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rational design methodology for an optimized BC-controlled meta-surface. An
analytical study of Mindlin BCs, a type of Cauchy BCs, shows promise in surface wave
control. The frequency-domain and time-domain finite element studies performed by
imposing Mindlin BCs in the path of Rayleigh wave propagation are consistent with
analytical predictions, exhibiting no Rayleigh wave transmission. The simulations
reveal mode conversions from Rayleigh wave to bulk waves directed into the half-
space and a low amplitude Rayleigh wave reflection. For a finite-sized BC patch, the
radial beam spreading of the mode-converted bulk waves keeps some energy near the
surface, which could convert back to Rayleigh waves at the end of the BC patch. Thus,
the BC patch must be sufficiently long to effectively suppress surface waves. Finally,
we show that the Mindlin BCs can be imposed by a rod-like prismatic resonator at the
resonator's longitudinal frequency. These findings provide new insights into the
coupling that promotes surface wave control, potentially leading to novel metasurface
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Powered by Editorial Manager® and ProduXion Manager® from Aries Systems Corporation



 
 
 

Parisa Shokouhi, Ph.D., P.E.    (814) 863-0678 
 Associate Professor of Engineering Science and mechanics   

     College of Engineering     
 
     The Pennsylvania State University 
     212 Earth and Engineering Sciences Building  
     University Park, PA  16802 

 

College of Engineering An Equal Opportunity University 

September 15, 2021 

 

 

Dear Editor, 

We are submitting our manuscript titled “Control of Rayleigh wave propagation through imposing 
Mindlin boundary conditions on the surface” for your consideration and publication in the Journal of 
Sound and Vibration. 

In this work, we report the efficacy of a particular type of Cauchy boundary conditions (BC), called Mindlin 
BCs, in preventing Rayleigh wave propagation. We demonstrate that imposing the Mindlin BCs on the 
surface results in the conversion of the incident Rayleigh wave to bulk waves directed away from the 
surface. Besides, a low-amplitude reflected Rayleigh wave, which accounts for 7% of the incident wave 
amplitude, is observed. The interaction of Rayleigh waves with the Mindlin BC region is analyzed using 
frequency-domain and time-domain finite element simulations together with wavenumber spectrum 
analysis. We provide a parametric study using FDFE simulations to find the minimum required length of 
the Mindlin BC patch to significantly block Rayleigh wave propagation. We also discuss on the wave 
propagation angles of the mode-converted bulk waves, the presence of multiple mode conversions for a 
finite-sized Mindlin BC patch, and an example showing how a prismatic rod-like resonator can impose 
Mindlin BCs on an elastic half-space surface.  

To our knowledge, this is the first study that provides an insight into the use of Mindlin BCs for a BC-
controlled meta-surface design to manipulate Rayleigh waves. The reported findings on the mode-
conversions of the incident Rayleigh wave when encountering imposed Mindlin BCs on the surface are 
unique and will lead to novel resonator design strategies. We believe that our research results have broad 
applications across length scales e.g., in seismic isolation of structures, vibration control, and designing 
surface acoustic wave (SAW) devices. 

Below we list several qualified, potential referees (in alphabetical order):  

• Andrea Colombi (colombi@ibk.baug.ethz.ch) 
• Antonio Palermo (antonio.palermo6@unibo.it) 
• Alessandro Marzani (alessandro.marzani@unibo.it)  

 
Best Regards, 

 

Parisa Shokouhi, on behalf of all co-authors. 

Cover Letter



Highlights: 
 

1. Mindlin boundary conditions (BCs) show promise for Rayleigh wave 

suppression 

 

2. Rayleigh waves incident on Mindlin BCs decouple to its bulk wave 

components 

 

3. The incident Rayleigh waves partially recover post a short Mindlin BC patch 

 

4. Effective suppression of Rayleigh waves requires a long Mindlin BC patch 

 

5. Rod-like resonators impose Mindlin BCs at their longitudinal resonance 

frequencies 

 
 

Highlights (for review)



Response to reviewers 
 
 
The authors thank the reviewers for a detailed review of our manuscript and providing constructive 
and valuable feedback. All the reviewers' comments are addressed, and the changes made to the 
manuscript are highlighted for your reference. 
 
 
Reviewer #1: 
 
The manuscript describes a, primarily numerical, study on the interaction between Rayleigh 
waves on elastic half-planes and some classical and non-classical boundary conditions. Although 
the paper makes no attempt to justify the non-classical boundary conditions, I note that they can 
be justified on physical grounds. The authors demonstrate that a single rod-like resonator, at 
resonance, can emulate the effect of imposing a Mindlin boundary condition. As pointed out by 
the authors, the junction conditions between the rod and half-plane will play an important role — 
this problem is highly non-trivial. 
 
I have carefully read the manuscript several times and can find no material errors or omissions. 
The work is interesting, rigorous, and well done. I am therefore happy to recommend publication 
in its present form. 
 
The authors thank the reviewer for recommending the publication of the manuscript without any 
further changes. 
 
  

Detailed Response to Reviewers



Reviewer #2:  
 
This paper presents a Rayleigh-wave control analysis via applying the so-called Mindlin BC on a 
half-space surface. In doing so, the authors quickly review the effect of different BCs on the 
propagation of Rayleigh waves and then conduct an FE analysis of a finite-size Mindlin BC. 
Although Rayleigh wave manipulation via metasurfaces is an active topic in JSV, the Reviewer 
suggests declining this paper due to the following reasons. 
 

1. The paper is not well written. In particular, the flow is not concise and precise. For example, 
in the first paragraph of the introduction, all the rest except the last sentence is common 
sense to the audience of this journal. The second paragraph jumps to a review of the 
literature on phononic crystals and metamaterials, and does not return to a review of the 
literature on Rayleigh wave modulation until the third paragraph. 
 
Thank you for your comments. Our argument to the first point is that the article can’t start 
with that last sentence in the first paragraph. We tried to provide some perspective and 
context for our contribution. From your comment we infer that you do not need this 
perspective, but we argue that many readers less familiar with the topic will appreciate it. 
 
The authors have structured the flow of the first paragraph to suggest the implications of 
this research across length scales; in seismic isolation of structures, vibration control, and 
designing surface acoustic wave (SAW) devices. The second paragraph introduces 
elastodynamic metamaterials and motivates the resonant metamaterials; it includes a brief 
distinction between the local resonance-based and Bragg scattering-based metamaterials 
for less familiar readers before diving into the literature focused on suppressing Rayleigh 
waves in the following paragraph. 
 

2. In the introduction, this work does not clearly identify the research gap, the innovation, or 
the novelty. Particularly, the statement "…understanding the coupling between the 
resonator and the base material is not yet fully explored" in the fourth paragraph is not 
really true. Instead, the physics of this problem has been well understood, see, for 
example, Boechler et.al PRL 2013, Colquitt et.al JMPS 2017. 
 
The authors agree with the reviewer that some aspects of the physics concerning the 
interaction of a periodic arrangement of prismatic rods with the Rayleigh wave propagation 
is well studied in [23] by solving the complex boundary value problem. However, an 
explanation for the mode-conversion of Rayleigh wave to shear waves is not explicitly 
provided. Moreover, the coupling conditions (vertical force exerted by the resonator rod 
on the half-space) derived in [23] is valid for the case of a prismatic rod but cannot be 
generalized for an arbitrary resonator geometry. This paper provides a new perspective of 
the same problem by demonstrating that Mindlin BCs (vertical displacement is clamped at 
the resonator base) are imposed at the fixed-free longitudinal eigenfrequency of the 
resonator, justifying the mode-conversion of the incident Rayleigh wave to shear wave 
(Lines: 489-494). Analogous to imposing Mindlin BCs by a prismatic resonator, resonators 
with non-intuitive geometries which impose Mindlin BCs at desired frequencies are 
possible through topology optimization and are the subject of a future manuscript.  



 
Understanding the interaction of Rayleigh waves with Mindlin BCs (finite/infinite sized) 
is a vital step for realizing BC-based resonator designs. And this is the knowledge gap that 
the authors would like to fill with this paper, as indicated in lines 81-88: 
 
“Though the periodic insertion of the cylindrical [33], cubic [34], and rod-like [28] resonators 
created band gaps to control Rayleigh wave propagation, the coupling between the resonator and 
the base material is not exploited in the design of the resonators.  
 
This paper extends the approach of Lissenden et al. to identify the BCs that help suppress Rayleigh 
surface waves. This is a fundamental step towards realizing a BC-controlled resonant metasurface 
design for blocking Rayleigh surface waves in a linear elastic half-space.”  
 
The authors argue that analyzing the mode conversions (first and second) of the Rayleigh 
wave incidence on Mindlin BCs patches is nontrivial and has potential implications for 
optimized resonator designs. Our research team is currently working on this topology 
optimization methodology to design optimized resonators that emulate Mindlin BCs on the 
half-space. The parametric study using different BC patch lengths provides inputs into the 
dimensions of the design domain for topology optimization to enhance Rayleigh wave 
suppression with fewer resonators.  
  
The authors, however, accept the reviewer's suggestion and modify the statement to be 
more specific on the implications and applications of this paper’s findings: 
  
"Though the periodic insertion of the cylindrical [33], cubic [34], and rod-like [28] resonators 
created band gaps to control Rayleigh wave propagation, the coupling between the resonator and 
the base material is not exploited in the design of the resonators." 
 
 

3. In section 2, the Neumann BCs and Dirichlet BCs results can be found in any of the relevant 
textbooks, so there is no need to list them again. 
 
