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Abstract - The increasing penetration of inverter-based
resources (lBRs) is changing grid dynamics and challenging safe
and reliable grid operation. Particularly, the increasing
integration of mRs may cause the small-signal stability issues
resulting from the dynamic interaction between the IBR inverter
controls and the power network in a power system with high
penetration of IBRs. It is challenging for assessing the small­
signal stability in such a power system due to the complex
interaction between IBRs interconnected through the power
network. The assessment complexity is further increased when
considering variable IBR generation. To address the challenges,
this paper proposes a method for small-signal stability analysis of
a multi-Illk power system under uncertain renewable generation.
First, we derive that the small-signal stability of a multi-Illk
power system can be estimated based on the smallest eigenvalue
of a weighted Laplacian matrix of the power network. Then, a
robust optimization problem is formulated to analyze the small­
signal stability of a multi-Ilfk power system under variable
renewable generation. The efficacy of the proposed method is
demonstrated on a power system with three mRs by eigenvalue
analysis and electromagnetic transient simulations.

Index Terms- Inverter-based resources, small-signal stability,
uncertain renewable generation.

I. INTRODUCTION
To address the impact of climate change, renewable energy

resources such as wind and solar are increasingly integrated
into the nation's electric power grid to reduce reliance on
fossil fuels. These renewable resources are interfaced with the
power grid through power electronic inverters that use control
algorithms to define their performance characteristics [I]. As a
group, these types of resources are commonly referred to as
inverter-based resources (IBRs). While IBRs offer fast and
advanced control for energy efficiency, they are also are
changing grid dynamics and challenging safe and stable grid
operation. Particularly, the dynamic interaction between IBRs
and the power network have cause new types of multi­
frequency oscillation stability issues under weak grid
connections, such as sub-/super synchronous and high­
frequency oscillations [2]-[5]. The emerging oscillation
stability issues are becoming a major threat to grid reliability
and a great bottleneck to the accommodation of IBRs.

Since the oscillation stability issues belong to the small­
signal stability category, they have mainly been investigated
by time-domain [6]-[7] and frequency-domain [8]-[9] methods.
The most widely used time-domain methods are the
eigenvalue analysis method and the electromagnetic transient
simulation. In the eigenvalue analysis method, the studied
system is usually represented with state-space models and
then the eigenvalue analysis method is used to analyze the
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small-signal stability. This method requires detailed models
and parameters of inverters to build the state-space model. It is
challenging for using the method in a large-scale power
system with large IBR integration since the dimensions of the
system state matrix may be too high to be numerically handled
for eigenvalue analysis. While the electromagnetic transient
simulations can be used for verification purposes, they hardly
reveal the mechanism of small-signal instability. Recently, the
impedance-based analysis method in the frequency domain
has been used for the small-signal stability analysis as the
impedance model can be obtained through measurements,
even though the detailed parameters of the inverter are
unknown. Although the small-signal stability has been
analyzed with the various approaches in time and frequency
domains, it is still challenging to analyze the stability issue
while considering the impact of variable renewable generation
[10]-[11]. Moreover, the analysis complexity is further
increased when considering the interaction between IBRs
interconnected through the power network in a multi-IBR
power system.

To address the challenges, the paper proposes a method for
analyzing the impact of uncertain renewable generation on the
small-signal stability in a multi-IBR power system. To this
end, the modeling of a multi-IBR power system is first
constructed based on the state-space model. With this
modeling, the small-signal stability of the system is analyzed,
and then a robust optimization is formulated to assess the
small-signal stability under uncertain renewable generation.
The efficacy of the proposed method is demonstrated on a
power system with multiple IBRs. The rest of this paper is
organized as follows. In Section II, the modeling of the power
system with multiple IBRs will be presented. In Section III,
the model will be used to analyze the small-signal stability of
the multi-IBR system. In Section IV, our method will be
proposed to assess the small-signal stability of the multi-IBR
system under uncertain IBR generation. In Section V, the
efficacy of the proposed method will be demonstrated. In
Section VI, the conclusions are drawn.

