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Abstract We formulate a supersymmetric version of grav-
ity with mimetic dark matter. The coupling of a constrained
chiral multiplet to N = 1 supergravity is made locally super-
symmetric using the rules of tensor calculus. The chiral mul-
tiplet is constrained with a Lagrange multiplier multiplet that
could be either a chiral multiplet or a linear multiplet. We
obtain the fully supersymmetric Lagrangians in both cases.
It is then shown that the system consisting of the supergrav-
ity multiplet, the chiral multiplet and the Lagrange multiplier
multiplet can break supersymmetry spontaneously leading to
amodel of a graviton, massive gravitino and two scalar fields
representing mimetic dark matter. The combination of the
chiral multiplet and Lagrange multiplier multiplet can act as
the hidden sector breaking local N = 1 supersymmetry.

1 Introduction

The role of diffeomorphism invariance in General Relativity
is to promote redundancy in presentation of the dynamical
degrees of freedom in exchange of gaining simplicity and
elegancy in the formulation. A metric g,, with ten compo-
nents is used to represent two dynamical degrees of freedom
for the graviton. It is then natural to seek a modified theory
of gravity without increasing the degrees of freedom of the
system while preserving diffeomorphism invariance. Some
years ago such a modified theory of gravity was proposed by
Mukhanov and myself [1], based on the idea of employing a
dynamical metric g,,, depending on an auxiliary metric g,
through the relation

Suv = 8w 30,0, (1
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where ¢ is an additional scalar field. This definition exhibits
scale invariance under the transformation

gp_v - glwew(x), (2)

suggesting a relation between the field ¢ and the scale factor
of g, as can be seen from the property

8" 0, ¢0v¢ =1 (€)

Equivalently, one can show that the general solution of the
constraint equation (3) is given by (1). It is easier to impose
the constraint (3) through a Lagrange multiplier than to work
with an auxiliary metric g, [2]. It proved that the simple
observation of formulating a theory of gravity subject to the
constraint (3) has many important consequences. First, it was
shown that the system (g, ¢) witheleven fields constrained
by Eq. (3) is equivalent to GR with an additional half of a
degree of freedom for the longitudinal mode that contributes
the equivalent of pressureless dust to the energy-momentum
tensor [1]. Next, it was seen that by adding a potential func-
tion V (¢) it is possible to construct various physical cosmo-
logical models [3]. In particular, the field ¢ could serve as
the inflaton field. In the synchronous gauge a solution of the
constraint equation (3) is

6=1+c @)

and thus the field ¢ represents the time coordinate. In gen-
eral for an arbitrary metric g,, the constraint equation (3)
defines the field ¢ as that of synchronous time. For the solu-
tion (4) we have [J¢p = x where k is the extrinsic curvature, it
was then shown that by adding to the Einstein-Hilbert action
terms of the form f (J¢) for some suitable functions f,
it is possible to resolve cosmological singularities [4]. The
function f (J¢) contributes to the energy momentum ten-
sor and acts as a source of “mimetic” dark matter providing
a geometrical explanation of dark matter without the need
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of introducing new forms of interaction. Exact solutions of
the system of equations with a smooth metric at ¢+ = 0 were
found for Friedmann, Kasner universes as well as for black
holes [5-7].

On the other hand, supersymmetry, since the 1970’s, has
played a prominent role in the attempts to promote gravity
to a finite quantum theory within the settings of supergravity
and superstring theory in various dimensions ranging from
four to eleven. Supersymmetry, however, is not observed in
nature and must be spontaneously broken. In most realis-
tic models this is done in the context of four dimensional
N = 1 supergravity with the gravitino absorbing a Goldis-
tino fermion [8]. The purpose of this article is to construct
a supersymmetric form of gravity with mimetic dark matter.
This will be done using the methods of N = 1 supersym-
metric tensor calculus [8—13]. It turns out that there are few
number of possibilities depending on the type of supermulti-
plet used for the Lagrange multiplier or the one including the
field ¢. In this paper we will explore two possibilities. In the
first, a chiral multiplet is used as a Lagrange multiplier mul-
tiplet to impose a constraint on the metric coupled to a chiral
multiplet. The constraint on the scalar field z is of the form
z0z + z0Oz instead of g"V9,z0,z. This is done in Sect. 2.
In Sect. 3 a linear multiplet is used instead as the Lagrange
multiplier multiplet, and results in a constraint on the kinetic
term g"”9,,z0,7 in line with the non-supersymmetric case.
Section 4 is the conclusion and section 5 gives the full super-
symmetric Lagrangians in component form for the two cases
considered.

