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Abstract

The problem of planning for a robot that operates in environments con-

taining a large number of objects, taking actions to move itself through

the world as well as to change the state of the objects, is known as

task and motion planning (tamp). tamp problems contain elements

of discrete task planning, discrete-continuous mathematical program-

ming, and continuous motion planning, and thus cannot be effectively

addressed by any of these fields directly. In this paper, we define a class

of tamp problems and survey algorithms for solving them, character-

izing the solution methods in terms of their strategies for solving the

continuous-space subproblems and their techniques for integrating the

discrete and continuous components of the search.
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1. INTRODUCTION

Robots are playing an increasingly important role in society, and their range of applications

is rapidly expanding. These applications have traditionally been in structured environments,

such as factories, where the robot’s interactions are limited and a behavior can be directly

specified by a human. However, many of the most exciting potential applications of robots

are in highly unstructured human environments such as homes, hospitals, or construction

sites. In these applications, the robot will generally be tasked with a specific goal, such as

cooking and delivering a meal to an elderly resident, but the actions necessary to achieve

the goal will vary enormously depending on the state of the environment. For example, the

robot might need to open cupboards and remove objects in order to retrieve a bowl that is

necessary for preparing the meal (Figure 1). Directly specifying the full behavior policy for

a robot operating in these unstructured environments is not practical because the required

policy is too complex.

Since the earliest days of robotics, there has been an interest in automated planning,

developing algorithms for deciding what sequence of commands the robot should execute in

order to accomplish some goal (1, 2). The first class of planning problems that arises is to

move the robot from one state to another without colliding with objects in the world. This

motion planning problem was formulated by Lozano-Pérez (3) as a search for paths through

the robot’s configuration space, a space with dimensions representing the controllable joints

of the robot, and has been the focus of a great deal of algorithmic development. The most

effective methods are based on sampling (4, 5) or constrained optimization (6, 7).

Collision-free robot motion is important but does not enable the robot to alter the

world. In order for the robot to, for example, move objects by picking them up and placing

them, planning needs to consider a much larger space that encompasses the entire state of

the world, which includes any objects the robot has grasped, the grasps it is using, and the

poses of the other objects. Conceptually, it makes sense to try to directly extend motion
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Figure 1: The specified goal is for the contents of the blue cup to end up in the white bowl.

Because the green block obstructs reachable grasps for the blue cup, a tamp algorithm

automatically plans to relocate the green block before picking up the blue cup and pouring

its contents into the white bowl. From left-to-right and top-to-bottom: the robot picking up

the green block, the robot placing the green block, the robot picking up the blue cup, and

the robot pouring the blue cup’s contents into the white bowl (8).

planning methods to apply to entire world states, but this approach fails algorithmically.

The entire world state, seen as a single kinematic system, is highly under-actuated, in the

sense that from any configuration, most of the degrees of freedom cannot be changed at

will. The robot can only change the position of an object by moving over and touching it.

It is critical to understand the underlying topology of these spaces in order to plan

in them. Work by Alami et al. (9, 10), Branicky et al. (11, 12), and Hauser et al. (13,

14) observed that the configuration space of the world has important modal structure:

depending on where the objects are placed and how they are grasped, the legal changes to

the world are in a different mode or feasible submanifold of the full space. Furthermore, it

is only possible to change modes by moving to an intersection of the feasible space of the

current mode and a new one, which is in general an even lower-dimensional subspace. For

these reasons, planning is best viewed as a hybrid discrete-continuous search problem, of

selecting a finite sequence of discrete mode types (e.g., which objects to pick and place),

continuous mode parameters (such as the poses and grasps of the movable objects), and

continuous motion paths within each mode to a configuration that is in the intersection

with the subsequent mode.

The artificial intelligence (AI) community has addressed problems of planning in very

large discrete domains (15). Their techniques derive leverage from factoring, a source of

combinatorial structure in planning problems. Factoring is used to decompose the state

space of the world into the Cartesian product of several subspaces, represented in terms

of different state variables. Factoring enables compact representation of the actions that
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can be performed on a state: these are generally described in terms of a small set of state

variables that can be changed (while the others are held constant), as well as a condition on

other variables that must be satisfied in order for the action to be executed. Furthermore,

the AI planning community has developed a repertoire of very effective, domain-independent

search algorithms that exploit this type of action representation (16, 17, 18).

Research in task and motion planning (tamp) seeks to combine AI approaches to task

planning and robotics approaches to motion planning. A critical requirement for gener-

ality in approaches to tamp actually lies between discrete “high-level” task planning and

continuous “low-level” motion planning: an intermediate level of selecting the real-valued

mode parameters, such as how to grasp and where to place an object, which govern legal

continuous motions of the system. This class of problems is computationally difficult in

theory (19, 20) and requires algorithmic sophistication in practice.

1.1. Example

An essential component of tamp problems is the interdependence of the motion-level and

task-level aspects of the problem. Approaches that treat these independently, without con-

sidering their complex interplay, are unable to solve the general class of problems. Consider

a problem in which the robot’s goal is for a particular pot (named A) to be placed on one

of the burners of the stove. If the planner ignores the geometric aspects, it might select a

high-level plan “skeleton” of the form:

[moveF(q0, τ1, q1, p0), pick[A](q1, p0, g), moveH[A](g, q1, τ2, q2), place[A](q2, p1, g)]

where the moveF action involves robot movement when its hand is free, and the moveH[A]

action involves robot movement when holding object A1. This plan skeleton has free param-

eters involving robot configurations (q0, q1, q2), a grasp pose (g), placement poses (p0, p1),

and paths (τ1, τ2). The skeleton imposes constraints on the choices of those values that will

enable the plan to achieve the goal. Given this skeleton, it is now necessary to find values

for all of these parameters that satisfy the constraints. It may be that there is no satisfying

set of values; for instance, a kettle could be occupying the target burner, preventing any

safe placement of the pot. In this case, a new skeleton is necessary: the robot will need to

first move away the kettle and then place the pot on the stove. This example demonstrates

a change in the high-level plan that is necessitated by the low-level geometry.

1.2. Scope

To keep the scope of this survey manageable, we limit the class of problems addressed,

and discuss a variety of extensions in Section 4. In particular, we assume that: 1) actions

are deterministic, 2) the state of the world is completely known, 3) the robot and every

object in the environment is a kinematic assembly of rigid bodies with known shapes, 4) the

robot is holonomic, and 5) the goal is specified as a set of requirements on the final robot

configuration, object poses, and possibly other state variables such as the cooked state of

a dish. This class of problems encompasses a number of problems studied in the robotics

community: pick-and-place planning (21), manipulation planning (22), navigation among

movable obstacles (namo) (23), and rearrangement planning (24). An important related

1See Figure 7 for a complete definition of these actions.
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line of work uses linear temporal logic (LTL) to provide high-level specifications for tamp

problems with temporally extended goals (25, 26), but it is beyond the scope of this survey.

We begin with basic background in motion planning, multi-modal motion planning,

and task planning (Section 2). Next, we draw from components of these fields in order to

formalize tamp in a manner that allows for many existing approaches to be studied (Section

3.1). We then describe a framework for understanding a broad class of tamp algorithms in

terms of combining (Section 3.3) a search over discrete plan structures with a search over

continuous values satisfying constraints (Section 3.2) induced by the discrete structure. We

conclude with a short discussion of a rich array of extensions and generalizations of this

basic problem class and the approaches to solve them (Section 4).

2. BACKGROUND

tamp rests on foundations in robot motion planning (Section 2.1), multi-modal motion

planning (Section 2.2), and AI task planning (Section 2.3). In this section, we give a

compact overview of each of these planning problem classes.

2.1. Motion planning

The problem of planning motions for a robot with d degrees of freedom can be framed as find-

ing a trajectory for a point representing the robot’s configuration through a d-dimensional

configuration space. More formally, a motion-planning problem is specified by a configu-

ration space Q ⊂ Rd, a constraint F : Q → {0, 1}, an initial configuration q0 ∈ Q, and a

goal set of configurations Q∗ ⊆ Q. The feasible configuration space is a subset of Q that

satisfies the constraint: QF = {q ∈ Q | F (q) = 1}. The objective is to find a continuous

path τ : [0, 1]→ Q such that τ(0) = q0, τ(1) ∈ Q∗, and ∀λ ∈ [0, 1] τ(λ) ∈ QF . The simplest

motion-planning problems involve free-space motion, in which the robot simply needs to

move through space without colliding. Given a set of objects, defined by their shapes and

poses in the world, the constraint F (q) requires that the robot not collide with any object.

Motion planning is pspace-hard, but there are exact algorithms that leverage alge-

braic geometry to solve problems using only polynomial space (proving motion planning is

pspace-complete) (27). Despite this, the two most widely used approaches are sampling-

based motion planning (4, 5) and trajectory optimization (6, 7). Both classes of algorithms

are useful in practice, but are not complete due to the fact that they cannot identify infeasi-

ble problems. Many sampling-based motion planning algorithms can however, under some

robustness conditions, be shown to be probabilistically complete, meaning that the probabil-

ity that they will fail to find a solution, if one exists, converges to zero as the running time

increases. LaValle (28) provides a comprehensive overview of motion planning algorithms.

