CUP PRODUCTS ON CURVES OVER FINITE FIELDS

FRAUKE M. BLEHER AND TED CHINBURG

ABSTRACT. In this paper we compute cup products of elements of the first étale cohomology
group of uy over a smooth projective geometrically irreducible curve C over a finite field k¥ when
£ is a prime and #k = 1 mod ¢. Over the algebraic closure of k, such products are values of the
Weil pairing on the ¢-torsion of the Jacobian of C. Over k, such cup products are more subtle
due to the fact that they naturally take values in Pic(C) ®z fip rather than in the group jiy of £th
roots of unity in k*.

1. INTRODUCTION

The object of this paper is to compute various cup products and multilinear products in the étale
cohomology of smooth projective geometrically irreducible curves C' over a finite field k. Let £ be a
prime such that ¢ = #k = 1 mod £. Then k* contains the group iy of all £** roots of unity in an
algebraic closure k of k. Let C = k ®;, C. By [9, §20] and [3, Dualité §3], the cup product

(1.1) HY(C, j1e) x H(C, ug) — H*(C, u?z) = [ig
can be identified with the Weil pairing

(1.2) {, Yweil : Jac(O)[€] x Jac(C)[€] — fie
via the natural identification of H(C, u1y) with the (-torsion Jac(C)[¢] of the Jacobian of C. We
will study the corresponding cup product pairing

(1.3) U - HY(C, pe) x HY(C, o) — H*(C, p?) = Pic(C) @z fu
over the finite field k. We will also consider the trilinear map
(1.4) HY(C,Z/0) x H(C, pug) x H(C, pg) — H3(C, u$?) = fie-

One interest of such trilinear maps comes from key sharing schemes; see [2].
One can naturally identify H!(C, uu¢) with the quotient of

D(C) ={a € k(C)" : dive(a) € £ - Div(C)}

by the subgroup (k(C)*)*. Let [a] € H*(C, u¢) be the cohomology class determined by a € D(C).
Let Pic(C) be the divisor class group of C, and let Pic’(C) be the group of divisor classes of
degree 0. There is a surjection H'(C, y1y) — Pic®(C)[¢] which sends [a] to the (-torsion divisor class
[dive(a) /€] of dive(a) /€. We will view Pic®(C)[€] as a subgroup of Pic®(C)[¢] = Jac(C)[f].

Since C' is geometrically irreducible over k, there is a divisor of C that has degree 1 by [11,
Cor. 5, §VIL5], which implies there must a point O¢ for which d(0¢) is prime to . Let 7 be a
uniformizing parameter in the local ring O¢ o,. An element a € D(C) will be said to be normalized
at Oc with respect to 7 if the Laurent expansion of a at Oc has leading coefficient in k(0¢)f. The
set HY(C, pu)o. of classes [a] represented by a € D(C) that are normalized at O does not depend
on the choice of 7 and is a codimension one Z//-submodule of H'(C, ;). The notion of normalized
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classes goes back to work of Miller in [6] on the efficient computation of the Weil pairing. A one-
dimensional Z/¢-complement to H(C, 11¢)o.. is the space k*/(k*)¢ = H!(k, u;) of classes of the form
[s] with s € k*. The latter space is also the kernel of the surjection H!(C, ;) — Pic®(C)[4].

Theorem 1.1. Suppose C has genus 1 and £ > 2. For [a], [b] € H(C, 1¢)o. one has

(15) [a]u[b}=@-([Od®<[aub1>w6u> in Pie(C) @ i = HA(C, uf?)

where a = dive(a) /€, b = dive(b)/€ and [0¢] is the class of the divisor of degree d(0¢) defined by
the point Oc¢.

The corresponding result when ¢ = 2 is more complicated; see Theorem 6.4. Note that to give C
in Theorem 1.1 the structure of an elliptic curve, one must specify a point of degree 1, which could
be taken to be Oc.

For curves of arbitrary positive genus, the cup product on classes in H(C, )0 is more subtle.

Theorem 1.2. Suppose C has arbitrary positive genus and that Oc is a closed point of degree
d(0¢) prime to £. Suppose £ > 2 or that £ =2 and the normalized classes H'(C, ps)o. do mot have
dimension 1. The following two conditions are equivalent:
i. The image of the cup product map H*(C, jue)oo x HY(C, pue)oe. — H2(C, ) spans a Z/¢-
subspace of H?(C, ,uzm) of dimension less than or equal to 1.
ii. For all a,b € D(C) such that [a], [b] € H*(C, p¢)o.., one has
1
d(0c)
where a = dive(a) /€ and b = dive(b) /L.

[a] U [o] = ~((0c] @ ([a], [o)wen)  in Pic(C) ®z i = H*(C, 1if”?)

We give in §8 infinitely many curves C of genus 2 for which the equivalent conditions (i) and (ii)
of Theorem 1.2 do not hold for £ = 3. The size of the image of the cup product in an analogous
number theoretic situation arising from the theory of cyclotomic fields is discussed by McCallum
and Sharifi in [5].

When C has genus 1 in Theorem 1.2 and ¢ > 2, the cup product in part (i) of Theorem 1.2 is
an alternating pairing on a vector space of dimension at most 2 over Z/p. Therefore condition (i)
holds, consistent with Theorem 1.1. When C has genus 1 and ¢ = 2, condition (i) of Theorem 1.2
need not hold, and the possibilities are analyzed in Remark 7.3.

We now discuss the nature of the cup product on classes that are not normalized. As noted
above, for C of arbitrary genus, H*(C, i¢)o, has codimension 1 in H(C, us) with a complement
being provided by the one-dimensional Z/¢-vector subspace k* /(k*)* € D(C)/(k(C)*)*. By the anti-
commutativity and bilinearity of the cup product, the determination of cup products is reduced to
these two cases: (i) both classes are in H'(C, ¢)o., and (ii) the first class is in k*/(k*)*. We now
focus on case (ii).

Theorem 1.3. Suppose C has arbitrary genus, s € k* C D(C) and b € D(C). Let b = dive(b) /¢,
and as before let [b] be the corresponding element of Pic’(C)[¢]. Then

(1.6) [s] U [b] = dL(b]) @ 5"7 € Pie(C) ®z fu = H*(C, u§’?)
where
dL : Pic(C)[(] — Pic®(C) /¢ - Pic®(C)
is a homomorphism defined in Proposition 5.1 which we call the Legendre derivative of Frobenius.

Here [sJU[b] =0 if b € k*.

The proof of Theorem 1.3 relies on a cup product formula that is a function field counterpart
of work of McCallum and Sharifi in [5]; see Theorem 3.1. Miller gives in [6] a polynomial time
algorithm for computing the Weil pairing. One consequence is that for elliptic curves C' over finite
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fields, the difficulty of computing cup products arises from the case in Theorem 1.3 rather than
from that in Theorem 1.1. In consequence, one can compute the (non-degenerate) triple product

(1.7) HY(C,Z/0) x HY(C, pg) x HY(C, pe) — H(C, u$?) = fie

quickly when the second and third arguments are normalized at some point O¢.

We now outline the contents of the sections of this paper. In §2, we set up the notation and
assumptions for the remainder of the paper and we collect some results on étale cohomology groups.
In §3, we prove in Theorem 3.1 a cup product formula that is a function field counterpart of work
of McCallum and Sharifi in [5]. In Theorem 3.4, we then connect this to the Weil pairing. In §4,
we prove various results that are necessary for analyzing the formula in Theorem 3.1. In §5, we
consider restrictions of the cup product maps (1.4) and (1.3) that are connected to the derivative
of the arithmetic Frobenius. In particular, in Proposition 5.1, we introduce the Legendre derivative
of Frobenius, and we prove Theorem 5.3 which implies Theorem 1.3. In §6, we focus on the genus
one case. In particular, we prove Theorem 6.2 when ¢ > 2, which implies Theorem 1.1. We also
analyze the case when ¢ = 2 in Theorem 6.4. In §7, we consider curves of arbitrary positive genus
and prove Theorem 1.2 (see Theorem 7.1). In §8, we construct an infinite family of curves of genus
two for which neither (i) nor (ii) of Theorem 1.2 hold when ¢ = 3; see Theorem 8.6.
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2. ETALE COHOMOLOGY GROUPS

Throughout this paper we will assume C' is a smooth projective geometrically irreducible curve
of genus g > 1 over a finite field k£ of order q. We will suppose / is a prime such that ¢ = 1 mod
¢, so that k* contains a group iy of order £. Let k(C) be the function field of C' and let k(C) be a
separable closure of k(C). Let Div(C') be the divisor group of C, let Pic(C) be the Picard group of
C, and let Pic’(C) be the group of divisor classes of degree 0. Let k be a fixed algebraic closure of
k,and let C = C ®y k.

Let 1 be a geometric point of C, which can then also be viewed as a geometric point of C. We
have an exact sequence

(2.1) 1 — 11 (C,n) — m(C,n) — Gal(k/k) — 1

of étale fundamental groups in which Gal(k/k) is isomorphic to the profinite completion Z of Z.
There are natural isomorphisms

(2.2) H!(k,Z/¢) = Hom(Gal(k/k), Z/¢)
and
(2.3) HY(C,Z/¢) = Hom(n1(C,7),Z/¢) and HY(C,Z/¢) = Hom(n,(C,n),Z/L).

In fact, we have from [8, Prop. 2.9]:
Lemma 2.1. For all i > 0, the natural homomorphisms
H'(n1(C,n),Z/t) — H'(C,Z/t) and H'(m(C,n),Z/t) - H (C,Z/L)
are isomorphisms.
The following lemma results directly from the spectral sequence
HP (Gal(R /), HU(T, 1)) = HP*9(C, )

together with the fact that Gal(k/k) = Z has cohomological dimension one.
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Lemma 2.2. From (2.1) one has a split exact sequence of elementary abelian £-groups
(2.4) 0 — Hom(Gal(k/k),Z/t) — H'(C,Z/t) — H'(C, Z/0)S*F/F) _

in which Hom(Gal(k/k),Z/t) is cyclic of order £ and H*(C,Z/f) has order £29. The sequence (2.4)
is the Z /¢ dual of the sequence

(2.5) 0 — Pic’(C)/¢ - Pic®(C) — Pic(C) /L - Pic(C) — Z/0 — 0

resulting from the degree map Pic(C) — Z and the Artin map Pic(C) — 71(C,n)*".
The next lemma gives a description of HY(C, ) for i = 1, 2.

Lemma 2.3. Define

(2.6) D(C) ={a € k(C)" : dive(a) € £-Div(C)}.

There are natural isomorphisms

(2.7) HY(C,Z/¢) = Hom(Pic(C),Z/¢) and HY(C,pu) = D(C)/(k(C)*),
and

(2.8) H?(C, j1¢) = Pic(C) /¢ - Pic(O).

