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Abstract—To overcome the high path-loss and the intense shad-
owing in millimeter-wave (mmWave) communications, effective
beamforming schemes are required which incorporate narrow
beams with high beamforming gains. The mmWave channel
consists of a few spatial clusters each associated with an angle
of departure (AoD). The narrow beams must be aligned with the
channel AoDs to increase the beamforming gain. This is achieved
through a procedure called beam alignment (BA). Most of the
BA schemes in the literature consider channels with a single
dominant path while in practice the channel has a few resolvable
paths with different AoDs, hence, such BA schemes may not work
correctly in the presence of multi-path or at the least do not exploit
such multipath to achieve diversity or increase robustness. In this
paper, we propose an efficient BA schemes in presence of multi-
path. The proposed BA scheme transmits probing packets using
a set of scanning beams and receives the feedback for all the
scanning beams at the end of probing phase from each user. We
formulate the BA scheme as minimizing the expected value of
the average transmission beamwidth under different policies. The
policy is defined as a function from the set of received feedback
to the set of transmission beams (TB). In order to maximize the
number of possible feedback sequences, we prove that the set of
scanning beams (SB) has an special form, namely, Tulip Design.
Consequently, we rewrite the minimization problem with a set
of linear constraints and reduced number of variables which is
solved by using an efficient greedy algorithm.

I. INTRODUCTION

In pursuance of larger bandwidth that is required for realizing
one of the main promises of 5G, i.e. enhanced mobile broad-
band (eMBB), millimeter wave (mmWave) communications is a
key technology due to abundance of unused spectrum available
at mmWave frequency ranges [1]. However, high path loss
and poor scattering associated with mmWave communications
leads to intense shadowing and severe blockage, especially
in dense urban environments. These are among the major
obstacles to increase data rate in such high frequency bands.
To tackle these issues effective beamforming (BF) techniques
are required to avoid the power leakage to undesired directions
using directional transmission patterns, i.e., narrow beams [2].
Furthermore, several experimental results demonstrate that the
mmWave channel usually consists of a few components (a.k.a
spatial clusters) [3]. Therefore, it is essential to align the
devised narrow transmission beams with the direction of the
channel components. The problem of aligning the directions of
the beams with the angle of departure (AoD) associated with
clusters of the channel, is termed as the beam alignment (BA)
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problem. In the literature the beam alignment problem is also
indexed as beam training or beam search. Devising effective
beam alignment schemes is essential since a slight deviation of
the transmitted beam AoDs from the mmWave channel clusters
may result in a severe drop in the beamforming gain [4][5].

Beam alignment schemes may be categorized as exhaus-
tive search (ES) and hierarchical search (HS). Under the ES
scheme, ak.a beam sweeping, the angular search space is
divided into multiple angular coverage intervals (ACIs) each
covered by a beam. Then the beam with the highest received
signal strength at the receiver is chosen [6][7]. To yield nar-
rower beams in ES, the number of beams increases which
results in larger beam sweeping overhead. The HS scheme
lowers the overhead of the beam search by first scanning the
angular search space by coarser beams and then gradually finer
beams [8][9][10]. The BA procedure may happen in one of the
two modes, i.e. interactive BA (I-BA), and non-interactive BA
(NI-BA). In the NI-BA mode, the transmitter sends the scanning
packets in the scanning phase and receives the feedback from
the users after the scanning phase is over, while in the I-BA
mode the transmitter receives the feedback for the previously
transmitted scanning pilots during the scanning phase and can
utilize this information in the rest of the scanning phase. Most
of the prior art on I-BA are limited to single-user scenarios
while NI-BA schemes can handle multi-user scenarios as the
set of scanning beam does not change or depend on the received
feedback from the users.

In this paper, we address the problem of beam alignment
in multipath environment. We formulate the BA scheme as
minimizing the expected average transmission beamwidth un-
der different policies. The policy is defined as a function from
the set of received feedback to the set of transmission beams
(TB). In order to maximize the number of possible feedback
sequences, we prove that the set of scanning beams (SB) has an
special form, namely, Tulip Design. Consequently, we rewrite
the minimization problem with a set of linear constraints and
reduced number of variables which is solved by using an
efficient greedy algorithm.

