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Abstract: Control of guided waves has applications across length16

scales ranging from surface acoustic wave devices to seismic barri-17

ers. Resonant elastodynamic metasurfaces present attractive means18

of guided wave control by generating frequency stop-bandgaps using19

local resonators. This work addresses the systematic design of these20

resonators using a density-based topology optimization formulated as21
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an eigenfrequency matching problem that tailors antiresonance eigen-22

frequencies. The effectiveness of our systematic design methodology is23

presented in a case study, where topologically optimized resonators are24

shown to prevent the propagation of S0 wave mode in an aluminum25

plate.26
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1. Introduction27

The concept of metamaterials for electromagnetic wave propagation control was introduced28

by Pendry et al. (Pendry et al., 2006) and Leonhardt (Leonhardt, 2006) for synthetic pho-29

tonic crystals rarely used before the 2000s (Colquitt et al., 2017). Following this photonic30

crystals concept, phononic crystals rely on Bragg scattering to create negative elastic mod-31

ulus and effective mass density, resulting in bandgaps for electromagnetic or elastic waves32

(Deymier, 2013). However, their reliance on Bragg scattering often results in large-scale33

structures for low-frequency applications, which might not be practical to realize. To allevi-34

ate this limitation, a family of metamaterials called locally resonant metamaterials has been35

introduced with properties deriving from the local resonances of their sub-wavelength sized36

constituent unit cells (Fang et al., 2006; Lemoult et al., 2013; Liu et al., 2000). Since their37

inception, resonant elastodynamic metamaterials have been widely used to control elastic38

guided waves in plates (Hakoda et al., 2019; Rupin et al., 2014; Xiao et al., 2012), pipes39

(Danawe et al., 2020; Okudan et al., 2021) and half-space (Colombi et al., 2016b; Garova40

et al., 1999; Khelif et al., 2010) for applications spanning different length scales. Locally41

resonant metamaterials intended to control elastic guided waves with local resonators at-42

tached to the waveguide surface are sometimes referred to as locally resonant elastodynamic43

metasurfaces (Colquitt et al., 2017).44

45

Extensive work has been done in designing electromagnetic or acoustic metamaterials46

in recent years (Ahmed et al., 2021; Amirkulova et al., 2022; Jiang and Fan, 2020), such47

as designing acoustic metamaterials using deep learning, reinforce learning, or generative48
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adversarial networks (Gurbuz et al., 2021; Lai et al., 2021; Shah et al., 2021). However, the49

state-of-the-art design of locally resonant elastodynamic metasurfaces still relies on arrays50

of simple resonator geometries, e.g., rods (Rupin et al., 2014), holes (Brûlé et al., 2014),51

cuboids, beams, trusses (Zaccherini et al., 2020), four-arm resonators (Hakoda et al., 2019)52

or mass-spring systems (Palermo and Marzani, 2018). These metasurface designs are accom-53

plished through parametric tuning of dispersion curves empirically until the desired bandgap54

is achieved; a rational design process is lacking. The objective of this research is to address55

this gap by proposing a systematic design methodology for locally resonant metasurfaces,56

i.e., to design resonating structures that can be coupled to a waveguide surface, ultimately57

controlling the propagation of elastic waves. In search of methodologies that fulfill a set of58

design requirements, including manipulation of resonances or antiresonances matching them59

to desired frequencies, structural optimization methods arise as prime candidates (Campbell60

et al., 2019).61

62

Structural optimization has become an indispensable tool in simulation-based designs63

through size, shape, material, and topology optimization (Andersen et al., 2019; Guo and64

Cheng, 2010; Mei and Wang, 2021). The applications are diverse, including vibration con-65

trol of structures by passive, active, semi-active, or hybrid schemes (El-Khoury and Adeli,66

2013; Huang et al., 2011; Kim et al., 2012; Sun et al., 2009). Among the commonly used67

design techniques, the Topology Optimization Method (TOM) (Bens0e and Kikuchi, 1988;68

Sigmund and Bendsøe, 2004) provides a systematic design approach. Initially intended to69

solve structural design problems, the TOM is nowadays used in solving diverse multi-physics70
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problems in mechanics, acoustics, fluids, optics, electromagnetics, materials, among others71

