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A B S T R A C T   

The Tower of Hanoi (TOH) is a classic problem that can be solved via multiple strategies. This study used TOH to 
examine how mode of presentation of a problem influences strategy use and transfer. Undergraduate students 
(Experiment 1) or Prolific workers (Experiment 2) completed two TOH problems of varying difficulty (4-disk/5- 
disk). They were randomly assigned to different conditions in which problems were either high in internal 
representation (mental) or high in external representation (computer). Participants were better able to complete 
problems successfully when external representations were available but completed problems in fewer moves 
when relying on internal representations. In addition, participants spent more time between moves when solving 
problems mentally, suggesting that external representations encourage speed while internal representations 
promote accuracy when solving recursion problems. Lastly, both experiments provide evidence that first solving 
a problem mentally encouraged participants to use strategies similar to goal recursion on a second problem.   

To what extent do different types of representations impact one's 
ability to use and learn complex strategies when solving problems? One 
complex strategy often required for problem solving is goal recursion, a 
strategy where one must solve sub-goals or slightly simpler versions of 
the original problem to reach a solution (Simon, 1975). Components of 
goal recursion, including means-end analysis and establishing subgoals, 
are generalizable problem-solving strategies that are applicable to a 
wide variety of contexts. In educational contexts, goal recursion is most 
often required for mathematics and computer science problems (Pirolli 
& Anderson, 1985). It is reasonable to assume that facilitating the 
development of basic problem-solving strategies may support problem 
solving in a range of contexts both in and out of the classroom. One 
factor that may facilitate or impede the learning of such strategies are 
the internal and external representations available to the problem 
solver; external representations are physical depictions of a problem or 
constraints provided by the environment while internal representations 
include anything that is represented mentally such as ideas, strategies, 
and mental imagery (Zhang & Norman, 1994). The goal of this research 
was to assess whether individuals were more likely to use and learn 
complex strategies when Tower of Hanoi (TOH) problems were repre
sented with an external visual representation (i.e., on a computer 
screen) or with an internal mental representation (i.e., mental imagery). 

1. The Tower of Hanoi problem 

TOH is a classic, well-structured, and highly studied problem that has 
been used in cognitive science for over 100 years (e.g., Lucas & Claus, 
1883). Cognitive scientists have long used TOH to understand human 
problem-solving processes (Klahr & Robinson, 1981; Kotovsky, Hayes, & 
Simon, 1985; Simon, 1975). The structure of TOH is what makes it 
useful. TOH is an example of a transformation problem, which are prob
lems with an initial state, goal state, and rules associated with moving 
from one problem state to another (Greeno, 1978). In the standard 3- 
disk TOH puzzle, three disks of different sizes are stacked on a peg 
such that the largest disk is at the bottom and the smallest on top (See 
Fig. 1). There are three total pegs, and the goal is to re-stack the disks on 
the third peg with the following constraints (1) only one disk can be 
moved at a time, (2) a larger disk cannot be placed on top of a smaller 
disk and (3) a disk cannot be moved if there is another disk on top of it. 
There are countless variations of the task (for example, with different 
start and end states, different numbers of disks, and isomorphic 
contexts). 

Transformation problems are commonly solved using means-end 
analysis where the problem solver gradually reduces the difference be
tween the initial and goal state (Anderson, 1993; Newell & Simon, 
1972). TOH is used as a model task in the study of human problem 
solving because it is highly restricted and requires well-defined 
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strategies for solving the problem such as goal recursion and remem
bering move patterns (Karat, 1982; Simon, 1975). For similar reasons, 
TOH has been used as a method for teaching the concept of recursion in 
computer science and mathematics (Ford, 1984) and has also been used 
as a measure of executive dysfunction in neuropsychology patients (Goel 
& Grafman, 1995). 

2. Transfer of strategy in problem solving 

General heuristics and algorithms, such as goal recursion, setting 
sub-goals, and planning, can be applied to many problem-solving sce
narios (Bassok & Novick, 2012; Gick, 1986). It is possible that once these 
general strategies are learned, that people will apply these strategies to a 
variety of problem-solving contexts (Adams, 1986). For example, 
learning goal recursion by solving TOH may help you solve a future 
problem requiring goal recursion, such as understanding factorials. 
Unfortunately, students often struggle to understand these general 
strategies and to apply them to novel problems. While there have been 
attempts to teach such general strategies to students, demonstrable 
transfer of these strategies to other tasks has been elusive (Barnett & 
Ceci, 2002; Catrambone & Holyoak, 1989; Klahr & Chen, 2011; Spencer 
& Weisberg, 1986). 

Research finds that individuals can learn to solve problems that 
require more abstract strategies but are unable to solve isomorphic 
problems (i.e., structurally identical problems with a different surface 
structure) (Bassok & Holyoak, 1989; Hayes & Simon, 1977). For 
example, a classic TOH isomorph is the “Monsters and Globes” problem 
(Hayes & Simon, 1977), where three different sized monsters each hold 
a globe of a specific size, and the monsters must pass around the globes 
following a set of rules until each monster holds the globe corresponding 
to their size. One factor that may facilitate or impede developing an 
abstracted understanding of strategies is the extent to which they are 
learned via mental simulation or with the support of external visuali
zations. Solving visuospatial problems such as TOH without an external 
visualization requires strategic planning due to the large working 
memory demands of the problem (Handley, Capon, Copp, & Harper, 
2002; Zook, Davalos, DeLosh, & Davis, 2004). Internally using a trial- 
and-error strategy would be risky, as participants may lose track of 
the locations of the disks due to the many items that must be kept track 
of in working memory. As such, it is reasonable to predict that solving a 
problem using internal mental representations may facilitate learning 
and transfer of recursion, as strategic thought is required to successfully 
maintain a mental representation of the problem. 

3. Distributed representations of problems 

Problem solving is frequently characterized in terms of moving 
through a “problem space” that contains information about the problem, 
such as the current state of the problem (e.g., all the disks are on the 
leftmost peg), the goal, and possible actions one could perform. This 
information can be represented internally and/or externally. Internal 
representations include ideas, memories, and mental images, while 
external representations include physical images or objects, along with 

the constraints provided by the physical world. In a classic TOH problem 
in which one physically moves wooden disks from peg to peg, some 
information is externally represented (e.g., where the disks currently 
are; you cannot move a disk if there is another disk on top of it) whereas 
other information is internally represented (e.g., what the problem state 
will look like when the top disk is moved over one peg). Thus, the 
representation of most TOH problems is distributed, with some infor
mation being represented internally and other information represented 
externally (Zhang & Norman, 1994). 

Internal and external representations guide, constrain, and even 
determine cognitive behavior (Zhang, 1997). The same problem can be 
designed to provide more or less external support and/or to alter the 
internal cognitive processing demands. One method for manipulating 
external and internal demands in the TOH is varying mode of presen
tation of the problem. For example, individuals could solve the problem 
entirely mentally or with an external representation that is always 
available. 

Internal and external representations have different problem-solving 
affordances. In general, external representations offload cognitive de
mand, turning a difficult cognitive process into a simpler perceptual 
inference (Kotovsky et al., 1985; Larkin & Simon, 1987; Wu & Shah, 
2004). When mentally simulating TOH, working memory resources are 
taxed by the need to keep track of the current problem state; when the 
problem is presented externally the current state is always visible. Ac
cording to Cognitive Load Theory, the requirement to hold the current 
state in working memory may be construed as extraneous and leave the 
solver with fewer precious cognitive resources needed for forming 
appropriate problem representations and planning (Sweller, 1988). 

