THERMODYNAMIC FORMALISM FOR DISPERSING BILLIARDS

VIVIANE BALADI AND MARK F. DEMERS

ABSTRACT. For any finite horizon Sinai billiard map 7' on the two-torus, we find ¢, > 1 such
that for each t € (0,t¢) there exists a unique equilibrium state p; for —tlog J*T', and p¢ is T-
adapted. (In particular, the SRB measure is the unique equilibrium state for —log J“T.) We
show that u: is exponentially mixing for Holder observables, and the pressure function P(t) =
sup, {h, — [ tlog J“Tdu} is analytic on (0,t.). In addition, P(t) is strictly convex if and only if
log J“T is not p¢-a.e. cohomologous to a constant, while, if there exist ¢, # t, with p:, = pe,, then
P(t) is affine on (0,t.). An additional sparse recurrence condition gives limy o P(t) = P(0).
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2 VIVIANE BALADI AND MARK F. DEMERS

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

1.1. Set-up. A Sinai or dispersive billiard table @ on the two-torus T2 is a set Q = T2\ U?lei,
for some finite number 2 > 1 of pairwise disjoint closed domains O; (the obstacles, or scatterers)
with C? boundaries having strictly positive curvature K. (In particular, the domains are strictly
convex.) The billiard flow, also called a periodic Lorentz gas, is the motion of a point particle
traveling in @ at unit speed and undergoing specular reflections at the boundary of the scatterers.
(At a tangential — also called grazing — collision, the reflection does not change the direction of
the particle.)

We study here the associated billiard map 7" : M — M on the compact set M = 0Q x [~F, 5],
defined to be the first collision map on the boundary of (). We use the standard coordinates
x = (r,¢), where r is arclength along 00; and ¢ is the angle the post-collision trajectory makes
with the normal to 00;. Grazing collisions cause discontinuities in the map 7. We remark, however,
that since the flow is continuous, the map T is well-defined and bijective on M. There is no need
to reduce the domain to a smaller set.

For © € M, let 7(z) denote the distance from x to T'(x) (the free flight time). Set Kpax =
sup K < 00, Kmin = inf K > 0, and 7pi, = inf 7 > 0. Then [CM] the cones in R? defined by

O = {(dr,dp) : Kmin < 5 < K+ ——}, O° = {(dr,dg) - ~Komin > % > Koo~ —

Tmin T Tmin

}

are strictly invariant under DT and DT ', respectively, whenever these derivatives exist.
The map T is uniformly hyperbolic, in the following sense: Let

(1.1) A =1+ 27ninKomin > 1.

Then there exists C7 > 0 such that, for all z for which DT"(x), respectively DT~ "(x), is defined,
(1.2) |DT"(z)v|| > C1A"||v||, Yv € C*, [|[DT "(x)v| > C1A"||v]|, Vv € C*, Vn > 0.

Let So = {(r,¢) € M : ¢ = £5} denote the set of tangential collisions on M. Then

(1.3) Sp=U_4T'Sy, n€Z,

is the singularity set for 7". In other words, there exists n € Z such that DT"(x) is not defined if
and only if x belongs to the (invariant and dense, [CM, Lemma 4.55]) set of curves Uy,ezSr,. Let

(1.4) M’ = M\ UpezSnm .

The spaces E%(x) and E*(z) are defined at any x € M’. Indeed, for each n > 0, let x,, = T"x, and
consider v, = DT " (xy,)v/|| DT~ "(x,)v|| for some v € C*. Since x € M’, we have that DT " (z,,)
is well-defined for each n > 0. By uniform hyperbolicity, the sequence v, converges to a vector
Uso. The direction of vs is E®(z). Similarly, for y € M \ Up<oSm, consider y, = T~ "y and
Up, = DT (yn)u/||DT" (yn)ul|, for n > 0 and u € C*. The limit of u,, is E*(y).

We have [CM|, Theorem 4.66, Theorem 4.75] that Lebesgue(M'\ M) = psgp(M’\ M) = 0, where
psre = (2]0Q|)~! cos ¢ drdyp is the unique absolutely continuous invariant measure. Also, at each
x € M’, the unstable and stable Jacobians J*T'(x) and J*T'(x), with respect to arclength along
unstable, respectively stable, manifolds, are well-defined and nonzero. Note also that, if Jyep,T
denotes the Jacobian of T" with respect to Lebesgue, then, setting F(z) = sin(Z(E*(z), E"(z))),

cos((x)) u s EoT(x)
(1.5) JrevI'(z) = cos(p(T@)) JUT(x) - J°T(x) - El)
We assume that the billiard table @) has finite horizon, i.e., the billiard flow on @ does not
have any trajectories making only tangential collisions. This implies (but is notﬂ equivalent to)
Tmax = SUp 7 < 00, see [BDL Remark 1.1].

, Yz e M.

1We need the stronger condition e.g. in the proof of Proposition
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1.2. Potentials and Pressure. Theorems Corollaries [1.6l The Operator L;.
Since T' admits a finite generating partition (see the beginning of Section , it follows that for
any T-invariant probability measur(ﬂ i, the Kolmogorov entropy h,,(7") is finite ([W), Theorem 4.10,
Theorem 4.17]).

Fix t > 0. Let p be a T-invariant probability measure u. If u(M \ M') = 0, define the pressure
of p for the (so-called geometric) potential —tlog J*T by

P,(—tlog J*T) = hu(T) — t/ log J“T dyu .
M

If w(M\ M') # 0, we set [,,;log J*T du = oo, so that P,(—tlog J*T) = —oo if t > 0. Due to the
invariance of u, the bound implies that [,,log J"T dp = lim, %IM log J*T™ dp > log A,
thus the integral is either well-defined and nonnegative or infinite. (See Remark for more
comments.) It is known that

(1.6) X" = /M log J“T dpsrs = hugpg (1) € (log A, 00),

so that Py (—log JUT) = 0 (this is the Pesin entropy formula, see e.g. [CM, Theorem 3.42]).

For a bounded function g : M — R, we set P,(—tlog J*T + g) = P,(—tlog J*T) + [ gdpu, and
we define the pressure P(t,g) of the potential —tlog J*T + g by

(1.7) P(t,g) := sup{P,(—tlog J*T +g) : u a T-invariant probability measure }, P(t) := P(t,0).

We call p an equilibrium state for the potential —tlog J*T + g if P, (—tlog J*T + g) = P(t, g).

The case t = 0, g = 0, corresponds to the measure of maximal entropy. Under an additional

condition of “sparse recurrence to the singularity set” (see Definition , a measure g with
P(0) = P,,(0) was recently constructed in [BD] (uo was called (i, there), shown to be mixing (in
fact, Bernoulli), to be the unique measure y satisfying P, (0) = P(0), and to satisfy the T-adapted
condition below. (The speed of mixing of 1 is not known.)
For t = 1, we mentioned above that P, .,(—logJ"T) = 0. In addition, pgrg is T-adapted
and, for any T-invariant probability measure p giving small enough weight to neighbourhoods of
singularity sets [KS| Part IV, Theorem 1.1], the Ruelle inequality P,(—logJ*T") < 0 holds. The
measure fisgp is mixing, in fact, correlations for Holder observables decay exponentially [Y].

For t in a small intervaﬁ around 1, [CWZ] established the existence of equilibrium states for the
potential —tlog J“T using a Young tower construction with exponential tails, proving that these
measures are exponentially mixing on Holder observables and are unique in the class of measures
that lift to the Young tower.

We establish a thermodynamic formalism for Sinai billiards for ¢ € (0, ¢,), with ¢, > 1 defined by

(1.8) b 1= Sup{t>0:A_t<6P(t)}zsup{t>0:t>—P(t)} .
o

(That t. > 1 follows since A > 1 from (L.1]), while P(¢) > 0 for ¢ < 1.) The definition of ¢, can be
viewed as a pressure gap condition, controlling by P(¢) the contribution from pieces that constantly
get cut by the singularities. In particular, for any t < t., we mayﬂ choose § € (A=%,1) in the
one-step expansion Lemma so that 6% < eP’®), This complexity bound permits us to prove the
required growth lemmas essential to our analysis. Our first main result is the following theorem:

Theorem 1.1 (Thermodynamic Formalism for Sinai Billiards). For each t € (0,t.), the potential
—tlog JUT admits a unique equilibrium state py. The measure py is miring, gives positive mass to

2A1 probability measures in the present work are Borel measures.

3The interval depends on the exponential rate of return (itself close to 1) to the Young tower coupling magnet.

Ut is in fact enough to require there that 8* < e™=®.
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any nonempty open set, and does not have atoms. Moreover, u; is T-adapted, that zsﬂ

(1.9) /|logd(x,8ﬂ)|dut <.

In addition, py has exponential decay of correlations for Hélder observables. Finally, if T satisfies
the sparse recurrence condition then limy o P(t) = P(0).

We prove Theorem for ¢t € (0,t,) in three steps:

e First, we introduce in Section an equivalent (topological) expression Pi(t) for P(t),
generalising what was done in [BD] for ¢ = 0, and we show that Py (¢) is convex and strictly
decreasing (Proposition [2.6), and that P(t) < Py(t) (Proposition [2.4)), for all ¢ > 0.

e Next, for t € (0,t,), we prove the following properties for the transfer operator

_ for?
o |J5T\1_t oT-1

acting on an anisotropic Banachﬁ space B (Theorem |4.1)): The operator £; has spectral radius
e essential spectral radius strictly smaller than e™(®), and the maximal eigenvectors
of £; and its dual give rise to a T-invariant probability measure p;. In addition, £; has a
spectral gap on B, so that u; is exponentially mixing on Holder observables.

e Finally, in Section [5, still for ¢ € (0,t,), we show that P, (—tlogJ“T) = Pi(t) , so that
P(t) = P.(t) (Corollary [5.3), as well as the remaining claims about : in particular that i
is the unique equilibrium state among all T-invariant Borel probability measures realising
the variational principle P(t) = P.(t) (Theore, and that sparse recurrence implies

(1.10) Lif

that P(t) tends to P(0) as ¢t | 0 (Proposition [5.5)). Our proof of uniqueness also gives a
more general variational principle, P(t,g) = Pi(t,g), Theorem [5.8
We use the Banach spaces B introduced in [DZ2], except that we work with (exact) stable
manifolds W* (as in [BD]) instead of cone stable curves W* (see Section . More importantly, we
must tune the parameters used to define B = B(tp,?1) in Section 4.1 to an interval [to, 1] C (0, tx)
containing ¢. In particular, the decay rate £~ ¢ defining the homogeneity strips in [DZ2] was
q = 2, while we need to assume gt > 1 here (due to ) Also, we need to let the parameter p
used in the definition of the strong stable norm tend to infinity when ¢ — ¢, (see Lemma .
It follows that our bound for the essential spectral radius of £; on B(tg,t) deteriorates as tg — 0
or t; — t., and we lose the spectral gap in both limits.

The keys to the proof of the spectral Theorem are the delicate growth lemmas given in Sect.
To prove these growth lemmas, subtle modifications of the fundamental ideas of Chernov [CM]| and
of the original techniques introduced in [DZI) IBD] were necessary. In particular, the analysis for
t > 1 required a new bootstrap argument (see the beginning of Sect. [3| and Sect. and .

In Section [6], a more careful study of the operator £; yields our second main result:
Theorem 1.2 (Strict Convexity). The function t — P(t) is analytic on (0,t.), with

(1.11) P(t) = /1ogJ$Td,ut _ —/logJ“Tdut <0,

and

(1.12) P'ty=Y%" U(log J5T o T*) log J*T dus — (P'(t))?| > 0.
k>0

Moreover, P"(t) = 0 if and only if log J°T = f — foT + [log J*T duy (11t a.e.) for some f € L?(us).
Finally, both t — [log J"T dp; and t — hy,, are decreasing functions of t.

5The T-adapted property appears in particular in the work of Lima—Matheus [LM].
6We attract the reader’s attention to Lemmashowing L:(CY) C B, which furnishes the proof of [BD| Lemma 4.9],
which had been omitted there, see Remark
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The formula for P’(¢) in (1.11)) implies that, if there exist ¢, # ¢ in [0, ) such that p, = p,,
then P(t) is not strictly convex: indeed, P’(t) is constant on [t,,tp]. By analyticity, we then deduce
that P(t) must be affine on (0, ). Therefore, we get an immediate corollary of Theorem
Corollary 1.3. If there exist tq # t, in (0,t.) such that p, = p, then P(t) is affine on (0,t.),
and log J°T is puy a.e. cohomologous to its average [log J*T duy for allt € (0,t,).

We expect that there does not exist any Sinai billiard table such that log J*T" is p; a.e. coho-
mologous to a constant on M’ for some t € [0,t,). If we only want to verify that puoy # p1 = psrs,
it is enough to show that P”(1) # 0. Note that in [BD|, assuming sparse recurrence (see Defini-
tion, we showed that g = psrp (i-e., po = p1) only if % log | det(DT~P|gs(x))| = P(0) for every
nongrazing periodic orbit TP(z) = x.

The proof of analyticity of P(t) via analyticity of £; in Theorem [1.2] gives the following two
corollaries.

Corollary 1.4 (Continuity of Equilibrium States). For each ¢ € CY(M), u;(¢) is analytic for
t € (0,ty). Moreover, the measures py vary continuously in the weak topology.

Corollary 1.5 (Uniform Rates of Mixing). The exponential rate of mizing of y; for C* observables
is uniformly bounded away from 1 in any compact subinterval of (0,t.).

In addition, the proof of the claim on P”(t) = 0 in Theorem givesﬂ

Corollary 1.6 (Central Limit Theorem). For anyt € (0,t.) such that P"(t) # 0, setting x; := P'(t)

and o := P"(t), we have limg_, Mt(ﬁ Z?;&(log JT —xt) 0TI < z) = \/;riat 2 e v*/298) qy |

for any z € R.

We next motivate heuristically the choice of the weight 1/|J*T|'~* in (L.10), by analogy with
the theory for smooth hyperbolic 7. For a transitive Anosov diffeomorphism 7', the transfer
operator whose maximal left and right eigenvectors on an anisotropic Banach space give rise to p
is L+(f) = (f/(|J*T|'J*T)) o T~ (see [GI] or [Bal, Chapter 7]). A coboundary argument, reflecting
the fact that C' functions are interpreted as distributions via integration with respect to the SRB
measure pisrp = (2|0Q]) ! cos p drdyp here (see below Proposition |4.2)), but with respect to Lebesgue
in [GI, Ba], will replace 1/(|JT|'J*T) by 1/|J*T|*~t: Indeed, (1.5) gives (on M’)

—log (|J“T|'J*T) = —log | J*TJ*T|" — log | J*T|*~*

FE cosy
1.1 = —tl ——— )| = (1 —t)log J°T.
(1.13) Og<(ECOSgo)oT) ( Jlog J

The first term of (1.13)) is a coboundary. Thus we can expect that the operators L and £; from
(1.10) have isomorphic spectral data, which motivates intuitively our study of L.

The rest of the paper is organized as follows. In Section [2] after defining our notion of topological
pressure P, (¢, g) that we will connect to the measure-theoretic pressure P(t,g), we state our strong
variational principle and prove the preliminary result that Pi(t,g9) > P(t,g). In Section (3| we
carry out the main growth lemmas and estimates needed to prove the exact exponential growth
of the topological complexity @Q,(t,g) (defined in Sect. . These estimates are uniform for
t € [to,t1] C (0,tx). In Section 4, we define the Banach spaces on which our operators £; act and
prove inequalities which furnish a spectral gap, again uniform for ¢ € [tg, t1]. Section [5| establishes
the main properties of the measure p; constructed from the maximal eigenvectors of £; and (£;)*; in
particular, p; is the unique equilibrium state with pressure equal to Py (t). Its existence provides the
strong version of the variational principle P, (t) = P(t) and completes the proof of Theorem |1.1| (see
also the sketch provided after the statement of Theorem 1.1 above). Finally, Section |§| proves the
analyticity of the pressure function and conditions for its strict convexity as stated in Theorem

TOur approach gives other limit theorems (large deviation estimates, invariance principles, see [DZ1], Sect. 6]).



6 VIVIANE BALADI AND MARK F. DEMERS

2. TOPOLOGICAL FORMULATION Py (t,g) FOR P(t,g). VARIATIONAL PRINCIPLE (THEOREM [2.5|

2.1. Hyperbolicity and Distortion. W?*, 17\/\8, Wi, Wi[ Families M",, MEEI For n > 0,
following [BD], define M% to be the set of maximal connected components of M \ S,,, and MY, to
be the maximal connected components of M \ S_,,. Set M", = ./\/l(lk, \V Mg. Note that if A € Mg,
then Tk A e Mﬁ;k for each 0 < k < n, and T*A is a union of elements of M(lk for each k£ > n.

To control distortion, we introduce homogeneity strips whose spacing depends on ¢y € (0,1) if
t>t. Chooseﬂ q = q(to) > 1 such that gty > 2. For fixed ko € N define

(2.1) Hk:{(r,gp)eM:(k+1)‘q§g—<p<k:_q}, for k > ko,

and similarly H_j is defined approaching ¢ = —n/2. A connected component of Hy, for some
|k| > ko, or of the set Ho = {(r,¢) : kg < min{5 —p, 5 +¢}} is called a homogeneity strip. We let
H denote the partition of M into homogeneity strips. Let Sit = Sy U (Ujg|>koOHy) and, for n € Z,
let S = U; %TZSH denote the extended singularity set for T".

leﬂ dp € (0,1). Let W?* denote the set of all nontrivial connected subsets W of local stable
manifolds of T of length at most dg. Such curves have curvature bounded above by a fixed constant
[CM, Prop 4.29], and T-"W?* = W* for all n > 1, up to subdivision of curves according to the
length scale dg. Let Wy C W? denote the set of nontrivial connected subsets W of elements of W?*
with the property that T™W belongs to a single homogeneity strip for each n > 0. Such curves are
calledm homogeneous stable manifolds.

We call a C? curve W C M (cone) stable if at each point = in W, the tangent vector T,W to
W lies in C*. We denote by WS the set of (cone) stable curves with second derivative bounded by
a constant chosen sufficiently large ([CM, Prop 4. 29]) so that T~"W* C W for all n > 1, up to
subdivision of curves according to dy. Finally, WH C W is the set of elements of W* contained in
a single homogeneity strip, while W}, is the set of elements of ¥V* that are contained in a single
homogeneity strip. Such curves are called weakly homogeneous (cone) stable curves and stable
manifolds, respectively. Obviously, Wi C Wi C W* C W and Wi C WH

For every W € W#, let C1(W) denote the space of C'! functions on W, and for every n € (0,1)
let C"(W) denote the closurd''| of C1(W) for the n-Holder norm defined by

) L @) )
TFY

The following lemma extends standard distortion bounds for homogeneous curves to all exponents
t > 0. (See Lemma [6.2] for a further generalisation.)

Lemma 2.1. There exists 50 >0 and Cyq > 0, dependmg on ko and q, such that for all 5y < &g, all
n >0, and any W € T~ "WS such that T'W € WH for each i =0,. — 1, we have

W T (@)

[JwT™(y)l*

where JywT™(x) = | det(DT})|T:W)| denotes the Jacobian of T™ along W, and d(-,-) denotes distance
in M.

< 2Cyd(z, )Y | Va, ye W, Vi >0,

8The standard choice for ¢ = 1 is q=2.

9The index ko = ko(to,t1) and the length scale dg = do(to,t1) < 1 will be chosen in Definition

101y [CM], these curves are called H-manifolds. This strong notion of homogeneity is needed to prove Holder
continuity of the conditional densities of the SRB measure decomposed along stable manifolds — needed to get valid
test functions for our spaces — using the asymptotic limit of the ratio of stable Jacobians, forward iterates must be
contained in a single homogeneity strip (so that the ratio remains bounded).

11Using the closure of C'* will give injectivity of the inclusion of the strong space in the weak one in Proposition
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Proof. There exists Cy < oo, independent of dg, but depending on kg and ¢ such that
JwT" (z)
JwT™(y)

(For ¢ = 2, see e.g. [CM|, Lemma 5.27] or [DZ1l, App. A]. The proofs there give for all ¢ > 1.)
For t < 1, the estimate is an immediate consequence of , since for all A > 0, we have

|1 — A?| < |1 — A|. Now choose g such that Cdgé/(qH) < 3/4. Then, for t > 1, we set A = 2wl (&)

(2.3) 1 < C’dd(a:,y)l/(QH) , Vz,y e W, VW as in the lemma.

b JwT™(y)
By ([2.3]), this implies that 1/4 < A <2 if §y < §p. For A in this range, we have, again using (2.3)),
that |1 — AY| < 2t]1 — A| < 2'Cyd(z, y)'/(@+D), 0

Next, recalling that S,EH = Ui_:kOTiSE)H, define for n > 1,

MS’H = maximal connected components of M \ (T_"SO U SEI_O ,
(2.4) M%}LH = maximal connected components of M \ (So U T(Sgﬂ(nfl))) ,

M= MO\ MET k> 1.
We comment on the use of S in (2:4). First notice (just like for the sets M", defined in the
beginning of this subsection) that if A € MS’H, then TFA e /\/lf;kH for each 0 < k <n, and T"A
is a union of elements of M%EI for each k > n. Next, if W € )7\/\;?{ is such that V = T~'W is a single
curve, then Jyy T~ 1(x) ~ 1/ cos (T~ 1x) while Jy/T(y) ~ cos ¢(y). Thus by (2.3)), the definitions in

—~

(2.4) guarantee that for any W € Wy, such that W C A € MTE, the Jacobian Jy/T~™ has bounded
distortion on W, while Jp—nyT™ has bounded distortion on T-"W (which is contained in a single

element of MS’H).

We shall also need the following distortion bound.

Lemma 2.2 (Distortion Relative to MO_’H). There exists C > 0 such that for all n > 1, for all
UV e W\f{ such that U,V c A€ M2 and alu cU\S_,,veV\S_,,

JuT—"(u)

1 P S
& Ty T—n(v)

<C.

The bound above is more general (and weaker) than the usual distortion bound along stable
curves given by (2.3)) or between stable curves given by [CM, Theorem 5.42] (or more generally
[DZ1, Appendix Al) since we do not assume that the points u, v in 4, with A € M%E

Zn, lie on the
same stable or unstable curve.

Proof. Let n > 1, u € U, v € V, be as in the statement of the lemma. Define u; = T, v; = T"*v

for ¢ = 0,...,n, and notice that u;,v; belong to the closure of the same element of Mi_’[g_ﬂ-. By
the uniform hyperbolicity of T, for ¢ = 0,...,n, if A € MZ’EH, then diam“(4) < CA~* and

diam®*(A) < CA~"* where diam*(B) is the maximum length of an unstable curve in B, and
diam®(B) is the maximum length of a stable curve in B. Thus, due to the uniform transversality
of C* and C%, we have

(2.5) d(u;,v;) < Cmax{A~" A"},
By the time reversal of [CM| eq. (5.24)], we have that

cos @(ui) + 7 (uiv1) (K(us) — V(ui)) +log L+ V(uiy1)?