(Gao et al., 2020; Jihong et al., 2021; Sigmund and Maute, 2013).72

73

The design of acoustic metamaterials using the TOM has been growing in recent74

years (Dong et al., 2021; Lu et al., 2013; Noguchi et al., 2018). However, the TOM has75

been only used in a few works to design of elastodynamic metamaterials to manipulate wave76

propagation. Oh et al. (2015) improved an empirically-designed hyperbolic metamaterial77

using the TOM. Dong et al. (2017) used an evolutionary algorithm-based TOM to design78

metamaterials that exhibit cloaking effects for longitudinal or transverse waves. Yang and79

Kim (2018) presented a metamaterial exhibiting perfect mode conversion from longitudinal80

to transverse waves or vice versa using a homogenization TOM. Ahn et al. (2019) developed81

a metamaterial to reflect longitudinal waves at any desired angle using a density-based TOM.82

Similarly, Rong and Ye (2020) used a genetic algorithm-based TOM to create metamaterials83

that steer bulk plane waves by tailoring phase delays. To the best of our knowledge, the84

TOM has not been used to design locally resonant elastodynamic metasurfaces by topologi-85

cally optimizing three-dimensional resonators through tailoring their antiresonances.86

87

2. Topology optimization88

A fundamental mechanism to manipulate the propagation of elastic waves is to purpose-89

fully change the displacement boundary conditions on the waveguide surface. This can be90

achieved by attaching resonant structures to the waveguide surface with antiresonances in91

the frequency range of interest (i.e., the desired bandgap) (Lissenden et al., 2021). An92
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antiresonance occurs when a system’s response to a harmonic force at a given point is zero.93

Resonators’ having antiresonances at a particular frequency results in the reported waveg-94

uide clamping effect at that frequency (Antonakakis et al., 2014; Galvagni and Cawley, 2011;95

Hakoda et al., 2019). We exploit this phenomenon for resonator design by formulating a96

topology optimization problem such that a resonator’s antiresonances are matched with a97

set of target frequencies. The antiresonance frequencies are obtained by solving a modified-98

eigenvalue problem (Jeong et al., 2003), i.e., computing eigenfrequencies while constraining99

the degrees of freedom where the harmonic force would be applied. The resulting frequency100

solutions are hereafter referred to as antiresonance eigenfrequencies.101

102

In order to design resonators, we use a density-based topology optimization for-103

mulated as a generalized problem that systematically modifies a resonator’s antiresonance104

eigenfrequencies (fq) until the target (gq) is achieved. To that end, the objective function105

quantifies the relative error between the resonator’s antiresonances eigenfrequencies and a106

reference set of target frequencies, with an L2-norm summing the cumulative error over all107

the eigenfrequencies, while a set of scalar weights controls each mode influence. The topology108

optimization process starts with a limited amount of material distributed in a fixed design109

domain discretized with a fixed number of finite elements Ne. A pseudo-density value ρe is110

assigned to each finite element to describe solid, void, or soft/intermediate elements. Thus,111
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the design variables are the element pseudo-densities. The optimization problem is therefore112

formulated as shown in Eq. (1);113

min
ρ

f(ρ) =

[
m∑
q=1

wq

(
fq − gq
gq

)2
]1/2

s.t. Vmin ≤
Ne∑
e=1

ρeVe ≤ Vmax

0 < ρmin ≤ ρe ≤ 1

([K]− λq[M ]) {Φq} = 0

(1)

where m is the total number of eigenmodes considered, wq is the qth weighting coefficient,114

Ne is the number of finite elements, ρeVe is the effective volume of each element, Vmax and115

Vmin are respectively the maximum and minimum volume constraints, ρmin is the minimum116

allowed pseudo-density to prevent numerical problems, [K ] and [M ] are respectively the117

global stiffness and mass matrices, and {Φq} is the qth eigenvector (mode shape) that corre-118

sponds to the qth eigenvalue λq.119

120

The optimization problem is solved with a Sequential Linear Programming (SLP)121

method. This gradient-based method requires a linealized objective function. The linealiza-122

tion process, referred to as sensitivity analysis, is carried out with a first-order Taylor series123

expansion disregarding the constant terms, such that the objective function (f(ρ)) can be124

rewritten as:125

min
ρ

∇f(ρ0)
Tρ (2)
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where ρ0 is the linearization point. The objective function is then simplified to:126

min
ρ

[
m∑
q=1

wq

(
fq − gq
gq

)2
]−1/2 [ m∑

q=1

wq (fq − gq)
4πg2q

√
λq

∂λq
∂ρk

]
ρk (3)

where:127

∂λq
∂ρk

=
ΦT
q

(
∂[K]
∂ρk
− λq ∂[M ]

