
UFIFT-QG-22-02

Reheating with Effective Potentials

S. Katuwal1∗, S. P. Miao2⋆ and R. P. Woodard1†

1 Department of Physics, University of Florida,

Gainesville, FL 32611, UNITED STATES

2 Department of Physics, National Cheng Kung University,

No. 1 University Road, Tainan City 70101, TAIWAN

ABSTRACT

We consider reheating for a charged inflaton which is minimally coupled
to electromagnetism. The evolution of such an inflaton induces a time-
dependent mass for the photon. We show how the massive photon propagator
can be expressed as a spatial Fourier mode sum involving three different sorts
of mode functions, just like the constant mass case. We develop accurate ana-
lytic approximations for these mode functions, and use them to approximate
the effective force exerted on the inflaton 0-mode. This effective force allows
one to simply compute the evolution of the inflaton 0-mode and to follow the
progress of reheating.

PACS numbers: 04.50.Kd, 95.35.+d, 98.62.-g

∗ e-mail: sanjib.katuwal@ufl.edu
⋆ email: spmiao5@mail.ncku.edu.tw
† e-mail: woodard@phys.ufl.edu



1 Introduction

Scalar-driven inflation is supported by the slow roll of the inflaton down
its potential. At the end of inflation the inflaton begins oscillating, and
its kinetic energy is transferred to ordinary matter during the process of
reheating. The efficiency of this transfer obviously depends on the way the
inflaton is coupled to ordinary matter. Ema et al. have shown that the most
efficient coupling is that of a charged inflaton to electromagnetism [1].

What happens is that the evolution of a charged inflaton induces a time-
dependent photon mass which oscillates around zero during reheating. The
temporal and longitudinal components of the photon diverge as the mass
goes to zero, which makes reheating very efficient. The process has been pre-
viously studied by discretizing space, carrying out a finite Fourier transform,
and then numerically evolving the nonlinear system of the inflaton plus elec-
tromagnetism [2]. However, the energy transfer is broadly distributed over
so many modes that there is little point to including nonlinear effects in the
photon field, provided that its response to the inflaton 0-mode is known to
all orders. In that case, one merely sums the contribution from each pho-
ton mode’s wave vector, which can be accomplished by varying the inflaton
effective potential. The goal of this paper is to develop a good analytic ap-
proximation for the massive photon propagator in a time-dependent inflaton
background, and then use it to compute the quantum-induced, effective force
in equation for the inflaton 0-mode. In this way reheating can be studied by
numerically solving a nonlocal equation for the inflaton 0-mode.

This paper consists of five sections, of which the first is this Introduction.
In section 2 we derive a spatial Fourier mode sum for the massive photon
propagator which is valid when the mass becomes time-dependent. Section 3
develops analytic approximations for the temporal and longitudinal modes,
checking them against explicit numerical analysis for a simple model of in-
flation. In section 4 we discuss how these approximations can be used to
estimate the quantum-induced effective force which controls the process of
reheating. Section 5 gives our conclusions.

2 The Massive Photon Propagator

The purpose of this section is to generalize the massive photon propagator
from its known form for a constant mass [3] to the case of a time-dependent
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mass. The Lagrangian is,

L = −1

4
FµνFρσg

µρgνσ
√
−g

−
(
∂µ−iqAµ

)
ϕ
(
∂ν+iqAν

)
ϕ∗gµν

√
−g − V (ϕϕ∗)

√
−g , (1)

where ϕ is the inflaton and Fµν ≡ ∂µAν − ∂νAµ is the electromagnetic field
strength. We work on a general homogeneous, isotropic and spatially flat
geometry in D-dimensional, conformal coordinates, with Hubble parameter
H and first slow roll parameter ǫ,

ds2 = a2
[
−dη2 + d~x·d~x

]
, H ≡ ∂0a

a2
, ǫ ≡ −∂0H

aH2
. (2)

The section first reviews the constant mass case, and then makes the gener-
alizations necessary to incorporate a time-dependent mass.

2.1 Constant Mass

When the photon’s mass is constant its propagator i[µ∆ρ](x; x
′) is transverse,

∂µ

{√
−g(x) gµν(x) i

[
ν∆ρ

]
(x; x′)

}
= 0 = ∂′

ρ

{√
−g(x′) gρσ(x′) i

[
µ∆σ

]
(x; x′)

}
.

(3)
Its propagator equation reflects this transversality [3, 4],

√
−g

[
µν − Rµν −M2gµν

]
i
[
ν∆ρ

]
(x; x′)

= δµρiδ
D(x−x′) +

√
−g(x) gµν(x)∂ν∂

′
ρi∆(x; x′) . (4)

Here µν is the vector d’Alembertian, Rµν is the Ricci tensor and i∆(x; x′)
is the propagator of a massless, minimally coupled scalar,

∂µ

[√
−g gµν∂νi∆(x; x′)

]
= iδD(x−x′) . (5)

The solution to (3-4) can be expressed as a spatial Fourier mode sum over
three sorts of polarizations [3],

i
[
µ∆ρ

]
(x; x′) =

∫
dD−1k

(2π)D−1

∑

λ=t,u,v

sλ

{
θ(∆η)Aµ(x;~k, λ)A∗

ν(x
′;~k, λ)

+θ(−∆η)A∗
µ(x;

~k, λ)Aν(x
′;~k, λ)

}
, (6)
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where ∆η ≡ η − η′. Longitudinal photons correspond to λ = t and have
st = −1 with,

Aµ(x;~k, t) =
∂µ
M

[
t(η, k)ei

~k·~x
]

,
[
D∂0 + k2

]
t = 0 , t · ∂0t∗ − ∂0t · t∗ =

i

aD−2
,

(7)
where D ≡ ∂0 + (D − 2)aH . Temporal photons correspond to λ = u and
have su = +1 with,

