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Abstract Buoyant turbulent plumes are often categorized by their geome-8

try and described as either round plumes, issuing from a point source, or9

line/planar plumes, issuing from an elongated source. As line plumes rise above10

their source they get thicker (normal to the source axis) and, far from the11

source, they will no longer be planar but more resemble a round plume. How-12

ever, the vast majority of experimental measurements of line plumes focus13

on the near source region, where they are still planar and the flow is two-14

dimensional. Further, these experiments constrain the ends of the plume with15

barriers to prevent entrainment through the ends of the plume and maintain16

a two-dimensional flow. Herein, results are presented from a series of experi-17

ments that were conducted to measure the transition of an unconstrained line18

plume into a round plume. A model is presented that allows the calculation19

of the entrainment into a plume of arbitrary cross sectional shape in terms of20

the hydraulic radius of the plume defined as the cross-sectional area divided21

by the perimeter over which entrainment is occurring. This formulation, along22

with a smooth transition function that changes both the geometry and en-23

trainment coefficient, is used to make predictions of the front position over24

time for a line plume in a filling box. The model was run for different values of25

the nozzle width to box height ratio. Results of the model were compared to26

the experimental front position measurements and show that an unconstrained27

line plume will transition to a round plume at a height equal to approximately28

three times the source width. This is consistent with the idea that the line29

plume will transition when its thickness is similar in magnitude to its nozzle30

width.31

Keywords Line plume · Round plume · Entrainment · Filling Box32

N. B. Kaye
Clemson University
E-mail: nbkaye@clemson.edu



2 Kaye et al.

Abbreviations33

α Entrainment coefficient (-)
αL Entrainment coefficient for a line plume (-)
αL.G Entrainment coefficient for a line plume with Gaussian velocity profile (-)
αR Entrainment coefficient for a round plume (-)
∆ρ density difference between the plume and ambient fluid (kg/m3)
η non-dimensional first front height (-)
Γ T Flux balance parameter at the transition height (-)
λ non-dimensional plume transition height (-)
φ non-dimensional transition distance (-)
ψ ratio of the round plume to line plume filling box time (-)
ρ plume fluid density (kg/m3)
ρ0 ambient density (kg/m3)
τ non-dimensional time (-)
∀ Tank volume (m3)
ζT plume transition height scaled on the tank height (-)
b plume radius or half width (m)
f buoyancy flux per unit width (m3/s3)
g gravitational acceleration (m/s2)
g’ reduced gravity m/s2)
h height of the first front (m)
m momentum flux per unit width (m3/s2)
q flow rate per unit width (m2/s)
u top hat vertical velocity (m/s)
z vertical coordinate measured from the plume source (m)
z∗ non-dimensional height (-)
zT plume transition height (m)
zv virtual origin height (m)
A Plume cross sectional area (m2)
AT Tank cross sectional area (m2)
CL Line plume flow rate coefficient (-)
CR round plume flow rate coefficient (-)
F buoyancy flux (M4/s3)
FB buoyancy force (N)
H Tank height (m)
M momentum flux (m4/s3)
P Entraining perimeter (m)
Q volume flux (m3/s)
Q∗ non-dimensional volume flux (-)
R Hydraulic Radius (m)
RT equivalent radius of tank (m)
RL line plume hydraulic radius (m)
RR round plume hydraulic radius (m)
S.G. plume fluid specific gravity (-)
Tfill filling box time for a line plume (s)
W line plume source width (m)

1 Introduction34

Turbulent Line plumes, also known as planar plumes, are ubiquitous in envi-35

ronmental flows. Examples include the thermal plume above the flame front of36



line plume transition 3

a wildfire (Albini (1996)), leads formed below ice sheets (Ching et al. (1996)),37

ocean outflow dispersion (Roberts (1979)), and spill plumes from compartment38

fires (Thomas et al. (1998)). As a result, there is an extensive literature on39

the behavior of line plumes in different environments. This includes line plume40

breakdown in a turbulent environment (Ching et al. (1995)), the interaction41

of multiple line plumes (Ching et al. (1996)), line plumes in confined regions42

(Baines and Turner (1969); Akhter and Kaye (2020)), line plumes in ventilated43

spaces (Linden et al. (1990)), line plumes in stratified (Ma et al. (2017)) and44

rotating environments (Bush and Woods (1999); Fernando and Ching (1993)),45

and sub-glacial discharge plumes (Jackson et al. (2017)).46

Early work on line plumes by Lee and Emmons (1961) built on the entrain-47

ment model of Morton et al. (1956) to developed equations for the flow rate48

per unit width of a line plume. The model was used to predict the behaviour49

of plumes from ’neutral’ sources (pure line plumes), ’restrained’ sources (lazy50

plumes), and ’impelled’ sources (forced plumes). A series of experiments were51

run to measure the plume temperature and was compared to the model to52

establish an estimate of the entrainment coefficient of αL.G = 0.16 for Gaus-53

sian velocity profiles. The experiments were set up with vertical end plates to54

prevent entrainment into the plume from the ends and ensure that the flow55

was two dimensional.56

The entrainment assumption and momentum equation can be used to form57

equations for the fluxes per unit width of volume (q = 2bu) and momentum58

(m = 2bu2) leading to59

dq

dz
= 2αL

m

q
(1)

and60

dm

dz
=
qf

m
(2)

where αL is the top-hat entrainment coefficient for a line plume and f is the61

buoyancy flux per unit width. For an ideal source of pure buoyancy the solution62

to (1) and (2) results in a prediction for volume flux per unit width of63

q = CLf
1/3z (3)

where CL = (2αL)2/3. The plume half width is given by64

b = αLz. (4)