The authors agree that the Neumann BCs and Dirichlet BCs results are well known to the 
scientific community. However, the authors feel that including these results provides a 
better flow of passage for the reader before describing the two novel results of Mindlin and 
Auld BCs. Considering this comment, we have removed some details for brevity.  
 
Lines: 140-145: 
 
“Imposing the Neumann (traction-free) BCs (𝜎33 = 𝜎13 = 0) on the surface of the half-space results 
in the well-known Rayleigh surface waves [37], whereas imposing the Dirichlet BCs (𝑢1 = 𝑢3 = 0) 
results in nondispersive surface waves [35] that propagate with a phase speed of 𝑐 =  √𝑐𝐿

2  +  𝑐𝑇
2. 

Next, let us evaluate the possible surface wave solutions for the following Cauchy type BCs that 
are of interest to this study:” 
 

4. Although some interesting phenomena were provided via simulations, such as surface-to-
bulk conversion that are usually present in elastic metasurfaces, this work lacks a clear and 
precise explanation of the physical mechanism induced by the Mindlin BC. 



 
The authors have demonstrated that a half-space with Mindlin BCs imposed on the surface 
possess no surface wave solutions. This explains the delocalization of the Rayleigh wave 
propagating on a traction-free surface to longitudinal and transverse waves upon 
encountering Mindlin BCs, as these are the only wave solutions that exist. As demonstrated 
in lines 150-152: 
 
“This BC was initially proposed by Mindlin [38] to decouple the longitudinal (L) and shear vertical (SV) 
wave modes in isotropic plates and was later extended by Solie and Auld for anisotropic plates [39].” 
 
Mindlin BCs have shown a similar decoupling of the shear and dilatational behavior for 
guided modes propagating in an elastic plate.  
 
Our numerical study provides an in-depth understanding of all the possible mode-
conversions and the extent of Rayleigh wave reflection when a Rayleigh wave is incident 
on Mindlin BCs. We choose a numerical study as the mode conversions (first and second 
for a finite-sized patch) could be easily visualized providing deeper insights into the design 
of novel metamaterials. Moreover, the proposed numerical study helps analyze the 
influence of BC patch length on the extent of delocalization of Rayleigh waves to bulk 
waves. This numerical method could be extended for an array of equally spaced Mindlin 
BC patches to study the influence of patch length and spacing. This study could help 
optimize the performance of a meta-surface composed of prismatic resonators to achieve 
wider bandgaps without the need for full-scale simulations with resonators. As explained 
in lines 443-444: 
 
“Future studies will include a careful study of Rayleigh reflection and refraction due to the imposed BCs to 
better understand the reported observations here.” 
 
future studies will include solving analytically the Mixed BC problem of the Rayleigh wave 
incident on Mindlin BCs to understand better the reported numerical observations.    

 
 

5. The authors argued that the Mindlin BC can be imposed by a rod-like resonator. 
However, the Mindlin BC in this paper is: \sigma_{13} =0, u_3 = 0 for x_3 = 0, while 
the effective BC of rod-like resonators is  \sigma_{13} =0, \sigma_{33} =Z\times u_3, 
where Z is the impedence function, see: Supplementary Materials for A seismic 
metamaterial: The resonant metawedge. From this point of view they are different. 
 
The comparison between Mindlin BC and rods should be considered via a collection of 
resonators rather than one in the discussion part. 
 
The authors argue that both these BC representations are true. It has been shown in [23,7] 
that the vertical force exerted per unit area of the resonator on the half-space as: 
 

𝑉(𝜔)  =  𝐴𝜔√𝐸𝜌 tan (𝐿𝑤√
𝜌

𝐸
) 

 



where E, 𝜌 and L are the Youngs modulus, density, and length of the resonator and 𝜔 is 
the angular frequency. It can be demonstrated that the clamping of the vertical 
displacement at the resonator base occurs (See the figure below) at the resonator’s 
longitudinal resonance frequency from a simple frequency domain analysis of the resonator 
with the forcing function V(𝜔) applied to the resonator base. This indicates that Mindlin 
BCs are imposed at the longitudinal resonance frequency.  
 

 
Fig: Displacement profile (abs(U3)) extracted at the base of the prismatic resonator under the forced 

excitation (V(𝜔)) of the resonator base. The dip in the profile indicates clamping of the vertical 
displacement at the longitudinal resonance frequency 

 
The imposed Mindlin BCs convert the incident Rayleigh wave to bulk waves 
(predominantly shear) as demonstrated in the paper through the frequency-independent 
patch studies. The authors have modified the discussion section to add these details (lines 
489-494): 
 
“Though the physics behind Rayleigh wave interaction with the prismatic rods (considering only the 
longitudinal motion of resonators) is demonstrated analytically in [23] by solving the boundary value 
problem, the explanation to the mode-conversion of Rayleigh wave to shear waves is not explicitly detailed. 
This analysis provides an insight into the mechanism that leads to the conversion of Rayleigh waves to the 
bulk waves using prismatic resonators.” 

 
As explained in response to the previous comment, the above forcing function is valid for 
the case of a prismatic rod but cannot be generalized for an arbitrary resonator geometry. 
Thus, this paper provides a new perspective on the same problem by demonstrating that 
Mindlin BCs (vertical displacement is clamped at the resonator base) are imposed at the 
fixed-free longitudinal eigenfrequency of the resonator that can be conveniently exploited 
for designing optimized resonators of arbitrary geometry, as explained in lines 520-524 
and 557-559: 
 
“Although designing resonators based on longitudinal resonance frequency matching is straightforward, 
matching the BCs at the resonator base at prescribed frequencies could provide further insights into how the 
bandgaps are created leading to novel metasurface designs.” 
 
“Analogous to the clamping of the vertical displacement by a prismatic resonator, non-intuitive resonator 
designs are possible through topology optimization that imposes Mindlin BCs at desired frequencies.” 

 



The authors would like to reiterate that a prismatic resonator of a small width results in 
lesser mode conversion of Rayleigh wave to bulk waves. It was demonstrated that this 
limitation arises due to the second mode conversion, where a part of the transverse wave 
mode converts back to Rayleigh wave (lines: 494-499). Therefore, achieving significant 
Rayleigh wave suppression requires an array of prismatic resonators. This can be 
confirmed by comparing the frequency domain simulations at 510 kHz frequency for an 
array of resonators with an array of Mindlin BC patches of similar dimensions as the 
resonator base. An array of resonators readily suppresses the Rayleigh wave with each 
Mindlin BC patch (imposed by the resonators) successively converting a part of the 
Rayleigh wave to the shear waves. 
 
Based on the reviewer's suggestion, the authors have also included a study on an array of 
prismatic resonators in the discussion section to demonstrate the imposing of Mindlin BCs 
by all the resonators. Please refer to the lines 506-519 and Fig. 14 in the document for the 
modifications: 
 
“The FDFE analysis performed on a single resonator (Fig. 12(a)) can be extended to an array of 30 
resonators to confirm the imposing of Mindlin BCs by all the resonators at the longitudinal resonance 
frequency. To demonstrate this, we compare the displacement fields resulting from the interaction of the 
Rayleigh wave with an array of resonators (Fig. 14(a)) and an array of an equal number of (frequency-
independent) Mindlin BC patches (Fig. 14(b)) at 510 kHz (longitudinal resonance frequency of the 
resonator). The dimensions of each Mindlin BC patch are identical to that of the resonator base and the 
spacing between the resonators/Mindlin BC patches is considered 1.4 mm (~𝜆𝑅/4). The displacement fields 
(Re(U3)) for both the cases (resonators/patches) are very similar and show enhanced suppression of Rayleigh 
waves (90% suppression). These results indicate that an array of resonators impose an array of Mindlin BC 
patches (at 510 kHz) and thereby provide significant Rayleigh wave suppression” 
 

 
Fig. 14: (a) Displacement fields (Real(U3)) obtained for the cases with (b) an array of 30 resonators, 
each having their first longitudinal resonance frequency at 510 kHz and (c) an array of frequency-

independent Mindlin BC patches. The cut outs in subfigures (a) and (b) provide an enlarged view of the 
resonator and the near-surface ``incident" and ``transmitted" regions. 

 
 
 

6. In the abstract the authors stated that "These findings provide new insights into the coupling 
that promotes surface wave control, potentially leading to novel metasurface designs". To 
the reviewer, the paper doesn't really match the premise of this statement. 

Array of resonators Array of Mindlin BC patches

(a) (b)



 
Thanks for your comment, but the authors do not agree with the reviewer’s assessment that 
the findings in this paper do not justify the premise of the statement stated in the abstract.  
 
Studying the interaction of the Rayleigh wave with the Mindlin BC patch (infinite/finite-
sized) is a non-trivial problem, which has not bene attempted before. As explained in the 
introduction, such a study is required to design optimized resonators that impose Mindlin 
BCs to suppress Rayleigh wave propagation. The authors study this interaction with the 
Mindlin BC patch through an extensive finite element analysis. The mode conversions 
(first and second) involved during the interaction provide a perspective of why a single 
prismatic resonator cannot suppress the Rayleigh wave and why an array of resonators does 
(Lines: 494-518). We demonstrate an intuitive example of a prismatic resonator imposing 
Mindlin BCs under Rayleigh wave propagation to draw a connection between frequency-
independent Mindlin BC patch studies and a frequency-dependent Mindlin BC patch 
imposed by the resonator.  
 
As explained earlier, analogous to imposing Mindlin BCs by a prismatic resonator, 
topology optimization can be used to design resonators with non-intuitive geometries, 
which impose Mindlin BCs at desired frequencies. The authors have modified the 
discussion/conclusion section to highlight these details: 

 
Lines 520-524: 
 
“Although designing resonators based on longitudinal resonance frequency matching is straightforward, 
matching the BCs at the resonator base at prescribed frequencies could provide further insights into how the 
bandgaps are created leading to novel metasurface designs.” 
 