Aµ(x;~k, u) =
∂µ

M

[
u(η, k)ei

~k·~x
]

, ∂0 ≡ k , ∂m ≡ −ikm
k

D , (8)
[
∂0D + k2 + a2M2

]
u = 0 , u · ∂0u∗ − ∂0u · u∗ =

i

aD−2
. (9)

Transverse spatial photons correspond to λ = v and have sv = +1 with,

Aµ(x;~k, v) = ǫµ(~k, v) v(η, k)e
i~k·~x , ǫ0 = 0 , kmǫm = 0 , (10)

[
∂2
0 + (D−4)aH∂0 + k2 + a2M2

]
v = 0 , v · ∂0v∗ − ∂0v · v∗ =

i

aD−4
, (11)

where the sum over the (D − 2) spatial polarizations gives,

∑

v

ǫi(~k, v)× ǫ∗j (
~k, v) = δij −

kikj
k2

. (12)

2.2 Time-Dependent Mass

To understand the case of a time-dependent mass we must consider the vector
and scalar field equations,

δS

δAµ

= ∂ν

[√
−g gνρgµσFρσ

]

+iq
[
ϕ·

(
∂ν+iqAν

)
ϕ∗ −

(
∂ν−iqAν

)
ϕ·ϕ∗

]
gµν

√
−g , (13)

δS

δϕ∗
=

(
∂µ−iqAµ

)[√−g gµν
(
∂ν−iqAν

)
ϕ
]
− ϕV ′(ϕϕ∗)

√−g . (14)

The 0-th order inflaton is ϕ0(η) which is real and obeys the equation,

∂0

[
aD−2∂0ϕ0

]
+ aDϕ0V

′(ϕ2
0) = 0 . (15)
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The first order perturbations are Aµ(x) and the real fields α(x) and β(x),

ϕ(x) = ϕ0(η) + α(x) + iβ(x) . (16)

The first order contribution to the vector equation (13) is,

∂ν

[√−g gνρgµσFρσ

]
− 2q2ϕ2

0

[
Aν − ∂ν

( β

qϕ0

)]√−g gνµ = 0 . (17)

The photon mass isM2 ≡ 2q2ϕ2
0. Note from equation (17) that antisymmetry

of the field strength tensor implies,

∂µ

[
M2√−g gµν

(
Aν − ∂ν

( β

qϕ0

)]
= 0 . (18)

This constraint is identical to the imaginary part of the first order contribu-
tion to the scalar equation (14). The analogous real part is,

∂µ

[√−g gµν∂να
]
−√−g

[
V ′(ϕ2

0) + 2ϕ2
0V

′′(ϕ2
0)
]
α = 0 . (19)

Relations (17) and (18) demonstrate that the Higgs mechanism continues
to function when the scalar background ϕ0 depends upon spacetime. To
simplify the subsequent analysis, we will absorb (“eat”) the imaginary part
of the scalar perturbation into the vector field as usual,

Aµ − ∂µ

( β

qϕ0

)
−→ Aµ . (20)

We can also use the conformal coordinate relation gµν = a2ηµν to provide
simple expressions for (17) and (18),

∂ν

[
aD−4F νµ

]
−M2aD−2Aµ = 0 =⇒ ∂µ

[
M2aD−2Aµ

]
= 0 , (21)

where F νµ ≡ ηνρηµσFρσ and Aµ ≡ ηµνAν . The 3 + 1 decomposition of the
constraint on the right hand side of (21) is,

[
D +

2∂0M

M

]
A0 − ∂mAm = 0 , D ≡ ∂0 + (D−2)aH . (22)

Relation (22) permits us to 3 + 1 decompose the left hand side of (21) to,

[
∂0

(
D +

2∂0M

M

)
−∇2 + a2M2

]
A0 = 0 , (23)

2
(
aH +

∂0M

M

)
∂mA0 +

[
∂2
0 + (D−4)aH∂0 −∇2 + a2M2

]
Am = 0 . (24)
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Equations (22-24) are satisfied by three polarizations of spatial plane
waves whose associated mode functions are t(η, k), u(η, k) and v(η, k). Our
notation is that a “tilde” over a differential operator such as ∂0 or D indicates
the addition of ∂0M/M , whereas a “hat” denotes subtraction of the same
quantity,

D̃ ≡ D +
∂0M

M
, ∂̂0 ≡ ∂0 −

∂0M

M
. (25)

What we term Longitudinal photons have the form,

A0(x;~k, t) =
∂̂0t(η, k)

M(η)
ei
~k·~x , Am(x;~k, t) =

ikmt(η, k)

M(η)
ei
~k·~x , (26)

where the mode function t(η, k) obeys,1

[
D̃∂̂0 + k2

]
t = 0 , t · ∂0t∗ − ∂0t · t∗ =

i

aD−2
. (27)

Temporal photons take the form,

A0(x;~k, u) =
ku(η, k)

M(η)
ei
~k·~x , Am(x;~k, u) = −ikmD̃u(η, k)

kM(η)
ei
~k·~x ,

(28)
where the mode function u(η, k) obeys,

[
∂̂0D̃ + k2 + a2M2

]
u = 0 , u · ∂0u∗ − ∂0u · u∗ =

i

aD−2
. (29)

The tendency for longitudinal and temporal photons to diverge when the
mass M(η) passes through zero is obvious from expressions (26) and (28). In
contrast, the time-dependent mass makes no change at all in relations (10-
12) for the Transverse spatial photons, and these polarizations remain finite
as the mass passes through zero.