∂ρk

)
Φq

ΦT
q [M ]Φq

(4)

The stiffness [K] and mass [M ] matrices depend on the material interpolation model128

and filters chosen. The interpolation model and the filters are needed to promote the gener-129

ation of solid and void elements, creating well defined topologies. In this work, we use the130

Rational Approximation of Material Properties (RAMP) model (Stolpe and Svanberg, 2001)131

as the interpolation model, and a combination of a density filter with a double Heaviside132

filter (Xu et al., 2010). Thus, the matrices can be written as:133

[K] =
Ne∑
e=1

ρe
1 + p1(1− ρe)

[ke] [M ] =
Ne∑
e=1

ρe
1 + p2(1− ρe)

[me] (5)

where p1 and p2 are the penalization factors for stiffness and mass matrices, respectively.134

Therefore, the matrix derivatives with respect to the pseudo-densities in Eq. 4 simplify to:135

∂[K]

∂ρi
=

1 + p1

[1 + p1(1− ρi)]2
[ki]

∂[M ]

∂ρi
=

1 + p2

[1 + p2(1− ρi)]2
[mi] (6)

136

137

3. Results138

As our case study, we use the topology optimization problem formulated in Eq. (1) to design139

resonators (based on antiresonance eigenfrequency matching) to prevent the propagation of140

the 50 kHz symmetric S0 mode of Lamb waves in a thin plate; thus setting m = 1, g1 = 50141
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kHz as the target frequency, and f1 as the antiresonance eigenfrequency to be optimized. By142

generating an antiresonance at the contact interface between the resonator’s base (surface143

in the xy plane at z = 0) and the waveguide surface, a displacement boundary condition144

(ux = 0 and uy = 0) is applied to the waveguide surface when an S0 wave impinges upon the145

resonator, therefore clamping the surface displacement and preventing the transmission of S0146

waves. Provided that a continuity condition at the contact interface between the resonator’s147

base and the waveguide surface is satisfied, it is possible to design a single resonator without148

including the waveguide or neighboring resonators. To do so, the waveguide is replaced149

with a harmonic load at the resonator’s base equivalent to the load the wave mode would150

exert. Thus, the design problem is reduced to optimizing a single resonator. Attaching multi-151

ple optimized resonators to the waveguide surface constitutes a locally resonant metasurface.152

153

Depending on the initial parameters chosen, the optimization problem may yield154

different solutions. Here, we present two selected solutions to demonstrate the design of155

resonators using the TOM. A list of common initial parameters used to obtain both solutions156

are shown in Table 1. The main difference between the two solutions is the minimum volume157

allowed in each case. For the first solution, the minimum volume is Vmin = 3% while Vmin158

is increased to 10% to obtain the second solution. Although this may seem like a subtle159

difference, it allows the optimization to distribute the material differently, therefore resulting160

in different topologies. Hereinafter, we call the first solution the Elephant-like topology, and161

the second solution the Boat-like topology, as shown in Fig. 1. We note that a symmetry162

condition along the wave propagation direction is imposed to reduce computational cost.163
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Table 1. Optimization initial parameters

Material properties Young’s modulus E = 70× 109 Pa, Mass density m = 2700 kg/m3

Design domain Dimensions: 25 × 12.5× 25 mm, Discretization: 16× 8× 16 elements

Material Model and filters RAMP model with p = 3. Density filter plus Heaviside filter

Volume constraints Maximum volume Vmax = 20%, Minimum volume variable.