Lines 557-559: 
 
“Analogous to the clamping of the vertical displacement by a prismatic resonator, non-intuitive resonator 
designs are possible through topology optimization that imposes Mindlin BCs at desired frequencies.” 
 
 
The design methodology for the BC-matched resonators will be discussed in detail in our 
upcoming manuscript as the authors would like to focus the current paper more on 
identifying the BCs responsible for suppressing surface waves. 
 
The study presented in this paper advances our understanding of the coupling conditions 
responsible for Rayleigh wave suppression and mode conversion, motivating the design of 
BC-matched resonator designs. Therefore, in our opinion, the findings of this paper clearly 
justify the premise of the statement stated in the abstract.   
 

  



Reviewer #3:  
The authors provide an interesting insight into manipulation of surface waves via boundary 
condition design. Based on the theoretical analysis, they find that Mindlin BCs cannot support the 
transmission of surface waves, owing to which the incident Rayleigh waves will transfer into bulk 
waves. Both frequency-domain and time-domain simulations are conducted to illustrate the mode-
conversion from Rayleigh waves to bulk waves. Finally, they try to reveal the mechanism of band 
gaps caused by surface pillars from the view of BC types. 
This paper is valuable and may provide a novel insight into the design/mechanism of metasurface.  
 

1. It will be better if they can give a deeper discussion on how to use the wave phenomena 
with respect to ideal/classical boundary conditions to guide the design of micro-structures 
to mimic the results.  
 
Thank you for the comment. In this paper, the authors would like to focus more on the 
interaction of Rayleigh wave propagation with frequency-independent Mindlin BCs and 
its implications. We demonstrate an example of a prismatic resonator imposing Mindlin 
BCs during Rayleigh wave propagation to draw a connection between frequency-
independent Mindlin BC patch studies and a frequency-dependent Mindlin BC patch 
imposed by the resonator. 

 
Analogous to the clamping of the vertical displacement by a prismatic resonator, non-
intuitive resonator designs are possible through topology optimization that impose Mindlin 
BCs at desired frequencies. The authors have modified the discussion/conclusion section 
to highlight these details: 
 
Lines 489-494 
 
"Though the physics behind Rayleigh wave interaction with the prismatic rods (considering only the 
longitudinal motion of resonators) is demonstrated analytically in [23] by solving the boundary value 
problem, the explanation to the mode-conversion of Rayleigh wave to shear waves is not explicitly detailed. 
This analysis provides an insight into the mechanism that leads to the conversion of Rayleigh waves to the 
bulk waves using prismatic resonators.” 
 
Lines 520-524: 
 
“Although designing resonators based on longitudinal resonance frequency matching is straightforward, 
matching the BCs at the resonator base at prescribed frequencies could provide further insights into how the 
bandgaps are created leading to novel metasurface designs.” 
 
Lines 557-559: 
 
“Analogous to the clamping of the vertical displacement by a prismatic resonator, non-intuitive resonator 
designs are possible through topology optimization that imposes Mindlin BCs at desired frequencies.” 
 
The authors feel that the modified discussion of prismatic resonators provides sufficient 
insight into how these Mindlin BCs can be exploited towards designing non-intuitive 
resonators using topology optimization. The design methodology for these BC-matched 
resonators will be discussed in detail in our upcoming manuscript. 

 



 
2. Local resonance of the pillar maybe a case of the Mindlin BC, but it is not a good one 

owing to the narrow bandgap width. 
 
A minor suggestion: The influence of the Mindlin BC length should be further analyzed 
by parameter study, a relation between the BC length and the transfer ratio of the mode 
conversion should be presented, and the critical length that makes good mode conversion 
should also be defined. 
 
The authors agree with the reviewer's comments. As the reflected Rayleigh wave is 
independent of the patch length, the transmission ratio could quantify the extent of 
Rayleigh wave mode conversion to bulk waves. This has been added to the discussion in 
lines 390-393: 
 
“As the reflected Rayleigh wave is independent of the patch length, the amount of Rayleigh wave suppression 
achieved quantitatively represents the extent of mode-conversion of Rayleigh waves to bulk waves” 
 
The authors have explicitly stated that the complete Rayleigh wave suppression (~99%) 
requires Mindlin BC patch length to be 10 times greater than the Rayleigh wavelength 
(lines: 384-387), and this is therefore the critical length for maximum mode-conversion. 
 
As described in the discussion section, it is impractical to achieve a Mindlin BC patch 
length more than a Rayleigh wavelength using prismatic resonators due to the constraint 
over the resonator length to match the longitudinal resonance frequency with the incident 
Rayleigh wave frequency (lines: 494-499). However, the parametric study presented in this 
manuscript with different Mindlin BC patch lengths provides key inputs for the BC-
optimized resonator design methodology (through topology optimization) to enhance 
Rayleigh wave suppression with fewer resonators, thereby enhancing the bandgap. 
 
Additionally, the use of an array of resonators seems to be much more effective than 
enlarging the size of a single resonator as illustrated by the new Fig. 14. While in this article 
the objective is to understand the BC coupling between half-space and resonator, the 
applications of interest to the authors will likely contain an array of resonators. 
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Abstract

A resonant metasurface design based on boundary condition (BC) manip-

ulation was recently established to control low-frequency Lamb waves in a

plate. This study identifies the necessary BCs that forbid Rayleigh wave prop-

agation in order to find a rational design methodology for an optimized BC-

controlled meta-surface. An analytical study of Mindlin BCs, a type of Cauchy

BCs, shows promise in surface wave control. The frequency-domain and time-

domain finite element studies performed by imposing Mindlin BCs in the path of

Rayleigh wave propagation are consistent with analytical predictions, exhibiting

no Rayleigh wave transmission. The simulations reveal mode conversions from

Rayleigh wave to bulk waves directed into the half-space and a low amplitude

Rayleigh wave reflection. For a finite-sized BC patch, the radial beam spreading

of the mode-converted bulk waves keeps some energy near the surface, which

could convert back to Rayleigh waves at the end of the BC patch. Thus, the BC

patch must be sufficiently long to effectively suppress surface waves. Finally, we

show that the Mindlin BCs can be imposed by a rod-like prismatic resonator at

the resonator’s longitudinal frequency. These findings provide new insights into

the coupling that promotes surface wave control, potentially leading to novel
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Mindlin boundary conditions, Mode conversions, frequency-domain analysis,

and time-domain analysis

1. Introduction

Rayleigh waves are elastic surface waves that travel along the surface of a

traction-free isotropic elastic half-space. The out-of-phase horizontal and verti-

cal displacement components of the Rayleigh wave result in an elliptical motion

that decays exponentially with depth. Rayleigh waves are encountered over a5

wide range of frequencies. The low-frequency (∼ 0.1-10 Hz) Rayleigh waves

emitted during earthquakes and explosions can be destructive even at long dis-

tances from the source. The mid-frequency (∼100 Hz) Rayleigh waves generated

by traffic loading and other human activities could harm sensitive instruments

and machinery in the nearby industrial sites [1]. Rayleigh waves at 0.01-10 MHz10

frequency are widely used in nondestructive evaluation (NDE). Furthermore, the

high-frequency Rayleigh waves in the MHz to GHz range are exploited in the de-

sign of surface acoustic wave (SAW) devices that are extensively used in various

electronic and biomedical applications, such as delay lines, filters, transducers,

and sensors [2, 3]. Therefore, controlling Rayleigh surface wave propagation has15

broad applications across length scales ranging from seismic isolation of struc-

tures and vibration control to the design optimization of miniature electronic

devices.

In the past two decades, there has been a significant advancement in re-

search towards elastodynamic metamaterials for applications in controlling elas-20

tic waves. These are engineered composite materials with unusual material prop-

erties such as negative effective mass density and elastic modulus that enable

elastic wave manipulation in non-intuitive ways. Many previous investigations

involved focusing [4, 5], steering [6], mode-filtering [7, 8], and cloaking [9, 10, 11]

of the incident elastic waves by exploiting these unnatural properties of meta-25

materials. Analogous to photonic crystals used in electromagnetic applications,

phononic crystals are a class of elastodynamic metamaterials that exploit Bragg
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scattering within the periodically ordered substructure to create stop-band gaps

to control wave propagation [12]. However, this requires the periodicity of the

substructure to match the wavelength of the incident wave, making phononic30

crystals unfavorable for low-frequency applications. In contrast, locally resonant

metamaterials employ a periodic or random arrangement of subwavelength res-

onators to create stop-band gaps, thereby easing the requirement of unit-cell

periodicity to be comparable to the wavelength [13, 14, 15]. Unlike phononic

crystals, the band gaps in locally resonant metamaterials are achieved through35

the hybridization between the incident plane waves and the local resonance of

the resonators [13, 16, 17].

