SCIENCE CHINA @ CrossMark
Mathematics N

« ARTICLES - https://doi.org/10.1007 /s11425-020-1748-8

A local discontinuous Galerkin method for pattern
formation dynamical model in polymerizing
action flocks

Lulu Tian!, Xiuhui Guo', Hui Guo™*, Maosheng Jiang?,
Yang Yang® & Jiansong Zhang!

1College of Science, China University of Petroleum, Qingdao 266580, China;
2Beijing Computational Science Research Center, Beijing 100193, China;
3Department of Mathematics, Michigan Technological University, Houghton, MI 49931, USA

Email: tianll@upc.edu.cn, 1609010130 @s.upc. edu.cn, sdugh@163.com, msjiang@csrc.ac.cn,
yyang? @mtu.edu, jszhang@upc.edu.cn

Received March 13, 2020; accepted July 21, 2020

Abstract In this paper, we apply local discontinuous Galerkin methods to the pattern formation dynamical
model in polymerizing action flocks. Optimal error estimates for the density and filament polarization in different
norms are established. We use a semi-implicit spectral deferred correction time method for time discretization,
which allows a relative large time step and avoids computation of a Jacobian matrix. Numerical experiments are

presented to verify the theoretical analysis and to show the capability for simulations of action wave formation.
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1 Introduction

Action filaments are active polymers which stay far from thermodynamic equilibrium. By constantly
turning over the components through polymerization and depolymerization, they organize into a variety
of states, such as spots, spirals and traveling waves. The mathematical model of the pattern wave for
the actin filaments has been investigated intensively [10,13,14] in recent days. It is pointed out that the
model for wave formation in this paper, proposed in [13], does not require any nonlinear biochemistry
and depends on three simple and generic ingredients: actin polymerization, steric repulsion between actin
fibers and treadmilling. The numerical experiments in [13] verified the mechanism of the model, where
the density was an isotropic low value initially, then raised towards the Onsager threshold. The actin
filaments aligned at this state, then destabilized the isotropic phase by actin spots or spirals and finally
stayed at a polarized phase.
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Let © be a bounded rectangular domain in R2. The governing equations of the pattern formation
dynamical model in polymerizing action flocks in two space dimensions and in the dimensionless form
are as follows [13]:

B)

a*iZ—V-(pp)JrVQerp(l—p), (z,y) €Q, 0<t<T, (1.1)
61’_ 2 2

E—F(Tp—l)erDVp—Falp\ p, (z,9)€Q, 0<t<T, (1.2)

where p and p are the density of action in F-action and the average filament polarization, respectively,
|p|*> = p} + p3 with p = (p1,p2), I =v/a, D= K/D, and T's = 2D, /v3. Here, v describes the change
rate of the direction of F-action filaments and o denotes the polymerization rate. D, and K means
the diffusion coefficient and an effective elastic constant, respectively. ~o represents saturation of the
polarization, and vy is the treadmilling speed.

There are few works discussing numerical simulations for the pattern formation dynamical model. The
finite difference method was investigated in [13], and the numerical results verified the idea of the model.
Goff et al. [13] showed that I" has an important impact on waves formation, for example, I' = 4.3 and
I" = 10 generate waves, but I' = 1 leads to uniform density. Moreover, spiral shows up at high density
spots when I' = 4.3 while no spiral emerge for I' = 10. Later, characteristic finite element analysis was
proposed in [18] for this model and the error estimate was proved under some regularity assumptions of
the solution. The time method in the literature [18] used restricted time steps. To the best knowledge
of the authors, no previous work focused on discontinuous Galerkin (DG) methods for wave formation.
In this paper, we apply the high-order local discontinuous Galerkin (LDG) methods for the pattern
formation dynamical model, since the DG method has good stability, high-order accuracy, and flexibility
on h-p adaptivity and on complex geometry.

The DG method was first designed in 1973 by Reed and Hill [22] for solving neutron linear transport
equations. By using completely discontinuous piecewise polynomials as the numerical solution, the DG
method solved hyperbolic conservation laws in a series of papers [4,6-8] based on the explicit Runge-
Kutta time integrations. However, it is difficult to apply the DG method directly to PDEs containing
higher-order spatial derivatives. Motivated by Bassi and Rebay [1], Cockburn and Shu [9] introduced
the LDG method to solve the convection-diffusion equations. Later on, the LDG method has been
successfully designed and applied in many models involving dispersive and higher-order terms [29]. The
idea of the LDG method is to rewrite the equation with higher-order derivatives into a first-order system,
and then apply the DG method to the system. With suitable numerical fluxes, the stability and optimal
error estimates can be proved for many model equations [28,30,31]. As an extension of DG schemes for
hyperbolic conservation laws, the LDG method results in an extremely local discretization, which offers
great advantages in parallel computing and h-p adaptation.

