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Injected Current Sensitivity Based Load Flow
Algorithm for Multi-Phase Distribution System
in the Presence of Distributed Energy Resources

Arun Suresh

and Sukumar Kamalasadan

Abstract—This paper presents an injected current sensitivity
(ICS) based multi-phase load flow (LF) methodology with minimal
Jacobian computation for the three-phase unbalanced distribution
system with multiple Distributed Energy Resources (DERs). In
the proposed approach, first, a generalized bus admittance and
Jacobian matrix have been formulated that include various distri-
bution system components such as lines, shunt capacitors, voltage
control devices such as regulators, different transformer connec-
tions, and load models. Second, DERs are modeled as a PV bus
and incorporated into the proposed LF algorithm by formulating
a reactive power injection-based sensitivity matrix that iteratively
computes its net power injections. Unlike the traditional Jacobian
matrix-based LF methods where an update of Jacobian (size and
element) is required for each PV bus, this method does not require
any update, hence, making it faster and more flexible to include
a large number of DERs. From the various tests performed on
the standard IEEE three-phase distribution network and their
derivatives, it has been observed that the proposed approach is
accurate, efficient, computationally less complex, and scalable.

Index Terms—DERs, injected current sensitivity, multi-phase
load flow, unbalanced power distribution system.

NOMENCLATURE

« Off nominal tap ratio of a transformer-primary side

154 Off nominal tap ratio of a transformer-secondary
side

X Iteration count

A Set of PV buses

Ly Imaginary part of three phase complex current in-
jection vector into bus ¢

L Real part of 3¢ phase complex current injection

vector into bus 7
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Three phase complex current injection vector of
bus ¢

Real part of three phase complex power injection
vector into bus ¢

Reactive part of three-phase complex power injec-
tion vector into bus 7

Three phase complex power supplied by the DG
associated with bus ¢

3¢ complex power injection vector of bus ¢

Three phase complex load vector at bus %
Imaginary part of 3¢ complex voltage vector at bus
1

Real part of 3¢) complex voltage vector at bus ¢
Three phase complex voltage vector of bus 7
Additional current injections in iteration ¢ required
at bus A to compensate the difference between
computed voltage and specified voltage at bus A,
Voltage mismatch at the PV bus Ay, in the beginning
of iteration count y

Total number of PV bus in the distribution network
Phase of distribution system ¢ = (a, b, ¢)

Alias of ¢ where o = (a, b, ¢)

Per unit voltage change per step

Bus number (i = 1,2...N)

Imaginary part of complex current injection into
phase ¢ of bus ¢

Real part of complex current injection into phase ¢
of bus 7

Complex current injection into phase ¢ of bus 4
Alias of 7

Indices of set A i.e location of PV buses in set A
Z1IP parameters for Pfi their sum is equal to 1

Z1IP parameters for Qii their sum is equal to 1
Total number of buses

Real part of complex power injection into phase ¢
of bus 7

Reactive part of complex power injection into phase
¢ of bus 7

Complex power supplied in phase ¢ of bus ¢ by the
DG associated with bus ¢

Complex power injection into phase ¢ of bus 4

Complex load at phase ¢ of bus ¢
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V{é’q) Imaginary part of phase ¢ voltage of bus ¢

V;é’r) Real part of phase ¢ voltage of bus ¢

Vi¢ Phase ¢ voltage of bus 4

Yd Leakage admittance of transformer d

fyf Taps of regulator t associated with phase ¢

Y, Phase admittance matrix of regulator ¢

Y5 Phase admittance matrix corresponding to series
element of line connecting bus 7 and j

Yisjh Phase admittance matrix corresponding to shunt
element of line connecting bus 7 and j

ZLij; Phase impedance matrix corresponding to series
element of line connecting bus 7 and j

F, Three phase tap matrix of regulator t

I. INTRODUCTION

OAD flow (LF) methodologies for unbalanced power dis-
Ltribution system (DS) provides voltage magnitude and
angles at each node, power flowing through each branch, and
the total active and reactive power losses in the system [1], [2].
LF helps to determine proper settings and locations for devices
such as voltage regulators and reactive power compensating
devices. Conventional methods of LF such as Guass-Seidel [1],
Newton-Raphson (NR) [1], [3], fast decoupled [1], that are
widely used for transmission systems (TS) exhibit poor con-
vergence behavior when applied to DS. The reasons are but
are not limited to, the network topology differences (mesh
vs radial), unbalanced nature of DS including untransposed
lines, combinations of single and double line sections, unbal-
anced loads, high R/X ratio, mutual coupling effect in DS,
and large number of nodes [4], [5]. The LF methodologies
are becoming significant as DS is no longer passive but in-
clude a larger number of multiple single-phase and three-phase
DERs.

For DS, modified first and second-order LF methods have
been proposed. Some variants of power flow and optimal
power flow including Newton’s algorithm viz., current injection
method (CIM), have gained attention recently [6]—[8], [10], [11].
A three-phase form of the current injection method (TCIM)
demonstrated in [7] is numerically robust with quadratic conver-
gence. Even though the framework is computationally efficient,
TCIM does not consider different load connection types such
as Delta connected loads. Also, with multiple PV buses (as
becoming a norm due to high penetration of DERs), more
number of off-diagonal elements in Jacobian needs iterative up-
dates making the Jacobian computation more complex and time-
consuming especially while treating a large number of control
devices [8]. The authors in [12] have presented an efficient LF al-
gorithm using the common basis of modified-augmented-nodal
analysis formulation. However, in this approach DERs models
have not been considered. Another method that uses a complex
bus admittance matrix and equivalent current injections called
Gauss Implicit methods is presented in [13]-[16]. The approach
in [13]-[15] has less computational complexity and memory
usage compared to Newton Raphson methods. However, the
convergence of the Zbus method is dependent upon the number
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of PV buses in the system and the convergence rate deteriorates
as the number of PV increases [13]—[15]. On the other hand,
the Zbus approach presented in [16] has not considered various
DERs models.