Kotsovinos & List ran experiments to measure the integral properties65

(Kotsovinos and List (1977)) and turbulent properties (Kotsovinos (1977))66

of two-dimensional line plumes. Experiments were run using warm water for67

the buoyant fluid. They established mean and turbulent properties including68

distribution of tracer fluxes between the mean and turbulent flow. As with69

Lee and Emmons (1961), the experimental setup had solid walls at each end70

of the plume to prevent entrainment through the ends and to ensure a mean71

two-dimensional flow.72
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There have been numerous other experimental studies of the behaviour73

of line plumes that have refined measurements of the entrainment coefficient74

(Ramaprian and Chandrasekhara (1989); Paillat and Kaminski (2014); Parker75

et al. (2019)). See Parker et al. (2019) for a review of experimental measure-76

ments. While there are many different approaches to forming line plumes and77

making measurements used in the studies cited above one consistent element78

is the use of end walls normal to the plume source nozzle. This has two effects.79

First, it prevents entrainment of ambient fluid through the ends of the plume.80

Second, it prevents the the plume growing in those directions and ensures a81

purely two-dimensional flow during the experiments.82

If the end walls are removed there is potential for entrainment through83

the ends and, given a large enough vertical distance to develop, the plume will84

eventually cease to be long (in the direction of the nozzle axis) and thin (normal85

to that axis) and will ultimately transition into a round plume. To the best of86

the authors’ knowledge, the only experimental study that has looked at line87

sources without end constraints is by Hu et al. (2017). They studied the flame88

height from a line burner for different configurations of flow constraint. They89

measured the flame height for a line burner enclosed between parallel walls90

for different wall spacing and wall orientation. When the walls were parallel91

to the long axis of the nozzle the flame height increased as the walls were92

moved closer to the flame. This was attributed to the reduced entrainment of93

oxygen into the flame due to the constraining side walls. When the walls were94

placed normal to the long axis of the nozzle, the observed flame height was95

constant regardless of the separation of the walls from each end of the nozzle96

(see Figure 1). This implies that, at least for the parameter range tested, end97

entrainment may not be that significant. The images in Figure 1 not only show98

that the flame height is independent of the end constraints, but that sides of99

the plume are relatively vertical implying that any entrainment through the100

ends of the line plume had a minimal impact on the flame width. Hu et al.101

(2017) did not address the transition in behavior from a line fire to a round102

fire.103

The problem of the transition of a line plume into a round plume has104

received very little attention though it has practical applications. For exam-105

ple, the behavior of displacement ventilation systems in enclosures with finite106

length line sources of heat will behave differently depending on the ratio of the107

height of the enclosure to the length of the source. For example, consider an108

HVAC system floor level heating vent with a length of W = 50 cm in a room109

with a H = 2.5 m ceiling (both typical of domestic systems). If it were a line110

plume it would have a thickness of 2b = 2αL2.5m ≈ 80 cm when it reaches111

the ceiling (using a typical value of αL = 0.155, see Lee and Chu (2003)).112

The ventilation rate and the stratification that develops in plume driven dis-113

placement ventilation system depends on the plume geometry (Linden et al.114

(1990)). In this case there it is quite likely that the line plume would transition115

to a round plume before reaching the ceiling. It is important to know at what116

height the transition from line plume to round plume behavior occurs in this117
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Fig. 1 Instantaneous images of flames issuing from a 2 mm by 145 mm propane source
with end walls normal to the long axis of the source. Images are shown for different spacing
between the end walls (D). From Hu et al. (2017), used with permission.

case in order to be able to correctly predict the ventilation flow rate and room118

stratification.119

Two studies have addressed this issue. Bejan et al. (2014) argued that120

plumes and jets will adjust their geometry to maximize mixing and suggested121

that this will result in a minimization of the mean vertical velocity with height122

and that the transition height zT will scale on the source width. However, no123

experimental results were presented. Thomas (1987) looked at smoke spill124

plumes that are formed by smoke flowing over the underside of a ceiling and125

then out an elongated opening such as a window or the underside of a balcony.126

They modeled the plume as a line plume up to a certain height and then as127

a round plume. The round plume that forms above the transition can be128

modelled as a round plume with a virtual origin offset. However, this paper129

also lacks experimental data and a clear value for the transition height or the130

resulting virtual origin. Both these models are discussed in more detail below.131

While there is a dearth of literature on line plumes transitioning to round132

plumes, there have been studies of other plume flow transitions. In particular,133

there is a considerable literature on the merger of round plumes to form either134

another round plume (Baines (1983); Kaye and Linden (2004); Rooney (2016);135

Li and Flynn (2020b)) or a line plume (Rooney (2015); Li and Flynn (2020a)).136

Kaye and Linden (2004) assumed that the plumes acted as separate plumes up137

to the height at which they merged and then calculated the virtual origin of the138

resulting single plume assuming that its shape was circular. Their experimental139

flow rate measurements showed that this approach gave a reasonable estimate140

of the virtual origin of the far field plume and that the transition occurred141

over a finite but small distance. the finite but short transition from separate142

to merged plumes was also seen in the experiments of Baines (1983).143

An alternate approach for modeling was presented by Rooney (2016) for144

the merger of two round plumes into a single round plume and Rooney (2015)145
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for the merger of a row of round plumes into a line plume. They calculated con-146

tours of constant velocity potential in a horizontal plane for a vertical line sink147

to get the plume shape and coupled this model with a generalized entrainment148

model to solve for the flow rate as a function of height. This approach was149

extended by Li and Flynn (2020a) for parallel rows of round plume sources.150

The advantage of this approach is that the model does not assume a shape for151

the horizontal cross section of the plume but rather calculates it based on the152

contours of constant velocity.153

Despite all the research discussed above, there is still an open question154

regarding the height at which a line plume will transition to a round plume.155

Further, there are no models for how the plume behaves in the vicinity of this156

transition. The goal of this paper is to address these gaps in the literature157

through model development validated by a series of filling box experiments158

that capture the line plume to round plume transition behaviour. The remain-159

der of the paper is structured as follows. A model is presented for entrainment160

into a plume of arbitrary cross sectional geometry in §2 along with a discus-161

sion of transition models the transition height, and the first front movement162

of a line-to-round plume in a filling box. The experimental setup is described163

in §3 followed by experimental results in §4. The results are discussed and164

conclusions drawn in §5.165

2 Model development166

We consider a buoyant plume with a general geometry and top-hat profiles167

that entrains ambient fluid. We define the fluxes of volume, momentum, and168

buoyancy as169

Q = uA, M = u2A, and F = g′Q (5)

where A is the flow cross sectional area and u is the mean velocity. The reduced170

gravity g′ is defined as171

g′ = g
∆ρ

ρ0
(6)

where ρ0 is the ambient density and ∆ρ is the density difference between the172

mean density in the plume and the ambient density. The density difference is173

taken to be small such that the Boussinesq approximation is valid.174

2.1 Entrainment model for generalized plume geometry175

In general conservation of volume for a control volume of height dz can be176

written as177

Q+ dQ = Q+ αuPdz (7)

where P is the perimeter over which entrainment occurs and α is the top hat178

entrainment coefficient for a particular geometry plume. See Figure 2. Writing179

u = Q/A leads to180

dQ

dz
= α

Q

R
(8)
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Fig. 2 Control volume showing inflows and outflows from a plume section of height dz.