Equations (1.1)—(1.2) contain second-order spacial derivatives, and explicit time methods suffer very
small time step sizes. However, to fully recover the pattern formation, we need to set a large final time, say
T = 500. Therefore, the computational cost would be extremely large. Moreover, the source term in (1.1)
modeling pattern formation in actin flocks is important. If the numerical approximation of the density
is negative, source would also be negative, leading to even smaller density approximations and even
blow-up of the numerical solutions. Therefore, implicit schemes are necessary for the time integrations.
In this paper, we present a semi-implicit spectral deferred correction (SDC) time marching method
[11,16, 21, 23] for the pattern formation dynamical model. The SDC time method, as a new variation
of the classical deferred correction method, was proposed in [11] to preserve good stability and accuracy
for stiff problems. Later, Tang et al. [23] provided a general framework for the convergence of the SDC
method. The classical semi-implicit SDC methods have been developed to solve many problems, such as
the phase field problems [12,20] and phase field crystal problems [17]. These semi-implicit time marching
methods are mainly efficient for problems with easy separation of stiff and non-stiff components. When it
comes to systems not easy to separate the stiff and non-stiff components, traditional semi-implicit schemes
are not straightforward to be explored. Recently, a novel semi-implicit SDC time marching method was
proposed in [16] for highly nonlinear ODEs without easy separation of stiff and non-stiff components.
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The rest of this paper is organized as follows. In Section 2, we present some preliminaries, including
assumptions of the solutions of the model, the basic notations and norms to be used throughout the
paper and the LDG spatial discretization. Section 3 is the main body of the paper where we present
the projections and some essential properties of the finite element spaces, error equations and the details
of the optimal error estimates for the pattern formation dynamical model. We provide a semi-implicit
spectral deferred correction time integration in Section 4. In Section 5, numerical results are given to
demonstrate the accuracy and capability of the LDG-SDC method. We will end in Section 6 with some
concluding remarks.

2 Preliminaries

In this section, we demonstrate some preliminary results that will be used throughout the paper.
2.1 Hypotheses for the model

For the pattern formation dynamical model (1.1)—(1.2), the initial conditions are given as

p(x,y,O) = pO(x’y)a p(x,y,O) = pO(l‘vy)’ (xvy) €.

For simplicity, we consider the periodic boundary condition in this paper. The analysis for homogeneous
Neumann boundary can be obtained following the same lines with some minor changes, and we thus
omit it.

We make the following hypotheses (H) for the problem:

1. 0 < ps < p(z,y,t) < p*.

2. I', ', D and r are all given positive constants.

3. p and p are uniformly bounded in R? x [0, T].

2.2 Basic notations
In this subsection, we present the notations. Following [15], let

O=z1 <---<ay, 1 =1 and 0=y < - <wyn, 41 =1

1
2

be the grid points in the z and y directions, respectively. Define I; = (xF% , xH%) and J; = (yJ;% , ijr%).
Let K =1I;xJj,i=1,...,Ng, j=1,..., Ny, be a partition of Q and denote €, = {K}. The mesh sizes

1 and Ay; = Yirl —Yj-1s respectively and

in the z and y directions are given as Ax; = x;, 1 — x;

1
3
h = max { max Ax;, max ij}.

i J
Moreover, we assume the partition is quasi-uniform, i.e., there exists a positive constant A such that

h < Ahmin, where
hmin = min { min AZL’IL', Hlil’l Ay] }
i j

Associated with this mesh, we define the finite element space as
WE={zeL*9Q): z|x € Q"(K), VK € O},

where Q¥ (K) denotes the space of tensor product polynomials of degrees at most k in K. Finite element
spaces for the vector and the matrix are defined as

U, ={uec L>(Q¥? ulx € Qu(K)>? VK € Qp},

W, = {w S L2(Q)2 w |K S Qk(K)Z, VK e Qh},
Vi = W§,
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which is contained in the following mesh-dependent broken Sobolev space U x W x V:

U={uecL*(0)*?: . u|x € HY(K)*? VK € Q},
W={wecl*0)?: w|xc H(K)* VK € Q,},
V={vel?*):v|xg €c H(K), VK € Q},

respectively. QF(K) denotes the space of tensor product polynomials of degrees at most k in K. We
choose B3 = (1,1)" to be a fixed vector that is not parallel to any normals of the element interfaces. We
denote T'j, to be the set of all element interfaces and T'g = I',\09. Let £ € T'y be an interior edge shared
by the elements K; and K,., where 3-ny; > 0 and 8- n, < 0 with n, and n, being the outward normals
of K, and K, respectively. For any z € V3, we define 2~ = z|gk, and 27 = z|gk,, respectively. The
jump is given as [z] = 2T — z7. Moreover, for p € W), and u € U}, we can define p*, u*, p~, u~ and
[p], [u] analogously. We also define 9Q_ = {€ € 90 | B-n < 0}, where n is the outer normal of £, and
90 = 0N\IO_. For any £ € 90 _, there exists K € Q, such that £ € 9K, we define 2T |¢ = 2 |sk, and
define 2~ on 9€2; analogously. For simplicity, given £ = {z1} x J; € Q1 and = {on, 41} xJ; €00,
by the periodic boundary condition, we define

|

2T e=2"]g; and 2T |z=2z"|c.

Similarly, given £ = I; x {y1} € 9Q_ and E=1Ix {yn,+1} € 0K, we define
+ |~ =z

z27le=2z|g and 2z *le.

Throughout this paper, the symbol C' is used as a generic constant which may appear differently at
different occurrences. Moreover, the symbol € is a sufficiently small positive constant.

