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Abstract — We present a novel high-order boundary integral
equation based mode solver for layered nanophotonic waveguides
featuring corners and junctions. The proposed solver leverages
an indirect single-trace formulation for composite dielectrics
which leads to a Müller-like integral equation posed on the
cross-section of the material interfaces, and a high-order Nyström
discretization for domains with corners. A variety of numerical
examples demonstrate the superior accuracy of the proposed
methodology as compared to standard commercial finite element
and finite difference based mode solvers.
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I. INTRODUCTION

Waveguides are fundamental components of photonic
integrated circuits (PICs) which are used to efficiently guide
and propagate light between optical devices on a chip. A
nanophotonic waveguide is typically composed of a dielectric
core material sitting on top of a dielectric substrate (Fig. 1).
Since PICs are often too large and complex to simulate
in their entirety, the underlying optical building blocks
are simulated and designed in isolation with their ports
attached to semi-infinite incoming/input and outgoing/output
nanophotonic waveguides. The characterization of waveguide
modes is then needed to properly model the system.

Several numerical techniques exist for finding the modes of
a given waveguide structure, and in fact multiple commercial
mode solvers exist which leverage finite-difference (FD) and
finite element (FE) methods. Unfortunately, these methods
are typically only 1st or 2nd order accurate, and can
lead to large and costly sparse eigenvalue problems. A
highly accurate numerical mode-matching method is presented
in [1]. However, this method is limited to waveguide
cross-sections which only have perfectly horizontal or
vertical material interfaces. A highly accurate but rather
involved boundary integral equation (BIE) approach, that
can be used to simulate arbitrary piecewise homogeneous
dielectric waveguide cross-sections, is presented in [2]. Unlike
the formulation in [2], which requires the evaluation of
hypersingular integral operators that can be challenging and
difficult to implement accurately, in this work we present
a novel BIE-based mode solver based on a single-trace
Müller-like (STM) formulation that can easily deal with
composite waveguides featuring triple or multiple junctions.
Our formulation only involves the calculation of weakly
singular integrals which can be readily computed with high
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Fig. 1. (a) Cross-section of the waveguide structure considered in the model
problem. (b) Trapezoidal-shape waveguide considered in section IV.

accuracy using simple quadrature rules that maintain their
precision for structures with sharp corners and junctions.
Furthermore, the proposed formulation is well-conditioned
away from the sought mode frequencies, allowing the use of
GMRES for the rapid evaluation of the suitable function used
to solve for the modes.

II. MODEL PROBLEM FORMULATION

Our model problem consists of an optical waveguide
placed on top of a layered dielectric plane (see Fig. 1a)
which may consist of an arbitrary number of layers. The
waveguide structure, which is assumed to occupy the cylinder
D3 = Ω3 × (−∞,∞) of cross section Ω3 in the xy plane,
has permittivity and permeability denoted by ε3 and µ3,
respectively. Similarly, the upper D1 = Ω1 × (−∞,∞) (resp.
lower D2 = Ω2 × (−∞,∞)) domain has material constants
ε1 and µ1 (resp. ε2 and µ2). Assuming the time dependence
of the electromagnetic field is e−iωt where ω is the angular
frequency, our goal is to find non-trivial EM fields (Ej ,Hj)
in Dj , j = 1, 2, 3, such that the (normalized) Maxwell’s
equations ∇×Ej − ikjHj = 0 and ∇×Hj + ikjEj = 0 in
Dj , and the transmission conditions

n̂×
{√

µjEj |− −
√
µiEi|+

}
= 0

n̂×
{√

εjHj |− −
√
εiHi|+

}
= 0 on Sij ,

(1)

are satisfied, where kj = 2π/λj = ω
√
εjµj is the wavenumber

and Sij = Di ∩Dj = Γij × (−∞,∞), (i, j) = (1, 2), (1, 3)
and (2, 3), are the material interfaces (see Fig. 1). Additionally,
a suitable radiation condition is required so as to ensure the
sought EM modes propagate away from the waveguide.