2.2. Multi-modal motion planning

Multi-modal motion planning (mmmp) extends the problem space of planning to include

changing the state of other objects in the world (13, 29, 14, 30). To formalize mmmp

problems, we need to model changes in the kinematics of the system, extend motion planning

to handle constraints beyond collision avoidance, and integrate these components.

2.2.1. Kinematic graphs. One way to represent the geometric state of many environments

is to encode the state variables collectively as a kinematic graph (28), which makes their
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dependencies explicit. In a kinematic graph, vertices represent bodies and the robot’s

controllable joints, and edges represent attachments. Each edge has an associated relative

transformation between the child body and parent body, which is a pose in SE(3). If each

body is connected to at most one parent body and the graph is acyclic, this is a kinematic

tree, for which the full state of the world can be derived from just the joint values of the

robot q through forward kinematics. The attachments can be of several kinds. The most

straightforward is a rigid attachment, which models an object resting stably on a surface

or a robot grasping an object in a fixed grasp.

Before a Pick Kinematic Switch

q
<latexit sha1_base64="b+n3e1YQEa9MneUTanzPe56IiCk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+ANzrjPk=</latexit>

After a Pick Kinematic Switch
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<latexit sha1_base64="eeyzQcNUzn9H6woEGzdWP5HYBDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH3m42W</latexit>

j2
<latexit sha1_base64="CkVSNC+n7f+aKfrjvazAd5nEVrs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QP5H42X</latexit> q

<latexit sha1_base64="b+n3e1YQEa9MneUTanzPe56IiCk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+ANzrjPk=</latexit>
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Robot
Hand

Table Stove

Plate

Pizza

Book
j1

<latexit sha1_base64="eeyzQcNUzn9H6woEGzdWP5HYBDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH3m42W</latexit>

j2
<latexit sha1_base64="CkVSNC+n7f+aKfrjvazAd5nEVrs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QP5H42X</latexit>

Figure 2: The change to a kinematic tree due to picking up the plate. Square nodes are

bodies, and round nodes are robot joints. Lines encode attachments; solid ones are fixed,

and dotted ones may be changed. The robot has two joints (j1, j2), whose current state is

given by configuration q.

Figure 2 represents a kinematic tree for an example kitchen environment that contains

a robot manipulator with two joints (j1, j2), a fixed Table and Stove, and movable objects

Plate, Pizza, and Book. Initially, Pizza rests on the Plate, which itself rests on the Table.

When the robot picks up the Plate, it also transitively picks up Pizza. This change in the

kinematic graph is referred to as a kinematic switch, which is a type of mode switch. After

the switch, as the manipulator moves, the poses of both the Plate and Pizza change with

respect to the world; we move through this mode using the same actuators as before, but

the feasible configuration space has changed.

2.2.2. Constrained motion planning. When the robot interacts with objects in the world,

the effective configuration space is no longer the degrees of freedom of the robot: it cor-

responds to the state of the whole system; we denote this space W. This state can be

described by the discrete structure encoded in a kinematic graph, as well as continuous

values of the transformations on the edges, which encode static relationships. However,

these systems are generally under-actuated, meaning that they cannot be locally controlled

in arbitrary directions, because we can only directly actuate the robot’s degrees of freedom.

Despite this, we can indirectly manipulate these objects by controlling the robot.

We begin by considering a simple “single-mode” problem in which the kinematic graph

is fixed. Figure 3 (left) illustrates a robot gripper pulling a drawer where the gripper pose is

fixed relative to the drawer. Although normally the gripper can translate generally in x, z,

the drawer only has a single degree of freedom, denoted by joint j. The combined config-

uration space of the gripper and the drawer is a three-dimensional space with coordinates
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j
<latexit sha1_base64="sezUAcifLCsPU4ANWRbU4nmBeg4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmpWyd1Wu1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANJPjPI=</latexit>

x
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Figure 3: Constrained motion planning for a system in which a gripper pulls a drawer. The

pose of the gripper relative to the drawer handle induces the 1D mode constraints σ1, σ2.

〈x, z, j〉, but they are constrained by the need to keep the gripper attached to the drawer.

In this and many other manipulation problems, the constraint function F (w), which now

applies to the whole world configuration w ∈ W, includes both the collision-free constraint

and a kinematic constraint, which causes WF , the subspace of W for which F holds, to be

lower dimensional than W. As a result, sampling W randomly will have zero probability of

producing a sample in WF , rendering standard sampling-based motion planning methods

ineffective. This difficulty of sampling motivated the development of constrained motion

planners, which explicitly take these constraints into account and plan within the low-

dimensional space WF .

Dimensionality-reducing constraints are often expressed using a mode parameter σ, a

fixed value that affects the constraint Fσ(w). In general, σ is real-valued. Here, we illustrate

the effect of two different choices of this value, σ1 and σ2. Each stipulates a different rigid

attachment pose between the gripper and the drawer handle. Figure 3 (right) illustrates

the combined configuration space and the feasible spaces WFσ1
and WFσ2

, which are lines.

The modes σ1 and σ2 allow motion of the gripper along different 1D lines in this 3D space,

depending on the grasp of the drawer handle.

The most general approach for constrained motion planning defines sampling and con-

necting operations that project values onto the constraint surface. This is typically done

by starting at a sampled point W and performing local descent on the constraint violation

until convergence. Because this is a numeric optimization, the constraint will generally

never be exactly satisfied, but the samples can get ε-close to the surface for any ε > 0. Sev-

eral approaches have provided probabilistically complete methods for constrained motion

planning using projection (31, 32) and atlas-based techniques (33, 34, 35). See (36, 37) for

a comprehensive survey of these techniques.

When the kinematic graph is a tree, the planning problem is much easier. The set of

pairwise rigidity constraints specify all poses of objects relative either to the world frame

(fixed objects) or to the robot (grasped objects). This collection of poses collectively consti-

tutes a mode σ. We can sample full configurations for the system that exactly satisfy these

constraints by simply sampling the robot’s degrees of freedom q, and performing forward

kinematics to derive the full configuration w.

2.2.3. Multi-modal motion-planning. Constrained motion planning provides a framework

for reasoning about systems with many degrees of freedom, but few actuators. However,
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it assumes that the constraints themselves remain constant, and therefore is not expressive

enough to model multi-step manipulation problems in which the robot must make and

break contact, changing the kinematic graph, and therefore the active constraints on its

motions. In order to model such problems, we must allow the mode to undergo discrete

changes (13, 29, 14, 30). The state of the system is s = 〈w, σ〉, where we can think of

w ∈ W as the collective configurations of the robot and all other objects or mechanisms in

the environment and σ as the additional mode information, indicating for example which

objects are currently attached to which others. The control theory community analyzes

reachability for a similar class of hybrid systems, except that they typically address problems

with a finite set of modes but more complex continuous-time dynamics (38, 39, 40). For

the most common cases of mmmp, we can refactor this representation, so that s = 〈q,K〉,
where q ∈ Q is the robot configuration and K is a kinematic graph which contains the mode

information and implies poses of all the bodies in the system, but we will make our general

presentation in terms of 〈w, σ〉.
More formally, a mmmp problem consists of a finite set {Σ1, . . . ,Σm} of mode families,

each of which has a real-valued parameter vector θ. Associated with each mode σ = Σ(θ)

is a constraint function Fσ on full system configurations. At any given time, the system

state 〈w, σ〉 is in a single mode σ, but whenever w ∈ Fσ′ , the system may execute a mode

switch, typically represented by a change to the kinematic tree, into mode σ′. The goal

of an mmmp is typically a set of full system configurations W∗, and a solution has the

form [σ0, τ0, σ1, τ1, . . . , σk, τk], where s0 = 〈w0, σ0〉 is the initial state of the system, τi is a

trajectory in Fσi , τ0(0) = w0, τi(0) = τi−1(1) for i ∈ {1, ..., k}, and τk(1) ∈ W∗.
As an example, we model pick and place tasks in this framework. Modes in which

the robot is not grasping any objects are transit modes, and modes in which the robot is

holding an object are transfer modes (10, 9, 22). For a robot with a single gripper, there

is a transit mode family for free motion and a transfer mode family for each object that

it can grasp. In the transit mode family, the mode parameter is comprised of the fixed

world poses of every movable object. In the transfer mode family for a particular object,

the mode parameter contains the grasp pose as well as the fixed world poses of every other

movable object. Thus, although the system can only operate according to a single mode at

a time, the mode parameter is high-dimensional because it contains constraints involving

every movable object. For interactions with cyclic kinematic graphs, such as manipulating a

drawer or opening a door, a constrained motion-planner (Section 2.2.2) is generally required

in order to plan within the mode.

A key challenge in multi-modal motion planning is identifying configurations that are

in the intersection of the constraint sets for two modes and thus allow the system to switch

between them. This intersection is often lower dimensional than the feasible space QFσ of

either mode. In a pick-and-place domain, in order to perform a kinematic switch between a

transit and transfer mode, the robot’s gripper must be in contact with the involved object at

a particular pose. This requirement imposes 6 constraints on the robot’s configuration, and

as a result, the set of solutions is (d − 6)-dimensional. Fortunately, solutions can often be

found using inverse kinematics (ik) either by projecting random samples into the constraint

set using optimization (41) or by analytically solving for the solutions to a reparameterized

set that captures its underlying dimensionality (42).