Fig. 3 Force and momentum diagram showing the forces acting on the plume and the
resulting change in momentum.

where181

R =
A

P
(9)

is the hydraulic radius of the plume based on the perimeter over which en-182

trainment occurs.183

Making the standard assumption that the plume is relatively long and thin184

and that the pressure can be assumed to be hydrostatic, the linear momentum185

equation can be written as186

ρ0gAdz − ρgAdz = ρ0dM. (10)

The first term on the left hand side is the buoyancy force and the second term187

is the weight of plume fluid in the control volume. See Figure 3. This simplifies188

to189

dM

dz
= g′A =

g′Q2

M
=
QF

M
. (11)

Equations (8) and (11) reduce to the standard plume flux equations for a190

line source or point source by substituting the appropriate geometry for the191

hydraulic radius and using the appropriate entrainment coefficient (αR or αL192

for round and line plumes respectively).193
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For a point source A = πb2 and P = 2πb giving RR = b/2 and u = M/Q194

leading to195

dQ

dz
= 2αR

√
πM. (12)

For a line plume with no entrainment through the ends P = 2W and A = 2bW196

leading to197

dQ

dz
= 2αL

M

Q
. (13)

In both cases the momentum equation is (11).198

Writing the plume equations in a general form as (8) and (11) allows the199

fluxes to be calculated by numerical integration provided the hydraulic radius200

can be easily calculated from the fluxes (Q and M) at each step. For a round201

plume RR = Q/2
√
πM and for a line plume that is not entraining at the ends202

RL = Q2/2WM . This is more complex for other geometries, such as for ellip-203

soidal bent over plumes or line plumes where there is significant entrainment204

at the ends.205

If entrainment through the end of the plume is included in the model then206

there is a need for a model for the shape of the plume ends. Visual observation207

from the experiments described below indicates that near the source the plume208

maintains a constant width equal to that of the nozzle width even in the209

absence of end walls. Therefore, a first order approximation would be that210

the perimeter would be P = 2(W + 2b) where b is the plume half thickness.211

This can be calculated from the plume fluxes by calculating the plume velocity212

(u = M/Q), then the area (A = Q/u), and finally the half width (b = A/2W ).213

2.2 Plume Transition214

There are a number of possible options for modeling the transition from a line215

to a round plume. However, regardless of the approach, there are two main216

questions that need to be answered: (1) at what height does the transition217

occur and (2) over what vertical distance does the plume transition from a218

pure line plume to a pure round plume. While it is not known a priori what219

the values of the transition height and transition length are, it is possible to220

get estimates of these values as discussed below.221

One simple model would be to assume that the transition is instantaneous222

at some height (zT ) and matching the plume volume fluxes at that height. This223

is the approach discussed in Thomas (1987) though there was no explicit pre-224

diction of the transition height. Measuring height from the line plume source225

(assumed ideal) the volume flux for a line plume can be written as226

QL = CLF
1/3W 2/3z for z ≤ zT . (14)

where CL = (2αL)2/3. Matching the round plume flow rate at zT requires a227

virtual origin offset leading to the round plume volume flux being given by228

QR = CRF
1/3(z + zv)

5/3 for z ≥ zT (15)
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where CR = π2/3
(
5
8

)1/3 ( 6
5

)5/3
α
4/3
R .229

Dimensional analysis requires that zT = zT (W ) and, therefore, that zT =230

λW where λ is an (unknown) constant. The flow rates in the line and round231

plume are the same at z = zT . Therefore we can solve for the virtual origin to232

give233

zv
W

=

(
λ
CL
CR

)3/5

− λ. (16)

However, this approach leads to a discontinuity in the momentum flux as it234

assumes that the round plume that forms at the transition height is a balanced235

pure plume. It is shown later that this is not the case.236

An alternative approach is to solve the plume flux equations (8) and (11)237

with an empirical function that transitions from 0 to 1 over some range of z238

centered on zT . For illustration we use the logistic function239

L
( z
W

)
=

1

1 + eφ(λ− z
W )

. (17)

The logistic function is L = 0 for small z/W , L = 1 for large z/W and L = 0.5240

when z/W = λ. The larger the value of φ the shorter the distance over which241

the transition occurs.242

For the transition of a line plume to a round plume both the geometry and243

entrainment coefficient change. Therefore the volume flux equation becomes244

dQ

dz
= Q

(
αL
RL

+ L
( z
W

)(αR
RR
− αL
RL

))
. (18)

The advantage of this approach is that there is no shape assumed during245

the transition. Instead of modeling the flow as, for example, an ellipse with246

major and minor radii that adjust with height, the shape is characterized247

only in terms of its hydraulic radius (R) that is a weighted average of the248

hydraulic radii of the equivalent round and line plumes. This approach is249

similar to the velocity potential model of Rooney (2015) in that the plume250

flux equations treat the area generically. That is the geometry is not built into251

the equations. However, the model of Rooney (2015) then couples this with a252

potential flow model that calculates the shape of, in their case, the merging253

round plumes. In the approach described herein the shape is not calculated.254

Instead a characteristic length of the shape, the hydraulic radius, is assumed255

to be a weighted average of the hydraulic radii of the equivalent round and256

line plumes. This approach sacrifices the calculation of the plume shape for257

computational simplicity.258

The solution to the model found by numerical integration of the coupled259

plume flux equations (11) and (18). The integration was done using MATLAB260

built in functions for integrating ODEs. The hydraulic radius at each height261

was calculated using the following steps. First, the flow velocity was calculated262

based on the momentum and volume fluxes with u = M/Q. The flow cross-263

sectional area was then calculated based on the velocity and volume flux (A =264

Q/u). Finally, the area was used to calculate the characteristic thickness of265
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Fig. 4 Plots of normalized flow rate for different values of λ and φ = 1 when (left) end
entrainment is turned off and (right) end entrainment is turned on. In both figures the black
line is for a pure line plume with no end entrainment.