Another approach is the well known backward-forward
sweep (BFS) algorithm [9], [17]-[23]. Even though precise for
certain network, BFS has some computational limitations [4],
[24]. For example, the branch and bus numbering schemes used
in BES to compute the branch currents and bus voltages are
time-consuming. It is also difficult to include the full model
of distributed system components. Moreover, the sequential
computation of bus voltages increases the computation time
exponentially. Matrix-based BFS methods have addressed
some of the complexity associated with primitive BFS based
approaches [17]-[23], [25]. For example, the bus injection to
branch current matrix (BIBC), branch current to bus voltage
matrix (BCBV), and direct load flow (DLF) matrix-based
methods are proposed in [26], [27] to make the LF for DS more
efficient yet the computational complexity (due to multiple
computations) is a major concern. In [4], [5], authors have
formulated the loads beyond branch matrix, load current, and
branch current matrix for computing the load current and
branch currents. Even though the approach is computationally
efficient, transformers and regulators models are not
included.

In this paper, a new injected current sensitivity-based LF
method is proposed for a multi-phase unbalanced power dis-
tribution system with multiple DERs. The main features of the
proposed method are as follows.

e The proposed approach work with distributed lines with
one or two phases connected to Delta/Wye constant power,
constant current, and constant impedance (ZIP) loads.

® Models for lines, capacitors, voltage regulators, and trans-
formers with various connections are derived to form a
generalized bus admittance matrix (Y-bus), making the LF
perform at different operating conditions.

® QGeneralized Jacobian matrix has been formulated which
embeds the features of the generalized Y-bus.

e Multiphase DERs with voltage control capability are mod-
eled as a sensitivity-based PV bus.

e The injected current from the PV bus is included as an
additional vector thus the size and elements of the Jacobian
matrix are not increased due to PV bus inclusion.

e The proposed method has good convergence ability and
is computationally faster for a wide range of R/X ratio
variations, load variations, and system size variations.

The paper is organized as follows. Section I summarizes dif-
ferent models that are required for load flow analysis. Section IIT
discusses the proposed LF and Section IV extends the approach
to include DERSs. Section V discusses the results and conclusions
and future works are discussed in Section VI.

II. DISTRIBUTION SYSTEM MODELING

In the proposed approach, first, a stacked Y bus model consid-
ering, distribution lines, voltage regulators, transformers, loads,
and distributed energy resources, are developed.
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Fig. 1. Schematic representation of (a) Distribution line (b) Voltage regulator.

A. Distribution Lines

A distribution network is represented by a set of K buses, and
a set of L lines connecting these buses as shown in Fig. 1(a). For
a three-phase line segment connected between bus 7 and 7 with
neutral, the primitive impedance [28] can be written as Z7;"".
Further, this can be transformed into phase impedance matrix
by suitably applying Kron’s reduction, thus merging the effect
of neutral conductor (77) given as Z;;

saa  zab zac 2a7M
Zij Zij Zij Zij aa ab ac
sba  zbb  zbc 207 J J J
prim Fig  Fig o R Fig b bbb
a c
Li; " = v Lij = |z oz ag
J sca  zcb  zee zCM J J J
JooTw Ty Lca b ce
sna  ~mb  smc  smm v v] ]
Zig  Ziy % %

ey

The corresponding series and shunt phase admittance will be

Yl_sjer — 271

17

1
Y = 5B @)

where [B%fjh is total three phase shunt admittance matrix of the
line connecting bus 7 and j. The current injections at terminals
7 and j in complex form can then be obtained as

L= (Y5 + Y5V = Y1V, 3)
ser ser sh
I; = _Yij Vi+ (Yij +Yij )VJ “)
Therefore, the Y-bus of the distribution line connected between
bus 7 and 7 is given by:
a _ |Y5T+ Yisjh
_Yijer

ser
~Yg

ser sh
Y7 + Y5

Yi Yy
Yii Y

&)

B. Load Tap Changers and Voltage Regulators

Consider a voltage regulator connected between bus [ and bus
m as shown in Fig. 1(b). The relationship between voltage and
current of the phase ¢ can be represented as

ve 11
= = (©)
Ve

where V¢ and Vl¢ are line to neutral voltages of nodes x and [
respectively.

T:
W =1F 5 =1Fdy*tp (7
1
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TABLE I
Y-BUS FOR VARIOUS TRANSFORMER CONNECTIONS [29]

Node n  Node 0 Ynn Yno Yon Yoo
Wye-G Wye-G Yi/(@)® -Yi/(aB) —Yi/(aB) Yi/(B)?
Wye-G  Wye  Ya/(@)? -—Ya/(af) =Y2/(aB) Y2/(B)*
Wye  WyeG  Y2/(0)® —Yz/(af) -Y2/(aB) Y2/(B)?
Wye Wye  Y3/(a)> -Yao/(aB) —Ya/(af) Y2/(B)*
Wye-G  Delta  Yi/(2)?  Y3/(ef)  Y3T/(aB) Ya/(B)?
Wye Delta  Y2/()? Y3/(aB) Y3T/(aB) Ya2/(B)?
Delta Delta Y2/()? —Ya/(aB) —Ya/(aB) Y2/(B)?
Delta  WyeG  Yz/(@)® Y3/(aB) Y3"/(aB) Yi/(B)?
Delta Wye  Ya/(a)?  Y3/(aB)  Y3T/(aB) Ya/(B)?

where tp is the tap setting, 7} and 7% are number of turns of
primary and secondary respectively. The current injections at
bus [ and m can be written as

y¢¢ y¢>¢>
I} = ==V - =V @®)
(v)? Vi
y” 4
I = == V() + 57 " Vi (m) ©)
Vi

Therefore, the Y-bus of a three phase voltage regulator in series
with a distribution line with admittance Y;"“’ connected between
bus [ and m can be written as

yrea _ [FUPRE REY] [V Vi) g
bus _wyreg T reg ( )
( Yt )Ft Yt Yini Yom
where
1
37 0 0
F=|0 2 0 (11)
1
0 O 32

For the regulator control, a tap operation is initiated if the voltage
atregulating point node is out of the band from a preset reference
voltage. For this, an algorithm similar to the one presented in [22]
is used. Then the Y bus is updated based on the new taps, and
the new Jacobian is calculated.