Figure 4 demonstrates a 1D robot (R) acting in the presence of a single movable object

(A). The two plots visualize the 2D combined configuration space of the robot and the

movable object. The left plot demonstrates the robot moving during a transit mode. The

8 Garrett et al.
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q1
<latexit sha1_base64="rslrDZ2B9h+NmotiRJ6kHYRkDtA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbOLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AECVI2d</latexit>

q2
<latexit sha1_base64="tfSCl5NqUleYM+4YZ8wxLx1R4mI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbOLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMD2I2e</latexit>

qA1
<latexit sha1_base64="+g6pbkPWV9WVnGM6HCctmpR89Eg="></latexit>

qA2
<latexit sha1_base64="d6tbETlGod09+70Xbc58TJ1klSM="></latexit>

q1
<latexit sha1_base64="rslrDZ2B9h+NmotiRJ6kHYRkDtA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbOLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AECVI2d</latexit>

q2
<latexit sha1_base64="tfSCl5NqUleYM+4YZ8wxLx1R4mI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbOLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMD2I2e</latexit>

Transfer Modes

xA
<latexit sha1_base64="MWay6w/xuLSWRsi9EHY4pWNBkPI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/dq26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCBxdQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AJT6NtA==</latexit>

xR
<latexit sha1_base64="AaCeiNInEZekNYuCNSoxSZqiqlI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx7xwSOBDZkdBpgwO7uZ6TWSDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyL1gOOY+yEdKNEXjKKV7p+6d91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Vq7cnpeqV1kceTiCYzgFDy6gCjdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBPwKNxQ==</latexit>

�A
1

<latexit sha1_base64="mm1ubqhRnb+o3O6Z7xvMTeacza8="></latexit>

�A
2

<latexit sha1_base64="+c3wpPubDxTIGKdtZzdlOzjLIP8="></latexit>

qA2
<latexit sha1_base64="d6tbETlGod09+70Xbc58TJ1klSM="></latexit>

q⇤1
<latexit sha1_base64="kT5tvt+lzwHeoPcphAD2zDqJWKY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuix6MVjBbcttGvJptk2NMmuSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNHWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0c3Ubz1RpVks7804oYHAA8kiRrCxkv/Y8x7OeuWKW3VnQMvEy0kFcjR65a9uPyapoNIQjrXueG5iggwrwwink1I31TTBZIQHtGOpxILqIJsdO0EnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5Oa6CrImExSQyWZL4pSjkyMpp+jPlOUGD62BBPF7K2IDLHCxNh8SjYEb/HlZdKsVb3zau3uolK/zuMowhEcwyl4cAl1uIUG+ECAwTO8wpsjnRfn3fmYtxacfOYQ/sD5/AEctY45</latexit>

q⇤2
<latexit sha1_base64="GTLchY71hG+pGDvqfM37JMk+ss4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuix6MVjBbcttGvJptk2NJusSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5D/2ag9nvXLFrbozoGXi5aQCORq98le3L0kaU2EIx1p3PDcxQYaVYYTTSambappgMsID2rFU4JjqIJsdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qoqsgYyJJDRVkvihKOTISTT9HfaYoMXxsCSaK2VsRGWKFibH5lGwI3uLLy6RZq3rn1drdRaV+ncdRhCM4hlPw4BLqcAsN8IEAg2d4hTdHOC/Ou/Mxby04+cwh/IHz+QMeO446</latexit>

q⇤1
<latexit sha1_base64="kT5tvt+lzwHeoPcphAD2zDqJWKY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuix6MVjBbcttGvJptk2NMmuSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNHWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0c3Ubz1RpVks7804oYHAA8kiRrCxkv/Y8x7OeuWKW3VnQMvEy0kFcjR65a9uPyapoNIQjrXueG5iggwrwwink1I31TTBZIQHtGOpxILqIJsdO0EnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5Oa6CrImExSQyWZL4pSjkyMpp+jPlOUGD62BBPF7K2IDLHCxNh8SjYEb/HlZdKsVb3zau3uolK/zuMowhEcwyl4cAl1uIUG+ECAwTO8wpsjnRfn3fmYtxacfOYQ/sD5/AEctY45</latexit>

q⇤2
<latexit sha1_base64="GTLchY71hG+pGDvqfM37JMk+ss4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuix6MVjBbcttGvJptk2NJusSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys5D/2ag9nvXLFrbozoGXi5aQCORq98le3L0kaU2EIx1p3PDcxQYaVYYTTSambappgMsID2rFU4JjqIJsdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qoqsgYyJJDRVkvihKOTISTT9HfaYoMXxsCSaK2VsRGWKFibH5lGwI3uLLy6RZq3rn1drdRaV+ncdRhCM4hlPw4BLqcAsN8IEAg2d4hTdHOC/Ou/Mxby04+cwh/IHz+QMeO446</latexit>

qA1
<latexit sha1_base64="+g6pbkPWV9WVnGM6HCctmpR89Eg="></latexit>

�1
<latexit sha1_base64="GCOVvUeYeAeb+ag4WpSjasXyuZw=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2A9ol5JNs21okl2TrFCW/gkvHhTx6t/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6sJOEBZIMFY84JdZJnZ7hQ0n6fr9c8areHHiV+DmpQI5Gv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2Tze6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10HGVdJapmii0VRKrCN8ex5POCaUSsmjhCqubsV0xHRhFoXUcmF4C+/vEpatap/Ua3dX1bqN3kcRTiBUzgHH66gDnfQgCZQEPAMr/CGHtELekcfi9YCymeO4Q/Q5w/HE4/L</latexit>

�A
1

<latexit sha1_base64="mm1ubqhRnb+o3O6Z7xvMTeacza8="></latexit>

�0
1

<latexit sha1_base64="/+Xfq8xhOBbNxFXQUdx0fClbhnM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA9hd0o6DHoxWME85BkCbOT2WTIPJaZWSEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPXcMGAveCs16p7Ff8GdAyCXJShhz1Xumr21ckFVRawrExncBPbJhhbRnhdFLspoYmmIzwgHYclVhQE2azgyfo1Cl9FCvtSlo0U39PZFgYMxaR6xTYDs2iNxX/8zqpja/DjMkktVSS+aI45cgqNP0e9ZmmxPKxI5ho5m5FZIg1JtZlVHQhBIsvL5NmtRJcVKr3l+XaTR5HAY7hBM4hgCuowR3UoQEEBDzDK7x52nvx3r2PeeuKl88cwR94nz8qLY/8</latexit>

�0
2

<latexit sha1_base64="C37tLUJiUWHtUJDBAh+hvHAo4Zw=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE9ld0q6LHoxWMF+yHtUrJptg1NskuSFcrSX+HFgyJe/Tne/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNE6easgaNRazbITFMcMUallvB2olmRIaCtcLR7dRvPTFteKwe7DhhgSQDxSNOiXXSY9fwgSS96lmvVPYq3gx4mfg5KUOOeq/01e3HNJVMWSqIMR3fS2yQEW05FWxS7KaGJYSOyIB1HFVEMhNks4Mn+NQpfRzF2pWyeKb+nsiINGYsQ9cpiR2aRW8q/ud1UhtdBxlXSWqZovNFUSqwjfH0e9znmlErxo4Qqrm7FdMh0YRal1HRheAvvrxMmtWKf1Gp3l+Wazd5HAU4hhM4Bx+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkDK7KP/Q==</latexit>

�A
2

<latexit sha1_base64="+c3wpPubDxTIGKdtZzdlOzjLIP8="></latexit>

�2
<latexit sha1_base64="2DLa1zgXnt1VjoVMlr24f+NcyUQ=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2A9ol5JNs21okl2TrFCW/gkvHhTx6t/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6sJOEBZIMFY84JdZJnZ7hQ0n6tX654lW9OfAq8XNSgRyNfvmrN4hpKpmyVBBjur6X2CAj2nIq2LTUSw1LCB2TIes6qohkJsjm907xmVMGOIq1K2XxXP09kRFpzESGrlMSOzLL3kz8z+umNroOMq6S1DJFF4uiVGAb49nzeMA1o1ZMHCFUc3crpiOiCbUuopILwV9+eZW0alX/olq7v6zUb/I4inACp3AOPlxBHe6gAU2gIOAZXuENPaIX9I4+Fq0FlM8cwx+gzx/Il4/M</latexit>

Mode Adjacency Graph

A<latexit sha1_base64="CzTf/EZpsWic/qQaX9EwbuU+6mM="></latexit>R
<latexit sha1_base64="Pwv/FYb2wanzQsY8zbX3MY1ZhEY="></latexit>

R
<latexit sha1_base64="Pwv/FYb2wanzQsY8zbX3MY1ZhEY="></latexit>

R
<latexit sha1_base64="Pwv/FYb2wanzQsY8zbX3MY1ZhEY="></latexit>

R
<latexit sha1_base64="Pwv/FYb2wanzQsY8zbX3MY1ZhEY="></latexit>A<latexit sha1_base64="CzTf/EZpsWic/qQaX9EwbuU+6mM="></latexit> A<latexit sha1_base64="CzTf/EZpsWic/qQaX9EwbuU+6mM="></latexit> A<latexit sha1_base64="CzTf/EZpsWic/qQaX9EwbuU+6mM="></latexit>

