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ABSTRACT: We show that combining the linearized semiclasscial approximation with
Fermi’s golden rule (FGR) rate theory gives rise to a general-purpose cost-effective and
scalable computational framework that can accurately capture the cavity-induced rate
enhancement of charge transfer reactions that occurs when the molecular system is placed
inside a microcavity. Both partial linearization with respect to the nuclear and photonic degrees
of freedom and full linerization with respect to nuclear, photonic, and electronic degrees of
freedom (the latter within the mapping Hamiltonian approach) are shown to be highly
accurate, provided that the Wigner transforms of the product (WoP) of operators at the initial
time is not replaced by the product of their Wigner transforms. We also show that the partial
linearization method yields the quantum-mechanically exact cavity-modified FGR rate
constant for a model system in which the donor and acceptor potential energy surfaces are
harmonic and identical except for a shift in the equilibrium energy and geometry, if WoP is
applied.

The use of light−matter interactions to control chemical
reactions has long been of considerable interest to physical

chemists.1−11 Recent experiments have demonstrated the ability
to do so by taking advantage of strong12−17 and ultrastrong18−21

coupling between the optical modes of electromagnetic
microcavities22−25 and the electronic and vibrational degrees
of freedom (DOF) of molecular matter placed inside the cavity.
There is considerable interest in utilizing this coupling to control
a variety of chemical and physical processes, including energy
and charge transfer, photochemistry and catalysis, and
manipulating optical and electrical properties, the nonlinear
optical response, and reactivity.16,18,26−61

These experimental advances call for the development of
accurate and cost-effective computational methods for simulat-
ing the dynamics of molecular matter inside cavities. Quantum-
mechanically exact methods, while often feasible for the model
systems typically studied in quantum optics,25,62−66 suffer from
prohibitive exponential scaling with system size and complexity
and are therefore not feasible for most molecular systems of
chemical and biological interest. Modeling the dynamics of such
systems therefore requires approximate methods that can
accurately capture the effect of coupling to cavity modes.
Methods based on the linearized semiclassical (LSC)

approximation67−71 represent one such promising approach
for modeling cavity-modified chemical dynamics. Within this
approach, the LSC approximation can be applied to just the non-
electronic DOF, which is known as partial linearization,70,72−81

or to both the non-electronic and electronic DOF, known as full
linearization.71 Full linearization is typically based on represent-
ing the electronic DOF in terms of mapping variables82−84 and

leads to a family of LSC-based quasiclassical mapping
Hamiltonian (QC/MH) methods.67,68,70,71,85−104

In our previous work, we have demonstrated that the fully
linearized modified LSC (mLSC) QC/MH method, which is
based on using improved population operators,94,95 can yield
reasonably accurate results for the quantum dynamics of matter-
in-cavity systems.61 In this work, we demonstrate the ability of
both fully and partially linearized LSC-based methods to
reproduce the cavity-induced rate enhancement of charge
transfer (CT) reactions, in the context of Fermi’s golden rule
(FGR) rate theory. We demonstrate our LSC-based approach
on a benchmark model of CT in a cavity,105 recently studied
using a nonadiabatic ring polymer molecular dynamics
(NRPMD) approach.106−108 We are able to reproduce the
enhancement in CT rate due to the cavity using the fully
linearized form to a high degree of accuracy. We additionally
show that the partially linearized LSC approach yields the
quantum-mechanically exact cavity-enhanced FGR CT rate
constants for this system.
In what follows, we consider the benchmark model

Hamiltonian of a molecular system undergoing CT while
being coupled to a single cavity mode that was recently studied
by Huo et al.105 We adopt the same parameters and
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discretization scheme to allow for easy comparison to the results
obtained via NRPMD, as reported in ref 105. A detailed
summary of the parameters, discretization scheme, and initial
conditions employed in this work can be found in section S1 of
the Supporting Information.
The full light−matter Hamiltonian is given by
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where −ε = ΔG is the driving force of the CT reaction, Δ = 5
meV is the electronic coupling coefficient between the diabatic
donor, |D⟩, and acceptor, |A⟩, states, and α ∈ {D, A}.
Rs, Ps, and Ms = 0.265 ps2 and a ωs = 9.5 meV correspond to

the position, momentum, mass, and frequency, respectively, of
the primary solvent DOF that is directly coupled to the
electronic DOF.
RD,0 = 0 and R f2 /A,0 0λ= correspond to the equilibrium

geometry displacements of this DOF in the donor and acceptor
states, respectively. Here, λ = 950 meV is the reorganization
energy and f 0 = 55.7 is the force constant. HSB