Proof. By [1, Lemma 4.3], there is an isomorphism H(C,u,) = D(C)/(k(C)*)*. Moreover, we
have that Hom(Pic(C),Z/¢) is identified with Hom(m(C,n),Z/¢) via the Artin map, and that
Pic(C) /¢ - Pic(C) is identified with H?(C, 1¢) via the Kummer sequence. O

Remark 2.4. The canonical isomorphism HY(C, j1y) = fiy gives an isomorphism
H(C, pe) = H'(C, 2/6) @z ju
for all 7 > 0.

In analyzing cup product pairings it will be useful to have a complement for the image of the
inflation homomorphism H*(k, pp) — H*(C, 11¢). Let k(0¢) be the residue field of a closed point O¢
of C, and let d(0¢) = [k(0¢) : K]

Definition 2.5. Suppose O¢ is a closed point of C' with d(0¢) prime to ¢. Let 7 be a uniformizing
parameter in the local ring O¢ .. A function f € k(C)* will be said to be normalized at O¢ with
respect to  if the leading term in its Laurent expansion with respect to 7 lies in (k(0¢)*)*. A class
in HY(C, pg) will be said to be normalized at 0c with respect to 7 if it has the form [f] for an f of
this kind. Let HY(C, u¢)o. be the subset of all such [f].

Lemma 2.6. There is a closed point Oc of C with d(0¢) prime to £. The normalized classes
HY(C, we)o. are a codimension one Z/{ subspace of H(C, ) that depends on Oc but that does
not depend on the choice of uniformizer m at 0c. This subspace is a complement to the one di-
mensional subspace H'(k, pg) = k*/(k*)¢ of HY(C, pue), and the restriction map sends H*(C, pu)o,
isomorphically to H'(C, pg)G21(k/k)

Proof. Since C' is geometrically irreducible over k, there is a divisor of C' that has degree 1 by [11,
Cor. 5, §VIL5], which implies there must a point O¢ for which d(0¢) is prime to £. If f € D(C) then
ordg, (f) is a multiple of £. Therefore if one replaces 7 by another uniformizing parameter 7’ at
0c¢, the leading terms in the Laurent expansions of f with respect to m and 7’ differ by an element
of (k(0c)*)¢. Therefore H!(C, p1¢)o.. does not depend on the choice of 7. Since d = d(0¢) is prime
to £ and ¢ = 1 mod ¢, the ratio #k(0c)*/#k* = (¢* —1)/(¢ —1) = 1+ g+ ---¢?~! is congruent
to d mod ¢ and therefore prime to £. Hence the Sylow £ subgroups of k* and k(0¢)* are the same.
Therefore every f € D(C) is equal to f - s for some f that is normalized at O¢c and some s € k*. It
follows that H(C, ps)o,, is a complement to the one dimensional subspace H*(k, u) = k*/(k*)* of
HY(C, u¢). This and (2.4) imply the final statement of the lemma. d
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Corollary 2.7. Every element [a] of HY(C, ug) has a unique expression as a product [a] - [r] with a
normalized at Oc and r € k*. The classes [a] and [r] depend on [a] and Oc but not on the choice
of uniformizer ™ at Oc. Suppose [b] € HY(C, uy) equals [b] - [s] with b normalized at Oc and s € k*.
Then

(2.9) [a] U [b] = [a] U [B] + [r] U ] + [a] U [s] = [@] U [b] + [r] U [B] - [s] U [a]

Proof. This is clear from the fact that cup products are bilinear and anti-commutative, and [r|U[s] =
0 since [r] U [s] is the inflation of a class in H2(k, u$?) = 0 to H2(C, u5?). O

Remark 2.8. Corollary 2.7 reduces the computation of cup products of elements of H!(C, 11¢) to
two cases: (i) both arguments are normalized classes with respect to some choice of closed point 0¢
with d(0¢) prime to ¢, or (ii) the first argument is in H(k, y1¢) and the second is normalized. The
notion of elements of D(C) normalized with respect to the choice of a uniformizer at 0c € C(k)
comes from [6], which considered the case in which O¢ of the origin of an elliptic curve C.

We will need the following result later to reduce to the case in which O¢ has residue field k.

Theorem 2.9. Suppose O¢ is a point of C whose residue field k' = k(0¢) is a degree d(0¢) extension
of k with d(0¢) prime to L. Let m: C' = k' ®, C — C be the second projection. The direct image
homomorphism

(2.10) Tt H2(C', u$?) = Pic(C') @z jie — H2(C, u$?) = Pic(C) @z fie

is induced by the norm Normer ¢ : Pic(C') — Pic(C) and the identity map on fig. Let Oc be a point
of C" over Oc. Then Oc is a point of C' (k') and Normer,c(0cr) = Oc. Let [a),[b) € H'(C”, )
be the pullbacks of [a), [b] € H(C, u). One has

(2.11) [a] U [b] = d(éo) (Normer /o @ Id)([a]” U [b]').

where 1d is the identity map on fig. If [a] and [b] lie in H*(C, pue)o.. then [a)’,[b]" € HY(C”, pe)o,,, -

Proof. To show the claim in (2.10) it will suffice to show that
7, s H(C', pg) = Pic(C") — H%(C, pug) = Pic(C)

equals Normer/¢. This follows from the compatibility of the Kummer sequences of C' and C' with
respect to m,. The point O¢ splits to C” so Normer /¢ (0cr) = Oc. The composition 7. o 7 on every
cohomology group H*(C, j1¢) is multiplication by the degree d(0¢) of C’ over C. By the compatibility
of cup products with pullbacks this gives

d(0¢) - ([a] U [b]) = . o w*(([a] U [b]) = mu([a] U [']) = (Norme /¢ @ Id)([a]" U [B])

which shows (2.11) since d(0¢) is prime to ¢. Finally, the last statement of the theorem follows
from comparing Laurent expansions at O¢ and at O¢. g

3. FORMULAS FOR ETALE CUP PRODUCT MAPS

In this section we first prove a cup product formula that is a function field counterpart of work of
McCallum and Sharifi in [5] and we then connect this to the Weil pairing. We assume the notation
of the previous section.

Theorem 3.1. Suppose a,b € D(C) define non-trivial classes [a], [b] € H(C, uy). Choose o € k(C)
with of = a. Then k(C)(a) is the function field of an irreducible smooth projective curve C' over
k. Write b = divg(b)/€ € Div(C). There is an element v € k(C") such that b = Normy,cry/xc)(7)-
Let o be a generator for the cyclic group Gal(k(C")/k(C)) of order £. There is a divisor ¢ € Div(C")
such that

diver(y)=7"b+(1—0) - ¢
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where m : C' — C is the morphism associated with the inclusion k(C) C k(C'"). The element
o(a)/a = ( lies in fig. The cup product

(3.1) [a) U [b] € H2(C, u$?) = Pic(C) ® jur
is given by
(32 U] = (Normuien uer (@] + 5161 ¢

when we use the isomorphisms in Lemma 2.3, where [0] is the class in Pic(C) of a divisord. Suppose
now that t € HY(C,Z/¢) = Hom(Pic(C),Z/{). The triple product

tU[a] U [b] € H3(C, ) = fue
is given by
(3.3) tUla] U [b] = Ct([NormMc’)/um(C)H%[b])_

To prove Theorem 3.1, we need a lemma. Using Remark 2.4, we have the following result from
[8, Cor. I1.3.3(b)].

Lemma 3.2. The cup product pairing
(3.4) HY(C,Z/0) x H*(C, pe) — H3(C, pug) = 7./¢
is a perfect duality between the groups H(C,Z/f) and H*(C, ).

Proof of Theorem 3.1. The expression (3.2) is shown by the argument of [5, Thm. 2.4], suitably
adapted to the function field case. The formula (3.3) will now follow if we can show that the pairing
(3.4) in Lemma 3.2 agrees with the natural evaluation pairing

Hom(Pic(C),Z/¢) x (Pic(C)/¢ - Pic(C)) = Z /¢

when we use the identifications in Lemma 2.3. It will suffice to show that the cup product

(3.5) H'(C, ) x H*(C, pe) = H*(C, u§) = fug
and the evaluation map
(3.6) Hom(Pic(C), fie) x (Pic(C) /L - Pic(C)) — fig
agree.
In [1, Cor. 5.3] it is shown that the Kummer sequence leads to an exact sequence
(3.7) k(C)*/(K(C)) = J(k(C))/ (UK(C)) - J(k(C))") == H(C, ) — 1

where J(k(C)) is the idele group of k(C') and U(k(C)) is the group of unit ideles. The cokernel
of 7 is isomorphic to Pic(C)/¢ - Pic(C), and (3.7) agrees with our identification of H?(C, u1y) with
Pic(C) /¢ - Pic(C).

Let [3] be the class of 3 € D(C) in HY(C, ), and suppose j € J(C) defines a class z(j) €
J(k(C)/ (U(K(C)) - J(k(C))*) with class w(z(j)) in H*(C, pe) via (3.7). Let k(C)*" be the maximal
abelian extension of k(C) in a separable closure of k(C'), and let k£(C)"™ be the maximal unramified
extension of k(C) in k(C)2P. Tt is shown in [1, Lemma 5.4] that the cup product w(z(5)) U [A] in
(3.5) is given by

(3-8) w(z(7) U] = Art(5)(8)/8"".

where Art : J(C) — Gal(k(C)2P/k(C)) is the idelic Artin map. We have identified [3] € H!(C, u) =
Hom(7(C, 1), i) with an element f of Hom(Pic(C), ue) via the formula

(3.9) f(e) = art(c)(8")/8Y/*

for ¢ € Pic(C), where art : Pic(C') — Gal(k(C)"™/k(C)) is the unramified Artin map. Thus when ¢

mod ¢ - Pic(C) agrees with the image of z(j) in the cokernel of 7 in (3.7), the values (3.8) and (3.9)
agree. This shows the cup product in (3.5) agrees with the evaluation map in (3.6). O
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We next consider the connection to the Weil pairing of the restriction of the cup product map
(1.4) that is given by (3.3).

Lemma 3.3. There is a commutative diagram

(3'10) H! (07 /M) x H (07 /M) - H? (07 M?z) = PiC(C) ®z fe
i i \L ideg@ld
H'(C,pe) x HYC ) —= HAC,uf?) = Z @z, fie

produced by restriction from C to C in which both rows are the cup product pairings, and the bottom
row is the Weil pairing when we identify H'(C, u) with Pic(C)[(].

Proof. The statement about the bottom row being the Weil pairing is shown in [9, §20] and |3,
Dualité §3]. The Kummer sequences for C' and C' show that the restriction map
H?(C, pe) = Pic(C) /L - Pic(C) — H*(C, pe) = Z/(
is induced by the degree map. Since k contains fig, it follows that the restriction map on the right
side of (3.10) is induced by deg ® Id. O
In what follows we will use @ to denote the image of ¢ € H'(C, u) (vesp. ¢ € H'(C,Z/¢)) under
the restriction map to H(C, u) (resp. HY(C,Z/1)).

