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Abstract—In pursuance of the unused spectrum in higher
frequencies, millimeter wave (mmWave) bands have a pivotal role.
However, the high path-loss and poor scattering associated with
mmWave communications highlight the necessity of employing
effective beamforming techniques. In order to efficiently search
for the beam to serve a user and to jointly serve multiple users
it is often required to use a composite beam which consists of
multiple disjoint lobes. A composite beam covers multiple desired
angular coverage intervals (ACIs) and ideally has maximum and
uniform gain (smoothness) within each desired ACI, negligible
gain (leakage) outside the desired ACIs, and sharp edges. We
propose an algorithm for designing such ideal composite codebook
by providing an analytical closed-form solution with low compu-
tational complexity. There is a fundamental trade-off between the
gain, leakage and smoothness of the beams. Our design allows
to achieve different values in such trade-off based on changing
the design parameters. We highlight the shortcomings of the
uniform linear arrays (ULAs) in building arbitrary composite
beams. Consequently, we use a recently introduced twin-ULA
(TULA) antenna structure to effectively resolve these inefficiencies.
Numerical results are used to validate the theoretical findings.

Index Terms—Hybrid Beamforming, Precoding, Uniform Lin-
ear Array (ULA), Twin Uniform Linear Array (TULA), MIMO.

I. INTRODUCTION

With the exponential growth in the number of users and
the diversity of the broadband applications in next-generation
communication systems, the ever-increasing need to explore
higher bandwidths, reveals the pivotal role of mmWave com-
munications in future wireless networks. However, given the
high path-loss and poor scattering associated with mmWave
communications, effective beamforming techniques integrating
a large number of antennas are required to ensure satisfactory
quality of service (QoS).

Due to the large scale of massive MIMO systems and conse-
quently the large mmWave channel matrix, the full channel state
information (CSI) is hardly available to the transmitter. There-
fore, feedback-based beamforming techniques are employed for
efficient mmWave communications. On the other hand, the cost
of having one RF chain per each transmit antenna is prohibitive.
Hence, not only the multitude of RF chains for massive MIMO
systems incur a considerable cost and power consumption, but
also it is not going to be used to achieve multiplexing gain
as the full CSI is not practically available. Therefore more
practical system designs consider reducing the number of RF
chains to achieve lower power consumption and lower cost.
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Such designs that only employ a single RF chain are denoted
as analog beamforming structures in the literature, while hybrid
beamforming is reserved for the designs consisting of a few
RF chains. In hybrid beamforming, the beamformer consists of
two layers. At the first layer, the baseband beamforming unit
(BBU) performs digital beamforming, i.e. controls both the gain
and the phase of the input symbol, while at the second layer,
the radio remote head (RRH) only performs phase shifts, i.e.
realizes the analog beamforming.

Due to the nature of mmWave channels as being largely
line of sight and having only a few dominant paths, physical
beamforming (beam steering) is a practical an effective way.
The communication beams are designed to have maximum
gain toward the direction of the angle of departure of the
user channel. Often, a beam search procedure, e.g., sequential
beam search [1], hierarchical beam search [2], interactive [3]
and non-interactive beam search [4], is used to find the best
communication beam. The proposed algorithms in the literature
often ignores the effect of multipath. Recent works [5] have
shown that it is in fact possible to exploit multipath to our
benefit in order to find more robust beams that are less
susceptible to blockage and shadowing. The key idea in [5]
is to design a composite beam that has multiple lobes that is
covering the dominant paths of the user channel.

In this paper, we propose an algorithm to design such com-
posite beam, i.e., the beam that are comprised of multiple non-
neighboring angular coverage intervals (AClIs), say in azimuth
direction, of possibly different widths. The composite beams
are not only important as a data communication beams, they
can also facilitate the beam search. A codebook of composite
beams, composite codebook, is designed for a set of composite
beams that are defined over a set of desired ACIs ACI
set. Each entry of the codebook is a beamforming vector
that generates a composite beam defined as a beam which
covers a union of disjoint ACIs out of a set of all desired
ACIs. Such composite codebook can be used in variety of
applications in next-generation mmWave communications such
as user tracking [6], target monitoring [7], 5G positioning, two-
way communications [8], design of reconfigurable intelligent
surfaces[9], UAV-enabled networks [10], etc. The composite
codebook design problem may be also viewed as generalized
version of the codebook design problem [11][2] where the
angular range under study is divided into equal-length ACIs
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and each codeword is supposed to cover only a single ACI.

