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Abstract—Bicuspid aortic valve is the most common con-
genital heart defect, affecting 1–2% of the global population.
Patients with bicuspid valves frequently develop dilation and
aneurysms of the ascending aorta. Both hemodynamic and
genetic factors are believed to contribute to dilation, yet the
precise mechanism underlying this progression remains under
debate. Controlled comparisons of hemodynamics in patients
with different forms of bicuspid valve disease are challenging
because of confounding factors, and simulations offer the
opportunity for direct and systematic comparisons. Using
fluid–structure interaction simulations, we simulate flows
through multiple aortic valve models in a patient-specific
geometry. The aortic geometry is based on a healthy patient
with no known aortic or valvular disease, which allows us to
isolate the hemodynamic consequences of changes to the
valve alone. Four fully-passive, elastic model valves are
studied: a tricuspid valve and bicuspid valves with fusion of
the left- and right-, right- and non-, and non- and left-
coronary cusps. The resulting tricuspid flow is relatively
uniform, with little secondary or reverse flow, and little to no
pressure gradient across the valve. The bicuspid cases show
localized jets of forward flow, excess streamwise momentum,
elevated secondary and reverse flow, and clinically significant
levels of stenosis. Localized high flow rates correspond to
locations of dilation observed in patients, with the location
related to which valve cusps are fused. Thus, the simulations
support the hypothesis that chronic exposure to high local
flow contributes to localized dilation and aneurysm forma-
tion.

Keywords—Bicuspid aortic valve, Aortic valve modeling,

Aortic aneurysm, Immersed boundary method, Heart valve

fluid–structure interaction.

INTRODUCTION

Bicuspid aortic valve, in which the aortic valve has
two functional cusps rather than the normal three, is
the most common congenital heart defect and is esti-
mated to occur in 1.3% of the global population.54 The
presence of a bicuspid valve dramatically changes the
hemodynamics in the aorta and may cause stenosis,
even in the absence of calcification of the valve leaflets.
Additionally, approximately half of adult patients with
bicuspid aortic valves have pathological dilation of the
ascending aorta, which may progress to an ascending
aortic aneurysm.54 The morphology and presentation
of the disease is diverse, with fusion of the left- and
right-coronary cusps (LC/RC fusion) in the majority
of cases, fusion of the right- and non-coronary cusps
(RC/NC fusion) in the minority of cases, and rarely
fusion of the non- and left-coronary cusps (NC/LC
fusion).49

Dilation of the ascending aorta associated with
bicuspid aortic valve disease is caused by a combina-
tion of the chronic accumulation of aberrant hemo-
dynamics and heightened genetic susceptibility, but the
precise mechanism of dilation remains poorly under-
stood.54 Dilation is frequently located asymmetrically
on the greater curvature of the aorta.20 The phenotype
of dilation is not uniform, however, instead varying
with the phenotype of cusp fusion. Patients with LC/
RC fusion typically have dilation throughout the
greater curvature of the ascending aorta, commonly
with involvement of the aortic root. In contrast,
patients with RC/NC fusion tend to have more distal
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disease: along the ascending aorta with little dilation of
the aortic root.39,49

Attempts to define the association of hemodynamic
features with the phenotype of aortic dilation using
4D-magnetic resonance imaging (MRI) have yielded
conflicting results.5,16 Multiple factors increase the
difficulty in identifying the mechanism of dilation.
Patients with bicuspid valves are typically recruited
into studies after aneurysmal dilation and pathological
remodeling have already manifested, and baseline
scans for prior to dilation are usually not available.
Furthermore, since bicuspid valves are present at birth
and there are other confounding factors, it is difficult
to isolate the effects of bicuspid valve morphology on
downstream dilation via such approaches.

Several simulation studies have examined the
hemodynamics associated with bicuspid aortic valve
morphology. Studies compared multiple bicuspid
phenotypes but did not include a patient-specific aortic
geometry10 or compared a tricuspid and one bicuspid
phenotype.19 Another studied a single patient with a
bicuspid valve but did not compare results across valve
phenotypes.17 Others did not include an anatomical
aorta38,40 or model leaflet motion.34,57

Experimental studies on adult patients with bicuspid
aortic valves based on 4D MRI have shown that
hemodynamics, specifically wall shear stress, are asso-
ciated with aortopathy. One study showed that regions
of elevated local wall shear stress are associated with
dilation growth rate.23 Another study in patients with
advanced, operable, aortopathy showed that locally
elevated wall shear stress was associated with elastin
degradation and extracellular matrix dysregulation.24

One simulation study showed substantial changes in
quantities derived from hemodynamics in a patient
with a bicuspid valve and ascending aortic aneursym,13

and one study combining simulation and experiment
suggested links between hemodynamics and aneurysm
growth.28 These studies, however, were conducted after
somatic growth and possible pathological remodeling
had occurred over the patients’ lifetimes, and thus are
subject to the confounding factors discussed above.

In this work, we use computational modeling and
fluid–structure interaction (FSI) simulations to compare
the hemodynamics of tricuspid and all common variants
of bicuspid aortic valves and its relationship to aortic
dilation. Our simulation setup serves to remove con-
founding factors discussed above that are necessarily
present in studies based on medical imaging of adult
patients with bicuspid valves. The aortic geometry is pa-
tient-specific, modeled from the CT scan of an adult pa-
tient with a normal tricuspid aortic valve and aortic
geometry. By using a single geometry, we isolate the
hemodynamic effects caused by changes in valve mor-
phology prior to the onset of remodeling.A fully-passive,

elastic, fiber-based model aortic valve is incorporated,
which proved highly robust in previous FSI studies32 and
has been validated by direct comparisons to experimental
data.31 Four models were constructed: a healthy, normal
tricuspid valve, and three bicuspid valve morphologies: a
bicuspid valve with LC/RC fusion, RC/NC fusion and
NC/LC fusion. All models have the same geometry and
material properties, barring cusp fusion,which ismodeled
by mathematically forcing points along the free edge of
the leaflets to coincide. A qualitative and quantitative
analysis of hemodynamics is presented. Connections
between hemodynamics and the physiology and etiology
of aortic dilation and aneurysm formulation are dis-
cussed. Code formodel generation and FSI simulations is
available at http://github.com/alexkaiser/heart_valves.
To our knowledge, this is the first systematic comparison
of hemodynamics in a patient-specificmodel generatedby
a normal tricuspid valve compared to all common bicus-
pid valve variants, keeping all other conditions fixed.

METHODS

We discuss construction of the model valve in
‘‘Construction of the Model Aortic Valve’’ section,
image segmentation and creation of the model aorta in
‘‘Construction of the Model Aorta’’ section, FSI and
simulation setup in ‘‘Fluid-Structure Interaction’’ sec-
tion, and integral metrics for flow analysis in ‘‘Integral
Metrics’’ section.

