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A B S T R A C T 

We study the demographics of z ∼ 6 broad-line quasars in the black hole (BH) mass–luminosity plane using a sample of more 
than 100 quasars at 5.7 < z < 6.5. These quasars have well-quantified selection functions and nearly one-third of them also 

have virial BH masses estimated from near-IR spectroscopy. We use forward modelling of parametrized intrinsic distributions 
of BH masses and Eddington ratios, and account for the sample flux limits and measurement uncertainties of the BH masses and 

luminosities. We find significant differences between the intrinsic and observed distributions of the quantities due to measurement 
uncertainties and sample flux limits. There is also marginal evidence that the virial BH masses are susceptible to a positive 
luminosity-dependent bias (BH mass is o v erestimated when luminosity is abo v e the av erage), and that the mean Eddington ratio 

increases with BH mass. Our models provide reliable constraints on the z ∼ 6 BH mass function at M BH > 10 
8 . 5 M �, with a 

median 1 σ uncertainty of ∼0.5 dex in abundance. The intrinsic Eddington ratio distribution of M BH > 10 
8 . 5 M � quasars can be 

approximated by a mass-dependent Schechter model, with a broad peak around log ( L bol / L Edd ) ∼ −0.9. We also find that, at 4.5 

� z � 6, the number densities of more massive BHs tend to decline more rapidly with increasing redshift, contrary to the trend 

at 2.5 � z � 4.5 reported previously. 

Key words: methods: statistical – galaxies: active – quasars: supermassive black holes. 
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 I N T RO D U C T I O N  

he cosmic evolution of supermassive black holes (SMBHs) is 
mong the most important topics of galaxy formation and evolution. 
t is now widely accepted that SMBHs reside in the centres of
assiv e galaxies, and the y grow by gas accretion during which

hey are witnessed as active galactic nuclei (AGNs) or quasars, the 
ost luminous subset of AGNs. The past few decades have seen 

ignificant progress in observations of quasars across cosmic time 
nd in theoretical studies of the growth and evolution of SMBHs
e.g. Haiman & Loeb 1998 ; Gebhardt et al. 2000 ; Kauffmann &
aehnelt 2000 ; Volonteri, Haardt & Madau 2003 ; Hopkins et al.
008 ; Somerville et al. 2008 ; G ̈ultekin et al. 2009 ; Shankar, Weinberg
 Miralda-Escud ́e 2009 ). Quasars have now been discovered up to
 > 7, with SMBH masses � 10 9 M � (e.g. Mortlock et al. 2011 ;
u et al. 2015 ; Jiang et al. 2016 ; Ba ̃ nados et al. 2018 ; Yang et al.

020b ; Wang et al. 2021 ). While the physical properties of these z >
 quasars are similar to their lower redshift counterparts (e.g. Shen 
t al. 2019a ; Yang et al. 2021 ), it is unclear how these SMBHs could
ave grown to such large masses when the Universe was less than
 E-mail: jiangKIAA@pku.edu.cn 
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 Gyr old (e.g. Volonteri 2010 ; Haiman 2013 ; Inayoshi, Visbal &
aiman 2020 ). 
In the meantime, massive wide-field spectroscopic surveys have 

ompiled large quasar samples at 0 < z � 5, enabling robust
easurements of the quasar abundance across most of the cosmic 

istory (e.g. Richards et al. 2006 ; Schneider et al. 2010 ; Lyke et al.
020 ). The demographics of quasars contains crucial information 
bout the cosmic assembly of SMBHs. The basic demography is the
uasar luminosity function (QLF), i.e. the space density of quasars 
t different luminosities. With ever-increasing sample statistics from 

assiv e sk y surv e ys, QLF has been measured for different AGN
opulations in different bands (e.g. Boyle et al. 2000 ; Fan et al.
001 ; Croom et al. 2004 , 2009 ; Hao et al. 2005 ; Richards et al. 2006 ;
ilverman et al. 2008 ; Willott et al. 2010a ; McGreer et al. 2013 ,
018 ; Ross et al. 2013 ; Yang et al. 2016 ; Wang et al. 2019b ; Kim
t al. 2020 ). With spectroscopy, one can also estimate the BH masses
f these quasars using the so-called ‘single-epoch virial BH mass 
stimators’ (e.g. Vestergaard & Peterson 2006 ; Shen 2013 ), enabling
he measurements of the BH mass function (BHMF) in quasars (e.g.
reene & Ho 2007 ; Vestergaard & Osmer 2009 ; Schulze & Wisotzki
010 ; Shen & K elly 2012 ; K elly & Shen 2013 ). Either QLF or
HMF is the 1D projection of the 2D quasar distribution in the
ass–luminosity plane with condensed information. An alternative 
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pproach is to constrain the abundance of quasars in the mass–
uminosity plane directly, which provides more information about
he accretion properties of these SMBHs (e.g. the Eddington ratio)
nd better constraints on their cosmic evolution (e.g. Shen & Kelly
012 ; Kelly & Shen 2013 ). 
In this work, we constrain the abundance of z ∼ 6 quasars in

he mass–luminosity plane using the largest homogeneous sample
vailable at z ∼ 6 (Willott et al. 2010a ; Jiang et al. 2016 ; Matsuoka
t al. 2018 ). We conduct a forward modelling approach that carefully
ccounts for the selection functions and uncertainties in the measured
uantities, particularly the uncertainties and biases in BH mass
stimates. This paper is organized as follows. In Section 2 , we
escribe our quasar samples constructed from the SDSS (Jiang et al.
016 ), CFHQS (Willott et al. 2010a ), and SHELLQs (Matsuoka
t al. 2018 ) high- z quasar surv e ys. Two nearly complete BH mass
amples are also constructed from the SDSS surv e y. In Section 3 ,
e describe our methodologies of measuring the 1D BHMF and
ddington ratio distribution function (ERDF), as well as the 2D
istribution in the mass–luminosity plane, using three methods:
he 1/ V max method, the maximum likelihood method, and the QLF
tting method. In Section 4 , we present our results. We discuss the

mplications of our results in Section 5 and summarize the paper in
ection 6 . 
Throughout this paper, we adopt a flat � cold dark mat-

er cosmology with cosmological parameters of ( �M , �� , H 0 ) =
0 . 3 , 0 . 7 , 70 km s −1 Mpc −1 ). We use the symbol M BH (or M •),

(or λEdd ), and L bol to denote the BH mass, Eddington ratio,
nd bolometric luminosity , respectively . For simplicity in the pre-
entation of formalism, we use the same symbols, e.g. � (...)
r �(...), to denote probability distribution functions of different
uantities, explicitly specified in the parentheses, e.g. � ( M •) de-
otes the 1D BHMF. Distribution functions by default are defined
er logarithmic interv als; ho we ver , when needed we con vert the
istribution function to that on linear intervals without introducing
ew symbols – this technical detail is properly implemented in our
alculations. 

We distinguish three types of probability distributions of abun-
ance in our demographics modelling. The ‘intrinsic’ distribution
efers to the true, underlying distribution without being modified
y sample selection functions and measurement uncertainties in
hysical quantities. The ‘measured’ distribution refers to the intrinsic
istrib ution conv olved with the error model to account for mea-
urement uncertainties, but not affected by the selection functions.
inally, the ‘observed’ distribution refers to the final observed
istribution impacted by both selection functions and measurement
ncertainties. 

 QUA SAR  SAMPLES  

e consider two different categories of samples in this study. The
rst category includes quasars with luminosity measurements only,
nd are referred to as luminosity samples. The other category
f samples include quasars with both luminosity and BH mass
easurements, and are referred to as BH mass samples. There are

enerally more quasars in luminosity samples than in BH mass
amples. Both categories of samples have well-defined selection
unctions that are required to perform statistical analysis. For either
ategory, there are multiple samples collected from the literature, as
etailed below. The BH mass samples are used to jointly constrain
he 2D distribution in the mass–luminosity plane, while the larger
uminosity samples are used to impro v e the constraints on the BHMF
Section 3 ). 
NRAS 517, 2659–2676 (2022) 
.1 Luminosity samples 

e start with the quasar sample compiled in Matsuoka et al. ( 2018 ).
t contains 110 quasars at 5.7 ≤ z ≤ 6.5, co v ering the magnitude
ange of −22 < M 1450 < −30. These quasars are drawn from the
DSS, CFHQS, and SHELLQs high- z quasar surv e ys, which roughly
o v er the bright, intermediate, and faint luminosity regimes of z ∼ 6
uasars, respectively. The information of the quasar samples used in
his work is summarized in Table B1 . 

There are 52 quasars from the SDSS surv e y at 5.7 ≤ z ≤ 6.5, and 47
f them were used to construct a statistically complete sample (Jiang
t al. 2016 ). They belong to three nested high- z quasar searches using
he SDSS data. The first one is the main surv e y with a flux limit of z AB 

20 mag that used single-epoch SDSS imaging for target selection.
he second one is the o v erlap re gion surv e y that used two or more

epeated photometric observations of o v erlapping fields in the SDSS
Jiang et al. 2015 ); the flux limit is z AB ∼ 20.5 mag. The last one
s the Stripe 82 surv e y that used deep co-added data from repeated
bservations in the SDSS Stripe 82 region (Jiang et al. 2014 ); the
ux limit is z AB ∼ 22 mag. 
There are 24, 17, and 13 quasars from the SDSS main, o v erlap,

nd Stripe 82 surv e ys with different flux limits ( � 10 σ detection in
he z band). After removing seven duplicate quasars in more than one
urv e ys, the final SDSS sample contains 47 unique quasars. These
DSS quasars span a luminosity range from M 1450 = −30 to −24
ag and represent the most luminous quasars at z ∼ 6. The ef fecti ve

reas of the main, o v erlap, and Stripe 82 surv e ys are 11 240, 4223,
nd 277 de g 2 , respectiv ely. The selection functions of the SDSS
uasars are shown in fig. 6 in Jiang et al. ( 2015 ). 
We use the complete sample of 17 quasars at 5.7 ≤ z ≤ 6.5 from

he CFHQS surv e y (Willott et al. 2010a ). This sample contains 16
uasars with M 1450 = −27 to −24 mag in a wide-area surv e y and one
uasar with M 1450 = −22.2 mag in a deep surv e y. The ef fecti ve areas
f the two surv e ys are 494 and 4.47 de g 2 , respectiv ely. The selection
unctions of the CFHQS quasars are shown in fig. 4 in Willott et al.
 2010a ). 

We use 48 SHELLQs quasars at 5.7 ≤ z ≤ 6.5 from the HSC-
SP Wide surv e y (Matsuoka et al. 2018 ), selected by a single set
f criteria with z AB < 24.5 mag and i AB − z AB > 2.0 mag. The
uminosity range is −25.5 ≤ M 1450 ≤ −22.5 and the total ef fecti ve
rea is 646 deg 2 . This sample probes a lower luminosity range of
 ∼ 6 quasars than the SDSS and CFHQS samples. The selection
unctions of the SHELLQs quasars are shown in fig. 9 in Matsuoka
t al. ( 2018 ). 

For quasars in the luminosity samples, their absolute magnitudes
 M 1450 ) are estimated by extrapolating the continuum spectrum
edward of Ly α to rest-frame 1450 Å, assuming a fixed power-
aw continuum f λ∝ λ−1.5 . The selection functions were based on
he optical and near-IR flux and were determined by simulations in
he corresponding surv e ys. The y were calculated by applying target
election criteria to mock quasar spectra in the ( M 1450 , z) plane with
easonable dispersions in the mock spectra (e.g. continuum shapes;
ee the original surv e y papers for details) and computing the selection
robability at each grid point. More details about these luminosity
amples are presented in Matsuoka et al. ( 2018 ). The number of
uasars in each sample is summarized in Table B1 . 