the plume for each idealized shape. For a round plume the radius is given by266

b =
√
A/π and the hydraulic radius is RR = A/P = b/2. For a line plume267

the plume half thickness is given by b = A/2W . The entraining perimeter is268

then P = 2W if end entrainment is not included and P = 2W + 4b if end269

entrainment is included. The hydraulic radius is then given by RL = A/P . We270

note that, when end entrainment is included in the model, the entrainment271

coefficient used is the same as for a pure line plume. This value was used as a272

first order approximation given the lack of experimental measurements of this273

parameter.274

Plots are presented of volume flow rate against height for different combi-275

nations of λ and φ in Figures 4 and 5. In each plot the volume flow rate is276

normalised by the flow rate in a pure line plume at the vertical distance of one277

nozzle width above the origin and is denoted by278

Q∗ =
Q

CLF
1/3
0 W 5/3

. (19)

Vertical distance is normalized by the nozzle width and is denoted by279

z∗ =
z

W
. (20)

Figure 4 shows the flow rate as a function of height for φ = 1 and different280

values of λ. Figure 4(a) is for the model with no entrainment through the ends281

of the plume. The model behaves as one might expect. The lower the value of282

λ the earlier the line diverges from the line plume eventually having a larger283

flow rate for a given height. It is interesting to note that for low heights and284

λ = 1 the flow rate is actually less than that of a pure line plume because285

the transition occurs before the vertical gradient of volume flux is higher in286

the line plume compared to the round plume. This point is discussed in §2.3.287

Finally, for z∗ < 3 there is very little difference in the flow rate for the range of288

λ considered. This suggests that for filling box experiments run with a depth289
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Fig. 5 Plots of the normalized plume flow rate for different φ and λ = 3 when (left) the
end entrainment is turned off and (right) the end entrainment is turned on.

H < 3W will likely not allow for a clear identification of the transition height290

based on the first front movement.291

When end entrainment is included in the model the order is reversed (Fig-292

ure 4b). The end entrainment results in the entraining perimeter of the line293

plume growing more rapidly than the round plume such that, in the far field,294

the flow rate is larger for plumes that have a larger transition height (larger295

λ).296

For all the transitions shown in Figure 4, the transition length parameter297

was kept at φ = 1. To see the impact of φ on the transition behaviour the298

normalized flow rate is plotted for λ = 3 for different values of φ in Figure 5.299

When there is no end entrainment (Figure 5a) there is little distinction between300

the flow rates for the lowest two values of φ = 0.1 and 1. Only the sharper301

transition (φ = 10) shows a clearly larger flow rate. When end entrainment302

is included in the model there is very little difference in the far field flow303

rates (Figure 5b) This is because the additional entraining perimeter at the304

ends mimics the growth in perimeter with height of a round plume leading to305

somewhat similar behavior for the three values of φ plotted.306

2.3 Transition heights307

It is not known a priori what the values of the transition height and transition308

length are, however, it is possible to get estimates of these values. There are309

various approaches to modeling the height at which the plume will transition310

from a line plume to a round plume. In all cases the problem reduces to finding311

a constant λ where the transition height is zT = λW .312

Bejan et al. (2014) argues that at all heights the geometry will be such as to313

maximize the mixing. This was interpreted as meaning that at all heights the314

mixing would be such as to produce the lowest mean velocity (maximum flow315

rate for a given momentum flux). For a round plume the velocity decays with316

height whereas a line plume is a constant velocity flow. The supplementary317
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material for Bejan et al. (2014) provides empirical equations for the velocity of318

a round and line plume. Solving for the height at which the velocities for each319

shape plume match, under the assumption that they have the same source320

height, leads to λ = 3.1.321

However, there is an implicit assumption that the momentum flux is con-322

stant which is valid for turbulent jets (also considered by Bejan et al. (2014))323

but not for turbulent plumes. The entrainment hypothesis says that the rate324

of increase of volume flux with height is the product of the plume velocity325

u, the entrainment coefficient α, and the perimeter over which entrainment is326

occurring P . That is, dQ/dz = αuP . Therefore, the hypothesis that mixing327

is maximized (Bejan et al. (2014)) should be stated in terms of the vertical328

gradient of volume flux. That is, the transition should occur when329

dQ

dz line
=
dQ

dz round
. (21)

Below the transition the plume will behave as a line plume such that the330

velocity at any height (z < zT ) is331

u = Q/A = (2αL)−1/3F 1/3W−1/3 (22)

and the momentum flux is given by332

M = Qu = (2αL)1/3F 2/3W 1/3z. (23)

Assuming that there is no entrainment through the ends of the plume then333

equating the volume flow rate gradients (21) leads to334

2αLuW = 2αR
√
πM. (24)

Substituting (22) and (23) into (24) leads to335

2αL(2αL)−1/3F 1/3W−1/3W = 2αR

√
π(2αL)1/3F 2/3W 1/3z (25)

and a prediction of λ = 1.9. The line plume momentum flux is used in the336

RHS of (25) as the momentum flux of the flow at this transition height is that337

generated by the line plume from the physical source to this transition height.338

