


this work, the critical amplification factor is calibrated using canoni-
cal flat plate test cases in both bypass and natural transitional regimes.
It is important to note that the underlying theory of theAFTmodel is

based on the linear instability growth, which is generally assumed
relevant only when the FSTI is less than 1% (natural transition). From
themodel development standpoint, however, the proposed approach in
our work offers continuity between bypass and natural transitional
flow regimes. While for low FSTI values the model is anchored by
physics, whichmight not be the case for very high FSTI value, it is still
possible to obtain useful results in bypass transitional region (with high
FSTI or very low critical amplification factors). Additionally, it is
worth noting that most widely used Partial Differential Equations
(PDE) based (such as the Langtry–Menter [5] or Menter–Smirnov
[6]) or algebraic (such as Bas-Cakmakcioglu (B-C) [7]) transition
models are purely empirical and do not have strong traceability to
physical arguments. For example, the Langtry–Menter [5] model does
not rely on the exponential growth of Tollmien–Schlichting waves,
which are the main driver for transition in natural regimes. Also, the
Langtry–Menter transition model, originally developed to comple-
ment the Shear Stress Transport (SST) turbulence model [8], utilizes
a locally estimated length scale described as a function of the pressure
gradient and the turbulence intensity at the edge of the boundary layer,
Tue. As such, bypass transitional cases at high freestream turbulence
intensities can be handled by the Langtry–Menter model by focusing
on the changes in Tue rather than the freestream turbulence intensity
Tu∞. However, in this work, the Spalart–Allmaras (SA) turbulence
model [9] is used where the Tue information is not available. There-
fore, utilizing the freestream turbulence intensityTu∞ to determine the
critical amplification factor is the only option.At the same time, the use
of the proposed technique allows us to completely eliminate the need
for a case-by-case or manual calibration of the model parameters,
specifically the critical amplification factor. The critical amplification
factor Ncrit in the AFT transition model plays a significant role in the
prediction of the transition onset. On the other hand, many research
studies in the literature that focus on transition prediction using the
correlation-based transition models reportedly modify the freestream
turbulence intensity,which sets the critical amplification factor through
Mack’s relation, from its experimentally calculated value in order to
reduce the discrepancies between CFD and experimental results
[7,10,11]. Therefore, using our proposed strategy, it would be no
longer necessary to tune the Ncrit parameter in order to match the
experimental data for all FSTI values ranging from bypass to natural
transitional flow regimes.
It must be noted that the critical amplification factor Ncrit controls

the onset of the transition via the source term of the intermittency
equation, and our numerical results have shown a significant
improvement in the transition prediction accuracy when this critical
factor is calibrated. Ultimately, the results of the calibration studies
for the critical amplification factor are used in determining a new
relation, similar to that ofMack [3] andDrela [12] that determines the
value of the critical factor as a function of the freestream turbulence
intensity. The efficacy of the calibrated relation is tested for two
airfoil cases (cf. Ref. [13]), NLF(1)-0416 and S809, subject to natural
transitional flows. Our numerical results have shown a significant
improvement in the transition onset location as well as lift and drag
predictions by utilizing the calibrated critical amplification factor for
these natural transitional cases. To the best of the authors’ knowledge,
this is the first attempt to calibrate the critical amplification factor
using a gradient-based optimization based on the discrete adjoint
form of the RANS equations.

II. Mathematical Formulation

In this section, details of the amplification factor transport (AFT)
transition model as well as the SA turbulence model are presented.
Moreover, numerical considerations for “smoothing” the transition
model are presented to enable the gradient-based design optimization
aimed at calibrating the closure coefficients of theAFTmodel as well
as the critical amplification factor. Additionally, the coupling of the
transition and turbulence models is described, and numerical details
of the calibration design problem are presented.

A. Transition Modeling Equations

The basis for theAFT transitionmodel is the solution of a surrogate
variable ~n, called the modified amplification factor, which character-
izes the envelope of linearly amplified instabilities throughout the
boundary layer. The main advantage of the AFT model that sets it
apart from other widely used transition models is that it is built on the
premise that integral boundary-layer (IBL) quantities, such as the
shape factor, are estimated using local surrogates. This estimation
process relies on the carefully guided calibration of the AFT model
closure coefficients based on the fundamental boundary-layer theory.
Details of the additional transport equations solved for the AFT
model are presented in the following sections.

1. Amplification Factor Transport

Originally developed by Coder and Maughmer [14], the AFT
model focuses on solving a transport equation for the approximate
envelope amplification factor such that

∂ρ ~n

∂t
�

∂ρuj ~n

∂xj
|{z}

convective flux

−
∂

∂xj

�

σn�μ� μt�
∂ ~n

∂xj

�

|���������������{z���������������}

diffusive flux

� ρΩFcritFgrowth

d ~n

dReθ
|��������������{z��������������}

source term

(1)

Details of the AFT transition model are presented in Ref. [15] as
well as an earlier work by authors [4]. However, definitions for
some of the individual terms in the governing equations of the AFT
model will be presented in this section. As discussed earlier, the
boundary-layer methods rely on the availability of the integral
momentum thickness as well as the integral shape factor to deter-
mine the boundary-layer profile. However, the AFT model focuses
on estimating the integral properties using a local shape factor. This
local shape factor that was originally proposed in the AFT2017a
model [16] is defined as

HL � d2

μ
�∇�ρu ⋅ ∇d� ⋅ ∇d� (2)

where d is the shortest distance from wall, and the gradient of the
wall distance in Eq. (2) is a reflection of the wall-normal derivative
of the wall-normal momentum as a Galilean-invariant indicator of
streamwise velocity gradient. Additionally, one of the most impor-
tant terms in the AFTequation is a step function called Fcrit, which
toggles from 0 to 1 as a function of the local vorticity Reynolds
number. The value of the critical function becomes 1 when the
local vorticity Reynolds number reaches a critical threshold Reν;0,

which is correlated to the transition momentum-thickness Rey-
nolds number by a function of the integral shape factor H12

[15,17]. Note that the step function described above is nonsmooth
and nondifferentiable at Reν � Reν;0, which will be the focus of

the smoothing procedure that will be described later in this work.
This smoothing process would be essentially important in order to
enable gradient-based calibration involving the AFT transi-
tion model.