II. MODELING FOR POWER SYSTEMS WITH MULTIPLE IBRs
Let us consider a power system with n IBRs. The system

modeling includes the IBR models and the network models.
The state-space model of the i-th IBR can be represented as

ld-M .=M .+B;\,.U .dt :J .A",J m.i m.t m.t

Mm.i PBi Cm.iMm.i

where A denotes small increment of a variable vector; Xm,i EO

RrnXj is the vector of all the state variables of i-th IBR; Im,,=[lx,i
ly,iVand Um,,=[Ux,i Uy,iV are the output current and terminal

Authorized licensed use limited to: NORTH DAKOTA STATE UNIV. Downloaded on November 10,2022 at 12:25:53 UTC from IEEE Xplore.  Restrictions apply. 



978-1-6654-0823-3/22/$31.00 ©2022 IEEE 

2

where

where

III.SMALL-SIGNALSTABILITYANALYSISOFPOWERSYSTEMS
WITHMULTIPLEIBRs

Theclosed-loopcharacteristicequation(8) allows us to

analyze thesmall-signalstabilityofthepowersystem withn

IBRs. To simplify this analysis, let usconsidereachIBR in

the system has the same dynamiccontrolstrategy and

parameters.That is,Am,,=Am,Bm,,=Bm,Cm,i=Cm,i,i=1, ... , n, in

(8).Under thiscondition,theclosed-loopcharacteristic

equation(8) can be rewritten:

det [YhOlli_'YS] =det [(In@ ~BR (s)r(st)+r,@12]=0 (9)
where

-B®r(s)

positivedefinite matrix. Thus,Yeqisdiagonalizableand its

eigenvaluesare all positive. Thisconcludestheproof_.

According toLennna1, there is a matrixW that can

decomposematrix Yeqinto adiagonalmatrix in whichthe

diagonalelementsconsistoftheeigenvalues((J'i,i=1,...,n)in

theorderof0:'((J'I:'((J'2"':'((J'n-That is,

w-1Y.,qW =A =diag(a-,)i=l,...,n (11)

Combining(11) with (9) yields,

adet(~BR(s)r(st+O'i@I2)=O (12)

Equation(12) shows that thepowersystemwithnIBRs
can bedecoupledintondynamicallyindependentsubsystems
for thesmall-signalstability analysis. Themulti-IBRsystem is
stableifand onlyifall theequivalentsubsystemsare stable. In
otherwords,ifoneoftheequivalentsubsystemsis unstable,
the entiresystemwill be unstable. In themulti-IBRsystem,
eachIBR has the same dynamiccontrolstrategy and
parameters.For thegivencontrolstrategy andparameters,the

~BR (S)=Cm(sIm-Amte;, (10)

whereYeq=PP,-IB;PP,=diag(PBD,i=l, ....n;Inisan-dimension
identity matrix.

Equation(9)characterizesthesmall-signalstabilityofthe

powersysteminterconnectingnIBRsthroughthepower

networkin themulti-IBR powersystem. Theinteraction

betweennIBRs willincreasesthecomplexityof the small­

signal stabilityanalysisin the system. To reduce theanalysis

complexity,we will decouple then-IBRsystem into a setof

single- IBRsubsystemsbasedon thefollowingLennna1:

Lemma 1. matrix Yeqisdiagonalizable, and its all

eigenvaluesare positive.

ProofIn apowersystemwithnIBRs,PBiin matrixPP,

meets PBi>O,i=l, ...,n.Thus, PB-
1I2arepositivedefinite. As

matrix B is aHermitiandiagonallydominantmatrix with

positivediagonalentries,Bis positive definite in (6), andthen

the p;1I2BP;1I2 is positive definite. Since

p1l2yp-1I2=p-1I2BP-1I2 Y: issimilartop-1I2BP-1I2and is
B eq B B B' eq B B

Fig. 1Closed-loopdiagramofthepowersystem withnIBRs.

(7)

r(s)=[/3(s) a(s)],
-a(s)/3(s)

2

()
OJo () SOJoa s=-2--2'f3S =-2--2

S +OJo s+OJo

where B is thereducednode susceptancematrix after

eliminating passivenodes and infinite nodes;OJois the rated

angularvelocityofthe ac system; and® denotesthe

Kroneckerproduct.