C. Transformers

Consider a transformer connected between bus n and bus o.
The Y-bus of transformer can be represented as

YTL n
YO”L

Yn o
YOO

Ytrf _

bus

12)

The nodal admittances of different types of transformers with
leakage admittance demonstrated in [29] is shown in Table I.
where

ya 0 0 294 —Yd —Yd
Yi=10 wag 0|, Yo==|-ya 2Us —Va (13)
0 0 wyq ~Yd —Yd 2Ya
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Fig. 2. Schematic representation of center-tapped transformer.

(14)

D. Center Tapped Transformers

The model of the single-phase center-tapped transformer is
shown in Fig. 2. This transformer has three terminals (one
primary and two secondary terminals). The impedances Z1, Z,
and Z3 represent the individual winding impedances.

The Y-bus of centre tapped transformer can be represented as:

Yii Yo Yis
Yl = Yoy Yoo Yoy (15)
Y31 Yz Va3

The element of ;5 can be derived as follows. The ideal
primary voltage E; as a function of the secondary terminals
ideal voltages V't and V't3 can be represented as:

110
om0 1

_ Highsideratedvoltage
where e = lowsidehal fwindingratedvoltage The source VOltage

(V1) can be written in terms of ideal primary voltage (E1) as

Il] (17)

Ey
Ey

Vita

1
Vis (16)

%1
%1

By
Ey

Zy 0

0 Zy||L

The ideal secondary voltages of the split phase transformer can
be represented in terms of secondary terminal voltages (V2, and

V3) as:
Vits 12] s)

Vi

Vs
V3

Zy 0
0 —Z4

I3

The primary transformer current (/1) in terms of secondary
winding currents (/2, and 3) can be written as:

Pl |
Il Tt 1 —1 Ig
In compact form, (16), (17), (18) and (19) becomes

|Bu] = [av] [Vias] (20)
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] =[] +[ad[n]
Vo] =[]+ [zl ]
ENZECIS
il = e el e ] ] 0

Using (22) and (23) in (24), we get

] o] (] = o] ] o]+ ] o]

[Ux]
(25)
The current injections at bus 1 can be written as:
(1] = wal ™ [via] + 0l o] [Vas]  @6)

With this, all elements of the first row of Y,'."*” matrix can
be calculated. Similarly, corresponding voltages and currents
related to the current injections at terminals 2 and 3 can be written

S T PO [ R
] -l el ][]

v <[] [l ]

] =]

Using (29) and (30) in (28), we get

[Via] = fae] [v] = (lov] [2] + [20] [o]) [ ]

[Uy]

(€29}

The current injections at terminal 2 and 3 can be written as:
(125 = 017 [ao] [vas] — 100 ia] 32
Using (26), and (32), the Y bus matrix of centre tapped trans-

former can be computed and associated coefficient can be ex-
tracted with V7, V5 and V5.

I Yiu Yo Yiz| [V
Iy| = |Ya Yo Yaz| (V2 (33)
I3 Y31 Y3 Yi3| [V3

A stacked Y, s including distribution lines, regulators, and
transformers is shown in Algorithm 1. This Y3, approach is
computationally fast. For example, in case of a reconfiguration
or a tap change in the voltage regulator, only Y; Y needs to be

bus
recalculated instead of recalculation full system Y}, .
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Algorithm 1: Stacked Y Bus Calculation.

1 Find total number of buses /N and branches Ny, in the
distribution network.

2 Identify all types of branch components (lines,
regulators and transformer) connected between two
buses.

3 Get data for distribution line (RLC values),
transformers (leakage impedance, type) and regulators
(taps).

4 Initialize Vi, V2, Y, ¢ and Y}Zsf with a null matrix
of dimension (3Nx3N).

5 forx =1: Ny do

6 if branch x is "distribution line” then

7 | Compute Y%, using (5)

8 end

9 else if branch x is "voltage regulator” then
10 | Compute ;- using (10)

11 end

12 else if branch x is "transformer” then

13 | Compute Ybﬁ:sf using (12)

14 end

15 else if branch x is ”Split phase or centre tapped
transformer” then

16 | Compute Y, using (26) and (32)
17 end

18 end

19 Yous= Vit Yyuf+ Yl + Yy 07

E. Load Models

The loads are modeled as ZIP loads. The load at bus 2
associated with phase ¢ can be modeled as

2
Py = (PL)°(K1|V?| + Ky |V

+ K3) (34)

2
QF. = (Q))° (K4 |V + K5 |VP| + Ko)  (35)

where (PZ’ )Y and (Qf ) are nominal values of the active power
and reactive power of load associated with phase ¢ of node ¢
respectively, and K7 + Ko+ K3 =1, Ky + K5 + K¢ = 1.

With ZIP load modeling [2], the net specified nodal current
injection can be represented as

s 2260\ (18] v

Pys _ s _ pAs _t

(5" = [Q%%QJ *(mm)“é 9)+<@>]
(36)

where S? is scheduled power, ¢ is the voltage angle and 0 is the
power factor angle, Vj; is the nominal voltage, Z; is impedance
of the load. The shunt capacitance for reactive power support is
modeled as a constant impedance load.