Notations. Throughout this paper, ”\” denotes the set minus
operation, [b] denotes the set of all integers greater than or
equal to zero and less than b. @, and © denote the summation
and subtraction operations in the base b. |.| may denote the
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cardinality if applied to a set or the Lebesgue measure if applied
to an interval.

The remainder of the paper is organized as follows. Section I
describes the system model. In Section III we formulate the BA
problem formulation and propose our solutions in section IV.
Section V presents our evaluation results, and finally, in Sec-
tion VI, we highlight our conclusions.

II. SYSTEM MODEL

We consider a mmWave communications scenario with a
single base station (BS) and an arbitrary number of mobile
users (MUs), say N, where prior knowledge on the value
of N may or may not be available at the BS. The BA
procedure aims at obtaining the accurate AoDs corresponding
to the downlink mmWave channel from the BS to the users.
Under the BA procedure, the BS transmits probing packets
in different directions via various scanning beams (SBs) and
receives feedback from all the users, based on which the BS
computes a transmission beam (TB) for each user.

A. Channel Model

Unlike prior art, we consider multipath in the transmission
from the BS to the MUs. More precisely, we assume the
mmWave channel from the BS to each MU contains a max-
imum of p resolvable paths where each resolvable path corre-
sponds to a possible AoD of the channel. Let ¥; = {W¥;;}¥_,
denote the random AoD vector corresponding to the channel
between the BS and the j th MU, where W;; represents the AoD
of the i'" path. Denote by Jw; (Y15, ... ,1p;), defined over
D C (0,2x]P, the probability density function (PDF) of ¥;.
The PDF fy,(.) encapsulates the knowledge about the AoD of
the j*" user prior to the BA procedure, or may act as a priority
function over the angular search domain. Such information may
be inferred from previous beam tracking, training, or alignhment
trials. A uniform distribution is tantamount to the lack of any
prior knowledge or priority over the search domain.

B. Beamforming Model

We consider a multi-antenna base station with an antenna
array of large size realizing beams of high resolution. For power
efficiency, we assuming hybrid beamforming techniques are in
effect in the BS deploying only a few RF chains. Further, we
adopt a sectored antenna model where each beam is modeled
by the constant gain of its main lobe, and the angular coverage
interval (ACI) it covers. Such models are widely adopted in the
literature for modeling the beamforming gain and the directivity
of mmWave transmitters.

C. Time-slotted System Model

We consider a system operating under the time division
duplex (TDD) and the NI-BA schemes, with frames of length
T. Each frame consists of 7" equal slots. In each frame, the
first b slots are dedicated to the transmission of the probing
packets, denoted by scanning time-slots (STS) and the next
d slots denoted by feedback time-slots (FTS) are allocated to
receiving the users feedback that may arrive through a side
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Fig. 1: Time-slotted System Model

channel or according to any random access mode. Finally, the
last '+ b+ d slots are reserved for data transmission, namely
data transmission time-slots (DTS).

D. Beam Alignment Model

The objective of the BA scheme is to generate narrowest
possible TBs for the data transmission phase for each user
to produce beams of higher gain and quality. In other words,
utilizing the feedbacks provided by the users in the FTS to
the SBs transmitted by the BS in the STS, the BS aims at
localizing the AoD of each user to minimize the uncertainty
region (UR) for each AoD. Let B = {®;}’_, be the set of
STS scanning beams where ®; denotes the ACI of the SB sent
over time-slot ¢ € [b]. The feedback provided by each user to
each SB is binary. If the AoD corresponding to at least one of
the resolvable paths in the channel from the BS to the MU is
within the ACI of the SB, then the MU will receive the probing
packet sent via that SB and feeds back an acknowledgment
(ACK). Otherwise, the feedback of the MU will be considered
as a negative acknowledgment (NACK) indicating none of the
user AoD’s lie in the ACI of the SB. Once the FTS ends, the
BS will determine the TBs using the SBs and the feedback
sequences provided by the users according to the BA policy.
The BA policy is formally defined as a function from the set
of feedback sequences to the set of TBs.

In the next section, we first elaborate on the BA policy and
then provide the BA problem formulation.

III. PROBLEM FORMULATION
A. Preliminaries

The BA policy determines how the direction of the TBs
is computed. This decision naturally considers the UR of the
AoDs of each user channel. In this paper, we consider four
different policies that differ based on how they define the URs
of the AoDs and whether they require the exact number of
spatial clusters or not.