Consistent with Cognitive Load Theory, some researchers have found 
that using external memory aids, such as pencil and paper, increases 
problem solving performance by reducing cognitive load (Cary & Carl
son, 2001). Likewise, Barrett, Stull, Hsu, and Hegarty (2015) found that 
in the domain of organic chemistry, people were able to offload cogni
tive demands onto a visual display of a chemistry problem. In addition to 
the benefits from offloading working memory, Bocanegra, Poletiek, 
Ftitache, and Clark (2019) argue that being able to see problems visually 
allows the solver to reconceptualize the problem and interact with 
problems in a more meaningful way. Others suggest that technological 
aids may increase strategic thinking as extraneous details are offloaded 
onto the aid, leaving more processing resources for complex thought (for 
a review, see Reiser, 2004). 

Alternatively, it is reasonable to question whether solving TOH 
problems with an available external representation would promote 
passive problem solving, especially when individuals are not highly 
motivated to think strategically (Schoenfeld, 1991). The external rep
resentation acts as an extension of working memory, and thus, people 
may successfully complete problems through trial-and-error because 
there is little cognitive resource cost associated with making a move 
(Hélie & Pizlo, 2021). Thus, developing and using an efficient strategy is 
not necessary. In contrast, there is a greater cost to updating and keeping 
track of the current problem state when a TOH problem is solved 
mentally, and a trial-and-error strategy is likely to overwhelm working 
memory resources. Therefore, individuals who are required to solve 

Fig. 1. Shows the initial (left) and goal (right) states of the TOH problem.  
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TOH problems mentally may be more frugal with the number of moves 
they use. 

Noyes and Garland (2003) provide an initial test of this hypothesis. 
Across three within-subject design experiments, participants solved 
TOH problems mentally, with a physical TOH, and with a computer. The 
authors found modest evidence that participants solved problems with 
fewer moves in the mental condition. However, this effect was not 
consistent. They consistently found that participants spent more time 
between moves when solving problems mentally which led the authors 
to suggest that participants engaged in more planning and implemented 
a more complex strategy than participants with an external represen
tation. They also found that participants were consistently more likely to 
finish TOH problems in the computer condition in comparison to the 
mental condition. 

4. The current study 

The current study expands on Noyes and Garland's work by thor
oughly outlining a protocol for studying internal representation-based 
problem solving and addressing how problem difficulty (e.g., number 
of disks) and representation interact to influence strategy selection. It 
also explores whether internal representations promote the develop
ment of generalizable strategies that transfer to more difficult problems. 
In each experiment, participants solved TOH problems with high 
external (on a computer) or internal (mentally) representation. An 
initial pilot study was conducted to gauge the impact of number of disks 
on problem solving performance, allowing for the definition of easy and 
difficult problems that could be solved within a 15 min time frame by 
most participants (see Supplementary Materials). In the main text, we 
report the results of two experiments examining the impact of problem 
representation on strategy use and transfer, where Experiment 2 serves 
as a pre-registered replication of Experiment 1's main findings in a 
different sample. In both experiments, participants were randomly 
assigned to one of four conditions: MC (Mental/Computer), CM (Com
puter/Mental), CC (Computer/Computer), or MM (Mental/Mental), in 
which the first letter indicates the mode of presentation of the first 
problem and the second letter indicates the mode of presentation of the 
second problem. 

Experiments 1 and 2 examined how initial and subsequent problem 
representation influenced performance on an easy TOH problem (4- 
disk), followed by a more difficult problem (5-disk). Performance 
measures were completion rate, progression toward the goal state, 
number of moves, and time between moves. We predicted that partici
pants would be more likely to successfully finish problems on the 
computer, but participants solving problems mentally would complete 
them using fewer moves. Additionally, we predicted that individuals 
who solved the initial problem mentally would solve a second problem 
of greater difficulty using fewer moves than those who solved the first 
problem on the computer. To anticipate, we found that participants 
were more likely to finish difficult problems when given an external 
representation but were more likely to use an efficient strategy when 
solving difficult problems mentally, as assessed by performance and self- 
reported strategy use. We also found modest evidence that solving a first 
problem mentally facilitated performance on a more difficult problem. 
All data and analysis scripts are available at https://osf.io/puqs2/? 
view_only=81b4b4a7c59040c0a35d808ae299a4cc, 

5. Experiment 1 

The overall goal of this study was to examine how internal and 
external representations affect problem solving. When people learn to 
solve problems, some may spontaneously learn generalizable strategies 
that allow for completing isomorphic problems or problems of greater or 
lesser difficulty. Experiment 1 examined how internal and external 
representation would influence complex strategy use and transfer to a 
subsequent problem of greater difficulty. Participants solved an easy (4- 

disk) followed by a difficult (5-disk) TOH problem, with mode of pre
sentation of the problems varying by condition (MC, CM, MM, CC; M =
Mental, C = Computer). It was deemed appropriate to use a 4-disk 
problem as an “easy” problem and a 5-disk problem as a “difficult” 
problem based on pilot data (see Supplementary Materials). Perfor
mance for each problem was assessed based on completion of the TOH, 
progress toward the goal state, the number of moves taken to complete 
the problem, and the average time between moves. Based on findings 
from Noyes and Garland (2003), it was hypothesized that solving 
problems with a computer would facilitate completion but not the use of 
complex strategies, where strategy use is inferred when participants 
complete the problem in fewer moves and with more time spent between 
moves. 

Strategy transfer between modes of presentation was examined with 
linear regression models including the mode of presentation of the first 
and second problems viewed by participants as predictors. This method 
allowed for examining how viewing the initial problem in one mode of 
presentation would influence performance on a second problem. 
Experiment 1 consisted of three components: (1) solving a 4-disk TOH, 
(2) solving a 5-disk TOH, and (3) completing a post-test questionnaire. 
The results suggest that participants are more likely to solve the TOH 
problem when they rely on external representations (computer) but that 
they solve the problem more strategically when they rely on internal 
representations (mental). 

5.1. Methods 

5.1.1. Participants 
One hundred thirty-eight students were recruited from the under

graduate population of Purdue University and received partial fulfill
ment of a course requirement for their participation. A sample size of at 
least 30 participants per condition was chosen out of convenience. 
Participants were ineligible to participate if they were familiar with 
TOH. All participants were randomly assigned to one of four conditions 
(MC = 33, CM = 33, MM = 35, CC = 37). All procedures were approved 
by the Purdue University Institutional Review Board. 

5.1.2. Materials 
Computer Conditions. In conditions where participants solved 

problems on the computer (CC, CM, and MC), participants interacted 
with a virtual TOH programmed with Python 3. The problem display 
contained disks labelled 1 to n, with n representing the total number of 
disks, and three pegs labelled “A”, “B”, and “C” (see Fig. 2). 

All responses were recorded with key presses on the number pad of a 
standard QWERTY keyboard with an “A” label on the “7” key, a “B” label 
on the “8” key, and a “C” label on the “9” key. To move a disk, partic
ipants pressed the key on the number pad corresponding to the disk, 
followed by the key with the label of the peg they wanted to move the 
disk to. For example, if one wanted to move disk 4 to peg B, they would 
press button 4 followed by button 8 (which has a “B” sticker label on it). 