2. Intermittency Transport

Unlike the earlier versions of the AFT model, i.e., AFT2014 [14]
and AFT2017a [16], where an algebraic intermittency was being
used for suppressing turbulence production in the laminar boundary
layers, the AFT2017b [18] and, later, the AFT2019 [15] versions
utilized a transport equation for themodified intermittency ~γ, which is
a mapping of the actual intermittency γ values of 0 in laminar regions
but 1 in turbulent regimes [5]. Aswas also done in an earlier work [4],
a slightly modified version of the AFT2019 transition model is
utilized herein where we solve the transport equation (second gov-
erning equation of the AFT model) for the actual intermittency
instead, which makes the transport equation identical to that of
Menter et al. [6]. It must be noted that, in the original AFT2019
version, themodified intermittency ~γwas introduced in order to allow
for the implementation of the model in finite-element solvers that
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often require variables to have physical interpretations at both pos-
itive and negative values [15]. Moreover, the use of the modified
intermittency function yields a nonlinear diffusion term that was
omitted for simplicity in all previous AFT model implementations,
although numerical studies across a variety of cases indicated a
negligible impact for this nonlinear term [15]. In this work, however,
the original intermittency transport equation is utilized instead since
our numerical results have also shown a slightly improved conver-
gence behavior and stability for our fully coupled finite-volume
RANS solver. As such, the intermittency transport equation is
described below:

∂ργ

∂t
�

∂ρujγ

∂xj
|{z}

convectiveflux

−
∂

∂xj

��

μ� μt

σγ

�
∂γ

∂xj

�

|��������������{z��������������}

diffusivef lux

�c1ρSFonset�1−γ�
|�����������{z�����������}

productionsourceterm

−c2ρΩFturb�c3γ−1�
|�������������{z�������������}

destructionsourceterm

(3)

Both the Fonset and Fturb functions in the production and destruc-
tion source terms of the intermittency equation use minimum and
maximum functions that can be locally nondifferentiable. Addition-
ally, the Fonset function relies on the ~n∕Ncrit ratio, which is a balance
between the local approximate envelope amplification factor and a
critical value in order to determine the onset of transition. Here,Ncrit

is the critical amplification factor based on the linear stability theory
[15], which will be described later.
Ultimately, the destruction source term of the intermittency

equation is controlled by the Fturb function to prevent destruction
of intermittency within an already turbulent boundary layer based
on the value of RT . As a matter of fact, Fturb promotes laminariza-
tion in boundary layers with small turbulence Reynolds number
while maintaining intermittency in turbulent boundary layers with
large values ofRT . It is very important to note thatFturb can in some
cases inadvertently suppress the turbulence in the viscous sublayer
due to the local nature of the turbulent Reynolds number. However,
this issue is handled primarily by the turbulence model, and the
details of this will be described later in this work when the
turbulence and transition models are coupled together. Another
important issue to address is the number of minimum and maxi-
mum functions in the definition of the intermittency source
term. These functions are also nonsmooth and nondifferentiable
at their inflection point, which will be addressed in the following
section.

3. Smooth Version of the AFT Model

As discussed earlier in the definition of the original AFTmodel,
the switching step function as well as the minimum and maximum
functions are nonsmooth and discontinuous. This means that these
functions must be modified in order to smooth the AFT model and
make it compatible with the gradient-based design optimization.
The first function that will be addressed is the Fcrit step function,
which is substituted by a modified hyperbolic tangent function
[4,19]. Additionally, the minimum and maximum functions must
be made smooth as these functions are used substantially in the
calculation of the source terms for both of the AFT model equa-
tions. Moreover, the minimum and maximum functions are also
used in the turbulence model, and smoothing them would be
essentially important for the compatibility of these models with
gradient-based design optimization. In this work, the Kreisselme-
ier–Steinhauser (KS) function [20,21] is used to smooth the mini-
mum and maximum functions. It must be noted that the KS
functions are used to smooth the min and max functions that arise
in various mathematical applications involving a series ofmeasure
functions.

4. Critical Amplification Factor

In the Langtry–Menter transition model [5], the value of the
freestream turbulence intensity is used to determine the critical
momentum-thickness Reynolds numberReθ;c through special corre-

lations, such as Abu-Ghannam/Shaw criterion [22], to determine the

onset of transition. It must be noted that these correlations have been

carefully calibrated for various test cases based on the experimental

results, and there is ongoing research in this area to improve such

correlations [23–25]. In theAFT transitionmodel, however, the FSTI

is used for determining the critical amplification factor Ncrit that

directly controls the onset function in the source term of the inter-

mittency equation. This critical factor is directly related to the free-

stream turbulence intensity according to the modified [12] Mack’s

relationship [3]:

Ncrit � −8.43 − 2.4 ln

�
τ

100

�

τ � 2.5 tanh

�
Tu%

2.5

�

(4)

where τ is a smooth maximum function designed for preserving the

positive values of the critical amplification factor, and Tu% is the

freestream turbulence intensity described in percent value.
It is important to note that the freestream turbulence intensity is

defined as the ratio of the standard deviation of the mean velocity to

the mean velocity (commonly reported in percent value). Therefore,

in many experimental studies and wind tunnel data, the value of the

FSTI (or Tu∞) is calculated very accurately by relying on freestream

velocity data typically measured using a constant temperature

anemometer (CTA) [26] or laser velocimeters [27]. On the other

hand, in many RANS-based transition prediction studies, the dis-

crepancies between the CFD solutions and the experimental data are

normally alleviated by manually tuning the turbulence intensity

(FSTI) [7,10,11,19,28,29]. In the case of the transition models based

on the linear stability theorem, e.g., the eN or the AFT models

[15,28,30], this variation of the FSTI value is analogous to the

variations of the critical amplification factor Ncrit. It is worth noting

that the linear stability theory that governs the AFT model is gen-

erally assumed relevant for Tu∞ < 1% (natural transition) regimes,

which means that for low FSTI values the model is anchored by

physics. However, as mentioned earlier, it is still possible to obtain

useful results in bypass transitional region [31]. On the other hand,

the Langtry–Menter [5] model utilizes calibrated correlations for

the local transition momentum-thickness Reynolds number as a

function of the pressure gradient and the turbulence intensity at

the edge of the boundary layer, Tue. However, the SA turbulence

model [9] is used herein, where the Tue information is not available.

Therefore, utilizing the freestream turbulence intensity Tu∞ to

determine the critical amplification factor is the only option, even

though the relation betweenNcrit and Tu∞ is not truly physics based

in the bypass transition regime.
Therefore, in this work, the goal is to focus on calibrating the

critical amplification using a gradient-based optimization of the

transition onset location in order to resolve the discrepancies between

CFDpredictions and the experimental data.Ultimately, the calibrated

amplification factors for a set of canonical test cases can be used for

determining a new relation, similar to Eq. (4). This new relation can

be obtained using a polynomial-based regression model and can be

tuned for a wide range of transitional boundary layers including both

bypass and natural transition processes.

B. Turbulence Model

The AFTmodel described in this work is developed with the main

intention of being used in conjunction with the one-equation turbu-

lence model of Spalart and Allmaras [9]. Therefore, details of the SA

turbulence model and its coupling with the AFT transition model are

presented in this section.