2.3 Norms

In this subsection, we define several norms that will be used throughout the paper. For any given domain
D C R%, d =2, we denote by |lv||p the L? norm of v on D. For any integer s > 0, let H*(D) represent the
space equipped with the norm || - ||, p, in which the function itself and the derivatives up to the s-th-order
are all in L?(D). Similar norms for the vector-valued function w and the matrix-valued function u can
be defined in a similar way, given by

) 1/2

d 1/2
Jellop = (Z ||wz«||§,D> and [l = (
=1

respectively. We also define

ot = (3 1ott) e = (5 1) ent = (3 i)

eel’y, ecl'y, KeQp

ij=1

for w € Wy,
Denote ||ul|o x to be the standard L? norm of u in the cell K. For any natural number ¢, we consider
the norm of the Sobolev space H*(K), defined by
2 N3
O,K} '

0Py
e ={ ¥
Moreover, we define the norms on the whole computational domain as

Ox*dyP

0 a+B<Y

1

fulle = (3 M)

KeQy
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For convenience, if we consider the standard L? norm, then the corresponding subscript will be omitted.

Let 'k be the edges of K, and we define

||u||12nK = /8K u?ds.

lullg, = > Nul?,

KeQy

We also define

Moreover, we define the standard L* norm of v in K as ||u|lec,x, and define the L* norm on the

whole computational domain as
il = g Juloe.ic

Finally, we define similar norms for the vector u = (uy,u2)? as

Similarly, the norms on the whole computational domain are given as

lullf = > lulf g, llull, = D luli, lelloo = max flaufoc -

KeQy, KeQy,

tacr Ml = llullfy + luzllfye, Nulloo,x = max{llulloo, i, w2l oo, }-

The inner products of two functions in the finite element spaces V;,, Wj, and U on the element K are

defined as

(o) = [ wvdedy, ()= [ wevdsdy, (wo)x= [ s vdsdy,
K K K

2.4 The LDG scheme

In this subsection, we devise an LDG scheme for the dynamic model of pattern formation. By introducing

some auxiliary variables to represent the derivatives of the solution, the nonlinear system (1.1)—(1.2) can

be rewritten as the following first-order system:

d

£+V-(pp)+v-s=p(l—p),
s+Vp=0

9

S+ V- u—T(rp—1)p+Talpl’p = 0.
%y*pr.

(2.4)

The notations in this paper are the same as those in [5,25]. Suppose 01+ = 0, and 0+ = J,-. Then the
gradient of the vector p is a matrix with (Vp);; = 9;p;. The divergence of the matrix u is a vector with

d
(V'@)iz 8u

g %ig-
j=1

We also define, for any 8, n € W}, and u,r € Uy,

d
E g iTiis 0 -u-n= E qul]nj

1,j=1

The LDG scheme for the first-order system (2.1)—(2.4) is to find the approximation

(Phs Sk, PhyUp) € Viy X Wi, x Wy x Uy,
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such that the following variation forms hold for any element K € €2, and any test functions v, w, 8, r €
VhXWhXWhXQh:

13
O iy = Qo i) + Quclons ) + [ (1 = o, (25)
K K
/ sp - wdzdy = Pk (pn, w), (2.6)
K
0
[ bdsdy = Ll 0) + [ (T~ 1py~ TalpnPpr) - iy, (27)
K K
1
/ =uy,  rdedy = Kk (pn, 7). (2.8)
kD
Here,
Qi (Ph, pniv) = / prPn - Vodrdy — / Phph - nivds, (2.9)
K oK
QK (sp,v) = / sy, - Vodxdy — / s, - nivds, (2.10)
K oK
Pr(pn, w) = / oV - wdzdy — / phw - nids, (2.11)
K K
Lx(uy,0) = / uy, : VOdzdy — 0 -1, -ngds, (2.12)
K K
Kk (pn,1) :/ ph-V-[dxdy—/ Ph -1 - ngds. (2.13)
K oK

The “hat” terms are the so-called numerical flux. We use alternating fluxes for the diffusion term and
take

g;:s:7 //);_p;a 2.14
w, =uy, Ph="p- (2.15)

For the convection term, we take
— 1 - _
b = 5 (o5 Py + o Py — amelpy = py)),

where o > 0 can be chosen as any fixed constant independent of A and n. is the unit normal of e € T'g
such that 3-n, > 0.

2.5 Useful projections

Suppose that P* denotes the space of polynomials of degrees no more than k. We will use several special
projections in this paper. Firstly, we define 7 into W} which is, for each cell K,

(rtu —u,v)g =0, YveQ 1K), / (mtu — u)(z;_1,y)v(y)dy =0, Vve P*1(T)),
J

J

i—

/I (7r+u - u)(z,yj_%)v(z)da: = 03 You € Pkil(IZ‘)a (7T+U - U)(SC %ayj—%> = 07 VZ,VJ,

k3
and in the same way for 7,

(m7u—u,v)g =0, VYoec Q" YK), / (m7u— u)(xH%,y)v(y)dy =0, Yve P,
J

J

/1,(7T_u —u)(x, Y1 )v(@)de =0, Ve P, (nmu-— Wi 1,Y541) =0, Vi, V5.
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Subsequently, we define T} and H;r into WZL“ which are, for each cell K,
(I u —u,v,) =0, Yo e Q¥K),
/ (I u — u)(z;_1,y)v(y)dy =0, Ve P*(J;),
Jj
(H;u —u,vy)gk =0, Yve QF(K),

/ (L u — u)(z,y;_1)v(x)de =0, Vove P*(I),

H+ S1 _ H;_ S1 .
S92 H;_SQ
We define the projections II'", v+ and 7~ based on the projections defined above. For the vector-valued
function p = (p1,p2)T € W, we define

as well as a vector-valued projection

7 p=(rp,7 p2)t.