.2 BH mass samples 

uasar BH masses can be estimated from single-epoch spectra using
irial mass estimators (e.g. Vestergaard & Peterson 2006 ; Shen
013 ). This method employs the virial relation M • = V 

2 
vir R/G =
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Figure 1. Observed distributions for the known quasars at 5.7 ≤ z ≤ 6.5 in the BH mass–luminosity plane (left-hand panel) and BH mass-Eddington ratio plane 
(right-hand panel). The SDSS M, SDSS O, and SDSS S82 samples are shown in orange circle, blue square, and green triangle. The grey diamonds are quasars 
from other surv e ys. The black solid, dashed, and dotted lines on the left-hand panel indicate Eddington ratios of 10, 1, and 0.1, respectively. The black dotted, 
dashed, and solid lines on the right-hand panel indicate the bolometric luminosity of 10 46 , 10 47 , and 10 48 erg s −1 , respectiv ely. Quasars in surv e ys other than 
SDSS are compiled from the literature (Willott et al. 2010b ; Onoue et al. 2019 ; Eilers et al. 2020 ; Schindler et al. 2020 ). Their virial masses are recalculated 
using the same mass recipes of this paper. 
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 W 
2 R/G , where f is the scaling factor that accounts for the structure

nd the unknown inclination angle of the AGN broad-line region, V vir 

s the virial velocity of the broad line clouds, W is the broad emission-
ine width (e.g. Wang et al. 2019a ), and R is the size of the broad-line
e gion. From local AGN rev erberation mapping observations (e.g. 
u et al. 2016 ; Fonseca Alvarez et al. 2020 ), there is a correlation
etween the measured R and the monochromatic optical continuum 

uminosity L (the R –L relation; e.g., Bentz et al. 2013 ). Assuming
hat this scaling relationship is applicable to broad-line quasars at 
igh redshifts and high luminosities, we can estimate BH masses 
sing broad line widths and continuum luminosities measured from 

ingle-epoch spectra. We refer the reader to Shen ( 2013 ) for detailed
iscussions on the uncertainties and caveats in these single-epoch 
irial masses for high-redshift quasars. 
To obtain virial BH masses for z ∼ 6 quasars, near-IR spectroscopy 

s necessary to co v er rest-frame UV broad lines such as Mg II and
 IV . Shen et al. ( 2019b ) conducted a large Gemini program to acquire
NIRS near-IR spectroscopy for z � 5.7 quasars, and presented virial
ass estimates for 50 objects, in which 29 objects are SDSS quasars.
ere, we adopt virial BH masses estimated from Mg II if available,
therwise C IV -based masses are used. 
The virial BH mass estimate can be expressed as 

log 

(
M BH , vir 

M �

)
= a + b log 

(
λL λ

10 44 erg s −1 

)
+ 2 log 

(
FWHM 

km s −1 

)
, 

here the coefficients a and b are empirically calibrated against 
ocal measurements. We use ( a , b ) = (0.740, 0.62) (Shen et al. 2011 )
or Mg II and ( a , b ) = (0.660, 0.53) (Vestergaard & Peterson 2006 )
or C IV as our fiducial BH mass recipes, which provide consistent
ass estimates for high-luminosity quasars if both lines are available 

Shen et al. 2011 ). 
We calculate bolometric luminosities using a constant bolometric 

orrection of 5.15 (Richards et al. 2006 ) from the 3000 Å monochro-
atic luminosities. The Eddington ratio is calculated as λEdd = 

 bol / L Edd , where L Edd = 1.3 × 10 38 erg s −1 ( M BH / M �) is the Eddington
uminosity of the BH. Recently, Wang et al. ( 2022 ) reprocessed this
NIRS sample in Shen et al. ( 2019b ) to study the broad-line region
etallicity of z ∼ 6 quasars. They updated measurements for 23 
DSS quasars in the Shen et al. ( 2019b ) sample, which we adopt
ere as our fiducial BH masses (see Table B2 for details). These
asses are consistent with those reported in Shen et al. ( 2019b )
ithin 1 σ . This GNIRS sample is the main BH mass sample for
ur demographic study. We also collected the near-IR spectral fitting 
esults of nine SDSS quasars from the literature (Jiang et al. 2007 ;
e Rosa et al. 2011 ; Wu et al. 2015 ; Schindler et al. 2020 ) and

ecalculated their virial BH masses using the same BH mass recipes.
n total, there are 38 SDSS quasars with BH mass measurements. 

For reliable modelling of the sample, we exclude quasars with J
 20 mag or with BH mass measurement uncertainties > 0.5 dex.
hese quasars have low spectral S/N, peculiar continuum shapes 

hat are likely caused by intrinsic reddening, or significantly affected 
y strong telluric line residuals. Since all spectra were calibrated 
sing available J -band magnitudes (Shen et al. 2019b ), we also
xclude one object, J1545 + 6028, due to the absence of its J -
and data. The remaining 34 quasars provide high completeness 
n BH mass estimates for the SDSS luminosity samples. The 
H mass completeness is 20/24, 9/10, and 5/13 in the SDSS
ain, o v erlap, and Stripe 82 samples (refereed to as the SDSS M,
DSS O, and SDSS S82 samples hereafter). These quasars are sum-
arized in Table B2 . The BH mass completeness is > 80 per cent

n the combined SDSS M + SDSS O sample. In this work, we
se this combined sample (referred to as the SDSS MO sample
ereafter) to constrain the active BHMF and ERDF for z ∼ 6
uasars. 

.3 Distributions of M •, L bol , and λEdd 

n Fig. 1 , we show the bi v ariate distribution of the currently known
uasars at 5.7 ≤ z ≤ 6.5 in the BH mass–luminosity plane and mass-
ddington ratio plane. The BH masses of most quasars span a range

rom ∼10 8 to ∼10 10 M � and the bolometric luminosities are in the
ange of 10 46.1 to 10 47.6 erg s −1 . There is one ultra-luminous quasar
MNRAS 517, 2659–2676 (2022) 
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M

Figure 2. Histograms of BH masses (left-hand panel), Eddington ratios (middle panel), and bolometric luminosities (right-hand panel) for the SDSS samples. 
The orange, blue, and green bars represent the histogram data from SDSS M, SDSS O, and SDSS S82, respectively. The lines with the same colours are the 
predicted sample distributions from the fiducial models (see the definitions of survey observed distributions in Section 3.2 ). 
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0100 + 2802 with M BH > 10 10 M � and L bol > 10 48 erg s −1 reported
y Wu et al. ( 2015 ). There is another quasar J0859 + 0022 with a very
ow bolometric luminosity and a small BH mass from the SHELLQs
urv e y (Onoue et al. 2019 ). The SDSS samples co v er about one-third
f the full BH mass sample for quasars at 5.7 ≤ z ≤ 6.5. Compared
ith the full sample, the SDSS MO quasars on a verage ha ve higher

uminosities and higher BH masses. The SDSS S82 sample spans a
arger BH mass range than SDSS MO, but it is too small and highly
ncomplete in terms of BH mass measurements. 

For the SDSS quasars, there is a lack of objects in the low-
uminosity, low-BH mass, and low-Eddington ratio regions (lower
eft corner in the M BH − λ figure). These distributions are not caused
y underlying distribution functions. Instead, they are affected by
he specific surv e y selection criteria, i.e. we are only able to observe
argets in certain mass and luminosity regions in different surveys.
n contrast, the object density decline at the highest BH masses
nd Eddington ratios (upper right corner in the M BH − λ figure) is
hysical, caused by the decrease of the abundance in both BHMF
nd ERDF in this parameter regime. We will further illustrate these
election effects in our forward modelling results. 

In Fig. 2 , we show the 1D histograms of BH masses, Eddington
atios, and bolometric luminosities for the SDSS quasars. They are
he 1D projections of Fig. 1 and are also affected by the selection
unctions of different samples. The SDSS MO sample spans a mass
ange from ∼10 9 to ∼10 10.5 M � and an Eddington ratio range from
−1 to ∼0 in log 10 space. All quasars in our samples have Eddington

atios � 0.1 and they are selected as point sources in each surv e y. The
irial mass estimates are only available for bright, broad-line quasars,
nd thus our sample does not contain obscured (type 2) quasars. We
ill use this SDSS MO BH mass sample (29 objects) to jointly

onstrain the 2D demographics in the BH mass–luminosity plane
Sections 3.2 and 4.2 ), and then use the full luminosity sample (110
bjects) to fit the BHMF only (Sections 3.3 and 4.3 ). 

 T H E  AC TIV E  B H M F  A N D  E R D F  

here are several different methods to estimate the active BHMF in
he literature. The 1/ V max method directly uses the volume weights
o measure binned BHMFs, as how QLFs are computed (e.g.
NRAS 517, 2659–2676 (2022) 
reene & Ho 2007 ; Vestergaard et al. 2008 ). It is difficult for
his approach to properly account for sample incompleteness of the
HMF (especially at the low-mass end), due to the fixed flux limit and

he luminosity range (Eddington ratio dispersion) in each mass bin
Kelly, Vestergaard & Fan 2009 ). This method also does not consider
he uncertainties in the BH mass estimates. For completeness, we will
resent the BHMF results using the 1/ V max method as well, but we
aution on the limitations of these 1/ V max -based results. 

Kelly et al. ( 2009 ) developed a forward-modelling Bayesian
ramework to estimate quasar BHMFs in a more rigorous manner.
hey built error models for directly measured quantities ( L λ, v , z),
here L λ and v are the quasar continuum luminosity and width of

he broad emission lines used to calculate the virial mass. They
sed a mixture of Gaussian functions to describe the intrinsic BH
ass-ERDFs and probability distributions of physical quantities, e.g.
( L λ| M BH ) and ρ( v | L λ, M BH ). This sophisticated model was applied

o the SDSS quasar sample at 0.4 < z < 5 (Shen & Kelly 2012 ;
elly & Shen 2013 ). The model had more than 10 parameters and
as appropriate for large quasar samples. 
Schulze & Wisotzki ( 2010 ) developed a maximum likelihood
ethod (also a forward modelling approach) to estimate the intrinsic
HMF and ERDF simultaneously. They assumed a joint distribution

unction of BH mass and Eddington ratio, fit the model parameters by
aximizing the likelihood function, and normalized the distribution

unction by matching the predicted sample to the observed sample.
chulze et al. ( 2015 ) updated the model to include uncertainties in
irial BH masses. This approach has been applied to quasar samples
t 1 � z � 2 (e.g. Nobuta et al. 2012 ). 

Finally, an alternative approach to estimate the BHMF is to use
he QLF, assuming a fixed Eddington ratio distribution model. This
pproach does not require BH mass estimates of quasars. Willott
t al. ( 2010b ) derived the first z ∼ 6 quasar BHMF using this
pproach. They adopted an observed Eddington ratio distribution
rom 17 z ∼ 6 quasars known at that time, and obtained the BHMF
rom the QLF. This approach utilizes the often much larger sample
f quasars with luminosity (but no BH mass) measurements. In this
ethod, a priori knowledge of the Eddington ratio distribution is

equired, rather than constrained from the same sample as in the
orward modelling approach. 

art/stac2833_f2.eps
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In this paper, we will use the 1/ V max method, the maxi-
um likelihood approach (with modifications), and the QLF fit- 

ing approach for our BH mass sample and luminosity sam- 
les. Since our samples are small, the more sophisticated mod- 
ls in Shen & Kelly ( 2012 ) and Kelly & Shen ( 2013 ) are not
uitable. 

.1 The 1/ V max method 

ollowing common practice, we use the 1/ V max method (Avni & 

ahcall 1980 ) to estimate the QLF and active BHMF. 1/ V max is
he maximum accessible volume in which an object with a given 

agnitude can be selected, given the flux limit of the survey and the
edshift bin used, 

 max = 

A 

4 π

∫ z max 

z min 

�( L, z) 
d V 

d z 
d z , 

here A is the sky coverage of the sample, d V /d z is the differential
omoving volume, z min and z max are the minimum and maximum 

edshifts for a quasar with luminosity L that can be selected in the
ample, and �( L , z) is the luminosity selection function mapped on
o a 2D grid of luminosity and redshift. 

The binned BHMF is then 

 ( M •) = 

1 

� log M •

N ∑ 

j= 1 

(
1 

V max ,j 

)
, 

ith a Poisson statistical uncertainty 

( � ( M •)) = 

1 

� log M •

⎡ 

⎣ 

N ∑ 

j= 1 

(
1 

V max ,j 

)2 
⎤ 

⎦ 

1 / 2 

, 

here the summation is o v er all quasars within a redshift–luminosity
in. Not all quasars in the luminosity sample have BH mass estimates, 
nd we simply correct for this incompleteness by multiplying the 
raction of those with mass estimates in the sample. For example, 
or the SDSS M sample, we multiply the result by a factor of 24/20,
here we have 20 BH mass estimates out of 24 quasars in this

ample. This simple correction assumes that quasars without BH 

ass estimates have on average the same mass distribution as those 
ith mass estimates. Because the fraction of quasars with BH mass

stimates is high among our designated BH mass samples, details 
n this correction do not impact our final results. These numbers of
uasars are listed in Table B1 for the rele v ant samples. 
Similarly, we calculate the binned EDRF with the 1/ V max method, 

 ( λ) = 

1 

� log λ

N ∑ 

j= 1 

(
1 

V max ,j 

)
, 

( � ( λ)) = 

1 

� log λ

⎡ 

⎣ 

N ∑ 

j= 1 

(
1 

V max ,j 

)2 
⎤ 

⎦ 

1 / 2 

. 

