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CrossMark
Abstract
We develop a linearized boundary control method for the inverse boundary
value problem of determining a potential in the acoustic wave equation from
the Neumann-to-Dirichlet map. When the linearization is at the zero poten-
tial, we derive a reconstruction formula based on the boundary control method
and prove that it is of Lipschitz-type stability. When the linearization is at a
nonzero potential, we prove that the problem is of Holder-type stability in two
and higher dimensions. The proposed reconstruction formula is implemented
and evaluated using several numerical experiments to validate its feasibility.

Keywords: acoustic wave equation, inverse boundary value problem, Neumann-
to-Dirichlet map, boundary control method

(Some figures may appear in colour only in the online journal)

1. Introduction

The paper is concerned with the linearized inverse boundary value problem (IBVP) for the
acoustic wave equation with a potential. The goal is to derive stability estimates and reconstruc-
tion procedures to numerically compute a small perturbation of a known underlying potential,
given the Neumann-to-Dirichlet map on the boundary of the domain.

Formulation. Specifically, let 7 > 0 be a constant and 2 C R" be a bounded open subset
with smooth boundary 0f2. Consider the following boundary value problem for the acoustic
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wave equation with potential:

L qu(t, x) =0, in (0,27) x
oyu =f, on(0,27T) x 092 (1
u(0,x) = Ju(0,x)=0 x €.

Here (., is a linear wave operator defined as
O gui(t, x) = 02ult, x) — c*(x)Au(t, x) + q(x)u(t, x);

c(x) € C*(Q) is a smooth wave speed that is strictly positive, g(x) € L>(£2) is a real-valued
function. We denote this solution by u/ (¢, x) when it is necessary to specify the Neumann data.

Given f € C°((0,2T) x 012), the well-posedness of this problem is ensured by the standard
theory for second order hyperbolic partial differential equations [20]. As a result, the following
Neumann-to-Dirichlet (ND) map is well defined:

Acyf =u!|02myxo0- (2)

The IBVP concerns recovery of the wave speed c(x) and/or the potential g(x) from knowledge
of the ND map A, that is to invert the nonlinear map (c, ¢) — Acg4.

Literature. The IBVP has been studied in the mathematical literature for a long time. The
first coefficient determination result for a multidimensional wave equation, given the ND map,
is by Rakesh and Symes [31]. They proved that a spatially varying potential is uniquely deter-
mined by the ND map in the case that ¢ = 1. To our knowledge their method has never been
implemented computationally.

For variable c and g = 0, Belishev [3] proved that the leading order coefficient c is uniquely
determined using the boundary control (BC) method combined with Tataru’s unique continua-
tion result [37]. The method has since been extended to many wave equations. We mention [7]
for a generalization to Riemannian manifolds, and [23] for a result covering all symmetric time-
independent lower order perturbations of the wave operator. Non-symmetric, time-dependent
and matrix-valued lower order perturbations were recovered in [19, 24] and [25], respectively.
For a review of the method, we refer to [5, 21].

The BC method has been implemented numerically to reconstruct the wave speed in [4],
and subsequently in [6, 16, 30, 38]. The implementations [4, 6, 16] involve solving unsta-
ble control problems, whereas [30, 38] are based on solving stable control problems but with
target functions exhibiting exponential growth or decay. The exponential behaviour leads to
instability as well. On the other hand, the linearized approach introduced in the present paper
is stable. It should be mentioned that the BC method can be implemented in a stable way in
the one-dimensional case, see [22]. For an interesting application of a variant of the method in
the one-dimensional case, see [11] on detection of blockage in networks.

Under suitable geometric assumptions, it can be proven that the problem to recover the speed
of sound is Holder stable [32, 33], even when the speed is given by an anisotropic Riemannian
metric. Moreover, a low-pass version of ¢ can be recovered in a Lipschitz stable manner [27].
The problem to recover ¢ is Holder stable assuming, again, that the geometry is nice enough
[8, 28, 36]. To our knowledge, the method, based on using high frequency solutions to the
wave equation and yielding the latter three results, has not been implemented computationally.
Stability results applicable to general geometries have been proven using the BC method in [2],
with an abstract modulus continuity, and very recently in [12, 13], with a doubly logarithmic
modulus of continuity.
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Finally, let us mention that recently there has been a lot of activity related to recovery of
time-dependent coefficients in wave equations, see for example [1, 34], and the references
therein for up-to-date results. The first result in the time-dependent context was obtained in
[35].

Linearization. Throughout the paper, we will assume the wave speed ¢ = co(x) is known.
Here co(x) € C(Q) is a smooth wave speed that is strictly positive. Then the IBVP only
concerns recovery of the potential g.

We will study the linearization of this problem by linearzing the map g — A, ,. Here, we
describe a formal way to derive the linearized IBVP. The rigorous proof is included in the
appendix, where we show the nonlinear map ¢ — A, is indeed Frechét differentiable and the
Frechét derivative agrees with the result of the formal process.

For the formal derivation, we write

q(x) = go(x) + €g(x), u(t, x) = up(t, x) + eu(t, x)

where ¢, is a known background potential and i is the background solution. Insert these into
(1). Equating the O(1)-terms gives

DepqotiotX) =0, in (0,2T) x Q
O, ug =f, on (0,27) x 9Q 3)
up(0, x) = Oup(0,x)=0, x €.

Equating the O(e)-terms gives

Oeoqoi(t,x) = uo(t, x)g(x), in (0,2T) x §2
Oyt =0, on (0,2T) x 902 (€]
(0, x) = 9,u(0,x)=0 x €.

Write the ND map A, = A,, + ¢A;, where A, is the ND map for the unperturbed boundary
value problem (3), and A, is defined as

Az] 2 f = dt|o2myxon- (5)

Note that the unperturbed problem (3) can be explicitly solved to obtain u, and A, since co
and g, are known. As before, we will write i = it/ if it is necessary to specify the Neumann
data f. Then the linearized IBVP concerns recovery of the potential § from Aq.

Main results. The main contribution of this paper consists of several results regarding
reconstruction of ¢ based on the BC method. For constant ¢y and g, = 0, we derive a recon-
struction formula for g in theorem 5, and prove that the reconstruction is of Lipschitz-type sta-
bility in theorem 7. For constant ¢, and g, # 0, we derive a reconstruction formula in theorem
9, and prove that the reconstruction is of Holder-type stability in theorem 10. The formula is
implemented and validated using numerical experiments, showing reliable reconstructions.