Notations: Throughout this paper, C denotes the set of
complex numbers, CN (m,JQ) denotes the complex normal
distribution with mean m and variance o2, [a, ] is the closed
interval between a and b, 1, is the a x b all ones matrix, Iy
is the N x N identity matrix, is the ceiling function, 1, ) is
the indicator function, || - || is the 2 -norm, |.| is the 1-norm,
© is the Hadamard product, ® is the Kronecker product, AH ,
and A, ; denote conjugate transpose, and (a,b)" entry of A.

The remainder of the paper is organized as follows. Section 11
describes the system model. In Section III we formulate the
codebook design problem and propose our solutions in sec-
tion IV. Section V presents our evaluation results, and finally, in
Section VI, we highlight our conclusions and discuss directions
for future work.

II. SYSTEM MODEL
A. Channel Model

We consider a mmWave channel between a multi-antenna
base station (BS) on the transmitter side and a single-antenna
user equipment (UE) on the receiver side. The channel is
defined as

y=+/phfcs+n (D

where p denotes the system signal-to-noise ration (SNR), h €
CM: the block fading channel vector, ¢ € CM: the unit-norm
digital beamforming array (||c|| = 1), s € C the input signal,
and n ~ CN(0, 1), the additive white complex Gaussian noise.
Under the hybrid beamforming scheme, it holds that ¢ = F'v,
where F = [fi, -+ ,fn,,] € CM*Nrr where F is an analog
beamsteering matrix only capable of phase shifting, where all
the vectors f,,n = 1... Ngrp are subject to the equal gain
constraint defined as \f,(Lm)\ =1,m=1...M;, and v € CNrrF
is the baseband beamforming vector. Similarly, the unit-norm
constraint on c, enforces that [|Fv| = 1.

B. Beamforming Model

We consider the design of physical beams that are steered
in azimuth plane where the beams are supposed to cover
one (or multiple disjoint) ACIs. An ACI covering the angular
range from 6; to 01{ is denoted by w, = [9;,0{: ) where
0y = (65 + 05)/2, and Ay = [0 — 0{\ are the center and
beamwidth associated with the beam lobe covered by this ACI.
We assume 6 € [—,0]. Further, let us introduce the change
of variable 1) = wcosl. We have ¢ € [—m, 7], and each beam
is represented by wZ’ = [wg,wg ) in the ¢ — domain, where
Y = meosbf, a € {s, f}. Further define 6, = |¢f — ’(/JZJ:I For
the rest of the paper, we prefer to work with the beams over
the ¢ — domain, unless otherwise stated.

Let A denote the set of ACIs defined for a given codebook
design problem. Let each element of 4 be denoted by an
index. A beam is denoted by B(B) = {wp}sep, where B is
the set of indices of non-neighboring ACIs. A set of ACIs
is non-neighboring if any pair of ACIs in that set are not
neighbors, i.e., the starting angle of one beam is not equal to
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(a) Angular Coverage Intervals (ACIs)

(b) Two Composite Beams

Fig. 1: Example of the Codebook Design Problem Settings

the ending angle of the other beam. A beam is called single
beam (composite beam) if |B| =1 (|B| > 1).

Example 1. One example of this setting is shown in fig. 1.
Particularly, fig. 1a depicts a hypothetical ACI set given as the
input to the codebook design problem. We have,

m ., 197 237, «w bm. 11w 13w, 7w
A= {[67 §)7 [K? E)a [§a ?)v [ﬁv Tﬁ), [?7’”—);
—%r —197. 37 —-bwn, —7m 3w, —7m —7
[ 8 ' 24 b= 8 )5 8 )’[4’8)}
Fig. 1b depicts two potentially desired composite beams
B(B1),B(Bs) C A. We have,

s = {15 D5 )

117 1837, . —7m =37, —7m —7
B = { [ S 15 L 50

where, By = {1,3,7}, and By = {4,8,9}.

Example 2. One may be interested in designing a codebook
where the beamwidth of each beam, whether single or compos-
ite, has a resolution of say /8 and is not larger than 7/2. In
this case, the ACI set A consists of all ACIs like w, = [0, 9{: )
with beamwidth A\, € {n/8,7/4,37/8,7/2} and 0; = kn /8,
ke Zzo.

The first example shows the intuition behind our beamform-
ing setting given an arbitrary ACI list. The second example
highlights the case where the ACIs are overlapping.