2 Supergravity with mimetic dark matter

To find the locally superysmmetric form of supergravity with
mimetic matter we have to first specify the nature of the
supermultiplets used. In what follows we will use the notation
and conventions of [11,13]. The constraint term (3) is the

kinetic part of a real scalar field can be embedded as part of
a left-handed chiral multiplet ¥ denoted by

X=(x,h, (5)
with the multiplet of opposite chirality given by
2 =(z, x° 1), (6)

where Z, & are the complex conjugates of z, i, and x¢ =
C~ 1% is the spinor conjugate to x. The symmetric product
%ET % is a real vector multiplet of the form

V=(Ct v Vik D), (7
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where C, D are real scalar fields and v is a complex scalar
field, ¢, A are Majorana spinors and V), is a real vector. To
deal with the most general coupling we consider a function
[0} (E, ZT) of the symmetric products of £ and ¥ whose
lowest component is

¢ (D) =) ana"7". ®)

The components of the real vector multiplet are given by

1 , .
C=3¢. ¢=i (2x — dzx°), )
V= _¢,zh + ¢,ZZFX7

i, o~ ~ _
V=3 (¢.:Dpz — ¢zDuZ — 2¢ =X vux) (10)

A=—i¢z ((ﬁx — hx€) + Bzx — i)zxc)
— iz (xx) xS +idz= (Xx°) x, (11)

<>

m)
)

D=¢. (|h|2 — DuzD 2z —%

— ¢ 2z (hxSx +Ty"*xDuz (12)

— ¢ 7z (KX + XV"xDuz) + b2z (xx) (Xx°) -
(13)

We recognize that the D-term of the above vector multiplet
contains the kinetic term of the complex scalar field z and for
this to be constrained by a Lagrange multiplier it must couple
to a real vector multiplet. The most economical choice is to
use a left-handed chiral multiplet

S=((A+iB, ¢y, F+iG) (14)

that can be embedded in a real irreducible vector multiplet
of the form [14]

DS = (B, v.,1,D,A,0,0) (15)
where ! = F 4iG. The rule of multiplying two vector multi-

plets V.= Vi - V, where V| = (C], C1, v1, Vi, A, Dl) and
Vo = (C2, $2,v2, Via, A2, Dz) is given by [9,13]

C=CC, ¢=Cin+ G, (16)
1— 1—
v=Crvy+ Cvy — §§1R§2L - §§2R§1L» )
i—
Vi=CiVio+CoVy1 — 5511/#7/54“2, (18)
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1~ 1~ i "
r=Cirp — EmCICZ + 5018+ S5y OV +1 <2,
(19)

1~ ~ 1 w1 —
D=CDy— EDMCIDHCZ — EVIUVZ + §v1v2 — 1A

1— ~
- 5;“ZID;“I +1 <2, (20)
where the various quantities are defined in Ref. [13]. The

coupling of minimal N = 1 supergravity to a vector multiplet
is given by the Lagrangian [8,9]

e 'L —D—iw “A—l(ﬂv—i-ui)
D = ) wYsY 3

2 3i _
+ gvﬂ (AM + §€_1€er1//pyr‘ﬁo>

i _ i _ _
+§e 1{)/5)/MRM+§€ leuvpgl//uyvll’pfl//a

2
—~ ge*‘CLsc, 1)

where
1 1 1 1 _—
—1 2 —1
e LSG:—ER(e,a))—§|u| +§AMAM—§€ '(pMRM.
(22)
The fields u = § — i P and A, are auxiliary fields and
RN = EMUPGVSVUD,O () Yo (23)

Examining the components of the product vector multiplet
% (55 - ¢ (E, ZT)) we obtain [13]
C=3Bo, E=iB(pox —02x) + 300, 24)
v= B9z~ d2xH) + 39— T (91— 0.2x5)
+5(0XR ~ 95%R) VL. 25)
V= %B (6.:Dpz — ¢zDuZ — 20 X VuX)
+ %MAMA + %%/m/s (@.2x —dz2x°). (26)
h=—iBo. ((EX — hy®) + By — ﬁzx")
—iB ($2cz (xx) % — b2z (Xx°) X)