For the matrix-valued function u = (u1,us) € U, where u; and us are its two column vectors, we define
H+g = (H+U1, H+’LL2).
‘We choose the initial solution as

pr(z,y,0) =7 po, pu(x,y,0) =7 po, (2.16)

and then we have

Hp(x’y70) - Ph(IayaO)H < Cthrl’ Hp(xvyao) - ph(I,ZJ,O)H < Cthrl.

Moreover, we define

(u7v) = Z (U,U)K, (uav) = Z (u’v>K7 (ﬂvy) = Z (Q,Q)K,

KeQy KeQy KeQy

QP(P»PZU): Z Qé’{(p,p;v), E(?): Z EK('?') (217)

KeQy, KeQy
with == 09, P, L, K.
It is easy to check the following identity by integration by parts on each cell.

Lemma 2.1.  For any functions (v,p, s,u) € Vi, x Wy, x W, x U,,, we have
L(u,p) +K(p,u) =0, Q(s,p)+P(p,s)=0. (2.18)

Now we state the main theorem.

Theorem 2.2.  Let ppn,pp,sn and u; be the numerical solutions of the semi-discrete LDG scheme
(2.5)—(2.8) with initial discretization given as (2.16), and let p € L>(0,T; H**3), s € L>=(0,T; (H*2)?),
u € L°(0,T; (H*2)2%2) and p € L°°(0,T; (H**3)%) be the exact solutions of the problem (2.1)—(2.4).
If the finite element space is the piecewise tensor product polynomials of degrees at most k and h is
sufficiently small, then we have the error estimate

lp = prlle=0,r;02) + 1P — PullLoe(0,7:22) + I8 — Sl 20, m522) + 1w — wpll 220, 1322) < ChF+, (2.19)

where the constant C' is independent of h.
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3 Proof of the main theorem

In this section, we proceed to prove Theorem 2.2. We first introduce some auxiliary results for the
projections defined in Section 2. Subsequently, we make an a priori error estimate which provides the
boundedness of the numerical approximations. Then we construct the error equations which further yield
several main energy inequalities and complete the proof of (2.19). Finally, we verify the a priori error
estimate at the end of this section.

3.1 Projections and interpolation properties

In this section, we demonstrate the projections and several useful lemmas. Let us start with the classical
inverse properties [3].

Lemma 3.1. Assume u € Vi,. Then there exists a positive constant C independent of h and u such
that

hllullos i + 12 [lullr,e < Cllullx-

Lemma 3.2.  Suppose w € H*™1(Q). Then for any projection Py, which is either 7=, ILT or IL}, we

have
|lw — Prwl|| + h1/2||w — Phywllr, < ChFFT,

Moreover, the projection 7~ on the Cartesian meshes has the following superconvergence property [2].

Lemma 3.3.  Suppose p € H*2(Q). Then for any s € W, we have
P(p— 7" p.8)| < OB plli2] s (3.1)

In this paper, we use e to denote the error between the exact and numerical solutions, i.e.,

I

W=U— Uy, € =p—ph, €p=P—Pp, €5=35— 5.

As the general treatment of the finite element methods, we split the errors into two terms as

ep=8& —Np, Np=7 p—p, & =T P~ Ph,
ep =& —Mp, Mp=7T p—D, & =T P—Dn,
es = &s — Ns) nS:HJrS*sa ES:H+878}L;

ey =8, ~ 1, n,=0u-u § =0"u—u,.

Based on the above notations, it is easy to verify that
L(n,.v)=0, Qnsv)=0, Vve Q¥ (K). (3.2)

Following [24,26,27,32] with some minor changes, we have the following lemma.

Lemma 3.4.  Suppose that §, and &, are defined above. We have
IVE < U+ 15, 2 |[E)lIr, < CUIE ]|+ RFY).

Let us finish this subsection by proving the following lemma whose proof was given in [19].

Lemma 3.5. Let u € C**1(Q) and Ilu € WF. Suppose ||u —Iu|| < Ch* for some positive constant C
and k < k+1. Then

Bllu — ul|og + B2 [lu — Tullr, < OB,

where the positive constant C' does not depend on h.
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3.2 The a priori error estimate

In this subsection, we make an a priori error estimate assumption that

lo = pull +1lp = pull < B, (3.3)

which further implies
llonllco + IPrllc < C (3.4)

by Lemma 3.5.