A time-dependent mass makes no change in mode sum (6) for the prop-
agator. However, the propagator obeys a revised version of the constraint
equation (3),

∂µ
{
aD−2M2i

[
µ∆ρ

]
(x; x′)

}
= 0 = ∂′ρ

{
a′

D−2
M ′2i

[
µ∆ρ

]
(x; x′)

}
. (30)

1Although Aµ(x;~k, t) satisfies (22), it does not quite obey equations (23-24), but rather

the relation ∂ν [a
D−4Fνµ(x;~k, t)] = 0.
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The propagator equations analogous to (4-5) can be given in terms of the
massive photon kinetic operator,

Dµν ≡ ∂α

[
aD−4

(
ηµν∂α − ηαν∂µ

)]
− aD−2M2ηµν . (31)

The revised versions of (4-5) are,

Dµνi
[
ν∆ρ

]
(x; x′) = δµρiδ

D(x−x′) +
aD−2M

M ′
∂̂µ∂̂′

ρi∆t(x; x
′) , (32)

1

M
∂µ

[
aD−2M∂̂µi∆t(x; x

′)
]
= iδD(x−x′) . (33)

3 Approximating the Amplitudes

The purpose of this section is to develop analytic approximations for the
crucial mode functions t(η, k) and u(η, k). We begin by giving a dimensionless
formulation of the problem. This formalism is then employed to derive good
analytic approximations for first, the longitudinal amplitude and then, the
temporal amplitude. At each stage these approximations are checked against
explicit numerical evolution in a simple mode of inflation.

3.1 Dimensionless Formulation

It is best to change the evolution variable from conformal time η to the
number of e-foldings from the start of inflation, n ≡ ln[a(η)],

∂0 = aH
∂

∂n
, ∂2

0 = a2H2
[ ∂2

∂n2
+ (1−ǫ)

∂

∂n

]
. (34)

We can also use factors of 8πG to make the inflaton, the Hubble parameter
and the scalar potential dimensionless,

ψ(n) ≡
√
8πGϕ0(η) , χ(n) ≡

√
8πGH(η) , U(ψ2) ≡ (8πG)2V (ϕ2

0) .
(35)

This gives dimensionless forms for the classical Friedmann equations, and for
the inflaton evolution equation,

1

2
(D−2)(D−1)χ2 = χ2ψ′2 + U(ψ2) , (36)

−1

2
(D−2)

[
(D−1)− 2ǫ

]
χ2 = χ2ψ′2 − U(ψ2) , (37)

0 = χ2
[
ψ′′ + (D−1−ǫ)ψ′

]
+ ψU ′(ψ2) . (38)
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Factors of 8πG can be extracted to give similar dimensionless forms for
the time-dependent mass M2(η) ≡ 2q2ϕ2

0(η) and the wave number k2,

µ2(n) ≡ 8πGM2(η) = 2q2ψ2(n) , κ2 ≡ 8πGk2 . (39)

We define the dimensionless Longitudinal and Temporal amplitudes as,

T (n, κ) ≡ ln
[ |t(η, k)|2√

8πG

]
, U(n, κ) ≡ ln

[ |u(η, k)|2√
8πG

]
. (40)

By combining the mode equations and Wronskians (27) and (29) for each
mode we can infer a single nonlinear relation for the associated amplitudes
[5–7],

T ′′ +
1

2
T ′2 + (D−1−ǫ)T ′ +

2κ2e−2n

χ2
+

2µ2
t

χ2
− e−2[T +(D−1)n]

2χ2
= 0 , (41)

U ′′ +
1

2
U ′2 + (D−1−ǫ)U ′ +

2κ2e−2n

χ2
+

2µ2
u

χ2
− e−2[U+(D−1)n]

2χ2
= 0 , (42)

where a prime denotes differentiation with respect to n and the two masses
are,

µ2
t

χ2
≡ −(D−1−ǫ)

µ′

µ
− µ′′

µ
, (43)

µ2
u

χ2
≡ (D−2)(1−ǫ) +

µ2

χ2
− (D−3+ǫ)

µ′

µ
+
(µ′

µ

)′

−
(µ′

µ

)2

. (44)

Because µ2(n) = 2q2ψ2(n) we can use the inflaton 0-mode equation (38) to
simplify the t-mode mass,

µ2
t

χ2
= − [ψ′′ + (D−1−ǫ)ψ′]

ψ
=

U ′(ψ2)

χ2
. (45)

In order to follow the amplitudes numerically one must use a specific
model of inflation. For simplicity we have chosen the quadratic mass model,
U = c2ψ2, even though its prediction for the tensor-to-scalar ratio is disfa-
vored by the data [8,9]. The Slow Roll Approximation gives analytic expres-
sions for this model which are accurate until almost the end of inflation,

ψ(n) ≃
√

ψ2
0−2n , χ(n) ≃ c√

3

√
ψ2
0−2n , ǫ(n) ≃ 1

ψ2
0−2n

, (46)
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where ψ0 is the initial value of the dimensionless inflaton 0-mode. About
56 e-foldings of inflation results from the choice ψ0 = 10.6. To estimate
the constant c, note that modes which experience 1st horizon crossing at
e-folding n1 (that is, κ = χ(n1)e

n1) have the following approximate scalar
power spectrum and spectral index,

∆2
R(n1) ≃

1

8π2

χ2(n1)

ǫ(n1)
=⇒ 1− ns ≃ 2ǫ+

ǫ′

ǫ
. (47)

Hence the observed scalar spectral index is consistent with ψ0 = 10.6, and
the observed scalar amplitude with the choice of c = 7.1 × 10−6 [8, 9]. We
must also choose a specific value for the charge q. Using q2 = 1/137 would
cause the classical potential of U = c2ψ2 to be completely overwhelmed by
the 1-loop Coleman-Weinberg correction of ∆U ≃ 3/64π2 × µ4 ln(µ2/s2),
where s is the dimensionless renormalization scale [10]. Choosing the much
smaller value of q = 1.2 × 10−6 reduces the 1-loop correction to a negligible
tenth of a percent effect at the start of inflation.