Early studies to control Rayleigh wave propagation using the concept of

phononic crystals include periodically distributed cylindrical holes in the host

medium with stop-band gaps resulting from Bragg scattering of the incident40

Rayleigh wave by air holes [18, 19]. On the other hand, locally resonant meta-

materials using a two-dimensional array of pillars erected on a semi-infinite sub-

strate have been shown numerically [20] and experimentally [21] to create stop-

band gaps at frequencies significantly lower than that can be achieved through

Bragg scattering. Such two-dimensional surface arrays of resonators used to ma-45

nipulate the incident waves using local resonance phenomena were later termed

“metasurfaces” [22, 23]. Analytical derivation of the Rayleigh wave dispersion

due to the local resonances of the surface-mounted damped harmonic oscilla-

tors was first provided by Garova et al [24]. Palermo et al. proposed a seismic

metasurface using the near-surface buried sub-wavelength cylindrical resonators50

to convert Rayleigh waves to shear waves that propagate away from the surface

[25, 22]. Miniaci et al. performed a parametric study on the Bragg scattering

and local-resonance-based cylindrical borehole metamaterial designs using a 3D

large-scale dispersion and finite-element analysis [26]. At the microscopic scale,

silica microspheres adhered to a silica substrate was shown to exhibit hybridiza-55

tion between the contact resonance of the microspheres with the surface acous-

tic waves [27]. Several investigations by Colombi et al. concern a metasurface

comprising surface-mounted rods that support both flexural and compressional
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resonances [28, 7, 29]. Their studies included designing a resonant meta-wedge

capable of trapping and mode-converting the incident Rayleigh waves over a60

broad frequency range. The formation of stop-band gaps for Rayleigh waves

using resonant rods was attributed to the hybridization or Fano interferences

between the Rayleigh wave and the local longitudinal resonances of the rods

[23].

Most studies employed parametric study-based resonator design requiring65

extensive numerical analysis to optimize the geometrical and material proper-

ties of the unit cell [26].Recently, Lissenden et al. provided a novel boundary

condition (BC)-based approach for designing resonant metasurface to forbid

the propagation of low-frequency Lamb waves in a plate [30]. They attributed

the formation of hybridization stop-band gaps to imposing particular Cauchy-70

type BCs to the resonator base. They demonstrated that blocking the incident

A0 Lamb waves in the plate could be achieved by imposing Mindlin BCs on

the surface of the plate at the resonator’s anti-resonant frequency, matching

the frequency of incident A0 Lamb waves. Similarly, blocking S0 Lamb waves

is possible through applying Auld BCs between the plate and the resonator.75

These BC-controlled resonant metasurface designs agree well with the rod-like

resonators employed by Rupin et al. [31] to control A0 waves and the clamping

four-arm resonators used by Hakoda et al. [32] to control S0 wave propagation.

The BC-controlled metasurface design is novel in that it decouples the resonator

design from the wave propagation and provides new insights to control elastic80

wave propagation. Though the periodic insertion of the cylindrical [33], cubic

[34], and rod-like [28] resonators created band gaps to control Rayleigh wave

propagation, the coupling between the resonator and the base material is not

exploited in the design of the resonators.

This paper extends the approach of Lissenden et al. to identify the BCs that85

help suppress Rayleigh surface waves. This is a fundamental step towards real-

izing a BC-controlled resonant metasurface design for blocking Rayleigh surface

waves in a linear elastic half-space. An analytical study performed to inves-

tigate the influence of various BCs (applied to the surface of a half-space) on

4

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



Rayleigh wave propagation suggests the efficacy of Mindlin BCs for suppress-90

ing the incident Rayleigh waves. This is further validated through extensive

numerical analyses. These BCs represent the necessary continuity conditions

between the resonator and the surface of the elastic half-space, thus, advancing

our understanding of the coupling between the resonator and the half-space re-

quired to suppress Rayleigh wave propagation. Knowing the necessary BCs and95

the minimum required length of the ’BC manipulation region’, one can design

resonators that impose these BCs on the surface to effectively block Rayleigh

wave propagation.

The remainder of the paper is arranged as follows. Section 2 provides an

analytical study of the possible surface-wave solutions in an elastic half-space100

with different BCs. The efficacy of Mindlin BCs in suppressing Rayleigh wave

propagation is demonstrated in Section 3 with extensive frequency-domain and

time-domain finite element simulations. Section 4 illustrates the influence of the

Mindlin BC patch length on the incident Rayleigh waves. Finally, a discussion

of the results is provided in Section 5 include the wave propagation angles of105

the mode-converted waves, the presence of multiple mode conversions for a

finite-sized Mindlin BC patch, and examples showing how prismatic rod-like

resonators can impose Mindlin BCs on an elastic half-space surface.

2. ANALYTICAL STUDY: INFLUENCE OF BOUNDARY CON-

DITIONS ON RAYLEIGH WAVE PROPAGATION110

Similar to what is recently shown for low-frequency Lamb wave propagation

[30], manipulating the BCs on the surface of an elastic half-space can signifi-

cantly affect the Rayleigh surface wave propagation. However, to the best of

the authors’ knowledge, there is no comprehensive study of the BC effects on

surface wave propagation. This section provides an analytical framework to115

study the influence of Neumann, Dirichlet, and a pair of Cauchy BCs on the

surface wave propagation in an elastic half-space with the goal of identifying

the relevant BCs that can provide the desired surface wave-control behavior.

5

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



Consider a homogeneous isotropic linear elastic half-space with the normal

to the surface oriented in the −x3 direction and wave propagation along x1120

direction (Fig. 1). Plane strain condition is assumed along x2 direction to

constrain the analysis to a two-dimensional case. The wave equation in the

half-space is governed by Navier’s second-order partial differential equation [35]

Half-space

d >> 𝝀𝑹

x1

x3

BC Manipulation

Figure 1: Schematic representation of an elastic half-space with different boundary conditions.

(λ+ µ)∇∇·ū+ µ∇2ū = ρ¨̄u, (1)

where λ and µ are Lamè material constants, ρ is the density, and ū = (u1, 0, u3)

is the displacement vector under plane strain assumption. Using the Helmholtz125

decomposition of the displacement into scalar potential ϕ(x1, x3) and vector

potential ψ̄ = (0, ψ(x1, x3), 0), ū = ∇ϕ+∇× ψ̄, ∇· ψ̄ = 0, leads to longitudinal

and transverse bulk wave solutions [35, 36]

∇2ϕ =
1

c2L

∂2ϕ

∂t2
, (2)

∇2ψ =
1

c2T

∂2ψ

∂t2
, (3)

where cL and cT are the longitudinal and transverse bulk wave speeds, respec-

tively. Here, we assume harmonic wave solutions traveling with a phase speed130

of c in the x1 direction with amplitude variation (D1(x3) and D2(x3)) in the x3

direction

ϕ = D1(x3)e
ik(x1−ct), (4)
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ψ = D2(x3)e
ik(x1−ct), (5)

where k is the wave number. Substituting the wave solutions into Eqs. (2) and

(3) and seeking surface wave solutions that decay in the x3 direction, we obtain

ϕ = A1e
−kqx3eik(x1−ct), (6)

ψ = B1e
−ksx3eik(x1−ct). (7)

Thus, the displacement components are135

u1 =
∂ϕ

∂x1
− ∂ψ

∂x3
= k(iA1e

−kqx3 + sB1e
−ksx3)eik(x1−ct), (8)

u3 =
∂ϕ

∂x3
+
∂ψ

∂x1
= k(−qA1e

−kqx3 + iB1e
−ksx3)eik(x1−ct), (9)

while Hooke’s law gives the stress components

σ33 = λ

(
∂u1
∂x1

)
+ (λ+ 2µ)

(
∂u3
∂x3

)
= µk2(rA1e

−kqx3 − 2isB1e
−ksx3)eik(x1−ct), (10)

σ13 = µ

(
∂u3
∂x1

+
∂u1
∂x3

)
= −µk2(2iqA1e

−kqx3 + rB1e
−ksx3)eik(x1−ct), (11)

where q =
√
1− c2

c2L
, s =

√
1− c2

c2T
, and r = 2− c2

c2T
. In these equations, σ is the

Cauchy stress tensor. The constants A1 and B1 can be determined using the

BC information on the top surface (x3 = 0) of the half-space.

Imposing the Neumann (traction-free) BCs (σ33 = σ13 = 0) on the surface140

of the half-space results in the well-known Rayleigh surface waves [37], whereas

imposing the Dirichlet BCs (u1 = u3 = 0) results in nondispersive surface waves

[35] that propagate with a phase speed of c =
√
c2T + c2L. Next, let us evaluate
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the possible surface wave solutions for the following Cauchy type BCs that are

of interest to this study:145

• Mindlin BCs, a representation of a lubricated rigid surface, are Cauchy

type BCs that constrains the traction component in the x1 direction and

the displacement component in the x3 direction on the surface of the

elastic half-space:

σ13 = u3 = 0, for x3 = 0. (12)

This BC was initially proposed by Mindlin [38] to decouple the longitu-150

dinal (L) and shear vertical (SV) wave modes in isotropic plates and was

later extended by Solie and Auld for anisotropic plates [39]. Though this

BC application was initially considered unrealistic [39], recently, Lissenden

et al. have shown a promising application of this BC to suppress the low-

frequency Lamb wave A0 mode in a frequency-dependent manner using155

rod-like resonators on the surface of an isotropic plate [30]. Interestingly,

solving Eqs. (9) and (11) by imposing the Mindlin BCs (Eq. (12)) re-

sults in only a trivial solution to the eigenvalue problem suggesting no

surface wave propagation. In other words, Mindlin BCs seem to provide

the desired control by forbidding the propagation of Rayleigh waves.160

• Auld BCs, a taut-chain representation of the surface, is another Cauchy

type BC, which constrains the traction component in the x3 direction

and the displacement component in the x1 direction on the surface of the

elastic half-space:

σ33 = u1 = 0, for x3 = 0. (13)

Similar to Mindlin BC, Auld BC was also proposed by Mindlin and later165

extended by Solie and Auld to decouple wave modes. These BCs were

recently exploited to reflect the low-frequency Lamb wave S0 mode in

an isotropic plate at a prescribed frequency using clamping resonators
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[32, 30]. Solving Eqs. (8) and (10) together with imposing the Auld BCs

(Eq. (13)) results in a non-dispersive shear vertical wave propagation in170

the x1 direction having no x3 amplitude dependence with the following

displacement solutions:

u1 = 0, (14)

u3 = iAeik(x1−cT t). (15)

Based on this analysis, Mindlin BCs show promise for preventing the propa-

gation of Rayleigh waves. Though the analytical derivation provides insight into

the influence of Mindlin BCs on the surface wave propagation, it is simplified175

and requires validation through detailed numerical investigations.