2.6 log Jy. T~ (w;) =1 Yo
( ) 0g Ju; (U) og COSQO(UH_l) 1+V(UZ)2

1277 denotes the closure of U in M. The distortion bounds on U and V' extend trivially to the boundaries of
homogeneity strips, but not to real singularity lines, hence U \ S—_,.
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where V(u;) = ‘;—f(ui) < 0 is the slope of the tangent line to U; at u;. Summing over 7, the last term
above telescopes and the sum is uniformly bounded away from 0 and oo, giving,

Ll log 256010+ it () — V()
BT cos p(v9) + (041 (K(w3) — V(v)

Since wu;y1, vi4+1 lie in the same homogenelty strip for each i, using (2.1) we have

cos @(vi1) lp(uit1) — o(vit1)] < cd
cos p(uit1) cos p(Uit1)

Next, the terms in the second set on the right-hand side of are bounded and the denominator
in the expression is at least Tyinmin > 0. Moreover, K is differentiable while 7 is 1/2-Ho6lder
continuousm Thus following [CM) eq. (5.26)], we have

n—1 n—1

cos p(us) + 7(uit1) (K(u;) — V(wi)) ' 1/2

lo <C d(uis1,v; + d(u;, v; —I—AVZ',

2 18 o )+ (o) (Rlo) —Wiwn)) | = & At veea) 2 dlus ) + AV

where AV; = V(u;) — V(v;). By ., the sums over all terms in . involving d(ul,vl) are

uniformly bounded in n. It remains to estimate 3775 |AV;|. By [CM, eq. (5.29)] and (2.5), we
bound |AV;| by

g (03P (vir1)

2.7
27 ® cos p(uisr)

log ———

(2.8) Y a+D)

(Wit1, Vig1

c(mvo\zri + > A d(u, vi_j)l/Q) < C(|AVOIAT + 3T AT (AT A=) 2y)
j=0 j=0

< O (|AVO|A™ + A2 4 A H/2),
Summing over ¢ completes the proof of the lemma. O

Remark 2.3 (About [, log J*T dp). We note for further use a consequence of the proof above: It
is clear from (2.6)) that for any T-invariant probability measure p with u(M \ M') = 0,

/logJSTd,u:—oo = / logcospdy = —0,
M M

since all other terms in (2.6) are bounded away from zero and infinity. Similarly, the time reversal
of (2.6) (see [CM, eq. (5.24)]) implies

/logJ“Td,u:oo — / logcospoTdu = —
M M

Thus, applying (1.5)), for any T-invariant probability measure p on M,

(2.9) if W(M\ M") =0 then / log J“T'dp = —/ log J°T du ,
M M
where equality holds also when both sides are infinite.

2.2. Topological Formulation P,(t,g) of the Pressure P(t¢,g). Theorem In view of our
proof of uniqueness in (which uses differentiability of the pressure), for a C! function g : M — R
andn > 1, we set S,,g = Z?:_ol goT". The hyperbolicity of T implies the following distortion bounds:

There exists Cy < oo such that for all n>1landall W e W* such that TW € W* , Vo<1 <n,

(2.10) |e5n9(®)=Sng(y) _ 1] < Cy|Vylgo d(z,y), Ve, y € W.
Recalling (|1.4)), we define (aside from §5.5| we only need g = 0),
(2.11) Qult,g)= Y  sup IJST"( )59 Qu(t) = Qn(t,0), n > 1,
A MgHIGAﬂM/

13We cannot take advantage of the smoother bounds on 7 given by [CM] eq. (5.28)] since our points u; and v;
may lie on different stable or unstable manifolds.
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and

(2.12) P.(t,g) = hmsup log Qn(t,9), Pi(t):= Py(t,0).
We will show the following result in Section [2.3}

Proposition 2.4 (Topological Pressure). For allt > 0 and g € C', we havﬂ P(t,g) < Pi(t,g).
For t, > 1 given by , the analysis carried out in Sections 3-5 will yield:

Theorem 2.5 ((Stron@ Variational Principle). Ift € (0,t.), then P.(t) = P(t) and the supremum
is attained at the unique invariant measure p; from Theorem [1.1].

Proof. This follows from Proposition [2.4] Theorem [£.1} Corollary [5.3] and Proposition O
Theorem [5.§ will give the generalisation of the above strong form of the variational principle to
P(t,g) = Pi(t,g) for suitable g.
We first establish basic properties of P.(t, g):

Proposition 2.6. For each t > 0 and g € C' the limsup (2.12) defining P.(t,g) is a limit in
(—00,00). The function t — Py(t,g) is convex and strictly decreasing on (0, 00).

Remark 2.7. It is not hard to show, using Lemma that for each t > 0, there exists Cp > 0

such that Qn(t) < C% 2 aeprs nfreann |J5T™(2)|* for all n > 1, so that replacing the supremum
0

by an infimum in the definition of Q,(t) does not change the value of Pi(t).

Proof of Proposition [2.6. We first set g = 0. The partition M} is finite, and each element of M}
is subdivided by curves in S§' to comprise a union of elements of /\/l(l)’H, according to (2.4]). Thus,

Qi1(t) = Z sup \JS (z)|' < C Z Zsup|cosg0 )|t§C#M(1)Zk:_qt,
k

ANM

where the sum over k includes & = 0 and |k| > ko; the sum converges since gt > 2 > 1.
We next show that @, (t) is submultiplicative:

Quis®)= > 3 sup [J T ()|

BAM’
AeME pepnthHTE

BCA
(2.13) < > osup [T DD sup |JSTH(T"z)|, Vhk,n > 1.
AeMn,H yeAﬂM/ BGMn+k’H zeBNM'’
’ BCA

Notice that if B, B’ c A € My™ are distinct elements of M™% then T"B, T"B" ¢ M*H =
MO VMIS’ are both Contamed in T"A € M"2 and so must lie in distinct elements of MIS’H
Thus the inner sum in ( is bounded by Q(t) for each A, and the outer sum is bounded by @, (¢),
proving submultiplicativity. If g # 0, it is easy to see that we also have Q,,1x(t,9) < Qn(t, 9)Qk(t, g).
Therefore, since Q1(t, g) < oo, the sequence in converges to a limit in [—o0, 00).

To see that P,(t,g) > —o0, let ;,, be a periodic point of period p with no tangential collisionsm
and let x,, denote the negative Lyapunov exponent of x,,. Then, Qny(t, g) > [J*T™P (xp)]teS"Pg(xP) =

e"PXp ¢"5p9(70) and so Py(t,g) > tx, + %Spg(a:p) > —00.

HMRecall our convention that fM log J*T du = oo if (M \ M') > 0.

15By "strong" we mean that the supremum is a maximum, and it is attained at a unique measure.

16gych a periodic point always exists. For example, since two adjacent scatterers are in convex opposition, there
is a period 2 orbit whose trajectory is normal to both scatteres.
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To prove convexity, pick ¢,#' > 0 and « € [0,1]. Then using the Holder inequality,
Qn(at + (1 _ a)t',g) _ Z sup ’JsTn‘at—l-(l—a)t’easng(a:)e(l—a)Sng(x)

e MonEAﬂM’
< ( Z sup |J5T”]te5"9(x))a( Z sup |JsTn|t’€Sng(J:))1*a _ Qn(t,g)o‘Qn(t',g)l_“-
AeMPE zEANM' Aern zEANM’

Taking logarithms, dividing by n, and letting n — oo proves convexity.
Next, fixing t > 0 and applying (1.2)), we find for s > 0,

Qu(t+s,9)= > sup [|[JT"Fee59) < CrsAQ,(t, g),
AGMonGAOM’

so that P.(t + s,9) < Pi(t,g) — slog A, that is, P.(t,g) is strictly decreasing in ¢. O

2.3. Proof that P.(t,g) > P(t,g) (Proposition [2.4)). If Q is a partition of M we let Int Q
denote the set of interiors of elements of Q. In [BD], we worked with P, the (finite) partition of
M into maximal connected sets on which 7" and T~! are continuous, noticing that the set Int P
coincides with M1, while the refinements P", = \/I~_, T~“P may also contain isolated points if
three or more scatterers have a common tangential trajectory (see [BDl Fig.1]). (Note that P is
a set-theoretical partition: zero measure sets do not need to be ignored.) We also observed that
P is a generator for any T-invariant Borel probability measure u, since \/5°_ TP separateﬂ
points in the compact metric space M: if z # y there exists k € Z such that T%(z) and T%(z) lie
in different elements of P. Let P be the partition of M into maximal connected sets on which T

is continuous. Then P = PV T(P), so P is also a generator for T. We have Int P = M}. More
generally, Int (\/}Z; T~*P) = MZ for n > 1.

Proof of Proposition[2.7) If a T-invariant probability measure p gives positive weight to M \ M’
or, more generally, if [, log J*T dy = oo, then P, (t,g) = —o0, so P,(t,g) < Pi(t,g). We can thus
assume without loss of generality that p is a T-invariant probability measure with [,,log J*T du <
00, in particular p(S,) = 0 for each n € Z. Then

(2.14) H, <n\_/1 T"“75> = Hy,(Mg),
k=0

since the boundary of any element of \/;— éT kP is contained in S,.
Since P is a generator, we have h,(T) = h,(T,P) for any T-invariant probability measure y on
M (see e.g. [W], Theorem 4.17]). Then, using (2.9), we find, adapting the classical argument (see
g. [W) Prop 9.10]), that

_ 1 n—1 3 1 n—1
ho(T,P) —t [ log J*Tdp = lim ~H, [ \/ T* I f/ 3 log J*T o T* d
u(T,P) /M og p=lim — ”(;fvo P>+ngrolon y l;)og o T"dp
< lim ( —log u(A) + sup tlogJST”)
Jim Ae%nu p(A) + sup. ]
SupAﬂM’ |J8Tn|t sgm |t
< lim — (A < lim —log sup |J°T
reen Aez/\:/l" u(A) n=oon AEXA:M ANMY | .

1Ty fact, all points  # y may be separated while the definition of a generator in [Pal allows a zero measure set of
pathological pairs.



THERMODYNAMIC FORMALISM FOR DISPERSING BILLIARDS 11

where we used ([2.14]) in the third line, and the convexity of the logarithm in the fifth line. Finally,
notice that each element of My is a union of elements of MS’H, modulo the boundaries of homo-
geneity strips. But since the distortion bound Lemma extends to the boundaries of homogeneity
strips, we have

sup |J*T"|"* = sup sup |JT"|' < Z sup |JT™|,

AnM’ BeMmyH BOM' Bem ™ BnM'

BCA BCA
for each A € M{. Using this bound in the previous estimate and applying Proposition implies
hu(T) —t [y, log JUT dp < Py (t) for every T-invariant probability measure f.
If g # 0, we may write

hM(T,75)—|—/(tlogJST+g)du— lim H (\/T ’“7>> + lim f/s (tlog J°T + g) dp

n—o0 n n—00
k=0

< lim —log Z sup |J¥T™[teSn9 |

—>
n—oo AGM" ANM’

and this last expression is bounded by Pi(t,g) by the same reasoning as above, usmg that the

analogue of Lemma [2.2 holds for e°79: Recalling (2.10) , foralln >0, all A € Mo ,and x,y € A,
since the diameter of T%A is bounded by (2.5)),

(215) eSng(iv)—Sng(y) <1+ C_’C* . |Vg|co .

3. GROWTH LEMMAS

In this section, after preliminaries in §3.1] introducing in particular the contraction rate 6 and
sets G, (W) appearing when iterating the transfer operator £;, we prove a series of growth and
complexity lemmas which will allow us to control the sums over G, (W) for W € W¢. This culminates
in the lower bound of Proposition which implies exact exponential growth (Proposition
of Qn(t,g). (This exact exponential growth is essential to control the peripheral spectrum of £;.)

Since J*T is not bounded away from zero, we shall use different strategies for ¢t € (0, 1] and ¢ > 1.
Several important growth lemmas are proved for ¢ € (0, 1] in Sections and We then use the
results for ¢t <1 to bootstrap an analogous set of lemmas for ¢ > 1 in Sections and

3.1. One-Step Expansion: 6(t1). Choice of q(ty), ko(to,t1), do(to,t1). Gn(W), Z,(W). We
begin by proving an adaptation of the one-step expansion (see e.g. [CM|, Lemma 5.56]) for our
choice of potential and homogeneity strips. Using the notation from , recall £, > 1 from ,
and the adapted metric from [CM| Section 5.10]:

K+ V|
V14+V?

Lemma 3.1 (One-Step Expansion). For t; € (1,t,) ﬁl@ € (A=Y, AY2) such that 61 < P+,
Then for each ty € (0,1) and q > 2/tg, there exist ko = kzo(to,tl, ) > 1 and & = do(to,t1,q) > 0
such that

(31) Z |<]V,'T|tCO(V;)7* < 9t, YW € WS with ‘W| < 50, Vit > t_o,

[zl = ]|

18This is possible by definition of ¢. and Proposition It implies 0! < e™® for ¢t < ¢; since P, (t) is decreasing.
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where the V; range over the mazimal connected weakly (q, I::o)—homogeneou components of T~1W,
and |y, T|cowy;) . denotes the mazimum on V; of the Jacobian of T along V; for the metric || - |..

Proof. Note that |Jy,T|coqy;) . < A™" and, if V; C Hy, then |Jy,T|coy;) . < Ck™? for some C > 0
[CM, eq. (5.36)]. There exists 6 > 0 such that if W € W* with |W| < §, then T~*W has at most
:2‘"1‘;‘ + 1 connected components, and all but at most one component experience nearly tangential

collisions (see [CM, Sect. 5.10]). o
For tg € (0,1) and q > 2/to, choose ko = ko(to,t1,q) such that

(3.2) A*EO + M Z Cfoqufo < A*fo Tmax Cto k_ < 9150
Tmin >k Timin

For all W € W*, we have [T~ W| < C'|W|*/2 [CM|, Exercise 4.50] for some €’ > 0 independent of
W. Next, choose dg(to,t1) so small that 0’53/2 < ky?, so that if W] < |dg|, then each component
of T='W making a nearly tangential collision lies in a union of homogeneity strips Hj, for k& > kq.

Then if || < 8o, the quantity 3, |JV2'T|ECOO(V,L-)7* is bounded by the left-hand side of , proving
for t = to. Finally, for all t > ¢,

(3.3) sup Z \JVZ.T|tCO(%)7* < APt sup Z ]J%T|{CQO(%)’* < A tHlogho < gt
Wews i WeWs
[W(<do [W1[<do

]
We now choose the parameters defining 17\/\3, Wfﬂ and W*, Wy depending on tg € (0,1), t1 € (1,t):

Definition 3.2. Given ty € (0, 1), t1 € (1,ts), we fiv q(to) > 1 such that qto/2 > 2, and fiz
0= 9(251) ]{70 = k‘o(to,tl, ) = k‘o( 2 ,tl q) 50 = 50(t0,t1, ) = 50( tl,q) as in Lemma. Reduce

0o if needed so that C’dég“ < 3/4 with Cd from (2.3). This choice of (to,t1), 0, q, do, and ko
determines the set of stable curves WS WH and stable manifolds W?*, Wy.

Our proofs use sets G, (W), Z,,(W) associated with &y and ko, and, for & < &g, also G (W), Z3(W):

For W e )7\/\5, we let G1 (W) denote the maximal, weakly homogeneous, connected components of
T~'W, with long pieces subdivided to have length between dy/2 and &y. Inductively, we deﬁnﬂ
Gn(W) = Uw,eg,_w)G1(Wi). Thus G,(W) is the countable collection of subcurves of T "W
subdivided according to the extended singularity set S™ , and T7(V) is weakly homogeneous for all
0<j<n-—1andallV eG,(W), in particular G,(W) C W]fﬁ For each n > 1, let L, (W) denote
the elements of G, (W) whose length is at least do/3. Let Z,,(W) denote those elements W; € G, (W)
such that TFW; is never contained in an element of L,_,(W) for all k =0,...,n — 1.

Finally, for 6 < &y, define G%(W) like G, (W), but subdividing long pieces into pieces of length
between §/2 and §. Similarly, denote by L (W) those elements of GJ(W) having length at least
§/3, and by Z2(W) those elements W; € G (W) such that T*W; has never been contained in an
element of LS , (W) forall k =0,...,n — 1.

3.2. Initial Lemmas for all ¢ > 0. We start with two easy lemmas. (In the present paper, the
parameter ¢ appearing in Lemmas and will be zero or 1/p, for p > ¢+ 1 chosen in (4.1)).)

19_By weakly (q, lgo)-homogeneous7 we mean weakly homogeneous as defined in Sect. using the parameters ¢
and ko for the homogeneity strips. Note that W is not necessarily weakly homogeneous, but each V; is.
20This definition of G, (W) is as in [DZI], [DZ2], but different from [BD] where homogeneity was not required.
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Lemma 3.3. Firtg € (0,1). There exists Co = Co(tg) > 0 such that for all g € C°, every t > to,
allt; € (1,t4), and all 0 < ¢ < min{t, 1, 22t__tt§}, we have

|Wil*
(3.4) >
W; €L, (W) Wi

Proof. The case ¢ = 0, g = 0 can be proved by induction on n using (3.1]), since elements of Z,, (V)
have been short at each intermediate step. This is the same as in [DZ1, Lemma 3.1] (the exponent

T, T oy €59 ooy < Cot™Eemldleo i e W* wn > 1.

t changes nothing), and th constant C([fzo] comes from switching from the metric induced by the

adapted norm || - ||+ to the standard Euclidean norm at the last step.
For ¢ > 0, g = 0, we use a Holder inequality,

Wil ot LU : i N
> e T leoary < > i) 1w ey 2. IwT ooy )
W;€Zn (W) W;€Zn (W) W; €, (W)

Definition and Lemma for tg = to/2, together with the case ¢ = 0, imply the second sum
is bounded by (C([fzo])l_gen(t—g), This completes the proof of the lemma in the case g = 0. For
nonzero g, use \eS"g]CO(Wi) < e™l9lco for all W to bootstrap from the bound for g = 0. O

Since [Jw, T"|cow,) < eolenTW by (2.3), the first sum is bounded by e“?s. Then, since % > %’,

Lemma 3.4. Firtg € (0,1) and t; € (1,t,). Let t; > tg. There exists Cy = Cs(tg,t1,t1) > 0 such
that, for all g € C° and all s € [0, 1], we have

s Y W

ergn(w) |W|§

| Tw, T 5w €5 oy < Co Qult,g), YW € W, ¥n > 1, Vit € [to, 1] .
Proof. The case ¢ = 0 and g = 0 is trivial since by definition each W; € G, (W) is contained in
a single element of MS’H. Since there can be at most 2/dy elements of G, (W) in one element of
./\/lg’H (with & = 8o(to, t1,¢) from Definition [3.2)), the lemma holds with C5[0] = 25, €1 €, where
C is from Lemma (recall also footnote (21))). Next, for ¢ > 0 and g = 0, notice that by (2.3)),

Cd(;é/(lﬁ—l)

1/(q+1)
(WillJw, T" | coqw,) < €940 |T"W;| < e W,

1/(q+1)
so that the sum for ¢ > 0 is bounded by the sum for ¢ = 0 times % BT g # 0, then again
using Lemma [2.2| on each W;, we have

| Jw, T o | €5 | coqwy < €€ sup || J5T™|fem9],
W;nNM'

and the required bound follows with Cy = C5]0] sCady/ Y .

3.3. Growth Lemmas for ¢ € (0, 1]. In this section, we prove two growth and complexity lemmas
for t € (0,1]. The first one shows that we can make the contribution from the sum over short pieces
small compared to the sum over all pieces in G, (W) by choosing a small length scale. Recall the

constant C, from ([2.10]).

Lemma 3.5. Let top € (0,1) and t; € (1,t.). For any € > 0, there exist 61 > 0 and n; > 1 such
that for all W € W* with |W| > 61/3, all n > nq, and all g € C! wit

(3.6) 2lglco < —tologh, ie. edo0po/2 <1 and |Vg| < (Chdp)t,

21 The sets Ws and Z, (W) become smaller if ¢; is larger; while 6 increases if ¢1 is larger, this does not affect Cp.
22The bound on |Vg| bounds the distortion constant of g by 2, so that 61 and n1 may be chosen uniformly in g.
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we have
Z |JWZ.Tn|tCO(Wi)|€Sng|co(Wi) <e Z |JWZ~Tn|thO(Wi)|€Sng|CO(Wi) , Vt € [to,1].
Wi €Gnt (W) Wiegnt (W)
|W;|<61/3

In particular, taking ¢ = 1/4 gives 1 < &g and ny > 1 such that for all n > ny, for all g € C°
satisfying (3.6), for all W € W?* with |W| > 61/3, we have

(3.7) Yoo T M eomle™lcowny =% D T oyl gloowy » VE € Tto, 1]
WieL3 (W) Wi€GoL (W)

Proof. First assume g = 0. Let € > 0 and choose & > 0 so that 6C;'&/(1—&) < & (where C; € (0,1]
is from ) Next, choose nq such that Coftm A=t < z (where Cp is from Lemma for
¢ = 0). Recalling again that |[T-1U| < C|U|'/? for any U € W, we may choose &, > 0 such that,
if |U| < 61, then each homogeneous connected component of 7-"U has length shorter than dy for
each n < 2n;. Then using Lemma [3.3| with ¢ = 0, if U € W* with |U| < 6y,

(3.8) Z \JWZ.T"%O(WZ,) < Cob™,  for all n < 2ny.
Wiegn(U)

Now for n > nq, write n = kny + £, for some 0 < £ < nq. Let W € W* with |W| > 61/3. Looking
only at times mny, m =0,...,k — 1, we group elements W; € G, (W) with |W;| < ¢;/3 according
to the largest m such that T(k*m)’“”W C V; € L3, (W). This is similar to usin the most
recent long ancestor, except that we only look at times that are multiples of ny. We denote by

I(k myni+e(Vj) the set of Wi € G, (W) identified with V; € L(S1 x(W) in this way. Since |[W| > 61/3,

every element of G2 (W) must have a long ancestor.
Note that since T*=m)m+L1; is contained in an element of G, (W) that is shorter than d;/3
for m’ < m, we may apply (3.8) inductively k& — m times. Thus,

Z |J1/ViT”|tCO wi) < Z Z |JVijn1|tC’0(Vj) Z |JWiT(k_m)m+€‘t00(Wi)

Wi€Gn! (W) =0Vl (W) Wi€l(t o (Vs)
[Wil<d1/3

Z Z ‘J{/’]Tmnl ’tco(vj)cvoetnl(kfm) )
m=0vie Lo, (W)

Next, notice that for t € (0,1], V € W* and each k > 1, using |V| = Zw-eg51(V) \TR(W;)],
€Y

(3.9) Yo T ooy = Do Iw T ooyl Iw T o,
Wieg’ (V) Wied, (V)
k
> ClAk(l—t) Z |7|jWM/’v| > O Ak (1— t)‘VM—
WzEg;il( V)

Also note that by the proof of Lemma [2.1] we have

SUPzew; "]WzTn(x) |t
infyew, [Jw, T (y)[*

(3.10) <1+ 0ot/ <9

23The most recent long ancestor for W; € G, (W) corresponds to the maximal m < n such that T7"~™W,; C V; and
Vi € Ly, (W), not to be confused with the first long ancestor, see (4.15).
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since t < 1. Putting these estimates together, we obtain,

Yo W T oo

W;egt (W)
[Wi|<01/3
Yo w0
Wi€G (W)
92 Z |J‘/}Tmn1‘t00(vj)009tn1(k—m)
_ ’“i VyeLi,, (W)
T > T ey, > | T, TEM L
ijELf&"l (W) Wieg?]i77n)n1+[(‘/j)
20 30 T ooqy, Cod™
_ ’“Z‘:l VLl (W)
=R S VA Al T o, SRl i |
V€L, (W)
k—1 z
(3.11) <60yt > & <eC! =
m=0

where in the second inequality we used (3.9) on each V; € L%, (W). This ends the case g = 0.
If g # 0, note that by (2.10) and using (3.6)),

Skg(x)
SUPgew; €
nf,cy, oS0 1T Cu|Vgld(z,y) < 2,
for all W; € QgO(W) and any k > 0. Letting ¢ > 0, choose & > 0 such that 12C;'&/(1 — &) < e.

Then we take n; such that Cpt™ e2m19lco A=m1(1-) < & and we choose 6; > 0 such that, if U € W
satisfies |U| < 61, then

(3.12) > \JWZ-TH%O(WZ.)|€S"9]CO(W1.) < Cobtmentaleo | for all n < 2n;,
Wiegn(U)

which is the analogue of (3.8)). (For fixed t¢, note that n; and d; depend only on €, uniformly in
g satisfying ([3.6)).) The proof above can then be followed line by line, inserting e5»9. Thus (3.9)

becomes,

(3.13) S T ey e® oo,y = CLAR e Moleo gt
WG (V)

Inserting this lower bound in (3.11]) and applying Lemma with ¢ = 0 yields,

(3.14)

Sn
> ‘JWiTn’tCO(Wi)‘e Neowy
Wiegnl (W)
[Wi|<d1/3

Yoo 1w T o€ cow,
Wiegil(W)
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Smn k— k—
k—1 4 Z | Jy, T |tC’0(Vj)’€ 1g’CO(Vj)C()9tn1( m) gn(k=m)lglco
z‘: Vi€Lpkn, (W)
- Smn k— 1— — k— —1
= Z ‘J\/ijm’tCO(Vj)‘e 19’00(‘/})01/\( m)ni (1—t) ,—n ( m)|g\co|v}‘61
Vi€Lntn, (W)
k—1 -
<1207ty < 120;11 _<¢,
m=0 —¢€
where the extra factor of 2 comes from the distortion constant of g. 0

The second lemma proves the analogue of Lemma for elements of /\/lg’H, in anticipation
of Proposition For A € MS’H, let B,_1(A) denote the element of M(i’]sl +1 VH containing
T 1A € MI_EI 11, recalling that H is the partition of M into homogeneity strips Hj. We introduce

this additional intersection with H (omitted from the definition of ML 1) since it will be convenient

to work with homogeneous partition elements in what follows. For § > 0, define
(3.15) An(8) = {A e MPE : diam™(B,_1(A)) > 6/3}.