Once we have a specific model it is possible to understand the magnitudes
of the various terms. Figure 1 shows the dimensionless scalar, the dimen-
sionless Hubble parameter and the first slow roll parameter while inflation
is occurring (ǫ < 1). The slow roll approximations (46) are excellent during
this period.
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n
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n
)

Figure 1: Plots of ψ(n) — on the left — χ(n) — in the center — and ǫ(n) — on the
right — for 0 ≤ n ≤ 56.

Figure 2 shows the same three quantities through the end of inflation (which
occurs at ne ≃ 56.7) under the assumption that the classical relations (36-
38) are not corrected by the quantum effects we seek to incorporate. During
this phase the inflaton oscillates around ψ = 0 with decreasing amplitude
and increasing frequency, while the first slow roll parameter oscillates in the
range 0 ≤ ǫ ≤ 3. Because ǫ = ψ′2, the first slow roll parameter vanishes at
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extrema of ψ(n), and it reaches its maximum (of ǫ(n) = 3) when ψ(n) = 0.
Of course the dimensionless Hubble parameter is monotonically decreasing;
this decrease is rapid when ǫ ≃ 3, and slow when ǫ ≃ 0.
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n

ψ
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n
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Figure 2: Plots of ψ(n) — on the left — χ(n) — in the center — and ǫ(n) — on the
right — for 56 ≤ n ≤ 59.

The slow roll approximation (46) tells us that ψ′ ≃ −1/ψ and χ(n) ≃
c/
√
3 × ψ(n). Setting D = 4, and using our values of c = 7.1 × 10−6 and

q = 1.2× 10−6, gives the mass hierarchy,

µ2
u

χ2
≃ 2 +

6q2

c2
≃ 2.16 >

µ2

χ2
≃ 6q2

c2
≃ 0.16 >

µ2
t

χ2
≃ 3

ψ2
. (48)

Figure 3 shows the various masses through inflation.
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Figure 3: Plots of µ2

u(n)/χ
2(n) — on the left — µ2(n)/χ2(n) — in the center — and

µ2

t (n)/χ
2(n) — on the right — for 0 ≤ n ≤ 56.

As one can just see from the larger n values of Figure 3, the hierarchy of
equation (48) becomes inverted after the end of inflation. Figure 4 shows
the behavior after the end of inflation. During this phase µ2

u/χ
2 is mostly

tachyonic, and actually diverges at points where ψ(n) = 0. On the other
hand, µ2/χ2 oscillates between 0 and the small value of 0.16, while µ2

t/χ
2

grows monotonically to large, positive values. The u-mode mass is the most
important of the three, and its evolution is the most complex. Figure 5 shows
its behavior in more detail.
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Figure 4: Plots of µ2
u(n)/χ

2(n) — on the left — µ2(n)/χ2(n) — in the center — and
µ2

t (n)/χ
2(n) — on the right — for 56 ≤ n ≤ 59.
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Figure 5: The left hand plot shows µ2

u(n)/χ
2(n) on the range 56 ≤ n ≤ 57, just before

the first zero of µ(n). The right hand plot depicts µ2

u(n)/χ
2(n) over the slightly larger

range of 56 ≤ n ≤ 58, which includes the first three zeroes of µ(n).

3.2 Approximating the Longitudinal Amplitude

Equation (41) for T (n, κ) contains six terms. The ultraviolet regime is de-
fined by the condition κ ≫ χ(n)en. In this regime equation (41) is dominated
by the 4th and 6th terms, 2κ2e−2n/χ2 and −e−2[T +(D−1)n]/2χ2, and the am-
plitude takes the form,

T (n, κ) = ln
[ 1

2κ

]
− (D−2)n

+
[1
2
(D−2)(D−2ǫ)− 2µ2

t

χ2

](χen
2κ

)2

+O

((χen
2κ

)4
)

. (49)

Figure 6 compares numerical evolution of the exact equation (41) with the
ultraviolet form (49) for wave numbers which experience first horizon crossing
at n1 = 10, n1 = 20, and n1 = 30. The agreement is excellent up to horizon
crossing.
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Numerical

Approx.
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Figure 6: Plot comparing T (n, κ) with the ultraviolet form (49) for modes which expe-
rience first horizon crossing at n1 = 10 (left), n1 = 20 (center) and n1 = 30 (right).

After 1st horizon crossing the 4th and 6th terms of (41) effectively drop
out and the relation simplifies to,

T ′′ +
1

2
T ′2 + (D−1−ǫ)T ′ − 2(D−1−ǫ)

µ′

µ
− 2

µ′′

µ
≃ 0 . (50)

This is an equation for T ′, and it is easy to see that a particular solution is,

T ′ = 2
µ′

µ
. (51)

Integrating (51), and using the tensor power spectrum to infer the integration
constant to all orders in the slow roll approximation [7], implies,2

T (n, κ) ≃ ln

[
χ2
1C(ǫ1)

2κ3
× µ2(n)

µ2
1

]
, (52)

where the function C(ǫ) is,

C(ǫ) =
1

π
Γ2

(1
2
+

1

1−ǫ

)[
2(1−ǫ)

] 2

1−ǫ

. (53)

Figure 7 compares the exact numerical result with the infrared form (52) for
modes which experience horizon crossing at n1 = 10, n1 = 20, and n1 = 30.
Agreement is excellent.