Paper structure. The paper is organized as follows. Section 2 reviews a few fundamental
concepts and results in the BC theory. Section 3 consists of an integral identity and a controlla-
bility result that are essential to the development of our method. Section 4 establishes stability
estimates and reconstruction formulae for the linearized IBVP, which are the central results of
the paper. Section 5 is devoted to numerical implementation of the reconstruction formulae as
well as numerical experiments to assess performance of the proposed reconstructions.
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2. Preliminaries

Introduce some notations: given a function u(t, x), we write u(f) = u(z, -) for the spatial part as
a function of x. Introduce the time reversal operator R : L*([0, T] x 02) — L*([0, T] x 0S2),

Ru(t,)=u(T —t,-), 0<t<T,; (6)

and the low-pass filter J : L2([0,27] x 9S2) — L([0, T] x 0%2)

27—t
Jf(t, )= 3 flr,Hdr, 0<t<T. @)

1

We write Pr: L*((0,27) x 09Q) — L*((0, T) x 9Q) for the orthogonal projection via restric-
tion, that is, for a function f € L?((0,27) x 0), Prf = f 0.1y x o0 1s the restriction of f onto
(0, T) x 9S2. The adjoint operator P : L*((0, T) x 9€2) — L*((0,2T) x 92) is the extension
by zero from (0, T) to (0,27). Let 7p and Ty be the Dirichlet and Neumann trace operators
respectively, that is,

Tou(t,) = u(t, oo, Txu(t,) = dyu(t, )|sq-
Introduce the connecting operator
K :=JA,P; — RA,7RIP; ®)
where A, 7f = Pr(A,f). Then the following Blagovescenskii’s identity holds [9, 10, 15, 29].
Here, the weighted space L*(€2, ¢, *dx) is defined as

L*(9, cazdx) = {u : / |u(x)|2c52(x)dx < oo}.
Q

Proposition 1. Let u/,u" be the solutions of (1) with Neumann traces f,h € L*((0,T)
x 0R), respectively. Then

(D). " (M) g o200 = - KD 20 mx00) = KF D20 mxo0)- ©

We remark that the functions f,h € L*((0,7) x 99) in this proposition need to be extended
as zero from (0, 7) to (0, 27) when solving the boundary value problem (1). Similar convention
will be applied henceforth for imposed Neumann data.

Proof. We first prove this for f,h € C2°((0,T) x 0f2). Define
11, 5) = ! (0, 4" (9)) 2 200
We compute
@ = (1, 5)
= (A + e ! (), u" () ey — @ (1), (A + geg D' ()20
= (f(0), AgPTh($)) 1290y — (NgPTf (D), h($))12050)5 (10)

where the last equality follows from integration by parts. On the other hand, 1(0,s) =
0:1(0,s) = 0 since u/ (0, x) = d,u’ (0, x) = 0. Solve the inhomogeneous 1D wave equation (10)

4
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together with these initial conditions to obtain

1 T 2T—t
IT.7) =5 /o / [(F(D, AgPh(0)) 200~ (MgPif (D), h(0))1206, ] dordt

T 1 2T—t 1 2T—t
= / ( f@, = A Pih(o) da) - (A,,P’} f@), - / (o) da) dr
0 2 L2(09) 2/, L2(092)

= (f’JAqP;h)LZ((O,T)xZ)Q) - (PT(Aqf),JP*Th)LZ((o,T)xaQy
Using the relations Pr(A,f) = A, rf and A;T =RA,rRin L*((0,T) x 0), we have
I(T,T) = (f, JAqP’}h)B((o,T)xaQ) — (N1 f, JP;h)LZ((O,T)XDQ)
= ([, INPT) 20.1)%00) — (Fs RAGTRIPTR) 120 1y 06
= (f P Kh)L2((o,T)x0§2)

For general f,h € L*((0,T) x 92), simply notice that K is a continuous operator and that
compactly supported smooth functions are dense in L*. The proof is completed. (]

Corollary 2. Suppose f,h € C>((0,T] x 02). Then
(coAul(T) — qu’ (T)’uh(T))LZ(Q,L‘J 24y = OFf KMo ryxo0) = KO- W20 o0y (1)
Proof. Replacing f by 9>f in (9), we get

JO
W’ (T, uh(T))Lz(Q,€52dx) = (07 f- Kh) 2017400y = (KO f- 1) 120 1yx000)-

As both u%/ and 0%u/ satisfy (1) with f replaced by 92 f, they must be equal thanks to the
well-posedness of the boundary value problem. We conclude

2, . .
ut = 2wl = EAu — qu’.
|

Recall that we write Ay = Ay, + eA; in the linearization setting. Accordingly, we write
K = Ky + €K. Here K is the connecting operator for the background medium:

Ko=J APy — RAy rRIP;. (12)

Ky can be explicitly computed since A.,, is known. K is the resulting perturbation in the
connecting operator:

K :=JA,P; — RA,7RIP;. (13)

K can be explicitly computed once Aq is given.

3. Integral identity and controllability

First, we derive an integral identity that is essential to the development of the reconstruction
procedure. We write A for A, when there is no risk of confusion.

Proposition 3. Let A € R be a real number. If f,h € C°((0, T] x 99) satisfy

5
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[A — gocy? 4 Ay 21l (T) = [A — qocy® + Aey 2lufp(T) = 0 in €, (14)
then the following identity holds:

— (e ud (D), ul(T)) 20 = OFf + M K)o ryxay + AL (D) 200 (15)

Proof. For f,h € C°((0,T) x 9f), we will make use of (9) and (11) to obtain some identi-
ties. First, let ¢ = 0 in (9) to obtain

wj(D), ug(T))LZ(Q,Ca2dX) = (s Koh)r20.1yx00) = Kof's Wr20.1)<00)-
Next, differentiate (9) in € and let ¢ = 0 to get
(f, kh)LZ((O,T)xaQ) = (kf > h)LZ((o,T)xaQ)
= @ (D), () 2y 20 + WD il (T2 20 (16)
Similarly, let e = 0 in (11) we obtain
(EAul(T) — qui(T), ug(T))Lz(Qqcazdx) = (0] . Koh)20.1yx 00
= (Ko7 f> 20100
Next, differentiating (11) in € and let ¢ = 0, we obtain
(3,2f, Kh)LZ((o,T)xaQ)
= (KO} f. izomyeo0) = (AW (T) — qui(T) — qoit (1) u(T)) 2y 2
+ (GAUGT) = qoieg (1), i (T 12 2y