1. Spalart–Allmaras Model

The SA turbulence model used in this work is defined in its

conservative form [32] as
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∂ρ~ν

∂t
�

∂ρuj ~ν

∂xj
|{z}

convectiveflux

−
1

σ

�
∂

∂xj
�ρ�ν� ~ν�� ∂~ν

∂xj

�

|���������������{z���������������}

diffusiveflux

� ρcb1�1−ft2� ~S ~ν
|����������{z����������}

productionsourceterm

−ρ�cw1fw−
cb1

κ2
ft2�

�
~ν

d

�
2

|�����������������{z�����������������}

destructionsourceterm

�1

σ

�

ρcb2
∂~ν

∂xi

∂~ν

∂xi
−�ν� ~ν� ∂ρ

∂xi

∂~ν

∂xi

�

|�������������������������{z�������������������������}

diffusionsourceterm

(5)

where ~S is the limited magnitude of the strain rate tensor to avoid

having it reach zero or to become negative [32]. In the present work

and as recommended by Coder [15], the negative version of the SA,

i.e., SA-neg, is being used. The SA-neg model is identical to the

standard model whenever the modified eddy viscosity ~ν is greater

than or equal to zero. However, for cases where ~ν becomes negative,

instead of clipping the turbulence model solution, the source terms

are slightly varied and the following equation is solved instead:

∂ρ~ν

∂t
�

∂ρuj ~ν

∂xj
|{z}

convective flux

−
1

σ

�
∂

∂xj
�ρ�ν� ~νfn��

∂~ν

∂xj

�

|�������������������{z�������������������}

diffusive flux

� ρcb1�1 − ct3�Ω~ν
|�����������{z�����������}

production source term

� ρcw1

�
~ν

d

�
2

|�����{z�����}

destruction source term

� 1

σ

�

ρcb2
∂~ν

∂xi

∂~ν

∂xi
− �ν� ~ν� ∂ρ

∂xi

∂~ν

∂xi

�

|����������������������������{z����������������������������}

diffusion source term

(6)

It is important to notice that the sign of the destruction term is

positive for the modified equation being solved in the SA-neg model

for ~ν < 0 cases [Eq. (6)], as opposed to the standardmodel.Moreover,

the limited magnitude of the strain rate tensor ~S is replaced with the

vorticitymagnitudeΩ in the production term of Eq. (6). Additionally,

the fn function used in the diffusive flux is described as

fn � cn1 � χ3

cn1 − χ3
(7)

where χ � ~ν∕ν and cn1 � 16 [32]. Note that the rest of the closure

coefficients and settings are identical to those from the standard

model, details of which are provided in Ref. [9].

2. Coupling of Turbulence and Transition Models

As can be seen, the SA-Standard or the SA-neg models described

in the previous section utilize a “tripping” function ft2 in the defi-

nition of their production and destruction source terms. The goal of

the ft2 function in the SA model, by design, has been to provide a

tripping effect at the transition onset as well as a laminarization effect

for small ~ν solutions. Therefore, the AFT2019 model tries to exploit

this built-in functionality by modifying the ft2 term to include the

solution of the AFT model intermittency equation such that

ft2 � ct3�1 − γ� (8)

where ct3 � 1.2 according to the SA model [9,15]. Additionally, the

baselinevalues for the closure coefficients of the standardAFTmodel

are described and presented in Table 1.

3. Boundary Conditions and Additional Numerical Considerations

Finally, the transport equations solved for the SA turbulencemodel

as well as the AFT transition model also require a proper boundary

condition treatments. In general, the SA model uses a Dirichlet

boundary condition at both far-field and wall boundaries where ~ν is
set to zero at viscous walls, whereas being set according to a user-

specified eddy viscosity ratio χ∞ at inflow and far-field boundaries.

For the standard SA model used for fully turbulent test cases, the

recommended value of χ∞ is between 3.0 and 5.0 [9,32]. However, in

order to avoid saturating the incoming flow in the transitional cases, a

smaller value of 0.1 is recommended for χ∞ when AFT transition

model is being utilized. Moreover, the AFT transition model uses a

Dirichlet boundary condition for both ~n and γ at the inflow and far

field with ~n � 0.0 and γ � 1.0 while using a Neumann condition at

outflow and viscous wall boundaries.
Another important aspect in the implementation of the AFTmodel

and its coupling with the underlying SA turbulence model is to

address numerical and stability considerations. As such, the local

shape factorHL needs to be limitedwithin �−0.25; 200� for numerical

stability.Additionally, the solutions to the amplification factor aswell

as the intermittency equations must be bounded to avoid spurious or

nonphysical solutions appearing in the flowfield. In this work, the

value of ~n is bound within �−1; 20� at the end of each time-step.

Similarly, the value of the intermittency γ is bound within �0; 1�. In
addition to these lower and upper bounds for the AFT model sol-

utions, the maximum change for both ~n and γ is also limited to 50%

relative to their values at the previous step. This residual limiting is

found to be essential for promoting a good convergence behavior for

the AFT model.

C. Adjoint Method for Sensitivity Analysis and Calibration

Before presenting the design optimization problem, let us first

consider a typical minimization problem for an objective function

I�x;Q�x��, defined as

min
x

I�x;Q�x�� subject to R�x;Q�x�� � 0 (9)

where x is the vector of design variables, Q is the vector of flow

solutions (conservation variables), and R represents the vector of

flow residuals for the primal governing equations. The optimization

problem defined here aims at identifying the optimal design, xoptimal,

that minimizes the objective function subject to a “fully converged”

or feasible, primal CFD solution, i.e., R�x;Q�x�� � 0. Using the

method of Lagrange multipliers, the minimization problem given in

Eq. (9) can be reformulated as a functional such that

L�x;Q;ψ� � I�x;Q�x�� � ψ
TR�x;Q�x�� (10)

where ψ is the vector of adjoint solutions. The next step is to

minimize the Lagrangian functional L�x;Q;ψ�, which can be

accomplished using the Karush–Kuhn–Tucker (KKT) optimality

conditions:

∂L

∂ψ
� R�x;Q�x�� � 0 (11)

∂L

∂x
� ∂I

∂x
� ψ

T
∂R

∂x
� 0 (12)

∂L

∂Q
� ∂I

∂Q
� ψ

T
∂R

∂Q
� 0 (13)

Here, the first KKT condition is the original primal governing equa-

tions presented earlier in Eq. (9). Additionally, the second KKT

condition is nothing but the total derivative of the original objective

function with respect to the vector of design variables. This can be

proven by writing the total derivative or sensitivity as

Table 1 Baseline closure
coefficients used in the AFT

transition model [15]

Coefficient Value

c1 100.0

c2 0.06

c3 50.0

σn 1.0

σγ 1.0
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dI

dx
� ∂I

∂x
� ∂I

∂Q

∂Q

∂x
(14)

It must be noted that the last term in Eq. (14) is very expensive to
calculate. In the discrete adjoint approach, the general assumption is
that the governing equations for the primal flow are satisfied, which
would require converging the primal CFD solver to machine preci-
sion. Therefore, based on the assumption of the converged primal
solution, i.e., R�x;Q�x�� � 0, one can show that