2The integration constant in relation (52) suffices for smooth inflationary potentials.
When features are present the constant can be supplemented by known corrections which
depend nonlocally on the expansion history before first horizon crossing [11].
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Figure 7: Plot comparing T (n, κ) with the late time form (52) for modes which experience
first horizon crossing at n1 = 10 (left), n1 = 20 (center) and n1 = 30 (right).

Although one can see from Figure 7 that the approximate solution (52)
is highly accurate, it cannot be exact for two reasons:

1. We neglected the 4th and 6th terms in simplifying equation (41) to
reach (50); and

2. Just because (51) is a solution to (50) does not mean it is the solution.

To find the general solution to (50) we substitute T ′ = 2µ′/µ+ f(n),

f ′ + 2
µ′

µ
f +

1

2
f 2 + (D−1−ǫ)f ≃ 0 . (54)

Now divide by µ2e(D−1)nχf 2 to reach the form,

∂

∂n

[
1

µ2e(D−1)nχf

]
=

1

2µ2e(D−1)nχ
. (55)

Integrating equation (55) from some point n2 gives the general solution,

f(n) = f2

[
e(D−1)(n−n2)

[χ(n)
χ2

][µ(n)
µ2

]2

+
1

2
f2

∫ n

n2

dn′ e(D−1)(n−n′)
[ χ(n)
χ(n′)

][ µ(n)
µ(n′)

]2]−1

. (56)

Careful consideration of (56) reveals that T (n, κ) actually has a finite
limit as the mass vanishes. To see this, assume n is such that µ(n) → 0, and
expand the integral of (56) for small µ(n),

∫ n

n2

dn′ e(D−1)(n−n′)
[ χ(n)
χ(n′)

][ µ(n)
µ(n′)

]2
= − µ(n)

µ′(n)

−1

2

[
D−1−ǫ(n)+

µ′′(n)

µ′(n)

][ µ(n)
µ′(n)

]2
ln[µ2(n)] +O(1) . (57)
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Near the point where µ(n) → 0 we therefore have,

f(n) −→ −2µ′(n)

µ(n)
+
[
D−1−ǫ(n)+

µ′′(n)

µ′(n)

]
ln[µ2(n)] +O(1) . (58)

Hence we have,

T ′(n, κ) −→
[
D−1−ǫ(n)+

µ′′(n)

µ′(n)

]
ln[µ2(n)] +O(1) . (59)

Although expression (59) diverges as µ(n) goes to zero, the singularity is
integrable, which means that T (n, κ) remains finite.
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p
ro
x

Difference between numerical and approximate  (n)

Figure 8: Numerical determination of the constant f2 from the difference of T (n, κ) and
expression (52). In this case κ was chosen to experience first horizon crossing at n1 = 10.

As we see from Figure 8, the constant f2 in expression (56) represents the
difference between the actual value of T ′(n2, κ) and its approximate form
(51) 2µ′(n2)/µ(n2). Because the approximate form is quite accurate, f2 is
a very small number, about f2 ∼ −10−7. The fact that f2 drops out of the
asymptotic form (58) means that the ultimate finiteness of T (n, κ) is a robust
conclusion. However, µ(n) must be very close to zero before the integral (57)
begins to dominate over the first term in the denominator of (56), which
has a relative enhancement of e(D−1)(n−n2). If we take n2 = 56 and define
n∗ ≃ 57.25 as the first zero of µ(n), the point nf at which expressions (58-59)
become valid approximately obeys,

n∗ − nf ≃ 1

2
f2 e

−3(n∗−n2)
(χ2

χ∗

)(µ2

µ′
∗

)2

≃ 10−9 . (60)

We can therefore estimate the minimum value of T (n, κ) as

Tmin ≃ ln

[
χ2
1C(ǫ1)

2κ3
×1

4
f 2
2 e

−6(n∗−n2)
(χ2

χ∗

)2(µ2

µ1

)2(µ2

µ′
∗

)2
]
. (61)
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3.3 Approximating the Temporal Amplitude

Equation (42) for U(n, κ) contains the same six terms as (41). In the ul-
traviolet it is also dominated by the 4th and 6th terms, 2κ2e−2n/χ2 and
−e−2[U+(D−1)n]/2χ2. Hence the ultraviolet expansion of U(n, κ) takes the
same form as (49),

U(n, κ) = ln
[ 1

2κ

]
− (D−2)n

+
[1
2
(D−2)(D−2ǫ)− 2µ2

u

χ2

](χen
2κ

)2

+O

((χen
2κ

)4
)

. (62)

Figure 9 compares the exact numerical solution with the ultraviolet form (62)
for modes which experience first horizon crossing at n1 = 10, n1 = 20 and
n1 = 30. Agreement is excellent up to first horizon crossing, just as it was in
the analogous comparison of Figure 6 for T (n, κ).
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Figure 9: Plot comparing U(n, κ) with the ultraviolet form (62) for modes which expe-
rience first horizon crossing at n1 = 10 (left), n1 = 20 (center) and n1 = 30 (right).

The 4th and 6th terms of (42) drop out after first horizon crossing, and
the relation simplifies to,

U ′′ +
1

2
U ′2 + (D−1−ǫ)U ′ +

2µ2
u

χ2
≃ 0 . (63)

Recall from Figure 3 that µ2
u(n)/χ

2(n) is approximately constant during in-
flation. This means that equation (63) can be roughly solved as,

U ′(n, κ) ≃ −(D−1−ǫ) +

√
(D−1−ǫ)2 − 4µ2

u

χ2
. (64)
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With the appropriate integration constant we therefore have,

U(n, κ) ≃ ln

[
χ2
1C(ǫ1)

2κ3
× χ1

χ(n)

]
−(D−1)(n−n1)

+

∫ n

n1

dn′

√
[D−1−ǫ(n′)]2 − 4µ2

u(n
′)

χ2(n′)
. (65)

Figure 10 compares this approximation with the numerical evolution for
modes which experience horizon crossing at n1 = 10, n1 = 20 and n1 = 30.
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Figure 10: Plot comparing U(n, κ) with the late time form (65) for modes which expe-
rience first horizon crossing at n1 = 10 (left), n1 = 20 (center) and n1 = 30 (right).