— DB (pox — ¢2x°)

2
1~ 1 ~
— Doy — Sysv" (ox —dzx°) Dy A
1 —_
- §(¢Zh - ¢,sz”)<)1#
1 i _ _
- ZVSV v (¢,ZDMZ ¢ ZDHZ - 2¢,ZZXVMX)

i~ '
+51 (¢ox —0zx°), o7
R~ <>
D= Bd’,zf <|h| - DHEDMZ -5 » X)
— B¢,zzf (WX +Yyl"x5ﬂz)
~ Bz (hYXc +FV”XCZ)\ILE) + B¢,zzEFX “Xxe
1 PPN i~ R o -
_ ED BDu(p - ED A (¢,ZDMZ _ (p,fDMZ _ 2¢1Z2X]/HX)
1 N p—
D) 0(h¢,z - ¢,ZZXCX) +1 (h¢,2 - (b,EYXC))
S
+i (‘f’,zzi?)(axc — q)’zﬁyxcax)
Croroy s
' % <(¢’ﬂ =00 DY =D (9o - d),zxc)) . (28)

We can also add to the action a potential in the form of a
holomorphic function g (¥) of the chiral multiplet X [8, 13]

g§(X)=(8@),8:@x.8:@Dh—g..@%xx). (29

Coupling of a chiral multiplet £ can be made locally super-
symmetric by extracting the F term in the form according to
the formula

e 'Lp =Re(h+uz+ ¥, y"x+¥,0"¥rz).  (30)
Applying this to the potential function g (X) gives [8,13]

_ 1 — —
e 'Lp = 5 (8ch — g +ug + 820, X
+gV¥ 0" Vg + h.c). (31)

The total action is then that of supergravity coupled to a
constrained chiral multiplet ¥ with potential g (¥) through
a Lagrange multiplier chiral multiplet S with an action

e 'L=e"Lsg+e 'Lp(S¢(E,T))+e 'Lr(g (D).

(32)

The full Lagrangian in component form is given in the
Appendix Eq. (63).

At this point, in order to compare with mimetic gravity, we

will analyze the bosonic part of the action. After integrating
by parts the 0, B term, we get

e—lLbosonic
1 o
= Bz hl’ + 5 Be" (902042007 + 6.20,70,7)
[ _
— Ea“A (¢.20uz — $20,2)

- % (Ihe - + lhez)
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1 . = 38 8z
+ 34" (B (9,292 = 6.20,7) + $9,A) L b o “0)
1 11 1 2(3(4*15—“”1)—3‘1’5)’
“Bp—1) =R+ = u®> - A, A" 2T ¢
+<3¢ )(2 T3l 3 ) e i
< A, (¢.20uz — $z0,2) + PIuA) . (41)

L/ 1 — 1 -
—3 u <—Bh¢’z + §¢l> +u (—Bh(ﬁ,z + E(ﬁl))

+ (g,zh + ug +§,Zﬁ+@) .

N =

Integrating by parts and solving the auxiliary field equations
for A, B, 1, h, and u we get a coupled system of equations.
We start first with the equations of the Lagrange multiplier
multiplet S. The B equation gives

1 =
0=z 1M + 58" (22002002 + ¢.20,70,7)

- 45,33;12)

i
+§A“(¢>,ZE)MZ

L1 1, 1

So =R+ = qul? = -A,A"
+3¢<2 Tl = 34 )

1. _
+3 (the, . + uhgz) . (33)

The A equation is

0="Lon (¢.:0uz— ¢z auz)—la (pAL) . (34)

2

while the [ equation gives
1
0=ho .+ guqb. (35)

The equation for the auxiliary field / of the mimetic multiplet
T gives

1
587 (36)