1) general policies: We define two general policies that do
not require any information regarding the number of spatial
clusters, namely i) spatial diversity (SD) policy, ii) beamform-
ing (BF) policy. The SD policy aims at generating TBs with
minimal angular span that cover all the angular intervals that
may contain a resolvable path, while the promise of the BF
policy is to generate TBs that cover at least one resolvable
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path but further reduce the angular span of the TBs. The
advantage of the SD policy to the BF policy is its resilience
against the potential failure or blockage of one or some of
the spatial clusters as long as at least one resolvable path
remains, while the BF policy has the advantage of producing
much higher beamforming gains compared to that of the SD
policy but it is vulnerable to path blockage. This will introduce
an interesting trade-off between connectivity maintenance and
high beamforming gain.

2) path-based policies: If the exact number of spatial clus-
ters, p, is known, each of the above policies may be improved
by further lowering the span of the resultant TBs. We denote
the corresponding two new policies by p-SD policy and p-BF
policy respectively.

In the following, we state the expressions for the URs
corresponding to each of the mentioned SD and BF policies. Let
B, (B,s) denote the UR of the j*" user providing the feedback
sequence s under the policy P € {SD,BF,p—SD,p—BF} and
the SB set 3. For instance, B%,(B,s) is the minimal angular
span that covers all the resolvable paths for the gt user.
Similarly, B ,(B,s) is the minimal angular span that covers
at least one resolvable path for the j** user. Further, let the
positivity set A7(s) C [b] be the set of all indices corresponding
to the SBs that are acknowledged by the ;! user. Define the
negativity set N7(s) C [b] in a similar fashion for the not
acknowledged SBs. To facilitate the statement of the URs and
the subsequent following discussions we define the notion of
the component beam (CB). The CB w, is defined as,

wa = Nica®\ Uacrcp),azr Nier®i (1)

It is straightforward to show that wy Nwr = & for any
A#T, and ®; = Uy ;cawy for all i € [b]. We define the
CB set as C = {wa,wa # &, A C [b]}. Obviously, B can be
generated form C and vice versa.

Note that if the j" user sends an ACK in response to the
SB ®;, this would mean that ©;(s) = ®; has at least one
resolvable path. On the other hand, a NACK would mean that
no resolvable paths reside in ®; and therefore, any resolvable
path should exist in ©;(s) =D — ®;, and B},(B,s) € D — ®;
for the above-mentioned policies. Having this in mind, we can
explicitly express the uncertainty region for the general policies
as follows.

BgD(S) = (Uiea()©i(s)) N (Niens) Oi(s)) (2)
BIJBF(S) = 0O(s) N (ﬂiEN(s)ei(s)) €))

where k = argmin;c 4 |©1(s) N (Nien(s)©i(s))|. For the
path-based policies, having the luxury of the knowledge on the
exact value of p, we can improve the SD and the BF policies to
p-SD and p-BF, respectively. For the simplicity of presentation,
we only express the improved policies for p = 2.

We define Wy = {{C,C'} sit. wo,wer € C, CUC" =
A}, V4 = Uyew,Vand n = [Wal. Let @Q Wy denote the
Cartesian product of all elements of W4 where each element

of @ W4, is a n-tuple. For a n-tuple T' =
define UNION(T) = U ;t;. We have

= |J wv )

Veva
B} _gr(s) = UNION(T*), T* = arg Te%i%m

(tl,tQ, e ,tn), we

2 SD
[uUNION(T)| (5)

Note that for the special case of p = 1 all the mentioned policies
collapse into one. Next, we will present the BA problem
formulation.

B. Problem Formulation

We assume there are N users that are prioritized according
to the weight vector {c; > O}] 1 ,Zjv 16 = L Letd =
{uk}k , denote the range of the policy function Bi 5 (B,s).
In other words, the TBs resulting from the BA scheme may
take any value in the set {/. The expected value of the average

beamwidth resulted from the BA scheme for policy P is

= Z ¢ E[|Bp(s)|], where, 6)
j=1 ;
E(|Bp(s)l| = Y [ug| P{Bp(s) = u} (7)
k=1

and |ux| denotes the Lebesgue measure of the ug. Note that
ur may be a finite union of multiple intervals in which case
|ug| will be the sum of their widths. Given the value of b the
objective of the BA scheme is to design {(Pi}?zl such that the
expected average TB beamwidths as in (6) gets minimized. i.e.,

{(I);“}?:l = arg min{q)i}f:lUP ({‘I’i}?zi) ®)

As shown in [11], it is straightforward to establish that a
multi-user NI-BA problem can be posed as single-user NI-BA
by casting the the weighted average of the users’ PDFs as a
prior on the AoD of a single user.