The 1/ V max approach does not account for virial BH mass uncer-
ainties and does not properly account for selection incompleteness in 
erms of BH mass (since the selection is based on flux, not BH mass).
ev ertheless, it pro vides a non-parametric and model-independent 

stimate of the BHMF. In this work, we only use the 1/ V max results
s a reference to compare with the measured distributions (see 
ection 3.2 ) from the more rigorous forward modelling. 
.2 The maximum likelihood method 

.2.1 Basic formalism 

e adopt a similar maximum likelihood approach as in Schulze 
t al. ( 2015 ). This approach starts from a joint distribution
unction of BH mass and Eddington ratio �( M •, λ, z). Here,

( M •, λ, z) d log M • d log λ describes the space density of quasars
ith masses between log M • and log M • + d log M •, and Eddington

atios between log λ and log λ + d log λ at redshift z. We refer to it
s the intrinsic distribution function hereafter. This joint distribution 
unction is equi v alent to the joint distribution function in the mass–
uminosity plane, i.e. �( M •, L bol , z), after changing the argument λ
o L bol accordingly. 

Given this joint distribution function, we can derive the 1D BHMF,
RDF, and QLF by integrating over other variables, i.e. 

 ( M •, z) = 

∫ 
�( M •, λ, z) d log λ , (1) 

 ( λ, z) = 

∫ 
�( M •, λ, z) d log M • , (2) 

 ( L bol , z) = 

∫ 
�( λ, L bol , z) d log λ . (3) 

quations ( 1 ), ( 2 ), and ( 3 ) refer to the intrinsic BHMF , ERDF , and
LF, respectively. 
The measured distribution (that is, the distribution based on the 

stimated quantities, before being modified by the selection function) 
s the convolution of the intrinsic distribution with the error model
 ( M •, e , λe | M •, λ), 

 err ( M •,e , λe , z) = 

“
g( M •,e , λe | M •, λ) 

×�( M •, λ, z) d log M • d log λ , (4) 

here subscript ‘e’ is used to denote the measured quantities (with
rrors in BH mass and bolometric luminosity estimates). We refer to
 err ( M •, e , λe , z) as the measured joint distribution function. 
The measured BHMF, ERDF, and QLF are then 

 err ( M •,e , z) = 

∫ 
� err ( M •,e , λe , z) d log λ , (5) 

 err ( λe , z) = 

∫ 
� err ( M •,e , λe , z) d log M • , (6) 

 err ( L bol ,e , z) = 

∫ 
� err ( λ, L bol ,e , z) d log λ . (7) 

Finally, the observed distribution, � obs ( M •, e , λe , z), is the mea-
ured distribution modified by the sample selection functions, �( M •,
, z), or �( L bol , z), depending on the distribution in question.
ereafter, we will omit the subscript ‘e’ in the input arguments
f � err and � obs ; they are still the distributions of the estimated
uantities in equation ( 4 ). Therefore, we obtain 

 obs ( M •, λ, z) = �( M •, λ, z) � err ( M •, λ, z) , (8) 

hich will be compared with the observed sample to constrain the
odel parameters. 
The observed BHMF, ERDF, and QLF are derived similarly as 

n equations ( 1 ), ( 2 ), and ( 3 ), by substituting �( M BH , λ, z) with
 obs ( M BH, e , λe , z). If we further marginalize o v er the redshift range

f the sample, we obtain observed BHMF (equation 9 ), ERDF
equation 10 ), and QLF (equation 11 ) of our z ∼ 6 sample (space
ensities in units of Mpc −3 dex −1 ). Integrating over the observed
olume, we obtain the survey observed distributions in units of 
ounts (equation 12 ∼ equation 14 ), which will need to match the
istributions of data (as shown in Fig. 2 ): 
MNRAS 517, 2659–2676 (2022) 
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 obs ( M •) = 

“
�( M •, λ, z) d log λ d z (9) 

 obs ( λ) = 

“
�( M •, λ, z) d log M • d z (10) 

 obs ( L bol ) = 

“
�( λ, L bol , z) d log λ d z (11) 

 obs,S ( M •) = A 

“
�( M •, λ, z) 

d V 

d z 
d log λ d z (12) 

 obs,S ( λ) = A 

“
�( M •, λ, z) 

d V 

d z 
d log M • d z (13) 

 obs,S ( L bol ) = A 

“
�( λ, L bol , z) 

d V 

d z 
d log λ d z, (14) 

here A is the ef fecti ve area of the surv e y and d V / d z is the
ifferential volume. 
The maximum likelihood method aims at minimizing the likeli-

ood function S = −2 ln L , where the total likelihood L = 

∏ N 

i= 1 p i 

s the product of the individual likelihoods for the observed objects,
nd p i ( M •, λ, z) is given by the normalized observed distribution 

 i ( M •, λ, z) = 

1 

N i 

� obs ( M •, λ, z) 
d V 

d z 

= 

1 

N i 

�i ( M •, λ, z) � err ( M •, λ, z) 
d V 

d z 
, 

here �i ( M •, λ, z) is the selection function for the i th object and 

 i = A i 

•
�i ( M •, λ, z) � err ( M •, λ, z) 

× d V 

d z 
d log M • d log λ d z (15) 

s the normalization for the i th object. If all objects are in the same
urv e y, the selection function will be the same, and N i will be the
bserved number of objects for that specific surv e y. Otherwise,
ndividual likelihoods are calculated separately for each surv e y in
he sample. 

We then minimize the likelihood function 

 = −2 
N ∑ 

i= 1 

[ ln �i ( M •, λ, z) � err ( M •, λ, z) − ln N i ] . 

Following Schulze et al. ( 2015 ), this maximum likelihood method
dopts a forward modelling approach. It generates the observed dis-
ribution function and finds the best parametric intrinsic distribution
unction by matching data in the M • − λ plane. This approach only
ses the shape of the distribution to constrain the underlying intrinsic
istribution function. The normalization of �( M •, λ, z) is determined
y inte grating o v er the model and scaling the predicted number of
bjects to the observed number in our sample via 

 ∗ = 

∑ 

j N data ,j ∑ 

j N model ,j 
, (16) 

here N data, j is the number of observed quasars and N model, j is the
redicted number from equation ( 15 ). The summation is o v er all
urv e ys denoted by index j . There are two caveats when using
quation ( 16 ) directly for our fiducial BH mass sample (i.e. the
DSS MO = SDSS M + SDSS O sample). First, all surv e ys should
e statistically independent and have no o v erlap in the luminosity-sky
o v erage space. While the SDSS O and SDSS M samples do have
ome o v erlap in sk y co v erage, we hav e separated both samples in
uminosity in constructing the selection functions (Jiang et al. 2016 ),
NRAS 517, 2659–2676 (2022) 
hus they satisfy the above requirement. Second, the normalization
actor calculated by equation ( 16 ) is av eraged o v er all surv e ys. Since
ur SDSS MO sample is dominated by the SDSS M sample, we
hoose to normalize the distribution function using the SDSS M
ample size only, to a v oid statistical fluctuations from the smaller
DSS O sample. 
Compared with earlier BHMF studies at lower redshift (e.g.

obuta et al. 2012 ; Shen & Kelly 2012 ; Schulze et al. 2015 ), our
ample has one additional complication in luminosity conversion.
n the work by Shen & Kelly ( 2012 ), the bolometric luminosity
s computed from the i -band magnitude and the surv e y selection
unction is in the form of �( m i , z). Nobuta et al. ( 2012 ) calculated
he selection function from their spectroscopic data and obtained

( M •, λ, z) directly. These samples have a direct mapping of the
election function to the luminosity–redshift space, which largely
implifies the modelling of the BHMF and ERDF. For our z ∼ 6
uasars, the M 1450 magnitude were measured from their disco v ery
ptical spectra and z-band magnitudes, and the selection function is
efined in terms of �( M 1450 , z). To perform our forward modelling,
e require the selection function defined in the L bol -redshift space. 
We convert L bol to L 3000 using a bolometric correction factor of

.15 (Richards et al. 2006 ), and then convert L 3000 to M 1450 assuming
 power-law continuum spectrum f λ∝ λ−1.5 . Compared with the M 1450 

easured from the optical spectra, there are both scatter and offset
n our re-derived M 1450 . A similar scatter is also observed in the
FHQS sample by Matsuoka et al. ( 2018 ). The M 1450 magnitudes
f the CFHQS quasars were originally estimated from the observed
 -band fluxes with a template quasar spectrum. For consistency with
he measurements in SDSS and SHELLQs, Matsuoka et al. ( 2018 )
e-measured M 1450 by extrapolating the continuum spectrum redward
f Ly α, assuming a power-law form f λ∝ λ−1.5 . The calculated M 1450 

 alues dif fer from the original (CFHQS) v alues by −0.4 to 0.2
ag, including one faint quasar with an offset of −0.7 mag. These

ifferences could be from the scatter in the continuum slope of
ifferent quasars. The measurement uncertainties of M 1450 and L bol 

ay also contribute to the scatter. In this work, we assume a Gaussian
istribution for M 1450 at fixed L bol . The scatter is 0.35 mag, or 0.14
ex in luminosity. This extra scatter in L bol − M 1450 conversion is
ncorporated in our error model. 

In addition to the scatter between M 1450 and L bol , we also
nd an offset in the conversion. Assuming a power-law spectrum
 λ∝ λ−1.5 and a bolometric correction of 5.15 for L 3000 , the bolometric
orrection from L 1450 to L bol should be 3.6. We find that the converted
 1450 is on average fainter than the measured M 1450 by 0.27 mag.
e correct this offset in the conversion process to match the QLF of

ur BH mass sample with the QLF in Matsuoka et al. ( 2018 ), which
s further discussed in Section 4.2 . After correcting for the average
ffset, the comparison between the M 1450 measured from the optical
pectra and the M 1450 converted from L bol is shown in Fig. 3 . 

Now we can define our final error model g ( M •, e , λe | M •, λ) in
quation ( 4 ): 

g( M •,e , λe | M •, λ) = g( m e , l e | m, l) = 

1 

2 πσVM σbol 
×

exp 

{ 

− ( m e − ( m + βe ( l − ˆ l ( m )))) 2 

2 σ 2 
VM 

− ( l e − l) 2 

2 σ 2 
bol 

} 

(17) 

ˆ l ( m ) = log 10 (1 . 26 × 10 38 ) + m + 

∫ 
log λ ρλ( λ, m ) d log λ , 

here m = log M •, l = log L bol , σ VM denotes the scatter of virial
ass estimates at a fixed true mass and a fixed luminosity, the error

lope βe describes the level of mass bias in the measured virial mass
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Figure 3. Scatter in M 1450 measured from different methods. The x -axis 
represents M 1450 converted from L bol after the offset correction. The y -axis 
corresponds to the M 1450 measured from the optical spectra and the z-band 
magnitudes (Jiang et al. 2016 ). The scatter is about 0.35 mag. See Section 3.2 
for details. 
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t a fixed true mass and luminosity, and ̂  l ( m ) is the expectation value
f luminosity at a fixed true mass, determined by the Eddington 
istribution. Since the luminosity uncertainties are random scatter 
round the R –L relation, we use βe = 0.2 (the best-fitting value when
e set βe as a free parameter; see more discussion in Section 5.4 ). 
Most studies have neglected a potential luminosity-dependent bias 

n single-epoch virial masses by assuming βe = 0. The empirical 
irial mass recipes are calibrated for average luminosities of quasars 
t each fixed mass. At a fixed true mass, the instantaneous luminosity
ollows the Eddington ratio distribution. If the broad line width 
erfectly responds to the luminosity difference at the fixed true mass
a behaviour known as the broad-line region ‘breathing’, e.g. Wang 
t al. 2020 ), then there is no luminosity-dependent bias in virial
asses. Ho we ver, if the broad line used for virial masses deviates

rom normal breathing (Wang et al. 2020 ; Yang et al. 2020a ), there
ill be a luminosity-dependent bias in virial masses, as emphasized 

n e.g. Shen et al. ( 2008 ), Shen & Kelly ( 2012 ), and Shen ( 2013 ).
ndeed, Guo et al. ( 2020 ) compiled a large sample of quasars with
ulti-epoch spectra from the SDSS, and found that the virial masses

based on C IV ) are systematically higher in the bright state than
n the faint state, demonstrating the existence of this luminosity- 
ependent bias in virial masses. Following earlier work (e.g. Shen 
 Kelly 2012 ), we incorporate a non-zero βe in our error model of

quation ( 17 ). 
For the uncertainty in the bolometric luminosity σ bol , it mainly 

riginates from the uncertainties in the bolometric correction and 
rom the scatter in luminosity conversion as discussed earlier. 
he typical measurement uncertainty of L bol is � 0.05 dex in our
ample, hence is negligible. In this work, we adopt σ bol = 0.14 
ex, which is the observed scatter from luminosity conversions (the 
ncertainty associated with the bolometric correction is ignored). 
his uncertainty in the bolomeric luminosity does not contribute to 

he uncertainty in the viral BH mass, because the latter is calculated
irectly from the monochromatic continuum luminosity. 
The systematic uncertainty associated with single-epoch viral 
asses is typically ∼0.4 dex (e.g. Vestergaard & Peterson 2006 ; Shen 

013 ), which is the dispersion in virial masses at a fixed true mass
av eraged o v er instantaneous luminosities). Kelly & Shen ( 2013 )
dopted σ VM ∼ 0.4 dex for their βe = 0 model. In our fiducial
odel, we adopt σ VM = 0.25 and βe = 0.2, which are close to the

est-fitting parameters when we set them as free parameters in the
tting process. More discussions about the choices of σ VM and βe 

re presented in Section 5.4 . 