F. Modeling of Distributed Energy Resources

In the proposed approach, the DERs can be modeled as PQ
bus and PV bus. The PQ model of DERs is included by treating
it as a negative load. The DERs modeled as PV bus (where real
power and voltage at the PV bus are specified) can be included
by developing a sensitivity matrix. Using the sensitivity matrix

5085

{5.6} z
4 ="Total PV buses (A]L) )
k = DG Number=indices of 4
M=51,=6 PV bus model

Fig. 3. Constant voltage type DGs.

net amount of reactive power is computed to compensate the
difference between computed (V3 ) and specified voltage (V;zv)
at the PV bus A, (A is set of PV buses and k is the indices of
set A). Consider a distribution system with total number of PV
buses as v (Fig. 3). The net complex current injections by the
DERs modeled as PV bus can be computed using a generalized
sensitivity matrix as

AL = (ZFPV) 'AV, (37)

where AT, is the additional PV bus current injection matrix to
compensate for the the PV bus voltage mismatch matrix AV;;.
The matrix ZPV is PV bus impedance matrix. where

21} A1 AN
v _ |20 Zy 23 38)
[ Z1 Zyuk Zhn
AL = :(AIM)X (AL, (AIAH)X}T (39)
AV, = [@AV)Y AR . @]
(40)

In the above equation for any PV bus £, the current variables is
(AI(Ar))X which represents additional injection required at the
PV bus Aj, to compensate the difference between computed and
specified voltage. The voltage variables is (AV (A;))X which
represents voltage mismatch at PV bus Aj.

— (V2 )X

can be computed using

(AV;)Y = |Vige (1)

The elements of matrix ZPY
Algorithm 2.

Thus, we can compute net additional injection required at the
PV bus using (37). Al is the net additional complex current
injection vector and which can be split into real AL (r) and
imaginary components AT (q). where

AL (r) = [(Afm))x (AL ()X (AL ()X !

(42)
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Algorithm 2: ZPV Building Algorithm.

1 Get line configuration (RLC values) data and PV bus
location information.

2 Store PV bus location information in an array A of
dimension p. For example from Fig.3, A = [5,6], k is
indices of .

3 Find the set of branches or connectivity existing in
path connecting source bus to each PV bus \; and
store the branch set in the path depiction set W

4 Initialize a null matrix ZPV of the order (u x p).

s form=1:pudo

6 forn=1:pdo

7 if m=n then

8 Zhin =2 L
ijewR”

9 end

10 else if m+#n then

1 Zhn = > Zi
iHE(WET NWDY)

12 end

13 end

14 end

15 if PV bus is single phase or two phases then

16 Remove the rows and columns corresponding to

missing phases from ZPY

17 end
18 Reshape the matrix to its three-phase equivalent form
and ensure the resultant size of ZPV is of the order

(Bu x 3p).

Algorithm 3: ATPV Matrix Building Algorithm.

1 Compute all the elements of AI, as per (37).

2 Store PV bus location information in an array A of
dimension p and let k£ be the indices of .

3 Initialise a null matrix AI”V of dimension 2N x 1.

4 form=1:N do

5 if m € )\ then
6 Alix 1y = (Al ()X where \g=m
7 AI(Qm) = (Alx, ()X where A\p=m
8 end
9 else if m¢\ then
PV _ AJPV_ _
10 | ALGY, = AR, =0
11 end

12 end
13 Reshape the matrix AITY to its phase equivalent form
and hence resultant size will be of the order (6N x1)

<4

AL(a) = [(ALuggys - (ARi(@)X ... (ALu(g)¥

(43)

The computed injection will be utilized for computing injected
PV bus current sensitivity matrix ATV of the order (2N * 1).
This matrix reflects the characteristics of PV bus in the cur-
rent injection algorithm which be included without updating
elements and size of jacobian matrix. The detail regarding how
the elements of A"V are computed is shown in Algorithm 3.
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Consider a distribution system with /V buses and two PV buses
A; =k and A; = p. The computed injection included as

T
07 (AI)H;([]))X7 (AIM(T))X7 07 s 707

Ay [0
( (AL ()¥,0,...,0)

AIM(Q))X7

(44)
The additional real power injection by the DERs modeled as PV
buses is zero. Hence, in (44) real part of the additional PV bus
injections will be zero, Thus (44) can be modified as:

T
07 (AI)\i(q))X, 07 07 s 707
,0,0,...,0)

III. PROPOSED INJECTED CURRENT SENSITIVITY BASED
LoAD FLow

AIPV _ [07(7 (45)

AIM(Q))X

In the proposed approach the Jacobian matrix is formed
from the bus admittance matrix where each element in the
bus admittance matrix is replaced with 2 x 2 blocks in case
of 1 phase system and each 3 x 3 matrix in the bus admittance
matrix is replaced with 6 x 6 blocks in case of 3-phase system.
The off-diagonal blocks obtained in the Jacobian are fixed over
iterations and diagonal blocks are updated at every iteration
based on the type of load model connected to that bus. For [V
bus, nodal current equation can be expressed as

N N
Ibus = }/bus‘/bus = ZZ}/”‘/]

(46)
i=1 j=1
where
T
Pz = [1112 . IN} 47)
34

are the nodal injection current vector and bus voltage vector of
the network, respectively. The Y}, s of the N-bus system can be
formulated as per Algorithm 1. From this the current injection
in a phase ¢ of bus ¢ can be computed as

¢ _ oy P 70 sTP
D=2 D YTV = I+l “49)
JEE pEOo
Y _ e ®
Vit = Vi Vit (50)
Y*ff’@ G*ff’@ _|_JB¢<P (51)
where, £ =(1,2.....N),0 = (a,b,¢),i = (1,2.......N). In
real and imaginary form (49) can be represented as:
¢ _ PP Po1rP
Ity =22 > GV, = BV, (52)
je¢ peo
o 90 PPy P
Ly = 22D G Viy + BV, (53)
JE§ pET