Figure 4: The feasible configuration space for two transit modes σ1, σ2 and two transfer

modes σA
1, σ

A
2 modes. Mode switches between σ1 ↔ σA

2 occur at configuration q∗1 . Mode

switches between σ2 ↔ σA
2 occur at configuration q∗2 .

two 1D blue lines indicate the space for which the system can change, which depends on

the current mode σ1 or σ2. These modes correspond to different placements of the movable

object, which remains constant. The yellow region corresponds to infeasible states where

the robot and the object are in collision. Because the object can be placed anywhere on the

interval, there are infinitely many possible transit modes. The center plot demonstrates the

robot and object moving during a transfer mode. The robot can attach itself either to the left

or right side of the object. As a result, there are two possible transfer modes σA
1, σ

A
2, indicated

by the 1D red lines. The relative pose between the robot and object remains constant

during a transfer mode. The robot can switch between transit and transfer modes at a

zero-dimensional (point) intersection between both lines (q∗1 , q
∗
2). The right figure visualizes

legal mode transitions as a directed graph. The transit modes {σ1, σ
′
1, ...} correspond to

the robot being on the left of the object, whereas the transit modes {σ2, σ
′
2, ...} correspond

to the robot being on the right of the object. In order to switch to a new transit mode,

the robot must first enter the appropriate transfer mode. Finally, note that the graph is

disconnected because the robot is unable to move to the other side of the object.

2.3. Task planning

Within the AI community, there has been a long-standing focus on planning in discrete

domains, generally with very large state spaces, but made tractable by using representations

and algorithms that exploit underlying regularities in the structure of the domain. Ghallab

et al. (15) provide a comprehensive discussion of task planning from the AI perspective,

and Karpas and Magazzeni (43) survey task planning for robotics.

The simplest formalization of AI planning is to specify a set of states (state space) S, a

set of transitions T ⊆ S ×S that describe legal changes to the state, an initial state s0 ∈ S,

and a set of goal states S∗ ⊆ S. Each directed transition t = 〈s, s′〉 ∈ T moves the system

from state s to state s′. The objective for a planner is to find a plan π, a sequence of

transitions, that advances the initial state s0 into a goal state s∗ ∈ S∗. This problem can be

reduced to a graph traversal problem, where the vertices are states and directed edges are

transitions, and solved using standard graph-search algorithms. However, the state spaces

considered are very large, so it is critical to use a functional representation of T to “reveal”

states incrementally, for example by working forward from the initial state.
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The first step toward compact representations and efficient algorithms is to factor the

state representation into a collection of state variables. More formally, states can be rep-

resented using a set of variables V = {1, ...,m}, each of which has a finite domain Xv.

States are assignments of values xv ∈ Xv for variables v ∈ V. This induces a state space

S = X1× ...×Xm that is the Cartesian product of each variable’s domain. Consider a vari-

ation on the example in Figure 2, involving a single robot, a movable pizza, and a movable

book. Each state specifies the locations of the robot, the pizza and the book, and the object

that the robot is holding (or None), as well as whether or not the pizza has been cooked.

The set of possible locations are: Box, Plate, Table and Oven. The robot can move between

any pair of locations, pick up an object at the robot’s current location if it is not holding

anything, and place an object at the robot’s current location. We can describe a state as

an assignment of values to the variables atRob (4 possible values), at[Pizza] (5 domain

values), at[Book] (5 domain values), holding (3 domain values), and cooked[Pizza] (2

domain values). A state in this domain can then be defined as

{atRob=Plate, holding=None, at[Book]=Table, at[Pizza]=Box, cooked[Pizza]=False}.

Although in total the variables have 19 possible values, there are 600 possible states re-

sulting from the possible combinations of variable values. Generally, the size of the state

space grows exponentially in the number of variables.

Next, we need to encode the set of transitions compactly. In many domains, due to

locality of effect or other underlying domain properties, transitions change the value of only

a small number of the state variables at a time, which allows us to describe large sets of

transitions compactly using a single action that encodes the difference between the two

states. These changes can be described by a set of effects eff: {v1 ← c1, ..., vk ← ck} that

list the variables that are modified (v1, ..., vk) and their resulting values (c1, ..., ck). This

set of effects describes a large set of state-pairs in the transition: one corresponding to each

possible assignment to the values of the unchanged variables.

moveF[loc1 ,loc2]

pre: atRob = loc1

eff: atRob ← loc2

moveH[loc1 ,loc2]

pre: atRob = loc1 , holding = obj

eff: atRob ← loc2

pick[obj ,loc]

pre: atRob = loc , holding = None , at[obj] = loc

eff: at[obj]← None , holding ← obj

place[obj ,loc]

pre: atRob = loc , holding = obj

eff: at[obj]← loc , holding ← None

cook[obj]

pre: at[obj] = Stove

eff: cooked[obj]← True

Figure 5: A template specification of moveF, moveH, pick, place, and cook actions.

Another structural property of many domains, which can be used to more compactly

express legal transitions, is that each action may correctly be executed in only certain
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states. For example, a pick action cannot be performed if the robot is already holding

an object. We can express this by specifying, for each action, a set of preconditions pre :

{xv1=c1, ..., xvk=ck} that describe the set of states in which that action can be executed in

terms of values of some of the state variables.

One final important structural property is an “object-centric” abstraction: in most

problems, the state variables correspond to properties of objects in the domain (e.g., the

location or color of a particular cup) or relations among them (e.g., whether a particular cup

is inside a particular box). We can take describe the possible actions of a domain generically,

via templates that are parameterized by a choice particular objects that are present in a

domain instance. This form of abstraction allows the size of the domain description to be

independent of the number of state variables in the domain.

We illustrate the basic principles of task planning via an example in Figure 5, which

specifies the preconditions and effects of the moveF, moveH, pick, place, and cook actions.

This specification needs to be coupled with a listing of the actual entities in any domain

instance, such as the names of objects (Pizza and Book) and locations (Box, Plate, Oven,

and Table), to yield a complete transition-system specification. Then, the state variables

are holding, atRob, along with cooked[obj] and at[obj] for each actual object name

obj. Similarly, the actual possible actions are generated by substituting all combinations of

object and location constants in for the template variables. For example, with two objects

and four locations, there are 8 instances of the place action.

To clarify the use of template variables, note the pick action description: it is a template

describing a finite number of action instances, one for each discrete value of obj and loc.

But note that these two variables play different roles. As the number of possible values of

obj increases, the dimensionality of the state of the problem (characterized by the number

of state variables) increases; as the number of possible values of loc increases, the domains

of the at[obj] variables increases but the number of variables does not.

The final component of a planning problem is a description of the set of goal states,

which has the same form as an action precondition, as a conjunction of values of some

state variables, where all unmentioned state variables may have any arbitrary value. For

example, the following goal description encodes the entire set of states in which the pizza

is cooked and on the plate: {at[Pizza]=Plate, cooked[Pizza]=True}. The solution to

a task-planning problem is a sequence of action instances a1, . . . , ak, that induces a state

sequence s0, . . . , sk, where each si is a state expressed as an assignment of values to state

variables, s0 is the initial state of the planning problem, si satisfies the preconditions of

ai+1, si+1 is the result of executing ai in si, and sk satisfies the goal conditions.
To finish our example, let the initial state be

s0 = {holding=None, atRob=Table, at[Pizza]=Box, at[Book]=Table, cooked[Pizza]=False}.

Solving this task requires first placing the pizza on the oven to cook it and then relocating

it to the plate:

π = [moveF[Table,Box], pick[Pizza], moveH[Box,Oven], place[Pizza],

cook[Pizza], pick[Pizza], moveH[Oven,Plate], place[Pizza]].

One focus of AI planning has been to define languages for specifying planning prob-

lems. The one shown in Figure 5 is similar to a lifted version of simplified action specifica-

tion (sas+) (44). The most widely-used formalism is planning domain definition language
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(pddl) (45), which can be seen as a transition system where state variables are Boolean

facts. The AI planning community has developed domain-independent algorithms that can

operate on any problem written in a planning language, without any additional information

about the problem. A factored planning representation enables efficient algorithms for solv-

ing relaxed problems, simplified versions of the original problem, and using their solutions

to estimate the distance to a goal state (18).

Finally, there are several extensions to the basic task planning formalism (46, 47, 48)

that are relevant to tamp. One of these is numeric planning, which involves planning

with real-valued variables such as time, fuel, or battery charge. Recent approaches support

planning with convex dynamics (49) and non-convex dynamics by discretizing time (50).

Although these methods have many use-cases, they currently cannot be directly applied to

most tamp problems because they assume the set of actions is finite.

3. TASK AND MOTION PLANNING

To find solutions to tamp problems, we need to integrate aspects of motion planing, multi-

modal motion planning, and task planning. In this section, we introduce a framework for

describing tamp problems and algorithms that allows us to describe most of the broad range

of existing methods within a unified framework, and which we hope elucidates modeling and

algorithmic trade-offs among them. We begin by providing a formalism for describing tamp

problems, then characterize solution methods in terms of their strategies for sequencing

actions, for selecting their continuous parameters, and for integrating these methods.