0= Bh¢ 7z — 7

1 1
§l¢,z + §MB¢,2 +

Finally, the equations for the supergravity auxiliary fields u
and A" are

= (iB

= B¢
(¢.:0uz — ¢20,7) + P, A) —2 =5 1) A
(38)
We now solve this system of equations in terms of the com-

plex mimetic field z. The auxiliary fields u, A, h, [ are then
given by

=32 +6h¢z —3h¢’Z

, = —_ 39
o g " ® 59

@ Springer

Substituting these values into Egs. (33) and (34) as well as
using the z equations of motion, we get differential equations
sufficient to determine the fields A, B and z. However, unlike
gravity with mimetic field, the auxiliary fields in supergrav-
ity, u and A, do contribute to the effective action and would
cause both the phase factor of the field z as well as the field A
to propagate implying that the bosonic sector will have two
degrees of freedom for the graviton and two degrees of free-
dom for the scalar fields. The solutions depend on the choice
of functions ¢ (z, 7) and g (z) and for reasonable choices of
these functions the equations will simplify. In particular we
can use a linear potential

g@=m*z+h), (42)

the same form used for the hidden sector breaking local super-
symmetry spontaneously [8, 11]. Similarly we can use a sim-
ple choice for the function ¢ (z, z) such as

¢ (z,2) = goexp (—cz2), (43)
which would greatly simplify the equations. We notice
that the B Eq. (33) gives a constraint on the combination
8" (¢,2:0,20v2 + ¢,720,70,7), instead of g""¢ z0,20,7.
This should not be necessarily a problem because the metric
g™ has a Lorentzian signature and derivatives with respect
to time and space coordinates come with opposite signs.
Thus constraints of this type could always be satisfied by
allowing the real and imaginary parts to depend on both
time and space coordinates. This is a situation encountered
in our construction of inhomogeneous dark energy [15]. In
the fermionic sector the Lagrange multiplier fermion ¢ con-
strains the mimetic field x which does couple to the gravitino
Y. A careful Hamiltonian analysis along the lines of [16] is
needed to show explicitly which combination of fields propa-
gate and which ones correspond to mimetic dark matter in the
form of two scalars. The structure of the action indicates that
one can use the potential function g (z) to break supersym-
metry. In this case the singlet field X does act as the hidden
sector in supergravity triggering the breakdown of supersym-
metry [8,11]. In the absence of supersymmetry breaking the
fermionic degrees of freedom match the bosonic ones and one
can see from the action of the constrained fermionic system
(¥, x) that amassless chiral fermion propagate. When super-
symmetry is broken spontaneously the massless fermion will
be absorbed by the gravitino which becomes massive with
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four degrees of freedom matching the four degrees of the
graviton plus two scalars. We will further elaborate on this
in Sect. 4 when we consider spontaneous breaking of super-
symmetry.

3 Real linear multiplet as Lagrange multiplier

A real linear multiplet is real vector superfield satisfying the
constraint

D’L=0=D"L. (44)

This implies that the surviving components of the vector mul-
tiplet take the form [17]

L= (A5, 0, - Dy, ~074), (45)

where b, is a divergence free vector *b,, = 0. We now cou-
ple the linear multiplet L to the symmetric product function
¢ (2. =7) to obtain a vector multiplet V with components

1 1
C=3A¢, t=iA (ox —Pzx€) + SOV (46)
v=—A(bh = $:x°x) = VR (Bt — Bxf)

+ % (6Xr — $2X &) VL, @7)

i e ~ _ —
Vli — 5A (¢,ZDILZ — ¢,ZDMZ - 2¢,ZEXVMX)

1 1— .
+30bu+ SVVuys (pox —dzx°), (48)

- LA ~ 1 -~
b= A (=il 4 ihx® —iBax +iDax’) - 59Dy

—5DA(p.x —dx)
— DY — i A (¢ x A X — b =X X X)

— =ysy? (b (2x — d.2x°)

)

+ (¢,ZD/AZ - ¢,Eﬁuz - 2¢,127VMX) I/f)

—

h—¢z=Xx)V, (49)

(9.