.2.2 Detailed parametrization of distribution functions 

or the maximum likelihood approach, we assume a parametric 
odel for the joint distribution function �( M •, λ, z). Following
elly & Shen ( 2013 ) and Schulze et al. ( 2015 ), we start from an

ntrinsic (active) BHMF and an ERDF that has a mass dependence. 
he intrinsic distribution function can be written as 

( M •, λ, z) = ρ•( M •) ρλ( λ, M •) ρz ( z) , (18) 

here ρ•( M •) is the BH mass term, ρλ( λ, M •) is the Eddington
atio term, and ρz ( z) is the redshift dependence term. The BHMF,
RDF, and QLF can then be derived from equations ( 1 ), ( 2 ), and ( 3 ),

espectively. 
For the mass term, we adopt the double power-law model, which

s a simplification from the Gaussian mixture function adopted in 
elly & Merloni ( 2012 ), given our small sample size: 

•( M •) = 

� 
∗

( M •/M 
∗• ) −( α+ 1) + ( M •/M 

∗• ) −( β+ 1) 
, 

here � 
∗ is the normalization factor, α and β are the slopes at the

ow-mass and high-mass ends of the distribution, and M 
∗
• is the break

ass scale. We also test a modified Schechter function for the mass
erm (Schulze & Wisotzki 2010 ), 

•( M •) = � 
∗( 

M •
M 

∗•
) α+ 1 exp 

( 

−
[

M •
M 

∗•

]β
) 

. 

For the Eddington ratio term, we use the Schechter function 
Schechter 1976 ) with a mass dependence, 

λ( λ, M •) = 

(
λ

λ∗( M •) 

)αλ+ 1 

exp 

(
− λ

λ∗( M •) 

)
, (19) 

here the mass dependence in λ∗ is 

log λ∗( M •) = log λ0 + k λ( log M • − log M •, 0 ) . (20) 

e set the constant log M •, 0 = 9.5 for our sample with a typical
ass range of log M • = 9–10. We also test a lognormal model for

he Eddington ratio term, 

•( λ, M •) = 

1 √ 

2 πσλ

exp 

{
− ( log λ − log λ∗( M •)) 

2 σ 2 
λ

}
, 

here λ∗ has the same parametrization as in equation ( 20 ), and σλ

s an extra parameter for the dispersion of Eddington ratios at fixed
H mass M •. 
In equation ( 19 ), λ∗ is the characteristic value of the Schechter

unction. When λ is larger than λ∗, the exponential part in the
quation becomes dominant and the density drops rapidly with λ. 
or the lognormal model, λ∗ has similar effects. We will use the

erm break point to represent the log λ value when the density starts
o drop rapidly for both the Schechter and the lognormal models.
he comparisons between different BHMF and ERDF models are 
resented in Section 4.1 and Fig. 4 . 
We clarify that the mass term is not the BHMF, which is calculated

hrough the integration in equation ( 1 ). When the Eddington ratio
erm is lognormal, the BHMF is proportional to the mass term. But
MNRAS 517, 2659–2676 (2022) 
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ith the general form of the Eddington ratio term, the shape of the
HMF is related to the Eddington ratio term as well as the integration

ange. This is also the case for the Eddington ratio term ( ρλ( λ, M •))
nd the actual ERDF. 

The redshift evolution term is parametrized as follows: 

z ( z) = 10 k( z−z 0 ) , 

here k is the evolution scale factor and has been well measured
n high-redshift quasar QLF studies (e.g. Jiang et al. 2016 ; Wang
t al. 2019b ). Here, we adopt the value of k = −0.7 from Jiang et al.
 2016 ). We also fixed z 0 = 6, i.e. the central point of our redshift
ange. 

The absolute normalization of the intrinsic distribution function
s obtained by scaling equation ( 15 ) to match the observed sample
ize of SDSS M. In the fitting process, we use integration intervals
f −2.5 < log λ < 0.5, 6.0 < log M • < 10.5, and 5.7 < z < 6.5.
hese integration ranges are sufficiently large for convergence and

o co v er plausible parameter ranges of z ∼ 6 quasars. Our model has
ix free parameters ( M ∗, α, β, λx , λ0 , k λ) to be determined in the
tting procedure, and � 

∗ is determined in the normalization step.
ere, λx is αλ in the Schechter Eddington ratio term and σλ in the

ognormal Eddington ratio term. 

.3 The QLF fitting method 

n the maximum likelihood method, we fit the intrinsic distribution
unction using the BH mass sample in the BH mass-Eddington ratio
lane. Among the nearly 300 quasars known at 5.7 ≤ z ≤ 6.5,
nly ∼90 of them have BH mass measurements (e.g. Jiang et al.
007 ; Willott et al. 2010b ; De Rosa et al. 2011 ; Wu et al. 2015 ;
azzucchelli et al. 2017 ; Onoue et al. 2019 ; Shen et al. 2019b ;

ilers et al. 2020 ; Schindler et al. 2020 ). The SDSS M and SDSS O
amples are the only flux-limited samples with mass completeness
igher than 80 per cent. The total sample size of SDSS M + SDSS O
s 29. As show in Figs 1 and 2 , quasars in SDSS M and SDSS O
ave bolometric luminosities � 10 46.5 erg s −1 and masses � 10 9 M �.
s a result, the constraints on the low-mass end ( M • < 10 9 M �) of

he BHMF are poor. 
Compared with the BH mass sample, the luminosity sample is
uch larger and extends to lower luminosities and lower masses.
atsuoka et al. ( 2018 ) combined z ∼ 6 quasars in the SDSS, CFHQS,

nd SHELLQs surv e ys to deriv e reliable constraints on the QLF
n the luminosity range of −23 < M 1450 < −30. Given a fixed
λ( λ, M •) model, we can calculate QLF from equation ( 7 ), and thus
onstrain the BHMF by matching the luminosity data in the observed
uminosity sample. 

To do so, we use the combined SDSS, CFHQS, and SHELLQs
uminosity sample, and use the same ρλ( λ, M •) model constrained
rom our maximum likelihood approach and the BH mass sample
Section 3.2 ). With this QLF-fitting method, we can achieve better
onstraints on the BHMF in the low-mass regime. 

For this purpose, we use the QLF likelihood function from
arshall et al. ( 1983 ) and minimize 

 = −2 
∑ N 

i= 1 [ ln �i ( M i , z) � err ( M i , z)] 

+ 2 

“
�i ( M i , z) � err ( M i , z) d V d z d M d z , (21) 

here M is the M 1450 magnitude, �i ( M i , z) is the selection function,
nd � err ( M , z) is the QLF function converted from equation ( 7 ). This
odel has four free parameters ( � 

∗, M ∗, α, β). The normalization
NRAS 517, 2659–2676 (2022) 
actor � 
∗ is directly constrained by this likelihood function and there

s no additional normalization step. 

 RESULTS  

here are two steps in our fitting procedure. First, we apply the max-
mum likelihood method to the SDSS MO sample, jointly constrain-
ng the distribution in the mass–luminosity plane (or equi v alently, the

ass-Eddington ratio plane). Then, we apply the QLF fitting method
o the luminosity sample and obtain a better constrained BHMF in
he low-mass regime, during which the Eddington ratio distribution
s fixed to the best-fitting model in the prior maximum likelihood
pproach. Our final results include the 2D distribution function in
he mass–luminosity plane from the maximum likelihood step, as
ell as the impro v ed BHMF results from the QLF fitting step. 
From the maximum likelihood method, the 2D distribution in

he BH mass–luminosity plane or the mass-Eddington ratio plane
rovides us the complete demographic information of z ∼ 6 quasars,
hile the 1D BHMF, ERDF, and QLF are simply marginalized
istributions of the 2D distribution. In some cases, the 1D inte-
rated functions depend on the integration range. In short, the 1D
istributions will have a much higher density for BHMF and QLF in
he low-mass (low-luminosity) region if the integration is extended
o very low-mass or luminosity ranges that have not been explored
bservationally. In the main text, we use default integration ranges
f −2.5 < log λ < 0.5, 8.5 < log M • < 10.5, and 5.7 < z < 6.5 to
alculate these 1D functions. The effects of integration ranges are
urther discussed in Appendix A . For all figures with 1D distributions
e.g. Fig. 5 ), the 1 σ uncertainty ranges (shaded area in these
gures) represent the range that corresponds to the top 68 per cent
osterior probabilities of parameters in the Monte Carlo Markov
hain. 

.1 Fiducial model distributions 

e first compare the fitting results of the alternative model functions
or the BH mass term and the Eddington ratio term in equation ( 18 ),
nd determine the fiducial model functions to use in our fitting of the
oint distribution. For the Eddington ratio term, we test a Schechter
unction and a lognormal distribution function (Section 3.2.2 ). The
tting results for the SDSS MO sample are shown in the left-hand
anel of Fig. 4 and listed in Table 1 as models 1 and 2, respectively.
n this test, we use the double power-law function for the mass
erm. In Fig. 4 , the black solid and blue dotted lines represent
he best-fitting models of the measured ERDF, using the Schechter
nd lognormal models as the Eddington ratio term, respectively.
oth models produce largely consistent results with o v erlapping 1 σ

egions. The ERDF at large Eddington ratios (log( λ) ∼ −0.5–0) is
ell constrained by both models, and is consistent with the the 1/ V max 

esults. The uncertainties of the model constraints increase rapidly
t both the high- and low-Eddington ratio end as a result from small
ample statistics in these regimes. The limited sample statistics at
he low-Eddington ratio end is mainly due to the flux limit in the
election function (also see left-hand panel in Fig. 6 on the effect of
he flux limit on the ERDF). Nevertheless, the simple 1/ V max method
uffers the most from the flux limit, and underpredicts the abundance
t the low Eddington ratio end. 

The Schechter ERDF model has an asymmetric shape and is thus
ore flexible than the lognormal model. The Schechter model also

esults in a slightly smaller error range than the lognormal model.
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Figure 4. Fitting results of different model functions. The left-hand panel shows the ERDF results of the maximum likelihood method, with a double power-law 

function as the mass term. The black solid and blue dotted lines represent the best-fitting models of the measured ERDF, using the Schechter function and a 
lognormal distribution function as the Eddington ratio term. The grey and light blue shadow regions represent the 1 σ regions of the two models. The orange 
circle and blue squares show the ERDF calculated by the 1/ V max method for the SDSS M and SDSS O samples. The right-hand panel shows the UV QLF 
of the QLF fitting method, with Schechter function as the Eddington ratio term. The black solid and blue dotted lines represent the best-fitting model of the 
measured QLF, using a double power-law function and modified Schechter function as the mass term. The red points and dotted line represent the QLF result 
from Matsuoka et al. ( 2018 ). See Section 4.1 for details. 