Participants were shown an error message if they violated one of the 
problem rules or pressed an incorrect key. The error messages included 
“You cannot move a disk with another disk on top of it”, “You cannot put 
a larger disk on top of a smaller disk”, and “The disk is already on the 
pole you selected”. For each problem, we recorded all moves and the 
time between each move, total time to completion, total number of 
moves, the number of times a rule was broken (e.g., attempted to move a 
larger disk on top of a smaller disk), and an image of what the problem 
space looked like when the participant either ran out of time or 
completed the problem. 

Mental Conditions. Participants solving problems mentally (MM, 
CM, MC) were given a static image of the problem space on a piece of 
paper to use as a visual aid. Participants in these conditions mentally 
kept track of the disks and verbally reported their moves to the exper
imenter (e.g., “move disk 1 to peg C"). The experimenter recorded the 
participant's progress by completing the computer program described 
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above with the participant's instructions. Participants were unable to 
view the experimenter's screen while solving the problem, unless they 
reported to the experimenter that they could no longer remember where 
the disks were located (see Procedure). Excluding the verbal protocol 
required in the mental condition (see Discussion), this method was 
identical to the procedure used by participants solving problems on the 
computer. Both conditions required that the participant select a disk 
followed by a peg, whether that be with two keyboard presses or by 
verbally reporting to the experimenter. After completing the TOH 
problems, participants completed an online questionnaire regarding 
their perceived difficulty of the problems and the strategies that they 
used while solving the problems (see the Appendix for specific 
questions). 

5.1.3. Design 
The experiment implemented a 4 × 2 mixed design with condition as 

a between-subjects factor with four levels (MC, CM, CC, and MM) and 
problem difficulty as a within-subject factor (4-disk, 5-disk). Perfor
mance was assessed with four dependent variables: problem completion, 
progress toward the goal state, number of moves, and average time 
between moves. 

5.1.4. Procedure 
Instructions. Participants were randomly assigned to MC, CM, MM 

and CC conditions with a random number generator. After being 
screened for prior experience with the problem and providing informed 
consent, participants were told that they would solve a series of prob
lems and that they would have 15 min to complete each problem. The 
experimenter showed all participants an example 3-disk TOH and the 
problem rules were explained. Participants were given instructions on 
how to solve the problem using the computer program and with the 
mental protocol across all conditions. They watched the experimenter 
make one move and one mistake with the computer program to better 
understand the procedure. They were also shown the visual aid that 
would be provided if they were to solve a problem mentally. Participants 
were informed that they would be allowed to briefly look at the exper
imenter's screen if they were solving a problem mentally and could not 
remember where the disks were located. However, they were also told 
they should do this as little as possible. Participants had the opportunity 
to ask any questions and were then given a 4-disk problem which was 
determined to be of low difficulty based on findings from a pilot study. 
After 15 min (or problem completion, whichever came first), partici
pants were told the mode of presentation for the subsequent 5-disk 
problem. After 15 min, or problem completion, participants were 
given a posttest questionnaire. 

Computer Procedure. Participants who solved problems with a 
computer (MC, CM, CC) interacted with the TOH program described in 

the Materials. 
Mental Procedure. Participants who solved problems mentally (CM, 

MC, MM) were told to imagine moving the disks from peg to peg and 
that they could use the visual aid as needed; they were not allowed to 
write on the visual aid. They verbally reported each move to the 
experimenter, who solved the problem with the computer program, 
following the participant's instructions. The experimenter and partici
pant sat side-by-side and were separated by a cubicle divider blocking 
the participant's view of the experimenter's screen. 

During the problem, the experimenter would inform the participant 
if they broke a problem rule and the participant informed the experi
menter whenever they needed to be reminded of the location of the 
disks. The experimenter kept track of how many times participants 
asked to look at the screen for each problem. It was stressed to partici
pants that the task was a mental task and that they should try to look at 
the screen as little as possible. This mode of presentation relied heavily 
on internal representation but allowed participants to be periodically 
reminded of the state of the problem space. 

5.2. Results 

5.2.1. Exclusion criteria 
Data were excluded from 3 participants for not understanding the 

TOH rules (n = 135). In addition, a computer malfunction led us to 
completely remove 11 additional participants from the data analysis 
(final n = 129). 

5.2.2. Performance on the first problem (4-disk) 
Performance on the 4-disk problem was assessed with a series of 

Welch two-sample t-tests comparing performance in computer condi
tions (CC and CM) to performance in mental conditions (MM and MC), 
unless otherwise noted. 

Completion rate. A Chi-Square test compared the proportion of 
participants who successfully solved the problem in the 15-min time 
period between conditions. Participants were more likely to complete 
the problem with the computer (100%) than the mental (91%) mode of 
presentation (χ2(1) = 4.45, p = .03). 

Progress to the goal state. In addition to assessing problem 
completion as a binary outcome, a progress score was calculated to 
compare performance on a continuous scale. Progress was calculated by 
adding the number of disks in the correct order on the last peg 
(considered moving toward the goal state) and subtracting the number 
of disks in the incorrect order on the last peg (considered moving away 
from the goal state). For example, someone with all four disks on the last 
peg receives a perfect score of 4, while someone with the largest and 
smallest of the four disks receives a score of 0 (+1 for having the largest 
disk on the last peg on the bottom, −1 for having the smallest disk on the 

Fig. 2. Example virtual TOH display with four disks.  
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last peg in the incorrect order). 
As such, the computer condition made more progress (M = 4.00) 

than the mental condition (M = 3.61), as expected considering all par
ticipants in the computer condition completed the problem (t(35) =

2.44, CI95% = [0.07, 0.71], p = .02). 
Number of moves. One way to assess strategy use is through the 

number of moves it takes participants to solve the problem. The closer 
their score is to the optimal score (in this case, 15 moves), the more 
likely it is that participants are using a strategy that is more complex 
than trial-and-error. This analysis only includes participants who 
completed the problem within the 15-min time period (Mental (n = 58), 
Computer (n = 65)) (Fig. 3A illustrates number of moves for all partic
ipants). Normalized number of move scores were computed for each 
problem with the following metric: normalized number of moves =
number of moves−optimal number of moves

optimal number of moves 

where the number of optimal moves for 4 and 5-disk problems are 15 
and 31 moves, respectively. After normalizing the number of moves, a 
score of 0 indicates optimal performance, while the larger the score the 
less optimal. There was no statistically significant difference in number 
of moves between conditions for the 4-disk problem (t(116.39) = 1.14, 
CI95% = [−0.10, 0.37], p = .26). 

Average time between moves. While the computer and mental 
conditions are virtually parallel in respect to how participants make 
their responses (i.e., “4 to C"), they differ on one critical element: the 
verbalization protocol. If participants are slower in the mental condi
tion, this isn't informative given that they must articulate their moves to 
the experimenter, while the computer condition moves the disks by key 
press. As an effort to correct this confound, for the mental condition, the 
estimated time it would take to articulate a move was subtracted from 
the average time between moves. 