To enforce the conditions (1) and to take care
of the junctions, we resort to a single-trace (indirect)
BIE formulation [3], [4]. Letting (HjA)(r) = ∇ ×∫
S
Gj(r, r

′)A(r′) ds′ and (EjA)(r) := i
kj
∇× (HjA)(r) for

r ∈ R3 \ S, with Gj(r, r′) = (4π|r − r′|)−1 eikj |r−r
′| and A
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(a) (b) (c)
Fig. 2. (a) Mode profiles of silicon waveguide on oxide substrate computed by the STMBIE solver. (b) Convergence of the STMBIE solver and commercial
FD and FEM solvers. A highly refined solution from the STMBIE solver is used as the reference solution. Dashed lines represent first-, second-, and sixth-order
convergence for comparison. (c) Comparison of relative error vs. time required for the STMBIE and commercial solvers.

denoting a tangential vector field to the skeleton S =
⋃
i,j Sij

(i.e., the union of all material interfaces), the EM fields are
sought in the form

Ej(r) =ε
1/2
j (EjJ)(r)− µ1/2

j (HjM)(r)

Hj(r) =ε
1/2
j (HjJ)(r) + µ

1/2
j (EjM)(r)

(2)

in terms of unknown surface currents J and M that are to
be determined by enforcing the transmission conditions (1).
Note that the off-surface operators Hj and Ej are defined by
integrals over the entire skeleton S. Using the well-known
jump relations: n̂×(HjA)|± = KjA± A

2 and n̂×(EjA)|± =
TjA, where

(KjA)(r) =n̂(r)×∇×
∫
S

Gj(r, r
′)A(r′) ds′

(TjA)(r) =
i

kj
n̂(r)×∇×∇×

∫
S

Gj(r, r
′)A(r′) ds′

(3)

are the so-called MFIE and EFIE operators, respectively, we
have
√
µj(n̂×Ej)|± = (kj/ω)TjJ− µj {±M/2 +KjM}
√
εj(n̂×Hj)|± = (kj/ω)TjM + εj {±J/2 +KjJ} .

(4)

Imposing (1) by means of (4), we thus arrive at the following
integral equation system:

{(µi + µj)M− 2(µjKj − µiKi)M + TijJ}|Sij
=0

{(εi + εj)J− 2(εjKj − εiKi)J− TijM}|Sij
=0,

(5)

where Tij = 2
ω (kjTj−kiTi), for (i, j) ∈ {(1, 2), (1, 3), (2, 3)}.

The sought modes are thus determined via (2) by the
non-trivial solutions M and J of the homogeneous system (5).
Note that, as in the case of the Müller formulation [5], all the
integral operators in the 3D STMBIE (5) feature kernels with
at most integrable O(|r|−1) singularities as |r| → 0.

III. CROSS-SECTION INTEGRAL EQUATION FORMULATION

Relying on the axial symmetry of the waveguide structure,
we can recast (5) as a system of integral equations posed
on the 2D skeleton cross section Γ =

⋃
i,j Γij . Indeed,

since the sought EM fields (Ej ,Hj), j = 1, 2, 3, are
completely determined by their z-components Ez,j and
Hz,j , which take the form Ez,j = ez,j(ρ) eiβz and
Hz,j = hz,j(ρ) eiβz for some propagation constant β, it
holds that the tangential surface currents can be expressed
as M(r) =

{
Mτ (ρ)τ̂ (ρ) +Mz(ρ)k̂

}
eiβz and J(r) ={

Jτ (ρ)τ̂ (ρ) + Jz(ρ)k̂
}

eiβz , where r = (ρ, z) and n̂ =

τ2 î− τ1ĵ with τ̂ = τ1 î + τ2ĵ denoting the unit tangent vector
to Γ (see Fig. 1a). Therefore, replacing these expressions in (5)
and employing the identity∫ ∞
−∞

eiβz
′

4π

eikj|r−r
′|

|r− r′|
dz′ =

i

4
H

(1)
0 (κj(β)|ρ− ρ′|) eiβz, (6)

where κj(β) =
√
k2
j − β2, (5) is recast as the following

system of scalar 2D STMBIE:

{Eijϕ+ Wij(β)[ϕ]}|Γij
=0, (7)

for (i, j) ∈ {(1, 2), (1, 3), (2, 3)}, where Eij = diag(µi +
µj , µi + µj , εi + εj , εi + εj) and ϕ = (Mτ ,Mz, Jτ , Jz)
is a vector density function defined on Γ. For the sake of
conciseness, we do not make explicit the block entries of
the rather involved integral operator Wij(β) here (the block
entries of Wij are of the same form as in [6], which presents
a similar Müller formulation for simple dielectric waveguides
in free-space). Note that, in view of (6) and the fact that (5) is
given in terms of operators with weakly-singular kernels, Wij

features kernels with O(log |ρ|) singularities as |ρ| → 0.