̂ corresponds to
the Hamiltonian of the bath of secondary solvent DOF, which
are coupled to the primary solvent DOF, and is given by
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where B = 100 is the number of bath DOFs. The position,
momentum, and mass of the jth bath mode are given by Rj, Pj,
and Mj = Ms, respectively, and the frequency and coupling
coefficient, ωj and cj, are obtained from discretizing an ohmic
spectral density of the form
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whereωc = 9.5 meV and η = 1.066× 106 au are the characteristic
frequency of the bath and the friction coefficient, respectively.
Following ref 105, we adopt the discretrization scheme from ref
109. Finally,HF

̂ is the field−matter Hamiltonian that is given by

H a a g a a( D A A D )( )F F F F F F Fω̂ = ℏ + ℏ | ⟩⟨ | + | ⟩⟨ | +† †
(4)

whereωF is the frequency of the single-fieldmode coupled to the
electronic DOF of the material system and aF

† and aF are the
corresponding photonic creation and annihilation operators,
respectively. The field−matter coupling strength is given by

g
L2F
F

0
DA

ω
ε

μℏ =
ℏ

(5)

where ε0 and L are the vacuum permittivity and the length of the
cavity, respectively, and μDA = μAD is the electronic transition
dipole moment. Following ref 105, we present results that
correspond to a temperature of 300 K and for two different sets
of field parameters, which correspond to the CT process
following rate kinetics,105 which will be termed model I and
model II (see Table 1).
We will briefly discuss the theoretical framework that leads to

the well-known equilibrium FGR expression for the rate

constant and highlight two different strategies for calculating it
within the LSC approximation.
The nuclear and photonic DOF are assumed to initially be in

thermal equilibrium at the donor state, such that

(0) D DD
eqρ ρ̂ = ̂ ⊗ | ⟩⟨ | (6)

where

e

Tr (e )

H

HD
eq

NP

D

D
ρ ̂ =

β

β

− ̂

− ̂
(7)

where β = 1/kBT,H HD DD
̂ = ⟨ | ̂ | ⟩, and TrNP = TrNTrP, were TrN

is the partial trace over the nuclear DOF and TrP is the partial
trace over the photonic DOF. The donor-to-acceptor
equilibrium FGR rate constant, k, can be obtained from
second-order perturbation theory by treating the off-diagonal
electronic coupling term, given by

H g a a( D A A D ) ( )

( D A A D )

I F F F
̂ = Δ | ⟩⟨ | + | ⟩⟨ | + ℏ +

| ⟩⟨ | + | ⟩⟨ |

†

as a small perturbation to H H H0 I
̂ = ̂ − ̂ , the zeroth-order

Hamiltonian. The resulting expression for the equilibrium FGR
rate constant is given by

k tC td ( )FGR∫=
−∞

∞

(8)

where the FGR correlation function is given by

C t H H( ) Tr( D D e e )H t H t
FGR D

eq i
I

i
I

0 0ρ= ̂ ⊗ | ⟩⟨ | ̂ ̂̂ − ̂
(9)

We note that the trace in eq 9 is the full trace, i.e., over the
electronic, nuclear, and photonic DOF (Tr = TrE TrN TrP).
The next step is to evaluate the FGR correlation function, eq

9, within the framework of the LSC approximation.67,68,70,71

Because the LSC approximation can be applied either to just the
non-electronic (i.e., nuclear and photonic) DOF (termed partial
linearization) or to both the electronic and the non-electronic
DOF (termed full linearization), this gives rise to two different
LSC-based approaches for calculating the FGR rate constant in
eq 8,70,73,79−81,110 which we will discuss below in more detail.
Partial linearization70,73,79−81,110 involves performing the

trace over the electronic DOF (TrE) in eq 9 explicitly, thereby
casting the FGR correlation function in the following form:

C t H H( ) Tr e eH t H t
FGR NP I,AD D

eq i
I,DA

iD Aρ= [ ̂ ̂ ̂ ]̂ − ̂
(10)

where H j H kjkI, I
̂ = ⟨ | ̂ | ⟩. We note that TrNP = TrN TrP in eq 10

corresponds to the trace over the nuclear and photonic (i.e.,
non-electronic) DOF. Applying the LSC approximation to the
non-electronic DOF then yields the following approximate
expression for the FGR correlation function:

Table 1. Field Mode Frequency and Light−Matter Coupling
Parameters for Two CTs in Cavity Hamiltonians under
Consideration

model I model II

ℏgF 3 meV 5 meV
ℏωF 10 meV 200 meV
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where R = (R1, ..., RB, RF) and P = (P1, ..., PB, PF), where

R a a( )F 2 F F
F

̂ = ̂ + ̂
ω
ℏ † and P i a a( )F 2 F F

F̂ = − ̂ − ̂ωℏ † are the

photonic coordinate and momentum operators, respectively;
U = VD − VA is the energy gap between donor and acceptor
potential energy surfaces (PESs); R(t) and P(t) are obtained via
classical propagation on the average PES, V V V( )/2D A̅ = + ,
with R(0) and P(0) as the initial conditions; and [·]W denotes
the Wigner transform, given by

R P X R
X

R
X

( , ) d e
2 2

XPW i∫[ ̂ ] = − ̂ + ⟩
(12)

for any operator ̂ . A detailed derivation of eq 11 can be found
in refs 71 and 73. We note that, because of the harmonic nature
of the electronic potential energy surfaces (eq 1) both the
quantum-mechanically exact FGR correlation function (eq 10)
and the corresponding partially linearized LSC approximation
(eq 11) can be obtained in closed form via Gaussian
integration,73,80 which is shown in section S2 of the Supporting
Information. Importantly, the partial linearization can be shown
to reproduce the quantum-mechanically exact FGR correlation
function for harmonic molecular Hamiltonians such as the one
employed in this paper, both in the cavity-free70,73 case and in
the cavity-modified case. The latter is shown in section S3 of the
Supporting Information.
Full linearization70 casts the FGR correlation function (eq 9)

in the following form:

C t H H( ) Tr A D e D A eH t H t
FGR D

eq i
I,DA

i
I,AD

0 0ρ= [ ̂ ⊗ | ⟩⟨ | ̂ ⊗ | ⟩⟨ | ̂ ]̂ − ̂

(13)

Applying the LSC approximation to fully linearize this
expression70 yields
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M M t t

H t t

x p R P

R P x p x p

R P

( )
1

(2 )
d d d d

( (0), (0)) ( (0), (0)) ( ( ), ( ))

( ( ), ( ))

BFGR 4 I,AD D
eq W

AD
W

DA
W

I,DA
W

∫ ∫ ∫ ∫
π
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×

[ ̂ ]

+

(14)

where x = (xD, xA) and p = (pD, pA) are the mapping variables
arising from the QC/MH approach and M x p( , )DA

W and

M x p( , )AD
W are the Wigner transforms in mapping variable

space of |D⟩⟨A| and |A⟩⟨D|, respectively. For an in-depth
discussion of the different implementations of mapping variables
that are possible for these operators, which give rise to the
Ehrenfest, LSC I, and LSC II approaches discussed below, see
refs 94−96 and section S1.5 of the Supporting Information.
U s i n g t h e W i gn e r t r a n s f o rm a t t ime z e r o ,

H R P( (0), (0))I,AD D
eq Wρ[ ̂ ̂ ] , which can be evaluated analytically

for the model Hamiltonian under consideration, will be termed
the Wigner of the product (WoP) approach. This time-zero
Wigner transform can also be approximated, which has been
termed the Wigner averaged classical limit (WACL) in previous
work.70,111 This approximation corresponds to applying the
Wigner transform separately to each operator, such that

H

H

R P

R P R P

( (0), (0))

( (0), (0)) ( (0), (0))

I,AD D
eq W

I,AD
W

D
eq W

ρ

ρ

[ ̂ ̂ ]

≈ [ ̂ ] [ ̂ ] (15)

which will be termed the product of Wigners (PoW) approach.
Because both the partial and full linearization methods for
calculating the FGR correlation function can be formulated in
terms of the WoP or PoW approach, we will compare and
contrast the performance of each of the four resulting
approaches, which are illustrated in Figure 1. We note that the
PoW formulation constitutes an approximation independent of
the linearization scheme employed.