Jacewicz, Fox, O'Neill, and Salmons (2009) found that the articula
tion rate for young adults when engaging in spontaneous speech (i.e., 
not reading) is approximately 5.18 syllables per second. In the current 
study, when reporting moves to the experimenter, participants would 
engage in 3–4 syllable utterances (i.e., “move 4 to C", or “4 to C"). Ac
cording to Jacewicz et al. (2009) it would take participants ~0.77 s to 
articulate a four-syllable utterance. Thus, to calculate the time between 
moves for each participant we divided the total amount of time to spent 
on the problem by the total number of moves, and for those in the mental 

conditions we subtracted 0.77 s from this value. Even after this correc
tion, participants in the mental condition (M = 14.04 s) spent signifi
cantly more time between moves than those in the computer condition 
(M = 7.58 s) (t(75.99) = −5.62, CI95% = [−8.76, −4.20], p < .001), with 
this difference being much larger than the correction itself. 

5.2.3. Performance on the second problem (5-disk) 
Performance on the second, 5-disk problem, was assessed with a 

series of linear regression models with either binary (i.e., completion 
rate), or continuous outcome variables (i.e., progress to goal state, 
number of moves, and time between moves), unless otherwise noted. 
Each model includes mode of presentation on the first, 4-disk problem, 
mode of presentation of the second, 5-disk problem, and their interac
tion as predictors. 

Number of reminders. As mentioned in the Methods section, par
ticipants who solved problems mentally were allowed to ask the 
experimenter to see the state of the problem if they could no longer 
remember where the disks were. The experimenter recorded how many 
times each participant asked to look at the screen. Before further anal
ysis, the number of reminders were compared between the MM and CM 
groups to ensure there were no confounds introduced to the analyses 
since the groups would be compared to one another on other outcome 
variables. Number of reminders was not compared between MM and MC 
participants in the 4-disk analysis because MC and MM participants are 
never directly compared to one another (i.e., we collapse across mental 
and computer conditions when examining performance on the 4-disk 
problem). A Welch two-sample t-test indicated no difference between 
the number of times MM (M = 2.00) and CM (M = 2.13) participants 
looked at the screen (t(53.95) = 0.28, CI95% = [−0.82, 1.08], p = .78). 

Completion rate. Mode of presentation of the second problem 
significantly predicted whether participants completed the 5-disk 
problem in the 15-min time period (B = −2.67, SE(B) = 0.82, p =

.001), as more participants completed the problem in the computer 
(93%) than mental (63%) conditions. There was no main effect of the 
mode of presentation of the first problem (B = −0.53, SE(B) = 0.95, p =
.57) nor a significant interaction between mode of presentation for the 
first and second problems (B = 1.34, SE(B) = 1.09, p = .22) (see Fig. 4A). 

Progress to the goal state. Mode of presentation on the second 
problem significantly predicted progress toward the goal state, as par
ticipants in the computer condition (M = 4.58) were overall closer to the 

Fig. 3. Number of moves for those who did (right) and did not (left) complete the 4-disk (A) and 5-disk (B) TOH problems in the allotted 15 min. These data illustrate 
that the effect of condition on number of moves is not driven by a selection effect in which only the best participants in the mental condition were retained for 
the analysis. 
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goal state than those in the mental condition (M = 2.90) (B = −2.55, SE 
(B) = 0.56, t(125) = −4.58, p < .001). There was no main effect of mode 
of presentation on the first problem (B = −0.22, SE(B) = 0.55, t(125) =
−0.40, p = .69). However, there was a significant interaction between 

mode of presentation for the first and second problems (B = 1.71, SE(B) 
= 0.79, t(125) = 2.16, p = .03). Participants who solved the second 
problem with the mental mode of presentation made significantly more 
progress if they had first solved a problem mentally, as opposed to on the 

Fig. 4. A – C illustrate the proportion of partic
ipants completing the 5-disk problem in each 
group, normalized number of moves on the 5- 
disk problem by group, and average time be
tween moves on the 5-disk problem by group. D- 
E illustrate the same data but for Experiment 2. In 
each figure, mode of presentation of the 5-disk 
problem is presented on the x-axis and mode of 
presentation of the first 4-disk problem is indi
cated by color, with C shown as red and M shown 
as dark blue. Error bars illustrate 95% confidence 
intervals. (For interpretation of the references to 
color in this figure legend, the reader is referred 
to the web version of this article.)   
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computer. 
Number of moves. This analysis only includes participants who 

successfully completed the 5-disk problem in the 15-min time period 
(Mental (n = 39), Computer (n = 62)); for a distribution of all the data, 
see Fig. 3B. Mode of presentation on the second problem significantly 
predicted normalized score on the 5-disk problem (B = −0.47, SE(B) =
0.23, t(97) = −2.04, p = .04), as participants in the mental condition 
solved the problem in fewer moves when compared to the computer 
condition (see Fig. 4B). There was no effect of mode of presentation of 
the first problem (B = 0.16, SE(B) = 0.19, t(97) = 0.81, p = .42), nor a 
significant interaction between the first and second problem mode of 
presentation (B = −0.17, SE(B) = 0.31, t(97) = −0.53, p = .59). 

Average time between moves. Average time between moves was 
again corrected for articulation in the mental condition and there was a 
significant effect of mode of presentation on the second problem, such 
that participants in the mental condition spent more time between 
moves than those in the computer condition (B = 8.91, SE(B) = 1.37, t 
(125) = 6.52, p < .001). There was no main effect of mode of presen
tation of the first problem (B = 1.11, SE(B) = 1.34, t(125) = 0.82, p =
.41) but critically, there was a significant interaction between the first 
and second problem mode of presentation (B = −4.57, SE(B) = 1.93, t 
(125) = −2.36, p = .02). Participants who solved the second problem on 
the computer spent more time between moves if they had first solved a 
problem mentally, while participants who solved the second problem 
mentally spent less time between moves on the second problem if they 
had first solved a problem mentally (see Fig. 4C). 

5.2.4. Self-reported strategy use 
Explicit strategy use was examined with an exploratory analysis of 

the strategies self-reported by participants (see Appendix). For Experi
ment 1, six additional participants failed to correctly submit the ques
tionnaire leaving 123 observations (CC = 35, CM = 28, MM = 30, MC =
30). 

In the questionnaire, participants were asked to indicate the per
centage of the time that they used the following strategies: remembering 
move sequences, using sub-goals, developing step-by-step instructions to solve 
the problem, trial-and-error, and no strategy. The strategies were selected 
based on the various strategies outlined by Simon (1975) and the factor 
analysis completed by Noyes and Garland (2003) that extracted similar 
components from the self-reported strategies of participants solving 
TOH. 

Participants were asked to report the percent of time that they used 
each strategy on a scale of 0–100% using a continuous slider bar inter
face. Participants in conditions where they viewed both problems in the 
same mode of presentation completed this task once (CC & MM), par
ticipants who viewed the problems in different modes of presentation 
did this twice, reporting the strategies they used with the mental mode 
of presentation and with the computer mode of presentation separately 
(CM & MC). 

Since participants reported each strategy on a scale of 0–100%, the 
total percentage of strategies used often sums to be over 100. Percentage 
of the time participants used each strategy overall was calculated by 
dividing their slider-scale response for each strategy by the sum of all 
strategy percentages reported. Significance tests that are not reported in 
the manuscript, as well as additional analyses on the self-report data, are 
available in the Supplementary Materials. 