Remark 3.6. The a priori estimate assumption (3.3) holds for small enough h and this choice is
heavily based on how large the constant C' is in (2.19). Notice that the constant C' is independent of h,
as long as h is sufficiently small, say h < H. Then we can guarantee (3.3) holds for 0 < t < T. Moreover,
we will show that, if h < H, then the equality of (3.3) cannot happen if ¢ < T. However, we still need
this estimate to obtain the boundedness of the numerical approximations. This assumption, which will
be verified in Subsection 3.6, is used for the estimate of the convection terms.

3.3 Error equations

In this subsection, we proceed to construct the error equations. From (2.5)—(2.8), we have the following
error equations:

(%etpﬂo = Q°(p, p;v) — Q°(Pn, pn;v) + Q(es,v) + (p(1 — p) — pr(1 — p1),v), (3.5)
(es,w) = P(epv w), (3.6)
<aae:’ 9) = L(ey,0) +T((rp— 1)p — (rpn — 1)pn, 0) — To(|pI*p — [Pn[*Pn. 0), (3.7)
1

D (Cuw 1) = Klep.r) (3.8)

for any v € V3, w,0 € Wi, and r € U,,.
3.4 The first energy inequality

In this subsection, we will derive the first energy inequality. Taking v = &,, w = &, in (3.5) and (3.6),
respectively, and using Lemma 2.1, we can obtain

(%iovg;)) + (5&58) = Rl + RQ + R3 + R4a (39)

where
on
Rl = (8;)75’)) + (T’Sass)a

Ry := (pp — prpn, V) + > ((op — prbn) - Me, [E])es
ecle

Rs == (p(1 — p) — pr(1 = pn), &),
R4 = —P(Up7£s)

with T, = ToUON_ and (u,v), = fe uv ds. Now, we estimate R; (i = 1,...,4) term by term. Using the
Schwarz inequality and Lemma 3.2, we can get

Ry < Cllnp, [lIEp]l + Clims 11 |
S CRMHIEo N + [1€6l) < CRPFH2 116,17 + el &1, (3.10)
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We estimate Ro by dividing it into three parts

Ry =: Ro1 + Raz — Ras, (3.11)
where
Ro1 = (pp — pnp, V&) + (pnp — prpn, VEp),
1 _
Ry =5 > (2op = pi ) — i Py) e [€p))es
eGF
R23 =5 Z 5p]>

eEF

Using Hypothesis 3 and (3.4), we have

Ro1 < C(llp = pnll + o = Prl)IVE,|l

R+ [IEp] + 11€p ) (€6l + R*Y)

O 2 4 1)1 + 1€p11) + €ll&s 1, (3.12)

where in the first step we use the Schwarz inequality while the second step follows from Lemmas 3.2

and 3.4. C depends on ||p||ec and ||pn|lec- The estimate of Rag also requires Hypothesis 3 and (3.4),
o = = > Uplp— o)+ =)ot +p(p =)+ (0= Dr)er) - Mes [6])e

2
eel’e

< Cllp = pullr,, + e = palle,) 1€,

< ChE (Inglimy, + 1€lIr, + Implrs, + 1€plm ) (€6 ] + A*)

<O+ 1]l + 1€ I 1€ + *)

SO 11617 + 11€p117) + ell€s |, (3.13)

where in the second step we use the Schwarz inequality, the third step follows from Lemma 3.4, and the
fourth one requires Lemmas 3.1 and 3.2. Now we proceed to the estimate of Rag3,

Rag < C(lInpllrs, + 1€p ) €]l

< ChE (|nplles, + 1€o e ) (1€s]] + REHL)
< O+ (6D (N1€s ] + REF)
< O(ZR*F2 4|16, )12) + l|€s 1%, (3.14)

where the first step follows from the Schwarz inequality, the second step is based on Lemma 3.4, and the
third one requires Lemma 3.2. Plug (3.12)—(3.14) into (3.11) to obtain

Ry < O(I€plI* + [1€p]1% + h*"2) + ell€s ]| (3.15)
Use Hypotheses 3 and Lemma 3.2 to obtain

RB = (p - piufp) - (p2 - p}QLagp)

< ClE&NNEN + IImpll) < Ol + h*F+2). (3.16)
The estimate of R4 follows from Lemma 3.3, i.e.,
< CRM | pllis2]l€sll < CRPH2 + el€s 1. (3.17)
Substituting the estimation (3.10)7 (3.15)—(3.17) into (3.9), we obtain
ST 4 e < COIE + 18I+ H2) + el (3.15)
s P D s

2 dt
Integrating the above equation (3.18) with respect to t, we have the first energy inequality

t t
H@W+Anawm<CAumW+MA%ﬁ+CMH? (3.19)
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3.5 The second energy inequality

In this subsection, we construct the second energy inequality. Take 6 = &p, r = ¢ in (3.7) and (3.8),

respectively and use Lemma 2.1 and (3.2) to obtain

0 1
(52”,5,,) +5E,06) = Ti+Ta—T; — T4, (3.20)

where

1
Tl = (nptaSP) + 5(7’“75“)3

Ty :=T((rp—1)p — (rpn — 1)Pn, &p),
T5 :=T(|p|*p — |pr|*Ph. &p),
T4 = ’C(’I’]p,fu).