R � 0 →
dR

dx
� ∂R

∂x
� ∂R

∂Q

∂Q

∂x
� 0 →

∂Q

∂x
� −

�
∂R

∂Q

�
−1 ∂R

∂x
(15)

which is the cornerstone of the discrete adjoint approach. Here,
∂R∕∂Q is the Jacobian of the primal solver. By rearranging and
inserting Eq. (15) into Eq. (14), we can rewrite the total derivative as

dI

dx
� ∂I

∂x
−

∂I

∂Q

�
∂R

∂Q

�
−1

|��������{z��������}

Λ

∂R

∂x
(16)

It can be easily shown that theΛ term in Eq. (16) is identical to the

transposed adjoint solution vector ψT in Eqs. (10–13), such that

∂L

∂Q
� ∂I

∂Q
� ψ

T
∂R

∂Q
� 0 → ψ

T � −
∂I

∂Q

�
∂R

∂Q

�
−1

(17)

Typically, the inverse of the Jacobian matrix ∂R∕∂Q is not found
explicitly. Instead, we solve the corresponding linear systemwith the
appropriate right-hand-side vector by transposing the Jacobian,
which yields the adjoint equations:

∂R

∂Q

T

ψ � −
∂I

∂Q

T

(18)

The above equation is also known as the adjoint flow equation.
Next, the calculated adjoint vector is substituted into Eq. (16) to
compute the total derivative

dI

dx
� ∂I

∂x
� ψ

T
∂R

∂x
(19)

Avery important point to make here is that the design variables x
do not appear in Eq. (18). This means that the computational cost of
the adjoint method is only proportional to the number of objective
functions and is independent of the number of design variables. The
quantity of interest or the objective function for the calibration
problem studied in this work [presented in Eq. (9)] will be described
in the following section.

D. Calibration Based on a Minimization Problem

The main goal of the present work is to calibrate the critical
amplification factor via a gradient-based optimization framework.
To achieve this goal, experimental data available for various bench-
mark test cases will be used for an adjoint-based minimization
problem where the critical amplification factor Ncrit is used as the
design variable. Here, the optimization problem is set up to minimize
the prediction errors defined as the difference between numerical and
experimental results in terms of the transition onset location. There-
fore, the minimization problem used in this work can be described as

min
Ncrit

I � 1

2
�xcr − x

target
cr �2 (20)

where xcr and x
target
cr are the critical or the transition onset locations from

the numerical and experimental studies, respectively. Similar to an
earlierwork by the authors [4], the turbulence index proposed bySpalart
and Allmaras in their seminal work [9] will be used for an accurate
prediction of the transition onset location. This index is defined as

it �
1

κuτ

∂~ν

∂n
(21)

wherewall shear velocity uτ is approximated as uτ ≈
�������

νΩ
p

, andn is the
wall-normal direction. The turbulence index described in Eq. (21) will
have a value close to zero in laminar regionswhile switching rapidly to a
value close to one in turbulent regions. According to Spalart and
Allmaras [9], the value of it can rise slightly above one in the turbulent
boundary layer as it approaches separation.Thegoal here is toutilize this
turbulence index as measure to determine the onset or critical location
xcr that can be used in the definition of the quantity of interest described
in Eq. (20). For the purpose of the gradient-based calibration, it is
essential to have a differentiable path between the objective function
and the set of design variables as well as the flow solution. Therefore, a
nonlinear least-squares minimization problem is used to fit a sigmoid
function to the turbulence index profile. The process is shown in Fig. 1
for a typical turbulence index profile where the transition onset location
is determined based on the location at which the turbulence index
reaches a value of it � 0.5.
It must be noted that another choice for the objective function in

these types of calibration problems would be the L2-error of the skin
friction profiles between the CFD solver and the experimental mea-
surements. However, the skin friction data for most experimental
studies do not cover the entire span of the viscous wall, which can
create discontinuities in the objective function. Therefore, as will be
shown later in this work, the choice of the turbulence index profile
with the sigmoid fit used for determining the onset location is a viable
option that also leads to a smooth and continuous design space. Note
that gradient-based optimization is prone to getting trapped in local
optima. However, the calibration sought in this work is based on an
objective function that approaches zero when the target transition
onset location is reached. Therefore, it is hypothesized that such
behavior proves the well-posedness of the design space that can
guarantee the optimizer would converge to the sought optimum.
Finally, the calibration or the minimization problem is solved using
the in-house Unstructured Parallel Compressible Design Optimiza-
tion Framework (UNPAC-DOF) [33,34].

III. Calibration of the Critical Amplification Factor

As was shown in an earlier work [4], achieving a universal set of
optimal closure coefficients that result in improved predictions for a
range of benchmark test caseswould be improbable if not impossible.
Additionally, due to the flipped signs of sensitivities for the main
closure coefficients of the AFT transition model, a multipoint opti-
mization of the coefficients would be ill-posed. As such, the attention
is focused on the calibration of the critical amplification factor for
canonical flat-plate test cases (both bypass and natural transition) in
order to define a newly calibrated relation that could potentially be
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Fig. 1 Turbulence index profile and the fitted sigmoid function based on

a nonlinear least-squares minimization. Notice the transition onset loca-
tion predicted at it � 0.5, which also happens to bewhere the value of the
sigmoid function reaches 0.5.
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used in place of the Mack’s relation. As discussed earlier, the AFT
model is based on the linear instability growth that is mainly relevant
for FSTI values less than 1%. However, from the model development
standpoint, including both bypass and natural transition test cases in
our calibration process offers continuity between both transitional
flow regimes. Therefore, the goal of this study is to use gradient-
based optimization to calibrate the critical amplification factor so as
to match experimentally reported transition onset location. For this
purpose, four canonical test cases are chosen,whichwill be described
next. Once the calibrated critical amplification factors are deter-
mined, those are used to relate them to experimentally reported FSTI
values, which is similar to Mack’s original relation.

A. Canonical Flat Plate Test Cases

Four canonical test cases used for Ncrit calibration involve zero
pressure gradient flow around flat plates. The flow conditions as well
as the approximate transition onset locations from the experimental
data are reported in Table 2. The first two test cases (T3A and T3B)
involve a relatively low Reynolds number and a high freestream
turbulence intensity, which results in the bypass transition through
a secondary instability mode. It must be noted that the AFT model,
which relies on the linear stability theory, is better suited for natural
transition associated with relatively lower values of freestream tur-
bulence intensity. Therefore, two natural transitional cases are also
chosen for this study, which involve a relatively low freestream
turbulence intensity and a higher Reynolds number. The first natural

transitional case is selected from the ERCOFTAC T3 series [35] and

is known as the T3A- (also referred to as T3AM). The classical

benchmark case of Schubauer and Klebanoff (S&K) is also consid-

ered in this work, which involves the natural transition of the boun-

dary layer as a result of very low freestream turbulence intensity.