After the end of inflation µ2(n)/χ2(n) falls off whereas the derivative
terms in µ2

u/χ
2 become large and tachyonic. This means we can neglect

µ2(n)/χ2(n),

µ2
u

χ2
≃ (D−2)(1−ǫ)− (D−3+ǫ)

µ′

µ
+
(µ′

µ

)′

−
(µ′

µ

)2

. (66)

We now make the substitution,

U ′(n, κ) = −2µ′(n)

µ(n)
− 2(D−2) + g(n) , (67)

in equation (63) to find,

g′ −
(
D−3+ǫ+2

µ′

µ

)
g +

1

2
g2 = 0 . (68)

Multiplying by e(D−3)nµ2(n)/[χ(n)g2(n)] makes the g-dependent terms a total
derivative, and permits us to write the general solution as,

g(n) = g2

[
e−(D−3)(n−n2)

[χ(n)
χ2

][ µ2

µ(n)

]2

+
1

2
g2

∫ n

n2

dn′ e−(D−3)(n−n′)
[ χ(n)
χ(n′)

][µ(n′)

µ(n)

]2]−1

, (69)

15



where the constant g2 is determined to interpolate between (64) and (67),

g2 =
2µ′

2

µ2

+ (D−3+ǫ2) +

√
(D−1−ǫ2)2 −

4µ2
2

χ2
2

. (70)

Note that, whereas f(n) diverges as µ(n) approaches zero, g(n) goes to zero
like µ2(n).

Integrating equation (67), and using (65) to supply the integration con-
stant, gives,

U(n, κ) ≃ ln

[
χ2
1C(ǫ1)

2κ3
×χ1

χ2
× µ2

2

µ2(n)

]
− (D−1)(n2−n1)− 2(D−2)(n−n2)

+

∫ n2

n1

dn′

√
[D−1−ǫ(n′)]2 − 4µ2

u(n
′)

χ2(n′)
+

∫ n

n2

dn′ g(n′) . (71)

Because g(n) vanishes as µ(n) → 0, the − ln[µ2(n)] divergence of U(n, κ) is
robust. Note that this is not even affected by neglecting µ2(n)/χ2(n) in (66).
Figure 11 compares the numerical solution with our analytic approximation
(71).
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Figure 11: Plot comparing U(n, κ) with the post-inflationary form (71) for modes which
experience first horizon crossing at n1 = 10 (left), n1 = 20 (center) and n1 = 30 (right).

4 Quantum-Correcting the Inflaton 0-Mode

The purpose of this section is to use the photon propagator to quantum-
correct the classical equation for the inflaton 0-mode from (15) to,

∂0

[
aD−2∂0ϕ0

]
+ aDϕ0V

′(ϕ2
0) + q2ϕ0a

D−2ηµνi
[
µ∆ν

]
(x; x) = 0 . (72)

We begin by deriving exact expressions for the t-mode and u-mode contri-
butions to trace of the photon propagator. We then use a variant of the
work-energy theorem to show how reheating occurs.
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4.1 The Effective Force

The t-mode contribution to the coincidence limit of the trace of the photon
propagator in equation (72) is,

√
−g gµνi

[
µ∆ν

]
t
(x; x) = aD−2

∫
dD−1k

(2π)D−1

{
1

M2
∂̂0t·∂̂0t∗ −

k2

M2
t·t∗

}
. (73)

The t-mode equation (27) can be exploited to write the product of time
derivatives in terms of the norm-squared,

∂0t·∂0t∗ =
[1
2
∂2
0 +

1

2
(D−2)aH∂0 + k2 − (D−2)aH

∂0M

M
− ∂2

0M

M

]
(tt∗) . (74)

Using this identity we can re-express the t-mode contribution (73) as,

√
−g gµνi

[
µ∆ν

]
t
=

aD−2

M2

∫
dD−1k

(2π)D−1

{
1

2
∂2
0 +

1

2
(D−2)aH∂0 −

∂0M

M
∂0

−(D−2)aH
∂0M

M
− ∂2

0M

M
+
(∂0M

M

)2
}
(tt∗) . (75)

Converting to dimensionless form, and employing equation (41) to eliminate
second derivatives, gives the compact form,

√−g gµνi
[
µ∆ν

]
t
(x; x) =

eDnχ2(n)

(8πG)
D
2
−1µ2(n)

∫
dD−1κ

(2π)D−1
eT (n,κ)

×
{[1

2
T ′(n, κ)− µ′(n)

µ(n)

]2
− κ2e−2n

χ2(n)
+

1

4χ2
e−2[T (n,κ)+(D−1)n]

}
. (76)

The u-mode contribution to the photon trace in (72) is,

√−g gµνi
[
µ∆ν

]
u
(x; x) = aD−2

∫
dD−1k

(2π)D−1

{
− k2

M2
u·u∗ +

1

M2
D̃u·D̃u∗

}
. (77)

We can eliminate the norm-square of ∂0u using the u-mode equation (29),

∂0u·∂0u∗ =

[
1

2
∂2
0 +

1

2
(D−2)aH∂0 + k2 + a2M2 + (D−2)a2H2(1−ǫ)

−(D−2)aH
∂0M

M
+ ∂0

(∂0M
M

)
−

(∂0M
M

)2
]
(uu∗) . (78)
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Substituting (78) in (77), and taking apart the factors of D̃ = ∂0 + (D −
2)aH + ∂0M/M gives,