By integratingthe IBRmodeling (4) and thepower

networkmodeling(6), thepowersystemwithnIBRs can be

modeledby anequivalentmulti-inputmulti-outputfeedback

controlsystemasshownin Fig. 1 below. Theclosed-loop

characteristicequationofthesystemcan berepresentedby

det(diag[PBi.Y1BR_i(s)]+B@r(s))=0 (8)

wheredet(·)denotesthedeterminantfunction. Thesystemis

stableifand onlyifall theeigenvaluesof(8) are in the left­

halfofthecomplexplane.

voltage at the point iof interconnection,respectively,

expressedin theconnnonx-ycoordinate;Am,iEORmxmandBm,i

EORm
x2are the state matrix andcontrolmatrixofthei-thIBR,

respectively;andCm,iEOR2 xm is theoutputmatrixofthei-th

IBR,whichisnormalizedby theinjectedpowerPB,iofthei-th

IBR.

Basedon (1), thestate-spacemodel of thei-thIBR can be

rewrittenin thefollowingmatrix format:

[~~J =[S;Bi~:~,i -o~m;] ~:::J (2)

where omxl and02x2 are two null matrices; srepresents

Laplaceoperator; andL;denotes them-dimensionalidentity
matrix.
Thus, thestate-spacemodel ofthepowersystemwithn

IBRs can berepresentedas

[
onmxl ] =[dia

g
((SIm- Am.i))diag2(-~m,i)][Mm] ,i=l,....n(3)

Mm diagSBi.Cm,i °nxn ;\"Um

M =[MTm m ,l

Y1BR.(s)=C .(sI-Ll .)-1B. (5)
_ I m,l m L~,l m,l

In thepowersystemwithnIBRs, thepowernetwork

interconnectingnIBRs can be modeled:

-Mm=[B@r(s)];\"Um (6)

;\,.Um=[;\"U~,1 !:l.U~.n r
where onrnxland02nx2nare two null matrices; symbol diagt-)

representsthediagonalmatrix.
Byeliminating6Xmin (3)throughtheKronreduction[12],

therelationshipbetweenMmand;\"Umat the IBR terminals in

(3) can berepresented

Mm=diag[PBi'YIBR_i(S)];\"Um,i=l, .. ..n (4)
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stability of each subsystem depends on the eigenvaluesa,
(i=l,. . .,n).The smaller eigenvaluea,means its corresponding
subsystem is more likely to be unstable. The smallest
eigenvalue(JIis corresponding the subsystem, which is the
most critical. Thus, the small-signal stability of the entire
system depends on the critical subsystem, and the stability of
the entire multi-IBR system can be characterized by the
smallest eigenvalue(J1

IV.PROPOSEDMETHODFORSMALL-SIGNALSTABILITY
ASSESSMENTUNDERUNCERTAINRENEWABLEGENERATION

According to the small-signal stability analysis in the
SectionIII,it is known that the small-signal stability of the
power system withnIBRs can be assessed based on the
smallest eigenvalue(JIof weighted matrixYeqin(9)for the
power network. However, matrixYeqis the function of IBR
generationPB.When IBR generation is uncertain, the small­
signal stability assessment based on the smallest eigenvalue(JI
is required for all feasible uncertain scenarios, which is
computationally daunting.
To address this issue, a robust optimization model can be

formulated for assessing the small-signal stability in the
worst-scenario under uncertain IBR generation based on the
smallest eigenvalue(JI of matrixYeq.If under the worst
scenario the power grid stable, all other uncertain scenarios

are also stable. To this end, leti'lERnbe an uncertain set, and
the IBR generation is constrained withini'l(i.e.,PEEi'l).For
the power system withnIBRs, when its power network
parameters are given, matrixYeqonly changes with IBR
generationPE(i.e.,Yeq(PE)).Thus, the smallest eigenvalue of
matrix Yeq(PE) under uncertainty is defined as
(Jrnin=min{A(Yeq(PE)):PEi'l},whereAUis the function to
yield the eigenvalues of a given matrix. Letybe a given
threshold to guarantee dynamic control stability of a power
grid. When(Jrnin>Y,every uncertain scenario must be stable.
Equivalently, the stability identification based on the(Jrninis to
verifyifall eigenvalues ofYeq(PE)under uncertaintyi'lare
larger than thresholdy.Thus, the small-signal stability under
uncertaintyi'lcan be analyzed by solving the following
optimization problem to verifyifall eigenvalues ofYeq(PE)are
in tlle subsetHforPEE/)",whereH=(y,oo)is an open subset of
the complex plane, and its complementHC=(O,y) is a semi­
algebraic set.