3.1. TAMP problem description

Informally, tamp problems use compact representational strategies from task planning to

describe and extend a class of mmmp problems. tamp is an extension of mmmp in that there

may be additional state variables that are not geometric or kinematic, such as whether the

lights are on or the pizza is cooked. We begin by articulating a generic mmmp, using an

extension of a task-planning formulation, in Figure 6. There are two extensions of the task-

planning formalism visible here. First, there are continuous action parameters. Second, in

addition to preconditions and effects we have a new type of clause, called con for constraint.

It is a set of constraints that all must hold true among the continuous parameters of the

action in order for it to be a legal specification of a transition of the system.

moveWithin[i](θ, w, τ, w′)
con: τ(0) = w, τ(1) = w′,

(
∀t ∈ [0, 1] FΣi(θ)(τ(t))

)
pre: mode = Σi(θ) , conf = w
eff: conf ← w′

switchModes[i,j](w, θ, θ′)
con: FΣi(θ1)(w), FΣj(θ2)(w)

pre: mode = Σi(θ1) , conf = w
eff: mode ← Σj(θ2)

Figure 6: A formalization of mmmp in the style of task planning. There is a moveWithin

action for each mode family Σi and a switchModes action for each mode family pair Σi,Σj.

This formulation does not extend to the basic formulation of mmmp, but it provides

a clear articulation of the overall system dynamics. In a domain with a large number of
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objects, there will be a large number of mode families, each of which requires specifying a

constraint on a very high-dimensional world configuration space. What tamp adds is the

ability to “unpack” the entities in the problem description into sub-parts that are simpler to

describe and that reveal substructure in the problem that enables algorithmic insights. We

will illustrate this process in a tamp generalization of the “cooking” domain from Section

2.3 using one particular formalization style, shown in Figure 7.

Consider an example which has five movable objects, A through E. We decompose the

system configuration w into state variables atRob, holding, at[A], at[B], at[C], at[D],

and at[E]. The discrete state variable holding can take values ranging over {None, A,

B, C, D, E} and specifies the current mode family Σ. The variable atRob is now a robot

configuration, and at[obj] is the pose of object obj relative to either the world coordinate

frame (when holding 6= obj) or the robot hand coordinate frame (when holding = obj).

The moveF (move while the gripper is free) and moveH (move while the gripper is holding)

actions describe transit and transfer motion within modes. The pick action corresponds to

a switch from a transit mode to a transfer mode, while the place action corresponds to a

switch from a transfer mode to a transit mode.

The sparsity of effect of planning action descriptions is a good match for articulating

which state variables are changed (and, implicitly, which ones stay the same). We can see

that, in each action description, the eff: clause indicates just the variables that change.

When the preconditions involve discrete constant values (such as None), they are being used

to specify the mode family of the initial state of the transition. The advantage of being

able to use templates is apparent: the moveH action has a template parameter obj, meaning

that there is a mode family for each object being held.

moveF(q, τ, q′, pA, . . . , pE)
con: Motion(q, τ, q′), CFreeW(τ ), CFreeA(pA, τ ), ..., CFreeE(pE, τ )
pre: holding = None , atRob = q , atA = pA , ..., atE = pE

eff: atRob ← q′

moveH[obj](g, q, τ, q′, pA, . . . , pE)
con: Motion(q, τ, q′), CFreeW[obj](g, τ ),

CFreeA[obj](pA, g, τ ), ..., CFreeE[obj](pE, g, τ )
pre: holding = obj , at[obj] = g , atRob = q , atA = pA , ..., atE = pE

eff: atRob ← q′

pick[obj](q, p, g)
con: Stable[obj](p), Grasp[obj](g), Kin[obj](q, p, g)
pre: holding = None , atRob = q , at[obj] = p
eff: holding ← obj , at[obj]← g

place[obj](q, p, g)
con: Stable[obj](p), Grasp[obj](g), Kin[obj](q, p, g)
pre: holding = obj , atRob = q , at[obj] = g
eff: holding ← None , at[obj]← p

cook[obj](p)
con: Stable[obj](p), OnStove[obj](p)
pre: at[obj] = p
eff: cooked[obj]← True

Figure 7: One formalization of tamp for an environment that contains the movable objects A,

B, C, D, and E. Actions now have real-valued parameters and constraints on these parameters.

Just as we have decomposed the configuration and the mode, we can decompose con-
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straints, expressing them as conjunctions of constraints with smaller arity. For example,

the pick action has the constraint Kin[obj](q, p, g). For any particular value of obj, repre-

senting an actual object in the domain, this represents a kinematic constraint, saying that

if the robot is in configuration q and holding object obj in grasp g, then obj will be at pose

p. In moveF and moveH, the Motion(q, τ, q′) constraint specifies the relationship between

a trajectory τ and two robot configurations, asserting that τ(0) = q, τ(1) = q′, and τ is

continuous. Notice that the trajectory τ appears neither in the preconditions nor effects of

these actions; they are auxiliary parameters that describe motion within the modes. The

Stable[obj](p) constraint requires that p be a pose representing a stable placement for ob-

ject obj on a static object in the world. Similarly, the OnStove[obj](p) constraint requires

that p be a stable placement where obj is specifically on a stove. The Grasp[obj](g) con-

straint defines stable grasp poses (transforms between the hand frame and object frame)

g for object obj. This set may be finite if there only a few known grasps but could be

uncountably infinite, in general. The collision-free constraint CFreeA[obj](p, g, τ) asserts

that if object A is at pose p, the robot is holding obj in grasp g, and it executes trajectory τ ,

no collision will occur. The constraint CFreeW[obj](g, τ) is defined similarly except that it

involves the fixed objects in the world (indicated by the abbreviation W). Finally, although

not pictured, because the pA, . . . , pE parameters in the moveF and moveH actions are each

only mentioned in a single constraint and precondition, they can be compiled away using

state constraints (51) or inference rules (axioms) (52), resulting in these actions templates

being independent of the number of objects in the problem instance.

3.1.1. The form of solutions. In preparation for studying algorithms for solving tamp prob-

lems, it is useful to examine the form of a solution, which is a finite sequence of action

instances π = [a1, . . . , ak], where each ai includes assigned values for all parameters that

satisfy that action’s constraints. These actions induce a state sequence [s0, s1, . . . , sk], where

each si is a state expressed as an assignment of values to state variables, s0 is the initial

state of the problem, si−1 satisfies the preconditions of ai, si is the result of executing ai
in si−1, and sk satisfies the goal conditions. Selecting the action templates and values for

the template variables specifies the form of a solution, which we call a plan skeleton. If

the skeleton is fixed, the set of variables for which values must be selected is determined,

and the problem that remains is one of selecting those values so that the constraints of the

actions in the skeleton are satisfied.

Consider a tamp problem with a single movable object A. Suppose the initial state

is s0 = {atRob=q0, at[A]=p0, holding=None, cooked[A]=False}, where the bold math-

ematical symbols q0,p0 are real-valued constants. The set of goal states can be defined

using conditions and constraints, such as cookedA=True. One possible plan skeleton is:

π = [moveF(q0, τ1, q1), pick[A](q1,p0, g2), (1)

moveH[A](q1, τ3, q3), place[A](q3, p4, g2), cook[A](p4)].

where q1, τ1, g2, q2, τ3, p4 are the free parameters. Plan skeletons can be visualized graphi-

cally by enumerating the sequence of |π|+ 1 values of each state variable, as well as motion

parameters τ1, τ3, and associating the constraints of the ith action with the appropriate

i− 1 and i state variables. Figure 8 illustrates this plan skeleton in the form of a dynamic

factor graph (53). Round nodes represent state variables, and rectangular nodes represent

constraints. Gray nodes have constant values, and colored nodes represent variables. Each

vertical column corresponds to a state; the actions in the skeleton, which are responsible
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for the state changes are shown between the state columns, at the top. Multiple nodes of

the same color represent a single variable that is constrained to maintain its current value

across multiple steps of the plan. Each constraint is connected to the variables it constrains.

Any assignment of values to the variables that satisfies all the constraints “fills out” the

skeleton into a complete legal plan that is guaranteed to achieve the goal. However, it may

be the case that no satisfying assignment exists.
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Figure 8: The plan skeleton from Equation (1). Grey values are constants. Thick black

lines display equality constraints that persist over time.

3.2. Hybrid constraint satisfaction

Finding an assignment of values to the parameters of a plan skeleton that satisfy the as-

sociated constraints is a hybrid constraint satisfaction problem (h-csp). Although many

parameters are inherently continuous, some may have discrete domains. For example, there

might be a finite set of stable resting surfaces for a particular object. Figure 9 compresses

the plan skeleton in Figure 8 into a constraint network, a bipartite graph from parameters to

constraints, by removing redundant constraints, constants, and parameters (54). Although

tamp is decidable via computational-geometry algorithms, just as in motion planning, most

practical approaches use optimization or sampling to solve the underlying h-csps. Another

dimension of variability in solution approaches is whether the method attempts to satisfy

the entire constraint set at once or not: methods vary dramatically in their high-level control

structure for handling the search over skeletons and parameter values, and make different

demands on constraint satisfaction methods.