The following result shows that most of the weights contributing to @, (¢, g) come from elements of
A, (9) if § is chosen small enough.

Lemma 3.6. Let tg > 0. For any v > 0, there exist 63 > 0 and ¢y = co(v) > 0 with co(v') > co(v)
if v' € [0,v], such that for any g € C* satisfying (3.6) with |Vg|co < v,

Z sup ]JST"(:JJ)VeS"g(x) > coQn(t,g), Yn e N, Vt € [to,1].
AEAn(62) CCEAQM/

Proof. Assume first g = 0. We begin by relating J*T™ on A € /\/lg’H with J*T—"*! on T7 1 A.

Recalling the definition of E(y) in , ifx € Aand y = T"z, we have

(Ecosp) o T "(y)
(E cos ¢)(y)

Here, JT™" = det(DT‘”@%, where E" is the unstable direction for T' (not T-1), so that J*T~"

is a contraction. Next, sincd*"| J*T~1(y) = C*! cos ¢(y), and the function E is uniformly bounded
away from 0, we conclude,

JT™(z) =

JUT ™ (y) .

(3.16) JT" () = CF cos (T ") JUT " (T~ 1y) .
For brevity, for any set A C M, we will denote
(3.17) |JST"Y == sup [J*T™(x)|" and similarly, |J*T~ "% := sup |J“T "(x)|".
z€ANM' z€ANM'

Next, we consider the evolution of elements of M(EEI under iteration by 77 for j > 1. If B € M%EI,

then we subdivide 77 B according to singularity curves and homogeneity strips at each iterate, much
as we would consider the evolution of an unstable curve U under 77. We write T7B = Upreq,( B)B’ ,
where G,(B) is the maximal decomposition of 77B into elements of /\/l(i’],?_j \/ H, recalling that
‘H denotes the partition of M according to homogeneity strips. This last intersection with H is

necessary since we will work with homogeneous elements B’ C T B (to maintain bounded distortion
for J“T~7 on B'). Let L?(B) denote those elements B’ € G;(B) with diam"(B’) > §/3.

24We use the notation A = CE'B to denote C ' B <A<LCB.
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Now by Definition and applying the time reversal of the proof of Lemma (with ¢ = 0),
there exists d2 > 0 such that if max{diam"(B),diam®(B)} < d2, then

(3.18) ST [T T <G8, forall j < my,
B'eG,;(B)
where ny = n;(1/4) is from in Lemma For convenience, we choose 9 < §1(1/4). Also, if
B e ./\/l0 i then diam®(B) < CA~F for some uniform constant C' > 0. We choose ny > nq so that
diam®(B) < 62 1fBEMl}EIfork:2n2.
We fix n > ny + 1 and prove the lemma for such n. For B € M(l’gﬂ VH, let B_; denote the
element of M “nt144 VH containing T—7B. We call B_; the most recent u-long ancestor of B if

j is the minimal integer k < n — ngy such that diam"(B_) > d2. If no such j exists, we say that
B has been u-short since time ny. (It follows from the definition of ny, that diam®(B_;) < do for

all j<n-—mny—1) Let L%,

85_2” +14; denote those elements which are u-short (in the length scale d2). Similarly, let ]I]2 (B—j)

denote those elements of M “n+1+; V H which are u-long, and let

denote the collection of B € M%EI 11 VH whose most recent u-long ancestor is B_;. Note that
I72(B-;) C Gj(B-)).
Thus if k > ny and B’ € M% k, then estimating inductively as in the proof of Lemma

(3.19) > Iy < Cody M0 for all § > 0,
Bel?(B')

where the factor 0,5 Lis due to the fact that B’ itself may be u-long, in which case it would be
artificially subdivided into ~ 95 ! pieces of u-diameter less than d; before being iterated.

Let A% (2) = MM\ A, (62). By (3:16),

ST =0 Y feoslyl 7T
A€ Ag (62) A€ AS (62)
Note that if B € M%ﬁ‘fﬂ \V H with diam"(B) < d2/3, then any A € MS’H for which B = B,,_1(A)
belongs to AS (d2). Also,
Tl Ae MU, = %EHVH\/M%)

so that for fixed B, the number of A such that B,_1(A) = B is at most #M]}. Moreover,
since all such A are by definition contained in T-"*1(B,_1(A)) = T~""B, and T-""'B ¢
MS* H \/ T~ all A corresponding to one B are contained in the same homogeneity strip,
so that |cos |4 is comparable on all such A. In addition, since MOE ni1 V H is the partition into
connected components of M \ U T ZSO , it follows that 7% is smooth on B, and T—%B belongs to
a single homogeneity strip for each 0 < k < n — 1. Then, applying the time reversal of Lemma

to unstable curves, we conclude that |J*T~"*1| .14 is comparable to |J*T~"*!|g for each A such
that B,—1(A) = B. Thus,

(3.20) STy = o > cos Ol gl JT
A€ Az (52) Bes2

and similarly,

(3:21) ST = T sl gl T
AEAn((sz) BeL—n+1

Next, we group elements of S% 2 .+1 by most recent u-long ancestor in MY as described above.

n+1+]’
By (3.18] , there is no need to consider long ancestors for j < n;. Note that if B’ € M%EHH VH
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and B € ]I?2 (B'), then T~""1B lies in the same homogeneity strip as T~/ B’  so that cos ¢ is

comparable on each of these sets. Thus, by (3.18)—(3.19),

(3.22) Z ’COS<P|tT—n+1B‘JuT_n+1’tB
BeS‘sfn+1
n—no—1 ) )
= > Y > Jeos@lhwpl T[T,

J=moprel® || Bel*(B)

+ cos Y / N L,

> > leosolhpniglJ TGl J T HH G
B'es®  Bel?, (B')

n—mgo—1

Z Z C510% | cos @l sy g | JUT TG,

TEM el

+ Z Cet(nin271)| COS Q0|§1—n23/‘JuTin2|tB/ :
Bes™
Zng

IN

where the final sum over B’ € S(S_an
since before time ns.
To proceed, we will need the following sublemma, linking the contribution from ]L‘s_zn 414 tO the

represents those B € S‘S_Qn 41 which have had no u-long ancestor

. . 5o
contribution from L2, 41

Sublemma 3.7. Let tg € (0,1). There exists C > 0 such that for all t € [ty,1], each ny < j <

n—ny—1, and all B' € L” | .,

€08 Pltnsrss | TUT 5], < CEIAIED S o8 gl gl T,
BELJ‘(B/)

where Lj(B') denotes the collection of elements B € G;(B') with diam"(B) > d2/3.

Proof. Since B’ € L(S—Qn+1+j7 there exists an unstable curve U C B with |U| > d3/3. Let G%(B')
denote those elements B € G;(B’) such that T7UNB # (). Letting 9?2 (U) denote the jth generation
of homogeneous elements of T/U, using the time reversed definition of gj?(W) for stable curves
from Section If U; € QJ‘?Q(U) has |U| > d2/3, and BNU # 0 for some B € G’(B'), then
necessarily, diam"(B) > d3/3. Let L;(B’) C L;j(B') denote this collection of long elements. Then

letting L?Q(U) C Q?Q(U ) denote those elements of g?? (U) with length at least d2/3, we estimate,

(3:23) S [ cos lhnii gl TG
BeL,(B")

> Ol cos plpnrivsp [T TG Y0 [T T
BeL!(B')

> ' cos plipmnsirip [T T8 Y [T T oy
UL (U)

> ') cos Pl p-nirwip| T T 58 " T o
Ui€G? (U)

> C"63] cos plp-nsres | T T [ A0S g0, T oo,
U,€6,? (U)
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. . U
> "53] cos Pl i1 g | JUT T |tB,AJ<1—t>|5| :
2

where in the first inequality we have used the fact that cosy is comparable on T~"t'B and
T4+ B’ in the second inequality we have applied the time reversal of Lemma and the factor
Jo appears since there may be up to ~ d, ' elements of L?Q(U) in each element B € L}(B’) (due to

artificial subdivisions in the definition of sz (U)), and in the third inequality we have applied the
time reversal of Lemma and (3.7) from Lemma since d3 < 01 and j > ny. Since |U| > 62/3,
this completes the proof of the sublemma. O

Using the sublemma, we now estimate the right hand side of (3.22)), summing over B’ € I[fs_zn 1t
and noting that if B € L;(B’), then B € I[fi?nle and each such B is associated with a unique B’:

Z |COS(,0|5Ln+1B|JuTin+1|§9 < Z Cet(nfn271)| COSQP|§177L2BI|Jqun2|tB,

Bes | Bes
n—mo—1
+ > Co7 209 A1) > Jeoslpnpigl S TG
j:nl BeL‘?nJrl
<y (80)0 + C85 2 Y [cos @l g JT ",
Bel2

for some constant C,, (t9) > 0 depending only on ns and ty. To see the estimate on the first term,
note that by (3.16)), since elements of S% are connected components of M \ U?’:Qa“lT iSEL we have

O s
> leos oyl J T <C Y [T < CQnyta () < CQuya(to) .-
B/es’2 Aemi2 A
—ng 0

2

Next, note that the sum over }L‘s_n 41 grows at a rate of at least CA™1=1) by the proof of the

sublemma. Thus we may choose ng > ny large enough that C,, (t0)0" < CA™1=1 for all n > ng,
which implies,

S Jeos @l TG < C02 S Jeos @l gl T
BeSiQTH»I BEL{QWA»I

Using this estimate with (3.20)), (3.21) and the fact that A, (d2) U A% (d2) = MS’H yields,
Qu(t)= > |IT 4+ > I

AECAS (82) A€AR(62)
<O +1) Y [eosplpnupl /" TG <C62+1) Y [T Y,
Bel”, ACAL(82)

completing the proof of the lemma for n > ng and g = 0. The statement for general n (and g = 0)
follows, possibly reducing the constant cg, since there are only finitely many n to correct for.

If g # 0, the proof remains as is until with the same choices of ny and d2 (these choices are
independent of g), so that holds with |€%9|,—, g inserted in the left-hand side and e/l9lco in
the right. The analogous modification is made to . Then becomes

(3.24) S PT e a=CF > Jeos Qlnii gl ST L€ ponia
AEAS (62) Bes®
—n—+1
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where C depends on |Vg|co via (2.15), with the analogous modification to (3.21]). Then (3.22)) is
modified in the obvious way for n > no + 1,

(3.25) Yo cos@lponia gl ST Gle% 1 poni g
BeS‘?n+1
’I’L*TLQ*l . .
< Z Z CO7105 619100 cos | iy g | JUT I €50 1-09 | iy
j:nl B,ELts—zn+1+j
+ Z Cotn—n2=1) g(n=n2=1)lglco) COS¢’tT—nzB/’JuT_nQ,thfesmng*"zB’ )
B’eS‘;fn2

A suitable analogue of Sublemma yields C' > 0 such that for each ny < j < n —ng — 1 and
1
B el” 1.

Ay

| cos <P|tT—n+1+jB/ | JYT™ " pentits g

< Co A0 S [cos plt i gl T T €5 i,

BeL;(B’)
where we have used the lower bound (3.13]) rather than (3.9)) in (3.23]). This provides the contraction
required to complete the proof of Lemma since #teldlco < 1 by (13.6)). O

3.4. Defining s; > 1. Growth Lemmas for ¢t € (1,s;). In this section, we bootstrap from our

results for ¢t < 1 to conclude a parallel set of results for ¢ € (1,s1), for s; > 1 from Definition

below. To do this, we will apply Propositions [3.14] and [3.15] from Section [3.5] for ¢ < 1 whose proofs

rely only on the lemmas in Section [3-3] In Section [3.6], we show how to extend this to all ¢ < ¢..
The easy lemma below will be crucial to define s;:

P,
Lemma 3.8. We have P,(1) = 0. Moreover, the limit x1 := lim ()

s—1— — S

In fact, x1 = [;;log J*T dusrs, which follows from Theorems and

exists and x1 > log A > 0.

Proof. Proposition for t = 1 together with [DZI, Lemma 3.2] prove that @Q,(1) is uniformly
bounded for all n, so that P.(1) < 0. Since Proposition gives P,(1) > P(1) = 0, we have
established that P,(1) = 0. Next, the convexity of P.(t) (Proposition on (0,00) implies that
left (and right) derivatives exist at every ¢t > 0. Thus, since P,(1) = 0, the limit below exists

P, P.(s) — Pi(1
(3.26) lim 28 gy B(0) = P
s—1-1—s s—1— 1—s
The proof that P(t) is strictly decreasing in Proposition implies x1 > log A > 0. O
Definition 3.9. Recalling 0(t1) € (A=1, A=/2) from Definition we define s1 := .S
X1 + logf

Note that s; is just the intersection point between the tangent line to Py (t) at ¢t = 1 (which is
the largest ¢t where we have established the lower bound on the sum over G, (W)) and the line
y =tlogh. If t < s; then 6! < e which can be viewed as a pressure gap condition. Note finally
that establishing Theorem [2.5] in a neighbourhood of ¢t = 1 will give s; < t,.

A key to many results for 0 < ¢ < 1 is the lower bound on the rate of growth given by (3.9) in
the proof of Lemma Our next lemma obtains this lower bound for ¢ > 1, interpolating via a
Holder inequality.
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Lemma 3.10. Let ty € (0,1) and t1 € (1,t.). Let & > 1. For any k > 0, there exist C\,, > 0,
Nk > 0 such that for all g € C° and § > 0, and all W € W* with |W| > §/3,

(3.27) Z |JWiTn|EYO(Wi)|€Sng|CO(WZ‘) > CN(Sﬁ—le—n(X1+n)(t—1)—N|g|co ,¥n>1, vte[l,h].
W;eGl (W)
Moreover, if |W| > d9/3, then
> T ooy le™leoqry = Cod~te bt v > 1, it € 1,5
W,€G3 (W)
Proof. Assume first ¢ = 0. For ¢t > 1, we have for any s € (0,1), taking n(s) € (0,1] such that
nt+ (1 —mn)s =1, that >, a; = ia?H(l*n)s < (3, a)"( iaf)l_n for any positive numbers a;. It
follows that for any W € W* with |W| > §/3 and all n > 1,

1/n
_ Jw. T 1/n _
(ZWZEQQ(W) | W; |) > (Cl) (02[0]%)%6”13*(8))(” 1)/n ,

m|t
(328) > [Jw T = |s>(1—77)/77_ 3

Wiega (W) (Zwiegg(vv) | Jw, T
where we have used for the lower bound in the numerator, and Lemma with ¢ = 0 and
t1 = 1 combined with Proposition for the upper bound in the denominator. The factor dy/d
comes from the fact that here we use G2 (W), while Lemma ses G (W). Sincen = (1—s)/(t—s),
e Pr(s)n=1)/n = =n(t=1)P(s)/(1=5) " For fixed x > 0, Lemma [3.8|allows us to choose s = s(x) € (0,1)
(and hence 71, = n(s) > 0) such that P.(s)/(1 —s) < x1 + K, completing the proof for g = 0 since
n(s) > (1 —s)/t1. For g # 0, follows since |€S"g|CO(WZ.) > e~ "ldlco for each W;.

For the second inequality of the lemma when |[WW| > §y/3, notice that (3.9) gives a lower bound
of % in this case. The rest of the estimate is the same (up to C, changing by a power of dp). O

By definition, #%eXx1(t=1) < 1 if t < s;. Thus for #; € (1, s1) there exists k1 = x(t1) > 0 such that
(3.29) grreCatr)ti=l) « 1 and thus e a1 <1 i <.
Our next lemma is the analogue of Lemma for ¢t > 1.

Lemma 3.11. Let tg € (0,1), t1 € (1,t.) and t; € (1,51). Let k1 = k(t1) satisfy (3.29). Then for
any € > 0 there exist 61 > 0 and ny > 1, such tha for all W € W* with |W| > 6,/3,

Z ’JWiTn’tCO(Wi)|€Sng’CO(W,-) <e Z ’JWZ-Tn’tCo(Wi)|€S"g’CO(WZ.) , Vt € [1,51} ,Vn > nq,

WieGo (W) WieGol (W)
[Wi|<d1/3
for all g € C* satisfying (3.6) and such that, in addition,
(3.30) 2glco < —t1logh — (x1 + k1)(f1 — 1), de relxitrlti-D+2glco o

Let [to, 1] C (0,51). For all g € C! satisfying (3.6) and (3.30]), Lemma [3.5{and Lemma for
e =1/4 give n; > 1 and 6; > 0 such that for all n > n; and all W € W?* with |W| > §,/3,

331) > Iyl ooy =5 Y0 Iw T o €™ cow, » VE € [to, f1] -
WieL3 (W) WieGn! (W)
Proof of Lemma[3.11, Assume first that g = 0. Define p = #11eCats)i—1) < 1 (with k1 (to, t1,%1)
2 _
from (3.29))). For € > 0, choose £ > 0 such that 066000 <

w1 (1—p) 1-2
Next, choose d; > 0 such that (3.8 holds for all n < 2m;.

< § and choose m; such that p™ < é.

25We take 6, < 61(c) and ny > ny(e) with & (c) and n, (g) from Lemma
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For W € W* with |[W| > 61/3, let S% (W) denote the elements W; € G% (W) such that [W;| <
61/3, and let Lo (W) = Go1 (W) \ S2(W). For n > my, write n = ¢my + 7 for some 0 < r < my. As
in the proof of Lemma we group elements W; € S%1 (W) according to the largest k such that
TERmitrw, c Vv € Ly, (W). Such a k € [0, £ — 1] must exist since [W| > d1/3 while [W;] < d1/3.
By choice of 4; and mq, we may apply for (¢ — k)my + r iterates to obtain

Z ‘JW Tn‘co < Z Z ‘JV Tkm1 ’CO Coet((f k)ymi+r) )

W;eS3H (W) F=0vieryl, (w)

Next, for each k, we consider each V; € Li;nl (W) as being contained in an element U; € gkml (W).
Since |Vj| > 01/3, there are at most 3d9/d; V; corresponding to each such U;. Then we group each
Ui € g,‘jgm(W) according to its most recent long ancestor W, € Lgo (W) for some j € [0, km1]. Note
that j = 0 is possible if |W| > d9/3. However, if |W| < dp/3 and no such time j exists for U,
then we associate such U; with index j = 0 in any case. In either case, U; € Iggm(W), where

Iggn 1(V[/) = Tim, (W) as defined in Lemma With these groupings, we estimate,
3do
Yo T M o) < o > T oo,
ViELL, (W) UL, (W)
kmq ) .
+> > w T Y T oy
I= weeLlow) UleI,‘z?n1 ;(Wa)
340 th pa 1t gt (kma—3)
< — | Cyf"™ Jw, T7 " Cof™ """~
<% | © > Y Iw TG

=t weeLw)

where we have applied Lemma to each collection I,‘zfnli ](W) Collecting these estimates yields,

Z ‘JWiT”|%O(Wi) < 5710 gtn + Z Z 02975(71 ) Z |JW(LT]|tC’O(Wa)
WieSoH (W) k=1j5=1 Wa €L (W)

For fixed k > 0 and each j for which L?O(W) is not empty, we group elements W; € G (W)

accordmg to which W, € g50( W) they descend from. Then we use Lemma and the distortion
bound (3.10) to estimate a lower bound,

> |JWZ~Tn|2~0(Wi) > > %|JWaTj|tCO(Wa) > |JWiTn_j|tCO(Wi)
Wiega! (W) Wa €L (W) Wigg)L (W)

Zg(;;lle—(n—j)(xl-&-m)(f—l) o Wb,
Wa €L (W)



THERMODYNAMIC FORMALISM FOR DISPERSING BILLIARDS 23

Combining upper and lower bounds yields (using (3.27)) for the termlﬁ corresponding to j = 0),

t
ZWiESfll (W) |JWiTn|CO(WZ.) g’fgﬁ Cg@m
n |t — 1 9
ZWZEQ;SLI (W) |JW¢T |CO W, 05151%1 e—n(x1+r1)(t—1)

=1 km, 30 C36! =) ¥ ) [ Tw. T Go g,

Wa €L (W

e—(n=3)(x1+r1)(t— 1)2

it
Wa€L50 (W) |JWaT]‘C°(Wa)

£—1km
_ 30nC§ - 5 o le 600CE -

C,ﬂml k=1 j=1 51
_ 360nC3 60 c <= _ 36nC3 e
an 0 lrmlpn 0 _Y0obqo Z—’L on 05 nnlpn_i_i,
k111 C Cﬁlml 2
by choice of €, where we have used the fact that Zk;ll fmll P < Ze ! pnl_kml > Zz 11 ip

Finally, we choose ny > my sufficiently large that the first term is less than 5 for all n > ngq,
completing the proof in the case g = 0.

If g # 0, define p, = gt eCatr)(ti—D+2l9lco < 1. Fore > 0, pick & > 0 such that %ﬁ <5.
Then choose m; and 47 as in the case g = 0, but with p, in place of p. (The choices m; and §; are
uniform for ¢ satlsfymg and - The argument then follows precisely as above with the

inclusion of g as in in the proof of Lemma The fact that the distortion constant for g is
at most 2 is used for the lower bound for each W, € L?O(W) appearing in the denominator:

> |']WiTn|tCO(Wi)‘esng|CO(Wi)
WGt [(Wa)

: s, . S
> 3w lcoqwyle™ oy Do 1w T leow, le™ oo
WieGoL (Wa)
2 1T oy 5o, G o900 00D~ sleo.
]
Our final lemma of this section is the analogue of Lemma [3.6| for ¢ > 1. Define A, (0) as in (3.15)).

Lemma 3.12. Let tg € (0,1), t1 € (1,t4) and t1 € (1,51). Let d3 > 0 be as in Lemma . There
erists a decreasing function cy : [0,00) — R such that for any v > 0 and any g € C' satisfying

(3-6), (3:30), and |[Vg|co < v, we have

sup ]JST”(:B)]teS"g(I) > co(v)Qn(t,g), Vn e N, Vit € [1,11].
AEAn((SQ) e ANM’

Proof. The calculations in the proof of Lemma for g = 0 are valid for all ¢ > 0 up through
(3.22). To proceed, we replace Sublemma by the following.

Sublemma 3.13. Let tg € (0,1), t1 € (1,t) and fl € (1,s1). There exists C > 0 such that for all

te[l,ty], eachny <j<m—ng—1 and all B' € 1. O g

|COS QD‘T n+1+]B/|JuT n+1+j‘t < 05 1/77K1 j(x1+rk1)(t—1) Z |COSSO|§“—n+1B|JuT_n+1‘%7
BeL;(B')

where L;j(B') denotes the collection of elements B € G;(B’) with diam"(B) > d2/3.