Further, we say a vector g of length L is a geometric vector
with parameter p if and only if it can be written as

g=[1e, . D7) &)

C. Antenna Array Model

We consider two different antenna configurations, namely,
uniform linear array (ULA), and twin-ULA (TULA) [12].
Under the ULA structure the antennas are placed uniformly
along the z — axis, where each antenna has a distance of d
from its previous (next) antenna. However, under the TULA
structure, the antennas are arranged in two ULAs that are placed
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(a) ULA

(b) TULA
Fig. 2: Antenna Array Model

in parallel to the = — axis, and with a distance of d, along the
y —axis. In this paper, we consider half-wavelength ULAs, i.e.,
d = % Moreover, under TULA, we set d, = % For each
beamformer c, under the ULA structure, the reference gain
G (9, c) at every given direction 1 is given by

G (¢, ¢) = |df, 1, (¥)e 3)

where dyiq, ar, (1) is the array response vector (directivity) of
the ULA in that direction and is given by,

| 2

dula,Mf, (w) — [1’ ejd” . ’ej(]wtfl)w]T (4)
Similarly, under the TULA structure it holds that,
uta 2
G (Y,c) = |dgm7MtC| ®)

where the directivity of the TULA is given by,
4 T
mmemzk;%w»a%;%wﬂ 6)

with ¢ = 2Tsing = 2F\/1 — 2. In the next section, we
propose the formulatlon for the codebook design problem.

III. CoMPOSITE CODEBOOK DESIGN PROBLEM

Let cp be the codeword corresponding to the beam B(B).
Using the Parseval’s theorem [12], it is straightforward to write,

" G, ) = 2nllc|]? = 2 @

—T

Applying the last equation to the ideal gain corresponding
to the codeword cp we get,

" G 5 (0)dto = J/ td¢)+-/f 0dy
-7 [=m,7]\B(B)

_Z/ tdy = Z(Sbt—% (®)

beB beB
Therefore, t = g—’;, where Ag = Zbe g Op. It follows that,

2
igwww»wekmﬂ ©)

We wish to find the optimal configuration cp for the antenna
array such that G(v, ¢) becomes the most accurate estimate of

Glideal ,B(Y) =

Gldeal ,B(%). To this end, we formulate the codebook design
problem as an MSE as follows,

e = arg min/ |Gidear ,B(¥) — G(¥,

cllefl=1 J—m

c)| di (10
In order to solve the above optimization problem, we rewrite
the integral in (10) as the equivalent infinite series as follows,

G (Y, )]
an

where, 19 = [¢1, -+ ,%] is the vector corresponding to the
sampled v — domain, i.e., ¥, = —7 + 6(2%), {=1,--- L.
Also, let 1, be the elements of 1) that lie in wp. It holds that,
|| = L, and v, is comprised of |1, | = Ly, b € B consecutive
elements of ). We can rewrite the optimization problem in
equation (11) as follows,

clel=1 | Lo

C‘g’t = arg min [ lim — Z |Gldeal B wf)

opt

cy’ =argmin lim —|Gigea ,8 — G(c)] (12)
e llef=1 L=oe
where,
G(c) =[G (¥1,¢)...G (Y, )" e z- (13)
Gideal .B = [Gideal ,B (¥1) - - . Gideal ,B (o))" ezt (14)

Observe that each beam B(B), divides the angular range
into 2| B| regions, |B| of which cover the desired ACIs. Define
ep(b) € Z?P! to be the standard basis vector corresponding
to the representation of beam b in the set {1,---,2|B|}.
For instance, in the example described by fig. 1b, we
have ep([3,5%F)) = [0,0,1,0,0,017, or ep([5F, %)) =

2 )
[0,0,0,0,1, O]% Utilizing this notation we write,
2w
Gideal . B = 1; s (ep(b)®1r,.1) (15)

Now, observe that for any equal gain g € C%* it holds that
17,1 =g©g"* . Therefore, for such choice of g we can write:

1dea1 ,B — Z (gb © gZ))
beB
= (wles®d) @) © (w(end) ®g)"
beB
= <Z Y (ep(b) ® gb)> ® <Z Y (ep(b) ® gb))
beB beB
(16)
Similarly, one can easily verify that,
G(c) = (Dfc) @ (D¥c)" (17
where D = [dyy, (¢1) -+ - dyy, ()] € CMe*L Given the spe-

cial form of the equations (12), and (16), and their usage in the
optimization problem entailed in (17), it is straightforward to
conclude that ¢’ " is the solution to the following optimization
problem for appropnate choices of g,
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Problem 1. Given any set of equal-gain vectors g, € CPo,
b € B find vector cg € CMt such that

> (en(b)

beB

2

®gy) —Dc||  (18)

cp = argmin lim
e llef=1 o0

However, in order to find the optimal solution to the opti-
mization problem in (12), we need to find the optimal choices of
gy, b € B. Utilizing (16), and (17), the following optimization
problem arises.