3. NUMERICAL ANALYSIS

We use numerical simulations to further investigate how Mindlin BCs ap-

plied over a finite region of the surface influence Rayleigh wave propagation in

an elastic half-space. Frequency domain and time domain finite element simu-180

lations are conducted to study the nature of mode-converted wave modes and

the minimum required length for the region with modified BCs (Mindlin BCs).

Such an analysis is necessary for designing resonators to impose Mindlin BCs,

an example of which is shown in in Section 5.

3.1. FREQUENCY DOMAIN ANALYSIS185

To investigate the interaction of Rayleigh waves with the imposed Mindlin

BCs on the surface, a 3D frequency-domain finite element (FDFE) study is

performed using COMSOL Multiphysics® software (version 5.6) [40]. However,

the simulations provide planar solutions due to the imposed periodic BCs in

±x2 directions. An elastic half-space is modeled with thickness 16λR in the190

x3 direction (Fig. 2) and material properties of Aluminium (Density of 2700

9

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



Kg/m3, Young’s modulus of 69 GPa and Poisson ratio of 0.33). As shown in

Fig. 2, the half-space is partitioned along its length into multiple domains:

“buffer” region of length 1λR, “excitation” region of length 10λR, “incident”

region of length αλR, and “Mindlin BC” region of length βλR, where λR is195

the wavelength of the Rayleigh wave, and α and β are two positive constants.

A perfectly matched layer (PML) of thickness 2λR is considered on all the

boundaries except the top surface to prevent the “end-wall” reflection. A body

load excitation with stresses corresponding to Rayleigh wave propagation is

applied in the incident region to simulate incident Rayleigh waves.200

Incident Region Mindlin BC RegionExcitation 
Region

Buffer Region

2λRλR

Mindlin BCTraction-Free BC

10λR 𝜶λR 𝜷λR

16λR

x1
x3

PML (Absorbing Layers)

Figure 2: Schematic of the elastic half-space model having traction-free BCs in ”Excitation”

and ”Incident” regions and imposed Mindlin BCs on the surface of the ”Mindlin BC” region.

Traction-free BCs are assumed on the top surface of the model except the

“Mindlin BC” region, where Mindlin BCs are imposed by constraining the dis-

placement in x3 direction. An element mesh size of 2.09 mm (∼ λR/10) and

frequency (f) of 100 kHz (λR = 29.09 mm) are used for the numerical anal-

ysis. The simulated displacement fields for α = 16 and β = 16 are shown in205

Fig. 3. The complex displacements in the x1 and x3 directions, obtained from

COMSOL simulations, are denoted as U1 and U3, respectively. The Re(U1) and

Re(U3) displacement profiles confirm the expected surface wave control with

no Rayleigh wave propagation visible in the “Mindlin BC” region (Fig. 3).

However, wave mode conversions are apparent in both the “incident” and the210

“Mindlin BC” regions that require further investigation.
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Figure 3: The displacement fields obtained by imposing Mindlin BCs on the surface of the

“Mindlin BC” region: (a) Re(U1), (b) Re(U3). U1 and U3 are the complex displacement

data in the x1 and x3 directions normalized with respect to the magnitude of total real

displacement.

We use the short spatial Fourier transform (SSFT) to identify the mode-

converted waves. The spatial Fourier transform (SFT) is a powerful tool to

distinguish different reflected and transmitted wave modes in FDFE analysis

[41]. The SFT of the simulated complex displacement profile ”recorded” along215

an edge (“data line”) in the model gives the wavenumber spectrum. In case

of plane-wave propagation, the SFT wavenumber spectrum would have distinct

peaks that correspond to particular wave modes. However, SFT of a “data

line” in the path of circular-crested waves may result in overlapping peaks in

the wavenumber spectrum thus complicating the identification of a particu-220
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lar wave mode. It is evident from Fig. 3 that the mode-converted reflected

and transmitted waves originate from a point source at the intersection of the

traction-free and Mindlin BCs and propagate at an oblique angle with a signif-

icant amount of radial spreading, making SFT unsuitable. Therefore, we adopt

a SSFT for the analysis instead. The SSFT consists of applying SFT to a small225

range of data points around the point of interest to provide a local estimate of

the wavenumber values. To obtain the desired wavenumber resolution, SSFT

should be applied over a sufficient number of data points around the point of

interest, which may require an increased model size.

To identify the mode-converted wave modes in Fig. 3 with a sufficiently230

fine wavenumber resolution, we create two additional models (case #1 and case

#2), similar to the one used in Fig. 3 but larger, with a thickness of 24λR. In

case #1, we set α = 4 and β = 24 to enlarge the “Mindlin BC” region and

study the nature of transmitted mode-converted waves as illustrated in Fig.

4(a). Whereas case #2 is modeled with α = 24 and β = 4 to study the reflected235

mode-converted waves in the enlarged “incident” region show in Fig. 5(a). The

complex displacement data (U1 and U3) is extracted along three horizontal and

vertical ”data lines” separated by a distance of 2λR at the center of the “Mindlin

BC” region for case #1 and the “incident” region for case #2, respectively (see

Figs. 4(a) and 5(a)) for the wavenumber spectra analysis. SSFT is then applied240

to the complex displacement components (U1 and U3) obtained over 7500 data

points within a length of 8λR around each of the nine intersection points marked

in Fig. 4(a) to obtain the local wavenumber spectra. An illustrative example of

the data points used to construct the wavenumber spectra for the intersection

point at the center of the “Mindlin BC” region is shown in the insets of Figs.245

4(b) and 4(c). The SSFT of the displacement profiles along the horizontal and

vertical lines provides wavenumber projections in x1 (kx) and x3 (kz) direc-

tions, respectively. The corresponding kx and kz wavenumber spectra for the

intersection point at the center of the grid are shown in Figs. 4(b) and 4(c).

The resultant wavenumber k =
√
(k2x + k2z) and its corresponding wave speed250

provides information about the wave modes propagating through the intersec-
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tion point. A similar analysis is performed for case #2 but in the “incident”

region to study the mode-converted reflected waves, as illustrated in Fig. 5.

Note that all the presented wavenumber spectra in Figs 4 and 5 are normalized

with respect to the spectral amplitude corresponding to the incident Rayleigh255

wave calculated by SSFT of U1+U3 extracted along a 8λR long line (7500 data

points) on the surface at the center of the “incident” region.

(b)
Forward wavesBackward waves

(a)

(c)
Forward wavesBackward waves

Mindlin BC Region Mindlin BC Region
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Figure 4: COMSOL FDFE simulation results for case #1: (a) the Re(U1) surface displacement

profile and the data lines used for SSFT analysis. The normalized wavenumber spectra (kx

and kz) obtained through SSFT analysis in the (b) x1 direction and (c) x3 direction are

presented for the intersection point located at the center of the “Mindlin BC” region (marked

in red). The insets in (b) and (c) provide schematics of the data points (marked in green)

used for the SSFT. The peaks corresponding to longitudinal (L) and transverse (T) waves are

marked for reference.
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Figure 5: COMSOL FDFE simulation results for case #2: (a) the Re(U1) surface displacement

profile and the data lines used for SSFT analysis. The normalized wavenumber spectra (kx

and kz) obtained through SSFT analysis in the (b) x1 direction and (c) x3 direction are

presented for the intersection point located at the center of the “Mindlin BC” region (marked

in red). The insets in (b) and (c) provide schematics of the data points (marked in green)

used for the SSFT. The peaks corresponding to longitudinal (L) and transverse (T) waves are

marked for reference.

To interpret the wavenumber spectra shown in Figs. 4 and 5, we should

note that the solid mechanics module of COMSOL assumes harmonic solutions

of the form eiωt to the wave problem in frequency domain analysis, where ω260

is the angular frequency, and t is time. Therefore, as marked on the spectra,

the positive and negative wavenumbers indicate the backward and forward wave

propagation, respectively. The kx and kz wavenumber spectra for both cases

indicate two distinct peaks. For case #1, the average wavenumbers estimated

from the displacements U1 and U3 around the center intersection point are kx265

= -70 rad/m and kz = -70.72 rad/m for the first peak, and kx = -143.3 rad/m

and kz = -137.8 rad/m for the larger second peak (Fig. 4). This gives estimated
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wavenumbers k = -99.5 rad/m and -199.5 rad/m for the first and second peaks,

respectively. These wavenumbers can be converted to phase speeds using the

expression c = 2πf/k, resulting in values (c = 6311.2 m/s and 3147.8 m/s)270

corresponding closely to the expected wave speeds of longitudinal (cL = 6197

m/s) and transverse (cT = 3122 m/s) waves. This analysis is repeated for all the

nine intersection points and the range of calculated wave speeds corresponding

to both peaks is plotted in Fig. 6(a). The aggregated wave speeds strongly

indicate the presence of mode-converted longitudinal and transverse waves in275

the “Mindlin BC” region. A similar procedure is followed to identify the wave

modes in the wavenumber spectra corresponding to case #2 shown in Figs.