Then the complex current mismatch in phase s of the bus 7 is

AI? = (I7)*P] — (17)eate (54)

¢ catc __ ¢ ¢ calc __
where (4{1 )eat —¢ Z;eg Zﬁeg Yi; wzw (45[2 )eat _¢Zje§
Zapea Yijwvjw’ (Pi )Spf - PDGi - PLi’ (Qi )Spf = QDGl -
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Qii, Vf = Vfr) + jV;fq) and (Pf)sf’f, PgGi, Pz’i is active
component of scheduled, generated power and net load respec-
tively at bus 1, (Qf)“"‘pf , Q%Gi, and in is reactive component
of scheduled, generated power and net load respectively at bus <.
Thus (54) which is in complex form can be represented in terms

of the real and imaginary component as

P\spf1/P P\spfi/®
app TPV + @)V

i(r) — ® \2 ® \2
WV 7+ (Vi)

Pp1,P Pp1,P
=YD GV, - BV,

jeg weo (55)
P\spf1/P P\spfy/®
AIf = (P Vig — (@™ Vi)
i(q ® \2 é \2
V)2 + (Vo)
Pp1,P Pp1,P
=22 GV + BV,
jE€g weT (56)

The power flow formulation using current injections considering
DERs connected at bus at bus k£ and p can be solved using (57)

as
-1
[AV} - [J} ([Al] + [(AIPVD (57)
where
T
J:[Jl R R IS JN} (58)
11 21 IN IN
Jfl J{“ JEN JfN
15 ;g 25 _ Oliq 35 _ Ol 45
\A(;lllere It = T;(:)’ JF = T;(;), J:F = T;(:) L =
8‘;3'((2)’ and i = {1,2,....N} and j = {1,2,....N} The up-
dated voltage is given by
x+1 X
M - M n [AV} (60)
The elements of Jacobian J can be obtained as
Ii(q) Ii(q)
= Bij—diag(La;), i=j —2 =Dy, i#]
Wiy Wiy
(61)
Ii(q) Ii(q)
= Gij—diag(Lb;), i = j —L — Gy, i 4]
Wi Wiy
(62)
8Iz(r) 8Iz(r)
zGi-—diag(Lci), sz ZGi', Z7éj
Wiy Wiy
(63)
= —Bi-—diag(Ldi), 7 Zj = —Bi', 7 7éj
Vi(q) ! Vi(q) !
(64)
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The elements La, Lb, Lc, Ld depends on type of load con-
nected [7] and can be calculated as below.

K6(Q7)°(VL1) — (VL2)K3(Py)°

LCL;-Zﬁ = (VL)*
b \0 ¢ \0
(VL?))KQ(PLJ(;L)(R)V PR @) | K@y
(65)
b — K3(Py)°(VL1) + (VL2)Ke(Q7,)"
i = (VL)*
& @
~ (VL3)K5(PLJ§/Z )(;’M)K“‘(P L) Ki(P})°
(66)
Lo Ka(PL)°(VLS) — (VI2)Ko(Q7)°
o = (VL)
@ @
N (VL3)K5(QL1_)((‘)/ ;)(;/Lﬁ)KQ(PLi)O Ky Pﬁ)o
(67)
Lo~ Ko@) (VI — (VI2)Ky(P])°
= VL)
b 0 __ ¢ \0
<VL3>K2(PLI.>(VL)<3VL6>K5<QLJ —K(QY)°
(63)

where VL1 = [(Vi? )2 — (V;0,))2], VL2 = 2V V¢ VL3 =
Vit Vit VLA = (V())% VL= [(VE,))* + (Vi(,))*] VLS =
[(Vi‘é’q))2 - (‘/1.?4))2], VL6 = (Vi?q) )2. For enforcing the reactive
power limit, the generator’s lower and upper bounds are spec-
ified. If this is violated, reactive power generation is set to the
limits, and load flow is calculated treating that particular bus as
a PQ bus. A flowchart of the injected current sensitivity-based

load flow is shown in Fig. 4.

IV. SIMULATION RESULTS AND DISCUSSIONS

In this section, precision, efficacy, scalability, and robustness
of the proposed current injection-based LF algorithm developed
on MATLAB software have been thoroughly investigated using a
desktop computer with an 11th generation CORE i7 processor,
12 GB RAM, 512 GB Solid-state drives and 2.80 GHz CPU.
Various test systems have been used for this purpose. A summary
of the characteristics of the test systems used is shown in Table II.
The precision test has been performed by comparing the test
results obtained by the proposed LF algorithm with benchmark
solutions [30], [31], whereas, the efficacy investigation has been
conducted by comparing the convergence time of the developed
LF methodology with other prevailing methodologies in the
literature. The robustness of the algorithm has been analyzed
by varying the R/X ratio of the distribution line data and loading
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Load System Data

Start with rated bus voltage and
iteration count () to zero and tolerance limit(g)

Calculate (Yp,,) (see algorithm 1),
and Jacobian from (Yp,s).
1|

(

| Compute load current (see section II.E) |

| Compute the real and imaginary component |
of current tch (see eq.55 and 56)

| Compute the voltage mismatch AV (see eq. 57) |

Update Diagonal yYegz+l
— blocks of )
Jacobian A=y r+ AV

Compute the compensated
current at all PV buses [
(see eq.45)

Update Voltage Regulator
Taps and Compute new Yi

]
Update Yy ,and J acobian"—

Solution

converged

Fig. 4. Flowchart for the proposed injected current sensitivity based LF.
TABLE IT
TEST SYSTEMS DESCRIPTION

;L Test System RZ;}:;%;S Transformers SCh;)nSt ﬁ;;%

1 IEEE 4 Bus 0 1 0 2522
2 IEEE 13 Bus 1 1 2 0.3514
3 IEEE 123 Bus 4 1 4 0.2645
4 650 Bus 4 0 4 0.2145
5 2500 Bus 4 0 4 0.2145
5 8500 Node 4 1177 4 0.2145

factor to a very wide range. Finally, the scalability of the pro-
posed methodology has been analyzed on three large distribution
networks viz.650 bus, 2500 bus system, and IEEE 8500 node
system.