Now we estimate T; (i = 1,2,3,4) term by term. Using Hypothesis 3, the Schwartz inequality and
Lemma 3.2 we have

1
T1 < Cligplllimg, [l + S I, Mn, |
< O (|[€pll + NIE, D) < CR*F2 + Cligpl® + ellg, 117 (3.21)

The estimate of T requires Lemma 3.2, Hypothesis 3 and (3.4),

T2 = F(Tp(p - ph)v&?) + F(T(p - Ph)Pha'Ep) - F(p - phv&p)
< CllépllI€pll + lImpll + €Nl + [1m01)
< C(l1€pl? + 1€, 11> + nZE+2). (3.22)

Using Lemma 3.2 and Hypothesis 1, we estimate T3 through

Ts =Ta2(lpl*(p — pn) + (IP* = [P0 *)Pn. &p)
=o(|pl*(p — pn), &) + Ta((Ip| + [Pr)Pr(lp| — P8 ), €p)
< Ol (1€l + [lmpl)) < C1€p1I7 + R**T2). (3.23)

Here, we use the fact that ||p| — |pr|| < |p — prl, and hence

ol = |palll < lllp — ulll = llp — Pall-

For Ty, we use Lemma 3.3 to obtain
Ty < CR* Y Ipllirall€ |l < R +eflg |1 (3.24)

Substituting (3.21)—(3.24) into (3.20), we have

1d _
iall&oll2 +ID72E NP < CUEIP + €117 + h242) + elle 1>
By taking € to be small enough and using Hypothesis 1, the above equation leads to
d
Zillépll” + 1€, 17 < Clll&n1” + lIE 11 + h?R2).

Integrating the above equation with respect to ¢, we obtain

t t
el + [ I at <€ [ gl + lel?) dt+ Cner (3.25)
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3.6 Proof of Theorem 2.2

Now we are ready to combine the two energy inequalities and finish the proof of Theorem 2.2.
Firstly, from (3.19) and (3.25), it is easy to derive the following estimate:

t t
€117 + [1€11? +/ (€117 + 1€, I*)dt < C/ (I€pl1* + ligp11%) dt + Ch2M+2,
0 - 0

Now, we can employ Gronwall’s inequality to obtain

t t
e + ol + [ ealPae+ [l 17 de < cer,

Finally, by using the standard approximation result, we obtain (2.19). To complete the proof, let us
verify the a priori assumption (3.3). For k > 1, we can consider h small enough so that Ch**! < ih,
where C' is the constant determined by the final time 7. Then define

t* =inf{t: |p — pull + llp — prl > R}

We should have ||p— pp|| + ||[p — Pr|| = h by continuity in time at ¢ = ¢*. However, if t* < T, Theorem 2.2
implies that

lp = pull + lp — paull < CRET!

for ¢t < t*, in particular

1
h= (o= pr) () + (P = P)(E)|| < CR*E < o,

which leads to a contradiction. Therefore, there always holds ¢t* > T, and thus the a priori assump-
tion (3.3) is justified.

4 Time discretization

In this section, we give the semi-implicit spectral deferred correction (SDC) time discretization after the
LDG discretization of the dynamic model of pattern formation (2.1)—(2.4). More details for the semi-
implicit SDC time discretization can be found in [16,21]. The SDC time method, compared with classical
SDC time methods, does not require separation of stiff and non-stiff components, which is more general
and efficient.

To employ the SDC method, first of all it is necessary to construct a first-order semi-implicit scheme.
For the pattern formation dynamical model, the source terms are non-trivial and we treat them in a
special way. The corresponding first-order semi-implicit scheme is

anrl _ pn

V() 4 Vs = (1 ), (4.1)
s"T 4 vpntt =0, (4.2)
pn+1 _ pn

T +V- gn+1 o F(Tanrl _ 1)pn+1 4 1—\2|pn|2pn+1 — 0’ (43)
1

5@"” = -Vp"Ti (4.4)

One obvious benefit of the first-order semi-implicit scheme (4.1)—(4.4) is that it can be decomposed into
two systems: (4.1)—(4.2) for p"*! and (4.3)—(4.4) for p"*!. Then we can solve the two systems indepen-
dently. Note that the first-order scheme (4.1)—(4.4) leads to a linear system for U"*! = (pnt! pnthHT,
Applying the LDG discretization for the first-order semi-implicit schemes (4.1)—(4.4), we obtain an ODE
system

U =Ft,ur,umth, telo,T],
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U(0) = Uy, (4.5)

where F is continuous for U and t.

Now we construct higher-order SDC time discretization based on the first-order scheme (4.1)—(4.4).
Divide the time interval [t,,t,11] into P subintervals by choosing the points t,, ,, for m = 0,1,..., P
such that

tn =tno <tp1 < <tpm < <tpp=rtni1.