Construction of the Model Aortic Valve

The model aortic valves were constructed using a
design-based approach to elasticity, as previously
introduced in Reference 32. We specified that the
tension in the leaflets must support a pressure, then
derived an associated system of partial differential
equations. The solution of this system specified the
loaded model geometry and tensions needed to support
the specified pressure load. Using this information, a
reference configuration and constitutive law were
derived. This configuration automatically included
local fiber structure and heterogeneous material
properties that would be challenging to measure
experimentally. By tuning free parameters in these
differential equations, this construction allowed us to
design a model that is consistent with known anatomy
and material properties. This method was previously
applied to create realistic and effective mitral valve
models for FSI simulations.29,30

We created four model aortic valves. The first is
trileaflet and serves as a control, and is identical to the
model derived in Reference 32. Three are bicuspid,
representing LC/RC,RC/NC andNC/LC fusion. Aside
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from fusion at the free edge, all four models have iden-
tical material properties and leaflet reference geometry.

We represented the valve leaflets as an unknown

parametric surface in R3,

Xðu; vÞ : X � R2 ! R3: ð1Þ

The parametrization was assumed to conform to the
fiber and cross fiber directions, meaning that curves of
constant v ran circumferentially in the leaflets and
curves of constant u ran radially. Let subscripts denote
partial derivatives. The unit tangents in the circumfer-
ential and radial directions in the leaflets were defined as

Xu

jXuj
and

Xv

jXvj
: ð2Þ

The leaflet exerted tensions S and T in the circumfer-
ential and radial directions, respectively. Shear ten-
sions were assumed to be identically zero. Let p denote
the pressure supported by the leaflets. Consider the
equilibrium of pressure and tension on an arbitrary
patch of leaflet corresponding to ½u1; u2� � ½v1; v2�. This
dictated that tension integrated over on the boundary
of the leaflet and pressure integrated with respect to
area sum to zero, or

0 ¼
Z v2

v1

Z u2

u1

p Xuðu; vÞ � Xvðu; vÞð Þdudv

þ
Z v2

v1

Sðu2; vÞ
Xuðu2; vÞ
jXuðu2; vÞj

� Sðu1; vÞ
Xuðu1; vÞ
jXuðu1; vÞj

� �
dv

þ
Z u2

u1

Tðu; v2Þ
Xvðu; v2Þ
jXvðu; v2Þj

� Tðu; v1Þ
Xvðu; v1Þ
jXvðu; v1Þj

� �
du:

ð3Þ

We then applied the fundamental theorem of calculus,
differentiating and integrating to convert tensions
integrated on the boundary of the patch to derivatives
of tension integrated on the entire patch. The order of
integration was swapped formally and the integrals
were combined to obtain

0 ¼
Z v2

v1

Z u2

u1

�
pðXu � XvÞ

þ @

@u
S

Xu

jXuj

� �
þ @

@v
T

Xv

jXvj

� ��
dudv:

ð4Þ

Since the patch of leaflet is arbitrary, the integrals can be
dropped. This process gave the following system of par-
tial differential equations for equilibrium of the leaflets:

0 ¼ pðXu � XvÞ þ
@

@u
S

Xu

jXuj

� �
þ @

@v
T

Xv

jXvj

� �
: ð5Þ

The system of equations (5) has three components and
five unknowns, and so is not closed. To close it, we
temporarily specified that

Sðu; vÞ ¼ a 1� 1

1þ jXuj2=a2

 !
;

Tðu; vÞ ¼ b 1� 1

1þ jXvj2=b2

 !
:

ð6Þ

The values a; b; a; b are tunable free parameters that
are not required to be constants. The parameters a;b
specify the maximum tension that each fiber can
achieve. The parameters a, b can be tuned to influence
spacing of fibers and achieve realistic gross morphol-
ogy in the closed configuration of the valve.
The equations (6) are not meant to represent a physical
constitutive law, rather they provided a way to arrive
at a closed configuration for the valve and the
heterogeneous tensions it supported in its loaded state
without specifying either a reference configuration or
physical constitutive law. Based on preliminary
experiments in prior work,30 we expect the leaflet
geometry to be fairly insensitive to the specific func-
tional form of Eq. (6), and that other smooth functions
varying from zero to the maximum allowed tension
would work similarly. The emergent leaflet geometry,
however, depends strongly on the selected coefficients.

Incorporating the tensions (6), the system of equi-
librium equations (5) was discretized with centered fi-

nite differences. Let Xj;k denote an arbitrary node in
the discretized leaflets. The nonlinear system of equa-
tions that corresponded to this node was given

0 ¼ p
ðXjþ1;k � Xj�1;kÞ

2Du
� ðXj;kþ1 � Xj;k�1Þ

2Dv

� �

þ a
Du

1� 1

1þ jXjþ1;k � Xj;kj2

a2ðDuÞ2

0
BBB@

1
CCCA

Xjþ1;k � Xj;k

jXjþ1;k � Xj;kj

� a
Du

1� 1

1þ jXj;k � Xj�1;kj2

a2ðDuÞ2

0
BBB@

1
CCCA

Xj;k � Xj�1;k

jXj;k � Xj�1;kj

þ b
Dv

1� 1

1þ jXj;kþ1 � Xj;kj2

b2ðDvÞ2

0
BBB@

1
CCCA

Xj;kþ1 � Xj;k

jXj;kþ1 � Xj;kj

� b
Dv

1� 1

1þ jXj;k � Xj;k�1j2

b2ðDvÞ2

0
BBB@

1
CCCA

Xj;k � Xj;k�1

jXj;k � Xj;k�1j
:

ð7Þ
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The annulus and commissure positions were prescribed
as Dirichlet boundary conditions. The free edges were
treated with homogeneous Neumann (zero tension)
boundary conditions. The nonlinear system of equa-
tions was solved with Newton’s method with line
search.

Next, we used the solution to Eq. (5), which repre-
sents the closed, loaded configuration of the valve, to
specify a reference configuration and constitutive law.
We prescribed uniform, experimentally measured cir-
cumferential strains of Eu = 0.15 and radial strains of
Ev = 0.54 radially.55 (In-membrane shear strain was
not reported in Reference 55. We do not include it here
nor expect it to contribute substantially were it to be
included.) The equation E ¼ L=R� 1 was solved for
the reference length R, where E denotes engineering
strain and L is the current length. (Note that stretch
ratio, L/R, could be used and is equivalent; use of
engineering strains is not meant to denote that defor-
mations are small.) The tension/strain relation for each
link was taken to be exponential through the origin
with exponential rates of 57.46 circumferentially and
22.40 radially.41 We solved for the stiffness coefficient
j in the equation

t ¼ jðekE � 1Þ ð8Þ

to scale stiffness for each link to match tension t at the
relevant strain E.