max IIxII~
XER

n
'PBED.,YER

(13)

3

V. CASESTUDIES

In this section, the efficacy of the proposed method is
demonstrated on a power system with three IBRs by
eigenvalue analysis and electromagnetic transient simulations.
The system topology is shown in Fig. 2 while the network
parameters of the system are presented in Table I. All
inverters use the same control strategy shown in Fig.3,and
the control parameters of each inverter are shown in Table II.
In the system, let us consider the injected powerPi(i=I,2,3)
of each IBR varies in the interval(0, 2)p.u.. The varying
generation of these three IBRs can be illustrated by a cube in a
three-dimensional space, which is shown in Fig.4. In this
figure, the cube is divided into8sub cubes numbered asCD~

®for validating the proposed method.
In the system, the proposed optimization problem in(13)­

(15) is solved under variable IBR generation. For the given
inverter control strategy and parameters in the system, we can
evaluate the threshold value y=3.1 for the proposed
optimization problem (13)-(15) by either analytical calculation
or numerical simulation method. Thus, semi-algebraic setH"
in (15) is(0, 3.1).TableIIIpresents the solutions to
optimization problem in (13)-(15) under different scenarios of
variable IBR generationi'li(i=1,... , 8)as illustrated in Fig.4.
Itcan be seen from TableIIIthat the system is stable under
scenariosi'l1~i'l2 andi'l4~i'l8, but there is an instability risk in
the system under scenarioi'l3.As shown in TableIII,the
solutions to the optimization problem is0under scenarios
i'l1~i'l2 andi'l4~i'l8, which means the system is stable under
these scenarios of variable IBR generation; on the other hand,
the solutions to the optimization problem is1under scenario
i'l3,which indicates these exits an instability risk under this
scenario.

IBR3

Fig . 2Diagramofthepowersystem with three IBRs

S.t.(~q(PB)-(Jln)x=O (14)

Ilxll~:S;I, (JEH' (15)

Equations (13)-(15) show thatifall eigenvalues of matrix
Yeq(PE)are located in subsetH, there exists no(JEHCand
PEE/)",which make the matrix(Yeq(PE)-(J!n)singular. Thus,
only the trivial solutionx=0satisfies the constraint (14). That
is, the system is stable under uncertain IBR generationPEEi'l
if the solution of the problem in (13)-(15) is equal to zero. To
solve this problem in (3)-(5), this problem can be converted
into an optimization problem with linear matrix inequality
(LMI) constraints, and then solve the converted problem by
building up LMI relaxations to relax the optimization problem
into a sequence of semidefinite optimization problems[13].

978-1-6654-0823-3/22/$31.00 ©2022 IEEE
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Fig. 3 The control block diagram of IBR inverter used in the system in Fig. 2
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un er I erentscenanos0 vana e .zeneration

IBRgenerationscenarios Dominanteigenvalues

L'., -1.57±89.22i

L'.2 -4.59±88.72i

L'.3 1.18±89.26i

"""
-1.92±89.19i

L'., -3.78±88.91i

L'.6 -6.76±88.00i

L'.7 -1.33±89.24i

L'.8 -4.26±88.80i

Table IV Thetypicalresultsofeigenvalueanalysisin thesystemshownin Fig .
2 d diff f . bl IBR

conditions in the system is also randomly chosen under each
of these 8 scenarios listed in Table III. Under each chosen IBR
generation condition, the electromagnetic transient simulation
is conducted. Fig. 5 demonstrates the typical simulation
results in the system under each scenario.Itcan be observed
from Fig. 5, the voltage trajectories at three IBR buses in the
system under scenarios111~112 and114~118 are convergent,
which indicates the system is stable. By contrast, the voltage
trajectories at three IBR buses in the system under scenario113
are divergent, which indicates there exists an instability risk in
the system. Again, the analysis results agree with the solutions
to the proposed optimization problem in Table III, which thus
validates the proposed method.