3.2.1. Joint Satisfaction. The most straightforward strategy for approaching an h-csp is to

reduce it to a constrained mathematical program and solve for values for all the free param-

eters at once. Although there is a vast literature on mathematical programming, solving

programs corresponding to tamp h-csps is often very difficult due to high dimensionality

in continuous parameter space, the inclusion of discrete parameters, and the non-convexity

of the constraints. There is no efficient, general solution method for these mathematical

programs. There are, nonetheless, some approaches of practical value.

When all decision variables are real-valued, a common solution strategy is to minimize
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Figure 9: A simplification of the constraint network in Figure 8.

an objective function, which incorporates both the hard constraint violation and any soft

action cost penalties, using local-descent methods, though these are guaranteed to reach

only a local optimum of the objective function, which may not satisfy the constraints.

Equation (2) displays a mathematical program corresponding to the constraint network in

Figure 9. The trajectories τ1, τ3 are approximated as a sequence of robot configurations

τ [0], τ [1], ..., τ [T ] where T is a hyperparameter. Each constraint is associated with a real-

valued (and often once or twice differentiable) function, which is expressed either in an

equality (g(. . .)) or inequality (h(. . .)) constraint for the mathematical program. Although

it is not a focus of this survey, optimization can also fluidly incorporate action costs, enabling

it to identify a solution that is not only feasible but also low-cost. For example, Equation (2)

minimizes the combined cost of moving through a moveF mode (fmoveF(...)) and a moveH[A]

(fmoveH[A](...)) mode, each of which are sums of a function defined on adjacent configurations

that comprise trajectory parameter τ1 or τ3. More generally, mixed-integer programming

(mip) techniques are required. One prominent algorithm for solving mips is branch-and-

bound, which performs a discrete search over assignments to the integer variables; then,

conditioned on an assignment for each integer variable, the resulting mathematical program

is real-valued and can be addressed by descent.

minimize
q1,τ1,g2,τ3,q3,p4

∑T
t=1 fmoveF(τ1[t], τ1[t− 1]) +

∑T
t=1 fmoveH[A](g1, τ3[t], τ3[t− 1])

subject to gGrasp[A](g1) = 0, gStable[A](p4) = 0, hOnStove[A](p4) ≤ 0

gKin[A](q1,p0, g2) = 0, gKin[A](q3, p4, g1) = 0

hMotion(τ1[t], τ1[t− 1]) ≤ 0, hMotion(τ3[t], τ3[t− 1]) ≤ 0 for t ∈ [T ]

hCFreeW(τ1[t]) ≤ 0, hCFreeA(p0, τ1[t]) ≤ 0 for t ∈ [T ]

hCFreeW(τ3[t]) ≤ 0, hCFreeW[A](g1, τ3[t]) ≤ 0 for t ∈ [T ]

τ1[0] = q0, τ1[T ] = τ3[0] = q1, τ3[T ] = q3
(2)

3.2.2. Individual Satisfaction. An alternative approach to solving h-csps is to generate

small groups of parameter values that satisfy a single constraint or a small set of constraints,

and combine them. A sampler takes one or more constraints and generates a sequence of

assignments of values to the free parameters, where each assignment that is generated is

guaranteed to satisfy the constraints.

A challenge when designing samplers is dealing with constraints whose set of satisfying

values has lower dimension than combined domains of the free parameters. For example, the

Stable[obj](p) constraint requires object obj to rest perpendicular to a 2D plane within a

3D pose space, so this constraint lies in SE(2) despite the set of object poses being in SE(3).

The rejection-sampling strategy of sampling at random from a bounded region of SE(3) will
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have zero probability of producing a value satisfying this constraint. However, samples can

be produced by directly sampling Stable rather than SE(3). Low-dimensional constraints

remain problematic when attempting to produce values that also satisfy other constraints.

For example, consider solving for values of q, p, g that satisfy both Stable[obj](p) and

Kin[obj](q, p, g). Here, the difficulty is finding a pose p that satisfies Stable while also

admitting values of q, g that satisfy Kin. One solution is to explicitly design samplers that

operate on larger collections of constraints; this approach generally reduces to the joint

satisfaction approach (Section 3.2.2).

Alternatively, one can design conditional samplers that take in input values for some

of the parameters in the constraint(s) and produce satisfying output values for the rest of

the parameters. Intuitively, these samplers consume values already known to satisfy some

constraints and find completing values that are compatible for additional constraints. In the

above example, a conditional sampler for Kin[obj] that takes in p, g as inputs can consume

a placement pose sampled by Stable[obj] and produce configurations q through finding

inverse kinematics (ik) solutions. In the event that no ik solution exists, the conditional

sampler returns an empty sequence, effectively rejecting the input values. Boolean tests for

a constraint can also be represented within this framework as degenerate “samplers” that

perform a check on the input values but do not generate any output values. For example,

the collision-free constraints CFreeW, CFreeA, and CFreeW[A] can be evaluated by querying

a collision checker. In some applications, it may be beneficial to specify several conditional

samplers for an individual constraint, which represent different partitions into input and

output parameters. For example, an alternative sampler for Kin[obj] takes in q, g and

performs forward kinematics to produce a pose for obj that satisfies the constraint.

OnStove[A]
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Kin[A]
<latexit sha1_base64="p6cuJ5FQt1r2DyPyNUF9b67ZRaY="></latexit>

CFreeA
<latexit sha1_base64="67u6QAcz0Z7oiNlFn3+O0aWtUkE="></latexit>

Motion<latexit sha1_base64="gcHmwKPyYnwf11vjea8sHRLS+Bs="></latexit>

Motion<latexit sha1_base64="gcHmwKPyYnwf11vjea8sHRLS+Bs="></latexit>
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Figure 10: A sampling network for the constraint network in Figure 9.

More generally, several conditional samplers can be composed to form a sampling net-

work (55), a directed acyclic graph defined on free parameters and conditional samplers. A

directed edge from a parameter to a sampler indicates that the parameter is an input to the

sampler. A directed edge from a sampler to a parameter indicates that the parameter is an

output of the sampler. Each parameter is required to be the output of exactly one sampler.

This process is similar in spirit to converting a factor graph (constraint network) into a

directed acyclic Bayesian network (53). Figure 10 gives an example sampling network for

the factor graph in Figure 9.

3.2.3. Comparison. There is a trade-off between satisfying constraints individually versus

jointly. Individual satisfaction allows particular constraint types to be addressed using

a special-purpose procedure, which is well equipped for that constraint, and provides a
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framework for modularly combining them. For example, efficient algorithms for inverse

kinematics and motion planning can be used to respectively generate robot configurations

and trajectories. Often, values generated in an attempt to satisfy one h-csp can be reused

in other, related h-csps. In fact, values can even be usefully generated without a particular

h-csp in mind as shown in Section 3.3.2.

When jointly solving the complete set of constraints for a plan skeleton, only a single

solution is required because, by construction, it has satisfied all relevant constraints. In

comparison, when constructing samplers and conditional samplers, it is important that

they, in the limit as the number of samples goes to infinity, cover the complete space

of feasible solutions, because some samples may be ruled out by other constraints in the

problem. Another advantage of joint satisfaction is that constraints on one parameter can

transitively influence the selection of values for other parameters, directing the search. Many

methods for joint satisfaction requires the constraints to be made available in analytic form,

enabling fast and accurate computation of derivatives used in descent methods. However,

some constraints, such as collision constraints, are difficult to define in a differentiable

form. In such cases, sampling, which only requires black-box access to the constraint for

use in rejection sampling, can be a more effective strategy, although its success is strongly

dependent on the volume of solutions within the sampled space.

Finally, although we contrast these techniques, one can integrate both strategies. For ex-

ample, an algorithm could use individual sampling to generate values that satisfy Stable[A],

Grasp[A], and Kin[A] but use joint satisfaction to solve for trajectories τ that satisfy

Motion, CFreeW, CFreeA, and CFreeW[A].

3.3. Combining action sequence and parameter search

We now have the tools to search for action sequences (Section 2.3) and to solve h-csps

(Section 3.2). In this section, we discuss strategies for combining them into integrated

tamp algorithms. We would like to order the decision-making in a way that minimizes the

overall runtime of the algorithm, for a problem distribution. There are several intuitive

principles for organizing the search, which are sometimes in conflict with one another. One

way to reduce search effort is to prune infeasible decision branches as quickly as possible

(which is sometimes called failing fast (56)). We would also prefer to postpone expensive

computations until most of the rest of a potential solution is found. For example, in many

manipulation applications, collision checking is expensive, due to the geometric complexity

of 3D meshes and the need to check at a fine resolution to ensure safety, so we might wish

to lazily postpone this operation (57, 58). At the same time, we would like to balance the

computational effort spent on each component, for example, by not spending too much

time trying to satisfy the h-csp associated with a single skeleton or even single constraint,

in case it is unsatisfiable. Additionally, information gained in one branch of a high-level

search, such as the solution or infeasibility of a subproblem, can often be re-used to make

another branch of the search more efficient.