As discussed earlier, a common practice in the CFD community is

to manually tune the model parameters, i.e., either the FSTI or the

critical amplification factor, for each individual case. An example of

this approach can be seen in the model parameter data gathered from

the literature for the S&K [36] benchmark study. The experimentally

measured and reported FSTI for this case is 0.03%, and different

model parameters used in various numerical studies (the actual

prescribed model parameters are in bold next to their corresponding

Ncrit or FSTI value calculated using theMack’s relation or its inverse,

respectively) are presented in Table 3.

As seen from Table 3, a majority of modeling efforts modify the

freestream turbulence intensity, which sets the critical amplification

factor through Mack’s relation, from its experimentally calculated

value in order to reduce the discrepancies between CFD and exper-

imental results [2,5,7,10,11,14,15,28,38].

Additionally, the target transition onset locations for these cases

are also provided in Table 2 in terms of the reference length L based

on the critical Reynolds number determined from the experimental

data. For the calibration of the critical amplification factor, these

target transition onset locations are used in the objective function of

Eq. (20). The objective function is then minimized using the smooth

version of the SA-AFT2019 model described earlier in this work.

Here, a bound-constrained optimization is adopted with the lower

and upper bounds for the design variable, i.e., the critical amplifica-

tion factor, set to 0.01 and 12.0, respectively. The calibration results

are shown in Figs. 2 and 3 for the bypass and natural transitional cases

in terms of skin friction coefficient profiles. It is seen that the agree-

ments between our predictions and the experimental data are signifi-

cantly improved with all four cases ultimately calibrating the critical

amplification factor to an optimal value that results in the correct

prediction of the onset location (according to the experimental data).

Calibrated values of the critical amplification factor for the four

test cases are summarized in Table 4. Also presented are the corre-

sponding freestream turbulence intensities for the calibrated Ncrit

value based on the inverse of the Mack’s relation [Eq. (4)] It must

be noted that the Mack’s relation augmented with the Drela’s hyper-

bolic tangent limiter is bounded to small but positive values of the

critical factor for large turbulence intensities. Therefore, the cali-

bratedNcrit value of 0.116 for the T3B case is in fact unattainablewith

the limited form ofMack’s original relation. However, as was seen in

Fig. 2, when the solver is run with the calibrated value of the critical

amplification factor, a significant improvement in the prediction of

the onset location is achieved using the in-house CFD solver.

Table 2 Freestream flow conditions for the canonical test cases used
for the sensitivity analysis

Case ReL FSTI (Tu%) Rec x
target
cr ∕L Transition type

T3A 360,000 3.0 198,000 0.55 Bypass
T3B 630,000 6.0 63,000 0.10 Bypass
T3A- 1,320,000 0.9 1,914,000 1.45 Natural
S&K 3,400,000 0.03 3,060,000 0.90 Natural

L
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Fig. 2 Comparison of the skin friction coefficient profiles obtained using the original and calibrated Ncrit for the bypass transitional cases with
experimental data from Ref. [35].

Table 3 Model parameters gathered from
various numerical studies for the S&K natural

transitional flat plate test case (FSTI = 0.03%) [36]

FSTI (Tu%) Ncrit References

0.03 11.04 [6,11,47]
0.041 10.3 [15]
0.07 9.0 [28,37]
0.1 8.15 [10]
0.18 6.74 [5,7,38]
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B. Calibrated Relation for Turbulence Intensity Versus Critical

Amplification Factor

With the calibrated values of the critical amplification factor we can

now focus on a regression model that can serve as a calibrated relation

for determining Ncrit as a function of the freestream turbulence inten-

sity that can be used in lieu of Mack’s relation. First, the calibrated

critical factors for the bypass and natural transitional cases are plotted

against the Mack’s relation and the results are shown in Fig. 4. Also

shown are some of the critical amplification factors that are chosen in

the CFD community for improving the transition predictions for these

standard test cases. It must be noted that in some of these studies, the

authors have simply chosen a different FSTI compared to the reported

values from the experimental data. In such cases, the corresponding

Ncrit value obtained from Eq. (4) is shown. Additionally, in studies

involving linear stability and eN models for transition prediction, the

actual value of the Ncrit is shown. It is important to note that our

calibrated critical amplification factors are in line with the typical

values used in the CFD community except for the T3A- case, where

the critical factor is pushed to a significantly higher value. However, to

the best of the authors’ knowledge, this is the first work reported in the

literature that utilizes a gradient-based optimization technique for

determining the optimal critical amplification factor in order to cali-

brate the transition onset location predictions.
Before fitting a regressionmodel to the calibrated critical factors, it

is important to note that our calibrated Ncrit factors for the natural

transitional cases, i.e., S&KandT3A-, show the largest discrepancies

with the original values obtained from theMack’s relation. Therefore,

a weighted averaging has been utilized to alleviate these discrepan-

cies that could be associated, to some extent, with the challenging

nature of these low freestream turbulence intensity cases. Finally, a

fourth-order polynomial regressionmodel is used and the coefficients

are obtained using a least-squares optimization method. Addition-

ally, a modification similar to that suggested by Drela [12] is utilized

to avoid negativevalues of the critical amplification factorwith a limit

of 2.5% as suggested by Coder [15]. The calibrated relation is

described as

Ncrit � a0 � a1τ� a2τ
2 � a3τ

3 � a4τ
4 τ � 2.5 tanh

�
Tu%

2.5

�

(22)

where the coefficients a0 through a4 are described in Table 5. It is

important to note that the calibrated relation preserves positive values

of Ncrit for a maximum FSTI value of around 10%.
Finally, the new regression model is plotted against Mack’s origi-

nal relation and the results are shown in Fig. 5. As can be seen, the

calibrated relation agrees well with the critical factor values used by

the CFD community although ours is based on a gradient-based

calibration process. Additionally, it is important to notice the exact
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Fig. 3 Comparison of the skin friction coefficient profiles obtained using the original and calibrated Ncrit for the natural transitional cases with
experimental data from Refs. [35,36].

Table 4 Original and calibrated critical amplification factors for the
canonical flat plate test cases

Case
name

FSTI
(Tu%)

Ncrit [Mack,
Eq. (4)]

Ncrit

(calibrated)
FSTI (inverse

Mack)

T3A 3.0 0.86 1.212 2.268%
T3B 6.0 0.463 0.116 N/A
T3A- 0.9 2.976 5.930 0.253%
S&K 0.03 11.04 7.703 0.1205%
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Fig. 4 Comparison of the original critical factorsNcrit from theMack’s

relation [Eq. (4)] and the calibrated values for the canonical flat plate
cases. Also shown are typical Ncrit values used in the CFD community
[7,10,11].