This process produces material properties that are
comparable to those measured in in vitro testing. The
tension in the solution to Eq. (5) is heterogeneous, so
each link in the model has its own stiffness coefficient.
This process thus created heterogeneous material
properties. We estimated the tangent modulus at the
loaded circumferential strains of Eu and radial strains
of Ev, and compared to an experimental study on
human data that tested a small patch on the central or
belly region of the leaflet.45 The circumferential tan-
gent modulus has minimum, maximum and mean

values of 6:6� 107, 1:7� 109 and 1:4� 108 dynes/cm2,
respectively, compared to an experimental estimate of

9:9� 1:8� 107 dynes/cm2:45 The radial tangent mod-
ulus has minimum, maximum and mean values of

2:4� 105, 3:2� 107 and 5:7� 106 dynes/cm2, respec-

tively, compared to an experimental estimate of 2:3�
0:4� 107 dynes/cm2:45 At the belly of the leaflet, we

estimated the pointwise tangent modulus to be 9:4�
107 dynes/cm2 circumferentially and 8:5� 106 dynes/

cm2 radially. Thus, at the belly of the leaflet, our model
has circumferential tangent modulus that agrees with
this experiment to within standard error. Further,
along the midline of the leaflet, the radial tangent

modulus varies from a maximum of 3:0� 107 dynes/

cm2 at the attachment of the leaflet and annulus to a

minimum of 4:0� 105 dynes/cm2 at the free edge. The
radial stiffness of our model on the centerline varies
from just above their experimentally reported range at
the annulus, through the range for a portion of leaflet,
then is lower at the free edge, where the leaflet is ex-
pected to be more compliant radially. Thus, the tan-
gent moduli in our model agree with measured data in
certain specific, relevant locations. However, the tan-
gent moduli are heterogenous and thus not equal
everywhere. Studies have found substantial variety in
the material properties of leaflet tissue, especially near
the commissures.9 We observe local increases in the
circumferential tangent modulus near the commissures
(see Reference 30), which explains slightly elevated
mean values compared to those of Reference 45.

The resulting fiber orientations, which run circum-
ferentially, are comparable to experimental data,
especially in the belly region of the leaflet, as discussed
further in Reference 30. The model exerts tension only
in the circumferential and radial directions, and we do
not include in-plane coupling terms. We are aware of
little data that addresses the material response to in-
plane shear, but one study showed that the changes to
the closing kinematics of the leaflet were minimal with
or without such terms on a similar material model.25 In
future work, these radial and circumferential tensions
and strains could be fit to a variety of constitutive laws
including those with in-plane coupling or other general
hyperelastic laws. One minor limitation of these mod-
els is that they lack bending rigidity (beyond what
emerges from the thickening process described below),
and hence may not capture fluttering behavior in the
leaflets accurately. We do not alter material properties
in the bicuspid leaflets from those of the tricuspid case,
as to avoid confounding factors associated with
pathological remodeling of bicuspid valves and further
isolate the effects of changes to leaflet geometry alone.
Thus, the material properties prescribed and derived
for our model agree with experimental data in terms of
tangent modulus, shape of the tension/strain curves
and fiber orientation.

To obtain initial conditions for FSI, we solved for
open configurations of the tri- and bicuspid valve as
follows. Using this newly generated constitutive law
for tensions, we again solved the generic equations of
equilibrium (5) with zero pressure. The positions of the
free edges were prescribed as a Dirichlet boundary
condition to ensure an open configuration. Evenly
spaced points were computed on a chord between the
two commissure points on either side of this leaflet.
Each free edge point was placed on a line between the
annulus and the corresponding point on the chord.
The distance from the annulus was set to be the total
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reference length in the radial direction associated with
this radially-oriented curve multiplied by Ev, the radial
strain in the predicted loaded configuration. This dis-
tance reduced overall residual tension in the leaflets
compared to putting the points directly on the chord or
at the rest length from the annulus. To construct a
bicuspid valve, two leaflets were prescribed to coincide
exactly on half of their free edges. For the fused half of
the leaflets, the point was determined to lie at the ref-
erence length circumferentially from the commissure,
and at the reference length multiplied by Ev from each
corresponding point on the annulus. The free half of
the fused leaflets was set with a spline interpolant from
the center point to the relevant commissure. The third
leaflet, which has no fusion, is set identically to the
tricuspid case. This process created a raphe in the
center of the fused cusps. The reference configuration
and constitutive law of the bicuspid valve are identical
to those of the tricuspid valve; the models differ only in
their initial configuration and coinciding points on the
free edge. For all models, this process produced an
initial configuration that is not the reference configu-
ration; thus the initial condition included pre-strain
and residual tension. Further, a configuration that is
tension-free may not exist. Experiments have shown
that the aortic valve has pre-strain and residual tension
throughout the cardiac cycle, including when the valve
is open, both in vitro55 and in vivo.1 The resultant
configurations are shown in Fig. 1. Until this point we
worked with a zero-thickness membrane and mem-
brane tensions; next we thickened the model to a
physiological thickness of 0.044 cm.47 Two additional
layers were placed normal to the membrane, and
membrane stiffnesses were divided by three to obtain
the relevant stiffness for each layer. Linear springs
attached the layers together in the normal directions;
these prevent the leaflets from separating from each
other. Their stiffnesses were tuned empirically such
that the layers undergo minimal movement from each
other without causing further time step restrictions.
This also served to mitigate the ‘‘grid-aligned artifact’’
that occurs with pressure discontinuities across thin,
tensioned membranes in the IB method.29,30

Construction of the Model Aorta

Image segmentations to construct a patient-specific
model aortic geometry were constructed from CT scan
data using SimVascular.35 The patient was a 50 year
old male with no known complications in the aorta or
aortic valve. A pathline for the approximate centerline
of the vessel was created. Two-dimensional contours
were segmented manually on slice views normal to the
pathline. These contours were then lofted into a sur-
face, and a triangular mesh of this surface was ex-

ported. The aorta model was held in an approximately
constant position with target points and linear springs
on each edge of the triangular mesh (Sect. 2.3).
Keeping the aorta approximately rigid serves to further
isolate the effects of changes to valve morphology
alone, because in the bicuspid cases it is unclear whe-
ther to use healthy material properties to remove ef-
fects of material property changes due to disease, or
material properties from adult bicuspid patients, which
potentially be influenced by pathological remodeling.
Because the fluid domain was a Cartesian box, flow
extenders of length 1 cm were added to the inlets and
outlets. This ensured that the normal to the vessel was
aligned with the normal to the fluid domain at the inlet
and outlet. An interpolant connected the aorta from
immediately below the aortic annulus to the flow
extender at the edge of the fluid domain. As with the
valve, two additional layers were added by extruding
the model in the normal direction at one and two times
the structure mesh width, or 0.025 and 0.05 cm.

We positioned the valve manually in the aorta
model as follows. We imported the aorta geometry into
Paraview,[2] then applied the slice operator and inter-
actively manipulated its position to determine the
origin and normal of the minimum plane of the
annulus. A rigid body rotation and translation were
applied to align the axis and origin of the valve with
the axis and normal of the minimum annulus plane.
We applied an additional rotation, computed by trial
and error, around the axis of the valve to ensure that
the commissures align with the aortic sinus. The model
has exactly a 120� angle between each of the commis-
sures, and this aligned well with the patient’s aortic
sinus after segmentation. Expert clinicians confirmed
the anatomical accuracy of this placement by visual
inspection of the models.