Theorem 3.4. The restriction of (1.4) to triples in which the third argument lies in H'(k, pg) can
be computed in the following way. Supposet, a and b are as in Theorem 3.1. Moreover, assume that
bek*, so b € H (k, o) = k*/(k*)’. Then ba=D/% ¢ iy and w =t @ bl9=D/C ¢ HY(C,Z/{) ® jiy =
HY(C, ). One has

(3.11) tU[a]U[b] =@ Ua] = (@, [a])wei € fie

where the second equality uses the identification of the Weil pairing in Lemma 3.5.

By the non-degeneracy of the Weil pairing, the following result is a consequence of Theorem 3.4.

Corollary 3.5. The multilinear map

HY(C,Z/¢) x HY(C, jug) x H (K, pug) — fie
is induced by a multilinear map
(3.12) HY(C,Z/0) x BY(C, pg) x H* (k, jug) —

i,
that is non-degenerate in the following sense. The map t — {[a] ® [b] — t U [a] U [b]} identifies
HY(C,Z/¢) with Hom(H' (C, ue) @ H (K, pe), fie)-

Proof of Theorem 3.4. With the notation of the theorem, we have elements w = t @ bl4~D/¢ ¢
HY(C,Z/0) @z = HY(C, o) and [a] € HY(C, pp) where t € HY(C,Z/¢), b € k* and [b] € H! (k, u) =
k*/(k*)¢. Write
z=tU[a] € H*(C, ug) = Pic(C) /L - Pic(C).

Then

wUld] = (t@b@ V) ula = ([auEeb? )™ = (([jut) @bl /H~!

= (ut)y'te pla=D)/t — 5 g pla=D/t 4 H%(C, 282) = Pic(C) ®z jie.
The restriction map
H2(C, o) = Pic(C) /£ Pic(C) — Z/¢ = (T, o)

is surjective and induced by the degree map deg : Pic(C) — Z. Let d = deg(z) € Z/¢. We obtain
from diagram (3.10) of Lemma 3.3 that

(313)  wuld=deb @V =10 "V e 2/t @ iy = H*(C, ju) @z fie = H(C, u?).



8 BLEHER AND CHINBURG

On the other hand, the formula (3.9) in the proof of Theorem 3.1 shows that
tUJa] U [b] = art(z)(b'/*) /b/*

when z is viewed as an element of Pic(C)/¢ - Pic(C) and art is the unramified Artin map. Since
b € k*, we see that

art(z)(b'/4) = 4 (b'/4)
when ¢ = & Ik is the Frobenius automorphism of k relative to k. Thus
(3.14) tUa] U [b] = bl2" 1/,
Therefore (3.13) and (3.14) are equal, as claimed in Theorem 3.4, because

(" =D/t=0+q+-+¢")-(¢g-1)/t=d-(g—1)/{ mod ¢

since ¢ = 1 mod £. O

4. THE ARITHMETIC OF COVERS

In this section we will prove various results necessary for analyzing the formula in Theorem 3.1.
Let C' be a smooth projective curve with constant field k = F; of order ¢ = 1 mod ¢ and function
field k(C). Define (I)E/k to be the arithmetic Frobenius on &, so that <I>%/k is the ¢*" power map. Let

(®5;/)¢ be the pro-¢ completion of the cyclic group generated by @ ;.. Then (®g/,)r = Gal(k'/k)

when k' is the maximal pro-/ extension of k in k. Fix an algebraic closure k(C) of k(C) containing
k.

Define kf(C) to be the compositum of kT and k(C) in k(C). Define L(C) to be the maxi-
mal abelian pro-¢ unramified extension of k(C) in k(C). We then have canonical isomorphisms
(Pr/p)e = Gal(k'(C)/k(C)) and T,(C) = Gal(L(C)/kT(C)) when T;(C) is the f-adic Tate module
of C. Here Ty(C) is isomorphic to (Zg)gg(c) when ¢(C) is the genus of C over k. The conjugation
action on Gal(L(C)/kT(C)) of a lift Py )y, of @7 ;. to Gal(L(C)/k(C)) gives an automorphism Py ¢

of Tp(C) independent of the choice of ég Ik The choice of ég /k gives an isomorphism

(4.1) Gal(L(C)/k(C)) = Te(C) x (Pr . )e-
Define Pic(C'), to be the pro-¢ completion of Pic(C'). The Artin map then defines an isomorphism
(4.2) arto : Pic(C)y — Gal(L(0)/k(C))* = Tu(C) /(1 — ®4.c)T4(C) x (P75 )e-

Let Pic’(C)[¢>°] be the Sylow f-subgroup of Pic’(C)). The restriction of the Artin map defines an
isomorphism
(4.3) art?, : Pic’(C)[¢>°] — Gal(L(C)/kT(C)) = Ty(C) /(1 — ®r.c)Te(C).

Suppose now that a € k(C)* is an element such that dive(a) is a multiple of ¢ in Div(C) but a is
not in (k(C)*)*. Then k(C)(a'/?) is a cyclic degree £ unramified extension of k(C) in L(C). Let C’
be the smooth projective curve associated to this extension, and let k' be the constant field of C’.
Either k = k" or k' is the unique cyclic degree £ extension of k in k. In the latter case, &z e = oL

k/k"
We have kT(C) C kT(C") and L(C) C L(C'). We get a commutative diagram

(4.4) Gal(L(C’l)/k’(C’)) = Ty(C") x ()
Gal(L(C)/k(C)) = Tu(C) = (Pg )¢

in which the left vertical homomorphism results from restricting automorphisms of L(C") to L(C)
and 7, is induced by the morphism 7 : ¢/ — C associated to k(C) C k'(C"). By choosing compatible

lifts of @/, and @y, we can assume . (Pg /) = @%//];k]. The restriction of ., to Ty(C”) is the
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natural projection to 7;(C) induced by the morphism k ®y €’ — k ®;, C resulting from 7 : C' — C.
For y € T;(C") we have

k':k
T (B0 (y) = D (may)
where [k’ : k] =1 or £.
Taking maximal abelian quotients of the groups in this diagram gives a commutative diagram

(4.5) Gal(L(C") /K (C)™ = Tu(C')/(1 — B, )To(C") % ()0 =< Pie(C")s
N\L Normcz/c
Gal(L(C)/K(C)™ =  Ti(C)/(1 = pc)TA(C) x (B, )e < Pie(C),

Here N is induced by the previously described morphism 7, of diagram (4.4).

We must now analyze transfer maps. Recall that if H is a finite index subgroup of a group G,
the transfer homomorphism Ver : G — H2P is defined in the following way. Let {x;}; be a set of
left coset representatives for H in G. For v € G, write ya; = x;h;(7y) for some index j depending
on i and 7 and some h;(y) € H. Then Ver sends the image 7 of 7 in G*" to the image in H*" of
L hi(y). We need to analyze this map when G = Gal(L(C")/k(C)) and H = Gal(L(C")/K'(C")).
Note that G®* = Gal(L(C)/k(C))?" in this case.

Definition 4.1. Suppose first that k&’ # k. Then k ®; C' = k ®;, C, which gives an identification
T,(C") = T,(C). With this identification, define V : Ty(C) — T¢(C’) = Ty(C) by

-1
(4.6) V=> ¢
i=0
when we write the group law of Ty(C) additively.

Definition 4.2. Suppose now that &’ = k. There is an exact sequence
(4.7) 1 — Gal(L(C")/kT(C")) = Gal(L(C")/kT(C)) — Gal(kT(C")/kT(C)) — 1
with canonical identifications
Gal(L(C")/EN(C")) = Ty(C") and  Gal(L(C")/kT(C))*? = Gal(L(C)/kT(C)) = T,(C)
and in which Gal(kT(C’)/kT(C)) is cyclic of order £. For o € Gal(kT(C")/kT(C)), let & be a lift
of o to Gal(L(C")/kT(C)). Let s, : Ty(C") — Ty(C") be the automorphism given by conjugation
by 6. If y € Ty(C) = Gal(L(C)/kT(C)), let y' be any lift of y to Gal(L(C")/kT(C)) . Define
V. TZ(C) — Tg(cl) by
(4.8)
V(y) = Z so(y) if y € Gal(L(C)/kT(C")) and V(y)= (y)" otherwise.
oceGal(kt(C")/kT(C))

Lemma 4.3. There is a commutative diagram

(49) Ty(C) — Gal(L(O)/KC)™ =  TiC)/(1— Bpc)Te(C) x (B )0 < Pic(C),
V\L Verl iﬂ'*

T,(C") —= Gal(L(C") /K (C")*™> = Tu(C")/(1 = Pir,cr)Te(C") X (P )¢ =< Pic(C")e
in which Ver is the transfer map, and V is as in Definitions 4.1 and 4.2.

Proof. This is just a matter of unwinding the definitions when G = Gal(L(C")/k(C)) and H =
Gal(L(C")/K'(C")). If k' # k, we can choose the set of coset representatives for H in G to be

{@i;k YA I K =k, pick any yo € Gal(L(C")/kt(C)) that is non-trivial on kT(C”), and use the set

of coset representatives {y; ' }'=¢. If y € Gal(L(C)/kT(C")), the computation of Ver(y) with this set
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of representatives leads to V (y) as defined in (4.8). If y € Gal(L(C)/kT(C)) does not fix kf(C”), we
just pick yo to be the lift 3/ of y chosen in Definition 4.2, and this leads to V' (y) = Ver(y) = (y')*. O

Corollary 4.4. There is a commutative diagram

artc

(4.10) T,(C) T,(C)/(1 = @y, ) To(C) <= Pic”(C)[£>]

| B

art s

Tg(C/) E—— Tg(c/)/<1 - q)k/’C/)Tg(Cl) <? PiCO(C/)MOO}

If k' # k, then T;(C") is canonically identified with T,(C'). With this identification, V (1—®y ¢)Te(C) =
(1 =@ c)Ty(C) and both V and 7* are injective.

There is one further case which will be important later.

Lemma 4.5. Suppose C has genus 1, 0¢ is a point of C with residue field k and that Pic®(C)[€] is not
cyclic. Suppose a € D(C) is normalized at Oc and represents a non-trivial class [a] € H'(C, p)o, -
Then O¢ splits in k(C") = k(C)(a'/*) and C" is a genus 1 curve with constant field k' = k. Let A
be the subgroup of of Pic®(C") generated by divisors of degree 0 supported on 7= (0¢). Then A has
order £ and is the image Ver(Pic®(C)[{]) of the transfer map on the £ torsion of Pic’(C).