N
= Z cjf‘llj (1/})7
j=1

Therefore, we solve the problem for the single-user case with
the PDF as in (9) and remove the index j from the notations.

Let P4 be the probability of receiving a binary feedback se-
quence with the positivity set A. Using the inclusion-exclusion
principle we can express P4 as follows,

Py = (Z g(Wc)>p— > (Z g(wc)>p

YeD €))

CCcA BCAL-1) \CCB
P
-3 (Sewn)
BCA(L-2) \CCB
p
+ (=)D Y (Z g(wo)) (10)
BCcAM) \CCB

where g (We) = [,c,, fo()dp, and A ¢ € [L] is the set
of all subsets of A with size ¢. Further, let Ap(A) be the width
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of the TB resulted from the feedback sequence s with the
positivity set A. The objective function (6) can be rewritten
as,

A=) Ap(A)Ps (11)

AC(b]
where A\p(A) for mentioned policies is expressed as,
Asp(A) = Z A(we) (12)
CCA

Apr(A) = min > Awe) (13)
C,i€C,CCA

Aa—sp(A) = D Awy) (14)

Veva

Aa—pr(A) =) Awy,), where T* = (t1,...,t,) (1)
=1

The optimized scanning beam set 3* is obtained from C* where

c* :argmcin;\ (16)

IV. PROPOSED BEAM ALIGNMENT SCHEME

In this section, we propose our solution to the mentioned op-
timization problem. A set of SB is called generalized exhaustive
search (GES) if and only if for any ¢ and j, ®; N ®; = @. A
set of SB is called exhaustive search (ES) if and only if it
is GES and A (w;) = A(wj;). A contiguous beam is denoted
by its angular coverage interval (ACI), e.g., the beam ®; is
denoted as [s;,e;). A composite beam is defined as a beam
with multiple disjoint ACIs. As the number of ACIs increases,
the sharpness of the beams deteriorates. For the scanning
beams it is desirable to use the sharpest beams, hence, we
use contiguous beams (beam with single ACIs) as scanning
beams. It is not hard to show that b scanning beams generates
at most 2b CBs due to possible intersection of multiple scanning
beams. Out of possible set of scanning beams, some are more
appropriate. Since, the policy is a function from the set of
feedback sequences, it is desirable to maximize the size of the
set of feedback sequences. Hence, we first pose the following
question: “What is the most distinguishable set of scanning
beams, i.e., the set of beams which can generate the maximum
number of possible feedback sequences?”

To answer this question, we define a special form for the
set of scanning beams, namely, Tulip design for which we
have proved it generates the maximum number of feedback
sequences for p = 1 and p = 2. While, we strongly believe
that the same is true for p > 3, we do not have a formal proof.
Hence, any results that is presented in the evaluation section
for p > 3 is merely the results obtained under the assumption
of using Tulip design.

Definition 1. Tulip design is given by a set of contiguous SBs
B ={®;},i € [b] where each beam may only have intersection
with its adjacent beams with the exception of ®1 and ®, for
which the intersection might be nonempty. This means ®; N
o, =0 1<|i—jl<b-1

Theorem 2. Among the set of contiguous scanning beams, a
set of scanning beams with Tulip design generates the maximal
number of possible feedback sequences for the channel with
p =1 and 2, for an arbitrary distribution of channel AoD that
is nonzero on any points in the range [0, 27).

Proof. Please see [12].