The left hand side of images in Fig. 1 are a half-symmetric representation of the164

pseudo-densities (ρe) distributed in the design domain, i.e., a fixed volume with a fixed finite165

element mesh discretization. Each finite element has an associated pseudo-density value that166

ranges from 0 to 1, with 0 representing a void element, and 1 a fully solid element. The void167

elements are depicted as white voxels, and the solid elements as black voxels. Those with168

intermediate pseudo-density values are illustrated with varying shades of gray. The right169

hand side of images in Fig. 1 show the final post-processed topologies after recovering the170

symmetry condition. Note that during the post processing, the pseudo-density values are171

converted into a well-defined shape using the TOPslicer program developed by Zegard and172

Paulino (Zegard and Paulino, 2016), then the topology is re-meshed and analyzed with a173

commercial finite elements software.174

175

As a consequence of post-processing, the dynamic response of the optimized topolo-176

gies differs from the original optimized solution. Fig. 2(a) presents the normalized Frequency177

Response Functions (FRFs) for the post-processed topologies in Fig. 1 at the center point178
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of each topology’s base. These plots are obtained by applying a harmonic load at the179

base of each resonator in the x-direction (in-plane) since the S0 Lamb wavestructure is180

predominantly in-plane displacement (see Fig. 2(b),(c)). The FRFs in Fig. 2(a) show an181

antiresonance at 51.6 kHz for the Elephant-like topology, marked as a vertical solid red line.182

This frequency is slightly deviated from the target of 50 kHz due to the post-processing183

smoothing process. For the Boat-like topology, although an antiresonance appears at 50.1184

kHz (vertical solid line), the corresponding dip is not as ”deep” as the one observed for the185

Elephant-like topology. Since a displacement boundary condition is expected to be better186

imposed if the antiresonance is more pronounced (i.e., the dip in the FRF is deeper and has187

a smaller amplitude), we expect to observe a better performance in preventing wave prop-188

agation for the Elephant-like topology. Also note the distance between the antiresonance189

and its closest resonance peaks, marked a vertical dashed red lines. For the Elephant-like190

topology, the two closest resonances peaks, at 44.4 kHz and 66.7 kHz, are more separated191

than they are for the Boat-like topology with the closest peaks at 39.1 kHz and 50.9 kHz.192

This observation suggests the Elephant-like resonators could generate a wider transmission193

bandgap (Colombi et al., 2016a,b).194

195

To evaluate both topologies’ responses, frequency-domain simulations are performed196

using the model shown in Fig. 3(a) consisting of a plate with an arrangement of either topo-197

logically optimized resonator. Both the plate and the resonators are modeled as aluminum198

with material properties from Table 1. The topology-optimized resonators’ effectiveness in199

suppressing an incident S0 Lamb wave mode is validated at their identified antiresonance200

11



(a) Elephant-like topology.
(b) Boat-like topology.

Fig. 1. Two exemplary topology-optimized resonators. Raw topologies (left images), and post-

processed topologies (right images).

(a) FRFs of topology-optimized resonators

(b) Harmonic
force on

Elephant-like.

(c) Harmonic force
on Boat-like.

Fig. 2. Harmonic response for optimized resonators. (a) Blue dashed line is FRF of Elephant-like

resonator, black solid line is FRF of Boat-like resonator, vertical red solid lines are antiresonances,

vertical red dashed lines are resonances. (b) and (c) Harmonic forces applied on optimized topolo-

gies’ base represented as red arrows.

frequencies (see Fig. 2) by performing frequency-domain finite element analyses using the201

structural mechanics module in COMSOL Multiphysics. The plate has been divided into202

three analysis regions: incident, metasurface, and transmission region. The buffer regions203

prevent numerical errors by allowing the propagating wave to transition to the absorbing204
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layers which prevent wave reflections from the model boundaries. The plate supports a stag-205

gered arrangement of three rows of resonators with five or four units per row. An S0 Lamb206

wave generated in the body-load excitation region propagates towards the metasurface region207

through the incident region. By the time the spherical wave impinges on the arrangement208

of resonators, the wavefront is close to planar.209

Fig. 3 shows the harmonic response of the Elephant-like and Boat-like topologies at210