Let At,, m = tnmt1 — tn,m and Urlfym denotes the k-th-order approximation to wu(t, ). The points
{tn,m}r _, are chosen to be the Chebyshev Gauss-Lobatto nodes on [t,,t,11]. Starting from U, we
calculate U,, 41 in the following algorithm. In Algorithm 1, we denote I"™T1(F(t,U* U¥)) to the inte-
gral of the P-th degree interpolating polynomial on the P + 1 points F(tn,m,UY ., UF I _, over the
subinterval [ty m, tn,m+1], which is the numerical quadrature approximation of

lMM{HﬂUULUhWh

n,m

The computation of
tn,m+1
[ Fe v, U
tn,m

is based on the P-th degree Lagrange interpolation formulation of F(7,U(7),U(7)) on the P 4+ 1 Gauss
type points over the subinterval [t m, tn,m+1]. The local truncation error obtained with the semi-implicit
SDC scheme is O(Gt™n(E+LPH))  wwhere 0t = maxy, m (tn,m). For more details of the SDC time dis-
cretization, see [16].

Algorithm 1  The SDC time integration method

Require: U}l 0 =Un;
: Use a first-order semi-implicit scheme to compute the approximate solution U at the nodes {tn,m}
: for m=0,1,...,P—1do
U71L,m+1 = Urll,m + Atn,m F(tn,m, U'rlz,m’ Urll,m+1)-
end for
Compute successive corrections based on the first-order scheme:
for k=1,...,K do
Ut =u,
end for
for m=0,1,...,P—1do
UMt =Uhl + At (F(tnmy1, UF L UREL ) = by, UE L UE D) + IR (F (1 UR, UR))
: end for

P

m=1> 1-€

—
R e B A

—

5 Numerical examples

In this section we provide numerical examples to illustrate the accuracy and capability of the numerical
method. The first example is the accuracy test to verify our theoretical analysis, and the rest examples
are real problems performed in [13,18]. The LDG discretization, combined with a semi-implicit SDC
integration method, is used to solve (2.5)—(2.8).

Example 5.1. We solve (1.1)—(1.2) and the parameters are taken as
D=2 r=1 TI'=10 and Ty=0.1. (5.1)

The exact smooth solutions are given as

plx,t) = O sin(z)sin(y), pi(z,t) = O sin(x) cos(y),

pa(a, t) = M cos(x) sin(y).

We can calculate the initial conditions and the right-hand sides accordingly.
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Piecewise linear and quadratic tensor product polynomials are used in the LDG scheme. We use
uniform meshes with M x M elements over the computational domain 2 = [0, 27] x [0, 27], and compute
the numerical approximations at T' = 0.2. Periodic boundary condition is used in this numerical example.
The numerical results are given in Table 1. From the table, we can observe optimal convergence rates,
which verifies the results in Theorem 2.2.

In the rest several examples, we study the actin pattern formation by the coefficient I" which is the ratio
between alignment and the polymerization rate. Unless otherwise stated, the parameters are taken as

D=5 r=11 and Ty=0.075. (5.2)

Examples 5.2 and 5.4 were performed by [18] with a characteristic finite element method. When I" = 4.3,
spirals were caught at high density spots. Example 5.3 was studied in [13] by a finite difference method,
where a uniform density profile or waves have been obtained for various values of I'. We use an LDG
spatial discretization combined with the second-order SDC time scheme in the simulations.

Example 5.2. The computational domain is Q = [0, 150]%. The initial density and filament polariza-
tion of F-action are given by

p(z,y,0) = 0.8 4 10~ *rand(0, 1), (5.3)
Y41 (3%% O) = 10_2(2rand(0’ 1) - 1)a p2(xa y,O) = 10_2(2rand(0, 1) - 1))

where rand(0, 1) represents the random number in [0, 1]. The parameter I" in the modelling equations is
chosen as I' = 4.3.

The computed mesh is composed of 150 x 150 elements with equal size. The time step in the second-
order SDC time scheme is At = 0.1. The contour plots of density of the actin and the vector space for
average filament polarization with time evolution are shown in Figure 1. From the figures, we can see
that the density of the actin first grow, and align at p = 1, then several spots with higher density emerge
at t = 40, and the corresponding filament polarization shows spiral around the spots. At later stage the
spots move and disappear, then waves with regular width show up in the end. The results agree with
those in [13,18].

Example 5.3. We study the actin pattern formation by the coefficient I' with various values. The
computational domain is © = [0,150]2. The initial density and filament polarization of F-action are
given by

p(z,y,0) = 0.8 4 10~ *rand(0, 1), (5.4)
P (3%% O) = 10_2(2rand(0’ 1) - 1)a p2(xa y,O) = 10_2(2rand(0, 1) - 1))

Table 1 Accuracy test for Example 5.1, the results are solutions at the final time 7" = 0.2 for the LDG discretization with
piecewise linear polynomial combined with the second-order SDC time discretization, and quadratic polynomial combined

with the third-order SDC time discretization. The time step is At = 0.1h with h = ?\—/}T

Mesh  [lp— pnllp2 Order  |lp— pallree Order  |lp — pnllp2 Order  |lp — pnllree Order
82 5.46E—01 - 1.80E—01 - 1.29E—01 - 3.90E—01 -
162 1.40E—01 1.96 4.85E—02 1.89 3.35E—01 1.95 1.07E—01 1.87
322 3.53E—02 1.99 1.25E—02 1.96 8.48E—02 1.98 2.75E—02 1.96
642 8.84E—03 2.00 3.16E—03 1.98 2.12E—02 2.00 6.93E—03 1.99