26A better estimate is possible in the case |W| > 8/3, but we will not need this.
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Proof. The proof of this sublemma only requires one adjustment to the estimate in (3.23]). Using
the same notation as in Sublemma [3.7, we have

S (€08 @llnsi gl Tl > Cleos gllwsns TG, ST LT
BeL;(B') BeL(B')
> C'[ o8 plpnirasp [T T " H 60 Y ‘JUiT7j|tC’O(Ui)
U;eL3?(U)
> C'6a| cos plpnirss p | ST S S |JUiT7j‘tCO(Ui)
€6, (U)
> 0/155/77:11 | COScpﬁtnﬂﬂ,B/|JuT—n+1+j|tB,CH1€—j(X1+m)(t—1) ’

where the only new justifications are that we use the time reversal of (3.31]) in the third inequality
since 02 < 01 and |U| > d2/3, and in the fourth inequality, we apply the time reversal of Lemma

since j > ny with 1 from (3.29) . O

Using Sublemma we estimate the right hand side of (3.22)) as in the proof of Lemma
summing over B’ € L% and recalling that if B € L;j(B’), then B € L‘S_Qn 41 and each such B is

—n+1+j
associated with a unique B’:
(3.32) Z | cos p|ymnir gl JUT "L < Z Cot 2= cos Oty | T T 2|

Bes2 Bes
n—no—1 1-1 o
+ Z 05; —1/mky 9t]€](X1+Hl)(t—1) Z |COS(P‘%—n+1B‘JuT_n+1|tB
Jj=n1 BGLiQnJrl
< Cmetn + 052—171/77,{1 Z ‘COS¢|§“*W+1B|JuT_n+1|%a
BeL

for some constant C,,, > 0 depending only on ng, where we have used the fact that glebatr)(t=1) <1
to sum over j.

The sum over B € L5_2n+1 shrinks at a rate bounded below by 05;/77“1 e~ nOat+r1) (A1) by the proof
of Sublemma Thus we may choose n3 > ngy large enough that C,,,6"" < Cd; temxatr)(t=1)
for all n > ng, which implies,

S eoselhnn gl Ty <08 T ST eos gl gl T
Besi%”“"l BELi2n+l

The proof of the Lemma [3.6] proceeds without further changes from this point, ending the proof of

Lemma if g=0.

If g # 0, choosing d2 as in the proof of Lemma implies that and remain as
written. The only change required in the proof is to use the lower bound with Kk = K1 to
prove the analogue of Sublemma [3.7f There exists C' > 0 such that for all ny < j<n—ns—1and
B' e I["5—2714-14-]'7

14|t 1S

| cos lpntrsj gl ST "1 | g1

< ¢4, /151 i (xa+r1)(t=1) ilgl o Z | cos @l ni1 gl JUT nHL|L 1 Sn19) g
BeL;(B')

We then proceed as in (3.32)) using the contraction provided by (3.30]) to sum over j. O
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3.5. Lower Bounds on Complexity. Exact Exponential Growth of Q,(t,g). In order to
conclude that the spectral radius of £; on B is ef*® and to control the peripheral spectrum of £y,
we shall establish the exact exponential growth of Qy,(t).

The lower bound on the spectral radius of L; is a consequence of the following lemma, guaranteeing
that the weighted complexity of long elements of Ws grows at the rate Qy(t,g).

Proposition 3.14. Let ty € (0,1), t1 € (1,t,) and t; € (1,s1). There exists a decreasing function
c1: [0,00) = RT such that for any v > 0 and any W € W?* with |W| > §,/3,

(3.33) Yo I T o€ lcow,y = 1(v)Qnlts g), Yn > 1, Vi € [to, ],
Wi€Gn (W)

for any g € C1 with |[Vg|co < v and such that (3.6) and (3.30) hold.

Proof. As usual we first consider g = 0. The main idea of the proof is to show that for each curve
W € W?* with |W| > 61/3, the image T~ "W intersects a positive fraction of elements of M%H
weighted by |J*T"|!, for n large enough. The mixing property of uggrp is instrumental here.

To do this, we recall the construction of locally maximal homogeneous Cantor rectangles from
[CM], Section 7.12] (and similar to those used in [BD] Section 5.3] where we Workedlﬂ with W?*
instead of Wyj). We call D C M a solid rectangle if D is a closed, simply connected region whose
boundary consists of two homogeneous unstable and two stable manifolds. Given such a rectangle
D, the maximal Cantor rectangle R(D) in D is the union of all points in D whose homogeneous
stable and unstable manifolds completely cross D. Note that R(D) is closed and contains the
boundary of D [CM, Section 7.11], but is not simply connected due to the effect of the singularities,
which create, for any € > 0, a dense set of points with stable and unstable manifolds shorter than e.

In what follows, we restrict to Cantor rectangles with sufficiently high density, i.e.,

) my« (W% (x) N R)
3.34 f
(3.34) e iy (W (z) N D(R))
where myy« denotes Aarclength measure along an unstable manifold. We say that a homogeneous

> 0.99,

stable curve W € W4, properly crosses a maximal homogeneous Cantor rectangle R = R(D)
satisfying if W crosses both unstable sides of D, and, in addition, for every x € R, the point
W N WH"(z) divides the curve W*(z) N D(R) in a ratio between 0.1 and 0.9, and on either side of
W N W% (x), the density of R in W"(z) N D(R) is at least 0.9. Reversing the roles of stable and
unstable manifolds, we obtain the analogous definition of an unstable curve properly crossing a
Cantor rectangle.

By [CM) Lemma 7.87], we choose a finite number of locally maximal homogeneous Cantor
rectangles R(d2) = { Ry, ..., Ry} satisfying and its analogue along stable manifolds, with the
property that any homogeneous stable or unstable curve of length at least d2/3 properly crosses at
least one of them. Let 05 be the minimum diameter of the rectangles in R(d2) and note that d is a
function only of 5.

Now fix n > 1 and let A}, C A,(d2) denote those elements A € A,(d2) such that B,,_1(A)
contains an homogeneous unstable curve of length at least d5/3 that properly crosses R;. Due to
Lemma [3.6] for ¢ <1 and Lemma for ¢t > 1, there exists ¢* such that

(3.35) 3 mpUT%WZ%%@.

Fix an arbitrary homogeneous W € W* with |W| > 61/3, and let R; € R(62) denote the Cantor
rectangle that is properly crossed by W (recalling that d2 < d;1). By the mixing property of
psre and [CM| Lemma 7.90], there exists Ni = Ni(d2) > 1 such that 7~ R; has a homogeneous

27The construction in [CM], Section 7.12] uses Wy, but since each V in W?* are unions of manifolds W; in Wy, if
the W; cross properly, so does V.
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connected component that properly crosses Ry, for all i = 1,..., k. In particular, T-N R; properly
crosses R;+, so an element of Gy, (W) properly crosses R;-.

Let W1 € Gy, (W) denote the component of T-N1W that properly crosses R;« and note that
W1 crosses By,_1(A) for all A € .Ai:. Since W7 is homogeneous and N1 > 1, Wi cannot cross a
singularity line in 7'Sy (since then the curve would have been subdivided at time Ny — 1), and so
for each such A, W; crosses an element By € M % | By C B,_1(A). Let Vi = Wy N By and let
Vi = T*”HV. Then V4 is a homogeneous component belonging to an element of G, 14 n, (W).
By Lemma recalling the notation |J¥T*|Y, = sup,e arqar [JTH(2)|! from (B.17),

~1 +tC ~1
[ Fa T ooy = €T pmnsag, | (a) s
since T~"*1B, 1(A) € MQ*LH \/ T~"*1H. By definition, T-"*'B,,_1(A) contains A. Thus,
(3.36) |5 < et v, T o) -
Next, we wish to compare J*T on T" 1A with JVAT- Since V} C W) C T~NMW, we have that
TV} is a stable curve, and so is TWi, so that JVAT = eiCdelT = e*Caf~9 where k is the index
of the homogeneity strip containing Wj. But since |W;| > 05 (since Wi properly crosses R;+), we

have k < (85)~/(@*tD) and so Jy, T > C(65)%/(+1), Since J*T < e, we have, using (3.36)), that
| 75Tl < C(5§)7tq/(q+1)\JVAT”VCO(VA). Then summing over A € A, we obtain,

(3.37) STy < (o)t N | v T o -
Ac A Vi€Gn(TW1)

Next, we express the sum over G,y n,—1(WW) in two ways. On the one hand, by Lemma

> T, TN oy <0 D T ooy Do 1T oo,
(3.38) Vi€Gnin, —1(W) Wi€Gn (W) V}'Gglelt(Wi)
< Co[0]QnN, —1(t) Z ‘JWZ-T”|CO(WZ~) .
Wi €Gn (W)
On the other hand, letting W] be the element of Gy, _1(W) containing TW7,
Z |JV]'Tn+N1_1|tC’O(Vj) > e—th|JW1/TN1—1|t00(W1I) Z |JViTn|tC’0(V,L-)
( ) Vi€Gntn,—1(W) Vi€Gn(WY)
3.39 Ny—1
2q+1 1
> e‘thC’(éé)t( qq+1 ) Z ’JVzTn’tCO(Vz) ’
Vi€Gn (W)

where the lower bound on |JW1/ ™ 1_1|t00 (wy) comes from the fact that |W{| > 5 and for a stable

curve V such that V and 771V are both homogeneous, |[T~1V| < C]V|2q€r+7+11, and this bound can
be iterated N7 — 1 times as in [BD) eq. (5.3)].

Combining (3.37)), (3.38)) and (3.39), and recalling (3.35) yields,
2q+1)N 1 co

S T gy = (G0 Qu (076 ) 0,0

which completes the proof of the proposition if g = 0.

If g # 0, starting as above, we choose the finite family of Cantor rectangles R(d2) in the same
way, and find an index i* such that the analogue of ([3.35))

sup 7" ()| > LQu(tg).

-« o€ ANM'
Ac A
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holds, using Lemma [3.6]if ¢ < 1 and Lemma [3.12]if ¢ > 1. Fixing W € W?, choosing N; as above,
and using the same notation introduced there, we obtain the modification of ([3.36]),

7T (519 < (1 + GO Tglen)| v, T €519 oy,

applying . Next, needs only the multiplication by €579 to each term on both sides, up
to replacing the constant C' by C(1+C C,-|Vg|co). The upper bound requires only a change
of constant to C2[0]Qn, —1(t, g), using Lemma [3.4] with ¢ = 0, while the lower bound requires
the added factor e~(V1=Dlglco on the right hand side. Since N is fixed (depending only on R(d2)),
these bounds are combined as in the case ¢ = 0 to complete the proof of the proposition. ([l

The following important consequence of Proposition will be used to characterize the periph-
eral spectrum of L.

Proposition 3.15 (Exact Exponential Growth of Q,(¢,9)). Let to € (0,1), t1 € (1,t«) and
t1 € (1,s1). There exists a decreasing function cs : [0,00) — Rt such that for any v > 0 and any
g € C with |[Vg|co < v and such that (3.6) and (3.30) hold, we have

(3.40) P09 < Q. (t, g) < ——e"P9) vt e [tg, 1], Yn > 1.

ca(v)

Proof. The lower bound follows immediately from submultiplicativity of Q,(¢,g) (obtained in the
proof of Proposition for any ¢ > 0 and g € C') since then Pi(t,g) = inf, % log Qn(t, g).

To obtain the upper bound for g = 0, we first prove the following supermultiplicative property:
There exists co > 0 such that for all ¢ € [tg,?;1] and for any j,n > 1,

(3.41) Qn+j(t) > c2Qn(H)Q;(t).
Let W € W* with |W| > d1/3. For n, j > 1, by Lemmawith ¢=0,

Yo 1w T oy, < Ca0] Quaj(t) -

5
wieg,! (W)

On the other hand, if n > ny, then using Lemma [2.1

Yoo T ooy =C Y 1T ooy Do T oo

WieGhl (W) Vi€GoL (W) WG (Vi)

>C > T ooy 2 I T o
Vie Lol (W) WG (Vi)

>C Y T oy aQi(t)
V€L (W)

>CaQit); Y T eow, = C'EQi(H)Qn(t),
Vi€Gnt (W)

where in the third and fifth inequalities, we have used Proposition [3.14] and in the fourth inequality
we have applied . This proves for n > nq, and the case n < ny follows by adjusting the
constant ¢y. (Note that c¢o is uniform in ¢.) The proof of the upper bound on @, (t) then proceeds
precisely as in the proof of [BDl Proposition 4.6]. The case of nonzero g is identical. O

3.6. Growth Lemmas and Exact Exponential Growth for ¢t € (s1,t.). The main result of
this section is Proposition [3.18| which extends Propositions and to all t < t,. The constant
t. > 1 is defined by , while s1 > 1 is introduced in Definition What we have proved up
to now suffices to establish all the results of Sections for t € (0,s1). In particular Theorem
holds in a neighbourhood of t = 1, so we know that s; < ¢,.
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Recall that ¢; € (1,t4) is fixed in Definition determining 6 € (A=, A='/2) and our main
statements are for t € [tg, t1]. If s1 > t;, there is nothing to do. Otherwise, 651 < eP(51) < gPx(s1) by
Proposition Since P, (t) is convex and decreasing, the left-hand slopes are lower semi-continuous,
so we may choose 1 € (1,51) so that the intersection point sy(f1) between the tangent line to Pi(t)
(from the left) at ¢ = ¢; and the line tlog @ satisfies sy > s1. Indeed, we have

- P, (t1) + xa2t1 : . Pu(s) = Pi(th)
3.42 =59(t1) i= ————— h = t1) = lim —&F¥——~
( ) s2 = sa(t1) Yo +logh where x2 = x2(t1) Sg?_ f—s

1

>logA,

where (by convexity of P.(t)) the limit defining 2 exists and P, (¢) lies above its tangents, so that
0t < e for all t < so.
Our next lemma is an analogue of Lemma interpolating now from ¢; to so.

Lemma 3.16. Fiz ty € (0,1) and t; € (1,t.), and let t; € (1,s1) and sa2(t1) > s1 be as above. For
any ty € (s1,52) and any k > 0, there exist C,, > 0, 1, > 0 such that for all g € C°, all § > 0, all
W e W* with |W|>6/3, and alln > 1,

(3.43) Z |JWiTn|tCO(Wi)|€Sng|C’0(Wi) > CH(;"%—1€—n(X2+H)(t—51)+nP*(51)—n|glco .Vt € [t1, 1]
W;eGs (W)
Moreover, if |W| > d¢/3, then
Z ‘JWiTn|tC‘0(WZ-)’esng|CO(Wi) > C,{(S*le*n(X2+n)(t71)*n|g|co ,Vn>1, Vte [,
W,€G3 (W)

Proof. We adapt the proof of Lemma First assume g = 0. For ¢t > s1, let s € (1,%1), and
n(s) € (0,1] such that nt + (1 —n)s = ¢;. Then again using the Holder inequality, for any W € W*
with [W| > 4/3 and all n > 1,

(ZWiEQ‘S(W) |‘]WiTn|El)1/77 (616”13*(1[1))1/77
(3.44) > T ' > ,
g (1=n)/n (C [0]6*02 np*(s))(l—n)/n
W;€G5(W) (ZWiegg(W) |JWZ-T”|8) 2lU]5 ;¢

where we have used Propositions [3.14] and [3.15] for the lower bound in the numerator, and Lemma [3.4
with ¢ = 0 and Proposition [3.15( for the upper bound in the denominator. Since n = (t; —s)/(t — s),

o=T(P(s)=Pu(f0) / gnPa(s) _ o nlt=) GO p (o)

For fixed > 0, by ([3.42]), we may choose s = s(xk) € (1,%1) and 7, > 0 such that (t—s)%ﬁ*(m <

(t — t1)(x2 + k), completing the proof for g = 0 since Pi(s) > Pi(t1). For g # 0, the lemma follows,
again using the bound |eS"g\CO(Wi) > e Mgleo O

By definition, gtexz2(t=t1)=Pu(t1) <« 1 if t < 55. Thus for #5 € (s1,82), there exists ko = k(tz) > 0
such that
(3.45) fizoOtn2)(l—0)=Pef1) <1 and thus §leCetm)(t—t)-Pt) <1 i < f,.
Our next lemma extends Lemma for t € [t1,ta].
Lemma 3.17. Let tg € (0,1) and t; € (1,t.). Let to € (s1,582), and let ke = k(t2) satisfy (3.45)).

Then for any € > 0 there exist 61 > 0 and ny > 1, such that for all W € WS with |W| > 61/3, and
for all m > nq,

Z |JWiTn|tCO(WZ_)|€S"g’CO(WZ.) <e Z |JWiTn|tCO(WZ_)|€S"g’CO(WZ.) , Vit € [1,7?2] R

Wiegal (W) Wiegat (W)
|Wi|<61/3
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for all g € C* satisfying (3.6)), (3.30) and such that, in addition,
(3.46) 2|g|co < —t_Q log6 — (XQ + KQ)(EQ — 1?1) + P*(El) , fi.e. 952€(X2+H2)(£2_£1)_P*(El)""Q‘g‘cO <1.

Proof. The proof of Lemma [3.17] proceeds with the analogous modifications used in the proof of
Lemma using the lower bound (3.43)) in place of (3.27). The proof goes through due to the

contraction provided by (3.45) and (3.46)). O

Let [to, t2] C (0,s2). For all g € C! satisfying (3.6]), (3.30), (3.46)), Lemmas and for

e =1/4 give n; > 1 and 6; > 0 such that for all n > n; and all W € W?* with |W| > §,/3,

(347 Y 1w T eowyle™ ooy =5 D Iw T oy €7 lcoqwy 5 VE € Tto, Ta]
WieLy! (W) Wied,! (W)

At this point it is clear that Lemma [3.12] (with the same constant d > 0, but possibly smaller
co > 0), and Propositions |3.14 and [3.15] (with possibly smaller constants c¢;,cz > 0) hold with ¢
replaced by to € (s1, $2).

The interpolation can now be continued inductively. Suppose we have created a sequence
1<t <s1<ty<sy<...<t,<s, <t <ty so that Propositions and hold with ¢;
replaced by t,. Then since s, < t;, we have 85» < ef*(») and we may define

Xnt1 = sligl; En - S = 10gA’ and St = Xn + IOgQ
where s,.1 > s, by choice of t,. Following the proof of Lemma with 1,2, Y2 replaced by
tnytnt1, Xne1, it follows that the conclusion of the lemma holds for all ¢t € [t,,t,+1]. Analogous
modifications to Lemma [3.17 imply that Lemma [3.12] and the propositions of Section [3.5] hold with
t1 replaced by tp11 € (Sp, Spt1)-

Finally, the sequence (s,) cannot accumulate on any so, < t;. For if it does, then by definition
of 6, it follows that 95 < ef*(5) g0 we may repeat the construction above, finding a point of
intersection s’ > s, between tlog 6 and the left hand tangent to Pi(t) at some ¢, < ss. It follows
that this sequence of interpolations can be chosen so that t; < ¢, < t, for some n > 1. At this
point we stop, and since we have made only finitely many choices of the required constants, we
have extended the analogues of Propositions and to all t1 < t4:

mn

Proposition 3.18. Let ty € (0,1) and t; € (1,t). There exist decreasing functions c; : [0,00) —
RY, i = 1,2, such that for any v > 0 and any g € C* with |Vg|lco < v and such that |g|co is
sufficiently small (depending on the number of interpolations required to reach ti ),

a) for any W € WS with [W|>d1/3,

Yo I T o,y € lcogw,y = e1(v)@nlt, g), ¥n > 1, Vit € [to, ] ;

b) for alln > 1, we have ™9 < Q,(t, g) < e"Pt9) it e [to, t1] .

c2(v)
4. SPECTRAL PROPERTIES OF £; (THEOREM {4.1))

4.1. Definition of Norms and Spaces B and B,,. For fixed tp > 0 and t; € (max{tg,1},%.),
we choose O(t;) € (A™', A~Y/2) satisfying 61 < (1) ¢ > min{1,2/ty}, ko = ko(to,t1) (for
the homogeneity strips (2.1)), and dy = 8o(to,t1) from Definition These choices affect the
definitions of W*® and Wy, as well as conditions and below on the parameters «, 3, v, p,
€0, determining spaces B = B(tg, t1) and B,, = By,(to,t1) on which £; will be bounded for all ¢ > .
An additional condition on the parameter p depending on t; < t, will be needed to obtain the
Lasota—Yorke bound (see Lemma and thus the spectral gap of £; on B for all ¢ € [t, t1].
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First we define notions of distancd) between stable curves and test functions as follows.
Since the slopes of stable curves are uniformly bounded away from the vertical, we view each
W € W¢ as the graph of a function of the r-coordinate over an interval Iy,

W={Gw(r):rely}={(row(r)) :rely}.

By the uniform bound on the curvature of W & W, we have B := SUP ey loty| < oo
Next, given Wy, Ws € W$ with functions OWy, PW,, We define

dyys (W1, Wa) = [Iw, & Iws| + oy — ewalor (1, niws,) »

if W; and Ws lie in the same homogeneity strip, and dyys (W1, Wa) = 3B + 1 otherwise.
Finally, if dyys (W1, Ws) < 3B + 1, then for ¢; € CO(Wl), o € CO(WQ), define

A1, 92) = [P 0 Gwy — b2 0 Gwylcory, niy,) -
while if dWs(Wl, WQ) > 3B+ 1 and ¢1 S CO(Wl), wQ S CO(WQ), we set d(¢1,¢2) =0
We next define the norms, introducing parameters «, 3, v, p, and gg. Choosﬂ

(4.1) ae(O, }, p>q+1, BE(;,Q), ’ye(O,min{ a—f,

1
s G

(This implies o < 1/3, v < 1/p, and min(5,t) > %) Finally for Cyert < 00 to be determined in

(4.21)), let g satisfy

(4.2) 0 < Chere /T < Z.
For f € CY(M), recalling C"(W) and W$, from Section n define the weak norm of f bylﬂ

flo= sup  su /fwdmw,

Wews |1/)\ca(w)<1

define the stable norm of f by@

(43) 7= s swp o am

WEW;I ‘¢‘05(W)§|W|71/p w

and the unstable norm of f by

[fllu = sup  sup sup e’
ESEO W17W2€W;{ Iq/}llcc“(Wl)Sl

dyys (W1,W2)<e d(4py 1ha)=0

F b dimyy, — /W £ o dmuw,

Wh

Finally, define the strong norm of f to be

1flls = 1[flls + cull Fllu

for a constant ¢, = ¢, (5,7,p) > 0 (so that ¢, depends on [tg,t1]) to be chosen in (4.9)). Define B
to be the completion of C*(M) in the || - ||g norm, and B,, to be the completion of C*(M) in the
| - | norm.

28The triangle 1nequahty is not satisfied, but this is of no consequence for our purposes.
29
The condition v < % +7 is used in Lemma
30Usmg weakly homogeneous curves implies that Lebesgue measure belongs to B, see Remark
31The weight |[W|~ 1P i is used both in the proof of compactness (Proposition and to control the
estimate over unmatched pieces in the Lasota-Yorke inequality (Section [4.3.3]).
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4.2. Statement of the Spectral Result. Embeddings. The equilibrium measure in Theo-
rem [I.1] and its properties will be obtained by letting the transfer operator £; act on B.

Theorem 4.1 (Spectrum of £; on B). For each ty € (0,1) and t1 € (1,ts) there exists a Banach
space B = B(to,t1) such that for each t € [to,t1], the operator L; is bounded on B with spectral
radius equal to e™® and, recalling 0(t1) from Lemma essential spectral radius not larger than

max{AATP) git=1/p)g=Pe(t) A=7}Pe() < Pe ()

Moreover Ly has a spectral gap: the only eigenvalue of modulus e™®) is e™®) and it is simple.

Let vy denote the unique element of B with (1) = 1 satisfying Livy = POy, and let oy
denote the maximal eigenvector for the dual, LiDy = e 5, Then the distribution p, defined by
ue() = % s in fact a T-invariant probability measure. This measure is mixing, correlations
for C'% observables decay exponentially with rate v for any

(4.4) v > vp(t) = sup{ Al | A € sp(e PO L)\ {1}},
and correlations for Holder observables of arbitrary exponent decay exponentially.

Recall that # < 1/v/A < 1. Note that since gty > 1 while 3 < 1/(¢ + 1) and v < min{1/(¢q +
1),1/(g+ 1) — B}, our bound on the essential spectral radius tends to e"*(0) as t; — 0. Similarly,
as t1 — t, we need to let p — 0o to ensure gh—1/p < oPx(t1) (see Lemma and our bound on the
essential spectral radius tends to ePr(te) a5 t1 — ts.

As usual, Hennion’s theorem is the key to proving the above theorem. It requires two ingredients:
the compact embedding proposition below and the Lasota—Yorke estimates in Proposition

Proposition 4.2 (Embeddings). For any to € (0,1) and t1 € (1,t.), the continuous inclusions
CYM) c Bc B, c (C'M))*

hold, so that CY(M) C (B,)* C B* C (CY(M))*. In addition, the inclusions C'(M) C B and
B C By are injective, and the embedding of the unit ball of B in By, is compact.

