bmc]]

=
1

3
[naC1e34 +maC1e42 + m̄aC1e23] =

1

3
[naC1e34 + 2iIm(maC1e42)] , (D6)

(D): same as (B) but changing C2... → C1...

C1ebcl
[ambm̄c] =

1

3
C1ebc[l

am[bm̄c] +mam̄[blc] + m̄al[bmc]]

=
1

3
[laC1e34 +maC1e41 + m̄aC1e13] =

1

3
[laC1e34 + 2iIm(maC1e41)] , (D7)

(E): same as (A) but changing C2e... → C21...

C21bcn
[ambm̄c] =

1

3
[naC2134 + 2iIm(maC2142)] =

1

3
[−2inaImΨ2 + 2iIm(maΨ3)] , (D8)

(F): same as (B) but changing C2e... → C21...

C21bcl
[ambm̄c] =

1

3
[laC2134 + 2iIm(maC2141)] =

1

3

[

−2ilaImΨ2 − 2iIm(maΨ̄1)
]

. (D9)

We now elaborate in detail each of these terms:
(A)

1

3
[naC2e34 + 2iIm(maC2e42)] (γ

e
2 a +

grr

2
γ e
1 a) =

1

3

[

γ e
2 2C2e34 + 2iIm(γ e

2 3C2e42) +
grr

2
γ e
1 2C2e34 + grriIm(γ e

1 3C2e42)

]

=
1

3

[

2iIm(γ 3
2 2C2334) + 2iIm(γ 3

2 3C2342 + γ 4
2 3C2442)
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+
grr

2
(γ 1

1 2C2134 + 2iIm(γ 3
1 2C2334)) + grriIm(γ 1

1 3C2142 + γ 3
1 3C2342 + γ 4

1 3C2442)

]

=
1

3

[

−2iIm(νΨ̄3)− 2iIm(λ̄Ψ4) + 2iReγImΨ2g
rr + igrrIm(τ̄ Ψ̄3)− 2igrrReβIm(Ψ3) + grriIm(σΨ4)

]

, (D10)

(C): similar to (A) changing C2... → C1...

1

3
[naC1e34 + 2iIm(maC1e42)] (γ

e
2 a +

grr

2
γ e
1 a) =

1

3

[

γ e
2 2C1e34 + 2iIm(γ e

2 3C1e42) +
grr

2
γ e
1 2C1e34 + grriIm(γ e

1 3C1e42)

]

=
1

3

[

γ 2
2 2C1234 + 2iIm(γ 3

2 2C1334) + 2iIm(γ 2
2 3C1242 + γ 3

2 3C1342 + γ 4
2 3C1442)

+
grr

2
2iIm(γ 3

1 2C1334) + grriIm(γ 3
1 3C1342 + γ 4

1 3C1442)

]

=
1

3
[4iReγImΨ2 − 2iIm(νΨ1)− 4iReβImΨ3 + 2iIm(µΨ2) + igrrIm(τ̄Ψ1)− igrrIm(ρ̄Ψ2)] , (D11)

(B)

1

3
[laC2e34 + 2iIm(maC2e41)] (γ

e
2 a +

grr

2
γ e
1 a) =

1

3

[

γ e
2 1C2e34 + 2iIm(γ e

2 3C2e41) +
grr

2
γ e
1 1C2e34 + grriIm(γ e

1 3C2e41)

]

=
1

3

[

2iIm(γ 3
2 1C2334) + 2iIm(γ 3

2 3C2341 + γ 4
2 3C2441)

+
grr

2
(γ 1

1 1C2134 + 2iIm(γ 3
1 1C2334)) + grriIm(γ 1

1 3C2141 + γ 3
1 3C2341 + γ 4

1 3C2441)

]

=
1

3

[

−2iIm(πΨ̄3) + 2iIm(µΨ̄2) + 2igrrRe ǫ ImΨ2 + igrrim(κ̄Ψ̄3) + 2igrrReβIm(Ψ̄1)− igrrIm(ρ̄Ψ̄2)
]