This approach requires a second assumption. When the volume flux gradients339

are matched it is assumed that the comparison is between a pure line plume340

and a pure round plume both with sources at the same height. However, when341

the plume transitions from a line to a round plume, it is unlikely that the342

resulting round plume will have a virtual origin at the height of the line plume343

origin. Therefore, this approach requires the use of a virtual origin offset for344

the round plume that is not known a priori.345

An alternate approach is to assume that a line plume will transition to a346

round plume when the aspect ratio of the plume (2b/W ) is of O(1). That is,347

when the plume source width W is no longer significantly greater than the348

thickness of the plume 2b where b is the plume half width normal to the axis349

of the source. For a line plume b = αLz such that the transition will occur350
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when 2b = 2αLz ∼ W This leads to λ ∼ 1/2αL ≈ 3.2. This approach has the351

advantage of not requiring any assumption about the resulting round plume352

and is purely based on the shape of the line plume that can be established353

from existing models.354

2.4 filling box model first front movement355

The goal of this study is to establish the height above the source at which a line356

plume will transition to a round plume. This is to be done through analysis357

of the first front movement in a series of filling box experiments (Baines and358

Turner (1969)). The position (h) of the first front in a filling box can be359

calculated by applying conservation of volume to the buoyant layer behind360

the first first. In general this is given by361

dh

dt
=

1

AT
Qplume(z = h) (26)

where AT is the cross sectional area of the tank/box and the distance h is the362

measured from the plume source.363

For a line plume, conservation of volume of the buoyant layer leads to364

dh

dt
= −CLW

2/3F 1/3h

AT
. (27)

This can be integrated from z = H at t = 0 to give365

h

H
= η = e−τ (28)

where366

τ =
t

Tfill
(29)

and367

Tfill =
ATH

CLW 2/3F 1/3H
=

∀
QL(z = H)

(30)

is the filling time defined as the tank volume divided by the plume flow rate368

at the base of the tank. The symbol ∀ is used to denote the volume of the box.369

The full model (equations 11, 18, and 26) can be solved numerically. How-370

ever, the analytic result for the simple virtual origin offset model is presented371

for illustration. For a line plume that transitions to a round plume at z = zT372

(equations 15 and 16), conservation of volume for z > zT leads to373

dh

dt
= −CRF

1/3(h+ zv)
5/3

AT
. (31)

Again integrating from h = H at t = 0 leads to374

η + ζv
1 + ζv

=

(
1 +

2CRF
1/3H5/3

3∀
(1 + ζv)

2/3t

)−3/2
(32)
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Fig. 6 Plots of the front position for a filling box experiment for different ζT with W/H =
0.1 and φ = 2. (left) End entrainment turned off and (right) end entrainment turned on.

where ζv = zv/H. This can be re-written in non-dimensional form as375

η + ζv = (1 + ζv)

(
1 +

ψτ

(1 + ζv)2/3

)−3/2
(33)

where376

ψ =
2CR
3CL

(
H

W

)2/3

(34)

is proportional to the ratio of the line plume to round plume filling box times.377

Plots of the front position (η) for the full model are shown in Figure 6378

for a plume with a source width W = 0.1H and different λ. The line’s labels379

show the normalized height at which the plume transitions from line to round380

(ζT = λW/H). When end entrainment is turned off (Figure 6a) the flow rate in381

the plume is smaller prior to the transition compared to when end entrainment382

is included. Therefore, the further from the source the transition occurs, the383

slower the front movement will be as the reduced entrainment occurs over a384

greater height, though the differences are quite small. This is consistent with385

Figure 4(a) as the flow rate at a given height is larger for lower λ. Conversely,386

when end entrainment is turned on (Figure 6b) the opposite is true and the387

differences in front position over time are slightly larger between the different388

values of λ.389

However, the non-dimensional front position is also a function of the nozzle390

width to box height ratio. In fact, more generally, the first front is391

η = η(τ, λ,W/H, φ) (35)

However, Figure 6 shows only W/H = 0.1. When λ is held constant and W/H392

is varied the picture changes. This is shown in Figure 7 for λ = 3 and φ = 2.393

In this case the narrower the nozzle the faster the front descends as the plume394

transitions to a higher flow rate round plume closer to the nozzle. When end395

mixing is included in the model, the order of the lines remains the same but396

the front descends more rapidly due to the additional end entrainment.397
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Fig. 7 Plots of the front position for a filling box experiment for different W/H with λ = 3
and φ = 2. (left) End entrainment turned off and (right) end entrainment turned on.

The impact of φ on the front position is shown in Figure 8 along with the398

overly simplified model of an instantaneous transition from pure line to pure399

round plume (equations 14-16 and 33-34). When there is no end entrainment400

the difference between the line and round plume entraining perimeter is larger401

compared to when end entrainment is turned on. Therefore, the distance over402

which the transition occurs has a greater impact on the flow rate and resulting403

first front position.404

It is interesting to note that, even for large φ, that is very rapid transition405

from line to round plume, the front position moves more slowly than the406

simplest model that assumes a sharp transition from a pure line plume to407

a pure round plume. This suggests that, at the point of the transition, the408

resulting round plume has a virtual origin that is closer to the transition409

point than the virtual origin for a pure plume calculated using (16) as the410

slower front movement means lower plume flow rate and less distance from411

the virtual origin. This in turn implies that the round plume is forced at the412

transition point (Morton and Middleton (1973); Hunt and Kaye (2005)). This413

can be verified by looking at the round plume flux balance parameter Γ at the414

transition height zT . The flux balance parameter is Γ = 1 if the plume fluxes415

are consistent with the similarity solution for a round plume, a so called pure416

plume. If Γ > 1 there is a relative deficit of momentum compared to a pure417

plume with the same buoyancy and volume fluxes. Likewise, if Γ < 1 there is418
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Fig. 8 Plots of the front position for a filling box experiment for different φ with W/H = 0.1
and λ = 3. Also shown is the predicted front position in which the plume is assumed to be
a pure line plume below the merge height (14) and a pure round plume above the merge
height (15). (left) End entrainment turned off and (right) end entrainment turned on.

a relative excess of momentum compared to a pure plume. The value of Γ at419

the transition height can be calculated by substituting the line plume fluxes420

of volume Q, (14), buoyancy (F0) and momentum, given by421

M =
Q2

A
=
C2
LF

2/3
0 W 4/3z2

2αLzW
= C

1/2
L F

2/3
0 W 1/3z, (36)

into the round plume equation for Γ . At the transition height zT = λW the422

round plume flux balance parameter423

ΓT =
5

16αR
√
π

Q2F

M5/2
=

5

16αR
√
π

C2
LF

5/3
0 W 4/3z2

C
5/4
L F

5/3
0 W 5/6z5/2

. (37)