Proof. Since a € D(C) is normalized at O¢, a is an ¢-th power in the completion of k(C) at Oc.
Since [a] is non-trivial, it follows that O¢ splits in the cyclic degree ¢ unramified extension k(C")
of k(C'). Hence k(C") has constant field &' = k, and the Hurwitz formula shows C’ has genus 1.
Choose a point Og, of C” over Oc. Then C and C” become elliptic curves with origins O¢ and 0,
and w : ¢/ — C is a cyclic isogeny of degree £. The the maximal pro-¢ unramified extension of
kt(C) has constant field k' and results from a projective system of elliptic curves covering kt @, C.
Therefore this extension is L(C'), so L(C) = L(C"). Hence the natural homomorphism

T,(C") = Gal(L(C") /KT (C")) = Gal(L(C)/kT(C")) — Ty(C) = Gal(L(C)/kT(C))

is injective with cyclic cokernel of order ¢. Viewing Tp(C’) in this way as an index ¢ subgroup
of T;(C), the homomorphism V : T;(C) — Ty(C") is induced by multiplication by ¢ on T;(C)
because L(C') = L(C) is abelian over kT(C) in Definition 4.2. The action of Gal(C’/C) on C’ is
by translations by elements of a subgroup of C’(k) of order ¢. Thus the divisors of degree 0 on C’
supported on 7~ 1(0¢) form a subgroup A of order £ in Pic’(C").

We have assumed that

_ T,(C)
(Ty(C) + (P, — 1)T,(C)
is not cyclic. Since T;(C) has rank two as a Z;-module, it follows that (®y.c — 1)T,(C) C £T,(C).

Therefore there is an endomorphism A : Ty(C) — Ty(C) such that @, ¢ = 1 + ¢A. Furthermore
Dy ¢ is the restriction of @y ¢ to T;(C') C Ty(C). Hence the diagram (4.10) becomes

Pic’(C)[/]

artc

(4.11) Ty(C) — Ty (C) JLAT,(C) Pic’(C)[¢>]

V_.gl i l

rt o

To(C") — Ty(C") JLAT,(C") == Pic”(C")[¢>]

This identifies Pic’(C)[¢] with AT,(C)/¢AT,(C) and V (Pic®(C)[f]) with LAT,(C)/¢AT,(C"). Since
T;(C") has index ¢ in T;(C), this implies V (Pic’(C)[¢]) has order £. Furthermore, an element of
Pic’(C")[£>°] is in V' (Pic’(C)[f]) if and only if it has trivial image under the homomorphism

(4.12) pic ()] = ) TilC)

T UAT(CY) T TAT,(C) Pic’(C) (]
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induced by 7 : ¢’ — C. This homomorphism is 7, : Pic®(C")[(>°] — Pic(C)[¢>°] by (4.4). Since
7, sends divisors of degree 0 supported on 7=!(0¢) to zero, we conclude that A ¢ V(Pic®(C)[(]).
Because these groups both have order ¢, they are equal. ([l

5. ARITHMETIC FROBENIUS AND LEGENDRE DERIVATIVES

In this section, we consider restrictions of the cup product maps (1.4) and (1.3) that are connected
to the derivative of the arithmetic Frobenius. We will use the notation of §4.

Proposition 5.1. There is a unique automorphism A of Q¢ ®z, T¢(C) such that Pp.c =1+ (A.

Multiplication by A~ defines a homomorphism

_ Tg(C) n ATz(C) N Tg(C)
LAT(C) UTy(C) + LAT(C)

(5.1) dc : Pic’(C)[] = Pic’(0)/t - Pic®(C)

which we will call the Legendre derivative of Frobenius.

Proof. By (4.10) we have an isomorphism

. T, (C) T,(C)
Pic®(C)[¢>*] — = )
(O] (1= @k,c)T(C)  LAT,(C)
Since this group is finite and 7;(C) is a rank 2¢(C) free Z;-submodule of Q; ®z, T¢(C), this implies
A is an automorphism of Q; ®z, T¢(C). We have isomorphisms

Pic’(C) /¢ - Pic’(C) = Pic®(C)[¢>°] /¢ - Pic®(C)[¢>°] = o O)Tf:iin ©

and
Tg(C) n AT@(C)
LAT,(C)

from which the proposition is clear. O

Pic’(O)[(] =

Remark 5.2. The groups Pic’(C)[¢] and Pic’(C)/¢ - Pic’(C) have the same order, but dL is not in
general an isomorphism. For example, suppose C is an elliptic curve with affine equation 3% = 2% —3
over k = Z/7. Then C has an automorphism ¢ of order 3 over k fixing y and sending = to 2z, so C
has complex multiplication by Z[¢]. One finds #C(k) = 3. This implies that if £ = 3, T;(C) must
be a free rank one Zy[¢]-module, and ®; — 1 acts as multiplication by a uniformizing parameter
in Z[¢]. Since Z[(¢] is quadratically ramified over Zj, it follows that A~! acts by multiplication
by a uniformizer in Z;[¢]. This forces dL to be the zero homomorphism. On the other hand, if C
is any curve such that Pic®(C)[/] is isomorphic to (Z/£)?9(°), then A defines an automorphism of
Ty(C), and dL is an isomorphism. The reason for the terminology is that in the classical theory of
convexity, the derivative of the Legendre transform of a differentiable function is the inverse of the
derivative of the function; see [10]. It would be interesting to develop a counterpart of this theory
over finite fields.

Theorem 5.3. The restrictions of (1.4) and (1.3) in which the second argument lies in H'(k, j1,)
can be computed in the following way. Suppose t, a and b are as in Theorem 3.1, and a € k*, so
[a] € H' (K, ) = k*/(k*)¢. Let [b] be the class in Pic’(C)[{] of the divisor b = dive(b) /L. One has

(5:2) [a] U [b] = dL([6]) ® a7 € Pic(C) @2 fie = H(C, )
and
(5.3) tU[a) U [b] = a0/ ¢ ) — H3(C, u$?).

Moreover, t U [a] U [b] depends only on the restriction of t to Pic®(C).
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Remark 5.4. In Theorem 5.3, it is important that the automorphism ®; ¢ of T;(C) used to define
dL is the one arising from the arithmetic Frobenius 1¢/, @ @7 /k of C = C @ k. The geometric
Frobenius endomorphism Fep, ® 15 of C = C ®; k over k is the identity map on the underlying
topological space of C' and that is the ¢ power map on O¢. In particular, Fr /), ® 13 acts on C(k)
by raising the coordinates of any point to the ¢'" power (see [7, p. 186 and p. 291-292]). The action
of Foy, @ 13 on Ty(C) is the inverse of the action of ® . In particular, if one writes the action of
P on Ty(C) as 1 + (A as in Proposition 5.1, then Fg ), @ 15 acts as (14 (A)™!

Proof of Theorem 5.3. By Theorem 3.1, formulas for the cup products (5.2) and (5.3) are obtained
as follows. Choose a € k with af = a € k*. Then k' = k() is the unique degree ¢ extension of k
in k, since by assumption, a defines a non-trivial element of D(C)/(k(C)*)¢. The field k(C)(a) is
the function field of a curve C’' = C ®y k' over k.

We have defined b = dive(b)/¢ € Div(C). There is an element v € k(C’) such that b =
Normycry k(e () since k(C') = k(C) ® k' is a cyclic unramified (constant field) extension of
kE(C). Let v be the automorphism of k(C’) = k(C) ® k' which is the identity on k(C) ® 1 and
which is the Frobenius automorphism @/, on 1 ® &' = k. Let m : ¢ — C be the morphism
associated with the inclusion k(C) C k(C”"). There is a divisor ¢ € Div(C’) such that
(5.4) diver(y) =764+ (1 — ) - ¢
since C" — C'is cyclic and unramified and the norm of the divisor on the right side of (5.4) is trivial.
The element ¢ () /o = a9~ = al4=D/? lies in fi,.

We obtain that the cup product

[a] U [b] € H(C, pf?) = H?(C, ) @z fie = Pic(C) @z jue

is given by
(5.5) [ U] = ([Normk(c,) ey (O] + ﬁ[bo % a1/t

where [0] is the class in Pic(C) of a divisor 2. For t € HY(C,Z/¢) = Hom(Pic(C),Z/¢), the triple
product
tULa] U] € HY(C, 1) = fie
is given by
(5.6) Ula] U[b] = at(Normy cry /iy ()] + %[b])'(q—l)/f'
Since the class [b] lies in Pic®(C)[/], (5.4) shows
(5.7) 7 [6] = (¥ — D[c] in Pic’(C)[).

We now use diagram (4.9)

(5.8) Ty(C) —— Ti(C) /(1 — B, 0)To(C) <" Pic (C)[¢]
V\L lr{*
Ty(C) —= Ty(C)/(1 = Bp,o)Te(C) <= Pic(C")[¢]

of Corollary 4.4. Here since C' = k' @ C, and [k’ : k] = ¢, @) ¢ is the automorphism of the Tate
module T;(C) = Tp(C") induced by ¢ = 1¢ ® (I)E/kv and Py o = @ic. Write & c =14 ¢A as in
Proposition 5.1. The endomorphism V : Tg(C’) — Ty(C) is

-1
V= Z@kc = (1+¢4).
=0
From (4.9) we have isomorphisms

arte : Pic(C)[(%°] =5 Ty(C) /(1 — Bp.c) = To(C)LAT,(C)
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and

arte : Pic®(C)[(] =5 (Ty(C) N ATy(C)) JLAT,(C).
Hence artc([b]) = [AE] in (T,(C) N AT, (C))/LATy(C) for some E € T;(C) such that AE € T,(C).
Therefore (4.9) shows

artes 1 ([0]) = [VAE] in Ty(C)/(1 = ®p.0)Te(C) = To(C) /(1 = (1 + LA))T(C).

Here

/—1 -1 1 i
5.9 VA=AV = A 14+ /(A = A ) (LAY = AU
5.9) Saveay=a3 S () e

1= =0 j5=0
where

-1 1 i

5.10 U=1+4A4 ) (PAT L.
(5.10) #a > (1) e

i=1j=1
The element D = UE of Q; ®z, T¢(C) lies in T;(C') since E and AFE are both in T;(C'). We have
(5.11) artes (m7[b]) = [VAE] = ({AUE] = [(AD] = (®,c — 1)[D]

where on the right [D] means the class of D in Ty(C)/(1 — ®p.c)Tu(C) = Pic®(C")[£>°].
The action of ®; ¢ on Ty(C) gives the action of ), on Pic’(C’)[¢(*°]. When we let ¢ € Div(C")
be as in (5.4), we have

[7*6] = (v — 1)[¢] in Pic’(C").
This and (5.11) now show
(5.12) [c] — [D] € Pic®(C")¢
when G = Gal(C’/C) is the cyclic group of over ¢ generated by y.
We have an exact sequence
(5.13) 1 — (K)* = k(C")* — Div(C") — Pic(C’) = 1

in which &’ is the field of constants of k(C") and the map k(C")* — Div(C’) is induced by taking
divisors. Splitting this into two short exact sequences and using that H! (G, k(C’)*) = 0 by Hilbert’s
theorem 90, we get exact sequences

(5.14) Div(C")¢ — Pic(C")% — HY(G,k(C")*/(K')*) = 0
and
(5.15) 0 — HY(G, k(C)*/(K')") — H2(G, (K')*) — H*(G, k(C")*).