A. Test System 1: IEEE-4 Bus System

The IEEE-4 bus system was used as a test system for verifying
the applicability of the proposed LF algorithm for different types
of transformer connections in the distribution network. Load
flow analysis of transformer integrated distribution system with
balanced and unbalanced loading conditions are validated with
benchmark test results [30], [31] for five different transformer
connections. The maximum % error in bus voltage magnitude
when compared with the benchmark value for five different
step-down transformer connections is shown in Fig. 5. It is
evident from the test results that the LF solution obtained using

IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 37, NO. 6, DECEMBER 2022

Max % Error
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Fig. 5. Maximum % bus voltage magnitude error for different transformer
connections.
0.4
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s
5 0.1
B
o
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0.2
o 2 a 6 8 10 12
Bus
Fig. 6. Validation of LF and % error for IEEE 13 bus system.

the proposed LF methodology is within the proximity of the
benchmarked test results.

B. Test Systems 2 : IEEE-13 Bus System

The IEEE-13 bus system is a heavily loaded short feeder with
a substation voltage regulator and one inline transformer. This
feeder is mainly used to test the effectiveness of the algorithm in
handling different load types (viz. constant power (), constant
current (/), constant impedance (Z), and composite load or
ZIP load), and connections of load (viz. star/delta). The load
flow results obtained using the proposed current injection-based
approach have been compared with benchmarks test results
(Fig. 6). From this test, it is observed that the maximum per-
centage voltage magnitude error is within 0.4%. Thus, it can be
concluded that the developed LF methodology is proficient in
handling various types and connections of load. This test feeder
is also used to check the ability of the proposed method on
voltage regulator operations. For this, the loading is increased
to 120% of the baseload yielding a lower voltage profile. A tap
operation is initiated if the voltage at regulating point node is
out of band from a preset reference voltage. Using the updated
taps, only the Y'bus corresponding to regulators are calculated
and system YDus is updated. The LF with new Ybus and new
Jacobian has performed again. The voltage profile before and
after regulator tap operation is depicted in Fig. 7.

C. Test 3: IEEE-14 Bus System

A single-phase IEEE-14 bus system [6] has been used to quan-
titatively compare the computational efficiency of the proposed
method in terms of the size of the Jacobian. The number of
elements updated in Jacobian per iteration and size of Jacobian
for an n bus single-phase distribution system with m PV buses
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Fig. 7. Change in phase voltage with and without regulator action for IEEE 13 bus system. (a) Phase A. (b) Phase B. (c) Phase C.
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Fig. 8.

Validation of LF results and % error plots for IEEE-123 bus, 650 bus and 2500 bus systems. (a) Error 123 bus. (b) Error 650 bus. (c) Error 2500 bus.

TABLE III
COMPARISONS OF JACOBIAN SIZE FOR LF APPROACHES

TABLE IV
COMPARISON OF THE PROPOSED APPROACH AND NR FOR
VARIOUS R/X RATIOS

Tradition I%iggg; ISJ};IZZI;; Proposed
NR 6] (32] Method
Size of Jacobian 2n-m-2 2n-2 2n-2+m 2n-2
Size of Jacobian
(14 bus system) 22 26 30 26
Elements Updated 146 74 60 52

per Iteration

R/X Factor

Newton Raphson

Proposed Method

Tterations Time(s) Tterations  Time(s)

0.25 6 1.031031 5 0.0516
0.5 6 1.120756 5 0.051
1 6 1.236635 5 0.0518
2 7 1.356 5 0.051
3 9 1.897 6 0.064
5 NC NC 8 0.078

is shown in Table III. The quantitative assessment of the size of
Jacobian for the IEEE 14 bus system with 4 PV buses is depicted
in Table III. Unlike the traditional Jacobian matrix-based LF
methods where an update of Jacobian (size and element) is
required for each PV bus, this method does not require any
Jacobian update, hence, making it faster and more flexible to
include a large number of DERs. The detailed validation of the
convergence ability of the proposed LF method is presented next.

D. Test System 4: IEEE-123 Bus System

The IEEE-123 bus system is a heavily loaded feeder with
one three phase and 6 single phase voltage regulators and four
capacitors. The IEEE-123 bus system has been used to prove
the applicability of the proposed LF algorithm on the system
with more number of regulators. The load flow results (bus
voltage magnitude) obtained using the proposed method are
compared with benchmark test result. It can be seen that the
solution obtained lies in the proximity of the benchmark solution

(Fig. 8(a)). This elucidates the accuracy of the proposed method
in the presence of number of regulators.

To prove the robustness and efficiency of the proposed
LF approach, the R/X ratio and loading factor of the IEEE-
123 bus distribution network have been varied. The conver-
gence speed comparison at different loading conditions and
various R/X ratios are depicted in Tables IV and V respec-
tively. The proposed approach is much faster than the NR
method due to minimal Jacobian computation per iteration.
From Tables IV and V it can also be seen that the developed
methodology is capable of providing the LF solution efficiently
for a wide range of R/X ratios, and loading variation. This
demonstrates the robustness and efficiency of the proposed LF
algorithm.

To show the effectiveness of the proposed method in dealing
with multiphase DERs, a test case with 1-phase (bus 151),
2-phase (bus 27), and 3-phase DERs (bus 66) in 123 bus
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(c) Phase C.