Table IIParametersofIBRsin thesvstemshownin Fig . 2

PIparametersofcurrentcontrolloop: 1, 10

PIparametersoftheconstantDCvoltagecontrolloop: 0.5, 5

Parametersof thevoltagefeedforwardfilter: 0.01

PIparametersof the PLL: 20, 7500

Parametersof activepoweroutputand q-axiscurrentreference:1, 0

Ratedcapacityofconvertersin per unit : 1

-1-IBR11- f 2-IIBR3

I I I I

;:i
~ 1.000
~

0.995L..-_........_ ........_ ......._---'"_----'

0.0 0.2 OA 0.6 0.8 1.0

tis

1.02.--- T""""T"""-""T"""--r-~----.

(a)UnderIBRgenerationscenarioL'.,

0.995L..-_........_ ........_ ......._---'"_---l

0.0 0.2 OA 0.6 0.8 1.0

tis

;:i
~ 1.000
~

(c)UnderIBRgenerationscenarioL'.3

_---l ~ IB R l I I1

1

1R2i_ I~R3
1.01

1.00

0.99

0.98L..-_........_ ........_ ......._---'"_----'

0.0 0.2 OA 0.6 0.8 1.0

tis

1.005.--- ....--"T"""-""T"""--r-~----.

(b)UnderIBRgenerationscenarioL'.2

IIIig , un er I erentscenarios0 varia e .generation

IBRgenerationscenarios
Solutionstooptimization

prob lem(14)-(16)

L'.,~((1,2),(0, 1),(1,2)) 0

L'.2~((0, 1),(0, 1),(1,2)) 0

L'.3~( (1,2),(1,2),( 1,2)) 1

"""~((O, 1),(1,2),(1,2)) 0

L'.,~((1,2),(0, 1),(0, 1)) 0

L'.6~((0, 1),(0, 1),(0, 1)) 0

L'.7~((1,2),(1,2),(0, 1)) 0

L'.8~((0, 1),(1,2),(0,1)) 0

To validate the solutions to the proposed optmuzation
problem in Table III, eigenvalue analysis is first conducted by
MATLAB/Simulink in the system under these scenarios of
variable IBR generations. In the eigenvalue analysis, many
different IBR generation conditions in the system is randomly
selected under each of these 8 scenarios listed in Table III.
Under each selected IBR generation condition, the eigenvalue
analysis is carried out. Table IV demonstrates the typical
results of eigenvalue analysis in the system under each
scenario. As observed from Table IV, the dominant
eigenvalues of the system under scenarios111~112 and114~118

are located in the left-half complex plane, which indicates the
system is stable. On the other hand, the dominant eigenvalues
of the system under scenario113are located in the right-half
complex plane, which indicates there is an instability risk in
the system. The analysis results are consistent with the
solutions to the proposed optimization problem in Table III.
Thus, the proposed method is validated.
Further, electromagnetic transient simulations are

performed by MATLAB/Simulink to validate the solutions in
Table III. In the simulations, many different IBR generation

Fig. 4 The cuberelatedto theuncertainIBRgenerationin thesystemshownin

Fig. 2

Table III Thesolutionstooptimizationproblem(14)-(16)in thesystemshown
. F · 2 d diff f . bl IBR
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renewable generation. Due to the complex interaction between
IBRs interconnected through the power network and variable
renewable generation, it is challenging for the small-signal

stability analysis in a multi-IBR power system. To address the
challenges, it was theoretically proved that the small-signal
stability can be characterized by the smallest eigenvalue of a
weighted Laplacian matrix of the power network in a multi­

IBR power system. On the basis, a robust optimization was
formulated to assess the smallest eigenvalue under variable
renewable generation for the small-signal stability analysis of
a multi-IBR power system while considering under uncertain

renewable generation. The efficacy of the proposed method
was demonstrated on a power system with three IBRs through
both electromagnetic transient simulation and modal analysis.
The proposed method is helpful for grid planners and

operators to understand the impact of uncertain renewable
generation on the small-signal stability resulting from the
interaction between IBRs and the power network in the power
system with large-scale IBR integration.

1.00.80.4 0 .6

tis

0.2
0.995L..-_........_ ........_---"__.L...-_-'

0.0

(e)UnderIBRgenerationscenario1'.5
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Fig. 5 Thetypicalresultsofvoltagetrajectoriesat IBR buses in thesystem

shownin Fig. 2underdifferentscenariosofvariableIBRgeneration

VI. CONCLUSION

In this paper, a method was proposed for the small-signal
stability analysis of a multi-IBR power system under variable
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