The embedding B,, C (C'(M))* is understood in the following sense: For f € Cl(M), we
identify f with the measure fdusgs € (C'(M))*. Then, for f € B, there exists Cy < oo such
that, letting f,, € C*(M) be a sequence converging to f in the B, norm, for every 1 € C*(M) the
limit f(¢) := limp 00 [ fn1) dusrp exists and satisfies | f(1)| < CflY|cr(ar)- See Lemma for a
strengthening of this embedding.

Proof of Proposition[[.3 The proof of the claims in the first sentence is the same as the proof of
[BD, Prop. 4.2, Lemma 4.4]. The injectivity of the first inclusion is obvious, while the injectivity
of the second follows from our definition of C#(W): if |f|,, = 0 then ||f|l, = 0 since the class of
test functions is the same, but also || f||s = 0 since C1(W) is dense in C#(W), proving injectivity.
The proof of the compact embedding follows exactly the lines of that of [BDlL Prop. 6.1], using

W?. The only differences are that, in the unstable norm, [¢|csyy < [log |W|[7 there is replaced

by |¥]cswy < |W|~1/P, while the logarithmic modulus of continuity |loge|~¢ there is replaced by
a Holder modulus of continuity €”. ([l

To show that the transfer operator £; is bounded on B, we require the following lemma.

Lemma 4.3. For any f € CY(M) and any t > to, the image Lif belongs to the closure of C*(M)
in the strong norm || - ||g, for B = B(to,t1).

We prove Lemma in Section [£.4]
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Remark 4.4 (Lemma 4.9 in [BD]). We remark that the proof of [BD, Lemma 4.9], which is
the analogue of the present Lemma was omitted there. The reference given there to [DZI]
Lemma 3.8] is not correct since J*T is not piecewise Holder. However, its statement is correct as
the proof in Section [{.4) and Remark [{.11] demonstrate.

Remark 4.5 (Lebesgue measure belongs to B). Since we identify f € C'(M) with the measure
fdusrp, Lebesque measure is identified with the function f = 1/cos, which is not in C*(M).
However, it follows from [DZ2, Lemma 3.5], that 1/ cosp can be approzimated by C* functions in
the B norm, so that Lebesque measure belongs to B. (The proof requires that our norms integrate
on weakly homogeneous stable manifolds, rather than on all W € W? as was done in [BD].)

4.3. Lasota—Yorke Inequalities. Using the exact bounds for @, (¢) from Proposition we
prove the following proposition (under more general conditions than Theorem [4.1J).

Proposition 4.6. Fiz ty € (0,1) and t; € (1,ts) and let B = B(to,t1), 0 = 0(t1). Fiz ty €
(to,00). For anyt € [to,ts], the operator L, extends continuously to By, and B, and setting C,, =
maxi<j<n Qj(t), there exists C = C(tg,t2) < oo such that for every n > 0,

(45) 1L} fhw < CQu()| flu, Vf € B,
(46)  ILEflls < CQut) [(AFTPM 4 gtV PnQ (1) )] || f]ls + CCul flu, V f € B,

A7) L2 Nl < CQu(t) AT |l + Qult = 1/P)Qu(®) I £]ls] , v/ € B.
Moreover, if to = t1, then, up to taking p large enough, for any
o € (max{A~PT1/P A7 gt=1/pe=P-(0)} 1)
there exists ¢, = cy(to,t1) > 0, and C,, > 0, such that, for all f € B,
(4.8) 1L flls < Ce™ O o £l + Cul flu] , ¥n > 1.

Proving (4.8)) will use the following lemma:
Lemma 4.7. For any t; € (1,t.) there exists p > 1 such that 0*=Y/P < PO for all t € (1/p,t1].

Proof. If t € (0,1] then P.(t) > 0 so that #/7 < 1 < P® for all # < 1, all p > 1 and
all t € (1/p,1]. For t € (1,t1], since the slopes of Py (t) are at most —logA by the proof of
Proposition we have W < —log A < log#, so that §te= (1) < gt1e=P+(t1)  The choice
of # = 6(t1) in Definition gives §1e~P+(11) < 1. Choosing p > 1 such that #11—1/Pe=Px(1) < 1

ends the proof. O

Proof of Proposition [{.6. We first show that ., -, and imply that if ¢to = ¢1 < t, and
p is large enough, then £; satisfies the Lasota—Yorke 1nequahty 1-) for f € B(to,t1): Choosing p
according to Lemma [4.7] observe that '~ 1/Pe=P=() < 1 implies #*~1/PQ,, (t)~! < gt=1/P)ne=P(tin <
1 for all n > 1, since Q,(t) > " by Proposition Next, recalling that P, (t) is convex and
strictly decreasmg by Proposition [2.6 and fixing

e1:= Pu(t - 1/P) — Py(t) € (0, Pi(to — 1/p) — Pi(to)) ,
we find, using both the lower and upper bounds from Proposition (b),

Qult = 1/p)Qu(t) ™ < P tm1mme=Pan < Z e v > 1,
Cc2 02
Next, fix 1 > o > maX{A*ﬁH/p,A*V, thl/pefp*(t)} and choose N > 1 such that

gmax{NAfwv,Q(A (B=1/P)N 4 g(t=1/p)N ,—Pu(t)N )} <N
c2
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Choosing ¢, > 0 to satisfy

. BoN
v = RO P-Go1/m PN’

we estimate, using once more the upper bound for @, (t) from Proposition [3.18(b),
1Y Flls = 1L flls + eull £2 1l

4c
<6P*(t)N[ 1£1ls + cud™ 1 Fllu + =€ N1 1l
2

(4.9)

+ CCN‘f‘w

< POV N fllg + e ONCCy] £l -

Iterating this equation and using the first claim of (recalling one more time the upper bound
for Qn ) from Prop051t10n 3.18(b)) yields for n = /N, with ¢ > 1. The general case follows
since (4.6)) and (4.7) 1mply|£tf||B<C_’||f||B fork:<N.

By Lemma 4 it suffices to prove the bounds , , and for f € CY(M), and they
also imply that L; extends to a bounded operator on B and B,. This is similar to the proof of
[DZ1l, Proposition 2.3] and is the content of Sections 4.3.3 O

4.3.1. Proof of Weak Norm Bound (4.5)). Let f € C1(M), W € W?* and ¢ € C%(W) such that
[¥|cewy < 1. Then for n > 0, we have

[ ciredmy = ¥ /fon”leT”ltdmw

(4.10) Wi€Gn (W
< D>l o T camn | 7T f oy -

The contraction along stable manifolds implies for z,y € W; € G, (W), recalling (2.2)),
(4.11) [ (T"2) — P(Ty)| < Hyy (V)d(T"z, T"y)* < Hyy () [T o,y dl2, y)*
This implies Hyy, (o T™) < \JST”\CO HW( ) and [t o T"|caw,) < Cfllwlca(w), with C from
.

Moreover, since aw < 1/(q + 1), the distortion bound of Lemma [2.1] implies
(4.12) HJST”HCa )< (1+ 2th)|JsT”|EO(Wi) , VW, € G,(W).

Using (4.11)) and ( - in , we obtain,

/ C0f o dmy < Z FluCr (L4 2 C)l TP T ooy < CLEu@n(D)
w Wi €Gn (W)

where in the last inequality, we have used Lemma with ¢ = 0. Taking the suprema over
Y € CYW) with [Y|cay <1 and W € W? yields (4.5).

4.3.2. Proof of Stable Norm Bound (4.6). Let f € CY(M), W € W*, and ¢ € C(W) be such that
[Vlcswy < [W|=1/P. Forn > 0 and W; € G,,(W), we define the average ¢, = |[W;| ™! Jw, 0o T™ dmy;,.

Then as in (4.10]), we write,
(4.13) / Lrfodmy = > / f@oT™ — )| T dm,

WieGn (W

_ m/ £ 1IT ) dim,

WieGn (W)
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Note that by (4.11]),
[0 T = Bilcany < 21T T Zogyy [¥leowy < 20T T 2oy, WP
Therefore, replacing o by 3 in - the definition of the strong stable norm gives
> / f@poT™ — )| J5T™|" dmw,
WieGn (W
W[ !/P
Wi

(4.14)

< D 200+ 2Callf sy T esw,
WiEgn(W)
< 21+ 2'C)Cr AT TP £,Co[0] Qn(t)
where in the second inequality we have used Lemma [3.4 with ¢ = 1/p (recall 3 > 1/p).
For the second sum in ([4.13), note that [¢;| < |W|~YP. If [W| > &y/3, then we simply estimate

S [ ST dmy, < 1/ e +2C) Y 1T ogwy < Clf1u@a(®),
W;€Gn (W) W;€Gn (W)
by Lemma [3.4 with ¢ = 0.
If |W]| < d9/3, we handle the estimate differently, splitting the sum into two parts as follows.

We decompose the elements of G, (W) by first long ancestor as follows: Recalling the sets Z,, (W)
defined in we call V; € G, (W) the first long ancestor of W; € G, (W) if

(4.15) T "W, c Vi, |Vj| >d0/3, and TV; is contained in an element of Zj,_1(W).

We denote by P, (W) the set of such V; € G (W) that are long for the first time at time k. Note
that W; has no long ancestor if and only if W; € Z,,(W).

Grouping the terms in the second sum in by whether they belong to Z, (W) or not, we
apply the weak norm to those elements that have a first long ancestor, and the strong stable norm
to those that do not. Thus,

ST ST <3 W T g

wieZ,(w) Wi WL, (W)
(4.16) W1/
< (1+2Ca)llflls D [T T oy < (14 2'Ca) || f]|sCot™ /P,

1
WiEZn(W) |W| /p

where in the last estimate we applied Lemma [3.3[ with ¢ = 1/p sincﬂ 1/p <min{l/2,t/2}.
For the terms that have a first long ancestor in Py(WW), we again apply Lemma from time 0
(since |W| < 09/3) to time k, setting Go(V) = {V'},

DD DEND DENRCY AT

k=1V;eP,(W) W;€G,,_1(V;)

<D Y VTP 2'Cy)

k=1V;ep,(W)

n 1/p
S S Uk 2 CalE T g 00 Qut)

[V3[1/7
W

P oy D 1T leoqwy
ergn_k(‘/])

|F w305 P (1 4 21Cy)CC,[0] Cob* P Q, (1) ,
1

32This bound holds since p > ¢+ 1 in the definition of the norms, yet ¢ > 2/t from (2.1)).



THERMODYNAMIC FORMALISM FOR DISPERSING BILLIARDS 35

applying Lemma for ¢ = 0 in the second inequality and Lemma (for ¢ = 1/p) in the third.
Putting these estimates together with (4.14)) in (4.13) yieldﬁ

/ L3 f 1 dmy < CQu(8) (A1) 4 g2 UDQ (1)) | £« + C max Qi(1)|f
w sJjsn
and taking the appropriate suprema proves (4.6)) (C,, depends on ¢ only through [to,?1]).

4.3.3. Proof of Unstable Norm Bound . Let € < g and let W, W?2 € W* with dyys (W, W?) <
e. For n > 1 and ¢ = 1,2, we partition T-"W* into matched pieces Uf and unmatched pieces V;Z
like in [DZ1] as follows.

To each homogeneous connected component V of T-"W!, we associate a family of vertical
segments {7 }yev of length at most C} LA="¢ such that if 4, is not cut by an element of SH its
image 7", will have length Ce and will intersect W?2. According to [CM], Sect. 4.4], for such a
segment, T%v, will be an unstable curve for i = 1,...,n and so will remain uniformly transverse to
the stable cone and undergo the minimum expansion given by .

Repeating this procedure for each connected component of T-"W!, we obtain a partition of
W1 into subintervals for which 7™, is not cut and intersects W? and subintervals for which this
is not the case. This also defines an analogous partition on W2 and on the images T-"W'! and
T—"W?2. We call two curves in T7"W' and T~"W? matched if they are connected by the foliation
v, and their images under 7" are connected by T",. We further subdivide the matched pieces if
necessary to ensure that they have length < ég and that they remain homogeneous stable curves.
Thus there are at most two matched pieces U f corresponding to each element of G,,(W*). The rest

of the connected components of T-"W* we call unmatched and denote them by Vf. Once again,
there are at most two unmatched pieces Vf corresponding to each element of Qn(Wz).

Recalling the notation of Section we have constructed a pairing on matched pieces U f defined
over a common r-interval I; such that for each j,

(4.17) Ul = Gue(l) ={(rppe(r) :im € I}, £=1,2

Now let ¢, € C*(W?*) with Vel caqwey < 1 and d(31,92) = 0. Decomposing W' and W? into
matched and unmatched pieces as above, we write,

@) [ epe [ s

SZ‘/UlfwloTn|JsTn|t_/U?waOTn‘JSTn‘t
J J J

| focorm Ty

+2
0

We estimate the unmatched pieces first. For this we use the fact that unmatched pieces Vf occur
either because T ”V;e is near the endpoints of W* or because a vertical segment 7™, intersects
Sﬁﬂn. In either case, due to the uniform transversality of the stable and unstable cones, we have
|T"V{¥| < Ce for some uniform constant C' > 0, independent of n and W*, since dyys (W', W?) < ¢.
Thus, we estimate the sum over unmatched pieces using the strong stable norm,

0

— n Srn -1
(4.19) < Cr (L + 2Ca) 3 T VAP T™ iR
0

< 4C[0] Oy (1 + 2'Ca) | f 158 Qu(t = 1/p).

< S U IFI VP e o T s vy (1 + 2" C)l T T (o ey,
i

| focorm Ty

331t is in fact possible to show maxo<;<n Q;(t) < max{Qn(t), Qn(1)}, but we shall not use this.
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where (] is from and we have used in the first inequality, (4.11) in the second, and
Lemma (for ¢ = 0) in the third since there are at most two unmatched pieces corresponding to
each element of G, (W*).

To perform the estimate over matched pieces in , we will change variables to define the
relevant test functions on the same curve. To this end, recalling , define on each U ]-1,

o =1y 0T" 0 GUJ_2 o Ga}, and JT™ = JT" o GU]? o G&} .
i J

Sublemma 4.8. There exists C > 0, independent of t, n, W', and W? such that
a) dys(U},U?) < CnA™"e =t ey, for all j;
b) [¢h1 o T"|J*T"|" — ¢2\J8Tn‘t’CB(Uj1) < CQt’JSTn’tCO(U;)Ea_ﬁ; Jor all j.

Proof. Part (a) of the sublemma is [DZ1, Lemma 4.2]. To prove part (b), note that due to the
uniform bound on slopes of stable curves, it follows

(4.20) 1< JGw(r) = 1+ (@l ()% < /1 + (Kunax + 7)2 =2 Cy < 0.

Therefore 1 < [JGye|co(g,) < Cy, and we have
J

(o1 0 T T — ol T o
< Cyl(ehy o T T ) 0 Gy — (4ol J°T"") © Gzl
< Cylipz 0 Tn\CB(UJ?)HJSTnP °Gyr — PAVASIRS GU]?‘cﬂ(Ij)
+ CgHJSTn’t\CB(U;)Wl oT" oGy =420 T" 0 Gy2ce 1)
< GO T o Gyn — | T o Guzles(i,)
J J
+Cy(1+ 2th)||JSTn|t|CO(Uj1)|¢1 oT"oGyr —¢poT"o GUJ.2|CB(IJ-) ;
where we have used (4.11]) and (4.12)) for the final inequality. We first observe that
10T 0 G1 — 4P 0 T™ 0 Gz |ci(r,y < Ce*7,
J J
by [DZ1], Lemma 4.4]. For brevity, set J; = J*T™ o Gy Byﬁ [DZ1], eq. (4.16)], we have
J
Ji(r)
Jo(r)

for some constant Cyper+ > 0 depending only on the uniform angle between the vertical direction

and the stable and unstable cones. Thus, since ¢y > 0 satisfies (4.2]) and ¢ < g¢, this implies that

111 < j;g:g < %. Then, estimating as in Lemmaﬁ7 we have

(4.21) ‘1 — < Cpert €Y [ r e I

[J1(r) = J3(r)| < 2 Jf |01,y Coere €07
Following [DZ1l, eq. (4.17) and (4.18)], yields,
HA(J = J3) < C2' e,y sup minde!/ @Dy — 5|72, [ — s/ (0FD70},

r,s€l;

where H?(-) is the Holder constant with exponent 3 on I;. This bound is maximized when ¢ = |r—s],
which yields H?(Jf — J§) < 02t|Jf|CO(Ij)51/(q+1)_B. Putting these estimates together yields,

HJSTn‘t o GU; _ ’JSTn’t o GU]?‘CB(IJ-) < CQt‘JsTn‘EO(U;)El/(q+1)_B )

34The case q = 2 is treated there, the general case is similar.
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Together with the previous estimate on ), this completes the proof of the sublemma since a <
1/(q+1). O

Returning to (4.18]), we split the estimate over matched pieces as follows.

<

’/ Fono T T~ [ fiyo T T
Uj1 U].2

[ f @ T T = G| T

(4.22) +

/f%\JST”V—/ i o T |JT)!
Ujl U]?

We estimate the first term on the right side using the strong stable norm and Lemma b),

F @10 T | = ol T )| < || £lls80/ P C2 T T oo iy "
Ul ;)
J

Then, noting that d(v; o T [JST™[*,4hs|J*T™|*) = 0 by definition, and the C* norm of each test
function is bounded by C2'|J5T"|%, (1;)> Using (4.11) and (4.12]), we estimate the second term on
the right side of (4.22) using the strong unstable norm:

|/U FERIPTY = [ it o TS < | flludor (U} U C2 T
J J

(4.23)
< O fln? AT
where we used Lemma |4.8(a) in the second inequality. Putting these estimates into (4.22)), then

combining with (4.19)) in (4.18]), and summing over j (since there are at most two matched pieces
corresponding to each element of G,(W1)), yields,

/ L} f —/ LY f o
wt w2
< C (Iflun™A"E1Qu(t) + £ 1157 Qu(t = 1/p) + 5 Qu(t))) -

Dividing through by 7 and taking the appropriate suprema over W* and 1, proves (&.7) since
v <min{l/p,a — B}

4.4. Proof of Lemma (L:(CY) € B). We assume 0 < t < 1. The proof for ¢ > 1 is similar,
but simpler, since L;f is bounded when ¢ > 1. Without loss of generality, we also assume that
to < 1/2, so that, by Definition g>8andp>9.

We introduce a mollification in order to approximate £ f by functions in C*(M): Let p : R? — R
be a C'*° nonnegative, rotationally symmetric function supported on the unit disk with [go pd?z=1
and |p|c1 < 2. For f € CY(M) and n > 0, define

gn(x) = /Bn(z) np (d(:;’ z)) Lif(z)dz,

(4.24)

where By (z) is the ball of radius 7 centered at z. Viewing M as a subset of R2, we set Lif =0
outside M so that the integral is well-defined even when B, (z) ¢ M. We first develop bounds on
|gnlco(ary and |gnlor(ary, for any ¢ > 0.

Since t < 1, the operator L f is unbounded in neighborhoods of T'Sp, so the bounds on g, will be
greatest in such neighborhoods. Suppose z and 1 are such that B, (z) N'T'Sy # ) and note that there
can be at most Tmax/Tmin + 1 connected components of B, (x) \ TSy. Fix one such component with
boundary S € TSy such that S is the accumulation of the sequence of sets, By (x) N THy, k > k.
On each such set, |J*T|'=t = C*F1E=90-8) " Also, due to the uniform transversality of TSE with the
stable cone, we have diam®(B,(z) N THy) < Ck~2471 and diam"(B,(z) N THy) < Cn. Moreover,
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since the boundary of THj, has distance approximately k=29 from S, we have By(z) NTHy = 0
unless k > Cn~1/(29) Assembling these facts, we estimate,

ml<C Y / Lz < Ol 3 m R
k>Cn—1/(20) 7 Bn(@NTSo k>Cp=1/(0)

We conclude that, for any 0 <t < 1,|f|
3
2

t_ 1 .. t_
(4.25) \gnlcoary < Clfleon2 ™2,  and similarly, |gylcran < Cf|eon?

To prove Lemma @l, we must control g, — L;f integrated along stable manifolds. To this end,
we will need the following two lemmas. (The first one is classical and the second uses bounds on
the auxiliary foliation constructed in [BDL| Section 6].)

Lemma 4.9. Let W € W? be weakly homogeneous and for n > 0 let Wy, (n) C W denote the
set of points in W whose unstable manifold extends at least length n on both sides of W. Then
mw (W \ Wy(n)) < Cn for some constant C > 0 independent of W and n.

Proof. This is precisely |[CM|, Theorem 5.66]. See also the corrected proof in [BDT]. O

Lemma 4.10. There exist constants C,Cs > 0 such that for any weakly homogeneous unstable
curve U and any o > 0, there exists a set U' C U with my(U \ U’) < Cp such that

J3T (x)
J*T(y)

where ky is the index of the homogeneity strip containing U .

-1

< G, (o7 Tk d(w,y) +d(@,y) /) | Vay el

Proof. Fixing a length ¢ < k(}q_l, we define a foliation of stable curves transverse to U, following the
procedurﬂ in [BDL Sections 6.1, 6.2]: Choose n € N arbitrarily large and define a smooth “seeding”
foliation of homogeneous stable curves transverse to connected components of T"U; elements of
the seeding foliation are then pulled back under T~™ and those that are not cut form a foliation
of homogeneous stable curves of length at least ¢ and transverse to U. Letting U/ C U denote the
set covered by this surviving foliation, we have my (U \ U},) < Cp, for some C > 0 independent of
n [BDLL Section 6.1]. Moreover, expressing the foliation in local coordinates (s, u) adapted to the
stable and unstable directions defines a function G(s, u) such that each stable curve can be expressed
as {(s,G(s,u)) }se[—0,0, and G(0,u) = u, so that the unstable manifold U corresponds to the vertical
segment {(0,u)}yejo,jvy)- It follows that the slope V(u) of the tangent vector to the foliation at (0, u)
is just 95G(0,u). By [BDIL, Lemma 6.5, 0,05G € C° with [0,05G|ec < Co~ ¥/ @ VL, (where we
have adapted the exponent according to the spacing of our homogeneity strips).

Note that the foliation of stable curves constructed in this way has tangent vectors in DT ~"C*%.
Since the bounds on my (U \ U)) and |0,,05G|~ are independent of n, we conclude there exists a
set U’ C U with my (U \ U’) < Cp such that the stable manifolds passing through U’ have length
at least ¢ and satisfy |0,05G|oo < Co™90TVE; (see also [BDL, Remark 1.1]).

Finally, for u,v € U’ we estimate as in (2.7) (with n = 1), using (2.8)) for Iog% and

V(u) — V(v)| < Co~ @Dk %d(u,v) from the construction in [BDL]. Putting these estimates
together proves the lemma. O

We record for future use that for any measurable set VC W € W?*,
/ Lifvdmy = / f]JST|t¢ oT dmyp-1y
Vv T—lV
< ool toloo TV IV < O floclbloo| VA2,

(4.26)

35For t = 0, any choice of ¢ > 1 gives the same bound.
36[BDLj constructs this as a foliation of unstable curves transverse to a stable curve. By the time reversal property
of the billiard, the same construction holds with stable and unstable directions exchanged.
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where |V| denotes the arc length measure of V, and we have used the Hélder inequality for the first
inequality and the bound |T~'V| < C|V|"/2 in the second.

Approximating the strong stable norm. Fix n > 0, and let W € W?* and ¢ € Cﬁ(W) with
[Vleswy < |W|~Y/P. 1f |W| < n, then using (#.25) and (#.26)), we write, simply, using p > 9,
(@21) [ (Lof — gn)dm < CUIR WP (WIS 4 (Wit %) < Clflan? 5

w

In what follows, we assume [W| > 7. Let W,~ denote the curve W minus the n-neighborhood of its
boundary. Treating the integral over the two components of W'\ W, in the same way as (4.27)), we
estimate, using that my (W \ W,7) < 2n,

wl=

(4.28) /W\ (Lef — gyt dmw < | floons™3 .

n
Next, since W intersects at most N = Tyax/Tmin+1 elements of T'Sy, the set WN (Uan_l/(qu) T]Hlk)

comprises at most N intervals of length Cn?¥/(2¢t1D)  We estimate as in (@.27) using V = W N
(Ugsy-1/arn THE) in (4.26), and that p > g +1>9

Sles

(4.29) (Lof — go)tb dmyy < C|floenz ™10 .