Since in (5.15), k' /k is a finite Galois extension with cyclic Galois group G, we have H?(G, (k')*) =
HO(G, (K')*) = 0. We conclude from (5.14) that the map Div(C")¢ — Pic(C")C is surjective.
However, C' — C'is a cyclic unramified G-extension, so Div(C’)¢ = 7*Div(C). Using this in (5.12)
shows that there is a divisor ¢ on C such that

(5.16) ] = [D] + = [¢].
We now have

Normycnkeyle] = Normycry/re)([D]) + Normycry /rc)ym™[e]
(517) = Normk(c/)/k(c) ([D]) =+ 0 [2}

Recall now that D € T;(C) has the property that
arto (x°[6]) = [LAD] in To(C)/(1 - By.c)To(C) = Pic’(C")[¢].
By diagram (4.5),
(5.18) Normer /o ([D]) = [D] in Ty(C)/(1 = @4.0)Te(C) = Pic”(C)[£>].
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Formula (5.5) together with (5.17) and (5.18) now give
14 1
(519) [a] U [b] = (Normk(cl)/k(c) [C] + 5[6]) & a(q—l)/@ = ([D] + 5[[’]) & a(q_l)/e

since £-[e] ® a9/t = £ ([e] @ al?~1/?) is trivial. On the right side of (5.19), [D] and [b] are classes
in T,(C)/(1 — ®4.c)Te(C) = Pic’(C)[¢>°]. We need to show that
(5.20) ([D] + =[b]) = dL([b]) in Ty(C)/(T,(C) + LAT,(C)) = Pic’(C)/¢ - Pic’(O).
Recall that we chose F € Ty(C) so that AE € Ty(C) and
arto([b]) = [AE].
The definition of d£ then shows that
(5.21) dL([b]) = [E] in Ty(C)/(Ty(C) + LAT,(C)) = Pic’(C)/¢ - Pic(C).

Concerning the left side of (5.20), D = UE when U is as in (5.10). If £ > 2 then £[b] = 0 in

Pic’(C) /¢ - Pic’(C) since 2 is then invertible mod ¢. So (5.20) for £ > 2 is equivalent to

. T,(C)

(5.22) [UE]—[E]=0 in T,(C) + (AT, (C) when ¢ > 2.
We have

-1 i ; e 1

-1=A4 iml = (LAY
(5 ) >3

1=1 j=1 i=1 j=2

So
o0 —1) G Ty(C)
_ — _ i—1 - ;
[UE] - [E] 5 [AE] + ( > (LAY H[AE] =0 in 0 + (ATIO) when £ > 2

=1 j=2
as required since 2|(¢ — 1), AE € T;(C), E € T;(C) and ¢A is an endomorphism of T;(C'). Suppose
now that ¢ = 2. Then (5.20) is equivalent to

: T,(C
(5.23) [UE|+[AE]—[E] =0 in 0 -l-(fzlez(C) when ¢ =2.
We have
U+A-1=U-1+A=2A=(A when (=2
from which (5.23) is clear because E € Ty(C). O

6. THE GENUS 1 CASE

In this section, we focus on the genus one case. We will use the following additional hypotheses
and notations throughout this section.

Notation 6.1. The curve C'is a curve over k of genus 1, and O¢ is a closed point of C' having residue
field degree d(0c) prime to £. Suppose a,b € D(C) define non-trivial classes [a], [b] € H!(C, ).
Define a = dive(a)/f and b = dive(b) /¢ in Div(C). Fix a uniformizing parameter m, at Oc. Let
r,s € k* be constants such that the leading term in the Laurent expansions of @ = a/r and b = b/s
with respect to o at O¢ lie in (k*). Let d£ : Pic®(C)[¢] — Pic®(C)/¢ - Pic’(C) be the arithmetic
Legendre derivative from Prop051tion 5.1. Let ([a], [b])wei € fie be the value of the Weil pairing on
the divisor classes [a], [b] € Pic?(C)[/]. Define [0c] to be the class in Pic(C) of the divisor of degree
d(0¢) defined by the origin.

Theorem 6.2. Suppose £ > 2. The cup product [a] U [b] in H2(C, u?) = Pic(C) ® fie is given by

[alU el = [alU[b]+ [r]Ub] + [a] U s

1 g—1 g—1

(6.1) = —— - ([0c] ® ([a], [B])weit) + dL([b]) @ 77 —dL(([a])) ® s T
d(0c)
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Remark 6.3. Miller’s algorithm in [6] computes ([a], [b])weil using normalized functions a and b for
which a = divg(a)/¢ and b = dive(b)/¢. For ¢ > 2, Theorem 6.2 shows that computing the cup

product [a] U [b] = [0c] @ ([a], [b])wen in Pic(C) ® fi, over the finite field & is no more difficult than
computing the Weil pairing value ([a], [6])wei. In particular, Miller’s algorithm shows [a]U[b] can be
computed in polynomial time. We do not know whether the Legendre transform terms in Theorem

6.2 can be determined in polynomial time when a and b are not normalized.
The analogous result for £ = 2 turns out to be more complicated.

Theorem 6.4. Suppose { = 2.
i. Suppose one of [a] or [b] is trivial in Pic’(C)[(]. The let ¢ = (" = 1.
ii. Suppose [a] # 0 # [b] and ([a], [6])weil = 1 . Then let ¢ = (—1)9=D/2 and " = —1.
ili. Suppose {[a], [b])wen # 1. Then let (" = 1. There are unique ¢, € fig = {£1} such that
in the group Pic’(C)/2 @ iz we have

(6.2) dL([a]) ® ¢+ dL([b]) @ ¢" = ([a] — [b]) @ (—1).
In all cases, we obtain
[ = [@ U]+ []u b+ @] us)
(6.3) = <d(3c)[0d + [b]) ® ([a], [6]) weil + [a] ® ¢ + dL([b]) @ v T — dL([a]) ® ¢ Ls™T .

Remark 6.5. In (6.3), the term [a] ® ¢ is non-zero only in case (i) and only when [a] € Pic’(C)[2]
is not trivial in Pic(C')/2 - Pic(C).

Proof of Theorems 6.2 and 6.4. The first equality in each of (6.1) and (6.3) is clear from the bilin-
earity of cup products, since [r] U [s] is trivial by Corollary 2.7.
Because cup products of elements in H!(C, yty) are anti-commutative, Theorem 5.3 implies that
to complete the proof of (6.1) and (6.3), it will suffice to show the following equalities:
(6.4) U] =~ (0] @ (ol [b)wen i £>2
d(0c)

(6.5) [a]u[?)]:(d(;c)[ocmb])®<[a1,[b]>w9ﬂ+[a]®<"+cw<[a]>®< =2

We first show that we can reduce to the case d(0¢) = 1. Let ¢’ = k(0¢) ®; C and let w: ' — C
be the base change morphism. Let Ocs be a point of C” over 0¢. Then Norme» /¢ (0cr) = O¢ since
0¢ splits from C to €', and O¢r has degree 1 over the constant field k(0¢) of C’. Suppose the
counterparts of (6.4) and (6.5) hold for the pullbacks of [a], [b] from C to €. We will use dL¢ for
the Legendre derivative over C', and dL¢ for the Legendre derivative over C’. Let [a] € Pic?(C”)
be the image of [a] € Pic’(C) under the natural pullback map Pic’(C) — Pic®(C’). We need to
compare Norm(Lc-[a]’) with Lc[a]. One way to do this is to pick ¢ € k* such that VI =y
generates [ig. Then

dLo((a]) © = dlo(la]) @ T = ¢ Ud]
by Theorem 5.3. Similarly, on C’ we have

Lo ([a']) @ @71/ =y U [a).

Here 4(00)
-1 q-1 ~1
g 7 :qg -(1+q+~~-qd(OC)*1)EqT-d(Oc) mod /¢
since ¢ = 1 mod ¢. Therefore
w(qd(gc)*l)/f = ~40c)

so on C' one has
dLo(['] @y = ¢ Ua).
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The pullback of ¢ U [a] from C to C' is just ¥ U [a]’, and the composition of this pullback with
Norm ® Id is multiplication by d(0¢). Combining the above computations now shows

Norm(dLc: ([0]) @ v = a00) (Norm ® Id)(¢» U [a]') = dLc([a]) @ 7.

This forces
Norm(dLc/ ([@]) = dLc([a]).
We now find from this and Theorem 2.9 that the validity of (6.4) and (6.5) for the pullbacks of

@], [b] from C to C’ implies that these formulas hold for [a], [b] over C. Thus we can assume from
now on that d(0¢) = 1.

Suppose first that ([a], [6])wen = 1 and that either £ > 2 or £ = 2 and one of [a] or [b] is trivial.
We want to simply show that

(6.6) [a] U [b] = 0.

Since the Weil pairing is non-degenerate, [a] and [b] together generate a cyclic subgroup of Pic®(C)[/].
Cup products are anti-commutative and bilinear. So it suffices to show (6.6) is true after replacing
either a or b by a power of themselves that is prime to ¢ and after switching a and b if necessary.
So we can reduce to two cases: (i) [b] is 0, or (ii) [b] = [a] in Pic®(C)[¢]. Moreover, if £ = 2 we need
to consider only case (i). The cup product [a] U [b] does not change if we multiply either a or b by
the ¢! power of an element of k(C)*. This means that the above cases reduce to (i) b = 0 or (ii)
b = a in Div(C). Since @ and b are normalized, these cases reduce further to either (i) [b] = 0 or (ii)
[b] = [a] in D(C). In case (i), we immediately obtain (6.6). In particular, we are done when ¢ = 2.
If £ > 2, then cup products are alternating, which implies (6.6) also in case (ii).