= (AW (1), uly(T)) 120y — (qocy it (T), ul(T)) 20y — (G *uy(T), u(T))12
=1
+ (Aud(T), i (T 22y — (qoco 2uh(T), i (T2 (17)

=5

where L*(Q2) = L*(12, dx) is the L>-space equipped with the usual Lebesgue measure. _
For I, we integrate the first term by parts and use the fact that 9,i = 0 and it/ | 27)x 00 = Af
to get

I = (A (1), ug(T)) 20 — (qoco it (1), ug(T)) 2
= /(1) Dug(T)) 20 — (AF (D), O,u(T)) 290y — (qocy it (T), ug(T)) 2
= (i (T), [A = qocy " 1up(T)) 20y — (AS(T), B(T)) 290
On the other hand, combing the terms in 7, we have
L = (A = qocy Tug(T), il (T)) 20y

Insert these expressions for /; and /, into (17), then add (16) multiplied by A € R to get
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(OFf + Af. kh)Lz((O,T)xZ)Q) + (Af(D), h(T) 290
= (@ (1), [A — qocy® + Acy 21ub(T) ey — (g uy(T), (T 2

+ ([A = qocy® + Aeg Tl (T), il (T)) 120 (18)

If [A — qoca2 + /\caz]ug(T) =[A - qoca2 + /\caz]ug(T) =0 in €, the first term and last
term on the right-hand side vanish, resulting in (15). (]

Next, we establish a BC estimate. Given a strictly positive ¢y € (), we will write
g=c, 2dx? for the Riemannian metric associated to ¢y, and denote by SO the unit sphere
bundle over the closure €) of €.

Proposition 4. Let ¢ € C>*(Q) be strictly positive and qo € C*(S). Suppose that all
maximaligeodesics on (2, g) have length strictly less than some fixed T > 0. Then for any
¢ € C¥(Q) thereis f € C((0,T] x 0R2) such that

u)(T)=¢ inQ, (19)
where uy is the solution of (3). Moreover, there is C > 0, independent of ¢, such that

Hf||H2((0,T)xaQ) < C||¢||H4(Q)~ (20)

Proof. There is small 6 > 0 such that the maximal geodesics have length less than
T* =T — 24. We extend ¢y and g, smoothly to R”. Then there is a compact domain X with
smooth boundary such that €) is contained in the interior of X and that the extended tensor
g=c 2dx gives a Riemannian metric on K. Let x € Q and let £ € S, that is, & is a unit vec-
tor with respect to g at x. Write v, ¢ : [a,b] — Q for the maximal geodesic with the initial data
(x,8). Then b < T*. We extend 7, ¢ as the maximal geodesic in K and write 7, ¢ : [a, bl — K.
Then there are 7; > b such that #; — b and v, ¢(t)) ¢ Q. If b < T* we extend Ve to [a, T7] by

setting Yy ¢ (1) = Vg (l;) for r > b. Then the function
p(x, &) := max{d(y.¢(t), Q) : t € [0, T*]}

satisfies p(x, &) > 0. Let us show that p is continuous. It follows from the smoothness of the
geodesic flow and the triangle inequality that the function

SQX[0,T°] x @3 (6, &,1,y) = d(7e(1), y)
is uniformly continuous. By lemma 12 in the appendix, the function
SQ % [0,T*] 3 (x,&,1) = d(yxe(0), Q),

is uniformly continuous, and so is p.

We have shown that the continuous function p is strictly positive on the compact set SQ.
Thus there is an open set wo such that Wy C K\ € and that all geodesics v, ¢ with (x,§) € SQ
intersect wy in time 7%,

We choose 1 € C°(0,T) taking values in [0, 1] and satisfying n = 1 on [§,T — ¢], and
X € CX(K\ Q) satisfying x = 1 on wy. Finally, we extend ¢ (the extension will be denoted

3 For a maximal geodesic 7 : [a,b] — Q there may exists ¢ € (a, b) such that v(r) € 9$2. The geodesics are maximal
on the closed set 2.
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by ¢ again) so that ¢ € C(K). Now [18, theorem 5.1] implies that there is ¥ € C*((0,T)
x (\ 2)) and v € C*°((0,T) x K) such that

Oegqov = nxY in (0,7) x int
v]reox = 0,
(2D
'U‘I:T =9, at'v‘t:T =0,
'U‘[:() = O, aﬂ)‘[:o - O.
We extend v to (0,27) x K by solving
Oegqov =0 in (T,2T) x intC

Ulxear = 0,

'U‘I:T =9, at'v‘t:T =0,

and set f = 0,v| ea0. As n(f) = 0 when ¢ is close to zero and as v satisfies vanishing initial
conditions at r = 0, also f(¢, x) = O for ¢ near zero.
It remains to show estimate (20). The extension of ¢ can be chosen so that

H¢||H4(/C) < C||¢HH4(Q)~
By [18, theorem 5.1] there is a map
G:H'(K) —» HXK) x H(K),  G(¢) = (Y]i=0, Y |i=0), (22)
and Y satisfies
O Y =0 in (0,7) x int K
{Yxeaic =0.

As continuity of (22) is not explicitly stated in [18], we will show the continuity for the
convenience of the reader.