, (D12)

(D)

1

3
[laC1e34 + 2iIm(maC1e41)] (γ

e
2 a +

grr

2
γ e
1 a) =

1

3

[

γ e
2 1C1e34 + 2iIm(γ e

2 3C1e41) +
grr

2
γ e
1 1C1e34 + grriIm(γ e

1 3C1e41)

]

=
1

3

[

γ 2
2 1C1234 + 2iIm(γ 3

2 1C1334) + 2iIm(γ 2
2 3C1241 + γ 3

2 3C1341 + γ 4
2 3C1441)

+
grr

2
2iIm(γ 3

1 1C1334) + grriIm(γ 3
1 3C1341 + γ 4

1 3C1441)

]

=
1

3

[

4iRe ǫ ImΨ2 − 2iIm(πΨ1) + 4iReβImΨ̄1 − 2iIm(λ̄Ψ̄0) + igrrIm(κ̄Ψ1) + igrrIm(σΨ̄0)
]

, (D13)

(E)

1

3
[−2inaImΨ2 + 2iIm(maΨ3)]∇ag

rr =
−2i

3
[
−2M

r2
+O(r−3)]na∇arImΨ2 =

2Mi

3r
[1 +O(r−1)]grrImΨ2 , (D14)

(F)

1

3

[

−2inaImΨ2 − 2iIm(maΨ̄1)
]

∇ag
rr =

−2i

3
[
−2M

r2
+O(r−3)]na∇arImΨ2 =

2Mi

3r
[1 +O(r−1)]grrImΨ2 . (D15)

We use now the asymptotic properties of the spin-coefficients (see Appendix C) in the limit to future null infinity to

simplify all these quantities. Notice that
√
h ∼ r2, so all terms that decay faster than 1/r2 vanish at J +. On the other

hand, all the spin-coefficients decay at least as 1/r, and because all terms above are of the form spin − coefficient ×
Weyl − scalar , the only non-vanishing contributions are those that involve Ψ4 = O(1r ). Among all of them, we have

to take the one whose spin-coefficient only decays as O(1r ), which is λ. Doing this we get
∫

d4x
√
−g 〈∇aj

a
5 〉 = −~

6

∫

M̂

p1(R̂) =
~

12π2

∫

J+

du dS2Im (σ̈0 ˙̄σ0) . (D16)

Recalling that N33 = 2σ̇0 (see Appendix C), we recover equation (51)

[1] L. Parker Phys. Rev. Lett. 21 (1968) 562–564.



20

[2] S. W. Hawking Comm. Math. Phys. 43 no. 3, (1975) 199 – 220.
[3] R. Bertlmann, Anomalies in quantum field theory. Oxford, UK: Clarendon (1996) 566 p. (International series of

monographs on physics: 91), 1996.
[4] S. L. Adler Phys. Rev. 177 (1969) 2426–2438.
[5] J. S. Bell and R. Jackiw Il Nuovo Cimento A (1965-1970) 60 no. 1, (1969) 47–61.
[6] M. Nakahara, Geometry, topology and physics. Bristol, UK: Hilger (1990) 505 p. (Graduate student series in physics).
[7] M. D. Schwartz, Quantum Field Theory and the Standard Model. Cambridge University Press, 2014.
[8] N. Christ Phys. Rev. D 21 (1980) 1591.
[9] I. Agullo, A. del Rio, and J. Navarro-Salas Phys. Rev. Lett. 118 (Mar, 2017) 111301.

[10] I. Agullo, A. del Rio, and J. Navarro-Salas Int. J. Mod. Phys. D 26 no. 12, (2017) 1742001.
[11] I. Agullo, A. del Rio, and J. Navarro-Salas Phys. Rev. D 98 no. 12, (2018) 125001.
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