Table 5 Coefficients of the
calibrated relation for obtaining
the critical amplification factor

Ncrit as a function of the
freestream turbulence intensity

Coefficient Value

a0 9.0064

a1 −4.4958

a2 −1.4208

a3 1.5920

a4 −0.3532
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fitting of the calibrated factors in the bypass region as opposed to the
approximate fitting of the calibrated factors in the natural transitional
region. In fact, the use of the weighted averaging for the natural
transitional region puts our calibrated relation more in-line with the
critical factors used in other studies reported in the literature.

IV. Validation and Verification of the Calibrated
Critical Amplification Factors

Toverify the efficacy of the newly calibrated relation for the critical
amplification factor, the natural transitional flows past the NLF(1)-
0416 and the S809 airfoils are studied. The goal here is to study the
effects of the calibrated critical amplification factors onRANS-based
transition predictions using the AFT2019 model [15,39].

A. Natural Laminar Flow NLF(1)-0416 Airfoil

The NLF(1)-0416 airfoil was designed with the goal of producing
a target maximum lift coefficient that would be roughness indepen-
dent while still having a low profile-drag coefficient similar towhat is
normally achievedwith theNACA6-series airfoils. Additionally, this
airfoil is designed to have long runs of laminar flow resulting from
favorable pressure gradients along its surface to attain natural laminar
flow [28]. TheNLF(1)-0416 test case that will be studied in this work
for the purpose of validation and verification (V&V) is subject to a
Reynolds number of 4.0 million and a Mach number of 0.1. The
freestream turbulence intensity is set to Tu � 0.045% according to
the experimental studies conducted in the NASA Langley Low-
Turbulence Pressure Tunnel (LTPT) [40]. It must be noted that this
freestream turbulence intensity is also representative of some other
low-turbulence wind tunnels such as the Penn State University Low-
Speed, Low-TurbulenceWind Tunnel (LSLTT) [41,42] and the Delft
University Low-Speed Wind Tunnel (LSWT) [43], which are all
designed for very high critical amplification factors [28].

1. Grid Convergence Study

To ensure that the numerical results are grid converged, four

different grid resolutions are considered and the grid convergence

studies are conducted. These C-typed structured computational grids

are provided by the AIAATransitionModeling and PredictionWork-

shop (case 2) and are extended to 1000-chord units away from the

airfoil based on the recommendation of the workshop organizing

committee and in order to reduce any effects on the surface-integrated

drag coefficients in the absence of a far-field vortex correction [44].

The four grid resolutions (levels L0–L3) are shown in Fig. 6, where

the number of grid nodes around the circumference of the airfoil

varies from 512 for the “Medium” (L3) grid to 1536 for the “Ultra

Fine” (L0) grid. Theminimumwall spacing for theMedium (L3) grid

is 3.5 × 10−6 chord length, and the Ultra Fine (L0) grid has a total of
610,657 nodes (see Ref. [13] for more details).

For the purpose of grid convergence study, the freestream flow at a

zero-degree angle of attack (AoA) with a freestream turbulence

intensity of 0.045% is considered, and the resulting skin friction

profiles are presented in Fig. 7 for the finest grid levels, i.e., L0–

L2. In general, skin friction profiles are similar for the majority of the

surface points with distinct differences in the vicinity of the transition

onset location. Furthermore, predicted lift and drag coefficients for

different grid resolutions are given inFig. 8. It is important to note that

both the lift coefficient and the drag count settle as the grid resolution

is increased. Additionally, the results of the grid convergence study

are presented in Table 6, which also includes the differences (in

percent) compared to the results obtained on the finest grid, i.e., the

Ultra Fine (L0). It can be clearly seen that the differences between the

L1 and L0 grids in terms of lift and drag coefficients are small.

Therefore, the L1 grid is ultimately chosen for the rest of the results

presented in this section.
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Fig. 6 Computational grids for the transitional flow past the NLF(1)-0416 airfoil.
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2. Lift, Drag, and Transition Predictions

As reported earlier, the value of the freestream turbulence intensity
for this case is 0.045% according to the experimental data. However,
in many studies available in the literature, the value of the FSTI is
increased to 0.15% since the transition onset locations are consis-
tently predicted further downstream of those reported by the experi-
ment [19,29]. This was first reported by Coder [28] and resulted in a
significant improvement of the transition predictions compared to the
experimental data for the NLF(1)-0416 airfoil in a wide range of
angles of attack. It must be noted that the FSTI of 0.045% corre-
sponds to a critical amplification factor ofNcrit � 10.07 according to
the Mack’s relation [Eq. (4)]. Therefore, by increasing the value of
FSTI, the critical amplification factor is in fact reduced to Ncrit �
7.18 [equivalent to Tu � 0.15% according to Eq. (4)] [28].
In this work, however, the goal is to use the newly calibrated

relation instead of the Mack’s relation while still using the exper-
imental value of the freestream turbulence intensity, i.e., Tu �
0.045%. This value of FSTI is equivalent to a critical amplification
factor of Ncrit � 8.8 according to our new relation [Eq. (22)]. The

drag polar for the NLF(1)-0416 airfoil atRe � 4 × 106 andM � 0.1
for an AoA sweep between �−8; 8� deg is provided in Fig. 9. In
general, although the SA-AFT transitional results increase the accu-
racy of the lift and drag predictions compared to the fully turbulent
solutions (obtained via SA-neg model), the agreements with the
experimental data are further improved based on the calibrated
relation. This finding is not surprising since the critical amplification
factor is smaller compared to Mack’s original relation. Overall, the
flow transitions earlier, resulting in the slight increase in the friction
drag coefficients.
Additionally, the transition onset locations on the suction and

pressure surfaces are predicted according to the turbulence index
profile and the results are presented in Fig. 10. Here, the horizontal
error bars represent the likely transition intervals for each lift coef-
ficient data point according to the experimental study results [40]. It is
apparent that the transition predictions using the newly calibrated
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Fig. 8 Grid convergence study in terms of lift coefficient and drag count for the transitional flow past the NLF(1)-0416 airfoil at 0 deg angle of attack.