√
−g gµνi

[
µ∆ν

]
u
=

aD−2

M2

∫
dD−1k

(2π)D−1

{
1

2
∂2
0 +

3

2
(D−2)aH∂0 +

∂0M

M
∂0 + a2M2

+(D−2)(D−1−ǫ)a2H2 + (D−2)aH
∂0M

M
+ ∂0

(∂0M
M

)}
(uu∗) . (79)

The final, dimensionless form is very similar to (76),

√−g gµνi
[
µ∆ν

]
u
(x; x) =

eDnχ2(n)

(8πG)
D
2
−1µ2(n)

∫
dD−1κ

(2π)D−1
eU(n,κ)

×
{[1

2
U ′(n, κ) +

µ′(n)

µ(n)
+D−2

]2
− κ2e−2n

χ2(n)
+

1

4χ2
e−2[U(n,κ)+(D−1)n]

}
. (80)

4.2 Reheating

The dimensionless form of the inflaton 0-mode equation (72) takes the form,

enχ
∂

∂n

[
e(D−1)nχψ′

]
= −eDnψ

[
U ′(ψ2) +

Q2χ2

µ2

∫
dD−1κ

(2π)D−1

{ }]
≡ F .

(81)
where the term inside the curly brackets is the sum of the t and u con-
tributions from expressions (76) and (80), and Q2 ≡ q2/(8πG)

D
2
−2 is the

dimensionless charge. Multiplying both sides of (81) by e(D−2)nχψ′ and inte-
grating gives a curious generalization of the famous work-energy theorem of
introductory physics,

e(D−1)nχψ′ ∂

∂n

[
e(D−1)nχψ′

]
=

1

2

∂

∂n

[
e(D−1)nχψ′

]2
= e(D−2)nχψ′×F . (82)

We now integrate (82) from the beginning of reheating (at n = ni) to the
end (at n = nf), and use the fact that ψ′(nf ) = 0 at the end of reheating,

0− 1

2

[
e(D−1)niχiψ

′
i

]2
=

∫ nf

ni

dn e(D−2)nχ(n)ψ′(n)F(n) . (83)

Equation (83) clearly implies that the product of ψ′(n) × F(n) must
be negative in order to suck the energy out of the inflaton 0-mode. The
classical contribution from ψ′ × −ψU ′(ψ2) is positive, so reheating must be
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driven by the quantum corrections from the t-modes and the u-modes, each
of which has two positive and one negative contribution. From expressions
(76) and (80) we see that the desired negative contribution can only come
from the −κ2e−2n/χ2(n) terms, however, it is not clear if the dominant effect
comes from t-modes or u-modes. It is also not clear whether the largest
contributions come from super-horizon modes (with κ < χ(ne)e

ne, where
ne denotes the end of inflation) or sub-horizon modes (with κ > χ(ne)e

ne).
Note that discretization can only recover the longest wavelength sub-horizon
modes.

Let us first examine sub-horizon modes, for which χen/κ is small. In this
case the ultraviolet expansions (49) and (62) imply that the multiplicative
exponentials agree to leading order,

eT (n,κ) =
e−(D−2)n

2κ

{
1+O

(χ2e2n

κ2

)}
, eU(n,κ) =

e−(D−2)n

2κ

{
1+O

(χ2e2n

κ2

)}
.

(84)
Substituting the same ultraviolet expansions into the curly bracketed parts
of (76) and (80) gives,

[1
2
T ′ − µ′

µ

]2
− κ2e−2n

χ2
+

e−2[T +(D−1)n]

4χ2

= −1

2
(D−2)(1−ǫ)− (1−ǫ)

µ′

µ
−

(µ′

µ

)′

+O
(χ2e2n

κ2

)
, (85)

[1
2
U ′ +

µ′

µ
+D−2

]2
− κ2e−2n

χ2
+

e−2[U+(D−1)n]

4χ2

=
1

2
(D−2)(1−ǫ) + (1−ǫ)

µ′

µ
+
(µ′

µ

)′

+O
(χ2e2n

κ2

)
. (86)

Hence there is perfect cancellation between the sub-horizon t-mode and u-
mode contributions at leading order.

Super-horizon modes cannot show the same cancellation because T (n, κ)
approaches a large, negative constant (61) as µ(n) goes to zero, whereas
U(n, κ) diverges like U∗ + ln[µ2

2/µ
2(n)].3 This means that the multiplicative

exponentials take the form,

eT (n,κ) −→ eTmin , eU(n,κ) −→ eU∗

[ µ2

µ(n)

]2
. (87)

3The constant U∗ can be found from expression (71) by extracting the factor of
ln[µ2

2
/µ2(n)] and then setting n = n∗ in the remainder.
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The curly bracketed terms which involve explicit factors of µ′/µ wind up
depending on the functions f(n) and g(n), given in expressions (56) and
(69), respectively,

[1
2
T ′ − µ′

µ

]2
=

1

4
f 2(n) −→

[µ′(n)

µ(n)

]2
, (88)

[1
2
U ′ +

µ′

µ
+D−2

]2
=

1

4
g2(n) −→ 0 . (89)

This means that the t-modes contribute positively, while the u-modes make
a negative contribution,

eT ×
{ }

−→ eTmin

[µ′(n)

µ(n)

]2
, (90)

eU×
{ }

−→ eU∗

[ µ2

µ(n)

]2
×−κ2e−2n∗

χ2
∗

. (91)

How large the relative coefficients are depends on the integration constant
f2, for which we do not yet have an analytic form.