Bl

= NI= o= K=

, A~ <
D=A¢ (Ihl — D, zD z =X I X)

— A¢ oz (WYX + Tv" x Dpz)

— A¢ zz (XX + x V" xDuz) + Az xx - X x°
1 1~

— —¢0O0PA— —D"AD
2¢ 2 l/‘¢

1

- Ebu (¢,z5uz - ¢,Z§MZ - 2¢,127V5VMX)

+ip Y (ﬁx Y ﬁzx“)

— i (WT — hx® + DX = DEx) v

2
= SUD (bex —dx) +i bz (1) U
—¢,:z (Xx°) ¥x)
— i (XX XY — Pz X XAV) - (50)

This multiplet is coupled to supergravity using the formula
(21). In addition we add the potential term g (X) using for-
mula (31). The full Lagrangian in this case is given by

e 'L=e"Lsg+e 'Lp(L.¢ (B, T))+e 'Lr (g(%)).
(5D

The component form of this action is given in the Appendix
Eq. (64). Collecting all bosonic terms we obtain the Lagrangian

e—lLbosonic
— _ 2 —qu i " .
— Ad . (|h| — 9,70 z) — S ($.:0u7 — $.:0,7)
A, _
+ ? (M¢’Zh + qujh)
1 . _
+ §A“ (iA(}:0u2 — ¢20,7) + ¢by)
+ 1A¢> 1 1R+1||2 1A AN
3 T Ty

1 _
+ = (g.:h +ug +g:h +ug) (52)

[\

where we have integrated by parts the D" A term to cancel
the 0P A term leaving only the Aﬁ,ﬁﬁ“z kinetic term just
as in gravity with mimetic matter. We first vary the Lagrange
multiplier A to obtain

0=¢.- (|h|2 _ auza“z) + = (Wp.oh + ugp2h)

1
3 (
+ %A” (‘p»za;ﬂ - ¢,28u2)

1

T CRPAS T
+§¢ §R+§|M| —§AMA (53)

Next we vary the divergence free vector b, to obtain

i 1
0= lz (f.20uz — ¢.20,7) — 3 (@A) + duet 54

@ Springer
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where « is determined from transversality of b,. We next
vary the auxiliary field & of the chiral multiplet = to get

1 1_
=A <¢,zzh + §M¢,z,) + 78z (55)

Finally we vary the supergravity auxiliary fields # and A* to
obtain, respectively

0= (lap—1)usrlp.n+ 1z (56)
~3\3 T 3o oE

» 1
0=(iA (¢ 0.2 — ¢z0.Z) + pby) —2 <§A¢ — 1) A
(57)

These equations allow us to solve for u, A,, h and b, in
terms of A and z which are constrained by Egs. (53) and the
z equation. These are given by

2 (4 ¢>¢>u— $:0z) —b:2)
X (qg )gz—aﬁzg (58)
¢,z *z_ 3‘/5,12 *
2(4 (¢ = ¢,z¢,z) T 8 )
(59)
3 _
Ay = 58"& + — 2% (¢ Oz — z0,2) (60)
b —(é—i>aa—§(¢a — ¢.70,7) (61)
n= g g2 $ P ul .20ul

Noting that the Lagrange multiplier multiplet couples lin-
early, all terms in such couplings drop out from the action
leaving only the supergravity action

—<§R+§|u|2— gAuAMr%@R“) (62)
where u and A, are given in Egs. (5§9) and (60). The field
A will be determined from the components of the Einstein
tensor G ,,,. Again we obtain four dynamical degrees of free-
dom, two for the graviton and two for the scalar fields o and
imaginary part of z.

4 Conclusions and road map to future work

Gravity with mimetic dark matter was shown to be a versatile
model solving many outstanding problems. To name few of
the advantages we mention first the generation of mimetic
dark matter in the form of dust or geometric extrinstic cur-
vature contributions to the energy-momentum tensor [1,4].

@ Springer

Including appropriate functions f ([J¢) in the action lead to
non-singular cosmological and black hole solutions. Also,
with the aid of the mimetic field ¢ it is possible to con-
struct Horava type models of renormalizable gravity with-
out breaking diffeomorphism invariance [18]. All these gains
were achieved without introducing new degrees of freedom
to the graviton, except for half a degree corresponding to the
longitudinal mode. On the other hand supersymmetry have
attracted a lot of attention and is looked at as the most viable
theory beyond the Standard Model. In particular N = 1
locally supersymmetric theories can result as the low energy
limit of consistent superstring models. As supersymmetry
is not observed in nature it must be broken spontaneously.
This is usually done through a hidden sector represented by
a singlet chiral supermultiplet [8,11]. It is then natural to
combine both ideas and ask the question whether it is pos-
sible to supersymmetrize the action of gravity with mimetic
dark matter. Although the gravity action was first constructed
by maintaining the symmetry (1), it proved easier to equiv-
alently impose the constraint equation (3) [2]. In this work
we imposed a constraint on the symmetric product £7% of
a chiral supermultiplet & = (z, x, k) with its conjugate £ 7
first using a chiral supermultiplet S = (A +iB, ¥,[) as a
Lagrange multiplet and later using instead a linear multi-
plet L = (C L, bﬂ) . We have constructed the most general
coupling of this system to supergravity represented by the
multiplet SG = (€%, ¥, u, A,)