Suppose now that ([a], [b])weis = 1, £ = 2 and [a] # 0 # [b]. Then the non-degeneracy of the Weil
pairing implies [a] = [b] # 0. As in the previous paragraph, we can reduce to the case in which a = b
in Div(C). Hence dive (@) = dive(b) = fa = €b, so @ = b because @ and b are normalized. Let C” be
the smooth projective curve in Theorem 3.1 with function field k(C") = k(C)(a'/*) = k(C)(a'/?),
and let 7 : C' — C be the morphism associated to the inclusion k(C) C k(C’). Here k(C’) is a
quadratic extension of k(C) since [a] # 0 in Pic’(C)[2]. The element 4" = @'/ of k(C’) has norm
b = —a to k(C). We have

2 diver (7)) — 2 7% (b) = diver (a) — 7 (2a) = diver(a) — 7% (dive(a)) = 0.
Hence
dives(v) — 7 (b) = 0
and the formula of Theorem 3.1 shows
[a] Up] = [b] ® (1) = [a] @ (=1).
However, —b' = a = b so we conclude
[au bl =[aup - (-1)]=[aup]+[a ul-1] =[] ® (=1) — dL([a]) @ (1)« 172
by Theorem 5.3 and the anticommutativity of cup products. This shows (6.5) since
aL((al) @ (—1)(V/2 = —az((al) & (1) D72

For the rest of the proof we assume ([a], [b]}wen # 1. We again use the formula of Theorem 3.1
for [a) U [b]. Let C’ be the smooth projective curve with function field k(C”) = k(C)(a'/*), and let
7 : C" — C be the morphism associated to the inclusion k(C) C k(C”). Let Artc/ /o : Pic(C) —
Gal(k(C")/k(C)) be the Artin map, and let oy = Arter /o (b). By [4, 7],

op(at/t
67) (el [wen = 2282
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Since this is non-trivial, we see that oy is a generator of Gal(k(C")/k(C)). As in Theorem 3.1, there
is a v € k(C")* so that Normycry/k(c)(v) = b. Then the divisor diver () — 7*(b) has norm
diVC’(Normk(C’)/k(C) ("y)) —f{-b= lec(B) —¢-b6=0.
Since k(C")/k(C) is cyclic degree ¢ and unramified,
diver (7)) =7 (b)) = (1 —0p) - ¢

for some divisor ¢ on C’. Theorem 3.1 and (6.7) show
e 14
(6.8) [a] U [b] = |Normy e i) (e) + 501 @ ([al, [b]) weir

in Pic(C') @z fus-

The pullback map 7* : Div(C') — Div(C”) induces the transfer homomorphism Ver : Pic(C) —
Pic(C”). Therefore the class [7*(b)] lies in Ver(Pic’(C)[¢]). By Lemma 4.5, there is a point P €
771(0¢) such that [7*b] = [P] — [0¢/] in Pic®(C”). Hence there is a function 7/ € k(C’)* such that
(6.9) diver (') = 7*(b) = [0cr] — [P] in Div(C").

Since w(P) = m(0¢+) = 0¢ and b = dive(b) /€ this gives

diVC(NOI‘mk(C/)/k(C) ("yl)) — leC’(b) == NormC//C (diVC/ (’yl) — W*(b)) =0 in DlV(C)
Thus 0" = Normy(cr) k(o) (7') must equal bz for some constant z € k*, since b = sb for some s € k*.
Because of (6.9), there is a divisor ¢ supported on m~!(0¢) such that

diver(v) = 7 (6) = [0cr] — [P] = (1— 7y) - ¢

since 7 : C' — C is unramified and O¢ splits in this cover. We now apply Theorem 3.1 with a and
b replaced by a and V', and with « replaced by 4'. From (6.8) we find

(6.10) [a] U [b/] = Normk(c/)/k(c)(c’) + gb ® {[a], [6]) weil

since b equals b’ = dive (0') /¢ as well as b = dive(b) /€. Here Normy(cr) k(e (¢') = 7 - [0¢] for some
integer 7 since ¢’ is supported on 7~1(0¢). Because b’ = bz we conclude finally from Theorem 5.3
that

[a@ufp] = [aup]-[aul

(6.11) = (7 10e + 5161 ) @ (o, e + aL () 57

Applying deg ® Id to (6.11) and using Lemma 3.3 shows 7 = 1 mod ¥, since ([a], [b])wei # 1 and
the degrees of [0¢], a and b are 1, 0 and 0, respectively. So we have
= a—1

(6.12) U] = (0] + §161) © (l [ohwen + aL () & 7

Reversing the roles of a and b in (6.12) and using the fact that cup products and the Weil pairing
are both anti-commutative leads to a formula of the form

(6.13) @015 = (1oc] + 510 ) & (. e — (o) @ ()7
for some 2’ € k*. Subtracting (6.13) from (6.12) leads to
(614) 4L ((a]) © 7 +dL((6) @ ()7 = S(la] — [6]) @ ([a] [])wen

We now use the fact that [a] and [b] generate independent order ¢ subgroups of Pic”(C)[/]
since ([a], [b])weil # 1. Therefore, Remark 5.2 shows dL : Pic’(C)[{] — Pic’(C)/¢ - Pic®(C) is an
isomorphism. Hence d£([a]) and d£([b]) must be a basis for the Z /¢ vector space Pic’(C) /£-Pic®(C).
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It now follows from (6.14) that the elements 27 and (2/) T are uniquely determined by the element
£([a] = [6]) @ ([a], [b])weir in Pic’(C) /- Pic’(C) ®z,¢ fie. This element is trivial if £ > 2, and if £ = 2
we know ([a], [b])wei is non-trivial, so ([a], [b])wen = —1 € fio in this case. This leads to (6.4) and

(6.5). O

7. CUP PRODUCTS OF NORMALIZED CLASSES ON CURVES OF ARBITRARY POSITIVE GENUS

Throughout this section we will suppose that C' is a smooth projective geometrically irreducible
curve over the finite field k£ of genus g > 1. We suppose as before that g, C k*. Since C is
geometrically irreducible over k, there is a divisor of C' that has degree 1 by [11, Cor. 5, §VIL5],
which implies there must a point 0¢ for which d(0¢) is prime to ¢. The goal of this section is to
prove the following result.

Theorem 7.1. Suppose { > 2 or that { = 2 and the normalized classes H'(C, )0, do not have
dimension 1. The following two conditions are equivalent:
i. The image of the cup product map H(C, ue) x HX(C, pe) — H?(C, %@2) on pairs of classes
in H'(C, pue)o.. spans a Z/{-subspace of H2(C, u$?) of dimension at most one.
ii. For all classes [a], [b] € HY(C, pe)oe, the cup product [a] U [b] in H2(C, u$?) = Pic(C) @z ju
equals 7 - ([0¢] @ ([al, [bl}wen):

Remark 7.2. In the next section, we will give an infinite family of curves of genus g = 2 for which
neither (i) nor (ii) of Theorem 7.1 hold when ¢ = 3.

Remark 7.3. Suppose C has genus 1. If £ > 2, the normalized classes H(C, pu¢)o, have dimension
at most two, and the cup product pairing is alternating. Hence condition (i) of Theorem 7.1 holds.
Suppose now that £ = 2, so that ¢ is odd. Let V be the subspace of H?(C, u?z) spanned by cup
products of elements of H!(C, ju¢)o.. The dimension of H!(C, )o, over Z/¢ = 7/2 is between 0
and 2, and V = {0} if HY(C, p¢)o. = {0}.
Suppose 0 # [a] € H'(C, p¢)o... Then a = dive(a)/f defines a non-trivial class [a] € Pic®(C)[4).
Since the Weil pairing is alternating, Theorem 6.4 gives

(7.1) [a] Ula] = [a] @ (=1) + dL([a)) @ (1) D/2 in Pic(C) @z jir = HX(C, u$?)

where dL : Pic’(C)[¢(] — Pic’(C) /¢ - Pic’(C) is the Legendre derivative defined in Proposition 5.1.
If g = 1 mod 4 then (—1)(@~1/2 = 1 and this formula shows [a] U [a] is the class [a] ® (—1). This
shows that if ¢ = 1 mod 4, the span Vj of all classes of the form [a] U [a] with [a] € HY(C, u¢)o. is
the image of the natural homomorphism

v Pic’ (O[] @z jie — Pic(C) ®z fie

induced by the inclusion Pic’(C') C Pic(C). If ¢ = 3 mod 4, a similar analysis shows Vj is the image
of the homomorphism

1+ (dL®Id):  Pic’(C)[l] @z jir — Pic(C) @z fie

Note that in either case Vj has trivial image under deg ® Id : Pic(C) ® fip — fie.

Suppose now that [a] and [b] are distinct non-zero elements of H'(C, j¢)o.. Such elements
exist if and only if dimg/sH'(C, ug)o, = 2. All cup products [a] U [b] arising from such pairs are
congruent mod Vp, and they do not lie in Vj because their image under deg ® Id is the Weil pairing
([a], [6])wer = —1. Thus dimg,(V) = dimg/,(Vp) + 1 if dimg,H'(C,pue)o. = 2, and V = Vp
otherwise.

Proof of Theorem 7.1. 1t is clear that (ii) implies (i), so we now show that (i) implies (ii).
Suppose first that the normalized classes H!(C, )0, have dimension at most 1. If £ > 2, both
the cup product of elements of H'(C, pis)o. and the Weil pairing are alternating, so condition (ii)
holds. When ¢ = 2 our hypotheses force H!(C, j14)0, = {0} so (ii) again holds.
We suppose from now on that H!(C, 11¢)o. has dimension greater than 1. The restriction map
sends H!(C, 11¢)o. isomorphically to HY(C, u1y). Since the Weil pairing is non-degenerate, for each



CUP PRODUCTS ON CURVES OVER FINITE FIELDS 19

non-trivial class [a] € HY(C, pg)o., there is a class [b] € HY(C, uy)o. such that the Weil pairing
of [a] and [b] is non-trivial. Hence [a] U [b] is non-trivial in H?(C,u5?) = Pic(C) @z jip. Hence
[a] U [b] = [D] ® ¢ # 0 for some class [D] € Pic(C) and some non-trivial ( € fi,. Since the map
deg ® Id : Pic(C) ®z ft — [ takes [a] U [b] to {[a], [b]) weil, we can assume D has degree d(0¢) mod ¢
and that

(deg ®1d)(D @ ¢) = (") = ([a], [P])wen # 1.