5(b) and 5(c). The aggregated wave speeds (for all nine intersection points)

corresponding to the two peaks in case #2 are plotted in Fig. 6(b). Similar

to the transmitted waves, we observe the presence of reflected longitudinal and280

transverse waves in the incident region following the Rayleigh wave-Mindlin BC

interaction. This analysis indicates that Rayleigh waves incident upon Mindlin

BCs convert into bulk waves.

Longitudinal Wave
(Error: 0.53 %)

Transverse Wave
(Error: 0.69 %)

(a)

Longitudinal Wave
(Error: 1.87 %)

Transverse Wave
(Error: 0.22 %)

(b)

Figure 6: The calculated wave speeds corresponding to mode-converted (a) transmitted and

(b) reflected waves obtained through SSFT of the displacemnet profiles around the nine in-

tersection points. The box plot graphically represents the minimum, first quartile, median,

third quartile, and maximum of the aggregated data.

To study the reflected and transmitted waves along the surface, SSFT is used

to obtain wavenumber (kx) spectra for surface displacement at the center of the285
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”incident” region of case #2 and the ”Mindlin BC” region of case #1. The

resulting kx spectra are shown in Fig. 7. The incident/reflected wavenumber

spectrum indicates a low amplitude reflected Rayleigh wave upon incidence on

the Mindlin BC region (Fig. 7(a)). The larger peaks at the wavenumber k =

-215.9 rad/m in Fig. 7(a) correspond to the incident Rayleigh wave. The peaks290

corresponding to reflected longitudinal and transverse waves are not visible in

Fig. 7(a) as the amplitudes of these wave modes on the surface are insignifi-

cant compared to the reflected Rayleigh wave. As expected, the wavenumber

spectrum of the surface displacement in the transmitted region displays two

peaks corresponding to the longitudinal and transverse waves with no Rayleigh295

wave transmission (Fig. 7(b)). Note that the transmitted longitudinal and

transverse wave amplitudes are very small near the surface, as evident from

their normalized amplitudes in Fig. 7(b). It is also interesting to observe that

the mode-converted longitudinal waves have a larger amplitude than transverse

waves near the surface (Fig. 7(b)), in contrast to what is observed earlier within300

the ”Mindlin BC” region (Figs. 4(b) and 4(c)). The relatively smaller ampli-

tude of transverse waves could be attributed to the constraint on the vertical

displacement (u3) along the surface of the ”Mindlin BC” region.

The above-described FDFE analyses confirm our analytical findings that

applying Mindlin BCs on the surface forbids Rayleigh wave propagation. To305

provide further evidence for Rayleigh to bulk wave mode conversion and the

efficacy of Mindlin BCs for suppressing surface waves, time domain studies are

performed, as described in the subsequent section.
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Incident Rayleigh 
wave

Reflected Rayleigh 
wave

(a)

No Rayleigh  
wave 

transmission

Longitudinal wave

Transverse wave

(b)

Figure 7: Wavenumber spectra for surface displacement: (a) incident/reflected wavenumber

spectra corresponding to the surface displacement of the “incident” region in case #2 and (b)

transmitted wavenumber spectrum corresponding to the surface displacement of the “Mindlin

BC” region of case #1.

3.2. TIME DOMAIN ANALYSIS

A 2D model is considered for the time-domain finite element (TDFE) simu-310

lations performed in ABAQUS FEA software (Version 2018) [42], with multiple

regions similar to those used for FDFE studies (Fig. 2). The model parameters

determining the extent of “incident” and “Mindlin BC” regions, α and β, are

both set to 15. A 30 mm (∼ λR) thick layer of “infinite elements” is used as

an absorbing layer on the outer boundaries of the model to prevent “end-wall”315

reflections. The material (aluminum) properties are identical to those used in

FDFE models. Many studies suggest using point load or wedge excitation to

simulate Rayleigh waves [43, 23]. However, both of these methods have their

inherent disadvantages; the former resulting also in bulk wave excitation and

the latter resulting in undesired reflections and mode-conversions within the320

wedge. Here, we use a line-load excitation by applying the Rayleigh wave struc-

ture (displacement profile) along the edge of the excitation region, as shown in

Fig. 8(d). A 5-cycle Hanning windowed harmonic pulse of f = 100 kHz central

frequency with a bandwidth of 85 kHz to 115 kHz at -6 dB is defined (Figs. 8(a)

and 8(b)). Since the displacement components (u1 and u3) of Rayleigh waves325

are 90-degree out of phase, two out-of-phase pulses are input to the model along
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the x1 and x3 directions, as illustrated in Fig. 8(c). A structured 4-node plane

strain quadrilateral (CPE4R) mesh of size ∆x = 1 mm (∼ λR/30) and a stable

time increment of 50 ns (< 1/(20f) and < ∆x/20) is used for the analysis.

Infinite layers comprise 4-node linear plane strain infinite elements (CINPE4).330

(a) (b) (c)

(d)

(e)

Mindlin BC

(T)
(T)

(L)

(R)

Excitation
Load

Mindlin BC

Figure 8: Time domain analysis excitation pulse and results: (a) two out-of-phase 5-cycle

Hanning windowed harmonic pulses corresponding to u1 and u3 displacements and their

corresponding (b) frequency spectrum and (c) phase difference. Two snapshots showing wave

propagation (displacement magnitude) from the TDFE simulation at times (d) 129µs and

(e) 345µs after sending the pulse. The displacement field in (d) shows pure Rayleigh wave

propagation in ”incident” region resulting from the line-load excitation (at the location marked

with a white vertical line) with the inset illustrating the two displacement components (u1

and u3) of the propagating Rayleigh wave packet. The displacement field in (e) shows the

reflected and transmitted mode-converted longitudinal (L) and transverse (T) waves as well

as reflected Rayleigh (R) wave after encountering Mindlin BCs.
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The simulation results at two time instances 129µs and 345µs, before and

after the Rayleigh wave interaction with Mindlin BCs, are shown in Figs. 8(d)

and 8(e), respectively. Fig. 8(d) shows the efficacy of the line-load excitation

model to excite only the Rayleigh wave; the displacement profiles (u1 and u3)

in the inset corresponding to the depicted wave packet confirm pure Rayleigh335

wave propagation. The displacement field at time 345 µs (Fig. 8(e))agrees well

with the frequency-domain analysis results and visually confirms the presence

of mode-converted reflected and transmitted bulk waves and Rayleigh wave re-

flection upon the interaction of the incident Rayleigh wave with the Mindlin

BCs. For a more quantitative analysis of the reflections/mode conversions, a340

two-dimensional Fourier analysis is performed to obtain the dispersion char-

acteristics (k − f spectrum) of the mode-converted waves. The results of the

dispersion analysis are discussed in the supplementary material.

4. Effect of Mindlin BC patch length on the Rayleigh wave propa-

gation345

Having established the efficacy of Mindlin BCs in forbidding surface wave

propagation, a parametric analysis is performed to examine the influence of the

“Mindlin BC” region length (“patch length”) on the Rayleigh wave propagation.

We investigate the practical question: what is the minimum Mindlin BC “patch

length” required to suppress the Rayleigh wave propagation? To answer this350

question, a similar COMSOL model to that in Fig. 2 is created. But, the new

model has an additional region with traction-free surface (“transmitted” region)

of the same length as the “incident” region (αλR) added after the “Mindlin

BC” region. The parameter α representative of the length of the incident and

transmitted regions is set to 15. To vary the Mindlin BC “patch length”, the355

parameter β is varied as 1, 2, 5, 10, and 15. A FDFE simulation at 100 kHz is

conducted using each of the models with a different Mindlin BC “path length”

corresponding to the different β values.

The displacement (Re(U3)) fields for the different patch langths, β values
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of 1, 2, 5, 10, and 15, are shown in Figs. 9(a) through 9(e), respectively. The360

simulation results show that the mode conversion happens right at the interface

between the “incident” and “Mindlin BC” regions, similar to the A0 Lamb

wave mode conversions demonstrated in [30]. However, the transmitted bulk

waves near the surface undergo a mode conversion back to Rayleigh waves at

the interface between the “Mindlin BC” and the “transmitted” regions. As the365

Mindlin BC “patch length” increases in Figs. 9(c) through 9(e), the bulk waves

travel sufficiently far into the bulk of the transmitted region, reducing the extent

of mode-conversion back to Rayleigh waves.

Fig. 9(f)-(i) shows the wavenumber spectra for the surface displacement in

the incident/reflected (Figs. 9(f) and 9(g)) and transmitted regions (Figs. 9(h)370

and 9(i)). To calculate the wavenumber spectra, SSFT is applied to complex-

valued surface displacement data corresponding to 7500 points spanning over

8λR in the middle of the “incident” and “transmitted” region surfaces. The

wavenumber spectra are normalized with respect to the spectral amplitude of

the incident Rayleigh wave at 100 kHz obtained by SSFT of the complex-valued375

surface displacement data (U1 + U3) in ”incident” region (7500 data points) .

The incident/reflected wavenumber spectra indicate a Rayleigh wave reflection

with an amplitude, which is about 7% of the incident wave amplitude (Fig.