Fully linearized results for the FGR correlation function were
obtained by averaging over 106 trajectories, each consisting of
1000 time steps with a duration of 1 au each for a total
simulation time of 1000 au. The initial conditions for the
mapping variables were sampled from the Gaussian function
arising from the Wigner transform of the coherence operators
(see section S1.3 of the Supporting Information).94−96 Initial
coordinates and momenta for the photonic and nuclear DOF
were sampled from the Wigner transform of the corresponding
thermal equilibrium density operator (see section S1.3 of the
Supporting Information). The quasiclassical equations of
motion were integrated via diagonalization of the potential
energy matrix at each time step.
Figure 2 shows CT rate constants, for model I (panel a) and

Model II (panel b), obtained via partial linearization of the FGR
correlation function, as per eq 11, eq S16 for WoP, and eq S21
for PoW. Unsurprisingly, the partially linearized LSC approx-
imation within the WoP approach yields CT rate constants that
coincide with the quantum-mechanically exact results, hence
accurately predicting the cavity-free and cavity-enhanced CT
rate constants and capturing the enhancement of the CT rate
constant when the molecular system is placed inside a cavity.
The distinction between the WoP and PoW approaches,
however, becomes potentially important when the molecular
system is placed inside the cavity. More specifically, the WoP
partially linearized LSC expression for the FGR correlation
function (eq 11) inside the cavity, which can be obtained in
closed form for the model Hamiltonian in eq 1, can be
analytically shown to coincide with the corresponding quantum-
mechanically exact result (eq 9), which can also be obtained in
closed form for this model Hamiltonian (see sections S2 and S3
of the Supporting Information). However, this is not the case for
the PoW partially linearized approximation (see Figure 2). We
note that in the cavity-free case, the fact that the donor−acceptor

Figure 1. Schematic of LSC approximations to the equilibrium FGR
rate constant.

The Journal of Physical Chemistry Letters pubs.acs.org/JPCL Letter

https://doi.org/10.1021/acs.jpclett.2c00122
J. Phys. Chem. Lett. 2022, 13, 2330−2337

2332

https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00122/suppl_file/jz2c00122_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00122?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00122?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00122?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00122?fig=fig1&ref=pdf
pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.2c00122?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


coupling term is purely electronic makes the distinction between
WoP and PoW obsolete.
Comparison between models I and II in fact highlights the

difference between the formally exact WoP approach and the
PoW approximation. For model I, shown in Figure 2a, the two

strategies yield almost identical results. Conversely, for model II,
shown in Figure 2b, which is characterized by a more quantum
field mode and stronger light−matter coupling, the PoW
approximation breaks down and yields considerable errors, up to
an order of magnitude, in the CT rate constant.

Figure 2.CT rate constants for (a) model I and (b) model II from partial linearization of the FGR correlation function, compared to exact FGR results.

Figure 3. CT rate constants for (a−c) model I and (d−f) model II from full linearization of the FGR correlation function using the Ehrenfest, LSC I,
and LSC II QC/MH methods, compared to exact FGR results.
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Figure 3 shows CT rate constants, for model I in panels a−c
and model II in panels d−f, calculated via full linearization of the
FGR correlation function, as per eq 14, obtained using three
different QC/MH methods (Ehrenfest, LSC I, and LSC
II).94−96 Overall, full linearization also accurately predicts the
cavity-free and cavity-enhanced CT rate constants and captures
the enhancement of the CT rate constant when the molecular
system is placed inside a cavity. Slight deviations from the
formally exact partially linearized results can, however, be
observed at larger driving forces, corresponding to the inverted
regime, where one expects quantum nuclear/photonic effects to
be more pronounced.112,113