Substituting z = λW and values for CL and αR leads to424

ΓT = 0.84λ−1/2 (38)

which is less than 1 for λ > 0.71. Therefore, provided the transition from a425

line to a round plume occurs at a distance greater than zT = 0.71W , the426

resulting round plume will be initially forced. That is, a pure line plume will427

become a forced round plume due to the change in geometry and resulting428

similarity solution. For the remainder of the paper we only present results for429

the entrianment model for the flow rate in the transitioning plume and do not430

include results from the simplified volume flux matching approach.431

While there are many complex interactions between the ratio of the nozzle432

width to box depth ratio, λ, and φ, careful analysis of the front position over433

time in a filling box with a line source that is narrow compared to the depth434

of the box should show both line and round plume behaviours. Therefore,435

such an experiment would elucidate the transition behaviour for a line plume436

developing into a round plume. The experiments described below are designed437

to provide such an empirical estimate of the transition height zT = λW .438
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Fig. 9 Schematic diagram of the line plume nozzle showing the fluid supply to the perforated
inner tube and the outflow from the slot in the outer tube.

3 Experimental setup439

A series of filling box experiments were run to establish the height at which440

the line plume transitioned into a round plume. Experiments were run for a441

range of plume source widths and buoyancy fluxes. The experiments were run442

in a 1.19 m by 1.22 m cross sectional area tank that was 0.57 m deep. The443

tank had two glass walls for flow visualization. In all cases the width of the444

line source was less than the width of the tank such that the side walls of the445

tank did not inhibit flow into the plume. The largest nozzle was 19.4 cm wide446

giving a minimum tank width to source width ratio of over 6:1.447

The line plume was formed using a double tube nozzle design. The outer448

tube had a 3 mm slit along the base of the tube where the dense salt water449

was released into the fresh water of the tank. The inner tube had perforations450

along the top of the tube. Salt water was supplied through both ends of the451

inner tube and flowed out of the upward facing perforations. This flooded the452

outer tube with salt water that then passed out of the slit in the outer tube.453

Visual inspection of the outflow indicated that it was effectively uniform along454

the full length of the nozzle slit. A schematic diagram of the nozzle can be455

seen in Figure 9.456

Dyed salt water was supplied to the nozzle from a constant head tank457

placed well above the height of the free surface in the visualization tank. The458

salt water flowed out of the constant head tank, through a rotameter flow459

rate meter then into the nozzle. The flow rate meter was equipped with a460

needle valve for fine control of the flow rate. A second ball valve was fitted461

just upstream of where the tubing split to feed either end of the nozzle inner462

tube. The ball valve was used during the experimental set up to allow bubbles463

to be flushed from the tubing and to start and stop each experiment rapidly.464

A schematic diagram of the experimental set up is shown in Figure 10.465

The dense salt solution was dyed with red food colouring for flow visu-466

alization. The visualization tank was lighted from one side and filmed using467

a camera on the other side of the tank. The lighting was done using a pair468

of photographic box lights that provided relatively uniform white light across469

the sections of the tank either side of the plume. For many of the experiments470

there was a dark section between the two light boxes that prevented clear vi-471
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Fig. 10 Schematic diagram of the experimental setup showing the saline supply from the
constant head tank, through the rotameter flow rate meter, and into the line source nozzle.

Fig. 11 Schematic diagram of the side view of the visualization setup showing the box lights,
the filling box experiment and the distance to the camera used to record the experiments.

sualization of the plume. Two cameras were used during the experiments. The472

first 3 experiments used a colour camera. The last 3 used a black and white473

camera. The change in camera was due to equipment availability. The image474

analysis was the same in each case. A diagram of the visualization set up is475

shown in Figure 11.476

Each experiment was performed using the same technique. The large visu-477

alization tank was filled and then allowed to settle for several hours to remove478

and background motions produced by the filling hose. After that, the nozzle479

was immersed in the tank and all the bubbles removed. The nozzle was then480

connected to the feed tube underwater to prevent the introduction of any new481

air bubbles. The nozzle was then placed in the middle of the tank with its axis482

normal to the line of sight of the camera such that the width of the plume483

could be observed. The distance from the nozzle outlet to the tank floor was484

measured using a tape measure. Once the nozzle had been placed the pump485



line plume transition 19

Table 1 Table of experimental parameters giving the depth from the nozzle to the tank
base (H), the nozzle width (W), the source fluid specific gravity (S.G.), the source flow rate
(Q) and the nozzle width to water depth ratio (W/H).

Exp. H (cm) W (cm) S.G. Q (l/min) W/H
A 52 19.4 1.19 2.2 0.37
B 55 19.4 1.19 1.8 0.35
C 54 10.8 1.1 0.7 0.20
D 49 6.7 1.1 0.6 0.14
E 49 3.8 1.1 0.6 0.078
F 49 2.9 1.1 0.4 0.059

in the constant head tank was turned on and the density of the salt water was486

measured using a hydrometer. Finally the video recording was started and487

then the plume flow was started. The experiment was run until the first front488

in was close to the nozzle. Experiments ranged in time from 20-50 minutes489

depending on the nozzle width and source buoyancy flux. A summary table490

showing the parameters for each test is given in Table 1.491

As the experimental set up was not in a fully dark room the full dye492

calibration (Allgayer and Hunt (2012)) was not possible and, therefore, only493

the front position over time is recorded, and not the stratification below the494

first front.495

4 Experimental results496

At the start of each experiment the plume flowed to the bottom of the tank497

and spread out horizontally. Upon reaching the side walls of the tank the498

plume fluid flowed up the side walls and then slumped back down forming499

the stable lower layer. See Figure 12 for a series of images taken from the500

video of experiment A which exhibited the largest side wall up-welling at the501

start the experiment. No overturning was observed when the outflow rose up502

the side walls. This is consistent with stability criteria suggested by Baines503

and Turner (1969) and the experiments of Kaye and Hunt (2007). Baines and504

Turner (1969) found that the flow was stable for H/RT < 1 where RT is the505

radius of the box. The experiments of Kaye and Hunt (2007) showed that, for506

a round plume, overturning at the side walls occurs for H/RT > 1.5. For the507

rectangular cross section tank used herein the equivalent radius is taken to be508