9(f) and 9(g)). Moreover, the amplitude of reflected Rayleigh wave is observed

to be independent of the Mindlin BC patch length. This is expected as the380

reflection occurs at the interface between the incident and Mindlin BC regions

and thus is independent of the extent of the Mindlin BC patch. In contrast,

Rayleigh wave transmission significantly decreases as the Mindlin BC “patch

length” increases from 1λR to 15λR (Figs. 9(h) and 9(i)). While the 1λR long

Mindlin BC patch provides a 74% reduction in Rayleigh wave transmission,385

99% transmission reduction is achieved for Mindlin BC “patch lengths” of more

than 10λR (Figs. 9(h) and 9(i)). These observations agree with our previous

understanding that the second mode conversion (mode-converted bulk waves to

Rayleigh waves) is solely due to the proximity of the transmitted bulk waves

to the next traction-free surface in the transmitted region. As the reflected390
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Rayleigh wave is independent of the patch length, the amount of Rayleigh wave

suppression achieved quantitatively represents the extent of mode-conversion

of Rayleigh waves to bulk waves. In addition, a low-amplitude wavenumber

peak corresponding to the longitudinal wave is observed in the transmitted

wavenumber spectra visible only in the insets of Figs. 9(h) and 9(i). However,395

there is no evidence of transmitted transverse waves near the surface in the

transmitted wavenumber spectra. This could be a consequence of the second

mode conversion from transverse to Rayleigh wave, which eliminates transverse

wave propagation near the surface.
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(a) (c)(b)

(d) (e)

(f) (g)

(h) (i)

Figure 9: COMSOL FDFE simulation results for varying Mindlin BC patch lengths: the

displacement field (Re(U3)) across the model normalized with respect to the maximum value

of the total real displacement for the Mindlin BC “patch length” of: (a) 1λR (b) 2λR, (c) 5λR,

(d) 10λR, and (e) 15λR. The incident/reflected wavenumber spectra correspond to (f) U1 and

(g) U3 obtained on the surface of “incident” region. The transmitted wavenumber spectra

correspond to (h) U1 and (i) U3 on the surface of “transmitted” region. The legend indicates

the Mindlin BC “patch length” in terms of Rayleigh wavelength λR. The longitudinal (L),

transverse (T), and Rayleigh (R) waves are marked for reference. The insets in subfigures (h)

and (i) provide the enlarged view of the peaks corresponding to the transmitted longitudinal

waves. The wavenumber spectra in subfigures (f) - (i) are normalized with respect to the

spectral amplitude corresponding to the peak of the incident Rayleigh wave.
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The mode conversions are further investigated using an ABAQUS TDFE400

simulation (Section 3.2) with a 5λR long Mindlin BC patch. The first mode

conversion is clearly visible in Fig. 10(b), resulting in mode converted bulk

waves and Rayleigh wave reflection. The conversion happens immediately after

Rayleigh wave impinges upon the interface between the ”incident” region and

Mindlin BC path similar to that observed for mode-conversions of low-frequency405

Lamb waves [30]. The snapshots of the wave propagation illustrating the second

mode conversions are presented in Fig. 10(c) and 10(d). Fig.10(c) shows the

mode conversion from the transverse wave to the Rayleigh wave at the end of

the ”Mindlin BC” region. The parametric study presented earlier suggests a

minimum ”patch length” of 10λR to prevent the second mode conversion and to410

sufficiently reduce Rayleigh wave transmission. These results are different from

the recently achieved control of low-frequency Lamb waves, where a patch as

small as λ/100 has shown to significantly reduce the transmitted waves [30].

(R)

(R)

(T)

(L)
(L)

(T)
(T)

(R)

(T)

(R) (R)

(T)

(L)

(T)

(R)

First mode conversion

Second mode conversion

(a) (b)

(c) (d)

Mindlin BC Mindlin BC

Mindlin BC Mindlin BC

Figure 10: Snapshots of the displacement field from the TDFE simulations of Rayleigh wave

propagation in a half-space with a Mindlin BC patch of length 5λR at times (a) 102µs, (b)

276µs, (c) 309µs and (d) 351µs after sending the pulse. The longitudinal (L), transverse (T),

and Rayleigh (R) waves are marked for reference.
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5. Discussion

The TDFE simulation results show the asymmetry of the transmitted and415

reflected mode-converted bulk waves originating from the interface between the

traction-free and Mindlin BC regions. Fig. 11 depicts the normalized displace-

ment magnitude of the transverse and longitudinal waves in Fig. 8(e) captured

at a propagation distance of 360 mm (∼ 12λR). Transverse waves exhibit two

main amplitude lobes; the transmitted wave into the “Mindlin” BC region shows420

a maximum value at an angle θ of about 20 deg while the reflected wave into the

“incident” region is maximum at θ = 135 deg as marked in Fig. 11. As already

discussed, it is clear from Fig. 11 that the dependence on the patch length

for the second mode conversion is due to the closeness of the amplitude lobe

corresponding to the transmitted transverse wave (20 deg) to the traction-free425

surface of the ”transmitted” region. The mode-converted longitudinal wave is

observed to have maximum amplitude at 60 deg into the “Mindlin BC” region

with a part of its wavefront in the “incident” region. Moreover, it is evident from

Fig. 11 that the incident Rayleigh wave energy is predominantly transmitted

as transverse bulk waves with minimal conversion to longitudinal and reflected430

transverse waves. In other words, the longitudinal wave amplitude is signifi-

cantly smaller compared to the transverse waves. Slight distortions observed in

the amplitude lobe corresponding to the longitudinal wave are likely due to the

unsuppressed wave reflections from the model boundaries. Finally, a fictitious

transverse wave lobe of high amplitude in the “incident” region near to the sur-435

face is due to the proximity of reflected Rayleigh and mode-converted transverse

waves because of the closeness of their wave speeds and therefore, should be ig-

nored. Besides, the Rayleigh wave reflection influences the amplitude profile

of the lobe corresponding to the reflected transverse wave, resulting in a slight

distortion of the amplitude lobe at angles greater than 150 deg. It is clear from440

Fig. 11 that the transmitted angles of the mode-converted transverse and longi-

tudinal waves do not follow the Snell’s law, cos θ = (cT /cR), which is undefined.

Future studies will include a careful study of Rayleigh reflection and refraction
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due to the imposed BCs to better understand the reported observations here.

Figure 11: Polar plot representing the magnitude of the mode-converted longitudinal and

transverse wave displacements in the “incident” and “Mindlin BC” regions. The wave prop-

agation angles corresponding to the mode-converted longitudinal and transverse waves are

marked for reference.

The above analyses suggests that imposing Mindlin BCs is effective in re-445

flecting and mode converting the incident Rayleigh waves. Here, we demonstrate

how to impose such BCs using a surface-mounted resonator. We hypothesize

that a properly designed resonator on a half-space surface excited at its longi-

tudinal resonance frequency may impose Mindlin BCs as in [30] and therefore,

convert the incident Rayleigh wave into bulk waves according to our simulation450

results. To demonstrate the imposing of Mindlin BCs by a resonator around its

resonance frequency, a 3D FDFE study is performed on a model that includes

a single resonator mounted on an elastic half-space. Consistent with our pre-

viously shown FDFE studies, a 3D model of width 1 mm and thickness 6λR

is partitioned into “buffer” region of length λR, “incident” and “transmitted”455

regions of length 4λR, and a “resonator” region of length equal to the width

of the resonator, as illustrated in Fig. 12(a). A prismatic rod-like resonator of

length (L) 2.5 mm and 0.5 mm × 0.5 mm cross-section (W×W ) is mounted

on the “resonator” region. The resonator size is chosen such that its first lon-

gitudinal resonance frequency is about 500 kHz (510 kHz) for fixed-free BCs,460

and the width (W) is decided to attain an aspect ratio (L/W) of 5. Periodic
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BCs are imposed on the lateral boundaries of the half-space to ensure continu-

ity in the displacement solutions. A line-load excitation with the displacement

profiles corresponding to Rayleigh waves is applied over the left edge of the

“incident” region and a frequency-domain study is performed at 490 kHz, 510465

kHz (resonator’s longitudinal resonance frequency, λR = 5.4 mm) and 530 kHz.

A mesh of size of λR/14 is used for the numerical simulation. A similar model

but with (frequency-independent) Mindlin BC patch in place of the resonator

is also analyzed for comparison.

(a)

(b) (c)

PML (Absorbing Layers)

Incident region Transmitted region

Bu
ffe

r R
eg
io
n

Ex
ci
ta
tio

n 
Lo
ad

4λR 4λRλRλR

6λR

Figure 12: (a) Schematic of the elastic half-space model with a resonator and the displacement

fields (Re(U3)) obtained for the cases with (b) frequency-independent Mindlin BC patch and

(c) a resonator with a first longitudinal resonance frequency at 510 kHz. The cut outs in

subfigures (b) and (c) provide an enlarged view of the resonator and the near-surface ”incident”

and ”transmitted” regions.

The simulation results at 510 kHz for the two analyzed cases of Mindlin BC470

patch and a single resonator are shown in Figs. 12(b) and 12(c), respectively.
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The displacement fields (Re(U3)) for the two cases are similar, both showing

only 30% suppression of Rayleigh waves observed in the “transmitted” regions

(estimated from the wavenumber spectrum analysis on surfaces of the ”incident”

and ”transmitted” regions, not shown here). The low level of Rayleigh wave475

suppression is expected because of the small patch length or resonator width

(∼ λR/10) used for the simulation. The main question is whether the resonators

impose Mindlin BCs on the surface of the elastic half-space. To answer this

question, we examine the out-of-surface displacement profiles across the base of

the resonator at resonance (510 kHz) and a few non-resonance frequencies as480

shown in Fig. 13. Also plotted are the profiles corresponding to displacements

along the x (abs(U1)) and y (abs(U2)) directions at the resonance frequency

(510 kHz). The out-of-surface displacement abs(U3) is found to be significantly

smaller compared to abs(U1) at the resonant frequency. Also, abs(U2) is nearly

zero possibly due to the wave propagation in the x-direction. More importantly,485

abs(U3) at 510 kHz is clearly smaller than that at non-resonance frequencies.

These displacement profiles indicate that the resonator base is imposing Mindlin

BCs at 510 kHz, the longitudinal resonance frequency.