Problem 2. Find a set Gp of equal-gain g, € C**, such that
2

abs(Dfcp) — abs(z Yo(es(b) ® b))
beB

gp = arg min
g

(19)
where Gp = {gy|b € B}, and abs(.) denotes the element-wise
absolute value of a vector.

Therefore, under the fully-digital scheme, by solving prob-
lems 2, and 1 the optimal configuration c% " for composite
beam B(B) can be obtained. However, under the hybrid beam-
forming regime, the optimal configuration is found as

opt ||2

Fp,vp = argming , |[Fv — (20)

under the equal gain condition on the columns of F 5. Several
simple heuristic approaches exist in the literature to obtain near-
optimal solutions to the above problem including the effective
orthogonal matching pursuit (OMP) [11][2] algorithm. In the
next section we continue with the solution to problems 1, and 2.

IV. PROPOSED CODEBOOK DESIGN METHOD
In this section, we propose our approach for codebook design
under the ULA and TULA settings respectively.
A. Codebook Design under ULA Setting

Observe that for each fixed value of L problem 1 falls in
the class of least-square optimization problems. Therefore, as
L tends to infinity, cp is obtained as the limit of the solutions
to this problem. For each L the solution is given by,

P =" %(DD)7'D (ep(b) ® g») 1)
beB
1
C%L) =7 Z vwD(ep(b) ® gb) (22)
beB

where it holds that,

Zth () i, () ZIMt = LIy,
=1

Define I's = ), .5 7(ep(b) ® gp)). Replacing I'y and (22)
in equation (19) we get,
2

H

abs( D I'y) — abs(T'p)

Gp = argmin (23)
g

Even though Problem 1 admits a nice analytical closed form
solution, doing so for the Problem 2 is not a trivial task,

especially due to the fact that the objective function is not
convex. However, the convexification of (19) in the form of

1 2
(LDHD — ILQ> 'y

leads to an effective solution for the original problem. Indeed,
it can be verified by solving the optimization problem (24)
numerically that a close-to-optimal solution admits the form of
geometric vectors g, of lengths L, and parameters p, = ”T‘S”,
b € B, for some real value n. We use this analytical form for
gy for the rest of our derivations. This solution would not be
the optimal solution for the original problem (19). However, it
provides a near optimal solution with added benefits of allowing
to (i) find the limit of the solution as L goes to infinity, (ii)
express the beamforming vectors in closed form, as it will be
revealed in the following discussion, and (iii) change 7 in order
to design beams with different qualities such as beamforming
gain, smoothness, and leakage as it is explained in more details

Gp = arg ming 24)

in section V. Let us expand the expression for CSBL) from
equation (22) to get,
o
=27 Zgude ) (25)
bEB
Further define,
=2 Zgdet (Yoe), bEB (26)

The m-th element of the vector ¢, = limy_,o cpD), ie.
Cp,m» 1S given by

Ly—1
E ab Zejmwb,z
=0

Ly—1

Op 1 .
[ — hm - e]'"“/"b,é
‘/27TAB Ly—00 L(, Z go.t

For large enough L, we can write 1y, = 95 + é(L—b) to get

2r . 1
Com = (] lim

AB L—oo E

27

£nés
O Z oI o Imw )

Chym = —=—— lim

V2rApg Ly—oo Lb
N \/27TAB
— 6})

N \/27TAB

zi
where o = ¢’

Ly—1

Z a('r}—i—’m)@

£=0

eI™W5) Jim i
L—oo Lb

1
eIm () / amtm)Lez g, (28)
0

. After a few straightforward steps, we get,
)
vV 2 A B
where £ = 0,(n + m). We note that the ULA antenna struc-
ture inherently generates two-sided lobes and hence inefficient
beams due to (i) having beam lobes in undesired scopes, and
(i1) having lower effective beam gain in desired ACIs. In the
following we discuss a beam design using TULA antenna

ej(mwi-#%)smc(;) (29)
™

Cbym =
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structure. The TULA structure not only generates single sided
beams, but also improves the beam gain (by almost 3 dB)[12].