FIGURE 1. The tricuspid (left) and bicuspid (right) aortic
valve. This configuration is used to create initial conditions
for FSI simulations.
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Fluid–Structure Interaction

Simulations were run using the immersed boundary
(IB) method for FSI.44 In the IB method, fluid quan-
tities are represented with respect to the lab or Eulerian
frame. Structure quantities, such as the aorta and
valve, are represented with respect to a material or
Lagrangian frame. The fluid occupies the entire do-
main of interest. The structure occupies some subset of
this domain and is treated as neutrally buoyant,
meaning that it has no additional mass beyond the
mass of the local fluid. The two frames are coupled via
convolutions with the Dirac-d function, as described
below. The structure influences the fluid through a
body force computed via these convolutions, which is
one distinctive feature of the IB method.

The fluid velocity and pressure are denoted u; p
respectively. The Eulerian frame force f represents
force exerted by the structure onto the fluid. These
functions take arguments of fixed spatial position x

and time t. The constants q and l denote fluid density
and dynamic viscosity. Let Xðs; tÞ denote the current
configuration of the structure, where s labels a material
point. The Lagrangian frame force F denotes the force
exerted by the structure in the Lagrangian frame. (We
previously used u, v to label material points, but switch
to s to avoid confusion with fluid velocity here.) The
Dirac delta function is denoted as d.

The governing equations of the IB method are

q

�
@uðx; tÞ

@t
þ uðx; tÞ � ruðx; tÞ

�

¼ �rpðx; tÞ þ lDuðx; tÞ þ fðx; tÞ;
ð9Þ

r � uðx; tÞ ¼ 0; ð10Þ

Fð�; tÞ ¼ FðXð�; tÞÞ; ð11Þ

@Xðs; tÞ
@t

¼ uðXðs; tÞ; tÞ

¼
Z

uðx; tÞdðx� Xðs; tÞÞ dx;
ð12Þ

fðx; tÞ ¼
Z

Fðs; tÞdðx� Xðs; tÞÞ ds: ð13Þ

Equations (9) and (10) are the Navier–Stokes equa-
tions for conservation of momentum and volume of an
incompressible Newtonian fluid, plus the Eulerian
frame force f. Equation (11) is a mapping from the
configuration of the structure to the force it exerts on
the fluid. The omitted argument indicates that the
mapping F takes the entire configuration of the
structure at time t and produces the Lagrangian frame
force F. Equations (12) and (13) are interaction equa-

tions that couple the fluid and structure. The interpo-
lation equation (12) specifies that the structure moves
at the local fluid velocity. The force spreading equation
(13) determines the Eulerian frame force f from the
Lagrangian frame force F.

Simulations were conducted with the software li-
brary IBAMR (Immersed Boundary Adaptive Mesh
Refinement) using a staggered Cartesian grid for the
fluid.21,22 Simulations were run for three cardiac cycles
at 75 beats per minute, or 0.8 s per beat. The fluid

density and viscosity were set to q ¼ 1:0 g/cm3 and
0.04 Poise, respectively. The velocity was initialized to
zero and the simulation began at early diastole. The
second and third cardiac cycles appeared qualitatively
similar in all simulations and sufficient to wash out
initialization effects; no further cycles were run due to
computational expense and similarity of further cycles
in previous validation tests. Simulations were run on
Stanford University’s Sherlock cluster on 48 Intel
Xeon Gold 5118 cores across two nodes with a 2.30
GHz clock speed.

The fluid mesh width was set to Dx ¼ 0:05 cm. The
fluid domain was taken to be 7:2� 4:8� 11:2 cm,
corresponding to 144� 96� 224 points. The structure
mesh width was targeted to half that of the fluid mesh
width, or Ds ¼ Dx=2 ¼ 0:025 cm. The lengths of indi-
vidual links were determined as described in Sect. 2.1
and evolved according to the FSI dynamics. A scaffold
was placed around the valve to ensure that there are no
holes between the model valve and aorta. The aorta,
scaffold and the annular edge of the leaflets were held
in place by target points, a penalty method that
approximately enforces a fixed position. For a point X
and its desired location Xtarget, this is a force of the

form F ¼ �kðX� XtargetÞ, representing a linear spring

of zero rest length connecting the current and desired

positions with k ¼ 5:8� 104 dynes/cm. A 5-point dis-
crete d function was used.4 At the outlet, open-
boundary stabilization was applied with penalty coef-

ficient g ¼ q=ð4DtÞ dynes s/cm4:8 Open boundary sta-
bilization was necessary to prevent spurious, non-
physical flows from emerging from the intersection of
the aortic domain with the boundary of the fluid do-
main. At the inlet, a flow-averaging force f ¼ �gðu�
�u; v;wÞ was applied, where the x direction is normal to
the inlet and �u is the mean inflow and g ¼ q=ð4DtÞ
dynes s/cm4. This approximately enforced a uniform or
plug profile to the inflow. Empirically, this was nec-
essary to avoid numerical instabilities in the form of
rapidly increasing spurious flows at the boundary of
the aortic inlet. This was the only stabilization applied
at the inlet, but in the even of a local flow reversal, this
stabilization applies a similar force to that of open
boundary stabilization. Outside of the aorta, a force
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f ¼ �gu was applied to damp flow to zero with g ¼
q=ð4DtÞ dynes/cm4. In the first 0.1 s, this force was
applied on the entire domain to damp out initial
transients associated with residual stress in the initial
conditions.

Pressure boundary conditions created a pressure
gradient across the valve and aorta to drive the simu-
lations. (Here the term ‘‘pressure gradient’’ denotes the
difference in two local values of pressure in mmHg, as
is standard in clinical literature.) To prescribe the
pressure boundary conditions, we prescribed zero
tangential slip and applied a normal traction with va-
lue equal to the negative of the desired pressure.
Applying the incompressibility constraint, zero tan-
gential slip implies that this normal traction is then
equal to the pressure locally. We targeted aortic sys-
tolic, diastolic and mean pressures of 120, 80 and 96
mmHg respectively and a flow rate of 5.6 L/min. The
aortic pressure was initialized to be equal to the initial
ventricular pressure of 23 mmHg at t ¼ 0 s, meaning
that the initial pressure gradient was zero. The aortic
pressure then ramped linearly to 94 mmHg at t ¼ 0:1 s.
For the remainder of the simulation, the pressure at
the aorta side outlet was determined by an RCR
lumped parameter network.33 The total resistance was
computed as the ratio of the targeted mean pressure
over the targeted mean flow. The ratio of the distal to
proximal resistors was set to 0.064.37 Capacitance was
set using an exponential exact solution to the govern-
ing differential equations in the case of assumed zero
flow in diastole. This procedure gave values of proxi-

mal resistance of Rp ¼ 83:67 s dynes cm�5, distal

resistance of Rd ¼ 1287:65 s dynes cm�5 and capaci-

tance of C ¼ 0:0017 dynes�1 cm5. The pressure on the
left ventricular side was prescribed based on experi-
mental measurements.56 During peak systole, a pres-
sure loss was observed across the location of the flow
averaging force, which removes energy from the flow
locally. Thus, we added 15 mmHg to the systolic
pressure upstream of the flow extender to obtain the
desired physiological ventricular systolic pressure of
120–130 mmHg immediately proximal to the valve. In
results, we report ventricular pressures taken from the
pointwise fluid pressure proximal to the valve and
downstream of the flow extender. Outside of the aorta,
no slip boundary conditions were prescribed on faces
that include the inlet and outlet, keeping these struc-
tures stationary through the simulation. Zero pressure
boundary conditions were prescribed on all other fa-
ces.