Figure 5. Fitting results of the maximum likelihood method for the SDSS MO sample. The BHMF , ERDF , and QLF at z = 6 are shown in the left-, middle, 
and right-hand panel, respectively. In the left-hand panel, the black and blue solid lines are the intrinsic BHMF and measured BHMF of the best-fitting model. 
The grey and light blue shadow regions represent their 1 σ regions. The orange dashed and blue dash–dotted lines show the observed BHMF in the SDSS M 

and SDSS O fields. The orange circle and blue squares with error bars are the BHMF calculated by the 1/ V max method. These lines and symbols abo v e hav e 
the same meanings in the ERDF and QLF panels as well. In the left-hand panel, the black dotted line is the active BHMF from Willott et al. ( 2010b ). In the 
right-hand panel, the red dotted line and points show the z = 6 QLF from Matsuoka et al. ( 2018 ). The green line represents the z = 6 QLF from Willott et al. 
( 2010a ). The orange circle and blue squares are the binned QLF of our sample (the M 1450 luminosity is calculated from bolometric luminosities). 
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herefore, we adopt the Schechter model for the Eddington ratio 
erm in the following analysis. 

To test the BH mass term, we compare a double power-law function
nd a modified Schechter function (Section 3.2.2 ). The fitting results
sing the QLF fitting method for the luminosity sample are shown 
n the right-hand panel of Fig. 4 and listed in Table 1 as models 3
nd 4, respectively. In this test, a Schechter model is used for the
ddington ratio term. The black solid and blue dotted lines represent 

he best-fitting models of the measured QLF, using the double power- 
aw model and the modified Schechter model as the mass term, 
espectively. The blue points and solid line represent the QLF results
rom Matsuoka et al. ( 2018 ). The double power-law BHMF model
esults in a nearly identical QLF as the one in Matsuoka et al. ( 2018 ),
hile the modified Schechter model predicts a QLF with slightly 
l  
teeper slopes at the low- and high-luminosity ends. Therefore, we 
dopt the double power-law model for the mass term in equation ( 18 )
n the following analysis. 

.2 2D Results from the maximum likelihood method 

e perform the maximum likelihood fitting for the SDSS MO 

ample using the fiducial double power-law + Schechter model dis- 
ussed in Section 4.1 . The results are shown in Figs 5 and 6 and
isted as model 2 in Table 1 . In Fig. 5 , the intrinsic and measured
istributions are plotted as the black solid and blue solid lines,
espectiv ely. The observ ed BHMFs of the SDSS M and SDSS O
amples are represented by the orange dashed and blue dash–dotted 
ines, respectiv ely. Inte grating our fiducial model o v er the surv e y
MNRAS 517, 2659–2676 (2022) 
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M

Figure 6. Intrinsic and observed bi v ariate distributions in the BH mass-Eddington ratio plane (left-hand panel) and BH mass–luminosity plane (right-hand 
panel). In both panel, the orange circle and blue squares represent individual quasars in the SDSS M and SDSS O fields, respectively. The shaded region with 
the same colour demonstrates the observed (or expected) bi v ariate distribution for that field. The contour lines represent the 1 σ , 2 σ , and 3 σ regions. The grey 
shaded region shows the shape of underlying intrinsic distribution from the best-fitting model. The grey contours show the constant space densities, from 10 −12 

to 10 −7.5 in steps of 10 0.5 (Mpc −3 dex −2 ). In the left-hand panel, the dotted, dashed, and solid black lines show the constant bolometric luminosities of 10 46 , 
10 47 , and 10 48 erg s −1 , respectively. In the right-hand panel, the dotted, dashed, and solid black lines show the Eddington ratios of 10 −1 , 10 −0.5 , and 10 0 , 
respecti vely. We also sho w the luminosity selection functions (top axis) as function of luminosity (left or right axes) for the two samples (SDSS M and SDSS O) 
in orange dashed and blue dash–dotted lines, respectively. Note that these completeness functions do not have one-to-one correspondence to BH mass (i.e. the 
top and bottom axes are independent from each other). These are the original selection functions based on M 1450 in the corresponding quasar surv e ys (Jiang 
et al. 2016 ), marginalized o v er the 5.7 < z < 6.5 redshift range. These (luminosity) selection function curves provide useful information on the luminosity range 
of observable quasars (i.e. the data points) in each surv e y, as well as the correction in quasar abundance due to the selection incompleteness in luminosity. 
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olume, we obtain the predicted distributions of BH mass, Eddington
atio, and bolometric luminosity, as shown in Fig. 2 . 

In Fig. 2 , the surv e y observ ed distribution (predicted sample
istributions for one specific surv e y) of the SDSS O sample (blue
ash–dotted lines) as predicted by our model is lower than the
bserved data (blue histogram). This is because we normalized the
odel distribution using the sample size of SDSS M as reasoned in
ection 3.2 . With this normalization, our best-fitting model predicts
4 quasars in the SDSS M sample, which is the same number of
he observed quasars in that sample. But the model only predicts 6.9
uasars in the SDSS O sample, less than the 10 objects observed in
he SDSS O sample, albeit with small number statistics. If we use the
ull sample size to calculate the normalization factor, it will change
y a factor of (24 + 10)/(24 + 6.9) = 1.1 or 0.04 dex, which is smaller
han the 1 σ error of the normalization from the QLF fitting method
Table 1 , model 3). Since the discrepancy is very small, we stick
o the normalization factor determined using the SDSS M sample
lone. 

In Fig. 6 , we show the intrinsic and observed bi v ariate distributions
n the BH mass-Eddington ratio plane (left-hand panel) and BH

ass–luminosity plane (right-hand panel) for our best-fitting model.
hey are calculated by marginalizing over redshift for the observed
istribution (equation 8 ). In both panels, the orange and blue points
epresent the measurements of individual quasars in the SDSS M
nd SDSS O samples. Most of the data points are located in the 1 σ
egion of their respective sample and all of them are within the 3 σ
egion, indicating good agreement with our best-fitting model. The
ntrinsic distribution is displayed as the grey shaded region, which is
odified to the observed distribution after convolving with the error
odel and incorporating the surv e y selection function. 
NRAS 517, 2659–2676 (2022) 
In both panels of Fig. 6 , there is a boundary in the observed
istributions towards the low-luminosity end, corresponding to the
ux limit of each sample. In the mass–luminosity plane, we also plot

he redshift-marginalized selection functions of the SDSS M and
DSS O samples as the orange dashed and blue dash–dotted lines,

o demonstrate the decline of the selection probability near the flux
imit. 

The BHMF fitting results are shown in the left-hand panel of
ig. 5 . Comparing the intrinsic and measured distributions, the virial
H mass uncertainties (determined by σ VM and βe ) result in the
 v erestimation of the BHMF at the high-mass end in the measured
istribution. Using the SDSS MO sample, we derive reasonably tight
onstraints on the intrinsic BHMF in the M BH � 10 9.3 M � regime.
he intrinsic BHMF below 10 9.3 M � is poorly constrained due to

he limited number of low-luminosity (and low-mass) quasars in our
ample. We will impro v e the BHMF constraints using the QLF fitting
ethod and the larger luminosity sample in Section 4.3 . 
The BHMF calculated by the 1/ V max method is shown as the orange

ircle and blue squares in Fig. 5 and listed in Table B3 in Appendix.
n the region of M BH > 10 9.5 M �, they overlap with the 1 σ region
f the measured model BHMF. In the low-mass re gion, howev er,
he 1/ V max BHMF suffers from the selection incompleteness and
he turno v er is artificial. Here, we emphasize that the maximum
ikelihood results are not a fit to the 1/ V max binned BHMF. The
inned 1/ V max BHMF corrects for some selection incompleteness
ue to the flux limit, which is why it lies abo v e the model-predicted
bserved BHMF (orange dashed and blue dash–dotted lines). Since
he 1/ V max method does not properly correct for incompleteness in
erms of BH mass, the binned BHMF is only shown for comparison
nd not recommended for further use. 
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Figure 7. The BH mass term and Eddington ratio term of the best-fitting 
model. The black line shows the double power-law BH mass term. The colour- 
coded lines show the mass-dependent Schechter Eddington ratio term. The 
different colours show the conditional ERDF at different masses from 10 8 to 
10 10.5 M �. 
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The QLF model predictions are shown in the right-hand panel of
ig. 5 . The minor differences between the intrinsic and measured
istributions are caused by the luminosity scatter ( σ bol ). There is
ood agreement between our results and the QLF in Matsuoka et al.
 2018 ). Again, the QLF below −26 mag is poorly constrained, which
s due to the limited luminosity range of our BH mass sample.
he 1/ V max binned QLF data (listed in Table B4 in Appendix) are
lso shown for reference in orange circle and blue squares in the
gure. 
The ERDF model predictions are shown in the middle panel 

f Fig. 5 . The differences between the intrinsic and measured
istributions are caused by the luminosity and virial BH mass 
ncertainties. The 1/ V max binned ERDF shown in the orange circle
nd blue squares is highly incomplete at log λ < −0.5. The best-
tting model also shows blown-up uncertainties at the low Eddington 
atio end. The best-fitting model ERDF will be used in our QLF-
tting application to the larger luminosity sample. 
In Fig. 7 , we show the conditional ERDF at different BH masses

or our best-fitting model ( ρλ( λ, M •), equation 19 ). Similar to the
ognormal model, the Schechter profile with αλ > −1 features a 
road peak around a characteristic value (our best-fitting model 
as a positive αλ; see Table 1 ). We have a positive k λ ∼ 1.1
n our best-fitting model (see Table 1 ) and thus the break point
hifts to lower Eddington ratios for lower masses. The 1D ERDF
Fig. 5 , middle panel) is calculated by integrating over M • in the
− M • plane. The fiducial integration range in mass is log M •
 8.5 − 10.5, for which the peak Eddington ratio ranges from

og λ ≈ −1.7 to ≈0.5 (Fig. 7 ). Therefore, the resultant intrinsic
D ERDF displays a broad peak around log λ ≈ −0.9 (middle panel
f Fig. 5 ). For comparison, Schulze et al. ( 2015 ) obtained k λ ≈
.10–0.15 for a much larger sample at low redshift. Compared with
heir samples, our SDSS samples have smaller ranges in BH mass
nd Eddington ratio. The large value of k λ in our best-fitting model
s determined by objects with BH masses around log M •, 0 = 9.5
equation 20 ) and should only hold for our sample with a small
ddington ratio range. A larger sample is needed to further test the
H mass dependence of Eddington ratios o v er a broader parameter

pace. 
MNRAS 517, 2659–2676 (2022) 
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Figure 8. LF results of the QLF fitting method for the luminosity sample. 
All symbol are the same as the right-hand panel in Fig. 5 . The results (black 
solid line) are the same as those in Matsuoka et al. ( 2018 ) (red dotted line). 

Figure 9. BHMF results of the QLF fitting method for the luminosity sample. 
The 1/ V max BHMF, and the intrinsic and measured BHMF distributions with 
their 1 σ regions have the same symbols as shown in the left-hand panel in 
Fig. 5 . We also collect active BHMF functions from previous studies. They 
are from Schulze & Wisotzki ( 2010 ), Willott et al. ( 2010b ), Kelly & Shen 
( 2013 ) and Schulze et al. ( 2015 ). 
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.3 Results from the luminosity sample 

ow we proceed to use the QLF-fitting method to impro v e the
onstraints on the BHMF based on the larger luminosity sample.
e use the double power-law model for the intrinsic BH mass term

nd the same Eddington ratio term in the best-fitting model as in
ection 4.2 (model 2 in Table 1 ). The fitting results are displayed

n Figs 8 and 9 , and listed as model 3 in Table 1 . Our model is still
NRAS 517, 2659–2676 (2022) 
he bi v ariate distribution (equation 18 ) with a fixed Eddington ratio
erm, which is different from Willott et al. ( 2010b ) who applied a
HMF model and a fixed ERDF model. 
Fig. 8 shows that we successfully reproduced the QLF in Matsuoka

t al. ( 2018 ), with the model QLF constructed from the underlying
H mass and Eddington ratio distributions. Fig. 9 shows the final

ntrinsic BHMF that we derive for z ∼ 6 quasars using the luminosity
ample, along with results in previous studies. At the high-mass
nd, the results are similar to that from the maximum likelihood
tting to the BH mass sample (left-hand panel of Fig. 5 ). In the low-
ass regime, the QLF-fitting model is better constrained to M BH ∼

0 8.5 M � than the previous results based on the BH mass sample. The
sable region of the BHMF is thus larger than that in Fig. 5 . The
odel data of BHMF and QLF are also listed in Tables B5 and B6

n Appendix. Model 3 represents our final fiducial results for the 1D
ntrinsic BHMF and QLF. 