Due to the closed graph theorem it is enough to show that if ¢; — ¢ in H*(K) and G(¢ ;) =
(Yo, Y1) in H3(K) x H*(K) then G(¢) = (¥, Y1). We define v; and Y; by

Clogget; = nxYs  in (0,T) x intK Doy ¥; =0 in (0,7) x intK
Vjlxeax =0, Yi|weox =0,
Vjli=0 = 0, Ovj|;=0 =0, (Yjli=0, 0/ jli=0) = F(¢)),

Then v; — v and Y; — Y where v and Y solve

Oepgev = nxY in (0,7) x int K Oepge¥Y =0, in (0,7) x int K
v]reox = 0, Y|icox =0,
v]i=0 = 0, 9= =0, (Y]i=0, 0¥ |i=0) = (Yo, Y1),
and also
Vjl=r = lijmvj\,:T = lijmqﬁj = ¢, OV =r = lijm&vj|t:T =0.
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But the control given by [18, theorem 5.1] for ¢ is characterized by the following system
O = nxY in (0,7) x int
v]reax = 0, OepgoY =0 in (0,7) x int K
V=0 = ¢, Ont|i=o = 0, {Y|.x68/C =0,

'U‘I:T =0, atu|t:T =0,

see [14]. Hence the control Y that we obtained as the limit coincides with that given by [18,
theorem 5.1], and G(¢) = (Yy, 11).

By [18, theorem 5.1] the initial data G(¢) satisfies suitable compatibility conditions so that
Y € H3((0, T) x K). Moreover, solving (21) from the initial data at # = 0, while discarding the
constant at r = T, gives

HU||H4((0,T)><IC) < C||Y||H3((0,T)><IC) < C||G||(¢)H3(ic)xH2()C) < C||¢||H4(ic)-
O

Remark. Solvability of an equation like (19) is a central question in the BC theory. There are
other results which ensure the solvability in other function spaces. For example, if we define

Wo : L*((0,T) x 99) — L*(£2, ¢y 2dx), Wof = u/(T).

This clearly is a bounded linear operator. Moreover, if 7 > 0 is large enough, the range Ran(W)
is dense in L?(Q2) by Tataru’s unique continuation [37]. If we further assume that the continuous
observability condition [27] holds for the background wave solution, then W, is surjective, that
is, Ran(Wy) = L*(Q). This ensures the existence of solutions £,/ € L*((0,T) x 99) for the
equation (23). However, such L*-regularity is insufficient for our purpose, as we need 9> f to
exist, see (24).

4. Stability and reconstruction

We will make use of propositions 3 and 4 to derive stability estimate and reconstruction for-
mulae for g, on the premise that the wave speed is constant. Without loss of generality, we take
co = 1. The discussion is separate for vanishing and non-vanishing background potentials g,.

4.1 Case 1:co=1andq, =0

We take A > 0 and dimension n > 1, then the equation (14) for ug(T) and u’é(T) becomes the
Helmholtz equation

(A + NVul(T) = (A + Nul(T) =0 in Q.

A class of Helmholiz solutions are the plane waves eV where 6 € S"~! is an arbitrary
unit vector. Moreover, proposition 4 ensures the existence of f,h € C2°((0, T] x 012) such that

ul(T) = ul)(T) = &V, (23)

Theorem 5. Suppose co = 1 and gy = 0. Then the Fourier transform 21 of q can be recon-
structed as follows:

GV = —(OFf + M K)o ryxo0y — AL (D) 200, (24)
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where f,h € C((0,T] x 0R2) are solutions to (23).

Proof. The formulais obtained by inserting u,(T) = ul\(T) = V2% into (15). As A > 0 and
0 are arbitrary, it recovers the Fourier transform of ¢ everywhere. (]

Remark 6. An explicit procedure to solve for f and & from (23) is explained in section 5.1.

Next, we show that the reconstruction above has Lipschitz-type stability. As the inverse
problem is linear, it suffices to bound ¢ using continuous functions of A.

Theorem 7. Suppose co = 1 and g, = 0. There exists a constant C > 0, independent of \,
such that

‘Q(V 2)\9)‘ < CQ2 + VA (K| 200 1yx 001200109 T \|A||H2((o,T)xaQHH3((o,T)xam)

Here K is viewed as a linear function ofA as is defined in (13).

Proof. For a bounded linear operator 7 : X — ) between two Hilbert spaces X and ), we
write ||T||x—y for the operator norm of 7. Let f,h € C°((0, T] x 9f2) be solutions of (23)
obtained from proposition 4. We employ (24) to estimate:

’]:["I](\/ﬁ@)‘ < H@,2f+ /\fHLZ((O,T)xaQ)”h”LZ((O,T)xaQ)”K‘|LZ((O,T)><69)—>L2((0,T)><69)
+ HAf(T)HLZ(aQ)Hh(T)HLZ(aQ)
<1+ /\)”fHHZ((O,T)xaQ)HhHLZ((O,T)xZ)Q)”K||L2((O,T)x@Q)aLz((O,T)XHQ)
+ 1A oo 1l s o.mxon

by the continuity of the trace operator.
It remains to estimate || Af||;;1o.7)xa0) For this purpose, we extend f € H*((0,7) x 0%2)

to a function F € H2+%((O, T) x Q) so that 9, F|onxea = f and F(t,x) = 0 for x € 2 and ¢
close to 0 (recall that f(z, x) = O for ¢ near 0). Such F can be chosen to fulfill

HFHH”%((O,T)xQ) < CHf||H2((0,T)xaQ)

Set v := F — uy where uj is the solution of (3), then v satisfies

Oepe? = epgoF> 0 (0,27) x Q
o,v =0, on (0,27) x 90
'U|t:0 = azU‘t:O =0, x €.

The regularity estimate for the wave equation [20] implies

< CHDL‘M]O

<
HU”HH'%((O,T)XQ) S CH

F”HH_%((O,T)XQ)\ FHH“%«o,T)xQ)

We conclude uy € H2+3((0,T) x Q) and qug € H>3((0,T) x Q). The same regularity esti-
mate for the wave equation applied to (4) implies

10
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) < / <
Hu”HH'%((O,T)xQ) = CHquOHH”%((O,T)xQ) = C”uo”H“%((o,T)xQ)
These inequalities together with the trace estimate yield

HAfHH3((O,T)XHQ) < CHuHH”%((o,T)xQ) < C||fHH2((O,T)XHQ)

where the constant C > 0 is independent of f. Hence A H2((0,T) x 9Q) — H3((0, T) x 0%2)
is a bounded linear operator.
Finally, we can complete the stability estimate:

[ Flal/200),

<1+ /\)”fHHZ((O,T)xHQ)HhHHl((O,T)xi)Q)‘|k‘|L2((0,T)xHQ)—>L2((O,T)x<')Q)
+ 1Af oo 1l s o.mxan)