Under the Tulip design, the CB set takes a special form
given by Cer = Cly U CZ%; where Cly = {w;}!_; and C% =
{wiip1}8_,. Clearly, |Cetr| = 2b. By using Tulip design, we
can reformulate the optimization problem (16) in terms of
the starting and ending point of the ACI of the SB @®,, i.e.,
®; = [z;,y:),i € [b]. Hence, we have w; = [y:01,Zig1) and
Wiie1 = [Ti, Yis1). We have

Cly = argmin \ 17)
Cefr
Tit1 > x4y, Vie[b—1] (18)
Yir1 > Yi, Vi€ [b—2] (19)
Tiyo > Yi > Xiy1, VieE[b—2] (20)
71 < Yp—1 <27+ 11 2D
yp < 27 + T2 (22)
2 + 21 < Yp (23)

where constraints (18)-(23) ensure the validity of the Tulip
design. The optimization problem (17) is generally nonlinear.
For instance, for uniform distribution on the AoD of the user,
the objective function (17) is a polynomial function of the
order (p + 1) of the beamwidth of the CBs. We propose a
greedy algorithm to solve the BA optimization problem that
is pseudo-coded as follows in Algorithm I. The Greedy-SA
algorithm starts by discretizing the angular domain D = [0, 27]
to get the ground set G, the quantized version of the angular
range consisting of N points. It then randomly picks 2b points
from the ground set and forms the initial CB set C.¢. Hence,
the initial value of \ can be easily computed using (11). The
Greedy-SA algorithm makes repeated calls to the Modify-Sol
routine pseudo-coded in Algorithm 2 to improve the quality
of the CB set Cu, ie. to reduce the value of \. Each time
the Modify-Sol routine is called it performs the following
sequence of operations. The routine generates the set perm
of all random tuples (p, ¢, r) where z, and z, are two of the
points in the set {2;}2°, and 7 denotes a direction in the set
{forward, backward}. It then repeatedly picks one such tuple
and then slides the window {2;};_, over the ground set Gy in
direction r and computes the new value for A, namely Anew-
The first time Ayeq goes lower than its old value, the routine
records Ane,, and the corresponding Cerr and calls itself again
with these new values. The Greedy-SA algorithm terminates
when all the points {z;}2%, are stable. In other words, when
there are no tuples (p,q,r) € perm which improves the value
A from equation (11) by moving the window {z; Zzp.

V. PERFORMANCE EVALUATION

In this section, we evaluate the performance of our beam
alignment scheme in the multi-path environment for mentioned
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Algorithm 1 Greedy-SA

Input: N,b, P, fo(v),done = &

1: Gy = a set of N points in [0, 27]
{2;}2%, = a random ordered set of points from G
{2i}72) © Cetr = {(2i) Zit1 mod v),7 € [2b]}
Compute A from (11) using fy(¢) and Cegr
while not done do

(done, \, Cer) = modify-sol(Gx, N, Cetr)

end while
Return X, Cefr

X TN ALY

Algorithm 2 Modify-Sol

Input: Gy, X, Cett, s = True, count = 0
1. dir = { forward, backward}, Agjg = A
2: perm = Shuffle {(p, ¢,7)|p, q € [20],r € dir,p < ¢}
3: repeat
4:  Orderly select next tuple (p,q,r) from perm
5s: Slide {2}, in r € dir direction on points in G
6:  Compute )\new from (11) using fy(v)) and Cegt
7
8
9

if Aew = Aoig then
count + +
: end if
10: until (count = 2b* +b) V
11: if count = 2b% + b then
12:  Return (True, S\new,ceff)
13: else
14:  Return modify-sol (G, A
15: end if

(Xnew < 5\old)

news eff)

policies, i.e., P € {SD,BF,p — SD,p — BF}, by means of
numerical simulations. We characterize the solutions for differ-
ent policies. While we only include limited simulation results
due to the space constraint, we strive to provide additional
insights based on our extensive simulations. In practice the user
channels has only a few resolvable paths, hence, we mainly
focus of p = 2,3. We consider uniform distribution, the cut-
normal distribution, i.e., A/ (b = m,0 = 1) that is truncated
beyond the range (0, 27).

Fig. 2-4 demonstrate the result of BA under the Tulip design
for b =5 and p = 2. Each figure shows the CB set that is the
output of running algorithm 1 under the given BA policy and
the given average PDF of all users. The labels corresponding
to each CB are tagged on the corresponding arc.