To validate these methods, we conducted a physical
experiment with a 3D-printed vascular geometry and

prosthetic aortic valve and measured its flow field via
4D MRI, then, with the same methods used in this
work, simulated the physical experiment.31 We
achieved excellent qualitative agreement on the
hemodynamics and valve kinematics between simula-

tion and experiment. We computed the L1 relative er-
ror of streamwise velocity and velocity magnitude on
the entire flow domain and relevant two-dimensional
slices, and achieved reasonable qualitative agreement
of order 30% during forward flow on all quantities.
Other studies on flows through heart valves have per-
formed qualitative comparisons or quantitative vali-
dation of leaflet kinematics, but we not are aware of
previous studies have directly compared the three-di-
mensional velocity fields and achieved agreement in
relative error. We also compared varying levels of
resolution for the bicuspid aortic simulations shown in
the current paper, which produced qualitatively and
quantitatively similar results (see ‘‘Appendix’’). Thus,
we consider the hemodynamics that result from our
method to be well-validated, and these comparisons
ensure that downstream hemodynamics shown in this
work are realistic.

Integral Metrics

To quantify the nature of the flows, we computed a
number of integral metrics on two-dimensional cross
sections of the flow. These metrics were previously
used to study flow in the lungs3 and through the pul-
monary valve.50 The two-dimensional cross sections
are denoted S1;S2; . . . ;S5, numbered streamwise, and
located at the aortic annulus, the sinotubular junction
and three additional cross sections in the ascending
aorta.

The metric I1 represents the nondimensional
streamwise momentum flux and is given as

I1 ¼
1

U2
TA

ZZ
Sk

ðu � nÞ2 dA
� �1=2

¼ u � n
UTA1=2

����
����
L2ðSkÞ

;

ð14Þ

where A is the area of the cross section, UT is a con-
stant velocity scale, and n is the unit normal to the

cross section. This is the L2 norm of the normal
component of velocity, made non-dimensional by
inclusion of the velocity scale and area. In the case of a
constant or plug velocity profile with velocity equal to
UT, the velocity scale, I1 ¼ 1.

The metric I2 represents secondary or tangential
flow strength and is given as
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I2 ¼
1

U2
TA

ZZ
Sk

ku� ðu � nÞnk22 dA
� �1=2

¼ u� ðu � nÞn
UTA1=2

����
����
L2ðSkÞ

:

ð15Þ

Similarly, this is the L2 norm of the tangential com-
ponent of velocity on the cross section, nondimen-
sionalized by the inclusion of the velocity scale and
area.

For both I1 and I2, the velocity scale was set to the
spatial average of the maximum instantaneous flow
rate,

UT ¼ max
t2½0;2:4�

1

A

ZZ
Sk

uðx; tÞ � nð Þ dA
� �

; ð16Þ

where we explicitly notate the space and time variables
for clarity. This value was computed for each case
individually.

Finally, we compute IR, the fraction of reverse flow
on the slice. The indicator or characteristic function of
the set on which flow moves in the reverse direction is
defined as

Ifu�n<0gðxÞ ¼
1 : u � n<0;

0 : u � n 	 0;

�
ð17Þ

and the metric is defined as

IR ¼ 1

A

ZZ
Sk

Ifu�n<0gðxÞ dA: ð18Þ

This value represents the portion of cross sectional
area in which flow moves towards the left ventricle,
rather than up the aorta.

To evaluate the flow fields and integrals on the se-
lected cross sections, the flow field was first restricted
to the interior to the aorta model using PyVista.52

Using Paraview filters,2 data were projected to the
normal and tangential components using Gram Sch-
midt orthogonalization, two dimensional slices were
extracted from these data, then integrated.

RESULTS

Hemodynamics

Simulations were run with a tricuspid valve and
three bicuspid bicuspid valves: LC/RC fusion, RC/NC
fusion and NC/LC fusion. In all four cases, the simu-
lated valves functioned as expected over multiple car-
diac cycles, opening to allow forward flow and closing
under back pressure. The flow fields and forward jets
showed substantial differences between all cases.
Visualizations of velocity are shown in Fig. 2, depicting
the vertical component of velocity on a slice through

the annulus, and the normal component of velocity on
fives slices approximately normal to the local axis.
These slices are located the aortic annulus, the sino-
tubular junction, and three locations in the ascending
aorta (numbered 1; . . . ; 5 streamwise). Movies of these
flows are included in the supplemental information.
Vector plots of the tangential component of velocity
are shown in Fig. 3, which illustrate the locations and
orientation of secondary flows.

In the tricuspid case, the flow appeared plug-like
immediately after opening. As the flow accelerated
during peak systole, a jet developed through the center
of the valve orifice, then separated slightly from the
inner wall at mid systole. At peak and mid systole,
there were regions of slight recirculation back towards
the valve orifice. We refer to the outer side of the aorta
with greater radius of curvature, also called the con-
vexity, as the greater curvature and the inner side with
lesser radius of curvature, also called the concavity, as
the lesser curvature. As the valve began to close, the jet
velocity decreased and the flow reversed along the
lesser curvature first, where the flow was already
decelerating due to the jet angle towards the greater
curvature.

In each of the bicuspid cases, the valve orifice was
far narrower than in the tricuspid case, and a more
complex flow pattern with greater recirculation oc-
curred. Due to the orifice orientation, the jet developed
in close approximation to the vessel wall, in contrast to
the tricuspid case where the jet remained approxi-
mately centered in the vessel lumen. This difference in
location and increased jet intensity produced substan-
tially different flow features in all four cases.