< A+ VI 2o <o 1l 10 <00 1K | 200 < 00)1200.17< 09
+ ||fHH2((0,T)xaQ)‘|A”HZ((O,T)xaQHH3((0,T)xaQ)||h||H1((0,T)xaQ)

< Gy (||K”LZ((O,T)xaQHLZ((o,T)xaQ) + ||A‘|H2((0,T)xaQHH3((0,T)xaQ))

where the constant C), satisfies (see (20))
C=Q2+ /\)”fHHZ((o,T)xaQ)HhHHI((o,T)xaQ)
< CQ2+ M|V 24 0, < CQ2+ MAY.

for some constant C > 0 independent of \. (|

4.2. Case2:co=1andq, #0

Let A > 0 again, then the equations for u{; (T) and u’é(T) become the perturbed Helmholtz
equation

[A 4 X\ — golul(T) = [A + X\ — golul(T) =0 in Q.
A class of solutions are total waves of the form

d(x) = eV 4 r(x; N) (25)
with @ € S"~! and the scattered wave r(x; \) satisfying

Il = 0(A'2") s A= o0 (26)

for any s > 0. Indeed, r is the unique outgoing solution to (37), see lemma 13 in the appendix
for the construction and property of r.

One dimension. In one dimension (1D), # = +1. Let us take # = 1. Insert ug(T) =
u’é(T) = ¢ into (15) to get

— 42V = 26V, P a0y — (@ P
— (O2F + Mo KW oo + AP, M) 200 27)

1
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In the high-frequency regime, one may neglect the small terms to get an approximate recon-
struction of ¢.

Proposition 8. Suppose co = 1 and qo € C*(Q) is not identically zero. For a constant
M > 0, denote Oy =g € L*(Q) : |||y < M}. Then the Fourier transform g of § € Oy
satisfies

G2V = —(2f + M Kh) o100
— (AF(D), I(T)) gy + o(x%) as A — 0o 28)
where f,h € C((0,T] x 09) satisfies ul(T) = ul(T) = ¢ (see (26)), and O(\"?) is a con-

stant that decays on the order of \~ 5, Moreover, the following approximate stability estimate
holds:

‘21( Vv 2)\9)’ <C2+ >\)>\4 (|K”L2((0,T)XHQ)—>L2((0,T)X¢')Q)

. 1
+ ||A|H2((0,T)xaQ)—>H3((o,T)xaQ)> + O(A 2)-

Proof. The standard estimates

i\/Xﬂx

|(ge Dyl < CM[r]| 2, (Gr, )2l < CM||V||i2(Q)~

show that the last two terms on the left-hand side of (27) decay like O(A*%) as A — oo accord-
ing to (26). The approximate reconstruction follows. The approximate stability estimate can
be proved in the same way as in the proof of theorem 7. The only difference is the addition of

the error term O(A*% ). O

Two and higher dimensions. In dimension n > 2, more freedom is available in choosing
the wave vectors. Let 6, w € R" be two vectors such that 6 | w. We take the following solutions:

H(x) = do(x) + 1 (x; ), do(x) = e *IH
P(x) = YPo(x) + ra(x; ), o(x) == (k0 —lw) x

where 7,7, satisfy (26). Choose k*+[> =\ so that (A + Ngy = (A + Ny = 0.
Proposition 4 asserts that there are f,h € C2°((0, T] x 0%2) such that

uh(T)=¢=¢o+r,  ub(T) =1 =1+ r. (29)

Theorem 9. Suppose co = 1, qo € C>®(0) and qy is not identically zero. Then the Fourier
transform g can be reconstructed as follows:

(2kt) = — lim OHf + (B + PYf. KR 0.1yxo0y + AT, BT gy | -
where f,h € C°((0,T] x 0R2) are solutions to (29), respectively.
Proof. Inserting u)(T) = ¢ and uli(T) = 1) into (15) gives

T o i(kO+1w)- o i(kO—Iw)- .
— q(2k0) — (qe‘( o rz)L2(Q) - (qe‘( ©) 5 rl)LZ(Q) —(qr1, r2)L2(Q)

= (O + (K + PYf KD 20y 000) + AFT), AT 2006, (30)

12
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If we fix k and let / — oo, then A — oo and ||71 || 2, [|72/|2(2) — O due to its decay property
(26). We obtain the reconstruction formula for any k > 0 and any § € S"~!. Note that f and &
depend on /. (]

We can also obtain a Holder-type stability estimate for ||| y-sqn), where s > 0 is an arbi-
trary real number and H *(R") is the L*-based Sobolev space of order —s over R”".

Theorem 10. Suppose ¢y = 1, go € C*(Q) and q, is not identically zero. For any s > 0,
there exists a constant C > 0 such that

2s
HCIHH*S(]R”) < C(||K||LZ((O,T)xaQHLZ((o,T)x&Q)"‘ ‘|A||HZ((O,T)xi)Q)aH%(O,T)xi)Q)) L

Proof. Write £ :=2kf and

§:= (||K‘|L2((0,T)xaQHL2((0,T)xaQ) + ||A‘|H2((0,T)x@QHH%(o,T)xaQ))~

Let p > 0 be a sufficiently large number that is to be determined. We decompose

- 4©F / 4©P
- _RS) g —— d&.
191175 ey /5<,,(1+|§2)“' ot 15 (14 (€ ¢

For the integral over high frequencies, we have

|é(£)‘2 1 / ° 2 ||Q‘|%2(Rn) 1
d¢ < dé< ——=<C—.
/£>ﬂ(1 + [§P) ¢ (I+p?y \£\>p|Q(£)‘ ¢ (I+p2)" = p*

For the integral over low frequencies, it is easy to see that:

/ Mdi </ GO d€ < Co™ |17 50.0)-
\f\gﬂ(l + ‘§|2)Y lE1<p (B(0,p))

The norm ||g|| (s, can be estimated using (30). Indeed, for |¢| < p, we have

R . . C
G| < (O f + (K + S, Kh)p20.1yx00) + (AT, (D)) 200yl + —~

VA
C
< CQ2 + VDl gy 19| ey 0 + oY
C
<C2+ /\)(H¢0HH4(Q) + [ ||H4(Q)) (HwOHH“(Q) + ||r2HH4(Q))5 + \/_X
3\ 2 C
< 2423 =~
<ce+n(R+a) o+ %

where the first inequality is a consequence of the L?-resolvent estimate for 7, 2, the second
inequality follows from the proof of proposition 7, and the last inequality utilizes the resolvent
estimate for higher-order derivatives of r|, r,. Utilizing the relation A = k> + 2, we conclude

13
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R 1 1
19l Z 0, < C {(2 + X200 + V) + A] <C [(p2 + 1'% + 12}
provided p > 0 is sufficiently large. Combining these estimates, we see that

141155y < C{p (P + P07 + 5 + ph}

Choosing [ = p"™ and p = § I yields

. 4s
Hq”IZ-I*“'(R") < GOz

as long as ¢ is sufficiently small. O

5. Numerical experiments

This section is devoted to numerical implementation and validation of the reconstruction for-
mula (24) in one dimension (1D) when ¢y = 1 and ¢, = 0.