/W”(Uk>,,—1/<2q+1>THk)

Finally, we estimate L;f — g, on those portions of W~ that intersect THj, for k < n~1/ Qe+l et
x be such a point in W,". Due to the restriction on &, the ball B,(z) lies in a bounded number of
homogeneity strips, so we may use bounded distortion in conjunction with Lemma to bound
the difference in each such interval. Let S, = W \ Wy (n) denote the exceptional set of points in
Lemma We write A,(x) for the subset of B,(x) foliated by unstable manifolds of length at
least 2, and let E,(x) = By (x) \ A,(x). Then,

(@30 Lf@) @) = [ G (Lef @) £ ()%

_ /A . 0 20(YED) (L, f () — Lof ()2

! /Enu) (22 (£, f(2) — L1f(2))d?2

We first estimate the integral over E,(z) using the bound £;f(z) < CL;f(x) for z € B, (x), since
B, (z) lies in a bounded number of homogeneity strips. Then, using the fact that the unstable
foliation is absolutely continuous, we disintegrate as follows,

(4.31) [E - 0 2p(MED) (Lo f (z) = Lof (2))d*2 < CLf ()01 |Sy N By(@)].

Next, we estimate the integral over A, (). Since each point y € A;,(z) N W,~ has an unstable

1
manifold U, extending a length at least 7 on either side of W, we set o = nHE and denote by
Aj () those points contained in sets Uy C Uy satisfying Lemma m It follows from that lemma
and the absolute continuity of the unstable foliation that

(4.32) 0 2p(ME) (L, f(2) — Lof(2))d%2 < CLf (@),

/1477(97)\qu (z)

where we have again used the bound L, f(z) < CL.f(x) on By(x).
For z € Aj(z), we bound the difference L;f(x) — L;f(2) as follows. Let y = [, 2] denote the
point of intersection between the stable manifold of = (which is W) and the unstable manifold of z,



40 VIVIANE BALADI AND MARK F. DEMERS

which is U,. By definition, z € U; and it is always the case that y € Ul’/ since the stable manifold
of y, W, has length at least > 0. Thus,

\Lif(z) — Lif(2)]

N I () I A s ) f(rly) [T
TP T ) [T )| ST y) [T N(T )

< LA(@)]|flend(T™ e, T7Yy) + | fleoCd(T L, T~ Ly) Y/ (@+D

+ ‘

F1flerd(T Yy, T12) + | fleoColn™ 52 d(T 1y, T7V2) + d(T 1y, T~12) M @+ D)] |

2q+1

where we have used Lemma along W and Lemma [4.10| along U, with ¢ = 7 2¢ . Next,
d(T Yy, T~12) < Cd(y,z) < Cn, while for x € THy,

1

ATz, T ly) < Ckd(z,y) < C'n?qfl+T

since k < n~1/(2¢+1) Putting these estimates together we obtain,
£ (@) = Lo ()] < flr £al (@)Cne2 for 2 € Ap(a),
and combining this with (4.31]) and (4.32)) in (4.30) yields,
1 _
(4.33) |Lef () = gy(2)| < Clfler Ll (20?72 + C|flco Ll (x)n ™Sy N By(x)] .
We must integrate this bound over W~ N (Ukan/(qu)THk). We estimate the integral of the

first term in (4.33)) simply using (4.26)),
1 1
(4.34) Clflewn® [ _ Ll dmy < Clflne .

7 (U)o —1/(20+1) THR)
Finally, to bound the second term in (4.33), we write I,,(z) = By(x) N W and
"
|Sy N By ()| :/I ( lsn(z)dmw(z) :/ 1Sn(~’5 + Gw(x;r))JGw (z;7r)dr,

T -n

where Gy (x;r) denotes the (local) graph of the function defining W in a neighborhood of z, as in
(4.17), and we have centered the local r-interval at » = 0. Then,

n
/ £ @)D [ 15,0+ Guw a1 Gow 7))
Wy (U, —1/(29+1) THE) n J-n

i

< |f]eo /_7777 /Wf Lo1(@)1s, (x + G (x37)) I Gy () dmay () dr

—1/p n
(4.35) §C|f|COWL7/ 15, |0 2dr < C|f|conits
-n

where we have used and the fact that translations of W~ up to length n are subsets of W
in order to apply for the second inequality, and Lemma with |WW| > n and p > 9 for the
final inequality.

Finally, using (4.34) and (4.35)) in (4.33), and adding the contributions from (4.28]) and (4.29) in
addition to (4.27) yields,

(4.36) /thf — g))bdmw < C|flcinT

for some C' > 0 independent of W, since min{ %—1—1%, ﬁ} = 2(1% whenever ¢ > 1 and ¢ > 0. Taking

1
the appropriate suprema over 9 and W yields the required estimate ||L;f — gp||s < C|f|c1n2e+2.
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Approximating the unstable norm. Let ¢ < g9 and Wi, Wy € W? with dyys (W7, Ws) < e. Let
Y € CY(W;) with [i|caqw,) <1, = 1,2, and d(31,%2) = 0. We must estimate,

/ (Lef — gn)r dmwy, —/ (Lef — gn)b2 dmy, .
W

1 Wa

We consider two cases.
1
Case 1: n272 < ¢27. We apply (4.36)) to each term separately and obtain

/W1 (Lef — gy)pr dmw, — /W2 (Lef — gn)t2 dmyy,

1
e’ < Cflgimtars.

1 i .
Case 2: n2a+2 > 2. In this case, we write

/W (Lef — gn)pr dmyy, — /W (Lef — gn)ba dmwy,
(4.37) 1 2

= / Ly f 1 dmwy, */ Ly f 1o dmyy, +/ Gn Y2 dmyy, */ gn Y1 dmyy, .
Wi Wa Wa w1

We estimate the difference involving £;f using the estimates in Section but using the fact
that f € C'(M) to obtain stronger bounds. In particular, the integral over unmatched pieces from
is bounded by C|f|coe. The bound on the first term of remains the same, but the
bound on the second term from is improved to C|f|c1e. Putting these estimates together as

in ([@:24) and dividing®™| by &7 implies,
a—fB—
(4.38) [ Lo endm, — [ Lof o dm,| < Clflr P < Ol
W1 W2

Next, we turn to the second difference in . Using the notation of Section we split the
integrals up into one integral over the common r-interval I; N I3 and at most two integrals over
I A Ir. The (at most two) curves Vf C Wy corresponding to intervals in I; /A Iy have length
bounded by Ce by definition of dyys (W1, Wa). Thus using , we have

to1, -
(4.39) /egn Wi dmy, < C|flcon® 3e < C|f|con? 2 F@DT
V;.

On the curves Uy, Uy, which are the graphs of the functions ¢y, , 1, over Iy N Iz, we have,

(4.40) /Ul g Y1 dmw, — /U gy Y2 dmw, < [JGu, (gyt1) o Gu, — JGuy (gy¥2) © Gu,lco(rniy) »
2
where Gy, (r) = (r, ¢y, (r)). Then estimating as in the proof of Sublemma we have

(4.41) ‘JGUl (gn¢1) o GU1 — JGU2 (gnwg) o GU2|CO(11012) < C|gn\c1( e < C‘f’ +4’Y(q+1)57

where we have used the fact that d(i1,%2) = 0 and [y, — ¢p,| < . Putting these estimates

together with (4.38]) in (4.37) yields,
/ (Lef — gn)tr dmw, —/ (Lef — gn)tb2 dm,
Wq W-

2

(4.42) e

a—B—y t_34 1—~
< C|flen®@t) + Clflcon? 270G

and we use v < 6ai7 +7 from (4.1) to deduce that —3 34 1 ( +1) > 0. This completes Case 2, which,

together with Case 1, implies the required bound ||£;f — gyl < |f|Cl(M)n , for some ¢ > 0, ending
the proof of Lemma [.3]

37We use here the strict inequality v < a — .
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Remark 4.11 (Adapting the proof of Lemma to the case t = 0). Homogeneity strips are not
used in [BD], so one requires a nonhomogeneous version of Lemma but it is not hard to show
directly that there exists C' > 0 such that my (W \ Wy(n)) < C\/n for any W € W?* and n > 0, and
this weaker bound suffices (see discussion of below). Lemma can be kept unchanged as
it is only needed on unstable manifolds contained in a single homogeneity strip.

We show how to adapt the proof of Lemma to the norm from [BD) §4.1] with ¢ = 2, and
parameters 3, v, and s: FEq and @ get better since the test function satisfies |¢| <
|log W[, so we find n/?|1logn|". Similarly, [4.29) has the bound /1% logn|?. Eq (.30)(4.34)
remain as written. Fq proceeds as above until the last line, at which point we use |Sy| < C\/n,
so that the final bound becomes C|f|oon/*|logn|?. Thus we arrive at with a bound C| f|c1m'/S.
The factor |logn|? can be absorbed by the various exponents, all being greater than 1/6. So there is
no extra restriction the parameter «y from [BD] from the stable norm estimate.

For the unstable norm estimate, one distinguishes between the case n/6

< |loge|=%, which
a=8
yields a bound with n'/'2, and the case n'/% > |loge|=%, which implies that ¢ < exp(—n~ 1= ),
which is superexponentially small in n, so that ‘4.37D remains the same, while (4.38) is bounded
a—f )
by e*P|logel* < exp(—n~ 2% ). Similarly, [ is bounded by |loge|™ times a factor supere:c—
ponentially small in 1. (We have a power of € whzch ] factored into |loge|™° times 5 S for

)
any 6.) The same is true of -7- Finally, in , we end up with exp(—n_ 245 ) plus

n=3/2 exp(fn_i), and this goes to 0 as n goes to 0, for any ¢ > 0 (in particular, there is no extra
condition on ¢ from this estimate).

4.5. Spectral Gap for £;. Constructing y; (Proof of Theorem [4.1]). We harvest the results
from the previous subsections to show Theorem at the end of this section. Our first result
follows from Proposition [4.6{and the exact growth for @, (t) (Propositions and [3.18]).

Proposition 4.12 (Quasi-compactness). Let top € (0,1) and t1 € (1,t.). Then we can choose
parameters for B such that for any t € [to,t1], the operator Ly acting on B is quasi-compact: its
spectral radius is e*®) and its essential spectral radius is at most oe™®  where

0 := max{A T/ gt=1/pe=P(M) A7} <1,
Moreover, the peripheral spectrum of L; contains no Jordan blocks.

Proof. Since ty > 0 and ¢; < t,, we can choose p > 1 such that p > 2/ty > 2/t and (by Lemma
6(t=1/P)e=P<(1) < 1 for any t € [tg,t1]. Then and Proposition [3.18|(b) imply that the spectral
radius of £; on By, is at most e/*(*). Combining from Proposition with Hennion’s theorem
and compactness of the unit ball of B in B,, from Proposition [£.2] the essential spectral radius of
L; on B is at most ce™*(®) < P+ Hence the spectral radius of £; on B is at most e (),

Next, notice that by Lemma and our choice of §; in , we have for W € W?* with
|W| > 51/37

=

/c 1Ldmy = Z / T dmy, > Y gélrﬂﬁT”ygoW
W,egiL WieLL (W)
> %512_t Z |J5Tn|c,0(w 1512 ClQn( )a
WieGol (W)

where for the final inequality we have applied Proposition [3.18(b). Then, since Q,(t) > e+ by
the lower bound in Proposition [3.18|(b), we conclude

1£7 s = Iers(1]s) ™ = (1) Cae™ O = T [lLp )" = ™.

(4.43)

Thus the spectral radius of £; on B is in fact () and £; is quasi-compact on B.
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Finally, to prove there are no Jordan blocks in the peripheral spectrum, assume to the contrary
that there exist fo, f1 € B, fo # 0, and X € C, |A\| = () such that L;fo = Afo and L;f1 = M1+ fo.
Then L} f1 = A" f1 +nA""!fy, so that

1l folw < €O fi]w + e~ VPO L0 1|,

and dividing by n, letting n — oo and applying (4.5) and Proposition [3.18(b) yields |fo|, = 0. The
injectivity of B,, into B given by Proposition [4.2| implies fo = 0 in B, a contradiction. O

For w € [0,1), let V, denote the eigenspace of £, on B corresponding to the eigenvalue P> (1) g2mizo

Due to Proposition [4.12] we have the following decomposition of £; on B,

(4.44) Ly=Y PWOT2m= 4 Ry,

where the sum is over finitely many @ due to the quasi-compactness of £, and I12, = Il [,/ =
RIl, =1I,R; =0 for w # @’ (mod 27), and the spectral radius of Ry is strictly less than ePx (),

1 n—1
Lemma 4.13. Define vy = lim — Z eiP*(t)kﬁfl.
a) Then vy # 0 is a nonnegative Radon measure, and e s in the spectrum of Ly.
b) All elements of V.= ®,V are complex measures, absolutely continuous with respect to v;.

Lemma [4.13] is standard, adapting what has been done in the SRB case. We give a proof for
completeness.

Proof. (b) The lack of Jordan blocks enables us to define spectral projectors by

n—00 n,

1 n—1 )
(4.45) Ip:B— Ve, Igf=lim — Y e HOk=2mwkpky
k=0

where convergence in the B norm is guaranteed by Propositions and (b) Moreover, since
C'(M) is dense in B and V, is finite-dimensional, for each v € V, there exists f, € C'(M) such
that M f, = v.

Taking v € V and ¢ € C*(M), using and recalling our identification of f, € C! with the
measure f,dpsrp, we have

n—oo n

n—1
[v(¥)| < lim lze_P*(t)klﬁffu(%b)! < FoloeTo L (1)) < [fuloo|¥]ocTTo1(1) -
k=0

The last two inequalities show respectively that v is a complex Radon measure, and is absolutely
continuous with respect to vy, with density f, € L*°(14). It may be that f, # f,.

(a) Ttem (b) implies also that v; is a nonnegative Radon measure since f,, = 1 and ITj is nonnegative.
Also, if vy = 0, then all elements of V, are 0, contradicting the fact that the spectral radius of L;
is e™® Thus v, # 0 and e™*® is in the spectrum of £; since Livy = ey, O

The dual operator £f acting on B* has the same spectrum as £; on B. Define

. 1= —P.(t)k k
(4.46) e 711130105 kz_%)e OR (Lo kdpsrs
which converges in the dual norm due to the absence of Jordan blocks. By the analogous arguments
to item (b) of Lemma the distribution 74 # 0 is a nonnegative Radon measure, and every other
eigenvector corresponding to the peripheral spectrum is a Radon measure, absolutely continuous
with respect to ¢, with bounded density.
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With 7, we will define our candidate p; for the equilibrium state in Proposition [4.16] For this
(and in (6.23))), we shall use the following lemma (proved exactly as in [BD), Lemma 4.4]) which
gives more precise information about the inclusion B,, C (C'(M))* in Proposition Recalling

Lemma 4.14. There exists C > 0 such that for all f € By, and ¢ € C*(Wyg),
1f W) < Clflw([Ploc + Hyys (¥)) -

In addition, we shall use the following extension of the above lemma, which uses that ugrp has
smooth conditional measures on stable manifolds.

Lemma 4.15. There exists C > 0 such that for all f € By, ¥ € C*(Wyg), and n > 0,
(LY (fO) ()] < CQut)|fluwllcamg) -

Proof. We proceed similarly to the proof of [BD), Lemma 4.4]. By density of C! in B, it suffices
to prove the inequality for f € C1. Then according to our convention, for 1 € C*(Wg),

£ (fe)(1 / £2(f) dusn -

To estimate the integral, we disintegrate usrp into a family of conditional probability measures on
stable manifolds as follows. Fix a foliation of F = {Wg}eez C Wy of maximal, homogeneous local

stable manifolds belonging to Y. The conditional measures are defined by ,ugRB = |We| ™! pedmy, ,
where p¢ satisfies [CM|, Cor 5.30],

(4.47) 0<c, < g1r€1f inf pe < Zup |pel oy < Cp <00

We denote the factor measure on the index set = by jisgg. Then,

‘/Mﬁg(fw)dMSRB = /E/Wé [’?(fw)pﬁde5|W£‘_1dﬂSRB(§)‘

/ Z / f¢9501n’J57n\tdm ;\Wd_ldﬂsRB(f)
W; Wi
WEeG,(We) ™

< COMluldlonongy [ 3 1T gy Wel ™ disnn(©)

T WEEGH (W)
< CCC2Q ) flwltl o omg) /: [Wel ™ dpsre(€),
where in the last line we have used Lemma with ¢ = 0. The remaining integral is finite by [CM),
Exercise 7.22] since the family (W, A, fisrB)¢c= is a standard family. O

Proposition 4.16 (Constructing ). For v € B and v € B* we set (v,0) := v(v).
a) The measure vy € B* is in fact an element of B;,.
b) We have (v, 1:) # 0, and the distribution p; defined for ¢ € C*(Wyy) by
<'¢Vt7 ﬁt>
<Vt7 ﬁt>

pe() =

is a T-invariant probability measure.
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Proof. a) Let g, = n=! 0= 0 e Wk (L5)rdusrp. By definition, ||g, — |
for f € B, we have

B — 0 as n — oo. Thus

(ool < Ko = gn) |l + [(F gn) | < [(F, 20 = gn) |+ Clf

where for the last inequality, we used the bound,

[(f, (€8 dpswn)| = (L} £, dpsrn)| < CILE flw < C'e™OFf,,
by Lemma and Proposition Taking n — oo yields the bound |(f, )| < C|f]|y for all f € B
and since B is dense in B, the distribution 74 extends to a bounded linear operator on B, as
required.
b) First we show the expression (v, ) is well-defined for ¢ € C*(Wy). According to our
convention, for f € C'(M), we define for n > 0,

(0L dusis) = [ £2(£0) diisr < CQuIuliblom v

by Lemma Thus (L) *dusrp extends to a bounded linear functional on B,. Applying
Pr0p081t10n ) and -, we obtain

(4.48) vin € By, with [(f,97)] < C'|fluwlvlcaong), Vf € Bu

(We do not claim or need that ¢ f € By, i.e. that ¢/f can be approached by a sequence of C!
functions in the weak norm.) Thus (Yuy, o) := (14, 91,) is well-defined. Remark that the above
argument also shows that u:(f1) = (fvr, ¥in) for all f € CH (M), ¢ € CYWVE).

Next, suppose (v, ;) = 0. Then for any f € C*(M), and n > 1, using ,

(19) (f, 1) Z e POk (F (L7 Z e POR(LEf i)
m (Ho(f), o) = ci(f)(ve, o) = 0-

By density of C1(M) in B, this implies that 7 = 0 as an element of B*, a contradiction. Thus
(v, ) # 0, and indeed ¢(f) = 7). 5o that e is a well-defined element of B* C (C'(M))*. It is

(ve,oe)
then easy to see that u; is a nonnegative distribution and thus a Radon measure. The fact that
is T-invariant is an exercise, using that v; and 7 are eigenvectors of £; and L;. U

Following [BD], Definition 7.5], we remark that elements of B and B, can be viewed both as
distributions on M, as well as families of leafwise distributions on stable manifolds. In particular,
for f € CY(M), W € W?*, the map defined by

Dw,s(¢) := /wadmw, e C W),

can be viewed as a distribution of order a on W. Since |Dw, ()| < |fl|wlt|caw), the map Dy,
can be extended to all f € B,. We will use the notation [, ¢ f for this extension and call the
associated family of distributions the leafwise distributions (f, W)wews corresponding to f. If f
satisfies [ f > 0 for all ¢ > 0, then the leafwise distribution is a leafwise measure.

Recalling the disintegration of the measure pugrp from the proof of Lemma we state an
analogue of [BD, Lemma 7.7]:

Lemma 4.17 (v, as a leafwise measure). Let Vf and ¥y denote the conditional measure on Wg

and the factor measure on Z, respectively, obtained by disintegrating vy on the foliation of stable
manifolds F. For all ¢y € C*(M),

(0
/ k= TP o i) = (/ pe yt> dfisnn(€) .
We We
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Moreover, viewed as a leafwise measure, vy (W) > 0 for all W € Wg.

Proof. We begin by showing that v,(W) > 0 for all W € Wy. If [IW| > §;/3 (recalling that our
choice of 47 in is uniform for ¢ € [tg,¢1]), then the positivity follows immediately from the
uniform lower bound (4.43). So assume W € W§ with [W| < &;/3.

First, we claim that there exists ny = O(log |W|) such that at least one element of gfllw(W) has
length at least 6;/3. For any n > 1, if no elements W; € G2 (W) have length at least d1/3, then
GOW(W) = Z9'(W) so that by Lemma W with ¢ = 0, ZWiegil(W) [T cow,y < Cob”, while by

(3.9), 2w et W) [T | coqwr) = C1|W|6; . This can continue only so long as

log (01|W|)
CLIWo7 < Cof™ = n < ﬁ = ny .
Next, letting V' € QzIW(W) be such that |V| > d1/3, we estimate as in (3.39)), using the fact that

+1\"W
since V and T"WV are both homogeneous, |V| < C|T"W V| (351) for some C' > 1, so that

WVt 2q+1)"W
[T T™ [Cogyy = emtca VL v L > etea(sy a0y ()™
Finally, recalling our choice of n; from (3.47)), and using the fact that |V| > d;/3, we estimateﬁ
n—1 n—1
LS~ ro / CELdmy > e POmw L 5 P Oonw) / LWL ST [ iy,
n k=0 w k=ni1+nw v
n n—1
(4.50) > o PeOnw o~1Ca (8 )t(Q:jll) W S P Oknw) / £ gy
v

k=n1+nw

_ _ (22" _
Ze P*(t)nwe th(é%) (q+1) n—1 :,LLI nwi512 tCl,

where in the last line we have applied and Proposition (b)
These lower bounds depend only on |[W| and carry over to v (W) since they are uniform in n.
With the lower bounds established, the remainder of the proof follows precisely as in [BD)
Lemma 7.7], disintegrating the measure (% Z;(l) e kP *(t)ﬁfl> dusgrs on the foliation of stable

manifolds F from (4.47)), using that convergence in B to v, implies convergence of the integral on
) pe vt

each W, € F. The lower bounds on v4(W) imply that the ratio % is well-defined for each
w, Pert

WgEf. O

In view of (4.52)) in the proof of Lemma below (and also (6.25))), it is convenient to define
L acting explicitly on distributions. For any point x € M that has a stable manifold of zero length,
we define W#(x) = {x}, and extend W?* to a larger collection W?* including these singletons. For
a<1,let

CO‘(WS) := {9 bounded and measurable | |¢|CQ(W&,) = sup [Y|cew) < 00},
Wews
Let C2,(W*) denote the set of measurable functions 1 such that 1 cos ¢ € C*(W*). Tt follows from

the uniform hyperbolicity of T’ that if 1) € C*(W?), then ¢ o T € C*(W?) (see ([E.11))). Also, as in
the proof of Lemma2.2] by [CM, eq. (5.14)], we have J*T'(z) ~ cos ¢(z) for z € M’. We extend JoT
to all z € M by defining it to be 1 on M \ M’. Then using (2.3)), we have ¢ o T/|J*T|'~t € C2 (W?)

381n fact, estimating more carefully for ¢ < 1, one can obtain the more precise lower bound C’5%7t|W|CNP*(t) (W
for some C’, C” > 0, but we will not need this here.
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whenever 1) € C’O‘(VN\/S) and o < 1/(g +1). Using these facts, for a distribution p € (Co (W),
define £y : (C2,(W#5))* — (C*(W*))* by

( ol
‘JsT’l—t

To reconcile this definition with | , for f € C*(W?), we identify f with the measure fdusgp.
Such a measure belongs to (C&S(WS))* since 1/cos¢ € L'(usgrp). With this convention, the

measure Ly f has density with respect to usgp given by (|1.10)). Finally, note that B C (C’S‘OS()/VS )%,
due to Lemma [£.14] and Remark

We are finally ready to prove that £; enjoys a spectral gap, using Lemma (which exploited
that pusrs has smooth stable conditional densities, a very nongeneric property in the setting of
hyperbolic dynamics).