.4 The mass–luminosity plane of z ∼ 6 quasars 

he abundance of quasars in the 2D mass–luminosity plane is shown
n Fig. 6 (right). Similar to earlier studies in Shen & Kelly ( 2012 )
nd Kelly & Shen ( 2013 ), our forward modelling is able to reveal the
opulation of quasars below the flux limit of the surv e y. In addition,
y accounting for uncertainties in the measured physical quantities
i.e. BH mass and luminosity), we are able to constrain the intrinsic
istribution of quasars in the mass–luminosity plane. For example,
e can constrain the abundance of > 10 10 M � BHs in z ∼ 6 quasars to
e 0 . 53 + 1 . 27 

−0 . 45 × 10 −11 Mpc −3 , or 0 . 52 + 1 . 25 
−0 . 44 quasars in the 11 240 deg 2 

DSS M surv e y, by inte grating the BHMF. This result suggests there
re a few z ∼ 6 quasars with M BH > 10 10 M � o v er the full sky. 

 DI SCUSSI ON  

.1 Comparison with previous studies at z ∼ 6 

illott et al. ( 2010b ) (hereafter W10 ) estimated the BHMF of z ∼
 quasars using the QLF fitting method and an assumed Eddington
atio distribution. Their luminosity sample contains 40 quasars at
.74 < z < 6.42, selected from the known quasars in the SDSS M,
82 region, and the CFHQS field at that time. They used the
chechter and lognormal distributions to model the BHMF and
RDF, respectiv ely. The y also assumed that the intrinsic ERDF and

he surv e y observ ed ERDF are both lognormal distributions. The
ffset of the peak Eddington ratio between the intrinsic and surv e y
bserved distributions was determined by simulations. Their active
HMF is shown as the black dotted line in Fig. 9 . 
Our method is different from the W10 method in several aspects.

irst, we have an extra error model in the fitting process. It includes
he scatters of virial masses and bolometric luminosity uncertainties.
ur model QLF is generated from the bi v ariate distribution in the
H mass-Eddington ratio plane. In W10 , the model QLF was the
onvolution of the model BHMF and ERDF, without extra error
odels. In our QLF fitting method, the Eddington ratios are derived

rom the BH masses. Therefore, the errors of the BH masses are
ropagated into the ERDF, requiring an error model. The measured
nd intrinsic distributions (blue and black solid lines in Fig. 9 )
emonstrate the differences with and without the error model. The
ncertainty in virial BH masses leads to the o v erestimation of the
HMF at the high-mass end. The model measured QLF can also be
enerated by convolving our measured BHMF and ERDF. In this
ase, our measured BHMF result is equi v alent to the BHMF of W10 .
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Figure 10. Differences in Mg II-based BH masses estimated from the recipes 
of Shen et al. ( 2011 ) (our fiducial recipe) and Vestergaard & Osmer ( 2009 ). 
On average, our BH masses are ∼0.2 dex higher than those estimated using 
the Vestergaard & Osmer ( 2009 ) recipe. The symbols have the same meanings 
as in Fig. 1 . 
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Second, our BHMF is higher in the M • > 10 8.0 M � region than
he W10 results, which originates from the different Eddington ratio 
istribution models that we used. In W10 , the intrinsic Eddington 
atio distribution model had a lognormal distribution centred at log λ
 −0.22 (the break point). In our model, we used an Eddington

atio distribution in the form of a Schechter function with a break
oint log λ∗ = −0.85 o v er log M • = 8.5–10.5. Qualitatively, a lower
ddington ratio break point results in a higher BH mass break ( M 

∗
• ),

hich will shift the BHMF to higher masses (to the right). In Fig. 9 ,
hen we shift the measured BHMF (blue line) by ∼−0.5 dex, we
btain a very similar shape with the W10 BHMF (the black dotted
ine). The final QLF models of W10 and ours are close to each other,
specially in the high-luminosity end (Fig. 8 , green dashed and black
olid lines). Therefore, the main difference between our BHMF and 
hat in W10 is caused by the difference in the ERDF break point. 

.2 Choices of virial BH mass estimates 

n Shen et al. ( 2019b ), the Mg II -based virial BH mass recipe
dopted was calibrated to match the H β- and C IV -based recipes
f Vestergaard & Peterson ( 2006 ) using SDSS quasar samples (Shen
t al. 2011 ). This is also the fiducial recipe that we used for our
H mass sample. In our study, we collected near-IR spectral fitting 

esults from the literature. Jiang et al. ( 2007 ), De Rosa et al. ( 2011 ),
nd Wu et al. ( 2015 ) utilized the Mg II recipe of McLure & Dunlop
 2004 ) which produces lower BH masses by 0.22 dex on average than
ur fiducial Mg II -based recipe. W10 applied the Mg II -based recipe
f Vestergaard & Osmer ( 2009 ), which has a shallower luminosity
ependence than our recipe does, and would yield smaller masses 
higher Eddington ratios) on average for luminous z ∼ 6 quasars. 
n Fig. 10 , we plot the differences in BH masses estimated using
he Shen et al. ( 2011 ) and Vestergaard & Osmer ( 2009 ) recipes, for
uasars with Mg II FWHM measurements. Compared to Vestergaard 
 Osmer ( 2009 ), the recipe of Shen et al. ( 2011 ) produces ∼0.2 dex
igher masses for our SDSS sample. These differences in BH mass
stimates contribute to the ERDF differences between our work and 
10 , but the main difference in the ERDF should come from the

ifferent fitting methods. 

.3 Comparison with previous methods 

s discussed in Section 3 , there are two methods (both based
n the likelihood analysis) used to fit the BHMF. Our likelihood
ethod fits the data in the BH mass–Eddington ratio plane, while the
ayesian framework of Kelly & Shen ( 2013 ) performed their fitting

n the mass–luminosity plane. Since the Eddington ratio is derived 
rom mass and luminosity, these two procedures are equi v alent and
oth methods can produce the observed bi v ariate distribution in the
ass–luminosity plane (Fig. 6 , right-hand panel). Our error model 

s an updated version of that in Schulze et al. ( 2015 ). We added
 βe parameters to account for the luminosity-dependent bias in 
ingle-epoch virial masses. Kelly & Shen ( 2013 ) also have this
arameter in their models. One key difference between our method 
nd Kelly & Shen ( 2013 ) is the parametric functions for the intrinsic
istributions. In our fiducial model, we used a double power law
nd a Schechter function to model the mass term and the Eddington
atio term, respecti vely. K elly & Shen ( 2013 ) used a mixture of five
D lognormal distributions to model the bi v ariate distribution. The
ixture is flexible enough to capture the basic shape of any physical
HMF and largely simplifies the computation as man y inte grations
an be done analytically, but the number of parameters is much larger
han that in our modelling. For our small sample size, simplified

odels with fewer parameters are sufficient to describe the data and
o a v oid o v erfitting problems. 

.4 Luminosity-dependent bias in virial BH masses 

n our fiducial model described in Section 3.2 , we adopted the error
odel (equation 17 ) with a fixed σ VM = 0.25 and βe = 0.2. If we
t these two parameters as free parameters in the model, the results
re listed as model 5 in Table 1 . The best-fitting parameters are
VM = 0 . 23 + 0 . 05 

−0 . 07 and βe = 0 . 21 + 0 . 47 
−0 . 42 . While these constraints are not

ight (particularly for βe ), as expected due to the small sample size,
hese best-fitting parameters are reasonable and consistent with the 
onstraints in Shen & Kelly ( 2012 ). For completeness, we also test
 model assuming βe = 0, and list the results as model 6 in Table 1 .
here are no significant differences in the final BHMFs between 
odels 5/6 and model 2, and all properties of the model predictions

emain qualitatively unchanged. 

.5 Evolution of quasar abundance 

n important result in quasar demographics is the cosmic downsizing 
volution, i.e. the number density of less luminous objects peaks at
ower redshift. It was initially disco v ered in the X-ray surv e ys (e.g.
owie et al. 2003 ; Hasinger, Miyaji & Schmidt 2005 ) and then
onfirmed in optical observations (e.g. Croom et al. 2009 ; Shen
 Kelly 2012 ). Recently, Shen et al. ( 2020 ) measured bolometric
LFs at z = 0–7. They found that the bolometric QLF rises with

ime monotonically at z � 2–3, following the hierarchical structure 
ormation paradigm (e.g. Shankar et al. 2009 ). At z � 2–3, the QLF
tops rising with time and shows a continuous horizontal shift towards
he low-luminosity re gime. The y also reported flatter bright-end LF
lopes at z � 2–3. For quasars at higher redshift ( z � 4), recent QLF
tudies found no strong redshift evolution for the bright-end slope β
MNRAS 517, 2659–2676 (2022) 
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M

Figure 11. Redshift evolution of the quasar number density at different BH 

masses. The different colours represent different mass ranges. The results 
from Schulze & Wisotzki ( 2010 ) and Schulze et al. ( 2015 ) are shown in 
circles and squares, respectively. The error bars in the horizontal direction 
show the redshift co v erages of their samples. The Kelly & Shen ( 2013 ) 
results are displayed as the dashed lines with point markers. The error bars 
are calculated according to their 68 per cent percentile range of the BHMFs. 
For clarity, many data points have been slightly shifted horizontally. 
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e.g. Jiang et al. 2016 ; Akiyama et al. 2018 ; Matsuoka et al. 2018 ;
ang et al. 2019b ; Kim et al. 2020 ). 
Besides the do wnsizing e volution of the QLF, there is evidence

hat BHMF also has a downsizing trend (e.g. Vestergaard & Osmer
009 ; Shen & K elly 2012 ; K elly & Shen 2013 ). In Fig. 11 , we plot
he quasar number densities in different mass bins as a function of
edshift from several BHMF studies. Kelly & Shen ( 2013 ) studied
HMFs of SDSS quasars at z = 0.4–4.75, and their results are
isplayed as the dashed lines. They found that the peaks of the
umber densities are around z = 2–3. At 1 � z � 2.5, the number
ensities of more massive BHs fall off more rapidly with decreasing
edshift. At 2.5 � z � 4.5, the number densities of more massive
Hs fall off more slowly with increasing redshift. 
We also include the results of our z ∼ 6 BHMF in Fig. 11 . We find

hat the evolutionary trend at 4.5 � z � 6 is contrary to the trend
t 2.5 � z � 4.5. At 4.5 � z � 6, the number densities of more
assive BHs decline more rapidly with increasing redshift. As the

ncertainties of the abundance measurements are still large, future
amples with more BH mass measurements are needed to confirm
his result. 

 SUMMARY  

e have presented the measurement of the demographics of z

6 quasars in the BH mass–luminosity plane using the largest
vailable sample of quasars with well-defined selection functions
n this redshift regime. With a forward modelling approach, we
ere able to constrain the intrinsic distribution of quasars by
NRAS 517, 2659–2676 (2022) 
ccounting for the selection completeness of the observed sample
nd the uncertainties in the measured BH masses and luminosities. In
articular, we provided robust constraints on the SMBH abundance
t M • � 10 8 . 5 M �. The Eddington ratios of these M • � 10 8 . 5 M �
uasars can be approximated by a mass-dependent Schechter model
ith a broad peak around log λ ∼ −0.9. With our model intrinsic
istributions, we constrain the abundance of > 10 10 M � quasars to
e 0 . 53 + 1 . 27 

−0 . 45 × 10 −11 Mpc −3 at z ∼ 6. This predicts a total of 0 . 52 + 1 . 25 
−0 . 44 

uasars (abo v e 10 10 M �) in the 11 240 de g 2 SDSS M surv e y of 5.7
 z < 6.5 quasars. 
Comparing the BHMF results with previous studies, we find that

he evolution of M BH � 10 9.5 M � quasars is faster than that of 10 8 

 � � M BH � 10 9.5 M � quasars at z ∼ 6. The abundance of the most
assi ve acti ve SMBHs ( M BH � 10 9 M �) is much lower at z ∼ 6 than

heir counterparts at lower redshifts, reflecting the early build-up of
his population. 

For future work, we will apply this methodology to deeper samples
f z � 6 quasars with impro v ed sample statistics and BH mass mea-
urements, such as quasar samples from the Chinese Space Station
elescope slitless spectroscopic surv e y (Zhan 2021 ). This will allow
s to probe the more common population of quasars/SMBHs with
ower luminosities and lower BH masses at cosmic da wn. Impro v ed
onstraints of BHMF and ERDF from these deeper quasar samples
ill be necessary to study the population of z � 6 quasars in the low-

uminosity and low-mass regime, and shed light on the assembly
f these earliest SMBHs, such as the origin of BH seeds and the
volution of accretion rate during BH growth. 