5.1. Computing boundary controls with time reversal

A crucial step of the BC method is solving the equations (23) or (29) for the boundary controls
f and h. For our purpose, a highly accurate numerical solver is needed due to the appearance
of 3 f in (24), where the second-order temporal differentiation tends to amplify the numerical
error in f. When the spatial dimension # is odd with ¢y = 1 and g, = 0, such scheme can be
obtaine(j using time~reversal. Indeeg, for a prescribed ¢ on {2, one can construct an extension,
named ¢, such that ¢ = ¢ in 2 and ¢ is supported in a neighborhood of €. Let v be the solution
of the following backward initial value problem

Oiov(t,x)=0, in (0,T) x R"
o) =¢, inR"
ov(T) =0, inR"

If T > Ois sufficiently large and n is odd, we would have v(0) = 0,v(0) = 0 by the Huygen’s
principle. This implies

ul ™" (T) = ul(T) — v(T) =0 in Q.
As a result, we can take f = 0,v|0.11x90. Note that v can be explictly expressed using the
Kirchhoff’s formula [20], thus 9> f = 9,0%v|[0.711xo0 can be analytically computed.

We will demonstrate the numerical implementations in dimension n = 1 with Q = [a, b].
In this case, D’ Alembert’s formula gives

o(t, x) = %[&(x +1—T)+ ¢p(x+ T — 1.

Therefore,

1 v v
O f =007 vloon = 510"+ 1= T) 4 ¢"(x + T = Dllx=a

14
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where we take + when x = b and — when x = a. We choose the following extension:

) x € la,b],
1
é&': ¢6Xp{1_l—(x—a)2p} xe(a—l,a),
' 1
¢eXp{l_m} xE(b,b—i—l),
0 x¢(@—1,b+1),

where p > 1 is a positive integer. It is easy to see that a) is C**~!at x = a, b and is C™ at other
points. We take p > 2 to guarantee the existence of the second derivative of f.

5.2. Numerical experiments

The computational setup is as follows: Q = [—1,1],¢co = 1, gy = 0, and T'= 5. The forward
problem (4) is solved using the second order central difference scheme on a temporal-spatial
grid of size 24999 x 501 to obtain the linearized ND map (5). Then various ¢ = ug(T ) are
inserted into (24) to recover the Fourier transform of g at 2k0, where f and h are computed using
the time reversal method as is explained at the beginning of this section. The basis functions
for the prescribed Helmholtz solution ¢ in our experiments are

ls.(ﬁ)cs(ﬂ') i Nm CSN7T
,1n2x,0 Zx,...,m 2)c,o Zx

n Nx

with N = 10. They correspond to Helmholtz solutions with k = 0, T
Experiment 1. The first experiment aims to reconstruct the following smooth ¢ using the
formula (24):

g = sin(mx) 4+ 2 cos(2mx) + 4 sin(4mx) — 3.

The graph of g is shown in figure 1. The measurement Ag] is added with 0%, 1%, and 5% of
Gaussian noise, respectively. The reconstructions and the corresponding errors are illustrated
in figure 2. Notice that the reconstruction error with 5% noise is relatively larger, as can be
expected. When multiple measurements are available, we can repeat the reconstruction several
times and then take the average. This strategy effectively reduces the error, since the inverse
problem is linear and the Gaussian noise has zero mean, see figure 3.

Experiment 2. The second experiment tests reconstruction of a discontinuous ¢. We choose
g to be the Heaviside function

1 x>0,
H(x) =
0 x<O0.

The Fourier series of H(x) on ) = [—1, 1] is

Q— 2 _
H =5 + ; BT sin((2n — Dmx).

15
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Ground Truth

Figure 1. Ground truth ¢ = sin(mx) + 2 cos(2mx) + 4 sin(47wx) — 3.

Reconstruction Error
: T

Ground Truth
No noise

1% noise 25t
5% noise

No noise
1% noise
5% noise

| |

0.5

. . . o b LA LI
4 05 0 05 1A 0.5 0 05 1

Figure 2. Left: reconstructed ¢ with 0%, 1%, 5% Gaussian noise and the ground truth.
Right: the corresponding error between the reconstruction and the ground truth. The
relative L2-errors are 0.1%, 2.5%, and 23.9% respectively.

With the choice of the finite computational basis, we can only expect to reconstruct the follow-
ing orthogonal projection:

2 .
+ m sin((2n — 1)mx),

see figure 4 for the graph of H(x) and Hy(x). The reconstruction formula (24) is implemented
with 0%, 1%, and 5% of Gaussian noise added to A;, respectively. The reconstructions and

16



Inverse Problems 38 (2022) 114001 L Oksanen et al

Reconstruction
:

T
=1 time
4+ 7t|rT|es i
14 times 25}
21 times

Error
T

1time

7 times
14 times
21 times

Ground Truth | 4

Figure 3. Left: reconstructed ¢ under 1,7,14,21 times repetition with 5% Gaussian
noise and the ground truth. Right: the corresponding error between the reconstruc-
tion and the ground truth. The relative L?-errors are 23.9%, 9.4%, 5.5%, and 4.0%
respectively.

Ground Truth

Hy () /\ AN /\
\VARR A A V
06}

0.2} b

0 /\V/\V/\V/\
\V/ \/

_0'2 L L 1
-1 -0.5 0 0.5 1

Figure 4. Ground truth § = H(x) and its projection Hy(x).

corresponding errors with a single measurement are illustrated in figure 5. The averaged recon-
struction with 5% of Gaussian noise and multiple repeated measurements are illustrated in
figure 6.