To prove that (ii) holds, it will suffice to show

(7.2) [D] = [0¢] in Pic(C)/L- Pic(C)
since then
Ut = 6] @ ¢ = o~ (106] ® ¢10) = 2 (106] @ ([a], B} wen).
d(0c) d(0c)
Let [a'] € HY(C, j1¢)o. be arbitrary. Suppose first that [a’]U[a’] is not zero, so £ = 2 since the cup

product is anti-commutative. Then [a/] U [a/] = [D'] ® ¢’ for some divisor D’ and some non-trivial
¢’ € fig. The Weil pairing is alternating (see, for example, [4, Theorem 1]). The degree of D’ would
have to be divisible by ¢, since deg ® Id sends [a'] U [a] = [D'] ® ¢’ to {[@'],[¢])wen = 1. But
now [a] U [b] = [D]® ¢ and [¢'] U [a'] = [D'] ® ¢’ span a two dimensional subspace of Pic(C) ® fig,
contradiction hypothesis (i). Hence [a’] U [a'] = 0 for all [a’] € HY(C, 1¢)o0, -

For each non-trivial [a’] € H'(C, u1¢)o.., we can pick a [b'] € H(C, us)o. so [a']U[b'] is non-trivial.
Hypothesis (i) then implies that [a'] U [b'] is a non-zero multiple of [D] ® ¢. Since [a'] U [a'| U [V/] =
(') U [a']) U [¥'] = 0U V] is trivial, we conclude that [a'] U ([D] @ ¢) must be trivial in H3(C, uz§*)
for all [a/] € HY(C, we)o -

Now the class [a’] € HY(C, ju4)o. defines a class o/ € H(C,Z/¢) via a choice of isomorphism
€ : Z/0 — [iy. Here [a'] is identified with the element of Hom(m(C),pue) = HY(C, ) arising
from Kummer theory via the map sending o € 71(C) to o((a’)'/*)/(a’)}/¢. Thus ' is the el-
ement of Hom(m(C),Z/¢) = H(C,Z/{) arising from this Kummer map and the identification
¢. In particular, o/ factors through the Galois group Gal(k(C)((a’)/*)/k(C)), and 0¢ splits in
E(C)((a")*/*) because a’ is normalized at Oc. Via class field theory, o corresponds to an element
of Hom(Pic(C'),Z/¢) which is trivial on the class [0¢] € Pic(C), since the decomposition group of a
place of k(C)((a’)'/*) over the place of k(C) associated to O¢ is trivial.

We have shown that the cup product [a']U([D]®() is trivial in H3(C, ). Since ¢ is non-trivial,
this implies that the cup product of o/ € H(C,Z/¢) with [D] € H2(C, u¢) = Pic(C)/¢ - Pic(C) is
trivial in H3(C, ug) = Z/¢. The identification of H(C, Z/¢) with Hom(Pic(C),Z/¢) and H?(C, )
with Pic(C)/¢ - Pic(C) makes the cup product

(7.3) HY(C,Z/0) x H2(C, jug) — H3(C, pg) = Z/¢
simply the evaluation homomorphism

Hom(Pic(C),Z/¢) x Pic(C)/l - Pic(C) — Z/L.
Hence the above arguments show
(7.4) Q' U[0c]=0=0a'U[D] in H3C,pu)

for all o/ associated to normalized classes [a’] € H'(C, ur)o,. However, the pairing (7.3) is non-
degenerate, and H'(C, ps)o, is a codimension one subspace of H!(C, us). Hence (7.4) forces [D]
and [0¢] to lie in a common one-dimensional Z/¢-subspace of Pic(C)/¢-Pic(C). Since both [D] and
[0¢] have degree d(0¢) mod ¢, we conclude (7.2) holds and that (ii) is true. O

8. AN INFINITE FAMILY OF GENUS TWO EXAMPLES

The goal of this section is to construct an infinite family of curves of genus g = 2 for which
neither (i) nor (ii) of Theorem 7.1 hold when ¢ = 3.

Let ¢ € C be a primitive cube root of unity, and let ' = Q(¢) = Q(v/=3). Define E to be the
elliptic curve over F defined by y* = 2® — 3, and let 7 : E — P be the morphism associated to the
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inclusion of function fields F(x) C F(E) = F(z)[y]/(y?> — 23 + 3). Let Y be the smooth projective
curve with function field F(FE)(z'/?) and let  : Y — E be the natural morphism. Then 7 is of
degree 2 and ramified over the points Q1 = (0,1/—3) and Q2 = (0, —v/=3) in (z,y) coordinates on
FE, so Y has genus 2 by the Hurwitz formula.

Letting § = y/2/? € F(Y') we see that the function field F(z)[g]/(7> — 1 + 32~3) of the elliptic
curve B/ : §? = 1 — 3273 is contained in F(Y). The morphism 7' : Y — E’ associated to the
containment F(E') C F(Y) is of degree 2. We see from this that F(Y) is a biquadratic extension
of F(z) with intermediate fields F(E), F(z'/?) and F(E’). Let 7’ : E' — PL be associated to
F(z) C F(E'). The point x = oo on PL is a branch point of 7 : E — Pl and splits under
7' B’ — PL. So there are two points Oy and 0} of Y over z = oo on PkL.

Lemma 8.1. Let N be a number field containing F and let Yy = N ®r Y, En = N ®Qr E and
Ef\ = N®p E'. The direct image homomorphisms 0. : Pic®(Yy) — Pic’(Ey) and 1. : Pic®(Yy) —
Pic’(EY) give a homomorphism

(8.1) ne X 1. : Pic®(Yn) = Pic®(Ey) x Pic®(Ely)
whose kernel and cokernel are finite groups annihilated by 2.

Proof. We have pullback maps n* : Pic’(Ey) — Pic?(Yy) and 7 : Pic®(Ey) — Pic®(Yy) such
that n, on* and 7/, on* are multiplication by 2. Furthermore, 7, on* = 7"* om, and n,on™* = 7* o,
are trivial since Pic’(P},) is trivial. Hence the composition

(e x L) o (7* x 7™ : Pic®(En) x Pic®(Ely) — Pic’(Ex) x Pic(EY)

is multiplication by 2. Since all the groups appearing in (8.1) are finitely generated abelian groups,
it will suffice to show that the kernel K of 7, x 7, is annihilated by 2. View Yy as a Galois cover of
]P’}V with Galois group G a Klein four group. The three intermediate quadratic covers are E, E’ and
the projective line over N with function field NV (xl/ 2). Since the latter projective line has trivial
Jacobian, we see I is annihilated by the group ring element 1 + ¢ for each non-trivial ¢ € G. The
sum of these three group ring elements is 2 + Traceg. Hence 2 annihilates I because the action of
Traceg on Pic’(Yy) factors through Pic’(P}) = 0. O

The following lemma is clear from the functorial properties of Jacobians.

Lemma 8.2. Let X be a geometrically integral curve of genus 1 over a perfect field K, and suppose
0x is an arbitrary point of X (K). Then X becomes an elliptic curve with origin Ox via the morphism
from X to its Jacobian sending Ox to the origin.

i. Suppose 1 < n € Z. The n-torsion of Pic®(X) will have order n? if and only if the set of
elements P € X (K) such that nP = Ox with respect to the group law on X has order n?.

ii. Suppose Pi, P, € X(K). There is a class D € Pic’(X) such that nD = [Py] — [P2] in
Pic’(X) if and only if there is a point P € X (K) such that in the group law on X (K) one
has nP = P, — Ps.

We now return to our elliptic curves E : y? = 2> —3and E' : §> =1 — 3272 = 1 — 3w? over
F = Q(¢) where w = 71 and ( is a primitive third root of unity. We let ¢ be the prime 3.

Lemma 8.3. Let N be a finite extension of F' and define Exy = N @ E and E\y = N @ E’.
i. Pic’(Ey) has 3-torsion of order 9 if and only if F(12'/3) C N.

ii. Pic’(EYy) has 3-torsion of order 9 if and only if F((4/3)'/3) C N.

ili. Let Oy and 0% be the two points of Y defined just prior to the statement of Lemma 8.1.
Then {0y, 0%} is the inverse image under n : Y — E of the point Og at infinity on the
curve E : y?> = 22 — 3. We can label these points so that under ' : Y — E' one has
n'(Oy) = (0,1) = P and '(0y) = (0,—1) = P, relative to the (w,y) coordinates of
E':? =1—-3w®. The divisor class [P1] — [Py] in Pic’(EY) lies in 3- Pic’(EY) if and only
if F((4/3)/3,C1/%) C N.
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Proof. The complex multiplication of ( € F on E : y?> = 23 — 3 is defined by ¢ - (z,9) = ((x,y),
while —(z,y) = (z,—y) in the group law of E. Thus (z,y) = (0,4/=3) and (z,y) = (0, —v/=3)
are fixed by ¢ and therefore sent to 0 in the group law of E by (¢ —1). Since ((? —1)(¢( —1) =3
in F, these points are 3-torsion points of E over Q(v/—3) = F. To find the remaining 3-torsion
points over F, we just need a point (x,y) € E(F) such that (¢? — 1)(z,y) = (0,v/=3). Here
C(x,y) = (Ca,y), —(z,y) = (z,—y) and —(0,v/=3) = (0, —/=3). So we are looking for a line
of the form cx + dy — e = 0 containing three points of the form (¢%x,%), (z,—y) and (0, —/=3).
Furthermore, one should not have 2 = 0, since such a solution leads to the previous points (0, /—3)
and (0,+/—3). Writing out the constraints on ¢, d and e we find d(—+/—3) = e and that there is a

matrix equation

(8.2) Cz y+v=3\ (c¢\_ (0
’ r —y++v-3 d/ —\o/J"
Since ¢ and d are not both 0 we find from this that

(8.3) 0 = det (Ci‘” _yytr\/\/_g) =y(—C%x —2) + V=3(C? — 1)z

Since x # 0 and ¢2 + 1 = —( we can divide by x to have
y=—CV=3(¢* - 1).
On squaring we get
2’ =3=12=-30(¢* 1) = =3¢(¢" =22 +1) = =3(¢° —2¢° + () = =3(C° —2+ () =0.
Thus
=12 so z=12" and y=+3.
This shows part (i) of the lemma.

For part (ii) we proceed similarly using the model E’ : % = 1 —3w3, with complex multiplication
defined by ¢(w, ) = (Cw, ) and —(w,§) = (w, —F). As the origin of E’ we will use the point 0p
at infinity relative to the above affine (w, ) model of E’. Note that this choice is different from the
point O/ used in Lemma 8.1, but this does not make a difference as far as part (ii) of Lemma 8.3
is concerned because of Lemma 8.2. The points (w, ) = (0,1) and (0, —1) are fixed by ¢ and hence
annihilated by ¢ — 1, so they are 3-torsion points. To find the remaining 3-torsion points, we look

for a (wo, §o) with (¢2—1)-(wo, Jo) = (0,1). Thus we would need a line cwg +dfjo — e = 0 containing
the points (¢2wo, 7o), (wo, —7o) and —(0,1) = (0, —1). This implies —d — e = 0 so —e = d and

2 ~
(8.4) Cwo G+l fe)y _ (0)

wyp  —Yo+1 d 0
Since ¢ and d are not both 0, this gives

_ Cwo  Go+1Y\_ -, o 2

(5.5) 0=aer (00 Bt L) =G — uo) + (62 =
The solution we are looking for does not have wy = 0, so we can divide by wy and then square to
find

2 2
(3.6) 1-su =it = (57) = -2 H ) = (@240 = -3,
Thus

2
wy =4/3 and §o = (E“MD =—V-3€F
where we set v/—3 = 2( + 1, which leads to part (ii).