We begin by focusing on the overall control flow of tamp algorithms, which determines

the relative ordering of action-sequencing and h-csp (sub) problem solution. There are

three predominant classes of strategies: sequence before satisfy, in which we find whole plan

skeletons and then try to satisfy all of their constraints; satisfy before sequence, in which we

find sets of satisfying assignments for individual constraints and attempt to assemble actions

that use those values into complete plans; and interleaved, in which actions are added to the

18 Garrett et al.



plan and additional constraints are satisfied incrementally. We conclude by addressing an

important aspect of making these approaches efficient, which is to take advantage of previous

subproblem assignments or failures, in order to avoid re-addressing related subproblems.

Figure 11 illustrates the first two classes of tamp strategies as flowcharts.

No

YesSearch for 
Next Plan 
Skeleton 

Sequence Before Joint Satisfy
Solve Plan 
Skeleton’s

H-CSP
Satisfiable?Problem Return 

Plan

No

YesSample New 
Values from 
Constraints

Individual Satisfy Before Sequence
Search for
Plan Using 
Samples

Solution?Problem Return 
Plan

Figure 11: Flowcharts for two representative tamp algorithms. Top: an algorithm that

iteratively searches in the space of unbound plans and jointly satisfies the set of constraints

(Section 3.3.1). Bottom: an algorithm that iteratively performs individual sampling before

searching in the space of fully-bound plans (Section 3.3.2).

Throughout the discussion of control structures, it is important to remember that sam-

pling and optimization techniques are typically only semi-complete, in that they are not

able to certify that a problem instance is infeasible—they simply fail to find a solution in

the time available to them. Even for feasible h-csps these algorithms may still need to be

run for an extremely long time if, for example, a feasible problem only admits a tiny volume

of solutions. Handling this is complicated by the fact that we might be forced to consider

a possibly unbounded number of h-csps simultaneously. To simplify the discussion, we

can think about this process happening non-deterministically, where intuitively a separate

thread is created for each h-csp. We can always simulate this behavior in a single process

by appropriately revisiting the threads, making sure that none are starved.

3.3.1. Sequencing first. The earliest algorithms for tamp committed to a strict hierarchy of

first finding an action sequence, and then finding continuous parameter values. For example,

Shakey (2) performed strips planning over high-level abstract actions, such as which room

to move to, and then planned low-level motions that realized the high-level plan, with no

mechanism for finding an alternative high-level plan if the lower-level motions were not

possible. So, Shakey aggressively assumed that problems satisfy the downward refinement

property. More formally, a two-level hierarchy satisfies the downward refinement property if

every solution to the high level can be refined into a solution at the low level (59). When this

property holds, problems can be completely disentangled into separate task planning and

motion planning problems, so an algorithm that determines a plan skeleton based on values

of discrete template arguments strictly before solving the associated constraint-satisfaction

problem is complete. In tamp problems in practice, downward refinement rarely holds.

As soon as geometric or kinematic considerations make some high-level plans infeasible

(because, for example, three objects do not actually fit into the box we planned to put

them in, or because the grasp needed to remove an object from a shelf will not work
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to place it on the stove and there is no surface available to use for regrasping), then we

cannot inflexibly commit to any abstract plan without knowing its geometric and kinematic

feasibility.

However, even when downward refinement does not hold, a top-down problem decom-

position can be very effective, as long as there is a mechanism for “backtracking” and trying

alternative high-level plans when the lower-level solver fails (60, 61, 55). Figure 11 (top)

illustrates this approach, in which there is an outer loop representing a search over legal

plan skeletons; for each plan skeleton, we attempt to solve the associated h-csp and if

we succeed, we return the complete solution, otherwise, we return to the outer loop and

try another skeleton. In many everyday tamp applications, action sequencing is relatively

inexpensive, making it advantageous to find a plausible action sequence before satisfying

constraints. Furthermore, solving h-csps can be computationally expensive, so by only at-

tempting to solve h-csps that correspond to viable plan skeletons, we can potentially save

substantial computation time.

3.3.2. Satisfaction first. An alternative strategy is motivated by the fact that task planning

in finite domains can often be very efficient in even very large problem instances, and

therefore seeks to reduce the hybrid problem of tamp to one or more discretized planning

problems by generating values of continuous quantities, such as poses and configurations,

and computing in advance which constraints they satisfy (22, 14, 21, 55). For example,

one might sample, for an environment with some fixed support surfaces, a set of values pi
such that Stable[A](pi) holds. Approaches that perform satisfaction first almost always

use individual satisfaction (Section 3.2.2), which is typically implemented using sampling,

because they aim to generate values that are useful for a variety of plan skeletons. A single

round of sampling will in general not suffice. When the discrete planning problem given a

particular set of values is infeasible, it is necessary to generate more samples and try again,

as illustrated in Figure 11 (bottom).

Satisfying before sequencing is advantageous when the computational effort of repeat-

edly sequencing and failing to satisfy the associated h-csp outweighs the computational

effort of eagerly generating values that satisfy constraints upfront. This often is the case

when one or more of the following are true: 1) sampling is efficient and does not result in

a combinatorial explosion of sampled values, 2) each discrete action sequencing search has

non-negligible overhead, and 3) sampled values are unlikely to satisfy critical constraints.

3.3.3. Interleaved. There are many ways to interleave the searches for the action sequence

and parameter values. In some cases, we would like to pre-sample state variable values, such

as robot configurations and object poses, but defer the computation of motion parameter

values, such as collision-free trajectories between two robot configurations. In this case, the

domains of the state variables have already been discretized. Conditioned on an assignment

of values to every non-motion parameter (state variable) for an action instance, each motion

parameter is only affected by the constraints of that particular action, which means that the

problem of finding satisfying values for its parameters is independent of finding parameters

for other actions. Thus, the existence of a satisfying assignment to the motion parameters

can be evaluated online during action sequencing in order to only compute values for action

instances encountered during the search. The strategy was first applied to tamp under the

name of semantic attachments (62, 63, 64). Although this strategy limits the amount of

interleaving that is possible, it is appealing in that the state space is fixed during sequencing;
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it only identifies that some transitions are infeasible.

Interleaved action and parameter search can also aid the search for plan skeletons when

sequencing first. One source of search control is to observe that, in order for a plan skeleton

to admit a satisfying assignment, all of its subsequences must also have satisfying assign-

ments. Thus, a partial plan skeleton can be pruned from the search if its h-csp is infeasible.

Some approaches even solve relaxations of the induced h-csps that omit certain constraints

such as motion constraints with many decision variables, which are often satisfiable and

thus are uninformative (65, 66, 67, 61, 68, 69).

A more general control structure is to perform a tree search, with layers alternating

between selecting an action template and sampling parameter values for that action that

satisfy the partial skeleton constraints. A substantial difficulty in this approach is that

tree nodes may have infinitely many successor nodes due to the possibly infinitely many

satisfying parameter values and action instances that could be performed. Thus, it is

important that the search be persistent (70, 71), in the sense that it will revisit previous

search nodes indefinitely in order to generate additional samples for continuous parameters.

3.4. Communication between subproblems

tamp strategies require solving multiple h-csp subproblems. These problems often have

shared substructure that can be exploited, resulting in substantial reductions in compu-

tation. The primary algorithmic question is whether to share information about sets of

constraints that can be satisfied (positive) or about sets of constraints that cannot be satis-

fied (negative). Algorithms that satisfy constraints individually typically take the positive

approach, and algorithms that satisfy constraints jointly typically take the negative ap-

proach. Although we will discuss these approaches separately, it is possible to develop

algorithms that use both, possibly to handle different types of constraints.

3.4.1. Positive methods. Positive methods are straightforward: whenever any h-csp is

solved, whether it contains one or many constraints, they add each constraint in the h-

csp, along with its satisfying assignment, to a database of constraint elements, known

solutions to constraints. For methods that satisfy before sequencing (Section 3.3.2), this

database is used to instantiate action instances before sequencing. If action sequencing fails

to find a solution, the feedback is that the current database is insufficient and more values

must be sampled. Some methods that sequence before satisfying (Section 3.3.1) also use

positive feedback. The focused algorithm presented in (72, 55, 73) plans using a mixed set

of sampled values and free parameters (optimistic values), which represent values that are

not yet available, but that might potentially be generated by a sampler.

3.4.2. Negative methods. Alternatively, instead of recording solutions to constraints, an

algorithm could identify unsatisfiable counterexample h-csps. Because any h-csp that con-

tains an unsatisfiable subproblem is itself unsatisfiable, any h-csp that contains a recorded

counterexample can be pruned; this can, in turn, prevent action sequencing from exploring

plan skeletons that are as-yet unexplored, but have the same failure case as a previously

explored skeleton. Since most h-csp solvers are only semi-decision procedures, they can

never determine with certainty that a problem is infeasible. One way to handle this prob-

lem is to assume unsatisfiability initially, but, as discussed in Section 3.3, allocate a thread

to each h-csp that continually searches for a solution in case one exists. If one of these
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threads returns with a solution, the h-csp is removed from the counterexample set.

A key algorithmic concern here is identifying informative counterexamples. The smaller

a counterexample is, the more h-csps and thus plan skeletons it can prune. For example,

consider the constraint network in Figure 9 and suppose that placement p0 is on a tall

shelf that the robot cannot reach. If we could isolate constraint Kin[A](q1,p0, g2) as the

bottleneck, rather than the full h-csp, any plan skeleton that attempts to pick A at its

initial placement will be pruned, informing the planner that A cannot be manipulated.