(a) abs(U3)

510 kHz

x1

x2

(b) abs(U3)

530 kHz

(c) abs(U3)

490 kHz

510 kHz

(d) abs(U1)

510 kHz

(e) abs(U2)

Figure 13: Surface displacement profiles at the base of the resonator: abs(U3) at (a) 510 kHz,

(b) 530kHz, and (c) 490 kHz, and (d) abs(U1) and (e) abs(U2) at 510 kHz
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Though the physics behind Rayleigh wave interaction with the prismatic

rods (considering only the longitudinal motion of resonators) is demonstrated490

analytically in [23] by solving the boundary value problem, the explanation to

the mode-conversion of Rayleigh wave to shear waves is not explicitly detailed.

This analysis provides an insight into the mechanism that leads to the conversion

of Rayleigh waves to the bulk waves using prismatic resonators. When using

resonators to realize Mindlin BCs about the resonators’ longitudinal resonance495

frequencies (Fig. 13(c)), it is impractical to achieve a patch length more than

a Rayleigh wavelength. Therefore, because of the second mode conversion, it is

impossible to achieve significant Rayleigh wave suppression using just a single

resonator. However, the instantaneous first-mode conversion can be exploited

to design an array of resonators mounted on sub-wavelength size patches to500

suppress the Rayleigh wave transmission successively. This is equivalent to an

array of sub-wavelength-sized Mindlin BC patches, with each patch reflecting

and converting the transmitted Rayleigh waves. As the Rayleigh wave propa-

gates further through the array, it will lose more energy and will be diverted

more and more away from the surface.505

Array of resonators Array of Mindlin BC patches

(a) (b)

Figure 14: (a) Displacement fields (Re(U3)) obtained for the cases with (b) an array of 30

resonators, each having their first longitudinal resonance frequency at 510 kHz and (c) an

array of frequency-independent Mindlin BC patches. The cut outs in subfigures (a) and (b)

provide an enlarged view of the resonator and the near-surface “incident” and “transmitted”

regions.
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The FDFE analysis performed on a single resonator (Fig. 12(a)) can be

extended to an array of 30 resonators to confirm the imposing of Mindlin BCs

by all the resonators at the longitudinal resonance frequency. To demonstrate

this, we compare the displacement fields resulting from the interaction of the

Rayleigh wave with an array of resonators (Fig. 14 (a)) and an array of an equal510

number of (frequency-independent) Mindlin BC patches (Fig. 14 (b)) at 510

kHz (longitudinal resonance frequency of the resonator). The dimensions of each

Mindlin BC patch are identical to that of the resonator base and the spacing

between the resonators/Mindlin BC patches is considered 1.4 mm (λR/4). The

displacement fields (Re(U3)) for both the cases (resonators/patches) are very515

similar, and show enhanced suppression of Rayleigh waves (90% suppression).

These results indicate that an array of resonators impose an array of Mindlin BC

patches (at 510 kHz) and thereby provide significant Rayleigh wave suppression.

Many previous studies have reported the use of a surface-mounted resonator

array to control Rayleigh wave propagation [28, 29, 7]. Although designing res-520

onators based on longitudinal resonance frequency matching is straightforward,

matching the BCs at the resonator base at prescribed frequencies could provide

further insights into how the bandgaps are created leading to novel metasurface

designs. However, the connection between imposing BCs and the generation of

the bandgap is not yet fully explored. It should be noted that the closely spaced525

periodic resonators may lead to the incident Rayleigh wave dispersion, which

can in turn influence the applied BCs responsible for the generated bandgap.

Therefore, understanding the influence of Rayleigh wave dispersion on the BCs

imposed by surface-mounted resonators is required for BC-based metasurface

design and will be a part of future studies.530

6. Conclusion

Understanding the interaction of surface waves with different boundary con-

ditions can inspire novel metasurface designs similar to the recently established

metasurface control over the low-frequency Lamb waves. An analytical study
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using a particular Cauchy-type BC, called the Mindlin BC, shows promise for535

surface wave control, motivating the design of BC-based metasurfaces to ma-

nipulate Rayleigh wave propagation. The frequency-domain and time-domain

finite element studies reveal the complexity of Rayleigh wave interaction with the

Mindlin BCs, resulting in the reflection and transmission of the mode-converted

longitudinal and transverse bulk waves. The presence of the mode-converted540

bulk waves is confirmed using an extensive wavenumber spectrum analysis that

employs short spatial Fourier transforms. Two mode-converted transverse waves

emanate from a point source at the intersection between the traction-free and

BC regions. One is transmitted at about 20 degrees, and the other is reflected

at 45 degrees from the top surface. The mode-converted longitudinal wave is545

observed to be transmitted at 60 degrees into the half-space. A Rayleigh wave

reflection with an amplitude 1/15th of the incident wave is also observed in

the simulation results. A parametric study reveals that the Mindlin BC region

should be at least 10λR long to significantly block (99%) the Rayleigh wave

propagation. A long patch is required because otherwise, the proximity of the550

transmitted bulk waves to the surface at the second interface (between Mindlin

BC patch and traction-free ’transmission’ regions) may result in a mode con-

version from bulk waves back to Rayleigh waves. A surface-mounted resonator

is shown to effectively impose Mindlin BCs at the resonator’s longitudinal reso-

nance frequency. However, using a single resonator may not provide significant555

Rayleigh wave suppression due to the constraint over the resonator geometry

calling for a resonator array. Analogous to the clamping of the vertical dis-

placement by a prismatic resonator, non-intuitive resonator designs are possible

through topology optimization that imposes Mindlin BCs at desired frequencies.

By further understanding and control over the transmitted bulk waves and con-560

siderations of attenuation and inhomogeneous granular half-space, this Mindlin

BC-controlled metasurface design strategy can find applications in seismic isola-

tion of structures and the design of surface acoustic wave devices, among others.
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List of revisions 
 

1. Page 4, Line: 81-84 
 
“Though the periodic insertion of the cylindrical [33], cubic [34], and rod-like [28] resonators created 
band gaps to control Rayleigh wave propagation, the coupling between the resonator and the base material 
is not exploited in the design of the resonators.” 
 
(The structure of the paragraph (lines: 65-85) is slightly changed.) 
 
2. Page 7, Line: 140-145 
 
“Imposing the Neumann (traction-free) BCs (𝜎33 = 𝜎13 = 0) on the surface of the half-space results in the 
well-known Rayleigh surface waves [37], whereas imposing the Dirichlet BCs (𝑢1 = 𝑢3 = 0) results in 
nondispersive surface waves [35] that propagate with a phase speed of 𝑐 =  √𝑐𝐿

2  +  𝑐𝑇
2. Next, let us evaluate 

the possible surface wave solutions for the following Cauchy type BCs that are of interest to this study:” 
 
(A few details concerning the influence of Neumann and Dirichlet BCs on the possible surface wave 
solutions of the half-space are removed for brevity, based on the reviewer’s suggestions.) 
 
3. Page 20, Line: 390-393 
 
“As the reflected Rayleigh wave is independent of the patch length, the amount of Rayleigh wave 
suppression achieved quantitatively represents the extent of mode-conversion of Rayleigh waves to bulk 
waves” 
 
(This sentence is added based on the reviewer’s suggestion.) 
 
4. Page 28, Line: 489-494 
 
“Though the physics behind Rayleigh wave interaction with the prismatic rods (considering only the 
longitudinal motion of resonators) is demonstrated analytically in [23] by solving the boundary value 
problem, the explanation to the mode-conversion of Rayleigh wave to shear waves is not explicitly detailed. 
This analysis provides an insight into the mechanism that leads to the conversion of Rayleigh waves to the 
bulk waves using prismatic resonators.” 
 
(This explanation is added to the manuscript in response to the reviewer’s comments.) 
 
5. Page 28, Fig. 14 
 
(This figure is added to the draft in response to the reviewer’s comments.) 
 
6. Page 29, lines 506-518 
 
“The FDFE analysis performed on a single resonator (Fig. 12(a)) can be extended to an array of 30 
resonators to confirm the imposing of Mindlin BCs by all the resonators at the longitudinal resonance 
frequency. To demonstrate this, we compare the displacement fields resulting from the interaction of the 
Rayleigh wave with an array of resonators (Fig. 14(a)) and an array of an equal number of (frequency-
independent) Mindlin BC patches (Fig. 14(b)) at 510 kHz (longitudinal resonance frequency of the 
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resonator). The dimensions of each Mindlin BC patch are identical to that of the resonator base and the 
spacing between the resonators/Mindlin BC patches is considered 1.4 mm (~𝜆𝑅/4). The displacement 
fields (Re(U3)) for both the cases (resonators/patches) are very similar and show enhanced suppression of 
Rayleigh waves (90% suppression). These results indicate that an array of resonators impose an array of 
Mindlin BC patches (at 510 kHz) and thereby provide significant Rayleigh wave suppression” 
 
(This is explanation is added for Fig.14.  This figure has been added in response to the reviewer’s 
comments) 
 
7. Page 29, lines 520-524 
 
“Although designing resonators based on longitudinal resonance frequency matching is straightforward, 
matching the BCs at the resonator base at prescribed frequencies could provide further insights into how 
the bandgaps are created leading to novel metasurface designs.” 
 
(The authors have added this sentence to the discussion section to highlight the novelty of the proposed 
BC-based metamaterial approach.) 
 
8. Page 30, lines 557-559 
 
“Analogous to the clamping of the vertical displacement by a prismatic resonator, non-intuitive resonator 
designs are possible through topology optimization that imposes Mindlin BCs at desired frequencies.” 
 
(The earlier statement in the conclusion is slightly modified.) 
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