51.6 kHz and at 50 kHz, corresponding to their respective antiresonance frequencies. Note211

that the absorbing layer and the buffer regions shown in Fig. 3(a) are not shown in the other212

sub-figures. Fig. 3(b) presents the baseline simulation, i.e., S0 Lamb wave propagation in the213

plate without resonators. Fig. 3(c),(d) show that in presence of resonator arrays, a portion214

of the energy is reflected and the remaining propagates through the transmission region. To215

quantify the reflected and transmitted proportions, normalized wavenumber spectra for the216

incident and transmission regions are computed by a spatial Fourier transformation of the217

complex total displacements extracted at the center of incident and transmission regions,218

respectively. The incident, reflected, and transmitted wave modes are identified from the219

wavenumber spectra as shown in Fig. 4. The peaks with positive wavenumbers indicate220

wave modes propagating backward, whereas the peaks with negative wavenumbers denote221

waves propagating forward.222

223

The body-load excites a pure S0 Lamb wave mode propagating in the positive x-224

direction, resulting in the largest peak in the wavenumber spectra of Fig. 4. We observe225

reflection and mode-conversion of the incident wave energy as an S0 mode and as a mode-226
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(a) Schematic representation of a plate composed of three regions: incident,
metasurface, transmission. Optimized resonators are arranged in the metasurface

region.

(b) Baseline simulation for S0 Lamb wave propagation.

(c) Metasurface composed of 17 Elephant-like resonators.

(d) Metasurface composed of 14 Boat-like resonators.

Fig. 3. Numerical analysis of optimized metasurfaces. (a) Schematic model for simulation, (b)

baseline simulation, (c) and (d) Harmonic in-plane displacement field for locally resonant metasur-

faces composed of topology-optimized resonators.

converted A0 mode for both the resonator configurations. For the case of the Elephant-like227

topology, most of the incident wave energy is reflected as low-amplitude S0 and A0 modes228

observed as backward propagating waves in the incident region. Quantitatively, 25.2% of229

the S0 mode is transmitted, and the remaining is converted into an A0 mode with 4.8%230

normalized amplitude, as shown in the transmission region of Fig. 4(a). On the other hand,231

the Boat-like topology allows 47.2% of S0 mode transmission, as well as a 31% transmission232
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(a) Elephant-like wavenumber spectrum. (b) Boat-like wavenumber spectrum.

Fig. 4. Wavenumber spectra for metasurfaces of Figure 3.

as a mode-converted A0 mode, making it the less effective topology in preventing wave233

propagation. Similarly, some of the wave energy is reflected as S0 and A0 modes, observed234

as backward propagating waves in Fig. 4(b).235

These results demonstrate that both optimized resonators are suppressing the S0236

Lamb wave mode by imposing the desired antiresonance on the plate. The higher sup-237

pression of the incident S0 mode for the Elephant-like topology compared to the Boat-like238

topology is an evidence for its higher efficiency. However, since the mode-conversions between239

the S0 and A0 modes are non-intuitive, the resonators’ bases cover different surface areas in240

the metasurface region (Fig. 3(c)(d)), and the antiresonances occur at different frequencies,241

therefore a direct comparison of their performances is not straightforward. Based on these242

observations, both optimized resonators suppress the propagation of S0 Lamb wave mode243

albeit with different efficiency, providing fundamental understanding about the mechanisms244

involved in the control of elastic wave propagation while showing the feasibility of local245
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resonator design using structural optimization techniques.246

247

4. Conclusions248

In this paper, we present a design methodology formulated as a topology optimization prob-249

lem to design resonators using a density-based and gradient-based topology optimization250

method. This methodology can be used to systematically design locally resonant elastody-251

namic metasurfaces comprising the topology-optimized resonators mounted on a waveguide.252

Our approach requires a resonator’s antiresonance eigenfrequency to match a predefined253

target frequency, generating a bandgap around that frequency. We demonstrate the poten-254

tial of this methodology for designing resonant metasurfaces that suppress S0 Lamb waves.255

Nonetheless, this method can be extended to the design of resonant metasurfaces to control256

other types of elastic waves such as surface waves regardless of the frequency range, making257

this approach suitable for designing resonant structures at multiple length scales. Moreover,258

this design methodology can be generalized to tailor not only antiresonances but resonances259

or even both simultaneously, presenting a potential approach to widen metasurface’s fre-260

quency bandgaps and to design acoustic metamaterials.261
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