In the bicuspid case with LC/RC fusion, the valve
orifice was oriented along the greater curvature. At
peak systole, a concentrated jet developed immediately
distal to the valve orifice and remained adherent to the
greater curvature. As the jet progressed downstream, it
spread along the greater curvature normal to the flow
direction while maintaining intensity. There was a re-
gion of reverse flow distal to the fused LC and RC
leaflets. The strongest reverse flows were present at
peak systole, generating recirculation in the vertical
component of velocity (Fig. 2). Downstream of the
aortic sinus, lower velocity fluid moved away from the
center of the jet along the vessel wall towards the lesser
curvature. This generated a counter-rotating vortex
pair at peak systole in the middle of the ascending
aorta, which began to shift and lose strength as the jet
spread along the greater curvature at mid systole
(Fig. 3). This vortex pair structure (slices 3 and 4)
persisted with an additional secondary flow rotating
counterclockwise that extended along almost the entire
circumference of aorta. Further downstream (slice 5),
the larger counterclockwise rotation had formed into a
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FIGURE 2. (a) Flows through four model aortic valves showing, from left to right: a tricuspid, bicuspid valve with LC/RC fusion,
bicuspid valve with RC/NC fusion, and bicuspid valve with NC/LC fusion. For each model we show the vertical component of
velocity and the velocity normal to five selected slices. The frames shown correspond to, from top to bottom, early systole, peak
systole, mid systole and early diastole. (b) Valves viewed from above at mid systole.
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vortex and the counter-rotating vortex pair did not
form.

In the bicuspid case with RC/NC fusion, the valve
orifice was oriented along the lesser curvature, and
correspondingly at the sinotubular junction, the jet was
centered along the lesser curvature. As the flow prop-

agated, the jet traveled along the wall from the lesser
curvature to the greater curvature and began to spread.
Further downstream (slice 5), there is reverse flow at
the lesser curvature of the aorta, directly distal of the
valve orifice. The forward flow extended into the center
of the vessel, especially at mid systole, separating from

noisufCR/CLdipsucirt

noisufCL/CNnoisufCN/CR

FIGURE 3. Vector plots of the tangential component of velocity at mid systole (t ¼ 2:271 s). Normal velocity is shown in the
background with the same velocity scale as in Fig. 2. Each panel shows slice views as oriented in the aorta and the same slices
projected onto a two dimensional plane.
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the wall more than in the LC/RC fusion case. Strong
secondary flows accompanied the movement of the jet.
An asymmetric counter-rotating vortex pair was gen-
erated that was eventually subsumed by a counter-
clockwise rotation around the vessel wall.

With NC/LC fusion, the valve orifice was oriented
along the greater curvature. The streamwise flow be-
haved similarly to the LC/RC fusion case. The jet was
concentrated immediately downstream of the valve
orifice and then spread as flow progressed through the
aorta, with reverse flow distal to the fused leaflets. The
secondary flows have rotation along the vessel wall
that traveled clockwise, particularly in the ascending
aorta, and no distinct counter-rotating vortex pair
appeared. Therefore, the secondary flows are sub-
stantially different from the two other bicuspid cases.

Thus, in all cases, the jet ultimately traveled towards
the greater curvature of the aorta. The LC/RC and
RC/NC fusion cases generated a counterclockwise
rotation, whereas the NC/LC case generated a clock-
wise rotation. In addition, RC/NC fusion produced
more substantial rotating flow, as the jet traveled from
the lesser to greater curvature.

Pressure and flow waveforms for the tricuspid and
LC/RC fusion cases are shown in Fig. 4. The second
and third cardiac cycles are shown; the first cardiac
cycle contains initialization effects and is omitted. The
aortic pressure decreased gradually through diastole,
while the ventricular pressure remained low. Next, the

ventricular pressure increased as systole began. A
transient forward pressure gradient across the valve
occurred, with peak values as high as 16.3 mmHg.
Then, the pressure gradient decreased, leaving minimal
pressure gradient across the valve. At times, the pres-
sures even crossed, while forward flow continued due
to inertia. Thus, the model valve offered minimal
resistance to flow. When the ventricular pressure began
to drop, a prominent dicrotic notch occurred in the
aortic pressure, followed by an oscillation associated
with valve closure. This oscillation is similar to that
seen in experimental pressure traces36,51 and is caused
by a sudden pressure loading of the elastic valve. The
simulation oscillation has possibly higher amplitude
and longer duration due to the rigidity in the model
aorta than those of experiments, but noise and sam-
pling rates in experimental traces makes this difficult to
assess. An oscillation also occurs in the ventricular
pressure immediately following valve closure, again
due to sudden pressure loading on the valve (recall that
the ventricular pressure reported is the pointwise fluid
pressure immediately proximal to the valve). The cycle
then repeated, with pressure gradually decreasing
through diastole. On the third cycle, trace regurgita-
tion occurred and a corresponding lack of smoothness
is seen in the pressure curve.

The flow waveform showed a flow rate of approxi-
mately zero during diastole, as expected. At the
beginning of systole, the flow rate increased rapidly
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FIGURE 4. Flow rates and pressures through the tricuspid aortic valve (left) and the bicuspid valve with LC/RC fusion (right). In
the tricuspid case, a negligible pressure gradient occurs across the valve during forward flow. In the bicuspid case, a substantial
pressure gradient across the valve occurs during systole, indicative of aortic stenosis.
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under the transient forward pressure gradient. Next,
the ventricular pressure began to fall below the aortic
pressure, the flow rate decreased and subsequently
became negative. An oscillation was seen in the flow
rate that then decayed and was followed by a flow rate
of approximately zero for the remainder of diastole. A
similar oscillation occurs in experimental measure-
ments of flow rate, though the simulation oscillation is
of possibly longer duration due to rigidity in the model
aorta, as in the oscillation in pressure.36,51 The cycle
then repeated. The cumulative flow had an average
value of 75.24 mL/cycle, or 5.64 L/min, corresponding
to the nominal cardiac output of 5.6 L/min. The peak
flow rate was Qmax = 522.2 mL/s. We estimate the
peak Reynolds number as qðQmax=AÞ2r=l 
 6600,

where r ¼ 1:25 cm is the valve radius and A ¼ pr2 is
the annulus area.

With LC/RC fusion, a forward pressure gradient
across the domain was sustained through systole, with
peak pressure gradient of 30.6 mmHg and sustained
pressure gradients over 18 mmHg. These pressure
gradients represent clinically significant, stage B, pro-
gressive, mild-to-moderate aortic stenosis.42 This
model does not include calcification or other material
property changes. The stenosis, therefore, was exclu-
sively caused by fusion of the free edges. The occur-
rence of stenosis is in stark contrast to the tricuspid
case, in which a near zero pressure gradient occurs
throughout forward flow, as expected for normal
aortic valve morphology.

The bicuspid flow cases had lower forward flow
during systole, with a cumulative flow rate of 56.90
mL/cycle, or 4.27 L/min. Thus, without any changes to
boundary conditions or modeling any compensatory
measures in the circulatory system, the stenosis asso-
ciated with the bicuspid valves resulted in a loss of
about 1.37 L/min (or 24%) of cardiac output. The
valve sealed reliably for all three cycles. Pressure and
flow rates for the RC/NC and NC/LC fusion cases are
similar to those of the LC/RC fusion case.