Finally, for part (iii), note that we have shown P; = (0,1) and P, = (0, —1) are three torsion
points on E’ with P, = —P;, so P, — P, = 2P; and P, = 2-(2P;). So in view of Lemma 8.2,
it will suffice to determine the extension of F' generated by the coordinates of a point @ with
3Q = P, = (0,1) when the group law on E’ is the one coming from the map to the Jacobian
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which sends the point 0z at infinity on E’ to the origin. We have found above a point (wg, o)
with (¢? — 1)(wo,%0) = (0,1); this point has w§ = 4/3 and o a particular square root of —3
depending on (. So we now look for a point @ = (w,y) with ({ — 1)(w,g) = (wog,Fo); then
3Q = (¢* = (¢~ 1)(w,§) = (0,1). Here {(w,y) = (Cw,7) and —(w,§) = (w,~y) and —(wo,Jo) =
(wo, —Fo). So we are looking for a line

(8.7) c(w —wo) +d(y+go) —e=0

containing (Cw,¥), (w,—7) and (wg, —go). Here if w = wy then (w,y) = £(wo, Jo) and

(¢ = D(w,§) = £(¢ = 1)(wo, §o) = F¢(¢ = 1)(wo, Go) = F¢(0,1) = (0,F1) # (wo, Go)-
So we can assume w # wp, and similarly we can assume (w # wp, so the three points (Cw,y),

(w, —g) and (wg, —go) are distinct. In order for the point (wo, —%o) to be on the line (8.7) we must
have —e = 0. The remaining two points ((w, 7), (w, —g) are on the line if and only if

Cw—wo Y+yo \ (c\ _ (0
(®8) <w—w0 —5+40) \a) = \o
Since ¢ and d are not both 0, we conclude
— y+ Y SO -~
0 = det (Cw v Y yo) = (Cw—wo) (= + o) — (§+ o) - (w— wo)

w—wo —Y+ Yo
7((=¢ = Dw + 2wo) + (¢ — H)wo.

Since —¢ — 1 = (2 we get
(8.9) §(CPw + 2wo) = (1 = Qwio
so on squaring this we find
(1= 3w?)(CPw + 2wp)? = (1 = ¢)*w?(=3).
Writing (2w + 2wp)? = (*w? + 4¢2wow + 4w? we end up with an equality
=3(¢*w® + 4¢P wow® + 4wiw®) + (¢* 4 3(1 = ()*)w® + 4 wow + 4w = 0.

We know w # wo and w # (~twy = (2w, so we divide the left hand side by (w — wg)(w — (?wg) =
w? — (1 + )wow + CwE = w? + Cwow + ¢2w3. This gives

—3¢w? — 9Cwow? 4+ 4¢ = 0.
Dividing by —3¢ gives
(8.10) w? 4 3Cwow? —4/3 = 0.
We now write down the roots of this equation using Cardano’s formulas. Write
a=3Cwy, b=0, c=-4/3

so our equation is
w? + aw? +bw + ¢ = 0.
Write ) )
p=(8b—a?) = S(-9¢*uf) = —3¢*uf,

1
q= ﬁ(2a3 — 9ab + 27¢) = 2wi — 4/3 = 2(4/3) — 4/3 = 4/3,

D = —4p® — 27¢* = —4(—2Twl) — 27(4/3)* = 427 - (4/3)* — 27 - (4/3)? = 4?32,

—27¢ 3 27 4 3
A3 = Tq + V8D = =T o4 SV = 36,
—27¢ 3
B3 == 273D = 362
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The roots w are then
A+B (PA+(B (A+(*B
3 7 3 ’ 3 '
We conclude that the extension of F generated by w is F((36¢)'/3). We have from (8.9) that

§/w = (1—)do/(C*w + 2wp).

Since o = £+v/—3 € F, we conclude that w and § generate over F' the same extension as w
and wp. So the extension of F generated by w and § is F((36¢)'/3,(4/3)'/3) = F(361/3,¢1/3) =
F((4/3)'/3,¢1/3). This completes the proof of part (iii). O

Corollary 8.4. Let &£, &' and Y be the projective curves over Z defined by the affine equations used
to define E, E' andY . ForC =E&,&" or) let Cy be the reduction of C modulo the prime q. Suppose
q splits in the field N = F(4'/3,3/3) but does not split in the extension N(CV/3).
i. The 3-torsion subgroup of Pic’(Y,) is isomorphic to (Z/3)* = (Z/3)?9%4).
ii. The point Og, at infinity associated to the affine model &, : y? = 2% — 3 splits into two
points 0y, and 03, via the morphism Y, — &, associated to the field embedding (Z/q)(€,) C

(Z/9)(Vy)-
iii. The divisor class [0y,] —[03, ] in Pic’(Y,) does not lie in 3 - Pic(Y,).

Proof. By Lemma 8.3, the 3-torsion on the general fibers of £ and £’ is defined over N, so these
torsion points define sections of the natural morphisms Ex = Spec(On)®zE — Spec(On) and Ex =
Spec(On) ®z E" — Spec(Oy). Since ¢ must be larger than 3, these sections specialize to distinct 3-
torsion points of the fibers of £y and £} over a prime of On over g. Since ¢ splits in Oy, these fibers
are isomorphic to &, and &, respectively. This shows (i) because the same arguments used in the
proof of Lemma 8.1 show the natural direct image homomorphism Pic”(),) — Pic’(&,) x Pico(é'(’])
has kernel and cokernel equal to finite abelian groups annihilated by 2.

Part (ii) follows from the corresponding fact on the generic fibers of Y and €. Finally, for (iii),
it suffices to show that the image D of [0y, ] — [()’yq] in Pico(é’(’l) does not lie in 3 - Pico(é'(;). Setting
w = ! defines the affine model S(; 2 = 1—3w? when § = y/x3/2. Let Og; be the point at infinity
for this model. Then D = [P;] — [P;] when P; , = (0,1) and P, 4 = (0,—1) in (w,§) coordinates.
Here [Py 4] = —[P14] in Pico(é’é) and (¢ — 1)[Py,4] = 0 relative to the complex multiplication action
of Z[(] = O on &; defined by ((w,§) = (Cw,§). So [P1q] is a three torsion point when we use Og;
as the origin of the group law of £,. Lemma 8.2 shows that D = [Py 4] — [P24] lies in 3 - Pic(&y)
if and only if Py 4, — Py q = 2Py 4 lies in 3 - £/ (Z/q) relative the group law of £, (Z/q). Since Py 4
is a 3-torsion point, this will be true if and only if Py, lies in 3 - £ (Z/q). However, P, is the
intersection of the fiber of £} over a chosen prime g of Oy over g with the corresponding point P; on
the general fiber of £, i.e. the point P, with (w, ) coordinates (0,1). Multiplication by 3 defines
an étale morphism of abelian schemes Z[§] ® £y — Z[}] ® €} The pullback of the section defined
by Py is a divisor P on Z[}] ® ) which is étale over this section. Therefore P must be a disjoint
union of divisors of the form Spec(©) in which O is the integral closure of Z[}] in the residue field
L of a closed point P’ of El such that 3- P’ = P;. By Lemma 8.3, L must contain N(¢'/3), and
by construction q is a prime of Oy inert to N(¢'/?) which is prime to 6. Any point of the fiber of
& over q which when multiplied by 3 gives P; , must lie on the intersection of P with this fiber.
Because N(¢'/3) C L, there is no point of this intersection with residue field Oy /q = Z/q. This
implies (iii). O
Remark 8.5. By the Cebotarev density theorem, the set of rational primes g that have the properties
in Corollary 8.4 has Dirichlet density 1/18 — 1/54 = 1/27. The prime ¢ = 439 is an example.

Theorem 8.6. The conclusion of Theorem 6.2 need not hold if C is allowed to have genus greater
than 1. More specifically, with the notations of Corollary 8.4, let C be the curve YV, and let Oc be
either one of the points Oy, or 0%, . There are a,b € k()" that are normalized at Og, such that
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the associated classes [a], [b] € H*(&,, pue) have non-trivial Weil pairing. Let n: C = Y, — &, be the
morphism associated to the construction of Y,. The pullbacks n*[a],n [b] € HY(C, ue) are normalized
classes at Oc, but the cup product of these classes is not equal to d(oc) ([0c] ® (n*[a], n*[b]) weil) in

Pic(C) ®z fie.

Proof. By Corollary 8.4, the ¢ = 3 torsion of Pic(&,) is isomorphic to Z/3 x Z/3. So there are
a,b € k(&)* normalized at Og, such that ([a], [b])weie, # 1 with respect to the Weil pairing
on &. Here if k is an algebraic closure of k, ([a], [b])weire, is the value of the cup product
[a] U] € H2(k @4 &, u$?) = jiz when [c] is the image of [c] € H'(&,, u3) under the restriction
map HY(E,, u3) — HY (k®y &,, u3). Cup products respect restrictions and pullbacks by 7, so we find
that

(8.11) (n”[a], n* [b]) weir = ™ ([a] U [b])
when n* on the right is the pullback map
(8.12) 0t 2 (k @ &, 1$?) — H2(k @4 C, u§?).

When we identify the domain and range of n* in (8.12) with fi3, the map n* becomes raising to the
second power since C' — &; is a degree two map of curves with constant field k. This and (8.11)
imply (n*[a], 7*[b])wei is @ non-trivial third root of unity. Suppose now that in fact,

1
d(0c)
where d(0¢) = 1. The action of the non-trivial automorphism o of C' over &, fixes n*[a] and n*[b]
and is equivariant with respect to cup products. The action of o on H?(C, u$?) = H?(C, u13) @z fiz =

Pic(C) ®z fi3 corresponds to o’ @ Id when ¢’ is the automorphism of Pic(C') induced by o. Hence
(8.13) would imply

Pl UnBl = o(n*lal) Uo ) = o(n’lal Un b)) = o([0c] @ (o al, " Bl wen)
[0(0c)] ® (n*[al, n*[b])wei-
Subtracting the right side of (8.14) from the right side of (8.13) we get

0= ([0c] = [0(0c)]) ® (n*[a], n*[P)wen in  Pic(C) @z ps.

Here (n*[a], n*[b])wen is a non-trivial third root of unity, so this would force [0¢] — [0(0¢)] to lie in
3-Pic(C). However, {0c,0(0c)} = {0y,,03, } and we have shown the difference [0y,] — [0j, ] is not
in 3 - Pic(C'). So the contradiction shows that (8.13) cannot be true. O

(8.13) n*la] Un*[b] = ([0c] ® (n*[a], n*[b])wen) in Pic(C) ®z fis

(8.14)
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