Table 6 Results of the grid convergence study in terms of lift
coefficient and drag count for the transitional flow past the NLF(1)-0416

airfoil at 0 deg angle of attack

Grid Nsurf 1∕Nsurf CL
Diff.
(%)

CD × 104
Diff.
(%)

Medium
(L3)

512 0.00195 0.484535 0.44 57.457 8.57

Fine (L2) 768 0.00130 0.486146 0.11 54.165 2.35
Extra Fine
(L1)

1024 0.00097 0.486495 0.04 53.193 0.51

Ultra Fine
(L0)

1536 0.00065 0.486686 — — 52.921 — —
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Fig. 9 Drag polar for angles of attack from−8 to 8 deg for the turbulent
(SA) and transitional (SA-AFT) cases using the original Mack’s and the

newly calibrated relations: NLF(1)-0416 airfoil at Re � 4.0 × 106,
M∞ � 0.1, and Tu � 0.045%. Experimental data are obtained from
Ref. [40].
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value of the critical amplification factor agree much better with the

experiments compared to those obtained from the Mack’s relation.
Once again, this result was expected since the reduction of the critical
amplification factor according to the newly calibrated relation would

lead to the transition onset points consistently shifting toward the
leading edge of the airfoil.
Finally, the flow solutions for various angles of attack in terms of

Mach number and intermittency are shown in Figs. 11 and 12,
respectively. Additionally, the eddy viscosity ratio, μt∕μ, solutions
are presented for the zero AoA case with fully turbulent (SA) and

transitional (SA-AFT2019) assumptions based on the newly cali-
brated value of theNcrit � 8.8 and the results are shown in Fig. 13.As
can be seen, turbulence in the boundary layer of the NLF(1)-0416 is
remarkably overpredicted with the fully turbulent assumption, while

the maximum eddy viscosity ratio is almost halved in the transitional
flow obtained using the SA-AFT2019 model.

B. S809 Wind Turbine Airfoil

The second validation test case in the natural transitional regime is
the S809 airfoil, designed in the 1980s by Dan Somers [45] for stall-

regulatedwind turbines.This airfoilwas also subsequently tested in the
TU Delft low-speed and low-turbulence wind tunnel with the turbu-
lence intensity varying from 0.02 to 0.04% for a range of low-speed

flow studies [45]. The S809 airfoil has become a standard test case for
validation and verification of transition models [13] due to the avail-

ability of relatively high-quality wind tunnel measurements and has
also been widely used for wind turbine applications [5,46,47]. How-

ever, the S809 airfoil exhibits a “drag bucket” on its drag polar, which

indicates a rapid change in transition onset location with small AoA

variations. This phenomenon causes a sharp increase in the drag

coefficient at the edges of the drag bucket where the airfoil maintains

a low drag over a range of lift coefficients.Moreover, the experimental

measurements of the surface pressure coefficient show a short but

intense laminar separation bubble on upper and lower surfaces of the

airfoil in the drag bucket region [13]. The specific conditions of interest

for this airfoil are M � 0.1 and Re � 2 × 106 with a freestream

turbulence intensity of 0.03%, which is the average turbulence inten-

sity reported for the low-turbulence wind tunnel in Ref. [45].

1. Grid Convergence Study

The aforementioned laminar separation bubble and its proper reso-

lution can significantly affect the RANS-based transition modeling,

which is why a suitable grid resolution is necessary for an accurate

transition prediction. To make sure that the numerical results are grid

converged, three different grid resolutions are considered. TheseC-type

structured computational grids are generated according toRef. [13] and

are extended to 1000-chord units away from the airfoil based on the

recommendation of the AIAA Transition Modeling and Prediction

Workshop organizing committee. The three grid resolutions (levels

L0–L2) are shown in Fig. 14, where the number of grid nodes around

the circumference of the airfoil varies from 512 for the Fine (L2) grid to

1536 for the Ultra Fine (L0) grid. The minimum wall spacing for the

Medium (L3) grid is 6.5 × 10−6 chord-length, and the Ultra Fine (L0)
grid has a total of 610,657 nodes (see Ref. [13] for more details).

Fig. 12 Contours of intermittency γ for transitional flow around NLF(1)-0416 airfoil at various angles of attack, Re � 4.0 × 106, M � 0.1, and
Tu � 0.045%, using the newly calibrated relation.

Fig. 11 Contours of Mach number for transitional flow around NLF(1)-0416 airfoil at various angles of attack, Re � 4.0 × 106, M∞ � 0.1, and
Tu � 0.045%, using the newly calibrated relation (all plots have same contour levels).
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For the purpose of grid convergence study, the freestream flows for

angles of attack of 1 and 5 deg with a freestream turbulence intensity

of 0.03% are considered, and the results in terms of the surface

pressure coefficient are presented in Fig. 15 for three grid resolutions.

It is seen that the surface pressure profiles are similar with distinct

differences in the vicinity of the transition onset location and the

laminar separation bubbles that form on both upper and lower surfa-

ces of the airfoil.

Fig. 13 Contours of eddy viscosity ratio, μt∕μl, for turbulent and transitional flows around NLF(1)-0416 airfoil at 0 deg angle of attack,Re � 4.0 × 106,
M∞ � 0.1, and Tu � 0.045%, using the newly calibrated relation.

Fig. 14 Computational grids for the transitional flow past the S809 airfoil.
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Fig. 15 Grid convergence study in terms of surface pressure coefficient for the transitional flow past the S809 airfoil at two different angles of attack.
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Note that the experimental results in terms of pressure coefficient
distributions [45] that are used herein for comparison are in fact
obtained at angles of attack of 1.02 and 5.13 deg, respectively. Addi-
tionally, it must be noted that the transitional results agree much better
with the experimental profiles than the fully turbulent solutions espe-
cially in the aft portion on the pressure side.This ismorepronounced in
the laminar separation bubbles since this phenomenon is entirely
absent in fully turbulent simulations. However, it is interesting to note
that the transitional results exhibit a faster transitiononset following the
formation of the laminar separation bubble, which was also seen in
previous works using the AFT2019 model [15].
Additionally, the convergence of the lift and drag coefficients with

respect to the grid resolution is studied, and the results are shown in
Figs. 16 and 17. It is important to note that both the lift coefficient and
the drag count become grid-converged as the resolution is increased.
Furthermore, the results of this study are presented in Tables 7 and 8
with the percent differences compared to the finest grid, i.e., the Ultra
Fine (L0), level results. As can be clearly seen, the differences
between the L1 and L0 grids in terms of lift and drag coefficients
are small, which is why the L1 grid is ultimately chosen for the rest of
the results presented in this section.

2. Lift, Drag, and Transition Predictions

The S809 airfoil cases studied in this section are for a Reynolds
number of 2 million at a very low freestream turbulence intensity that
is typically seen in natural transitional regimes. For these conditions,
the S809 airfoil exhibits a significant laminar bucket with very sharp

upper and lower boundaries for the lift coefficient. This behavior can

be associated with the laminar separation bubble that can effectively

fix the transition across a wide range of lift coefficients. As discussed

earlier, the value of the freestream turbulence intensity for this case is
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Fig. 16 Grid convergence study in terms of lift coefficient and drag count for the transitional flow past the S809 airfoil at AoA � 1 deg.
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Fig. 17 Grid convergence study in terms of lift coefficient and drag count for the transitional flow past the S809 airfoil at AoA � 5 deg.