TABLE V
COMPARISON OF THE PROPOSED APPROACH AND NR FOR VARIOUS
LOADING CONDITIONS

Newton Raphson Proposed Method

Loading Factor

Tterations  Time (s) Iterations  Time (s)

0.1 6 1.209253 6 0.0585
0.5 6 1.18596 5 0.0493

1 6 1.236635 5 0.0518
1.5 6 1.107104 5 0.0541

2 6 1.085354 6 0.0595
2.5 7 1.368683 7 0.0701

3 9 1.608643 8 0.08

4 NC NC 19 0.1924

systems has been used. This test feeder is also used to check
the ability of the proposed method on voltage regulator op-
erations in the presence of capacitors and controlled DERs.
For this, the voltage magnitude set point at all the PV buses
is assumed to be maintained at 1 p.u. Three cases have been
investigated. The LF results of IEEE-123 bus system without
DERs (Case 1), with DERs modeled as PV bus but with no
regulator control operation (Case 2), and with DERs modeled as
PV bus integrated with regulator control operation (Case 3) are
provided in Fig. 9. The voltage profile before and after regulator
tap operation is also shown in Fig. 9. The load flow result
showing location and reactive power injection per phase for
all the above-mentioned scenarios is summarized in Tables VI
and VII. In the third case, a tap operation is initiated if the
voltage at regulating point node is out of the band from a preset
reference voltage. Using the updated taps computed using the
algorithm mentioned in [22], only the Ybus corresponding to
regulators are calculated and system Y bus is updated. The LF
with new Y'bus and new Jacobian has performed again. It has
been observed that the LF results in the presence of regulators,
capacitors, and DERs converging and provides a coordinated
solution.

E. Test Systems 5, 6 and 7: 650 Bus System, 2500 Bus System,
and 8500 Bus System

To assess the effect of the system size on the convergence
and accuracy of the proposed LF model, the LF problem of
three test feeders (650 bus system, 2500 bus system, and

0.99
60 0

Bus

()

80 100 20 40 60

Bus

(©)

80 100

Performance comparisons of proposed LF with DERs as PV Bus on IEEE-123 bus system including voltage regulators. (a) Phase A. (b) Phase B.

8500 bus system) was solved using the proposed model. The
8500-node test feeder consists of multiple feeder regulators,
capacitor banks, split-phase service transformers, and feeder
secondaries. The circuithas a 115 kV source, 12.47 kV medium
voltage feeder sections, and a 120 V low voltage feeder sec-
tion. There are 4876 three-phase, two-phase, and single-phase
medium-voltage nodes. The single-phase nodes are connected
to 1177 split phase transformers. The two secondaries of these
transformers are connected to load nodes using triplex lines. In
total, there are 3041 A phase nodes, 2830B phase nodes, and
2660C phase nodes. The 650 bus system and 2500 bus system
have been derived from the 8500 test system. The details about
the components of the 650 bus system and 2500 bus system
are provided in Table II. The load flow solution is obtained
for the aforementioned scaled test systems using the proposed
approach and has been compared with benchmarks test results.
The deviation of voltage magnitude obtained using the proposed
method when compared to OpenDSS [31] for 650 bus system
and 2500 bus system are shown in Fig. 8(b) and 8(c) respectively.
It can be observed that the % error deviations are less than
0.4 max that has been observed on 2500 node system. The
voltage magnitude for the IEEE-8500 bus system is shown in
Fig. 10. It was observed that the voltage profile is similar to the
benchmark from OpenDSS. For error comparisons, maximum %
error, minimum percentage error, and average percentage error
in voltage deviations for the IEEE-8500 test system are provided
in Table VIIIL. The maximum % error on the low voltage and high
voltage feeders of the IEEE-8500 bus system are —0.48% and
—0.41% respectively. It is evident from the error comparison
plots (Fig. 8(b)-8(c)) and Table VIII that results are within 0.5 %
maximum error and the error trend is not increasing considering
the system scale. Test results for the assessment of DERs as PV
bus are illustrated in Table IX. It can be seen that the proposed
approach is capable of providing load flow solutions, accurate,
and at the same time capable of coordinating legacy and DER
controllable devices. The load flow solution for the IEEE-8500
node system converges in 51 s. The existing load flow reported
in the literature takes more than 1500 s [33], and 150 s [34]
respectively. This illustrates the efficacy and scalability of the
proposed approach for large test networks. The computational
time can be further improved by efficient coding and compiling
procedures.
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TABLE VI
SUMMARY OF LF RESULTS WITH AND WITHOUT DER CONTROL AS PV BUS FOR IEEE-123 BUS SYSTEM

Bus No PV Bus With PV Bus
Voltage(pu) Active Power(KW) Voltage(pu) Reactive power injection(Kvar)
Ph. a Ph. b Ph.c Ph.a Ph.b Ph.c Phoa Ph. b Ph. c Ph.a Ph. b Ph. ¢
151 0.9884 20 0.9998 49.57
27 0.9952 1.0027 30 25 0.9999 0.9999 -27.72 -57.86
66 0.9850 1.0250 0.9924 20 10 15 0.9999 1.0003 0.9991 73.38 -65.93 38.43
TABLE VII
SUMMARY OF LF RESULTS WITH AND WITHOUT DER CONTROL AS PV BUS AND REGULATOR CONTROL FOR IEEE-123 BUS SYSTEM
Bus With PV Bus and No Voltage Regulator Control With PV Bus and Voltage Regulator Control
Voltage(pu) Reactive power injection(Kvar) Voltage(pu) Reactive power injection(Kvar)
Ph.a Ph.b Ph.c Ph.a PhbD Ph. c Ph.a Ph.b Ph.c Ph.a PhbD Ph. ¢
151 0.99 49.5 0.99 47.8
27  0.99 0.99 -27.7 -57.86 0.99 0.99 828 21.9
66 099 1.00 099 733 -659 38.43 099 1.00 099 1256 16.5 91.3

O Phasea

© Phasec

o

0 500 1000 1500 2000 2500 3000 0

Node
@

500 1000

Fig. 10.