The problem of identifying small counterexamples can itself be time-consuming, requir-

ing the original h-csp to be decomposed into smaller h-csps, each of which is individually

tested for unsatisfiability. Several tamp approaches have proposed heuristic methods for

diagnosing failure and repairing the problem (74, 75, 76, 60). There are also several good

domain-independent strategies. For problems in which the state variables are pre-sampled

(3.3.3), the remaining h-csp is often disconnected, and thus each unsatisfiable connected

component can be independently added as a counterexample (77, 78, 79). There are meth-

ods from the discrete sat literature that, for unsatisfiable propositional formulas, identify

unsatisfiable cores (80), small subsets of constraint that cause unsatisfiability. These ideas

can be extended to continuous mathematical programs, where real-valued constraint viola-

tion feedback can improve the efficiency of the search for counterexamples (81, 82, 83).

3.5. Taxonomy

Table 1 illustrates a representative set of mmmp and tamp algorithms, categorized in terms

of how they solve for continuous parameter values and how they combine searching for the

mode-family or task-level structure of a plan with searching for continuous values. This

table is meant to provide broad coverage, but is not exhaustive. Each row lists one of three

strategies for integrating constraint satisfaction and action sequencing: satisfaction first

(Section 3.3.2), interleaved satisfaction and sequencing (Section 3.3.3), and sequencing first

(Section 3.3.1). Each column lists one of three strategies for performing constraint satisfac-

tion: assuming the state variables are pre-discretized and solving for motion parameters,

individual sampling (Section 3.2.2), and joint optimization (Section 3.2.1).

4. EXTENSIONS

There are many ways to extend the basic tamp problem class and associated algorithms;

these are areas of current active research and future interest.

4.1. Kinodynamic systems

We have focused on domains with quasi-static dynamics (after the robot executes an action,

the objects end in a stable state which persists until the robot’s next action) and simple

rigid-body kinematics. Extending tamp to handle deformable objects and liquids as well

as to full dynamics, such as throwing, are important directions. Several tamp approaches

have already demonstrated the ability to plan for kinodynamic systems (100, 68, 69).

4.2. State and action uncertainty

A critical issue when acting in the real world is uncertainty. In the presence of future-

state uncertainty, a planning algorithm might need to take into account multiple possible
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Pre-discretized Sampling Optimization

Satisfaction

First
Ferrer-Mestres∗ (84, 85)

Siméon† (22)

Hauser† (13, 29, 14)

Garrett∗ (86, 21)

Krontiris† (87, 88)

Akbari∗ (89)

Vega-Brown† (90)

Interleaved

Dornhege∗ (62, 63, 91)

Gaschler∗ (92, 93, 94)

Colledanchise∗ (95)

Gravot∗ (96, 97)

Stilman† (23, 98, 99)

Plaku† (100)

Kaelbling∗ (101, 102)

Barry† (103, 30, 104)

Garrett∗ (70, 71)

Thomason∗ (105)

Kim∗ (106, 107)

Kingston† (108)

Fernandez-Gonzalez∗ (109)

Sequence

First

Nilsson∗ (2)

Erdem∗ (74, 75)

Lagriffoul∗ (65, 66, 67)

Pandey∗ (110, 111)

Lozano-Pérez∗ (112)

Dantam∗ (77, 78, 79)

Lo∗ (113)

Wolfe∗ (114)

Srivastava∗ (76, 60)

Garrett∗ (55, 73)

Toussaint∗ (61, 68, 69)

Shoukry∗ (81, 82, 83)

Hadfield-Menell∗ (115)

Table 1: A table that categorizes mmmp and tamp approaches, based on how they solve hc-

sps and how they integrate with constraint satisfaction with action sequencing. Approaches

for mmmp are designated with †, and approaches for tamp are designated with ∗. Each table

cell is listed chronologically.

outcomes of an action and ensure that there are actions it can take in response, to avoid

unlikely but disastrous outcomes. More difficult, but pervasive, is uncertainty about the

present state. In this case, the problem can be treated as a “belief-space” planning problem,

in which the planner reasons explicitly about the agent’s state of information about the

world and takes actions both to gain information and to drive the world into a desired

belief state. Several approaches for deterministic observable tamp have been extended to

handle these challenges. (102, 116, 117, 118)

4.3. Planning and learning

A critical question to ask is where tamp models come from. Most work in tamp assumes

perfect observability, control actuation, and knowledge of the kinematics and shape of

objects. Machine learning methods can help with the process of acquiring models in non-

ideal domains as well as speeding computation. In particular, learning methods can improve

tamp in several ways:

• Learning models. Given a controller, whether acquired via learning or hand-built,

the constraints that allow us to characterize successful executions for the tamp plan-

ner may not be obvious, but they, too, can be learned from experience (8).

• Learning search guidance. Classic task-planning algorithms derive domain-

independent search heuristics from the action descriptions, but there are opportu-
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nities to automatically learn domain-dependent search heuristics (119, 120), in the

form of policies or value function estimates (121) or action-orderings as well (122).

Learning search guidance has been hugely influential in games like Go (123). In tamp

problems, it is more difficult because it is much less clear how to encode the state

of the problem (object shapes and poses) in a way that affords generalization from

current function approximation methods, and because the goal must be encoded into

the prediction as well, but there is initial progress in this area (106, 124, 125).

• Learning sampling guidance. Many tamp planners use conditional samplers as

part of their strategy for solving underlying h-csps. Learning can make sampling

much more effective, in two different ways, one in which the learning happens during a

single search process and one in which the learning happens across problem instances.

In the forward-search algorithms that interleave selection of action and parameters,

we can derive inspiration from Monte Carlo tree search (mcts) (126, 127), in which

experience with trying to expand nodes in a branch of the tree is used to form local

estimates of the likelihood that a solution lies along that branch. Sampling for contin-

uous parameter values can itself be similarly guided, using techniques for optimistic

global optimization (128, 107). Samplers can also be learned from previous experience

using generative models such as Generative adversarial networks (gans) (129).

SUMMARY POINTS

1. tamp selects the sequence of high-level actions that the robot should take, the

hybrid parameter values that determine how the action is performed, and the low-

level motions that safely execute the action.

2. tamp approaches build on research in motion planning, multi-modal motion plan-

ning, and task planning.

3. Many tamp approaches can be seen as integrating a search over plan skeletons

(partially specified plans) and the satisfaction of constraints over hybrid action

parameters.

4. Existing approaches can be usefully categorized according to how they address and

integrate these two types of decisions.

FUTURE ISSUES

1. Further investigation is needed of strategies that combine sampling and optimization

approaches to tamp.

2. tamp methods should be extended to plan in more realistic environments that, for

example, involve deformable objects, time, dynamics, liquids and other agents.

3. Uncertainty is central to all real-world robot applications; future tamp methods

should consider both future-state and present-state uncertainty.

4. Incorporating learning-based methods into planning will enable planners to reason

with learned action models, requiring less human-provided domain knowledge.

24 Garrett et al.



DISCLOSURE STATEMENT

The authors are not aware of any affiliations, memberships, funding, or financial holdings

that might be perceived as affecting the objectivity of this review.

ACKNOWLEDGMENTS

We gratefully acknowledge support from NSF grants 1523767 and 1723381; from AFOSR

grant FA9550-17-1-0165; from ONR grant N00014-18-1-2847; from the Honda Research

Institute; and from SUTD Temasek Laboratories. Caelan Garrett, Rachel Holladay, Rohan

Chitnis and Tom Silver are supported by NSF GRFP fellowships. Any opinions, findings,

and conclusions or recommendations expressed in this material are those of the authors and

do not necessarily reflect the views of our sponsors.

LITERATURE CITED

1. Fikes RE, Nilsson NJ. 1971. {STRIPS}: A New Approach to the Application of Theorem

Proving to Problem Solving. Artificial Intelligence 2

2. Nilsson NJ. 1984. Shakey the Robot. Tech. Rep. 323, Artificial Intelligence Center, SRI Inter-

national

3. Lozano-Perez T, Wesley MA. 1979. An Algorithm for Planning Collision-Free Paths Among

Polyhedral Obstacles. Communications of the ACM 22

4. Kavraki LE, Svestka P, Latombe JC, Overmars MH. 1996. Probabilistic roadmaps for path

planning in high-dimensional configuration spaces. IEEE Transactions on Robotics and Au-

tomation 12

5. LaValle SM, Kuffner JJ. 2001. Randomized kinodynamic planning. International Journal of

Robotics Research 20

6. Ratliff N, Zucker M, Bagnell JA, Srinivasa S. 2009. CHOMP: Gradient optimization techniques

for efficient motion planning. In IEEE International Conference on Robotics and Automation

7. Schulman J, Duan Y, Ho J, Lee A, Awwal I, et al. 2014. Motion planning with sequential convex

optimization and convex collision checking. International Journal of Robotics Research 33

8. Wang Z, Garrett CR, Kaelbling LP, Lozano-Perez T. 2020. Learning compositional models of

robot skills for task and motion planning

9. Alami R, Simeon T, Laumond JP. 1990. A geometrical approach to planning manipulation

tasks: The case of discrete placements and grasps. In International Symposium on Robotics

Research
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