RT =
√
AT /π. The largest value used in the experiments presented herein was509

H/RT = 0.8 leading to no overturning. However, the up-welling and slumping510

did delay the formation of a stable interface. As such, the front position could511

only reliably be identified once the the tank was partially full of buoyant fluid.512

For the experiments run for this study the Reynolds numbers based on513

the nozzle slot width were quite small (Re=110-260). There is, therefore, the514

possibility that the outflow could be laminar. However, the Reynolds numbers515

for the flow through the perforations on the top of the inner tube were over516

an order of magnitude larger than this. Further, experiments on round plumes517
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Fig. 12 Series of images of experiment A (W/H = 0.37) showing from top left (a) the
initial plume descent, (b) the plume outflow rising up the side walls, (c) the dense lower
layer formed after the outflow slumps back down, and (d) the sharp density interface at the
top of the dense lower layer at later times.

Fig. 13 Series of images of a separate visualization experiment with (W/H = 0.15) and a
source Reynolds number of Re = 165. Images shown are with the line plume source parallel
to the line of sight. The images show, from left to right, four instantaneous images of the
plume and an image averaged over the first 20 seconds after the plume reached the base of
the tank. The black lines represent the predicted plume width for a pure line plume.

found that, if the flow was tripped near the source, a plume will remain tur-518

bulent even for Re of order 200 (see Huppert et al. (1986)). Even if the flow519

was laminar and remained so for a couple of slot widths prior to becoming520

turbulent, the resulting offset would be of the order of 1% of the experimental521

test height and could be neglected for the majority of the filling box flow.522

As a final check, a test was run with the plume nozzle rotated through 90o523

so that the camera view was along the long axis of the plume. Images of the524

plume from this test are shown in Figure 13. Despite the Reynolds number525

only being 165, there is no clear sign of the flow being laminar as it leaves the526

nozzle. The final panel in Figure 13 shows a 20 second time average image.527

While the lighting in the laboratory did not allow for full dye calibration and528

direct measurement of the plume thickness, the shape shows good qualitative529
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agreement with the black lines that represent the top-hat plume outline for a530

pure line plume.531

Another observation was that the sides of the line plume appeared vertical532

in the near source region. For the experiment shown in Figure 12, which had533

the widest nozzle, the sides appear vertical over most of the height with the534

exception of a slight contraction right at the outlet from the nozzle. This sug-535

gests that, at least in the near source region, end entrainment does not alter536

the width of the plume. This does not mean that its cross section remains ap-537

proximately rectangular near the source. Experiments that directly measure538

the plume cross section area and shape would be required to resolve the exact539

shape, perimeter, and area of the cross-section. These were not possible with540

the setup available to the authors. However, it is noteworthy that the obser-541

vation of vertical sides is consistent with the observations of the line flames542

in the experiments of Hu et al. (2017). The slight necking right at the outlet543

may be due to the flow of dense fluid along the nozzle at either end of the544

outlet slot. Care was taken to ensure that the pipe sections on either end of545

the nozzle slot were blocked. However, there was always a small gap between546

these blockages and the slot. Therefore, some source fluid would flow out the547

inner perforated tube, and then along the gap at each end of the slot. This548

would produce a very small flow of momentum toward the center of the slot549

that results in the small amount of necking at the ends seen in Figure 12.550

The videos from each experiment were analyzed using MATLAB. The first551

few seconds of each video, taken before the plume was turned on, were time552

averaged to create a background image. Then the video was cropped into553

windows to the side of the plume that showed only clear ambient fluid and the554

dense lower layer. Each frame was then divided by the same window of the555

background image to correct for variations in the background light intensity.556

The background corrected windows were then horizontally averaged to create557

a vertical average light intensity for each frame. The interface at the first front558

was identified by finding the maximum vertical gradient in the light intensity559

for each frame. A sample contour plot of the concatenated horizontal averages560

along with the calculated interface height is shown in Figure 14. Some stray561

interface points are still shown in this image near the top at early times when562

the contrast across the interface was less sharp. These points were removed563

from the font position plots shown later.564

Plots of the non-dimensional first front position for all experiments are565

shown in Figure 15. The linear-linear scale plot (top) shows that, as the nozzle566

width to tank depth decreases the first front position approaches the nozzle567

more rapidly as seen in Figure 7. The log-linear plot (bottom) shows the same568

behaviour but also highlights that for the widest nozzle (Experiments A and B569

with W/H = 0.37 and 0.35) the front position is very close to that of the pure570

line plume with no end entrainment (28), particularly at later times. At earlier571

times the front position is below that of the pure line plume solution indicating572

that there may be some entrainment through the ends of the plume further573

from the nozzle. For this nozzle width (W = 19.4cm, W/H = 0.35 − 37) the574
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Fig. 14 Sample contour plot of light attenuation with the calculated interface height shown
by red dots. Note that the vertical scale is the distance from the nozzle outlet scaled on the
window height. This height was later corrected to be the depth of the tank below the nozzle
outlet. The interface locations along the vertical axis and in the blue region above and to
the right of the front were removed from the front position data set prior to comparison
with the model.