C K N OW L E D G E M E N T S  

e thank the anonymous referee for useful comments that impro v ed
he manuscript, C. Willott and Y. Matsuoka for providing the selec-
ion functions in the CFHQS and SHELLQs surv e ys, and W. He for
elpful discussions. We acknowledge support from the National Key
&D Program of China (2016YFA0400703), the National Science
oundation of China (11721303, 11890693), and the science research
rants from the China Manned Space Project with NO. CMS-
SST-2021-A05. YS acknowledges support from NSF grants AST-
715579 and AST-2009947. MV gratefully acknowledges financial
upport from the Independent Research Fund Denmark via grant
umber DFF 8021-00130. FW thanks the support provided by NASA
hrough the NASA Hubble Fellowship grant #HF2-51448 awarded
y the Space Telescope Science Institute, which is operated by the
ssociation of Universities for Research in Astronomy, Incorporated,
nder NASA contract NAS5-26555. 

ATA  AVAI LABI LI TY  

ll catalogue data used in this paper are publicly available and the
etails are presented in Tables B1 and B2 . 

EFERENCES  

kiyama M. et al., 2018, PASJ , 70, S34 
vni Y., Bahcall J. N., 1980, ApJ , 235, 694 
a ̃ nados E. et al., 2018, Nature , 553, 473 
entz M. C. et al., 2013, ApJ , 767, 149 
oyle B. J., Shanks T., Croom S. M., Smith R. J., Miller L., Loaring N.,

Heymans C., 2000, MNRAS , 317, 1014 
owie L. L., Barger A. J., Bautz M. W., Brandt W. N., Garmire G. P., 2003,

ApJ , 584, L57 
room S. M., Smith R. J., Boyle B. J., Shanks T., Miller L., Outram P. J.,

Loaring N. S., 2004, MNRAS , 349, 1397 

art/stac2833_f11.eps
http://dx.doi.org/10.1093/pasj/psx091
http://dx.doi.org/10.1086/157673
http://dx.doi.org/10.1038/nature25180
http://dx.doi.org/10.1088/0004-637X/767/2/149
http://dx.doi.org/10.1046/j.1365-8711.2000.03730.x
http://dx.doi.org/10.1086/368404
http://dx.doi.org/10.1111/j.1365-2966.2004.07619.x


Demographics of quasars at z ∼ 6 2673 

C
D  

D
E
F
F
G
G
G
G
H  

H
H
H
H
I
J  

J
J  

J
K
K
K
K
K
L
M
M
M
M
M
M
M
N
O
R
R
S
S
S
S
S
S
S
S
S  

S
S
S
S  

S
S  

V
V
V  

V

V
W
W
W
W
W
W
W
W
Y
Y
Y
Y
Z

A
T

F
p
i
a
d
t
e
i
u  

l  

6  

o  

p
g  

t
r
T
d  

(
 

i
i
H  

i  

t  

f  

b  

r  

o  

h
w  

t  

a  

r  

r  

t
 

e  

a  

s
B  

i

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/517/2/2659/6748224 by U
niversity of Arizona Library user on 22 N

ovem
ber 2022
room S. M. et al., 2009, MNRAS , 399, 1755 
e Rosa G., Decarli R., Walter F., Fan X., Jiang L., Kurk J., Pasquali A., Rix

H. W., 2011, ApJ , 739, 56 
u P. et al., 2016, ApJ , 825, 126 
ilers A.-C. et al., 2020, ApJ , 900, 37 
an X. et al., 2001, AJ , 122, 2833 
onseca Alvarez G. et al., 2020, ApJ , 899, 73 
ebhardt K. et al., 2000, ApJ , 543, L5 
reene J. E., Ho L. C., 2007, ApJ , 667, 131 
 ̈ultekin K. et al., 2009, ApJ , 698, 198 
uo H. et al., 2020, ApJ , 905, 52 
aiman Z., 2013, in Wiklind T., Mobasher B., Bromm V., eds, Astrophysics

and Space Science Library Vol. 396, The First Galaxies. Springer-Verlag, 
Berlin, p. 293 

aiman Z., Loeb A., 1998, ApJ , 503, 505 
ao L. et al., 2005, AJ , 129, 1795 
asinger G., Miyaji T., Schmidt M., 2005, A&A , 441, 417 
opkins P. F., Hernquist L., Cox T. J., Kere ̌s D., 2008, ApJS , 175, 356 

nayoshi K., Visbal E., Haiman Z., 2020, ARA&A , 58, 27 
iang L., Fan X., Vestergaard M., Kurk J. D., Walter F., Kelly B. C., Strauss

M. A., 2007, AJ , 134, 1150 
iang L. et al., 2014, ApJS , 213, 12 
iang L., McGreer I. D., Fan X., Bian F., Cai Z., Cl ́ement B., Wang R., Fan

Z., 2015, AJ , 149, 188 
iang L. et al., 2016, ApJ , 833, 222 
auffmann G., Haehnelt M., 2000, MNRAS , 311, 576 
elly B. C., Merloni A., 2012, Adv. Astron. , 2012, 970858 
elly B. C., Shen Y., 2013, ApJ , 764, 45 
elly B. C., Vestergaard M., Fan X., 2009, ApJ , 692, 1388 
im Y. et al., 2020, ApJ , 904, 111 
yke B. W. et al., 2020, ApJS , 250, 8 
arshall H. L., Tananbaum H., Avni Y., Zamorani G., 1983, ApJ , 269, 35 
atsuoka Y. et al., 2018, ApJ , 869, 150 
azzucchelli C. et al., 2017, ApJ , 849, 91 
cGreer I. D. et al., 2013, ApJ , 768, 105 
cGreer I. D., Fan X., Jiang L., Cai Z., 2018, AJ , 155, 131 
cLure R. J., Dunlop J. S., 2004, MNRAS , 352, 1390 
ortlock D. J. et al., 2011, Nature , 474, 616 
obuta K. et al., 2012, ApJ , 761, 143 
noue M. et al., 2019, ApJ , 880, 77 
ichards G. T. et al., 2006, ApJS , 166, 470 
oss N. P. et al., 2013, ApJ , 773, 14 
chechter P., 1976, ApJ , 203, 297 
chindler J.-T. et al., 2020, ApJ , 905, 51 
chneider D. P. et al., 2010, AJ , 139, 2360 
chulze A., Wisotzki L., 2010, A&A , 516, A87 
chulze A. et al., 2015, MNRAS , 447, 2085 
hankar F., Weinberg D. H., Miralda-Escud ́e J., 2009, ApJ , 690, 20 
hen Y., 2013, Bull. Astron. Soc. India, 41, 61 
hen Y., Kelly B. C., 2012, ApJ , 746, 169 
hen Y., Greene J. E., Strauss M. A., Richards G. T., Schneider D. P., 2008,

ApJ , 680, 169 
hen Y. et al., 2011, ApJS , 194, 45 
hen Y. et al., 2019a, ApJS , 241, 34 
hen Y. et al., 2019b, ApJ , 873, 35 
hen X., Hopkins P. F., Faucher-Gigu ̀ere C.-A., Alexander D. M., Richards

G. T., Ross N. P., Hickox R. C., 2020, MNRAS , 495, 3252 
ilverman J. D. et al., 2008, ApJ , 679, 118 
omerville R. S., Hopkins P. F., Cox T. J., Robertson B. E., Hernquist L.,

2008, MNRAS , 391, 481 
estergaard M., Osmer P. S., 2009, ApJ , 699, 800 
estergaard M., Peterson B. M., 2006, ApJ , 641, 689 
estergaard M., Fan X., Tremonti C. A., Osmer P. S., Richards G. T., 2008,

ApJ , 674, L1 
olonteri M., 2010, A&AR , 18, 279 
olonteri M., Haardt F., Madau P., 2003, ApJ , 582, 559 
ang S. et al., 2019a, ApJ , 882, 4 
 ang F . et al., 2019b, ApJ , 884, 30 
ang S. et al., 2020, ApJ , 903, 51 
 ang F . et al., 2021, ApJ , 907, L1 
ang S. et al., 2022, ApJ , 925, 121 
illott C. J. et al., 2010a, AJ , 139, 906 
illott C. J. et al., 2010b, AJ , 140, 546 (W10) 
u X.-B. et al., 2015, Nature , 518, 512 

ang J. et al., 2016, ApJ , 829, 33 
ang Q. et al., 2020a, MNRAS , 493, 5773 
ang J. et al., 2020b, ApJ , 897, L14 
ang J. et al., 2021, ApJ , 923, 262 
han H., 2021, Chin. Sci. Bull. , 66, 1290 

PPENDI X  A :  I N T E G R AT I O N  R A N G E S  F O R  

H E  B H M F  A N D  E R D F  

or the maximum likelihood method, the 2D BH mass–luminosity 
lane and mass-Eddington ratio plane provide rich demographic 
nformation about z ∼ 6 quasars, while the 1D BHMF, ERDF, 
nd QLF distributions are marginalized distributions of the 2D 

istributions. The shapes of these 1D functions may depend on 
heir integration ranges over other variables. To investigate this 
ffect, we compare the BHMF and ERDF calculated using different 
ntegration ranges in Fig. A1 . These 1D functions are calculated 
sing either narrow integration ranges ( −1.2 < log λ < 0.5, 8.5 <
og M • < 10.5) or broad integration ranges ( −2.5 < log λ < 0.5,
.0 < log M • < 10.5). The narrow range only co v ers the range of
ur observed data, while the broad range covers a more extended
arameter space for the integration to converge. The black and 
reen solid lines show the measured distribution calculated o v er
he narrow and broad integration ranges, respectively. The shaded 
egions with the same colours show the 1 σ uncertainty regions. 
he black and green dashed lines show the corresponding intrinsic 
istributions. Other symbols are the same as shown in Fig. 5
left-hand panel). 

Comparing the measured distributions o v er the narrow and broad
ntegration ranges, we find that narrower integration ranges result 
n lower 1D distribution functions, especially at the low-value end. 
o we ver, the ef fects on the BHMF and ERDF are different. As shown

n Fig. 7 , the Schechter Eddington ratio term increases with λ below
he break point. The total probability is converged for a Schechter
unction with αλ > −1 and the BHMF (calculated by integrating the
i v ariate distribution o v er λ) is also converged when the integration
ange (o v er λ) is large enough. In our fitting result, the 1 σ re gion
f αλ is > −1 and the integral is converged for BHMF. On the other
and, the double power-law BH mass term decreases monotonically 
ith mass when α < −1, and the ERDF (calculated by integrating

he bi v ariate distribution o v er M •) continues to increase when lower
nd lower BH masses are included in the integration. In our fitting
esult, nearly half of the models have α < −1 within 1 σ , which
esults in increasing ERDF when lower BH masses are included in
he integration range. 

In the main te xt, the inte gration range of λ is large enough to
nsure that our BHMF is roughly conv erged. F or the ERDF, we adopt
 limited integration range of 8.5 < log M • < 10.5, and the ERDF
hould be considered as the ERDF corresponding to this particular 
H mass range (roughly consistent with the observed BH mass range

n our sample). 
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Figure A1. The black and green solid lines show the measured distributions calculated o v er the short and long integration ranges, respectively. The shadow 

regions with the same colours show their 1 σ regions. The black and green dashed lines show the corresponding intrinsic distributions. Other symbols are the 
same as shown in the left-hand panel of Fig. 5 . The long and short ranges mean the broad integration ranges ( −2.5 < log λ < 0.5, 6.0 < log M • < 10.5) and narrow 

integration ranges ( −1.2 < log λ < 0.5, 8.5 < log M • < 10.5) used to calculate the 1D distributions. 
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able B1. Quasar samples used in this work. 

ample Subsample 
Luminosity 

sample 
BH mass 
sample 

DSS SDSS M 24 20 
DSS SDSS O 10 9 
DSS SDSS S82 13 
FHQS – 17 
HELLQs – 48 

otal – 110 a 29 

otes. The luminosity sample is from Matsuoka et al. ( 2018 ). See Table B2
or details of the BH mass sample. 
 Quasar J231546.58 −002357.9 exists in all three surveys. 
a Library user on 22 N
ovem

ber 2022

art/stac2833_fA1.eps
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Table B2. The BH mass sample. 