Upon comparison of models I and II, the same breakdown of
the PoW approximation in model II can be observed for full
linearization. As in the case of the partial linearization results,
errors in the rate constants obtained using the PoW
approximation are considerable for model II, while the WoP
approach maintains its excellent accuracy across both models I
and II.
We note that Ehrenfest, LSC I, and LSC II yield almost

identical fully linealized CT rate constants, which implies that
the accuracy of the fully linearized approximation is insensitive
to the choice of QC/MH method, at least for the model
parameters under consideration. This is unsurprising, as the
FGR correlation function contains only electronic coherences,
the functional form of which is the same for all three methods.
The only difference among the three QC/MHmethods thus lies
in the sampling of the initial conditions. In LSC I and LSC II,
mapping variables are sampled from Gaussian functions of
different widths,94,95 while in the case of Ehrenfest, a focused
sampling scheme is used.103,104 Differences in how these
methods approximate the FGR correlation function are
therefore likely to manifest only for systems characterized by
dynamics that explore a considerable extent of the electronic
Hilbert space and require a broader sampling scheme as a result.
Notably, this class of CT in a cavity system therefore constitutes
a case in which the QC/MH methods investigated here are
robust; i.e., one can obtain accurate results independent of one’s
choice of method for calculating the fully linearized FGR
correlation function, provided the WoP strategy is applied.
The considerable and rapidly growing current interest in

controlling molecular processes by coupling molecular matter to
cavity modes12−25,56 calls for accurate and scalable approximate
methods for simulating the dynamics of chemical processes that
take place in such systems. Methods based on classical-like
trajectories show considerable promise in this re-
gard.67,68,70,71,82−104,114

One such approach was recently considered by Huo et al.,
who demonstrated the ability of NRPMD (an approximate
imaginary path integral method based on classical-like
trajectories) to accurately capture the cavity-induced rate
enhancement of CT reactions within the same model system
under consideration in this paper.105 In the case of ref 105, CT
rate constants were estimated on the basis of simulating the
relaxation dynamics of the donor population and fitting it to an
exponential decay function. Huo et al. also showed that the same
fitting procedure failed to yield accurate CT rate constants when
the dynamics of the donor population was simulated within the
framework of one possible implementation of the LSC
approximation.
In this Letter, we have shown that it is in fact possible to obtain

highly accurate CT rate constants, both inside and outside of a
cavity, by applying the LSC approximation to the relatively

short-lived FGR correlation function, as opposed to the
relaxation dynamics of the donor population.
To this end, we compared and contrasted partially and fully

linearized versions of LSC and showed that partial linearization
not only is accurate but also is in fact formally exact for the same
model system, both inside and outside the cavity, while full
linearization is almost as accurate. We have also found that the
accuracy of both partially and fully linearized versions of LSC
relies on using the Wigner transform of the product of operators
at the initial time (WoP), as opposed to the product of the
correspondingWigner transforms (PoW).We note that a similar
conclusion regarding the role of WoP versus PoW was
previously reached in the context of using LSC to calculate
vibrational energy relaxation rate constants based on force−
force correlation functions within the framework of the
Landau−Teller formula.69,115 We also note that situations in
which WoP and PoW yield different results are also indicative of
the sensitivity of the CT rate constant to nuclear and/or
photonic dynamics (see section S4 of the Supporting
Information).
Combining the LSC approximation with FGR rate theory can

therefore provide a cost-effective, scalable, rigorous, and robust
general purpose computational approach for estimating cavity-
induced rate enhancement in CT reactions, as well as in other
electronic transition processes that can be described by FGR rate
theory. We note that a similar approach has recently been shown
to be highly effective for calculating CT rate constants in a wide
variety of complex cavity-free molecular systems.110,116−118 The
fact that placing the molecular system in a cavity amounts to
adding a few nuclear-like photonic DOF, which are inherently
harmonic and which couple only to the electronic dipole
moment, suggests that such an approach will be as effective for
similarly complex molecular systems placed inside cavities.
Work on such extensions is currently underway and will be
presented in future publications.
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