Line plots of velocity for all cases are shown in
Fig. 5, depicting the velocity normal to the slices along
three lines through the center of each slice, enabling
direct comparison. In the tricuspid case, at the annulus
the flow was plug-like. Immediately downstream of the
valve, the center of the jet had nearly constant velocity.
Some recirculation occurred along the edge of the jet,
particularly along the greater curvature at the sino-
tubular junction (slice 2). Further downstream, trace
local reverse flow appeared, especially on the lesser
curvature. The normal velocity later became somewhat
uniform in the ascending aorta, as the wide jet spread

throughout the vessel.
For all three bicuspid valves, flow proximal to the

valve was less symmetric. Distal to the valve, this
asymmetry became pronounced. There was a localized
plug-like jet immediately distal to the valve, corre-
sponding to the unrestricted leaflet in each case. The
line plots for downstream slices capture how the jet
dispersed and spread along the outer wall in each case,
creating secondary and reverse flows.

Integral Metrics

We further analyzed the flow with three non-di-
mensional integral metrics: I1, representing the excess
streamwise momentum, Eq. (14), I2, representing sec-
ondary flow strength, Eq. (15), and IR, the fraction of
reverse flow, Eq. (18).

Figure 6 shows the integral metrics in the final 0.4 s
of simulation, including all of systole in the final cycle.
For the tricuspid case, the slices at the annulus and
immediately downstream of the valve had I1 values
greater than 1, indicating higher momentum than
uniform flow. As the flow moved downstream, the
streamwise momentum decreased, with the slices in the
ascending aorta having I1 values of approximately 1,
indicating a return to uniform flow.

For the bicuspid cases, the streamwise momentum
at slice 1, the annulus slice, is similar to the tricuspid
case throughout the cardiac cycle. At slices 2 and 3, the
streamwise momentum drastically increased, with val-
ues of I1 reaching nearly 2.5, thereafter decreasing at
slice 4 and more still at slice 5. The exception was in the
LC/RC fusion case, where I1 did not substantially
decline until slice 5, as opposed to slice 4 in the other
two bicuspid cases. Thus, higher momentum flow
persisted further downstream with LC/RC fusion.

The metric I2 represents the non-dimensional sec-
ondary flow strength and quantifies the vortices and
rotational motion seen in Fig. 3. For the tricuspid case,
aortic flow exhibited low I2 throughout the cardiac
cycle. For the bicuspid cases at slice 1, though I2 re-
mained low, its values are still greater than those of the
tricuspid case. Immediately downstream of the valve
and through the ascending aorta, I2 in the bicuspid
cases is substantially higher than in the tricuspid case.
For all three bicuspid cases, I2 was higher at slice 3
than slice 2, as vortex structures developed down-
stream. With LC/RC fusion and NC/LC fusion, I2
increased again at slice 4, indicating strong rotating
flow along the vessel wall. In the LC/RC case, the
counter-rotating vortex pairs also contributed to I2.
The value of I2 decreased at slice 5 as the jet and sec-
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ondary flow structures broke up. In RC/NC fusion, I2
is substantially higher at slices 4 and 5, as the jet moved
from the lesser to greater curvature. Thus, differences

in leaflet morphology cause higher secondary flow
strength further downstream of the valve.

At a given aortic cross section, IR defines the frac-
tion of area in which flow moves in the reverse direc-
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FIGURE 5. Line plots of the normal component of velocity at mid systole (t ¼ 2:271 s). The blue, black and red lines are aligned at
the annulus with center of the non-coronary, left-coronary, right-coronary leaflets, respectively. Normal velocity is shown with the
same scale as in Fig. 2.
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tion. During systole, the tricuspid case generally had
low amounts of reverse flow. Notably, there is the most
reverse flow at the sinotubular junction (slice 2). As the
flow decelerated into early diastole, the value of IR
increased to nearly one.

For all bicuspid cases, IR>0:5 was seen in slice 2 at
early systole. Since the jet was localized to the area
above the freely moving cusp in each case, there was
more area for reverse flow to develop and flow back
towards the fused cusps. This reverse flow generated
large areas of recirculation in the aorta (Fig. 2). The
value of IR remained above 0.3 for almost the entirely
of systole in all three bicuspid cases. The time at which

each slice first experienced a high percentage of reverse
flow increased monotonically downstream, illustrating
that reverse flow was not generated until the jet
reached that slice.

DISCUSSION AND CONCLUSIONS

Using newly developed models of the aortic valve,
we simulated flows through four aortic valves: tricus-
pid and bicuspid with LC/RC, RC/NC and NC/LC
fusion. By using a single patient-specific aortic geom-
etry, we isolated the effects of valve morphology on
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FIGURE 6. Integral metrics I1, non-dimensional excess streamwise momentum (top row), I2, secondary flow strength (middle row)
and IR, reverse flow fraction (bottom row). Numbering of the slice views is shown in the legend. The times t ¼ 2:1;2:2 and 2.4 s
approximately correspond to end diastole, peak systole, and early diastole in the next cycle, respectively.
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hemodynamics for systematic comparison. Flows and
pressures showed substantial differences between the
tricuspid and bicuspid cases. The flows in the bicuspid
cases were less uniform than in the tricuspid case, with
narrower valve orifices producing an eccentric,
localized jet. Aortic stenosis occurred in all bicuspid
cases due to fusion of the free edges, without any
changes in tissue material model. The bicuspid cases
have more streamwise momentum (I1), secondary flow
strength (I2), and greater reverse flow (IR) compared to
the tricuspid case. In all the bicuspid cases, qualitative
inspection of the flow field and large values of I1 sug-
gest locally elevated axial wall shear stress at the
locations where the jets impact the walls, though we
cannot accurately compute wall shear stress directly
using our current methods. Similarly, large values of I2
suggest elevated circumferential wall shear stress.

Differences in hemodynamics were also prominent
among the bicuspid cases themselves. The LC/RC and
NC/LC cases showed concentrated high velocities
along the greater curvature of the entire ascending
aorta. In the RC/NC case, the jet moved from the
lesser curvature to greater curvature of the aorta. The
LC/RC and RC/NC cases had counterclockwise
rotating flow, whereas the NC/LC case rotated clock-
wise. The highest values of I2 occurred in the distal
ascending aorta in the RC/NC fusion case.

Vascular smooth muscle cells present in the tunica
media are a key structural component of the aorta.27,54

In a variety of aortopathies, including those associated
with bicuspid aortic valve disease, researchers have
described the fragmentation and disruption of the
medial extracellular matrix, and detachment of the
aortic smooth muscle cells from the surrounding ma-
trix components.11,27,39,43 These microstructural de-
fects are present uniformly in the aorta, fundamentally
weakening the aortic wall, allowing for dilation and
growth into an aneurysmal state.18 Studies found that
95–100% of dilation associated with bicuspid aortic
valve was asymmetric and localized to the greater
curvature and that the lesser curvature had normal
morphology.6,12 In analysis of diseased aortic tissue,
spatial asymmetry from the greater to lesser curvature
was found in smooth muscle cell apoptosis15 and ma-
trix protein expression.14 Assuming an identical genetic
predisposition to aneurysmal growth among bicuspid
variants, the presence of localized flow features may
explain the asymmetric presentation of aortic dilation
between the different bicuspid valve morphologies.
The precise mechanisms by which smooth muscle cells
respond to these hemodynamic features, however, re-

main poorly understood. Reverse and secondary flow
may also play a role, but by what mechanism is un-
clear.