Same mode of presentation groups. A factorial ANOVA examined 
strategy use between participants who only solved problems on the 
computer (CC) and participants who only solved problems mentally 
(MM). In this analysis, mode of presentation and the type of strategy 
were included as predictors with percentage of strategy use as the 
dependent variable. There was a significant main effect of strategy (F(4, 
315) = 9.54, p < .001). Post-hoc tests show that, overall, participants 
reported using no strategy less than all of the other strategies, and also 
used remembering move sequences more than trial and error. There was 
also a significant interaction between mode of presentation and strategy 

(F(4, 315) = 2.93, p = .02) and this interaction was driven by MM 
participants self-reporting remembering move sequences more (M = 0.34) 
than CC participants (M = 0.22) (see Fig. 5). There was no main effect of 
mode of presentation (F(1,315) = 0, p = 1.) 

Different mode of presentation groups. For participants who 
solved problems both on the computer and mentally, strategy use for the 
two modes of presentation were compared within-subject. A series of 
factorial ANOVAs are reported with mode of presentation and condition 
(CM or MC) as the predictors and percentage of strategy use as the 
dependent variable. 

Participants reported using remembering move sequences (F(1,112) =
33.86, p < .001) and using sub-goals (F(1,112) = 4.46, p = .04) more 
when they solved the problem mentally compared to on the computer. 
Participants also reported using trial and error more when solving 
problems on the computer than when solving problems mentally (F 
(1,112) = 5.51, p = .02). No other differences in strategy use within 
subject were significant (see Fig. 5). 

5.3. Discussion 

Overall, the results in Experiment 1 suggest that having an external 
representation allowed participants to complete the TOH problems 
within the allotted time. Participants in the computer condition were 
more likely to complete the problems and made more progress toward 
the goal state regardless of difficulty. There was also evidence suggest
ing that participants in the mental conditions engaged in more complex 
strategies, as participants spent more time between moves regardless of 
difficulty and solved the difficult (5-disk) problem in fewer moves than 
those in the computer condition. One might assume that asking the 
experimenter for reminders of the problem state led to the difference in 
time observed between moves computer and mental conditions. How
ever, the number of times participants asked for reminders in mental 
conditions was relatively low across experiments. The median number of 
reminders was 1 for both the 4- and 5-disk problems. The strategy self- 
report findings corroborate these assumptions, as both within- and 
between-subject analyses suggested that participants used remembering 
move sequences (akin to goal recursion) and sub-goals more when solving 
problems mentally, and trial and error more when solving problems on 
the computer. 

In addition, there was modest evidence supporting the notion that 
participants who first solved a problem mentally used a different strat
egy when solving a subsequent problem than those who first solved a 
problem on the computer. This was illustrated by the interaction be
tween the first and second problem mode of presentation on progress 
toward the goal state and average time between moves on the 5-disk 
problem. Participants who solved the 5-disk problem mentally made 
more progress toward the goal state if they had first solved the 4-disk 
problem mentally in comparison to on the computer. In addition, par
ticipants who solved the 5-disk problem mentally spent less time be
tween moves if they had first solved the 4-disk problem mentally in 
comparison to on the computer. The opposite pattern held true for those 
who solved the 5-disk problem on the computer, that is, first solving the 
4-disk problem mentally led to longer time between moves when 
compared to participants who first solved the problem on the computer. 
It is possible that these interactions result from participants developing 
better strategies when solving the 4-disk problem mentally, or these 
interactions could simply be a result of transfer appropriate processing, 
where participants perform better on a second problem that is in the 
same mode of presentation as the first problem they solved (see General 
Discussion for more detail). 

The purpose of Experiment 2 was to replicate this finding in a larger, 
more diverse sample, given that our small sample sizes in Experiment 1 
may have prevented additional transfer effects from emerging. In 
addition, the design of the mental condition was updated so that par
ticipants in both computer and mental conditions recorded their moves 
with keypresses, thus eliminating the verbalization component of the 
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mental procedure. 

6. Experiment 2 

Experiment 1 examined how mode of presentation affected perfor
mance and strategy transfer from an easy to a difficult TOH problem. 
Experiment 2 sought to replicate the main findings with a larger and 
more diverse sample. In addition, the mental condition was redesigned 
so that participants did not have to orally communicate their moves to 
the experimenter. Rather, they entered their moves using the keyboard 
identically to participants in the external condition. This change 
removes the possible confound in Experiment 1 in which response mo
dality differed for the internal (oral) and external (typing) conditions. 
Thus, the longer time per move for the mental condition could have been 
due to articulation time rather than planning. It also removes the pos
sibility to that any strategy learning exhibited by the mental condition 
was due to verbalization. 

Based on findings from Experiment 1, we hypothesized that partic
ipants would be more likely to complete the 4- and 5-disk problems and 
would make more progress toward the goal state when solving problems 
on computer. We also hypothesized that participants would spend more 
time between moves when solving problems mentally as compared to on 
the computer. Lastly, we hypothesized that participants would solve the 
5-disk problem in fewer moves when the problem was presented 
mentally.1 Experiment 2 was pre-registered at osf.io/cjf6y. 

6.1. Methods 

6.1.1. Participants 
Five hundred seventy-two young adults were recruited from Prolific, 

an online platform for recruiting participants (Age M(SD) = 22.35 
(3.24); Sex = 65% F, 33.2% M, 1.7% Other). Young adults were 

recruited specifically as this was the demographic recruited for Experi
ment 1. In addition, the mental problems may have been too difficult for 
older adults to complete in the allotted time given that it is well- 
documented that visuospatial working memory declines with age 
(Reuter-Lorenz et al., 2000; Rowe, Hasher, & Turcotte, 2008) and that 
there are age-related differences in TOH performance (Rönnlund, 
Lövdén, & Nilsson, 2001). Participants were paid $5.60 for their time 
based on Prolific's recommended rate for a ~ 30 min study. After data 
collection it is estimated that participants were paid, on average, 
$11.20/h. All procedures were determined to be exempt by the Uni
versity of Michigan IRB. 

Note that the number of participants recruited deviates from our pre- 
registered sample size. Initially sample size was determined with an 80% 
power analysis using the size of the effect of mode of presentation on the 
number of moves to complete the 5-disk problem from Experiment 1 (f2 

= 0.05). This analysis suggested that data should be collected from 218 
participants. To ensure that there would be sufficient power for the 
number of move analysis, where participants who do not complete the 
problems are excluded, the possibility that 40% of participants in the 
mental groups may not finish the 5-disk problem (~63% completion 
rate in Experiment 1) was accounted for. Thus, 304 participants total, or 
~ 76 per group were recruited. However, it was not anticipated that 
technical difficulties would result in incomplete data for many partici
pants, that a high percentage of participants would report prior expe
rience with TOH problems, and that many people would report putting 
little effort into the study. After collecting data from 304 participants 
and applying these exclusion criteria ~30–40 participants remained per 
condition. Thus, data were collected from an additional 268 participants 
in hopes that at least 76 participants would remain per group after 
applying these exclusion criteria to the new data (see Results section). 

6.1.2. Materials 
Computer Conditions. In conditions where participants solved 

problems on the computer (CC, CM, and MC), participants interacted 
with a virtual TOH programmed with PsychoPy and integrated with 
Pavlovia, an online platform where researchers can host behavioral 
experiments. The problem display again contained disks labelled 1 to n, 

Fig. 5. The left panel illustrates strategy use as self-reported by participants who viewed both problems with the same mode of presentation. The right panel 
compares the use of different strategies within-subject for participants who solved problems with multiple modes of presentation. 