Experiment 3. This experiment aims to test the reconstruction in the case ¢p = 1 and a
small g, # 0. We choose

1 .
qo = 10 sin(7x),

17
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05+

Reconstruction
:

Projection
No noise
1% noise
5% noise

0.6

05
|| 04r
03
02t

0.1

Error
T

No noise
1% noise
5% noise | |

L I L
-0.5 0 0.5 1

-0.5

0.5 1

Figure 5. Left: reconstructed ¢ with 0%, 1%, 5% Gaussian noise and the projection
of the ground truth. Right: the corresponding error between the reconstruction and
the projection of the ground truth. The relative L?-errors are 0.6%, 6.2%, and 33.8%,

respectively.

Reconstruction
:

Error
T

15 0.6
1 time 1time
7 times 7 times
14 times 0.5 14 times | |
21 times 21 times
1 Projection
0.4
0.5 0.3
0.2
0
0.1F
-0.5 . 0
-1 0.5 0 0.5 1 -1 0.5 0

Figure 6. Left: reconstructed ¢ under 1, 7, 14, 21 times repetition with 5% Gaussian
noise and the projection of the ground truth. Right: the corresponding error between the
reconstruction and the projection of the ground truth. The relative L*-errors are 33.8%,
7.2%, 6.9%, and 6.1% respectively.

and g to be the same Heaviside function as in experiment 2, see figure 7. We attempt to recon-
struct an approximate ¢ based on (27) by neglecting the terms involving r. A computational
challenge is that we cannot find explicit form of 92 f when g, # 0. Instead, we make use of the
smallness of ¢, to approximately construct 92 f as if g, = 0. In the meanwhile, the operator K
and A[-] are still implemented using the exact g, and g. The reconstructions and corresponding
errors with a single measurement under 0%, 1%, and 5% of Gaussian noise are illustrated in
figure 8. The averaged reconstruction with 5% of Gaussian noise and multiple repeated mea-
surements are illustrated in figure 9. This experiment confirms that approximate reconstruction
using (27) remains possible for g, # 0 as long as it is small.

18
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Ground Truth

IANNIPNINA
VvV A\
| osf
1 osf
| 04

1 02

o

NDN_A N\
A4 A4

. L 02 . L .
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 7. Left: g9 = % sin(mx). Right: ground truth § = H(x) and its projection Hy(x).

Reconstruction Error

0.25

Projection
No noise
1% noise
5% noise

No noise
1% noise
5% noise

-1 —UI.5 (; 0?5 1
Figure 8. Left: reconstructed ¢ with 0%, 1%, 5% Gaussian noise and the projection
of the ground truth. Right: the corresponding error between the reconstruction and

the projection of the ground truth. The relative L*-errors are 5.8%, 8.9%, and 24.2%,
respectively.

Experiment 4. In this experiment, we apply the reconstruction formula (24) to measurement
from the non-linear IBVP. Specifically, we choose ¢y = 1 and the potential
q=qo+eq+e7q
where € > 0 is a small number, the background potential g, = 0, and the perturbations
g = sin(mx) 4+ 2 cos(2mx) + 4 sin(4mx) — 3, G = 20 cos(207x).

We apply the reconstruction formula (24), with Aq f replaced by A, f — A, f (where A, f and
Ay, f are computed by solving the boundary value problem (1)), and then add ¢, to the recon-
struction to obtain an approximation of g. The rationale is that, when ¢ is small, we have the
following approximation

Aq — Al]o ~ EAq = Aa'].
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Reconstruction Error

0.4

1 time

7 times
14 times
21 times
Projection

1 time
7 times | |
14 times
21 times

0.8

06

0.4

0.2

0.2

-0.4

-1 -0.5 0 0.5 1

Figure 9. Left: reconstructed ¢ under 1, 7, 14, 21 times repetition with 5% Gaussian
noise and the projection of the ground truth. Right: the corresponding error between the
reconstruction and the projection of the ground truth. The relative L?-errors are 24.2%,
9.38%, 9.87% and 9.93%, respectively.

Therefore, the resulting reconstruction from (24) is approximately eg, and adding ¢, to it
yields a linear approximation of g. We choose ¢ = 0.1. The ground truth is illustrated in
figure 10.

Adding noise is a bit delicate in this experiment. The noise to be added is additive and
proportional to the magnitude of the signal. We tested two ways of adding noise: (1) adding
noise to the difference (A, — Ay,)f; (2) adding noises to A, f and A, f respectively, then sub-
tract to find the difference. The resulting numerical performances are different, and it turns out
the former introduces much less error than the latter. This is because the numerical values in
the discretization of (A, — A,,)f are much smaller, hence the proportional noise is relatively
small. In contrast, the numerical values in the discretization of A, f and A, f are larger, hence
the proportional noise is relatively large. Comparison of the reconstruction errors are shown
in figures 11 and 12. Note that the noise added in figure 12 (0.1% and 0.5%) is only a tenth of
that in figure 11 (1% and 5%).
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Ground Truth
0.1 T T

0.05

-0.05

-0.1

-0.15
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Figure 10. Ground truth ¢ = gy + g + 2§, where § = sin(mx) + 2 cos(2mx) +
4 sin(4mx) — 3, g = 20 cos(207x), € = 0.02.

Appendix A

In the appendices, we collect a few results that are used in the main text. First, we provide the
rigorous justification for the formal linearization process in the introduction to derive (3)—(5).
Recall that ¢y € C®(Q).

For f € L*((0,2T) x 09), the solution u = u/ of the boundary value problem (1) satisfies
u € C([0,2T); HY/%<(2)) for any ¢ > 0 with the norm estimate [26]

HuHC([O,ZT];HWG’E(Q)) < CHf||L2((0,2T)xaQ) (3D

where [/ || 0271562y 7= €58 SUPg < cor [U(D)] ys/s-c(y- As @ result, the ND map
Ay L2((0,27) x 92) — L*((0,27) x 9) is a bounded linear operator.