Fig. 2 depicts the result of the BA scheme under the
SD and the BF policies where uniform angular distribution
is considered for the AoD of the users. This PDF can be
interpreted as having no prior information on the AoD of the
users. As intuitively expected, it is observed that the solution
to the BA under the SD policy is an ES. In other words,
the component beams in the set C2; take zero lengths and the
beams in Cl; take equal lengths. We observe that the solution
to the BA under the BF' policy is not ES anymore but it takes
the form of a GES. Through extensive simulations, we have
observed that, for uniform distribution and b > 2, the solution

to BF and SD policies are always a GES, and ES, respectively.
However, it is not trivial to analytically prove this result. Please
note that the solution for BF' policy and b = 2 is not GES.
One can easily verify that the optimal solution for BF policy
is not unique as any permutations of the b arc would have
the same )\, nonetheless, the minimum value of X is unique.
Indeed, the presented greedy algorithm always converges to
the same minimum value for any initialization. We note that
the average expected TB beamwidth under the BF policy is
less than that of the S'D policy which means that the B F' policy
has a higher beamforming gain. Given that the solution to BF is
GES and the permutations of the arc is not important, one can
write the objective function explicitly in terms of the length of
the arcs in the form of a polynomial of degree b. The solution
which minimizes this polynomial can be numerically found. For
example, for BF policy, the solution in terms of the length of the
arcs for b = 3,4, 5 is (1.36,1.93,2.99), (1.13,1.27,1.52,2.36),
(0.89,0.97,1.09,1.31,2.02) with minimum values of 1.94,
1.44, 1.14, respectively. While in SD policy the length of the
arcs are equal, in BF policy the length of the arcs vary due to
the fact that in BF policy we take the arc with minimum ACI
when we receive positive feedback on more than one SB.

Fig. 3 depicts the BA result under the p-SD and the p-BF
policies for p = 2. It is observed that under the 2-SD policy
all the CBs take equal length. It should be pointed out that for
the 2-BF policy the greedy algorithm 1 converges to multiple
(but usually a small number of) solutions by using different
initialization. Hence, we take the minimum of such solution.
We observe that the value of A\ decreases under the 2-SD and
the 2-BF policies comparing to that of the SD and the BF
policies and this is due to the luxury of having the information
on the value of p.

Fig. 4 shows the result of BA when a cut-normal PDF
N (7, 1) truncated between [0, 2) is considered. It is observed
that the SD policy is not GES anymore while the BE policy
still generates a GES solution. A cut normal distribution on
average PDF of the users may be interpreted as having prior
knowledge about the users AoDs. For example the mean and
variance of the users AOD from prior beam alignment frames
may be used to fit a cut normal distribution on the PDF of the
users’ AoDs in the current frame. Comparing \ for uniform
and cut-normal distributions both for SD and BF policies
illustrates that the prior knowledge about the users’ AoDs
results in a smaller \.

Fig. 5 demonstrates the expected average beamwidth of the
users, )\, for different policies as a function of the size of the
SB set b. For the channels with uniform distribution and p = 2
paths, it is observed that BE policy results in a smaller A than
the SD policy, hence, achieves higher beamforming gain. The
same is true for the channel with p = 3. Notably, if the channel
has larger number of paths, say p = 3 vs. p = 2, the X for BF
policy decreases as having additional paths allows for choosing
the minimum among additional possibilities. However, the S D
policy would need to cover more paths and hence has a larger .
Fig. 5 also shows that using the information about the number
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(a) SD Policy, A = 2.26
Fig. 2: p =2, b =5, N = 1000, Uniform PDF

(b) BF Policy, A = 1.145

.

(a) 2 — SD Policy, A = 1.822 (b) 2 — BF Policy, A = 0.836
Fig. 3: p =2, b =5, N = 1000, Uniform PDF

of paths in 2 — SD and 2 — BF policies versus SD and BF
policies would result in a better pgrformance, i.e., smaller A,
respectively. Finally, we note that A reduces for all policies as

the number of scanning beam increases.

VI. CONCLUSIONS

We studied the non-interactive multi-user beam alignment
problem in mmWave systems while considering the effect of
multi-path. We introduced the Tulip design for the scanning
beams in the probing phase and proved its optimality in terms of
maximizing the achievable number of feedback sequences when
the scanning beams are contiguous. We modeled beam align-
ment as an optimization problem under different policies and
proposed a greedy algorithm to find the optimal BA scheme.
We characterized the solutions of our BA scheme by means of
numerical experiments and presented our observations.
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