Of clinical interest, in all the bicuspid cases, the jet
of forward flow is adherent to the greater curvature of
the distal ascending aorta, suggesting that this region is
exposed to higher local flow and shear stress. Further,
in LC/RC fusion, the jet is adherent to the greater
curvature immediately above the valve orifice near the
aortic root, and remains adherent throughout the
ascending aorta. In RC/NC fusion, the jet is largely
not adherent to any particular side near the root, and
settles on the greater curvature only after some dis-
tance. Estimates based on axisymmetric flow profiles
suggest that to maintain a homeostatic level of shear
stress at higher flow rates, vessels remodel to increase
radius and thickness.26 From clinical registries it is
known that dilation along the greater curvature of the
ascending aorta is associated with LC/RC fusion.54

Studies have shown that patients with LC/RC fusion
have significantly more dilation at the aortic root than
those with RC/NC fusion, but have not shown signif-
icant differences in dilation in the ascending aorta.46,48

Thus, we observe that the flow jet remained attached to
the wall at the same area in which localized, asym-
metric dilation typically occurs in patients. These cor-
respondences support the hypothesis that chronic
exposure to high velocity regions causes higher local
shear leading to local aortic dilation.

This study does have limitations, in particular the
current IB method does not allow for accurate com-
putation of shear stress on the valve leaflets or aortic
wall. The IB method allows for simulation of rapidly
deforming elastic structures without re-meshing, is
insensitive to changes in fluid-domain topology, and
eliminates the need for contact forces. In a comparison
of numerical methods for heart valve simulations,
alternatives such as the Arbitrary Lagrangian–Eulerian
method that would provide shear stress were not
effective at simulating the bulk flow fields, required
contact forces and failed to complete a full cardiac
cycle.7]Thus, the lack of shear measurements are a
worthwhile tradeoff, given the robustness of the IB
method. In future work, we seek to include mechanistic
models of growth and remodeling,53 which likely
requires a methodology that allows for computation of
shear stress. Computational studies predicting a
growth and remodeling response in the aorta would be
of substantial future value in exploring mechanisms of
dilation. Also, the material properties of the model
aorta make the walls nearly rigid, which was chosen
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for simplicity and to further isolate the effects of
changes to valve morphology, but the effects of wall
material models could be investigated further. Addi-
tionally, we use a single patient-specific model aortic
geometry. We expect that general trends would persist
in similar healthy model geometries, though flow fields
and quantitative values may change somewhat. Fur-
ther, a case study with an anatomical patient-specific
model better illustrates the hemodynamic differences
caused by valve morphology than a study with a tube-
like geometry that is not anatomical.

Long term, one could study the impact of isolated
bicuspid valve disease in animal models without a
background genetic disorder. Such a study would in-
volve surgically inducing bicuspid valve morphology
by suturing together two adjacent leaflets in chronic
piglet or calf models. This experiment would show if
the underlying cellular phenotype and transcriptome
are similar to other aortopathies. Most importantly,
this experiment would also reveal whether isolated
bicuspid valve disease can independently cause dilation
and aneurysm formation.
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APPENDIX

We conducted a convergence study to evaluate the
sensitivity of the velocity fields, flow and pressure
waveforms, and integral metrics to changes in simu-
lation resolution. We selected the bicuspid case with
left/right coronary cusp fusion for the study, as we
wanted a bicuspid case to evaluate the amount of
stenosis caused by geometric changes to the valve as
compared with resolution. We ran otherwise identical
simulations with fluid resolutions of Dx ¼
0:1; 0:075; 0:05 and 0.0375 cm, where Dx ¼ 0:05 cm is
the fluid resolution used throughout the study.

Precise convergence is difficult to achieve in these
flows for a variety of numerical and physical reasons.
First, the IB method effectively thickens the structure
due to d-function based, diffuse-interface coupling.
This coupling makes the effective orifice area and thus

resistance to forward flow resolution-dependent. Fur-
ther, the boundary conditions at the outlet are deter-
mined in a coupled manner with flow through the
valve. Resistance due to the flow-averaging force is
also dependent on flow rate. Additionally, the Rey-
nolds number of such flows is in an inertial, potentially
transitional, and thus physically unstable regime,
which makes precise pointwise agreement in velocity
fields impossible.

We see agreement, despite these limitations, between
the resolutions in velocity fields, waveforms and inte-
gral metrics, as shown in Fig. 7. Qualitative trends in
the velocity fields are consistent across all resolutions.
The flow fields show increasing detail with resolution,
as expected given the potentially transitional Reynolds
number of the flow. At the coarsest resolution, the jet
appears narrower when leaving the valve orifice, indi-
cating insufficient resolution. At the finest two reso-
lutions, the jets, regions of reverse flow and regions of
recirculation are qualitatively similar.

On the two finest resolutions, Dx ¼ 0:05 and 0.0375
cm, the total cumulative flows are 170.7 and 173.2 mL,
respectively, a relative change of 1.4%, and these
simulations show sustained pressure gradients above
18 and 15 mmHg, respectively. Thus, the two finest
resolutions show similar flow rates and levels of
stenosis. With Dx ¼ 0:1 and 0.075 cm the total flow is
148.9 and 119.8 mL, respectively, and these simula-
tions show sustained pressure gradients above 25 and
30 mmHg, respectively. We conclude that the two
more coarse resolutions are under-resolved.

The integral metric curves show identical trends on
the two finest resolutions. The values of I1, I2 and IR
are very similar at the two finest scales. At the coarsest
resolution, Dx ¼ 0:1 cm, the values of I1 are elevated
relative to other cases, I2 shows subtly different trends
and elevated values, especially at slice 3, from finer
resolution. We conclude that the most coarse resolu-
tion, which we do not use elsewhere, is inadequate to
evaluate such metrics. For all metrics that show
agreement at the finer scales, the values do not pre-
cisely agree pointwise in time because of the unsteady
nature of the flow, which also causes the non-smooth
appearance of the curves.

Thus, we believe that our conclusions throughout
this work would be consistent with our selected reso-
lution of Dx ¼ 0:05 cm or increased resolution of
0.0375 cm. We consider results with Dx ¼ 0:05 cm to
be well-resolved and use this resolution throughout the
study.
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FIG. 7. Convergence study with the bicuspid valve with LC/RC fusion and varying resolution. a Fluid velocity, vertical component
and velocity normal to five selected slices. The color scheme is identical to that of Fig. 2. b Flow and pressure waveforms. c Values
of integral metrics (values of I1 above 2.6 in the Dx ¼ 0:1 cm case are truncated).
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Muñoz, L. Galian-Gay, M. L. Servato, F. Valente, L.
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