TABLE VIII
VOLTAGE MAGNITUDE % ERROR COMPARISON FOR IEEE-8500 BUS SYSTEM

High Voltage Low Voltage  Overall
% Error Feeder Side Feeder Side  System
Maximum  -0.41 -0.48 -0.48
Minimum  -0.01 -0.14 -0.14
Average -0.24 -0.31 -0.2706

FE Discussions

The various test system has been performed to investigate
the significance of the proposed current injections-based LF
algorithm with the DER model and coordination with legacy
devices. The first test system is the IEEE-4 bus system which has
been utilized to analyze the applicability and accuracy of the de-
veloped LF methodology for transformer integrated distribution
system. The test results in Fig. 5 reveal that the maximum % error
from benchmark values in voltage magnitude for a step-down
transformer with various connections is less than 0.8%. This
has been possible because of the detailed model of different
transformer connections that can be accurately included in the
generalized Y-bus of the network. The second test system is the
IEEE-13 bus system. The maximum % error from benchmark

1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Node
(b) ©

IEEE 8500 node system voltage profile. (a) Phase A. (b) Phase B. (c) Phase C.

values in voltage magnitude is less than the 0.4% (Fig. 6)
which proves that LF is accurate and also can handle regulator,
transformer, and load types (viz. constant power (P), constant
current (/), constant impedance (Z) and composite load) and
connections of load (viz. star/delta). This can be attributed to
the capability of the generalized stacked Y-bus framework.

It is evident from Tables IV and V that the proposed ap-
proach is much faster than the NR method since only diagonal
blocks are updated in Jacobian per iteration in the proposed
method. Also with the inclusion of the PV bus, the number
of Jacobian elements updated per iteration remain unchanged.
The effectiveness of multi-phase DER modeling is depicted
in Table VI where the load flow results showing location and
reactive power injection per phase are summarized. Table VII
summarized the capability of the proposed algorithm to provide
a coordinated solution considering the operation of the legacy
devices and DERs. To test the scalability of the proposed method,
three test feeders viz. 650 buses, 2500 buses, and 8500 buses
have been considered. It is evident from the error comparison
plots (Fig. 8(b)-8(c)) and Table VIII that the results are within
the proximity of the benchmarked test solutions. This proves
the scalability of the proposed load flow approach. Table IX
summarizes the capability of the proposed method to provide
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TABLE IX
SUMMARY OF THE PROPOSED LF RESULTS WITH AND WITHOUT DER CONTROL AS PV BUS FOR IEEE-8500 NODE SYSTEM

Bus No PV Bus With PV Bus
Voltage(pu) Active Power(KW) Voltage(pu) Reactive power injection(Kvar)
Ph.a Ph.b Ph.c Ph.a Ph.b Ph.c Ph.a Ph.b Ph.c Ph.a Phb Ph. ¢
L3216348 0.991 - - 120 - - 1.005 - - 145 - -
M1027005 - 0.992 - - 150 - - 1.005 - - 105 -
N1140516 - - 1.01 - - 100 - - 1.005 - - -85
TABLE X
COMPARISON OF THE PROPOSED LF WITH OTHER STATE-OF-THE-ART LF APPROACHES
LF Method PV Bus  Detailed Jacobian Unbalanced/  Transformer  Regulators  Load Load IEEE Test
Model Y-Bus Calculated loads Types Types  Connection Systems
Proposed Yes Yes Yes Yes Yes Yes ZIP Y,D 4,13,34,123,8500
[7] Yes No Yes Yes No No ZIP Y None
[33] No Yes Yes Yes Yes Yes ZIP Y,.D 37,123,8500
[4] Yes NA NA Yes No No ZIP Y 13,37,123
[26] No NA NA Yes No No PQ Y 37
[15] No Yes NA Yes Yes No PQ Y,D None

optimal DER operation settings on a scaled system. In Table X, a
comparison of the proposed LF method with the several existing
LF approaches in terms of inclusion of various distribution
system components has been detailed. It is evident from the test
result that, the proposed LF algorithm is capable of providing the
LF solution for distribution systems embedded with unbalanced
loads, regulators, various load types, star and delta configuration
of load, and PV type DERs.

V. CONCLUSION AND FUTURE WORK

An injected current sensitivity (ICS) for distribution systems
with multi-phase DERs has been proposed. The significance
of the proposed LF methodology lies in the formulation of the
generalized Y -bus and Jacobian model which embeds models of
all the significant components of the distribution network. This
includes distribution lines, capacitors, voltage regulators, and
relevant transformer connections, and a stacked bus admittance
matrix (Y -bus) is designed. Then a generalized Jacobian matrix
is developed. Multiphase DERs with voltage control capability
are modeled as PV buses using a reactive power sensitivity-
based approach and additional injection is suitably updated in
the current injection vector making the size and elements of
Jacobian unchanged. Comprehensive numerical tests on IEEE-4,
IEEE-13, and IEEE-123 bus test distribution systems show the
accuracy and robustness of the proposed approach in handling
distributed lines with missing phases, several voltage regula-
tors, and transformer connections. The approach shows reduced
computational burden when compared to other methods and
shows good convergence ability for a wide range of R/X ratio
variations, and load variations. The scalability of the approach
is validated on variants of the IEEE- 8500 bus system. The
results elucidate the viability and authenticity of the proposed
method.

Future work includes adding features such as open-Y
and open-A transformer connections and delta-connected

regulators. Also, to improve the computational time advanced
coding methodology and parallel computing algorithms will
be explored. Further, the proposed load flow algorithm will be
expanded to include micro-grid, AC-DC distribution network,
and integrated transmission and distribution systems.
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