1 It was also hypothesized that we would replicate the finding that partici
pants self-report using more generalizable strategies in the mental than com
puter conditions but we do not report these data (see Methods). 
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with n representing the total number of disks, however, the three pegs 
were now labelled “J”, “K”, and “L”. In Experiment 1 participants 
pressed keys on the number pad of a keyboard. In Experiment 2, to 
ensure that participants could respond on computer devices without a 
number pad, the labels of the pegs were changed to be “J”, “K”, and “L”. 
These keys were selected because they are next to each other and are 
farthest away from the row of numbers on a QWERTY keyboard. To 
move a disk, participants pressed the key in the row of numbers corre
sponding to the disk they wished to move, followed by the key with the 
label of the peg they wanted to move the disk to. 

Participants were shown an error message if they violated one of the 
problem rules or pressed an incorrect key. The error messages included 
“You cannot move a disk with another disk on top of it”, “You cannot put 
a larger disk on top of a smaller disk”, and “The disk is already on the 
pole you selected”. For each problem, all keypresses and time between 
keypresses, as well as the mode of presentation for each problem pre
sented was recorded. 

Mental Conditions. Participants solving problems mentally (MM, 
CM, MC) were shown a labelled static image of the initial and goal states 
of the problem space (akin to Fig. 1) on the computer screen to use as a 
visual aid. Participants in these conditions mentally kept track of the 
disks and recorded their moves with the same keypresses as participants 
in the computer condition. For example, someone in the mental condi
tion would move disk “4” to peg “L” with two keypresses, however, the 
image on the screen would not update to reflect this change (it would 
still be a static image of the initial and goal problem states). If a 
participant made an error, they were shown the same error message as 
participants were shown in the computer condition. If participants 
completely forgot the state of the problem, they were instructed to press 
the “z” key on the keyboard. Doing so allowed participants to view the 
current state of the problem for 10 s; participants could not move any of 
the disks during this time. They were encouraged to press the “z” key 
only when necessary. 

Strategy Survey. Participants reported the amount of time they 
spent using the strategies different described in Experiment 1 when they 
were solving problems on the computer or mentally, depending on 
condition. Unfortunately, many of the participants were not redirected 
to the self-report survey at the end of Experiment 2 or failed to correctly 
indicate the mode of presentation in which they solved the problems. 
Failing to correctly self-report condition led participants to answer 
questions that were not relevant to their actual experience. We believe 
participants failed to correctly self-report their mode of presentation 
because they confused the practice and experimental problems. Thus, 
we do not analyze, or report results from the self-report data. 

6.1.3. Design 
The experiment implemented a 4 × 2 mixed design with condition as 

a between-subjects factor (MC, CM, CC, and MM) and problem difficulty 
as a within-subject factor with two levels. The same outcome variables 
were analyzed as in Experiment 1. 

6.1.4. Procedure 
Prolific workers were invited to participate in an experiment on 

complex problem solving. Those who were eligible to participate in the 
experiment clicked on a link which redirected them from Prolific to a 
consent form displayed with Qualtrics survey software. Those who 
consented were redirected to Pavlovia, which hosted the TOH program 
programmed with PsychoPy. Since the experiment was run online and 
an experimenter would not be present, participants were given extensive 
instructions on how to work the program, what the TOH rules were, and 
how to solve the problems visually or mentally (see OSF for instruction 
stimuli). Participants were told that they would solve two practice 
problems. They first solved a 3-disk problem visually so that they could 
practice moving disks around with their keyboard. After problem 
completion or 15-min had elapsed, they were instructed to solve another 
3-disk problem mentally. After participants had finished the problem or 

15-min had elapsed, they were told that they would start the actual 
experiment and that they would be told the mode of presentation for 
subsequent problems at the start of each problem. 

Participants were evenly randomly assigned to CC, MM, CM, or MC 
conditions and viewed the 4-disk problem followed by the 5-disk 
problem in the modes of presentation associated with their condition. 
After 15 min had elapsed or participants had completed the problem, 
they would move onto the next problem. At the end of the 5-disk 
problem they reported prior experience with TOH, and indicated the 
amount of effort they put forth in the experiment. At the end of the 
survey, they were given a completion code to enter into Pavlovia to 
confirm their participation for compensation. 

6.2. Results 

The same analysis methods were used to assess performance on the 
first and second problems as outlined in Experiment 1, in which per
formance on the first 4-disk problem was compared between modes of 
presentation (C or M) and was assessed with Welch two-sample t-tests (i. 
e., progress to the goal state, avg. time between moves, normalized 
number of moves) or Chi-square tests (i.e., completion rate). Perfor
mance on the second, 5-disk problem was assessed with a series of 
regression models with mode of presentation of the 4-disk problem, 
mode of presentation of the 5-disk problem, and their interaction as 
predictors with either continuous (i.e., progress to the goal state, avg. 
time between moves, normalized number of moves) or binary (i.e., 
completion rate) outcomes. 

6.2.1. Exclusion criteria 
Data were excluded from 34 participants who had incomplete data 

due to user error. Data from 153 of the remaining participants were 
excluded as they had self-reported prior experience with TOH problems. 
From the remaining participants, data were excluded from an additional 
14 participants who reported putting little effort in the study. After 
applying these pre-registered exclusion criteria, 371 participants 
remained with 106 in the CC group, 96 in the CM group, 84 in the MC 
group, and 85 in the MM group. 

6.2.2. Performance on the first problem (4-disk) 
Completion rate. Participants were more likely to finish the 4-disk 

problem in the computer group (95.54%) than the mental group 
(87.57%) (χ2(1) = 6.83, p = .009). 

Progress to the goal state. There was no statistical difference in 
progress to the goal state when comparing those who solved the 4-disk 
problem on the computer (M = 3.73) to those who solved the problem 
mentally (M = 3.60) (t(240.83) = 0.61, CI95% = [−0.29, 0.54], p = .54). 

Number of moves. This analysis only included participants who 
completed the 4-disk problem. For a distribution of all the data see 
Fig. 6A. Normalized number of moves did not differ between those in 
mental (M = 1.04) and computer (M = 1.11) conditions (t(329.69) =
0.62, CI95% = [−0.15, 0.29], p = .54). 

Average time between moves. In contrast to Experiment 1, cor
recting for verbalization in the mental condition was not necessary. As 
hypothesized, participants took significantly more time between moves 
on average when solving the 4-disk problem mentally (M = 12.69 s sec) 
compared to on the computer (M = 5.51 s) (t(196.43) = −9.88, CI95% =

[−8.61, −5.74], p < .001). 

6.2.3. Performance on the second problem (5-disk) 
Number of Reminders. The number of reminders participants 

needed when solving the second problem mentally did not differ be
tween MM (M = 13.34) and CM (M = 16.07) groups (t(178.55) = 1.33, 
CI95% = [−1.31,6.78], p = .18). It's worth noting that the number of 
reminders for these conditions in Experiment 2 is much larger than was 
reported in Experiment 1 (MM M = 1.21; CM M = 2.18), which may be 
because participants did not have to make a request of the experimenter, 
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which may have been more intimidating. 
Completion rate. As hypothesized, there was a significant main 

effect of 5-disk mode of presentation such that those solving the 5-disk 
problem on the computer were more likely to finish the problem 
(87.37%) than those solving the problem mentally (55.25%) problem (B 
= −1.75, SE(B) = 0.33, p < .001). Interestingly, there was also a sig
nificant main effect of mode of presentation of the first, 4-disk, problem 
such that those who solved the 4-disk problem mentally were more 
likely to complete the 5-disk problem (79.29%) than those who solved 
the first, 4-disk problem on the computer (65.35%), regardless of mode 
of presentation (B = 0.98, SE(B) = 0.50, p = .0488). There was no sig
nificant interaction between first and second problem mode of presen
tation (B = −0.15, SE(B) = 0.58, p = .79) (see Fig. 4D). 