(4.51) Lin(Y) = p > . for all ¥ € COOWV?).

P.(t)

Lemma 4.18 (Spectral Gap). £; has a spectral gap on B, i.e., e is a simple eigenvalue and

all other eigenvalues of L; have modulus strictly less than e+t

Proof. Step 1: the spectrum of e =L, consists of finitely many cyclic groups; in particular,
each w in (4.44) is rational. To prove this, suppose v € V, v # 0, and ¢ € C*(M). Then by
Lemma [4.13(b) and viewing v as a distribution in the sense of (4.51])

_P* 2mito _ _—P.(t)2miw ¢ oT
/ b fodvy = v(ih) = e PO £y () = e P72y, (USTW)
_ 7rzw w ol — —2miw -
(4.52) — e P(®)-2 (f”‘JSTyl—t> = e BxW)2miwp (¢fl,oT 1)

= =y (v f 0T

so that f, o T~ = 2™ f, y,-almost everywhere.

Defining vy, = (f,)*u, for k € N, we claim that eP+()+2miwk helongs to the spectrum of £; and
Vgt € Vi, The claim completes the proof of Step 1 since the peripheral spectrum is finite, forcing
wk =0 (mod 1) for some k > 1, so that @ must be rational.

To prove the claim, set f, = 0 outside the support of 14, and define the measure (f,uy, ;) =
(v,- ). We claim that this measure is not identically zero. If it were, then for any ¢ € B*, making

the dual argument to ,
() = (Uev, ) = (W ILY) = (v, foln)a(y) =0,

where we have used that every eigenvector corresponding to the peripheral spectrum of L} is
absolutely continuous with respect to i, i.e. U = fwik, as explained after . Thus v =0, a
contradiction.

Since (f,v4,- ) is not identically zero, it follows that {((f,)*us,- ;) is not identically zero. Thus
there exists ¢ € C%(M) such that {(f,)*vs,¥i) # 0.

For ¢ > 0, choose g € C'(M) such that p(lg — (f,)¥|) < e. Note that giy € B by [DZ2,
Lemma 5.3]. We will show that I x(gvt) # 0. For ¢ € C*(M) and each j > 0,

e~ P Wi=2miwhi (£T(g1,) piy) = e P OI=2TFRI (g 0o TI(LF) 1)
= 672“@@ (ve, or) pe(g 0 T7)

P.(t)j

where we have used (£})/ % = ey, Also, due to the invariance of y,

((F)fve, i) = e 2MZRI((f,0F o T vy, i) = e 727K (1, i) e ((f)F 1p 0 TY) .
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Putting these two expressions together, we estimate,
1 n—1
—P,(t)j—2miwk k ~
A 2 e O5=27ki (2] (qua), pie) — ((F) i, i)
Jj=
1 n—1
_— 77 p— k .
< Jlim -~ ZO@/ta o) pe(lg — (fo) DYoo < v, 24) Y] oo -
J
Since ((f,)*vy, - ) # 0 and € > 0 was arbitrary, this estimate shows that (i) Iyx(g14) # 0, so that
Ve is not empty, and (ii) v, = ( f.,)Fvy can be approximated by elements of Vo, and so must
belong to V1, as claimed.

Step 2: L, has a spectral gap. It suffices to show that the ergodicity of (7, usrp) implies that the
positive eigenvalue el g simple. For then applying Step 1, suppose v € Vg for w = a/b. Then
both Ly = My and L2, = by, so that LY has eigenvalue e of multiplicity 2, and this
is also its spectral radius, contradicting the fact that (7%, uggs) is also ergodic.

Now, suppose v € Vy. By Lemma [4.13|(b), there exists f, € L°(1;) such that dv = f,dv,. We
will show that f, is v4-a.e. a constant.

By fuoT = f,, »-a.e. so that setting

n—1
Snfy = Zfl,oTj,
Jj=0

we see that 1S fo = f, for all n > 1. Thus f, is constant on stable manifolds. Next, since the
factor measure 7 is equivalent to fisgg on the index set = by Lemma 4 it follows that fy = fyoT
on figgp-a.e. We¢ € F. So f, = f, oT, pgrp-a.e. Since pggrp is ergodlc, fV is constant pggrp-a.e. But
since f,, is constant on each stable manifold W, € F, it follows that there exists ¢ > 0 such that
f, = c for fisgp-a.e. £ € Z, and once again using the equivalence of fisgg and %, we conclude that
fu is constant v-a.e. O

Proof of Theorem[{.1. All claims except the last sentence of the theorem follow from Proposi-
tions .12 and [£.16] and Lemma [£.18] Exponential decay of correlations for C* functions with rate
v satisfying (4.4) follows from the classical spectral decomposition

LFf = e Ole,(f) - v + RE(F)], where AC < 0o s. t. |RFf| < CO¥||f||,VE >0, Vf € B,
and ¢ (f) = 7). ndeed, by [DZ2, Lemma 5.3] for ¢ € C*(M),

(ve,0t)

(4.53) YoT7feB and ||poT 7 f|s < CilY|callfls forall j>1,
we find for fi, fo € C*(M) (using (4.53) with j = k),

/(fl o Tk)fgd,u _ ((fi-fao T—kVt7l7t> _ o—kP(1) <f1£t (fave), o¢)
' (v, 1) )
-~ (five, oe)  ([1RY (fave), 22) (ARE(fave), o)
= cu(fa) St ST = [ [ i S S

and we have, using again (4.53)) (with j = 0),
‘<f1Rf(f2Vt),l7t> < |Alea IRE(far)ll < Clfrloav®| favi]l < Clfilcal folcav® .

Exponential mixing for Hoélder functions of exponent smaller than « then follows from mollification
(a lower exponent may worsen the rate of mixing). Finally, mixing is obtained by a standard
argument: Since p is a Borel probability measure and M is a compact metric space (and thus
a normal topological space), any f € L?(u) can be approximated by a sequence of continuous
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functions in the L?(u) norm, using Urysohn functions. So, by Cauchy-Schwartz, we may reduce to
proving mixing for continuous test functions. Clearly, Lipschitz functions form a subalgebra of the
Banach algebra of continuous functions, the constant function = 1 is Lipschitz, and for any = # y
in M there exists a Lipschitz function f with f(z) # f(y). Since M is a compact metric space
the Stone—Weierstrass theorem implies that any continuous function on M can be approached in
the supremum norm by a sequence of Lipschitz functions on M. Since we have proved mixing for
Lipschitz functions, the proof is concluded. O

5. FINAL PROPERTIES OF p; (PROOF OF THEOREM [1.1] AND THEOREM [2.5|)

In this section we show Proposition Corollary Proposition Lemma and Proposi-
tion [5.7 which, together with Theorem give Theorem

5.1. Measuring Neighbourhoods of Singularity Sets — pu; is T-adapted. In this section, we
show Proposition [5.1] which gives in particular that u; is T-adapted. For any e > 0 and any A C M,
we set N(A) = {z € M | d(z, A) < €}. The proof will be based on controlling the measure of small
neighbourhoods of singularity sets.

Proposition 5.1. Let u; be given by Theoremfor t € [to, t1], with p > 2 the norm parameter.

a) For any C1 curve S uniformly transverse to the stable cone, there exists C > 0 such that
1t (N=(S)) < CeYP for all e > 0.

b) The measure py has no atoms. We have i (Sy,) =0 for any n € Z, and p,(W) =0 for any
local stable or unstable manifold W'

c) The measure p; is adapted, i.e., [ |logd(z,S+1)|du < oo.

d) For any p’ > 2p, pt-almost every x and each n € Z, there exists C > 0 such that

(5.1) d(TV2,S,) > Cj77 ¥j > 0.
e) p-almost every x € M has stable and unstable manifolds of positive lengths.

Proof. We proceed as in [BD] Corollary 7.4]. The key fact is that for any n € N there exists C,, < oo
such that for all € > 0

(5.2) (Ne(S_p)) < Cpe'/? | 1p(N(Sp)) < Cpel/ )
Denoting by 1,, . the indicator function of the set NV:(S_,), Proposition a) implies
Mt(‘/\/;(sfn)) = <1n,8yta i)t> S C|]-n’gyt|w,

for n > 0. The bound |1, flw < Au||fllsle]/? for all f € B follows exactly as the proof of [BD,
Lemma 7.3], replacing the logarithmic modulus of continuity |loge|™" in the strong stable norm
there by our Holder modulus of continuity /7, and using the fact that S_,, is uniformly transverse
to the stable cone. This proves the first inequality in . The second follows from the invariance
of put, together with the fact that T(N=(S,)) C Nger/2(S—p).

Claim a) of the proposition follows from the proof of , since the only property required of
S_, is that it comprises finitely many smooth curves uniformly transverse to the stable cone. The
bound applied to arbitrary stable curves immediately implies that p; has no atoms, and that
1t(Sp) = 0 for any n € Z. Next, if we had u(W) > 0 for a local stable manifold, then p(T"W) > 0
for all n > 0. Since p; is a probability measure and 7™ is continuous on stable manifolds, U,>oT™ W
must be the union of finitely many smooth curves (indeed, if U,>oT"W comprised infinitely many
smooth curves, then py(M) = oo by the invariance of y;). Since |T"W/| — 0, there is a subsequence
(nj) such that Nj>oT"™ W = {x}. Thus p({x}) > 0, a contradiction. For an unstable manifold W,
use the fact that 77" is continuous on W. So we have established b).
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To show c¢), choose p’ > 2p. Then by (5.2))

/ |log d(z, S1)|due = Z/ | log d(x, S1)| dput
M\N1(S1) §>1 . /(Sl)\N( i+1)—p 1 (S1)
gp'21og<j+1>-utw (81) SPCLY log(+1) - 57/ < o
j>1 jz1

A similar estimate holds for [ |logd(z,S_1)| dp.
Next, fix n > 0, p’ > 2p and n € Z,. Since both sums

(53) Z,U't nj—? S C' n77p 237? Zut nj—? S éCnn% Z.jigfp )

j>1 i>1 i>1 j>1

are finite, the Borel-Cantelli Lemma implies that p-almost every x € M visits Nm-_p/ (S,) only
finitely many times. This gives and thus claim d). Finally, the existence of nontrivial stable
and unstable manifolds claimed in e) follows from the Borel-Cantelli estimate by a standard
argument, choosing p’ > 2p and n > 1 such that A7 > p~'j7' for all j (see [CM, Sect. 4.12]). O

5.2. w; is an Equilibrium State. Variational Principle for P.(t). For ¢ > 0, x € M, and
n > 1 denote by By, (z,€) the dynamical (Bowen) ball for 71

(5.4) Bp(z,e) ={y e M | d(T7(y), T (x)) <e, YO <j<n}.

Proposition 5.2 (Upper Bounds on the Measure of Dynamical Balls). Let tg € (0,1) and t; €
(1,tx). There exists A < oo such that for all small enough € > 0, all x € M, and all n > 1, the
measure [y constructed in Theoremfor t € [to, t1] satisfies

(5.5) 116(B(@, €)) < Ae PO+ 350 log T H(@))

Corollary 5.3 (Equilibrium State for —¢log J“. Variational principle for Pi(t).). The measure pu;
constructed in Theorem [4.1] for t € (0,t,) satisfies P, (—tlog J*T) = P,(t) = P(t).

Proof of Corollary[5.3 By definition we have P, (—tlog J*T) < P(t), and Proposition gives
P(t) < Pi(t), so it is enough to show P,,(—tlog J*T) > Py(t). We follow [BD, Cor. 7.17]. Since
[ [log d(x,S+1)| dpy < 0o by Proposition 5.1}, and i is ergodic, we may apply [DWY], Prop. 3.1] (a
slight generalization of the Brin—Katok local theorem [BK], using [M| Lemma 2|, continuity of the
map is not used) to 7~1. This gives that for u-almost every z € M,

lim lim inf —1 log 11¢(Bp(z, €)) = lim lim Sup —, L log pu(By(z,€)) = hy, (T™1) = h, (T).

e—0 n—oo e—0 p—

Using (5.5)) it follows that for any e sufficiently small,

limsup —2 log 1By (,€)) > Py(t) — hm (z)) > Pi( —t/ log J*T dy
n—oo

||M:
2
%J

for all p-typical z. Thus applying (2.9)), we get P#t(—tlog JUT) > P.(t). O

Proof of Proposition[5.9. For x € M and n > 0, let 1B denote the indicator function of B, (z,€).

Since v; is attained as the (averaged) limit of e~ "F* “M?l in the weak (and strong) norm and since
we have [j;,(L}1) dmw > 0 whenever ¢ > 0, it follows that, viewing v, as a leafwise distribution,

(5.6) / Y, >0, forall i > 0.
w
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Then the inequality | [i,; ¥ 4| < [y || v¢ implies that the supremum in the weak norm can be
obtained by restricting to ¢» > 0. In addition, for each n > 0,

/ ¢ L = lim e FP®) / W LM(LE) dmyy
(5.7) W F w
= lim e #/>(") / o T" Li|TT™" dmp—nyy = / o T |IT" 1y,
k T-"W T-"W
for each W € W* and + € CA(W).
Let W € W? be a curve intersecting By (z, €), and let ¢ € C*(W) satisfy 1) > 0 and [¢|ca () < 1.

Then, since Ly = e’ «(t) v, we have

(5.8) / Y1l v = / 1B e PO pny, = e 0§ / (W oT™ (15, oT™)|J* T 1,
Wi€Gn (W)
In the proof of [BD, Prop. 7.12] we showed that 1B€f € By (and B) for each f € B and n > 0.
In the proof of [BD), Lemma 3.4], we found (using our strong notion of finite horizon) & > 0 such
that there if z,y lie in different elements of M, then maxo<;<, d(T'x, T'y) > &. Since B, (z,€) is
defined with respect to T~!, we will use the time reversal counterpart of this property: If € < &,
we conclude that B, (z,€) is contained in a single component of M%,  i.e., B,(x,¢) NS_,, = 0, so

that 77" is a diffeomorphism of B, (z,€) onto its image. Note that 77" (B, (z,€)) is contained in a
single component of Mg, denoted A,, . Thus, W; N A, . = W; for each W; € G,,(W). By (5.6 .,

| @eT) e ol T < [ (oI

In the proof of [BD| Prop. 7.12] we observed that there are at most two W; € G,(W) hav-
ing nonempty intersection with 7-"(B,(x,€)). Using these facts together with and
(which implies [[J*T""|caw,) < Cl|J*T"|"|coqw,)), we sum over W € G,(W) such that W N
T~ ™(Bp(z,€)) # 0, to obtain

/W Y1f oy <emPON /W, (& 0 T™) | JT"[t vy, < 20 PO+ 3o g PTT " @)y

where we also used the distortion bounds from Lemma to switch to J*T™(T"x) since T "z
may not belong to W/. This yields |1§7€1/t|w < 2Ce P (W) Ftlog T (T™"2) | Applying Proposi-

tion [4.16[a) gives ([5.5]). O

5.3. Definition of h,. Sparse Recurrence. Proof that lim; o P(t) = hy. In [BD), Lemma 3.3]
we showed that the limit below exists

1 n
hy = nh_}rréo Elog #My .

The number h, generalises topological entropy, in particular, P(0) < h, [BD, Theorem 2.3].
Using h., we can state the sparse recurrence condition:

Definition 5.4 (Sparse Recurrence to Singularities). For ¢ < m/2 and n € N, define so(p,n) €
(0,1] to be the smallest number such that any orbit of length n has at most son collisions whose
angles with the normal are larger than ¢ in absolute value. We say that T satisfies the sparse
recurrence condition if there exist oo < w/2 and nyg € N such that h. > so(po,no) log 2.

We refer to [BDl §2.4] for a discussion of the sparse recurrence condition. We proved in [BD]
that sparse recurrence implies P(0) = h,. The following proposition connects h, to Py (t) for ¢ > 0,

despite the use of different partitions, M and MS’H

Proposition 5.5. If T' satisfies sparse recurrence then limgjo Pi(t) = limyo P(t) = hy, and
limtw hut = h*
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Assuming the sparse recurrence condition [BD) Theorem 2.4] we have P(0) = h,. So in this case
the function P(t) is continuous on [0, ¢,). In the general case, we cannot exclude P(0) < h, even if
we can show limy o P(t) = P(0).

Proof. Recall that P(t) = Py(t) for t € (0,t,) (using Proposition and Corollary [5.3).

Showingiﬂ lim; g P(t) < hs does not require the sparse recurrence condition: Any invariant
probability measure p satisfies [y, log J*T dp > log A due to . Also, h,(T) < hy by [BD],
Theorem 2.3]. Thus for ¢t > 0, we have P(t) < h, —tlog A, so that, lim; o P(t) < hs.

To prove the lower bound, assume the sparse recurrence condition, and let pg denote the measure
of maximal entropy for T" constructed in [BD, Theorem 2.4] (called . in that paper). Since g is T-
adapted [BD) Theorem 2.6], the Jacobian J“T is defined pg-almost everywhere and [ log J“T dug =
X,y < 0o. Thus for t > 0,

P(t) > Py, (—tlog J'T) = hyy — t / log JUT dpg = hs — tx;\,
M

and limy g P(t) > hs.
Finally, since P(t) < hy, < hs, we must have limy g h,, = h« as well. O

5.4. Full Support of y. It follows from Lemma [4.17] that the measure v; is fully supported on M.
In this section, we will prove the analogous property for p; combining mixing of the SRB measure
and a direct use of Cantor rectangles, bypassing the absolute continuity argument which was used
in [BD, Section 7.3] to show full support of the measure of maximal entropy there. Recall the
definition of maximal Cantor rectangle R = R(D) comprising the intersection of all homogeneous
stable and unstable manifolds completely crossing a solid rectangle D as described in the proof
of Proposition [3.14] The boundary of the solid rectangle D comprises two stable and unstable
manifolds which also belong to R. Let Zr C W?* denote the family of stable manifolds corresponding
to R (i.e. the set of homogeneous stable manifolds that completely cross D).

Lemma 5.6. For any mazimal Cantor rectangle R, if pspp(Uwez,W) > 0 then we also have
pe(Uwez, W) > 0. Consequently, for any nonempty open set O C M, we have pu(O) > 0.

Proof. Let 1 € C*(M) such that 1) > 0 and ¢ = 1 on Upyez,W. Due to the spectral decomposition
of L}, setting ¢ = (v, 7)1, we have

(5:9)  puw) = e lim Oy, (£3) dpisun) = e lim e (L} (), dpisw)

Then, using the disintegration of ugrp, introduced before Lemma into conditional measures
on a fixed foliation F = {W¢}¢cz of stable manifolds, and a transverse measure fisgg on the index
set =, and recalling (5.7)), we estimate for n > 0,

(3 (m). dpswn) = [ IWeldisnnl€) [ 70w pe
= 13

= ﬁ|W§‘71dﬂSRB(§) Z / ¢Vt|JST"|tp§oT"
= Wi€Gn(We) 7V

> CL (Wel dpsra(§) > | T T™ Go g / Yy,
= Wi €Gn (We) Wi
where in the last line we have used (4.47)), bounded distortion for J*T" and the positivity of ;. Next,
note that if W; € G, (W) properly crosseﬁ R, then using again the positivity of 14, we have
(5.10) RZE!

39Note that the limit exists since P(t) = P,(t) is monotonic.
40Gee the proof of Proposition for the definition of proper crossing.
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where £ is the minimum length of a stable manifold in Zx and ( is a function depending only on ¢t
(uniform in [to, #1]) and 81 (to, 1) from (3:47) via (£50). Thus letting GF (W) denote those elements
of G, (W) that properly cross R, we have

(A1) (L) dusw) = CCR) Wl diisn(€) Y 1T gy
= Wi €GHH(We)
As in the proof of Proposition by [CM| Lemma 7.87], we choose a finite number of locally
maximal homogeneous Cantor rectangles R(01) = {Ry, ..., Ry} such that there exists n, = n.(01, R)

such that 7"+ (D(R;)) contains a homogeneous connected component that properly crosses R for
alli =1,...,k. Therefore, if V€ W* has |V| > 01/3, then at least one element of G, (V') properly
crosses R. Thus, if [W¢| > 61/3 and n — n. > nq, then using (3.31]), and letting 8] denote the
minimum length of a stable manifold belonging to any of the R;,

Z |‘]5Tn|tC’0(W5) > 6—th Z ’JSTTL—TL* t

cowpl T T™ [cow,

Wi eGR(We) WieLL, (We)
2941
(5.12) > %6%0‘10(51)% wt) ) [T T [coqw,)
Wjegil,n*(wg)

> %efthC(éi)t(%)n*cle(nfn*)P*(t) 7

where in the second line we have estimated J*T™ from below on W; as in (3.39)) using the fact that
|W;| > 61, and in the third line we have applied Propositions [3.14] and [3.15,
Substituting (5.12) into (5.11)) and letting Z°! denote those elements W € F with [W¢| > d1/3,

2g+1)"*
1

e PO (), dpusnw) > C"C(ER)S (07) ) emne PO g (=0

Since this lower bound is independent of n, by we have p(10) > 0, and since this holds for all
Y € CY(M) with ¢ =1 on Upez, W, the first statement of the lemma is proved. Then the second
statement of the lemma follows from the fact that any nonempty open set O C M has a locally
maximal Cantor set R such that D(R) C O and usrp(R) > 0. O

5.5. Uniqueness of Equilibrium State. (Strong) Variational Principle for P.(t,g). In this
section, we prove the following uniqueness result:

Proposition 5.7. For any 0 < t < t., the measure y; from Theorem is the unique equilibrium
state for —tlog J“T'.

The proof of the proposition will give a more general statement (shown at the end of this section):

Theorem 5.8 (Strong Variational Principle for P.(t,g)). For any [to,t1] C (0,t.) there exists
v > 0 such that for any C* function g : M — R with |g|c1 < vo we have

P.(t,g) = P(t,g) = max{h, + /(—tlog JUT + g)dp = p a T-invariant probability measure }
and the equilibrium state for —tlog J* + g is unique.

(We restrict to C'! functions g for simplicity. The result also holds Hélder g of suitable exponent.)
Fix 0 < tg < t; < ts. For ¢ € CY(M), t € [to,t1], and v € R, define the transfer operator
Et,v = ['t,v,qb by
f O T_l ev¢oT_1 ’
| JST| "t o T-1
Since Li,f = e“‘bOTflﬁt f and the discontinuities of ¢ o T~! are uniformly transverse to the
stable cone, [DZ2, Lemma 5.3] implies that L, f € B (with B = B(to,t1) the space for L)

Linf = for all f € C1(M).
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and ||Leoflls < C|lfllle"®|c1, so that L;, defines a bounded linear operator on B. By [DZI]
Lemma 6.1] the map v + Ly, is analytic. Thus since £; = L;( has a spectral gap, so does Ly,
for |v| sufficiently small, and the leading eigenvalue )., varies analytically in v [Ka, VII, Thm 1.8,
I1.1.8]; moreover, A\ g = eP® and, with p; from Theorem we have [Kal I1.2.1, (2.1), (2.33)]

d

Sh| =0 [ g v e fto,t].

d’U v=0

Recalling the definition P(t,v¢) in (|1.7)), the following result will give Proposition

Proposition 5.9. Fiz 0 < tg < t; < t.. For ¢ € C1(M), t € [to,t1], and v € R, with |v| sufficiently
small, the spectral radius of Ly, on B(to,t1) is A ve = ePtvd),

(5.13)

Proof of Proposition[5.7. We use tangent measures, inspired by the proof of [Br, Theorem 16]
If 4 is an equilibrium state for —tlog J%T then p is a C'-tangent measure at ¢ (see e. gﬁ
Theorem 9.14]) in the sense that,

(5.14) P(t,6) > P(t,0) + / ¢du forall ¢ € CL(M),
Thus, Proposition together with (5.13]) imply that

/gf)d,u, = lim (t w) to)z/wu and

/¢dnt=hm P, “¢’ L < [oan.
Thus [ ¢dp; = [ ¢du for all ¢ € C1(M). Since M is a compact metric space, C'(M) is dense in
C°(M) and so i = p; showing the uniqueness claim in the proposition. O

Proof of Proposition[5.9. Let |v| be small enough such that g := v¢ satisfies (3.6)), (3.30), (3.46)

and their analogues for the number of interpolations needed to reach t; < t, in Section @ The
constants ny, ne, 1, d2, Co, co, c1, co, and Cy from Section [3| then hold for all g = v'¢ with
|v'| < |v] and all t € [tg,t1]. In particular the constants ¢;(v’) > 0 from Proposition and
Proposition [3.18|a) and c3(v’) > 0 in Proposition and Proposition [3.18|(b) are uniform in
|V'| < |v| and t € [to, t1].