B. Codebook Design under TULA Setting

For some 3 € R define the codeword under the TULA

configuration as,
T 8. T T
- J
CB,twin [CB,twimL;t € cB,tu}ivu%"t ] (30)

Under such codeword, appealing to (5) and (6), we can
rewrite the corresponding reference gain as,

2
G(G, CB,twin) = L(9)2 ’dllgfr (H)CB,twin,%

2

(€1}
where we define,

LB = |1 _/(,8—27" sin(@))‘ —
( ) + € 3
We note that the gain in (31) consists of two terms, one being
the reference gain of a ULA of M;/2 antennas (by setting
the same codeword as in (29)) and one being a function of
the parameter 3. As before, we use the first term to obtain
the beamforming gain, but use the second term to provide the
required level of isolation between each beam and its mirrored
counterpart to resolve the inefficiency of the ULA structure. To
capture the isolation requirement, we define the isolation factor
0 < pu <1 as follows
_ /L(—G) 4o — /cos(g + % sin(0))
L(0) cos(g — % sin(0))

Wh Wy

cos(g T sin(@))’ (32)

do (33)

to denote the level of isolation between each wy and its mirrored
counterpart. Opting for a small enough value for p, optimal
£ has to be obtained by numerically solving equation (33).
Plugging in the obtained [ into equation (30) completes the
codebook design under the TULA structure.

V. PERFORMANCE EVALUATION

In this section, we provide performance evaluation of our
proposed composite beamforming technique using numerical
analysis. We consider ACI set and corresponding indices as in
Example 1. Fig. 3 depicts the composite beam corresponding to
B({1,3}) designed for ULA, where the beam gain is depicted
in dB. It is observed that the beams have smooth gains within
the desired ACIs with very sharp edges and negligible out-of-
band leakage. As illustrated in Fig. 4, by using TULA antenna
structure, our beam design technique is capable of covering
beams B(Bj), and B(Bs) as in Example 1 with high stable
gain, while resolving the two-sided beam issue arises in ULA.

In order to quantify three main qualities of a beam, i.e.,
the gain, leakage, and smoothness we define three performance
metrics, namely the in-band average gain of the beam, the
out-band average gain, and its in-band variance, respectively.
Fig. 5 presents the evaluation of these metrics for a single
beam centered around ¢ = 7 versus its beamwidth. Note
that, the amount of in-band variance and out-band average gain
are negligible, which confirms the high quality of the beams

generated by our design. Moreover, as intuition also suggests, it
is observed that the beam gain is almost inversely proportional
to its beamwidth. Another important design parameter is 7
introduced in the definition of the geometric vector form for
g. Fig. 6 shows how varying the value of 7 impacts the beam
quality measures, for a single-beam centered around 6 = 7,
with A\, = . Of course, based on the design parameter 7,
there is a three-way trade off between the smoothness, gain
and leakage. For the rest of this section we have used n = —1
which results in the smoothest beam gain with an acceptable
in-band gain.In order to provide better envisioning of the beam
shape for the reader, Fig. 7 shows how changing the value of
7 effects the beam pattern for a single beam.

Figures 3-7 illustrates the simulation results for a system
which is capable of fully-digital beamforming, i.e., where each
antenna element is wired to a single RF chain. However,
to reduce the number of RF chains hybrid beamforming is
employed, where only a few (say 6) RF chains control a
second layer phased array feed line to the antennas. Hence
a beamformer c is approximated by Fv where column of
matrix F correspond to the phase only elements. Although
suboptimal, an efficient algorithm to find F from c is OMP.
Fig. 8a shows the result of running the OMP algorithm where
Ngrr = 6 RF chains are used. However, we note that the
codebook has to be stored with finite resolution, say r bits,
for each phase shift corresponding to the entries of F. A naive
approach is to quantize the entries of F obtained using OMP
using r bits and the result of such approach for » = 3 is
given in Fig. 8b. Comparing Fig. 8a and 8b, it is observed
that such inevitable quantization considerably affects the beam
shape and beam gain, hence it suggests that we require finer
quantizations. However, a more elaborate technique can be used
where the quantization is performed in each steps of the OMP
algorithm. The difference is in the former approach we find the
hybrid beamforming matrix F' and then quantize it, i.e., hybrid-
quantized, while in the latter approch we perform quantization
at each step, i.e., quantized-hybrid. Using quantized-hybrid
approach, Fig. 8c shows that the beam pattern and its gain
for r = 3 is very similar to that of Fig. 8a where there is no
limit on the resolution, i.e., r = co. Finally, Fig. 8d shows the
effect of increasing the quantization resolution in the quality
of the beams generated by the quantized-hybrid approach. It
is observed that at r = 3, the quality of the generated beams
levels that of the hybrid scheme, denoted by r — oo.

VI. CONCLUSIONS

We studied the composite codebook design problem and il-
lustrated how multiple disjoint ACIs with different beamwidths
can be covered with a single codeword. We highlighted the
inefficiencies of ULA in forming arbitrary composite beams
and showed that how we can overcome these inefficiencies
by employing a novel antenna structure, namely TULA. We
derived a low-complexity analytical closed-form solution for
the composite codebook design problem for both the ULA and
the TULA case and confirmed the validity of our theoretical
findings by means of numerical experiments.
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