Progress to the goal state. There was a main effect of 5-disk mode 
of presentation such that those in the mental conditions (M = 1.49) 
made less progress toward to goal state than those in computer condi
tions (M = 3.63) (B = −2.84, SE(B) = 0.47, t(367) = −6.03, p < .001). 
There was no significant main effect of mode of presentation of the first, 
4-disk, problem (B = 0.02, SE(B) = 0.49, t(367) = 0.04, p = .97). There 
was a significant interaction (B = 1.48, SE(B) = 0.70, t(367) = 2.12, p =
.03) between first and second problem mode of presentation, such that 
those solved the first problem mentally (M = 2.28) made more progress 
toward the goal state when solving a second problem mentally 
compared to participants who first solved a problem on the computer 
(M = 0.78). 

Number of moves. Participants who did not complete the 5-disk 
problem were filtered from this analysis. There was no main effect of 
mode of presentation of the first, 4-disk, problem (B = −0.05, SE(B) =
0.16, t(262) = −0.30, p = .76). However, as hypothesized, participants 
solving the 5-disk problem mentally completed the problem in fewer 
moves than participants solving the problem on the computer (B =

−0.44, SE(B) = 0.19, t(262) = −2.33, p = .02). There was no interaction 
between modes of presentation on the 4 and 5-disk problems (B =

−0.11, SE(B) = 0.26, t(262) = −0.43, p = .67; see Fig. 6B for a distri
bution of the data and 4E for number of move analysis). 

Average time between moves. Even though participants did not 
verbalize their moves in the mental condition of this experiment, par
ticipants in the mental condition (M = 13.99 s) still spent more time 
between moves on the 5-disk problem (M = 5.24 s) (B = 9.60, SE(B) =

1.33, t(367) = 7.24, p < .001) relative to the external condition. There 
was no effect of mode of presentation of the first, 4-disk problem (B =
0.20, SE(B) = 1.37, t(367) = 0.15, p = .89), nor an interaction between 
modes of presentation on the 4 and 5-disk problems (B = −1.79, SE(B) 
= 1.96, t(367) = −0.91, p = .36; see Fig. 4F). 

6.3. Discussion 

Experiment 2 replicated our findings from Experiment 1, namely, 
that participants were more likely to complete problems when solving 
them with the computer but spent more time between moves when 
solving problems mentally, regardless of difficulty. Although the num
ber of reminders increased in the mental condition, the amount of time 
spent looking at the current state of the problem after pressing the “z” 
key was removed from the total time before calculating average time per 
move. It is also worth noting that although participants asked for more 
reminders in Experiment 2, findings from Experiment 1 were still 
replicated, suggesting that a problem does not need to be purely 
“mental” for participants to implement such strategies. 

We also found that participants solved the more difficult, 5-disk, 
problem in fewer moves when solving the problems mentally. 

These results together suggest that participants solving difficult TOH 
problems mentally may have used a more sophisticated strategy than 
those solving the problems on the computer. Lastly, though the effect 
sizes were small, there was evidence of transfer such that solving an 
initial problem mentally enhanced performance on the second problem. 
Specifically, individuals who first completed the 4-disk problem 
mentally were more likely to finish the 5-disk problem regardless of 
mode of presentation. Additionally, people who completed the first 
problem mentally made more progress to the goal state when given a 
more difficult mental problem compared to people who completed the 
first problem using an external representation. 

7. General discussion 

Across two experiments, the current work examined the roles of in
ternal and external representation and problem difficulty on solving 
recursion problems. We hypothesized that participants would be more 
likely to successfully solve problems when given an external 

Fig. 6. Illustrates number of moves for those who did (right) and did not (left) complete the 4-disk (A) and 5-disk (B) TOH problems in the allotted 15 min.  
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representation but would show evidence of complex strategy use when 
solving problems mentally. 

Experiments 1 and 2 both suggest that external representations help 
with completing problems as participants were more likely to complete 
the 4- and 5-disk problems when solving the problem with an external 
representation across both experiments. The external representation 
acts as an extension of working memory, creating a task that is less 
cognitively demanding and therefore increases the likelihood that par
ticipants can complete the problem when given a time limit. However, 
participants in mental conditions completed difficult problems in fewer 
moves and spent more time between moves, suggesting that they were 
using a more sophisticated strategy than those in the computer condi
tions. While participants in the computer condition may have had a 
different, simpler strategy, that allowed them to reach the goal state, 
participants were not necessarily “successful” as they completed the 
problem in more moves than those in the mental condition. 

7.1. Time between moves and strategy use 

Experiments 1 and 2 suggest that internal representation-based 
problem-solving may promote the development of more complex stra
tegies. We argued that participants engaged in more complex strategies 
because they spent more time between moves than participants solving 
problems on the computer, regardless of difficulty (as in Noyes & 
Garland, 2003). For example, Welsh, Cicerello, Cuneo, and Brennan 
(1995) found that optimal problem solvers critically spent more time 
before making a move at points during the problem where errors are 
commonly made. We recognize that this measure is an imperfect proxy 
for complex strategy use. However, it is worth noting that participants in 
mental conditions spent sometimes twice as much time between moves 
when compared to participants in computer conditions, even after cor
recting for articulation in Experiment 1, and, importantly, when they 
used the identical keyboard entry procedure to communicate moves in 
Experiment 2. 

7.2. Number of moves and strategy use 

In addition to time-between-moves, number of moves was also used 
as a proxy for strategy use, as the goal of TOH is to solve the problem in 
as few moves as possible, and this was explicitly explained to partici
pants. One of the benefits of studying problem solving with TOH is that 
there is a reasonably simple optimal solution, and thus, experimental 
performance may be compared to the optimal number of moves. Across 
both experiments, participants in mental conditions solved the 5-disk 
problem using fewer moves than those in the computer conditions. 
However, this analysis is limited by the fact that we only included 
participants who solved the problem within the allotted time period, and 
participants were less likely to solve the 5-disk problem in the mental 
condition. This discrepancy led to unequal sample sizes in the computer 
and mental conditions for these analyses, which we attempted to correct 
for by using regression methods (Slinker & Glantz, 1988). One may 
argue that only including those who finished the problem created a se
lection effect in which only the best participants in the mental condi
tions were compared to all of the participants in the computer condition. 
Indeed, this is a valid concern. However, as suggested by the distribu
tions of data in Figs. 3B and 6B, participants who did not complete the 
problem in the 15 min period were not unsuccessful due to mindlessly 
moving the disks, these data are positively skewed with most of these 
participants being around the optimal number of moves (i.e., normal
ized score of 0), or less. 