OBJID surv e y BH Ref a Redshift Source log( L bol ) log( M BH ) log( λ) 

J0002 + 2550 SDSS M Wang21 5.82 Mg II 47.180 ± 0.003 9.36 ± 0.05 −0.28 ± 0.05 
J0100 + 2802 SDSS M Wu15 6.30 Mg II 48.210 ± 0.065 10.33 ± 0.07 −0.22 ± 0.09 
J0810 + 5105 SDSS M Wang21 5.81 Mg II 47.193 ± 0.009 9.29 ± 0.11 −0.20 ± 0.11 
J0836 + 0054 SDSS M Wang21 5.83 Mg II 47.621 ± 0.004 9.61 ± 0.08 −0.09 ± 0.08 
J0840 + 5624 SDSS M Wang21 5.82 Mg II 46.932 ± 0.013 9.37 ± 0.12 −0.54 ± 0.12 
J0842 + 1218 SDSS M Wang21 6.07 Mg II 47.196 ± 0.005 9.52 ± 0.06 −0.42 ± 0.06 
J0927 + 2001 SDSS M Shen19 5.77 C IV 46.986 ± 0.003 9.73 ± 0.10 −0.86 ± 0.10 
J1030 + 0524 SDSS M Jiang07 6.31 Mg II 47.370 ± 0.012 9.46 ± 0.05 −0.19 ± 0.05 
J1044 −0125 SDSS M Wang21 5.78 Mg II 47.311 ± 0.006 9.81 ± 0.10 −0.60 ± 0.10 
J1048 + 4637 SDSS M DeRosa11 6.20 Mg II 47.453 ± 0.004 9.49 ± 0.14 −0.14 ± 0.14 
J1137 + 3549 SDSS M Wang21 6.01 Mg II 47.282 ± 0.008 9.76 ± 0.09 −0.58 ± 0.09 
J1143 + 3808 SDSS M Wang21 5.80 C IV 46.999 ± 0.005 9.73 ± 0.08 −0.83 ± 0.08 
J1148 + 5251 SDSS M Wang21 6.42 Mg II 47.533 ± 0.004 9.82 ± 0.09 −0.39 ± 0.09 
J1243 + 2529 SDSS M Wang21 5.84 C IV 47.060 ± 0.004 9.84 ± 0.05 −0.88 ± 0.05 
J1250 + 3130 SDSS M Wang21 6.14 Mg II 46.988 ± 0.005 9.13 ± 0.06 −0.24 ± 0.06 
J1306 + 0356 SDSS M Jiang07 6.02 Mg II 47.400 ± 0.011 9.41 ± 0.05 −0.10 ± 0.05 
J1411 + 1217 SDSS M Jiang07 5.93 Mg II 47.200 ± 0.011 8.97 ± 0.13 0.13 ± 0.13 
J1602 + 4228 SDSS M Wang21 6.08 Mg II 47.210 ± 0.009 9.42 ± 0.08 −0.31 ± 0.08 
J1623 + 3112 SDSS M Wang21 6.25 Mg II 46.975 ± 0.003 9.32 ± 0.15 −0.45 ± 0.15 
J2310 + 1855 SDSS M Wang21 5.96 Mg II 47.464 ± 0.005 9.66 ± 0.15 −0.30 ± 0.15 
J0008 −0626 SDSS O Wang21 5.93 Mg II 46.964 ± 0.013 9.19 ± 0.07 −0.33 ± 0.07 
J0028 + 0457 SDSS O Wang21 5.98 C IV 46.969 ± 0.020 9.91 ± 0.13 −1.04 ± 0.13 
J0841 + 2905 SDSS O Wang21 5.95 Mg II 46.986 ± 0.008 9.40 ± 0.19 −0.51 ± 0.19 
J0850 + 3246 SDSS O Shen19 5.73 C IV 47.195 ± 0.003 9.58 ± 0.23 −0.50 ± 0.23 
J1207 + 0630 SDSS O Wang21 6.03 Mg II 46.909 ± 0.011 9.53 ± 0.08 −0.72 ± 0.08 
J1257 + 6349 SDSS O Wang21 5.99 Mg II 46.739 ± 0.013 9.43 ± 0.10 −0.79 ± 0.10 
J1319 + 0950 SDSS O Schindler20 6.13 Mg II 47.249 ± 0.002 9.31 ± 0.04 −0.16 ± 0.04 
J1403 + 0902 SDSS O Shen19 5.79 C IV 47.007 ± 0.006 9.17 ± 0.37 −0.28 ± 0.37 
J1630 + 4012 SDSS O Wang21 6.07 Mg II 46.760 ± 0.007 9.27 ± 0.10 −0.61 ± 0.10 
J0005 −0006 SDSS S82 DeRosa11 5.85 Mg II 46.737 ± 0.009 8.03 ± 0.06 0.61 ± 0.06 
J0203 + 0012 SDSS S82 Shen19 5.71 C IV 47.311 ± 0.001 10.05 ± 0.12 −0.85 ± 0.12 
J0303 −0019 SDSS S82 DeRosa11 6.08 Mg II 46.579 ± 0.007 8.62 ± 0.03 −0.14 ± 0.03 
J0353 + 0104 SDSS S82 Wang21 6.06 Mg II 46.975 ± 0.042 9.32 ± 0.17 −0.45 ± 0.17 
J2054 −0005 SDSS S82 Schindler20 6.04 Mg II 47.087 ± 0.014 9.02 ± 0.12 −0.03 ± 0.12 

Note. a The references of near-IR spectral fitting results: Jiang et al. ( 2007 ), De Rosa et al. ( 2011 ), Wu et al. ( 2015 ), Schindler et al. ( 2020 ), Shen et al. ( 2019b ), 
Wang et al. ( 2022 ) 

Table B3. The 1/ V max (binned) BHMF. 

Sample log( M BH ) � log( M BH ) log( � ( λ)) 
( Mpc −3 dex −1 ) 

SDSS M 8.9 0.2 −9 . 69 + 0 . 30 
−inf 

SDSS M 9.1 0.2 −9 . 99 + 0 . 30 
−inf 

SDSS M 9.3 0.2 −9 . 21 + 0 . 18 
−0 . 32 

SDSS M 9.5 0.2 −9 . 15 + 0 . 17 
−0 . 28 

SDSS M 9.7 0.2 −9 . 15 + 0 . 17 
−0 . 28 

SDSS M 9.9 0.2 −8 . 86 + 0 . 27 
−0 . 84 

SDSS M 10.3 0.2 −10 . 04 + 0 . 30 
−inf 

SDSS O 9.1 0.2 −8 . 84 + 0 . 23 
−0 . 53 

SDSS O 9.3 0.2 −8 . 33 + 0 . 21 
−0 . 42 

SDSS O 9.5 0.2 −8 . 67 + 0 . 20 
−0 . 37 

SDSS O 9.9 0.2 −9 . 15 + 0 . 30 
−inf 

Note. Shown as orange and blue points in left-hand panel of Figs 5 and 9 . 

Table B4. The 1/ V max (binned) QLF. 

Sample M 1450 � M 1450 log( � ( M 1450 )) 

( Mpc −3 mag −1 ) 

SDSS M −26.25 0.5 −9 . 61 + 0 . 18 
−0 . 32 

SDSS M −26.75 0.5 −9 . 12 + 0 . 22 
−0 . 46 

SDSS M −27.50 1.0 −9 . 65 + 0 . 13 
−0 . 19 

SDSS M −29.00 2.0 −10 . 71 + 0 . 23 
−0 . 54 

SDSS O −25.75 0.5 −9 . 24 + 0 . 23 
−0 . 53 

SDSS O −26.25 0.5 −8 . 78 + 0 . 20 
−0 . 36 

SDSS O −26.75 0.5 −9 . 25 + 0 . 23 
−0 . 53 

SDSS O −27.50 1.0 −9 . 40 + 0 . 30 
−15 . 85 

Notes. Shown as orange and blue points in the right-hand panel of Figs 5 
and 8 . 
These luminosities are calculated from L bol , see discussions in Section 3.2 . 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/517/2/2659/6748224 by U
niversity of Arizona Library user on 22 N

ovem
ber 2022



2676 J. Wu et al. 

MNRAS 517, 2659–2676 (2022) 

Table B5. The BHMF of model 3. 

Intrinsic distribution a Measured distribution b 

log( M BH ) log � 
d − log � 

c log � 
d + log � 

d − log � 
c log � 

d + 
( Mpc −3 dex −1 ) ( Mpc −3 dex −1 ) 

8.000 −8.19 −7.18 −5.99 −8.11 −7.28 −6.19 
8.125 −7.98 −7.09 −6.07 −7.92 −7.19 −6.23 
8.250 −7.80 −7.04 −6.18 −7.75 −7.12 −6.29 
8.375 −7.65 −7.00 −6.31 −7.60 −7.07 −6.37 
8.500 −7.50 −6.98 −6.45 −7.47 −7.04 −6.47 
8.625 −7.37 −6.97 −6.60 −7.38 −7.03 −6.58 
8.750 −7.25 −6.97 −6.76 −7.32 −7.05 −6.71 
8.875 −7.20 −7.01 −6.88 −7.31 −7.09 −6.86 
9.000 −7.28 −7.11 −6.99 −7.33 −7.17 −7.02 
9.125 −7.48 −7.32 −7.20 −7.41 −7.29 −7.20 
9.250 −7.79 −7.63 −7.50 −7.56 −7.45 −7.38 
9.375 −8.19 −8.04 −7.90 −7.76 −7.65 −7.59 
9.500 −8.67 −8.49 −8.36 −8.01 −7.91 −7.84 
9.625 −9.23 −8.95 −8.79 −8.31 −8.20 −8.14 
9.750 −9.84 −9.42 −9.17 −8.65 −8.54 −8.47 
9.875 −10.46 −9.89 −9.55 −9.04 −8.92 −8.84 
10.000 −11.08 −10.35 −9.92 −9.48 −9.33 −9.22 
10.125 −11.71 −10.82 −10.29 −9.97 −9.76 −9.60 
10.250 −12.33 −11.29 −10.66 −10.51 −10.21 −9.97 
10.375 −12.96 −11.76 −11.02 −11.07 −10.67 −10.34 
10.500 −13.58 −12.23 −11.39 −11.67 −11.13 −10.71 

Notes. a Plotted in Fig. 9 as the black line with grey 1 σ region. 
b Plotted in Fig. 9 as the blue line with light blue 1 σ region. 
c The best-fitting model of model 3. 
d The lower and upper boundaries of the envelopes of the models with posterior probabilities larger than the 32th 
percentile in the fitting Monte Carlo Markov chain. 

Table B6. The QLF of model 3. 

Intrinsic distribution Measured distribution 
log( M BH ) log � 

d − log � 
c log � 

d + log � 
d − log � 

c log � 
d + 

( Mpc −3 mag −1 ) ( Mpc −3 mag −1 ) 

−21.000 −8.14 −7.68 −7.15 −8.15 −7.69 −7.14 
−21.500 −8.07 −7.69 −7.27 −8.07 −7.69 −7.26 
−22.000 −8.01 −7.71 −7.39 −8.02 −7.71 −7.38 
−22.500 −7.98 −7.74 −7.52 −7.98 −7.75 −7.51 
−23.000 −7.96 −7.79 −7.65 −7.97 −7.79 −7.65 
−23.500 −8.00 −7.86 −7.77 −8.00 −7.86 −7.76 
−24.000 −8.10 −7.96 −7.87 −8.09 −7.97 −7.89 
−24.500 −8.26 −8.11 −8.03 −8.25 −8.12 −8.04 
−25.000 −8.44 −8.30 −8.21 −8.42 −8.29 −8.20 
−25.500 −8.68 −8.54 −8.45 −8.63 −8.50 −8.41 
−26.000 −8.95 −8.82 −8.71 −8.91 −8.78 −8.68 
−26.500 −9.27 −9.13 −9.03 −9.22 −9.09 −9.00 
−27.000 −9.61 −9.46 −9.34 −9.55 −9.40 −9.29 
−27.500 −10.03 −9.81 −9.67 −9.91 −9.73 −9.60 
−28.000 −10.47 −10.15 −9.95 −10.36 −10.09 −9.91 
−28.500 −10.93 −10.50 −10.24 −10.82 −10.44 −10.19 
−29.000 −11.39 −10.85 −10.51 −11.26 −10.77 −10.46 
−29.500 −11.86 −11.21 −10.80 −11.72 −11.13 −10.75 
−30.000 −12.32 −11.55 −11.07 −12.22 −11.50 −11.04 

Note. The table headers have the similar meaning as those in Table B5 . 

This paper has been typeset from a T E 
X/L A T E 

X file prepared by the author. 
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