Whether (90) or (91) dominates, it is significant that both terms diverge
like 1/µ2(n). Because the effective force contains another factor of 1/µ2(n),
this means that the quantum correction diverges like 1/µ4(n) near the point
n∗ at which µ(n) vanishes. The measure factor in (83) softens this somewhat,
but not enough,

Q2ψ′(n)ψ(n)dn =
1

4
dµ2 . (92)

The integral (83) therefore diverges before µ(n) = 0, which presumably
brings reheating to an end.

5 Conclusions

Ema et al. have shown that coupling a charged inflaton to electromagnetism
provides the most efficient reheating [1]. The mechanism is that the inflaton’s
evolution induces a time-dependent photon mass through the Higgs mecha-
nism. Nothing special changes about the transverse spatial polarizations, but
inverse powers of the mass appear in the longitudinal-temporal polarizations
(26) and (28), which result from the photon having “eaten” the phase of the
inflaton field. These factors diverge when the inflaton passes through zero.
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The effect is strengthened by factors of µ′(n)/µ(n) which appear in the mass
terms (43-44) of the two modes.

Our paper represents an effort to improve on previous excellent numerical
studies of this process based on discretizing space [2]. Although that method
can accommodate arbitrarily strong photon fields, it is of course limited to
a finite range of sub-horizon modes. In contrast, we use the trace of the
coincident photon propagator to study the inflaton 0-mode equation (72).
Our expressions (75-76) and (79-80) for the longitudinal and temporal con-
tributions to this trace are exact. They can be used to include the effects
of super-horizon modes, and of arbitrarily short wave length modes. In fact,
our use of dimensional regularization means that the far ultraviolet can be
included as well, through the use of expansions (49) and (62).

We have also derived good analytic approximations for the amplitudes.
Before first horizon crossing these are (49) and (62), respectively. After first
crossing the t-mode amplitude is well approximated by expression (52) until
close to the point at which µ(n) = 0. However, expression (59) shows that
the t-mode amplitude remains finite when µ(n) = 0.

Two forms are required to approximate the u-mode amplitude after first
horizon crossing, owing to its dependence on the complicated behavior of the
u-mode mass term (44), which is evident from Figures 4 and 5. During infla-
tion, the near constancy of ǫ(n) and µ2

u(n)/χ
2(n), result in expression (65)

giving a good approximation. After the end of inflation the better approxi-
mation is provided by expression (71). Because this last form becomes exact
as µ(n) → 0, we know that the u-mode amplitude diverges like − ln[µ2(n)],
which provides an extra factor of 1/µ2(n) in the trace of the photon propa-
gator (80).

The obvious next step is to exploit the powerful analytic expressions we
have derived to make a detailed numerical study of reheating in a realistic
model, such as Starobinsky inflation [12], Higgs inflation [13], or a hybrid
model [2]. Such an analysis would begin by renormalizing equation (72), and
then focus on determining whether the dominant effect for µ(n) → 0 comes
from sub-horizon or super-horizon modes, and whether it is the t-modes or
the u-modes which contribute more strongly. Another key issue is whether
or not the effect is so strong that the inflaton is precluded from making even
a single oscillation. Right now, it seems as if the strongest effect comes from
super-horizon u-modes, and this contribution is so strong that the inflaton
0-mode is prevented from passing through zero.

Finally, our extension of the vector propagator to include time-dependent
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masses in cosmological backgrounds has two obvious applications in addition
to reheating. The first of these is the study of quantum corrections to the
expansion history of classical inflation [3, 10, 14–18]. Another obvious appli-
cation is for the study of phase transitions in the early universe [1].
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K. J. Andersen, R. B. Barreiro, J. Borrill, H. K. Eriksen and
R. Fernandez-Cobos, et al. Astron. Astrophys. 647, A128 (2021)
doi:10.1051/0004-6361/202039585 [arXiv:2010.01139 [astro-ph.CO]].

[10] S. P. Miao and R. P. Woodard, JCAP 09, 022 (2015) doi:10.1088/1475-
7516/2015/9/022 [arXiv:1506.07306 [astro-ph.CO]].

[11] D. J. Brooker, N. C. Tsamis and R. P. Woodard, JCAP 04, 003 (2018)
doi:10.1088/1475-7516/2018/04/003 [arXiv:1712.03462 [gr-qc]].

[12] A. A. Starobinsky, Phys. Lett. B 91, 99-102 (1980) doi:10.1016/0370-
2693(80)90670-X

[13] F. L. Bezrukov and M. Shaposhnikov, Phys. Lett. B 659, 703-706 (2008)
doi:10.1016/j.physletb.2007.11.072 [arXiv:0710.3755 [hep-th]].

[14] J. H. Liao, S. P. Miao and R. P. Woodard, Phys. Rev. D 99, no.10,
103522 (2019) doi:10.1103/PhysRevD.99.103522 [arXiv:1806.02533 [gr-
qc]].

[15] A. Kyriazis, S. P. Miao, N. C. Tsamis and R. P. Woodard, Phys.
Rev. D 102, no.2, 025024 (2020) doi:10.1103/PhysRevD.102.025024
[arXiv:1908.03814 [gr-qc]].

[16] S. P. Miao, S. Park and R. P. Woodard, Phys. Rev. D 100, no.10, 103503
(2019) doi:10.1103/PhysRevD.100.103503 [arXiv:1908.05558 [gr-qc]].

[17] S. P. Miao, L. Tan and R. P. Woodard, Class. Quant. Grav. 37, no.16,
165007 (2020) doi:10.1088/1361-6382/ab9881 [arXiv:2003.03752 [gr-qc]].

[18] A. Sivasankaran and R. P. Woodard, Phys. Rev. D 103, no.12, 125013
(2021) doi:10.1103/PhysRevD.103.125013 [arXiv:2007.11567 [gr-qc]].

23