There is a speed/accuracy tradeoff when solving problems like TOH 
(Rönnlund, Lövdén, & Nilsson, 2001, 2007). These data suggest that 
different problem representations may bias participants toward speed or 
accuracy. Participants in the computer conditions spent less time be
tween moves and solved difficult problems using a greater number of 
moves than those in the mental conditions. It appears that external 

representations biased participants toward speed, while internal repre
sentations biased participants toward accuracy. This bias may have been 
specific to our research paradigm, as participants in the mental condi
tions had no choice but to value accuracy due to working memory 
limitations while participants in computer conditions did not have this 
limitation. Future work should investigate how increasing motivation in 
participants influences these results (Eseryel, Law, Ifenthaler, Ge, & 
Miller, 2014). Although, it is important to remember that in real-life 
circumstances, it is often the case that people are not sufficiently moti
vated to value accuracy over speed, for instance, students in a classroom. 
These data suggest that giving students a problem with less external 
representation may help with conceptual understanding and strategy 
generation. 

7.3. Self-reported strategies 

The self-report data corroborate the findings from the number of 
move and time between move analyses. In Experiment 1 participants 
solving problems mentally reported using remembering move sequences 
more than participants solving problems on the computer. Participants 
solving problems on the computer reported using trial and error more 
than participants solving problems mentally. These findings were 
replicated in a follow-up study reported in the Supplemental Materials 
where participants were randomly assigned to CC, MM, CM, and MC 
conditions and asked to self-report their strategies after solving a 5-disk 
problem followed by a 4-disk problem. 

7.4. Strategy transfer 

These experiments provide promising evidence that first solving a 
problem high in internal representation leads to better performance on 
future problems. In both Experiments 1 and 2 participants solving the 4- 
disk problem mentally made more progress toward the goal state on a 
second, more difficult problem, when compared to participants who 
solved the first problem on the computer. In Experiment 1, participants 
who first solved a 4-disk problem on the computer later spent more time 
between moves when solving a problem high in internal representation 
when compared to participants who first solved a problem mentally. 
Participants solving the 5-disk problem mentally still spent more time 
between moves than the computer conditions overall, suggesting that 
participants may be faster at implementing their strategy after solving 
the first problem mentally. However, it is important to point out that the 
interaction between first and second problem mode of presentation was 
not replicated in Experiment 2, suggesting that this specific finding is not 
robust. 

It is possible that the evidence supporting strategy transfer is merely 
due to transfer appropriate processing (Morris, Bransford, & Franks, 
1977) as it is well documented that problem solving improves if one is 
assessed in a context similar to the context in which learning occurred 
(Gick & Holyoak, 1983). One would expect there to be a cost associated 
with switching from one mode of presentation to another, as strategies 
that may be effective when solving problems on the computer may be 
costly when solving problems mentally and vice-versa. However, 
transfer appropriate processing or a switch cost due to mismatching 
modes of presentation cannot account for the finding in Experiment 2 
that first solving a problem mentally led participants to make more 
progress toward the goal state on a second problem, regardless of the 5- 
disk problem's mode of presentation. Future work could examine this 
possibility further by giving participants a novel test problem in which 
transfer appropriate processing cannot apply, such as an isomorphic 
problem (Simon & Hayes, 1976), or a problem with a different mode of 
presentation (i.e., a physical tower). 

7.5. Limitations 

The main limitation of the current study is the conclusion of complex 
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strategy use based on number of moves to solve the problems, time 
between moves, and self-report data. Future research should attempt to 
explicitly study strategy use. For example, one could implement a “think 
aloud” protocol (Ericsson & Simon, 1980) to examine the strategies 
participants use or compare participant data to computational models of 
different TOH strategies (e.g., Anderson, Albert, & Fincham, 2005; 
Goela, Pullara, & Grafman, 2001). In addition, when participants were 
asked to self-report strategy use, these strategies were not defined 
beyond their labels, unless a participant asked the experimenter for 
further clarification. In future work, these strategies should be better 
defined for participants so it is assured that they understand the meaning 
of each of the strategies listed. 

Interpretations of the data are also limited by the fact that number of 
moves were only examined for those who successfully completed the 
problem in 15-min. Future work should attempt to measure number of 
moves in a way that allows all participant data to be considered (i.e., 
using machine learning algorithms to predict the sequence of moves 
participants would have used to complete the problem). We also 
acknowledge that our measure of progress toward the goal state may not 
be the optimal way to measure this construct. One alternative method 
may be to consider the minimum number of moves a participant has left 
until reaching the goal state. The current study did not implement this 
measure as we did not want to assume that participants would move 
toward the goal state with an optimal strategy, thus not reflecting the 
actual number of moves participants had left until completion. 

7.6. Conclusions 

These findings add to the existing literature supporting the idea that 
internal representations promote complex strategy learning while 
external representations may promote the use of trial-and-error problem 
solving and facilitate problem completion (Noyes & Garland, 2003). The 
current research is also consistent with the idea that sometimes the 
“effortful struggle” of tasks requiring higher level cognition leads to 
better conceptual understanding and performance on other tasks (Jen
sen, McDaniel, Woodard, & Kummer, 2014; Jonsson, Kulaksiz, & Lith
ner, 2016). It also supports the body of literature suggesting that 
“desirable difficulties” are ideal for learning, whether that be in the 
actual difficulty of the problem relative to other problems or in amount 
of internal or external representation in the problem space (Bjork, 
1994). 

The current study indicated that participants solving problems high 
in internal representation formed strategies resulting in fewer moves. 
However, it did not determine whether those strategies are lasting. 
Research should use longitudinal methods to see if internal represen
tations promote lasting strategies that lead to more efficient perfor
mance when presented with a recursion problem in the future. Internal 
representations could also aid with forming strategies for problems that 
may not necessarily require recursion. Future research should examine 
the role of internal representations in other contexts, such as deductive 
reasoning, where a similar sub-goal process is required. In addition, it's 
important to remember that problem spaces are distributed across in
ternal and external representations. For example, in the experiments 
reported here, problems solved mentally were more internally repre
sented than problems solved with the computer, however, participants 
solving the problems internally may have also relied on some external 
representation as well (i.e., verbalization, gesturing, reminders of the 
problem state). Future research should examine the external represen
tations recruited when participants are tasked with cognitively 
demanding, internally represented tasks. Finally, the study of problem 
solving, higher order cognition, and the role of problem representation 
should be explored further, and in contexts beyond abstract problems 
such as TOH, as best said by Karat (1982, pp. 555-556): 

“It is hoped that the success of this effort will aid the study of 
problem solving and learning in more complex areas. After all, the study 
of Tower of Hanoi problems is not the goal of cognitive science; 

however, the advantages of problem-solving study utilizing problems of 
little practical value, but significant structural advantages, should not be 
overlooked in this effort. The advantages to a problem solver in making 
the correct first move can be enormous”. 
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Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi. 
org/10.1016/j.cognition.2022.105041. 

Appendix  

1. The problems I solved today were difficult (7-pt Likert Scale; 
Strongly Disagree – Strongly Agree)  

2. The problems were more difficult when the number of disks 
increased (7-pt Likert Scale; Strongly Disagree – Strongly Agree)  

3. Please report the strategies that you used when solving the problems 
and the percent of time you used each strategy:  
a. Remembering move sequences (0–100 slider scale)  
b. Developing step-by-step instructions to solve the problem (0–100 

slider scale)  
c. Use of sub-goals (0–100 slider scale)  
d. Trial and error (0–100 slider scale)  

4. I believe that I could apply my strategy to the problem given any 
number of rings (7-pt Likert Scale; Strongly Disagree – Strongly 
Agree)  

5. To what degree do you believe that you understand the problem 
structure? (7-pt Likert Scale; Not at all – Completely) 
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