Step 1. The Spectral Radius A\¢ o, of Ly, on B is eP*(tv9) - Possibly reducing |v| further, £, has a
spectral gap on B, as observed above. The upper bound on Az, < eP(tv9) can thus be proved as
in Proposition once we know that the spectral radius of L;, on B, is at most eP+(tvd)  For
this, by the upper bound in Proposition [3.18(b), it suffices to find C' < co such that

(5.15) L7 flw < CQult,v9)| fluw, Vf € C.
To prove (5.15)), note that due to (2.10]), we have for W € W*® and W; € G, (W),
(5.16) 5 ontng < 00+ 190l 82

then, for W € W*® and ¢ € C*(W) with [¢[caw) < 1, we follow and apply (4.11)), (4.12)),
Lemma and (5.16) to write,

| grtodmy < S flulv o Tl 7T e S ou
W Wi€Gn (W)

< flwCr A+ 2" C) (1 + CelVoleo) D0 [T oy e lcow,y < ClF[wQn(t, v6).
Wi€Gn (W)

The lower bound A¢,, > eP+(tvd) on the spectral radius follows as in the proof of Proposition m

4 The standard definitions use C° rather than C* in (5.14) For our purposes, C* will suffice.
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Step 2. P(t,v¢) = P(—tlog J*T 4+ v¢). Denoting by 14, the eigenmeasure associated to ePx(tve)
and by 7, the eigenmeasure of the dual operator £j,,, defined as in Lemma and , we
construct an invariant probability measure p; ., as in Proposition

We claim the following analogue of Proposition [5.2} There exists A < oo such that for all
sufficiently small |v|, all € > 0 sufficiently small, all z € M and n > 1,

(5‘17) Mtv(Bn(x,G)) < Ae—nP*(t,Ugb)-i—tlogJST"(T*"ac)ﬁ-vSn(z)(T*"x)

)

where By, (x, €) is the Bowen ball defined in . Using , the proof of Corollary yields that
P, (—tlog J*T' +v¢) > P,(t,v¢), and this, together with Proposition yields P(—tlog J“T +
vo) = Pi(t,v9). By Step 1, this ends the proof of Proposition (In addition, we have established
that fu,, is an equilibrium state for —tlog J*T + v¢.)

Finally, (5.17) follows easily from the proof of Proposition The property in (5.6 extends
to ¢, due to its definition as a limit of e " (t’”‘ﬁ)ﬁ?’vl. The analogue of (5.7) holds for the same

reason, so that the modification of (5.8]) yields,

/ $18 vy, = P09 3 / (o T")(1E, o T™)|J5T"|'e"5"% vy,
w Wiegn(W) ¢

where 15 . denotes the indicator function of B, (z,€). The subsequent estimates in the proof of
Proposition [5.2] go through with the obvious changes, so that
H_B v v|w < C/e—nP*(t,v¢)+tlog JST™ (T~ "z)+vSpd(T "x)
n,e”l, =

)

where the only additional factor needed is the distortion constant Cy|V¢|co from (2.10]). Applying
the analogue of Proposition a) completes the proof of ([5.17). O

Proof of Theorem [5.8 The upper bound P(t,g) < P.(t,g) is the content of Proposition Taking
vp = g, the equilibrium state for —tlogJ“ + g is 4, constructed in Step 2 of the proof of
Proposition [5.9] The proof of uniqueness can be obtained by a straightforward adaptation of the
argument proving uniqueness of the equilibrium state for —tlog J“, up to taking small enough

lglcr- O
6. ANALYTICITY, DERIVATIVES OF P(t), AND STRICT CONVEXITY (PROOF OF THEOREM [1.2))

This section contains the proof of Theorem [1.2] and Corollaries and

The maximal eigenvalue of £} is exp(nP(t)). Showing that nP(t) is analytic for some integer
n > 1 is equivalent to showing that P(t) is analytic. Recall the one-step expansion factor =% > 1
from Lemma [3.1] In the remainder of this section/2

1
Fix ng > 1 such that |J*T™| < Cpf™ < 3 and set T :=T"°,

By standard results on analytic perturbations of simple isolated eigenvalues [Kal, analyticity of
P(t) = P.(t) will be an immediate consequence of the following result:

Proposition 6.1 (Analyticity of t — L£]°). Fiz 0 < tg < t1 < t.. Then the map t — L} is analytic
from (to,t1) to the space of bounded operators from B to B, with

(6.1) ALY (f)li=w = L3 ((og JTY [), Vi > 1, Yw € (to, 1), Vf € B.
Proof. We claim that it suffices to prove that, for any 0 < ty < t1 < t., we have

(6.2) there exists C' < oo such that || £ ((log J*T) f)|ls < j(C5)’ ||f|5, Vf € B,
for all w € (to,t1) and all j > 0. (The bound is the content of Proposition [6.3])

42The value 1 /2 below is for convenience, giving the number — log 2 in Lemma what is important is Co0" < 1.
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Indeed, by the Stirling formula, (6.2) implies

L(flog I TYNB _ . i
(6.3 VR UTROBTTING < 5IC) -
Now, for w € (tp,t1) and t € C, first write
n, foTil w—t)log JSToT 1 fonl .- s j —1
Lof = |J5T|1*wo7'*16( ) log = T w o T Z logJ T oT

where (6.3)), with w = 1 and f = 1, gives that the series converges in norm for |w—t| < (CClstiriing) ™"
Then note that

fOT_l - ST\J 71_Oo(w_t)j no ST\J
(6.4) T T 12 logJ TYoT _jzoﬂcw (f(log J5T)7),
where the sum commutes with £ due to (6.3]), with w and f, so that this series also converges in

norm for |w — t| < (CCstirting) "' The radius of convergence is independent of w € (¢, t1), giving
the claimed analyticity there. The power series representation ((6.4) immediately implies (6.1)). O

The key to the analyticity result in this section is the following elementary lemma which extends
the distortion estimate Lemma [2.1| to expressions of the type (log |J5T])7|J*T|*:

Lemma 6.2 (Distortion for exp(¥)(¥)?). Fiz I C R a compact interval and let ¥ : [ — R_. Then,
for any v > 0, there exists C, < oo such that

(6.5) | exp(vW) || copy < (Coj), Vi > 1.

In addition, if |sup | = inf |¥| > log 2 and there exist o € (0,1) and Cy < 00 such thaf‘j
(6.6) W (z) - V(y)| < Cylz —y|*, Va,y e,

then

(6.7) | log [¥(x)| —log [¥(y)|| < 4Cylx —y|*, Va,yel,

and, for anyt > 0,

(6.8) | exp(tW) | |ca(ry < (14 eCy (4] + 1)) exp(tW) |V |copy, Vi >0.

(The lemma will be applied to ¥ = log |J*T|, with & < 1/(q + 1), and I an interval giving an arc
length parametrisation of a weakly homogeneous stable manifold.)

Proof. The proof of ( is a straightforward exercise in calculus (with C,, = (e - v)~ D): Tt suffices
to show that supx¢(g |1ogX]JX“ (—U)J

Next, for any x,y € I, the Mean Value Theorem applied to the logarithm yields, for some Z
between |¥(z)| and |¥(y)|,
Culz —y|*

<4C —y|*.
log 2 <4Cy|z -y

1
(6.9) |log [¥(2)] — log [¥(y)l| < —[¥(z) - ¥(y)| <
From we get (6.7]) and also, for any x,y € I,

exp(tP(x)) [T (x)[| _ . 1 o
08 exp(t0 (y)) | (y) | < jllog |¥(z)| — log [¥(y)|| + t|¥(z) — V(y)|
< (j4Cy + tCy)|z — y|* .

43The bound is equivalent to exp(—Cy|z — y|*) < exp(¥(z))/exp(¥(y)) < exp(Cw|z — y|*) or, for small
enough |z —yl, to [1 —exp(¥(z))/ exp(¥(y))| < Ca,w|z —y[*.
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This implies

. exp(t¥ (@)Y (x)[?
6.10 exp(—Cyg (47 +t)|z — y|*) < <
(650 OOl I S ) )
For |z — y|® < (4jCy + tCy) ! (other pairs (x,y) are trivial to handle), (6.10)) implies
_ exp(t¥ ()P (x)]?
exp(t¥ (y))[ ¥ (y))
Multiplying both sides above by exp(t¥(y))|¥(y)|’ < |exp(t\If)\\If\j|CoU), proves (6.8). 0

< exp(Cy (4] + 1)z —y|*).

<eCy(4j+t)|x —y|*.

Recalling that T = T™ for fixed ng, we define, for all integers j > 0,
(6.11) M) f = L7 ((log |7°T1) f)
acting on measurable functions. We first prove :
Proposition 6.3. For any 0 <ty < t1 < ts, there exists C < oo such that
(6.12) IME flls < C7 7 I flls, Vi 2 1.9 € B, Vit € [to,11].

Remark 6.4. A modification of the proof of Lemma shows that for any f € CY(M), ng)f
can be approzimated by C’l( ) functions in the B norm, using the fact that Lemma holds
for the function (log \JST]) ]JS’T]t by Lemma- By density of C*(M) in B, this, together with
Proposztwn implies Mt f € B forall f € B andj>0.

Proof of Proposition [6.3. It is enough to consider f € C*(M). We first bound the stable norm. Fix
W € W#, and ¢ € C8(W) such that [Vlesmwy < |W|~1/?. For t > 0, we have

| MO fodmy = 3 /fwoﬂwﬂ (10g | J*T1)? dmu,

W;E€Gny (W
(6.13) - .
< > flslwe Tlcﬂ(W)WHJSTIt(IOg [ 5T s w)
ergnO(W)

On the one hand, we have seen in §4.3.1] that [ o T|csw,) < C~'|w|ca(W). On the other hand,
recalling that supy, v, |/°7T|coqw,) < 1, and using (6.5)) from Lemma for any v > 0, there exists
C\, such that for any W; € G, (W), all t € [to,t1], and all j > 1,

(6.14) sup(|log\Js7'\jHJs7']t) < (jC’U)j sup |J5T Y.
W; W;

Therefore, since 8 < «, choosing@ v < tg/2 — 1/p and applying Lemma we deduce from ((6.13))
and (6.14) that for all j > 1 and f € C!, taking C/, = 1+eCy (4 + t) from (6.8)),

W[ /7
Wi

| MO podmy <clivicy ¥ .

WiegnO(W)
< C(/ic2[0] ](]Cv)]HfHSQno (t - U—l/p) )

where C'y = Cy by (22.3)), and we used Lemmawith ¢ = 1/p. Taking the suprema over 1) € C?(W)
with [1]cs ) < |W|=1/P and W € W* yields Cy < oo such that

(JC )/

(6.15) IMI ()]s < i Iflls, Vi =1, Vf € CY,Vt € [to, ta].

44This is always possible since p > ¢+ 1 and toq > 4 from Definition
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For the unstable norm, let ¢ < g9 and let W' W?2 € W$ with dyys (W', W?) <e. For £ = 1,2,
we partition 7 ~1W?* into matched pieces U} and unmatched pieces V;* as in §4.3.3) and we find, for
any ¢y € C*(W*) with |W’ca wey < 1and d(¢1,¢2) =0,

(6.16) ‘/ MD(Fy ey — / M9
<Z

/ Fro T IT Qog| I TIY = [ (b2 T) 1T (0g|7°T1)

+>
0

For the unmatched pieces, adapting (4.19)), by using Lemma combined with Lemma and
(6.14), we find, for £ = 1,2 (choosing again v < tz/2 — 1/p so that t —v — 1/p > to/2),

o st s j
3| f tweo T T ol T

[, £ @oT) 17T tog | ST

(6.17)

< IO ICHGCY Y ITVAYPIT T Pl cogyey
0,0

< || £1ls4C2[0]CT 5O Cy )Y ePQuy (t — v — 1/p), Vit € [to,tl] Vi>1,
using Lemma with ¢ = 0. Next, we consider matched pieces. Recalling (4 , we define
(logJ*T )’ (z) := (log J*T) o Gyz o Gyi(@), Yo € UL, Vj =1,
k
Now, using ¥ and J¥T = J5T™ as defined above (4.22), and injecting Lemma in the proof of
Sublemma [4.8(b) gives, for v as above,
(1 0 T)(log J*T)! | T T|' =4 (1og ST T T | co
(6.18) < C(§C ) jCh2t [ JsT™ tcggUl) €Y P Yk, Vj, Vt € [to,t1].

Then we split

’/ FWroT) Qog S TYIITI = [ f (2o T) (o S TP
U; U

(6.19) < /U (o T) (og JTY|JT|" = $a(logJ*T)|J*T]")

k

(6.20) ! |/U f b2 (log T Y| 1T — /U [ (W20T) (log J*T)’|J*
k k

We estimate ) for all t € [to,t1] and j > 1 using (6.18)),

‘/ (10 T)(log T 1T = GallogI* TV |.FT] ) < 138 PG CHCud P21 Tl 2

Then, noting that d(z o T (log J*T)7|J*T|, ¢2(10gJ8 T) |J5T| ) = 0 by definition, and that the C
norms of both test functions are bounded by C(§C,)7jC4|J*T |5 CO 1,)» Using Lemmaw7 we estimate

(6-20) for all f € C! and ¢t € [to, t1] as follows

‘ (@0 D108 I T) LI = 108 THAT T

< [ flludws Uz, UR)15Ca(iCo) CII*T 6o,

< C'(GC) FCG fllumo ATV T T Gl
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where we used Lemma4.8(a) in the second inequality. Putting these estimates into (6.19)), combining
with (6.17) in (6.16), and summing over k gives, for all ¢ € [tg,t;] and j > 1,

[ ME g [ s,

< GGCY ([ flluno” A7 Qg (¢ = v) + || Flls (/P Qo (t = 1/p — v) + P Quy (t — v))).
Finally, since a — f < v and 1/p < ~, while ng is fixed, we have found C,, < oo such that

1MP £l <SS 170 v € OO e ot ¥ 2 1
With (6.15), taking C' = max{Cs, C,}, this concludes the proof of Proposition O

Proof of Theorem[1.3 Since exp(noP(t)) > 0 is a simple isolated eigenvalue of £}, analyticity of
exp(noP(t)) is an immediate consequence of Proposition and [Ka, VII, Theorem 1.8, II.1.8].
Since infy, ;) exp(noP(t)) > 0, the function P(t) is also analytic. The formulas

noP'(t) exp(ngP(t)), noP"(t)exp(noP(t)) 4+ no>P'(t)% exp(noP(t))

can be read off [Kal I1.2.2, (2.1), (2.33) p.7@%(taking m = 1 there). It is then easy to extract the

claimed formula (1.11)) for P’(¢). In order tq™|establish (1.12)) for P”(t), use (1.11)), and note that,
recalling x; = P'(t) = [log J*T dp,

S| [og 17110 T 0g]1°T dps — ]
k>0

— (log |J°T|(1 — e PO y) ! ((log T — Xt)ut) 7).

If there exists f € L?(u) such that log |J*T|—x: = f — foT then it is easy to see that P"(t) = 0.
For the converse statement, we will use a martingale CLT result a la Gordin (see e.g. Viana [BDV]
Theorem E.11)) as in [DRZ]: Let Ag be the sigma-algebra generated by the (u;-mod 0) partition
of M into maximal connected, strongly homogeneous local stable manifolds for 7" (this partition is
measurable since it has a countable generator, see e.g. [CM, §5.1]). Then A,, =T " Ay, for n € Z,
is a decreasing sequence of sigma algebras. Therefore, if P”(t) = 0, to obtain f € L?(u) such that
log |J*T| = x¢t + f — f oT from Gordin’s Theorem ([BDV] Theorem E.11] or [DRZ, Theorem 5.1]),
we only need to check the following two conditions:

(6.21) > Nog | °T| — E((log | J*T| = xe)|A-n)ll 22y < 00,
n=0

(6.22) D IE(Qog [°T] = xe)|An) £2() < 00-
n=0

We first discuss (6.21). If n > 0, then the elements of A_,, are of the form T"(V*(z)) where
V#(x) is the maximal connected, strongly homogeneous stable manifold of (almost every) x. From
Lemma the function log |J*T| is (Ho6lder) continuous on 7T"(V*(x)) for any n > 1, so, letting
A_,(z) be the element of A_,, containing z, we have

E(log|J°T||A-y)(x) = log |J°T|(y)
for some y € A_,(z). Thus (see the proof of [DRZ, (5.3)]), (6.7) with o = 1/(q + 1) gives
[ log [J°T| — E((log |J°T| = xt)[A-n)ll£2(u0)
< | log|*T| — E((log | J*T| — x¢)| A=)l oo () < CAT O ¥ > 1, Vit € [to, 1]

45Formulas (T.11)~(T.12) are classical in smooth hyperbolic dynamics, see [Ru, Chap. 5, ex. 5b] for P”(t).
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(The length of any element 7" (V*(x)) in \A_,, is bounded by CoA™".) This proves (6.21).
To establish (6.22]), we also adapt the argument in [DRZ], starting from

> IE((og [T = xo)[An) 22 ()
n=0

= sup{ /(log [JT] = xa) - (0 T") dpy | ¢ € L (Ao, je) with [[]] p2(0)=1 | -
n=0

The key new ingredient is the fact that since vy = e PO L0 (1), with vy € B, we get from
Proposition [6.3] and Remark [6.4] that

(6.23) (log [ J*T™| o T™"0)y, = e PO MMV (1)) € BC B, .

By definition, any Ap-measurable function % is constant on each curve in Ag. If in addition 1) is
bounded, then for any k > 0, v o T € C*(Wg) and |3 o Tk|ca(w]fﬂ) = [Y[coowz) =t [¥]ec- Thus by
Lemma and (4.48),

(6.24) Yo T s € By, and [(f,v o T*01)| < C'|fluw|tloo , VS € B -

Then, recalling that p(f) = (fve, o)/ (e, o) for suitable f, following [DRZ], we write for n > ny,
and any bounded 4p-measurable function 1),

1
J Gom T =x0) - w0 T dia = [ Qog |77 0 T = moxe) - (0 ")

1 -n n—ng\ -, ~
= nf()((log\JsTnO’ o T —ngxi)ve, (Y o T ")) [ (v, )

(6.25) = ;<€(nn0)P(t)£?_no ((log [T [ o T™" — noxe)vt) , V) / (v, 1) -

(The expressions in the first line are well defined and coincide because (log |J*T| — x;) € L' (du;)
and 1 is bounded. The expression in the second line is well defined by (6.23]) and . Therefore,
the second equality holds due to the definition of y; in Proposition [4.16(b). The last equality is
clear.) Clearly oy (v¢(log|JT™| o T~™)) = ngxs, so that Corollary and give constants
p < 1and C7,C4 < oo such that for all n > ng and all ¢ € [to, 1]

e PO L1710 (1 (log [ TS T™ | 0 T~ — ngxt))
< [P LT (1 (log [ ST 0 T7) = noxe)) |15
(6.26) < Cip" " (log [ J°T™[ 0 T70) |5 < Cop™.
Next, together with the bounds and , gives C' < oo such that, for any bounded
function 1 which is Ag-measurable,

(6.27) |/(10g | T = xt) - (Y o T") dpe| < Cp™ || pooary, Y > 1, VE € [to, t1].

Then the proof of Lemma/5.1{(c) (the T-adapted property of y) not only implies that log |J*T'|(z) <
C'log(d(x,Sy)) is in L*(dy) but also in L¢(dyy) for all £ > 1 (use that Zj>1(log(j+1))ej*p//(2p) < o0
for all £ if p’ > 2p). Tt follows that [DRZ, Lemma 5.2] holds for 5 = (log|J*T|) — X, bootstrapping
the L* bound @ to the required L? control . The only change required in the proof (since
the observable s in [DRZ, Lemma 5.2] is bounded while ours is not), is to replace the second term
on the right-hand side of [DRZ, eq. (5.7)] by the Holder bound ([ |5]2dus)'/3([ [¢ — ¢p|>/ 2dps)?/?
(where 91, (x) = () if |¢(2)| < L and 91 (x) = 0 otherwise). Then using the fact that 1 € L?(u),

J 1= = [ g [ i < 172,

46gince f =1 € B, Remarkﬂalso implies log |J*T™| o T~ =log |J*T| o T~ ' = MV (1) € B.
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using the Markov bound p(|¢)| > L) < L72[4)|2,. Setting L = p~3"/4 instead of L = p~™/2 in [DRZ,
eq. (5.8)] completes the proof of [DRZ, Lemma 5.2] with modified rate p™/* for our observable 3.
This verifies (6.22]) and concludes the proof that log |J*T| is cohomologous in L?(j) to the constant
x¢ < 0 if P”(t) =

Finally, P”(t)

0.
> 0 implies that P’(¢) is increasing so that [log J“T du; = —P'(t) is decreasing,
while hy, = P(t) —t

'(t) is decreasing since P(t) and —tP’(t) are decreasing. O

Proof of Corollary[1.7]. The bounds on /\/lgj ) from Proposition apply also to the dual operator

(M,g] ))* acting on B*. Thus, by Proposition (L£{°)* has the analogous representation as a power
series and is analytic. It follows that both 14 and 7y are analytic for ¢ € (0, ¢,).

By [DZ2, Lemma 5.3], if ¢ € C*(M), then ¢y € B and [[¢uy]|s < CllveBlv|ceary, for some
C > 0 independent of 1) and v;. So for each 1 € CY(M), ju;(3)) is analytic on (0, ).

To prove continuity of 1 on C° functions, we shall use the following bound. Fix [tg,t1] C (0,t.),
and define

C, = sup max{|vls, 7]}, €, = sup max{|[vjlls, |75},
te[to,tl] te[to,tﬂ

where v; and 7 denote the derivatives of 14 and 7, as operators on B and B*, respectively. Then
for ¢ € C*(M),

pe (V) — ps(V) = (v, Uy — D) 4+ (Y(vg — vg), Us)
(6.28) < Cllcaan IvellBll7: — Tsll B + Clvol oo an llve — vsll 81|75 [ 5+
< Cult = sl[Ylcaarn »

where C, = 2CC,C",.

Next, let p : R? — [0,00) denote a C*° bump function, supported on the unit disk and with
[pdm =1. For ¢ > 0, let p-(2) = e 2p(z/¢), and define M¢ to be the extension of the phase space
M by a strip of width € along each component of Sy.

For v € C°(M), extend v to M*® by making 1 constant on vertical lines outside M. Then
Y € CO(MF?). For x € M, define the convolution

V@) = [ pela = puly)dm(y).

Note that |¢c|ce < Ce™®. Since MF® is compact, ¢ is uniformly continuous, so there exists a
decreasing function 7 : R* — R*, lim._,o7(e) = 0, such that for all € > 0, |- — ¥b|co(ar) < 1(e).

Now fix ¢t € (to,t1). For § > 0, choose € > 0 such that n(e) < §/3 and choose sy € (to,t1) such
that Cy|so — t|Ce™* < §/3. Then using (6.28), if |s — t| < [sp — ¢,

e (V) = s (V)] < e (@ = )| + () — ps(e)| + s (e — P) < 2n(e) + Culs — tl[oe]oa < 0.
Thus us(v) — () as s — t. O

Proof of Corollary[1.5 For a compact subinterval I of (0,¢,) the bound o(¢) in Proposition [4.12]
satisfies o7 := sup,e; o(t) < 1. If each £y, for t € I, has its spectrum on B contained in e/*® U{|z| <
or-el> (t)}, the corollary follows. Otherwise, use Proposition and continuity [Kal, §IV.3.5] of any
(finite) set of eigenvalues of finite multiplicities of bounded operators. O

Proof of Corollary[1.6 The corollary follows from (6.21)) and (6.22)), using Gordin’s Theorem ([BDV],
Theorem E.11] or [DRZ, Theorem 5.1]). O
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