Table 7 Results of the grid convergence study in terms of lift
coefficient and drag count for the transitional flow past the S809 airfoil at

AoA � 1 deg

Grid Nsurf 1∕Nsurf CL
Diff.
(%)

CD

(count)
Diff.
(%)

Fine (L2) 768 0.00130 0.284890 0.33 63.524 2.21
Extra Fine
(L1)

1024 0.00097 0.285429 0.14 62.583 0.70

Ultra Fine
(L0)

1536 0.00065 0.285841 —— 62.145 ——

Table 8 Results of the grid convergence study in terms of lift
coefficient anddrag count for the transitional flow past the S809 airfoil at

AoA � 5 deg

Grid Nsurf 1∕Nsurf CL Diff. (%)
CD

(count)
Diff. (%)

Fine (L2) 768 0.00130 0.765361 0.35 66.429 3.32
Extra Fine (L1) 1024 0.00097 0.766991 0.14 64.247 0.06
Ultra Fine (L0) 1536 0.00065 0.768086 — — 64.290 ——
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Tu � 0.03% according to the experimental data. This freestream
turbulence intensity corresponds to a critical amplification factor of
Ncrit � 11.04 according to the Mack’s relation [Eq. (4)]. However,
this value is recommended to be taken as Ncrit � 9.0 [equivalent to
Tu � 0.07% according to Eq. (4)] [13,15] because a higher FSTI
helps alleviating the underprediction of the friction drag coefficient.
In this work, however, the goal is to use the newly calibrated relation
instead of theMack’s relation while still using the experimental value
of the freestream turbulence intensity, i.e., Tu � 0.03%. This value
of FSTI is equivalent to a critical amplification factor ofNcrit � 8.87
according to our new relation [Eq. (22)].
The drag polar for the S809 airfoil at Re � 2 × 106 andM � 0.1

for an AoA sweep between �−8;�12� deg is shown in Fig. 18.
While, in general, the SA-AFT transitional results have consistently
increased the accuracy of the lift and drag predictions compared to the
fully turbulent solutions (obtained via SA-neg model), the agree-
ments with the experimental data are slightly improved when the
newly calibrated relation is utilized. As a matter of fact, the transi-
tional solutions based on the higher critical amplification factor,
i.e.,Ncrit � 11.04, lead to more underpredictions of the friction drag

coefficient compared to the experimental data. Using a lower critical
amplification factor, which is attainable via the newly calibrated
relation, the friction drag predictions are improved. This results in
better agreements with the experimental data, especially in the drag
bucket region. Itmust be noted that such behaviorwas expected as the
reduction of the critical amplification factor results in the expedition
of the transition onset that leads to a slight increase in the total drag
count. Also shown in Fig. 18 are the fully turbulent and transitional
results of Coder [15] using the NASAOVERFLOW 2.2n solver [48]
for the same test casewith theMedium level (L3) grid utilized.While
results are in very good agreement, it must be noted that a critical
amplification factor of Ncrit � 9.0 is used for the OVERFLOW
results [15]. Interestingly, this value is very close to the critical
amplification factor obtained from our newly calibrated relation for
the freestream turbulence intensity of 0.03%according toRef. [45]. It
is also important to note that the fully turbulent simulations are not
capable of capturing the drag bucket or the low-drag range as they
lead to significant overpredictions of the drag count for this airfoil.
Finally, the lift predictions are also plotted against the AoA for the

alpha sweep test cases studied in this section. These results are shown
in Fig. 19 and exhibit a relatively good agreement with the exper-
imental data in the linear range. However, it must be noted that,
similar to the OVERFLOW results, the transitional results are show-
ing slight overpredictions of the lift coefficient, whereas, on the other
hand, the fully turbulent simulations are showing slight underpre-
dictions. These small variations in the lift predictions could bemainly
attributed to the laminar separation bubble that can create a small
region of constant pressure, causing a plateau in the curve of pressure
distribution as was seen earlier in Fig. 15. Additionally, fully turbu-
lent cases are leading to a significant underprediction of the pressure
profile on the suction side of the airfoil, which also contributes to the
underprediction of the lift coefficient, which is dominated by pres-
sure forces. Nonetheless, both fully turbulent and transitional results
are significantly overpredicting the maximum lift coefficient as well
as the stall angle, which is a known deficiency of the RANS-based
turbulence and transition modeling approaches. Once again, these
results are in good agreement with those obtained by Coder using the
NASAOVERFLOW 2.2n solver [15].

V. Conclusions

A gradient-based optimization approach was utilized for cali-
brating the critical amplification factor that directly controls the
predictive capabilities of transition models based on the linear
stability theory, e.g., eN and the AFT models. For this purpose,
four canonical flat plate test cases based on the experimental studies
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Fig. 18 Drag polar for the turbulent (SA) and transitional (SA-
AFT) cases using the originalMack’s and the newly calibrated relations:
S809 airfoil atRe � 2.0 × 106,M∞ � 0.1, andTu � 0.03%. Experimen-
tal data are obtained from Ref. [45] with the OVERFLOW results
reproduced from Ref. [15].
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of the ERCOFTAC T3 series [35] as well as the S&K [36] were
considered. Additionally, the transition onset location was represented
by a sigmoid function of the turbulence index profile that resulted in a
smooth and differentiable design space that is essential to the discrete
adjoint approach. Therefore, the critical amplification factor in the
source term of the intermittency equation is calibrated via an adjoint-
based optimization of the transition onset location based on the exper-
imental data. It must be noted that this work is part of a grand research
project focused on uncertainty quantification and calibration of the
turbulence and transition models. While other gradient or even non-
gradient-based optimization techniques could be used for the present
calibration problem with a single design variable involved, the adjoint
method is specifically utilized in thiswork because the adjoint analysis
is instrumental to determining the overall uncertainty quantification
and sensitivity analysis of the RANS-based transition modeling.
Therefore, the adjoint method is also used for obtaining the adjoint
flowfields that exhibit the flow reversal and the adjoint flow features.
To the best of the authors’ knowledge, this was the first work that
addressed the calibration of the critical amplification factor using a
gradient-based approach that could efficiently identify theNcrit values
for various bypass and natural transitional test cases. Ultimately, a
regression model approach was used to determine a new relation for
determining the critical amplification factor as a function of the free-
stream turbulence intensity for awide range of FSTIvalues. Finally, the
efficacy of the newly calibrated relation was verified by modeling the
transitional boundary layer of the natural laminar flowNLF(1)-0416 as
well as the S809 wind turbine airfoils in a wide range of angles of
attack. For the NLF(1)-0416 airfoil, results showed significant
improvements in predicting the transition onset location as well as lift
and drag coefficients compared to those obtained from the original
Mack’s relation [3,12]. Additionally, for the S809wind turbine airfoil,
the agreements with the experimental results are improved compared
to the transitional flow predictions using the original Mack’s relation.
More specifically, the newly calibrated relation results in a slower
transition at moderate angles of attack, which leads to a slight increase
in the friction drag coefficient that enhances the agreements especially
in the drag bucket region.
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