1282 2.21E—03 2.00 7.95E—04 1.99 5.31E—03 2.00 1.74E—03 2.00
82 7.03E—02 - 3.65E—02 - 1.66E—01 - 7.17E—02 -
162 8.89E—03 2.95 4.29E—03 3.09 2.14E—02 2.96 9.15E—03 2.97
322 1.12E—03 2.99 5.21E—04 3.04 2.69E—03 2.99 1.13E—03 3.01
642 1.40E—04 3.00 6.43E—05 3.01 3.37E—04 3.00 1.41E—04 3.01

1282 1.75E-05 3.00 7.99E—06 3.00 4.22E-05 3.00 1.74E—-05 3.00
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Figure 1 (Color online) Example 5.2, numerical density and filament polarization with time evolution for (1.1)—(1.2) with
parameters I' = 4.3, D =5, r = 1.1 and I'> = 0.075. Initial conditions are set as (5.4), and the uniform mesh is composed
of 150 x 150 elements with periodic boundary conditions. An LDG discretization with piecewise linear polynomials and a
second-order SDC time scheme with time step At = 0.1 are used during the simulation

where rand(0, 1) represents the random number in [0,1]. Various values of I' are chosen, namely 1,4.3
and 10, respectively.
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(a) pat T'=40 (b) pat T'=100 (c) pat T'= 300
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(d) p at T = 40 (&) pat T = 100 ’ (f) pat T =300

Figure 2 (Color online) Example 5.3, numerical density and filament polarization with time evolution for (1.1)—(1.2) with
parameters D =5, r = 1.1, I's = 0.075 and I = 4.3. Initial conditions are set as (5.5), and the uniform mesh is composed
of 100 x 100 elements with periodic boundary conditions. An LDG discretization with piecewise linear polynomials and a
second-order SDC time scheme with time step At = 0.1 are used during the simulation

The computed mesh is composed of 100 x 100 elements with equal size. Note that the initial conditions
in this example are different from those of Example 5.2 since the random numbers are different. The
time steps in the second-order SDC time scheme are At = 0.1 for I' =1 and I" = 4.3, and At = 0.02 for
I" = 10. The contour plots of density of the actin and the vector space for average filament polarization
at several times are shown in Figure 2 for I' = 4.3, and Figure 3 for I' = 1 and I' = 10. From Figure 2,
we can see similar trend for spots, wave formation on a coarse mesh with 100 x 100 elements. The top
two rows of Figure 3 are results for I' = 1, showing that the density grows until p = 1.0 then stays at
the stage. The final state in the case of I' = 1 is uniform. The bottom two rows of Figure 3 for I' = 10
show that the density grows up to p = 1.0, subsequently high density points emerge, then waves form.
Comparing the bottom two rows of Figure 3 for I' = 10 with results of Figure 2 for I' = 4.3, we can see
that in the case of I' = 10, the waves start earlier and no spiral shows up around the high density spots.
These results confirm the numerical simulations derived by the finite difference method in [13].

Example 5.4. The computational domain is Q = [0,50]2. The initial density and initial filament
polarization of F-action are given by

p(z,y,0) =04+ 0.4~ 20(2=25)*~20(y~25)* 10~ *rand(0, 1), (5.5)
p1(z,y,0) = 1072(2rand(0,1) — 1), pa(x,y,0) = 10~2(2rand(0,1) — 1),

where rand(0, 1) again represents the random number in [0, 1]. We take I' = 10.

The computed mesh is composed of 100 x 100 elements with equal size. The time step in the second-
order SDC time scheme is At = 0.02 for I' = 10. The contour plots of density of the actin and the vector
space for average filament polarization with time evolution are shown in Figure 4. Similar to the results
of [18], the density grows until p = 1, and filament polarization close to 0. The solution stay at the stage
for a period of time, and waves form in the end.
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Figure 3 (Color online) Example 5.3, numerical density and filament polarization with time evolution for (1.1)—(1.2) with
parameters D = 5, r = 1.1, I'o = 0.075. The top two rows of figures are numerical solutions for I' = 1 while the bottom two
rows for I' = 10. Initial conditions are set as (5.5), and the uniform mesh is composed of 100 x 100 elements with periodic
boundary conditions. An LDG discretization with piecewise linear polynomials and a second-order SDC time scheme are
used during the simulation

6 Concluding remarks

In this paper, we studied the pattern formation dynamical model in polymerizing action flocks through an
LDG method, and optimal convergence rates were derived. Numerical experiments verified the theoretical
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Figure 4 (Color online) Example 5.4, numerical density and filament polarization with time evolution for (1.1)—(1.2) with
parameters D = 5, r = 1.1, ' = 0.075 and I = 10. Initial conditions are set as (5.6), and the uniform mesh is composed
of 100 x 100 elements with periodic boundary conditions. An LDG discretization with piecewise linear polynomials and a
second-order SDC time scheme are used during the simulation

analysis and capabilities of the LDG method. In particular, we caught spiral around a spot in actin
pattern formation simulations for a suitable ratio between the change rate of the direction of F-action
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filaments and the polymerization rate. We will consider positivity of the density for the explicit Runge-
Kutta time method. The physical and numerical energy of the model and the adaptive strategy in long

time simulations will also be explored in the future.
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