Denote by L(L*((0,2T) x 99Q), L*((0,2T) x 912)) the Banach space of bounded linear oper-
ators over L2((0, 27) x 92). The IBVP aims to invert the following nonlinear map

F1q e L™(Q)— A, € LILP((0,2T) x 9Q), L*((0,2T) x 0N))

Suppose g = qo + ¢ with gy € C>(12). Define a linear operator (which will turn out to be the
Frechét differentiation of F):

dF : g € L¥(Q) — A,y € LILA((0,2T) x 9Q), L*((0,2T) x dN)).

where Ai/ is the operator defined in (5).

Proposition 11.  The nonlinear map F is Frechét differentiable at a fixed qo € C*(Q), and
the Frechét derivative along g € L*(82) is A;.

Proof. Tt suffices to show that as ||¢||.~q) — 0, we have

| F(q) — F(q0) — AF @D cizqo2mo02021) <00y = OUldl T @)
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Error

No noise
1% noise
5% noise | 7|

Recons‘truchon . 0.07

Ground Truth
No noise
1% noise

0.15

5% noise

011

0.5 1

Figure 11. Left: reconstructed g with 0%, 1%, 5% Gaussian noise added to A, — A,
and the ground truth. Right: the corresponding error between the reconstruction and the
ground truth. The relative I*-errors are 19.9%, 20.4%, and 23.5%, respectively.

Error
T

No noise
0.1% noise |
0.5% noise

Recons‘truction i 0.2

0.2

0. I L L
-1 -0.5 0 0.5 1

Figure 12. Left: reconstructed ¢ with 0%, 0.1%, 0.5% Gaussian noise added to A, and
A, independently, and the ground truth. Right: the corresponding error between the
reconstruction and the ground truth. The relative L?-errors are 19.9%, 28.1%, and 86.2%,

respectively.

(or equivalently, [|[Ag — Ag, — Ai]”£(L2((O,2T)XGQ),LZ((O,ZT)xaﬂ)) = 0(/1g||7(2))) to justify that dF
is indeed the Frechét differentiation of . To this end, we will prove for any f € L*((0,27T) x
O

o) that
||Aqf - Aqof - Ai]f||L2((o,2T)xaQ) < C”Q”iw||f||L2((0,2T)xaQ) (32)

for some constant C > 0 that is independent of f. For ease of notation, we will denote all the

constants independent of f by C.
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We continue to denote the solutions of (1) and (3) by u and ug, respectively. Write u =
uo + Su. Then du satisfies dulporixo0 = Agf — Ay, f and

Oeoqo0u(t,x) = —ugq, in (0,27) x Q2
0,0u =0, on (0,27T) x 990 (33)
ou(0, x) = 0,0u(0,x)=0 x e .

Using the regularity estimate for the wave equation [20] and the trace theorem, we obtain

H(SuHHl((O,ZT)xQ) < C||“‘?||L2((o,2T)xQ) < C”“”LZ((O,ZT)XQ)HéI”L"C(Q)' (34)

Next, set w = du — i, then w|jo2r1x00 = Agf — Ngo f — Aqf, and w satisfies

Oepgow(t, x) = —gdu, in (0,27) x Q
o,w =0, on (0,27T) x 90 (35)
w(0, x) = J,w(0,x)=0 x € Q.

Applying the regularity estimate for the wave equation again yields

HAqf —Ngof — AiszL2((o,2T)xaQ) < HwHHl((o,zT)xQ)
< C||Q5“||L2((0,2T)xsz)

< Hq”L“(Q)H(SMHH((O,ZT)XQ)' (36)

Combining the estimates (31), (34) and (36) yields the desired estimate (32).

Appendix B

We present a lemma regarding uniform continuity of min/max functions, which is used in the
proof of proposition 4.

Lemma12. LetX, Y be compact metric spaces and suppose that f : X x Y — R is uniformly
continuous. Then the function F : X — R

F(x):= min{f(x,y):y € Y}
is uniformly continuous. The same is true if min is replaced by max.

Proof. Lete > 0 and let x,x' € X. We may assume without loss of generality that F(x) >
F(x'). Lety,y € Y be such that F(x) = f(x,y) and F(x') = f(x,y’), then

[F(x) = F(X)| = flx,y) — f(X, ) < f(x,)) = f(X,))
Due to uniform continuity there is 4 > 0 such that
[f e, Y) = FO )] < e

whenever d(x, x') < §. The proof when ‘min’ is replaced by ‘max’ is similar. (]
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Appendix C

We construct a Helmholtz solution of the form (25), with r satisfying the asymptotic condition
(26).

Lemma13. Let )\ > 0. The perturbed Helmholtz equation (A + X — qy)¢ = 0 admits solu-
tions of the form

o(x) = VT L (N
forany 0 € ™1, with ||r||psny = O\'T) as A — oo for any s > 0.

Proof. If ¢(x) = elVMx 4 r(x; \) solves the perturbed Helmholtz equation and 6 € S"~!,
then r has to satisfy

(A+ X —qo)r = goeV™* i Q. (37)

Such r can be constructed as follows. Let R(\) :== (A + X\ — go)~' be the outgoing resolvent of
the perturbed Helmholtz operator. For any compactly supported smooth function xy € C°(R"),
the following L*-resolvent estimate holds [17, theorem 3.1]:

C
HXRO\)X||L2(R"HL2(R~) < TX (38)

where C > 0 is a constant independent of \. In particular, we choose x € C>*(R") such that
x = 1 on Q and set r:= XR()\)X(qoei‘/X”"‘), then r satisfies (37), r is compactly supported, and

C
HrHL2(]R") < ﬁ

This proves the claim when s = 0.

We proceed by induction. Suppose it has been proved that r is compactly supported and sat-
isfies ||7||ps@n = O()xtfl) as A — oo for some integer s > 0. Let 1, €2, be two open sets such
that 2 C supp x C ; C 2, C 2. We apply the interior regularity estimate [20, section 6.3,
theorem 2] to the equation (A — go)r = qoei\/x”"‘ — Ar to obtain

i\/Xﬂx

(39)

7] st2gny = 1Pl s+, < C(que — || () + H”HH‘V(QZ))
< C(l + )\HrHHx(]RN) + ||r||HS(]Rn))
< C(l + A#).

This completes the inductive step, hence the claim holds for all even integers s. The general
claim is a consequence of interpolation. (]
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