We have shown that the mimetic dark matter supermulti-
plet do couple to the auxiliary fields of supergravity. These
will then contribute to the action of auxiliary fields and in
general will have non-trivial solutions. In addition, the grav-
itino couples to the superpotential and for particular solutions
for the field z satisfying the constraint equations, preliminary
work strongly indicates that supersymmetry will be broken
spontaneously. The aim of future work is to study that the sys-
tem S, X, SG or L, ¥, SG in presence of a superpotential
g (2), and to determine the spectrum. In particular a careful
analysis is needed to check how the gravitino field v, absorbs
the Goldstino field. It is known that in generic models of local
supersymmetry a singlet field with appropriate superpoten-
tial function g (z) can break supersymmetry spontaneously
and that the gravitino field absorbs the Goldistino to become
massive [8,11,13]. The main difference here is that super-
gravity is considered as part of a constrained system. This
system consists of the supergravity multiplet (eﬁ, Y, Ay, u)
of 16 bosonic and 16 fermionic component fields and a chi-
ral multiplet (z, x, k) of 4 bosonic and 4 fermionic compo-
nent fields as well as the Lagrange multiplier chiral multiplet
(A+iB, v, 1) or linear multiplet (A, v, bu)- This system
will effectively have the same number of independent degrees
of freedom as that of a spontaneously broken supergravity
multiplet with four fermionic degrees for the massive grav-
itino, and four bosonic degrees, two for the graviton and two
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for the scalar fields. However, only the model with Linear
multiplet yields a constraint on the kinetic term of the form
8"V 70,20,7 while the model with multiplet S gives a con-
straint on the combination g"" (¢,ZZBM18UZ + ¢,Eauzavz) .
Thus the model with coupling to the Linear multiplet is more
in line with the non-supersymmetric case. The supersym-
metric case is, however, much more complicated because of
the presence of the auxiliary fields u, A, h, as these couple
non-trivially to the system (S, X) or (L, ¥). Imposing and
solving the constraints coming from the Lagrange multiplier
multiplet and eliminating the auxiliary fields give rise to an
action containing only the physical degrees of freedom. For
general functions ¢ (z,7) and g (z) the resulting action is
complicated. It should, however, be possible to simplify the
form by performing some redefinitions along the lines of the
resultsin [8,12,13]. What is expected to be gained here is that
the combination of a chiral multiplet and a Lagrange multi-
plier multiplet could act as the hidden sector responsible for
supersymmetry breaking and for the appearance of mimetic
dark matter in the form of two scalar fields. These steps will
be undertaken in future work where the aim will be to present
arealistic model where the Goldistino field will be the super-
symmetric partner of mimetic dark matter with details on the
local supersymmetry breaking and the actual field combina-
tions representing the dynamical degrees of freedom as well
as the fields determining dark matter.
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Appendix

In this appendix we give the full Lagrangian for supergrav-
ity with mimetic dark matter chiral multiplet ¥ = (z, x, h)
that can also act as the hidden sector for spontaneous super-
symmetry breaking. In the first case the Lagrange multiplier
multiplet is a left handed chiral multiplet S = (A +iB, v, 1)

embedded in a real vector multiplet. The full Lagrangian (32)
is given in component form by

_lL—<lB 1)<1R+
e E={3P1)2

2 ~ o~ =
+ Bo 2 <|h| - DMZDMZ -xD X)

1 1 1,
3 ul? — gA,lA" + e 11//MRM>

— Bz (WX x +Ty" x Dyz)

— B¢ = (1" + x“y" x°D,3)

1

+B¢J YX - EDMBD;L(b
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