IV. MODE SOLVER

In order to numerically find non-trivial solutions of (7),
we leverage the exponential decay away from the core for
both the waveguide modes and surface currents in ϕ [2].
Therefore, instead of attempting to solve (7) on the unbounded
skeleton cross-section Γ, we solve it on a small portion ΓA of Γ
around Ω3. The exponential decay of the currents ϕ gives rise
to exponential decay of the errors in the approximation ϕ ≈ ϕA
on ΓA, as the truncation width A (see Fig. 1a) increases,
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Fig. 3. Minimum singular value of E + WA vs. neff for a trapezoidal
waveguide over a multi-layer SOI substrate. The two zeros indicate the
existence of two propagating modes and their corresponding field profiles
are superimposed. (The additional layers are not displayed in the inset figures
for visualization purposes.)

where ϕA denotes the currents obtained by solving (7) on the
truncated skeleton cross-section ΓA. Given that Wij features
only weakly-singular kernels, the discretization of system (7)
can be achieved using the high-order Nyström method for the
2D Helmholtz equation (including corners) presented in [7].
Finally, the waveguide modes are obtained by searching for
values of β at which the matrix E+WA(β), resulting from the
Nyström discretization of the integral equation on ΓA, becomes
singular. This is achieved by means of the strategy used in [6],
which is to find the zeros of f(β) = (yT (E+WA(β))−1x)−1

where x and y are two fixed random vectors independent of
β. The function f is efficiently evaluated by means of the
GMRES algorithm which is used to compute (E+WA(β))−1x
iteratively. Evaluations of f can be accelerated by means of
H-matrix algorithms [8] or the fast multipole method [9].

V. NUMERICAL EXAMPLES

We first compare the performance of our STMBIE
approach against state-of-the-art FD and FE commercial
software by solving for the fundamental mode of a
500×220nm silicon (nSi =

√
εSi = 3.5) waveguide on top of

an infinitely thick oxide layer (nSiO2
=
√
εSiO2

= 1.45) with
air above it (Fig. 1a). A free-space wavelength λ = 1.55µm
is used corresponding to the common telecommunications
band for both examples in this section. The same problem
was also considered in [1] and [2], and the effective index
neff = λ

2πβ = 2.4123719873 determined by our STMBIE
method matches exactly with all 9 digits of their reported
value. By using the representation formula (2) and the densities
resulting from the solution of the 2D STMBIE (7), all six
field components of the mode cross-section can be evaluated
readily, as shown in Fig. 2a. In Fig. 2b we show the absolute
error in the neff values computed using the proposed STMBIE
and commercial FD and FE solvers for various discretizations.
PMLs were used in the FD solver to simulate open boundaries
and PEC boundary conditions were used in the FE solver.

Both linear and quadratic FE basis functions were utilized in
this comparison. The FD and linear FE methods exhibited
2nd-order convergence as expected; however, the quadratic
FE method surprisingly only achieved 1st-order convergence.
Our STMBIE, in turn, follows a 6th-order convergence slope,
which is limited by the degree of the graded mesh utilized
to cluster points near the corner singularities. Fig. 3c displays
absolute wall time versus error required for each solver. As
can be seen, the STMBIE approach requires less time than
any of the other approaches to achieve a desired error, despite
the fact that not much effort was placed into optimizing our
prototype implementation. The timings were all measured on
a server with dual Xeon Gold 6154 CPUs (36 cores). The
STMBIE algorithm requires 10 times less memory than both
FD and FE methods at the same mesh resolution.

Finally, in order to show that STMBIE can be applied to
arbitrarily shaped waveguides (unlike, for example, the method
presented in [1] which can only handle perfectly vertical and
horizontal interfaces) as well as multi-layer substrates, we
solve for all the propagation constants and mode profiles for
the trapezoidal-shaped silicon waveguide depicted in Fig. 1b.
The silicon guide is 350nm tall with a bottom width of 500nm
and top width of 200nm. The oxide layer below is 1µm thick
and sits on top of an infinite silicon substrate handle. The
dielectric material parameters used are the same as in the
first example. Fig. 3 plots the normalized minimum singular
value of the STMBIE system matrix versus effective index,
neff , together with the corresponding modal fields. Propagating
modes correspond to zeros in this plot, and note that for this
case, the STMBIE formulation is free from spurious solutions.

VI. CONCLUSION

A single-trace Müller boundary integral equation
(STMBIE) formulation was presented which can numerically
solve with high-order accuracy for the modes of composite
dielectric waveguides with arbitrary cross-sections and
substrate layers. The STMBIE can handle both corners and
junctions without loss of accuracy due to only involving
operators with weakly-singular kernels. The STMBIE method
significantly outperforms both FD and FE methods in
accuracy, CPU time, and memory required, making the
approach appealing for EM engineering applications.

The present STMBIE mode solver can be integrated as
an incident excitation with full-wave solvers for nonuniform
waveguide problems—either using volumetric [10] or surface
BIE [11], [12] methods. Furthermore, together with efficient
optimization techniques [13], complex nanophotonic devices
with input/output waveguide modes can be designed.
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