height to nozzle width ratio is less than three suggesting that any transition575

occurs at or beyond λ ≈ 3.576

To further investigate the front position the data from experiment F (the577

narrowest nozzle) were plotted against the full model for a range of λ values578

and φ = 2. The results are plotted in Figure 16. The model was run both579

with (right) and without (left) end entrainment. The front position from the580

model runs for 0.1 ≤ λ ≤ 10 with no end entrainment consistently lay well581

above the experimental measurements suggesting that not including end en-582

trainment leads to an under prediction of the actual plume volume flux at a583

given height. However, when end entrainment is included, the experimental584

data lies within the range of model predictions for 0.1 ≤ λ ≤ 10. More specifi-585

cally, the experimental measurements match closely the model for λ = 3. This586

value of λ is close to the prediction of the transition height based on the plume587

aspect ratio 2b/W = 1 as discussed in §2.3.588

It is interesting to note that φ = 2 represents a reasonably short transition589

height with 75% of the transition occurring over a height of one nozzle width590

centered on λ = 3. This is consistent with the observations of Baines (1983)591

and Kaye and Linden (2004) for the merging of two round plumes. Both studies592
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Fig. 15 Plots of non-dimensional front position (η) versus time (τ) for all 6 experiments
on a linear vertical scale (top) and log vertical scale (bottom). Also shown is the analytic
solution for a pure line plume (η = e−τ ) in green.

observed that, once the two plumes made contact, there was a rapid change593

from dual plume to single plume behaviour over a distance similar to the plume594

thickness. All this suggests that, once the shape transition begins from a non-595

round plume geometry to a round plume geometry, the transition occurs over a596

height that scales on the plume’s horizontal dimension. Intuitively this makes597

sense as the transition is a local phenomenon and, therefore, should scale on598

a local rather than global length scale. That said, the model predictions are599

not particularly sensitive to small changes in φ. The model predictions for600

the geometry of experiment F and different values of 0.5 ≤ φ ≤ 5 are shown601

in Figure 17. The difference in front position as a function of time with φ is602

within the experimental uncertainty. Therefore, it is not possible to determine603

the most appropriate value for φ. However, based on the results presented in604

Figure 16 the model values λ = 3 and φ = 2 show good agreement.605
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Fig. 16 Plots of non-dimensional front position (η) versus time (τ) for the narrowest nozzle
(experiment F) and the model run for a range of λ values and φ = 2. Also shown is the line
plume analytic solution (black).

Fig. 17 Plots of non-dimensional front position (η) versus time (τ) for λ = 3 and different
values of φ and for a line plume (black dashed line).

Based on these observations, the front position data from all six experi-606

ments were plotted against the model prediction for λ = 3, φ = 2, and end607

entrainment turned on. These results are plotted in Figure 18. Note that in the608

early stages of each experiment there are large changes in the calculated front609

position, see in particular Figure 18(b). This is due to waves on the interface610

induced by the outflow interacting with the side walls of the container.611

The agreement is generally very good except for Experiment A (top left)612

which matches the pure plume line for the entire height. In three of the tests613

(A, B, and E) the front position (η) deviates away from the model prediction614

toward the pure line plume result for small η. This might indicate that the615

rate of end entrainment decreases closer to the nozzle. However, the other616
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three tests do not show this behaviour so no conclusions can be drawn on617

that point. Also shown on the plots is the transition height ηT = λW/H618

calculated for λ = 3. For experiments C-F there are experimental front position619

measurements on either side of the modeled transition height that agree well620

with the model developed herein.621

5 Discussion and Conclusions622

A model was presented for calculating the volume flux in a plume as it tran-623

sitions from a line plume to a round plume. The model uses an entrainment624

formulation that can be applied to any plume cross section provided both the625

cross sectional area and entraining perimeter can be quantified. This approach626

reduces the transition problem to a geometric transition. The location of the627

geometric transition and the distance over which the transition is smoothed628

were implemented using the logistic equation with vertical distance scaled on629

the nozzle width.630

When a transitioning line plume is placed in a filling box the non-dimensional631

front position (η) becomes a function of time, nozzle width to depth ratio, tran-632

sition height λ, and the rate of transition φ. For a given nozzle width ratio633

W/H the rate of descent of the front increases with λ (Figure 6) whereas,634

when holding λ constant, the front descends more rapidly with decreasing635

W/H. The position of the front also depends on whether or not entrainment636

through the ends of the line plume is accounted for.637

A series of line-plume filling box experiments were run to better understand638

this transition of a line plume to a round plume. Experiments were run for a639

broad range of nozzle width to box height ratios (0.059 < W/H < 0.37). In all640

cases the line plume nozzle was considerably narrower than the width of the641

box (W/Wbox ≤ 0.17). As such, there was no physical constraint preventing642

entrainment through the the ends of the line plume. Measurements of the front643

position well matched the model when entrainment through the plume ends644

was included in the model and the line-plume to round-plume transition was645

centered at λ = ZT /W = 3 with φ = 2. To the best of the authors’ knowledge,646

this represents the first experimental measurements of a line plume that is647

open at the ends and is allowed to transition in to a round plume as it rises648

away from its source. The results of these experiments show that the simplest649

model of having a sharp transition from a pure line to a pure round plume650

with a virtual origin offset is overly simplified and inappropriate for modeling651

such a transition and that the round plume that forms above the transition652

height will be a forced plume.653

While there is very good agreement between the experimental measure-654

ments of the front position and the model developed, there are still some655

unanswered questions that would point to future work. First,while the model656

agreement is best when end entrainment is included, observations of the plumes657

showed fairly vertical ends. Light could be shed on this problem with more658

precise measurements of the lateral concentration profile than were possible659
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Fig. 18 Plots of non-dimensional front position (η) versus time (τ) for all 6 experiments
(blue). Also shown are the line plume analytic solution (black) and the model run for λ = 3
and φ = 2.
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with the experimental setup available for this study. It would also be inter-660

esting to more directly measure the end mixing through measurements at the661

turbulent non-turbulent interface (TNTI) as done by Parker et al. (2019) for662

purely two dimensional line plumes. This approach could also elucidate the663

change in cross-sectional shape during the transition. Second, the model could664

also be improved by measurements of the entrianment coefficient through the665

ends of the line plume. In the model presented above the end entrainment666

coefficient was taken to be that of the rest of the line plume. While the actual667

entrainment coefficient will likely be of the same order as the pure line plume668

value, a more precise value could improve the model agreement. Finally, a al-669

ternate approach to transition the plume shape could be investigated. Herein,670

the shape transition is done using the hydraulic radius such that the actual671

shape is not determined at each step. It would be interesting to look at differ-672

ent models for the plume cross-sectional shape. This may include extending673

the modeling approach of Rooney (2015) to a finite length line plume.674
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