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Abstract

Mechanical behavior of materials with granular microstructures is confounded by unique features
of their grain-scale mechano-morphology, such as the tension-compression asymmetry of grain
interactions and irregular grain structure. Continuum models, necessary for the macro-scale de-
scription of these materials, must link to the grain-scale behavior to describe the consequences of
this mechano-morphology. Here, we consider the damage behavior of these materials based upon
purely mechanical concepts utilizing energy and variational approach. Granular micromechanics
is accounted through Piola's ansatz and objective kinematic descriptors obtained for grain-pair
relative displacement in granular materials undergoing �nite deformations. Karush-Kuhn-Tucker
(KKT) type conditions that provide the evolution equations for grain-pair damage and Euler-
Lagrange equations for evolution of grain-pair relative displacement are derived based upon a
non-standard (hemivariational) variational approach. The model applicability is illustrated for
particular form of grain-pair elastic energy and dissipation functionals through numerical exam-
ples. Results show interesting damage-induced anisotropy evolution including the emergence of a
type of chiral behavior and formation of �nite localization zones.

Keywords: damage mechanics, granular microstructures, variational procedure, Karush-Kuhn-
Tucker conditions, strain gradient, anisotropy evolution, 2D continua

1 Introduction

Material damage is a complex phenomenon that occurs over a range of spatial scales spanning molecular
or crystal structures, grain boundaries and inter-granular layers, granular structures, etc. [40, 42, 71].
For example, damage can take the form of dislocation formation at atomic scales, grain boundary
sliding or rupture of inter-granular layers and, at larger scales, it could consists in a coalition of com-
plex cooperative and competing mechanisms involving a large number of microstructural units. Such
mechanisms might lead to strain localization bands consisting in numerous interacting micro-fractures
[6, 9, 14, 19, 26, 27, 34, 33, 36, 35, 37, 39, 49]. Clearly, the detailed description of these phenomena
for a complex material system is fraught with challenges. Consequently, continuum damage models
[1, 5] have been vigorously pursued (see for example the continuum-damage and phase �eld models
[6, 10, 11, 62, 37, 36]). In recent times, many multi-scale approaches have also been proposed [15, 32].
Nevertheless, for materials as in granular solids that are su�used with varying compositions, interfaces,
grain sizes and shapes, all features collectively termed as micro-mechano-morphology, continuum mod-
els informed by micromechanical considerations remain the most attractive description [41, 40, 42, 71].
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In this paper, we consider the deformation behavior of solids with granular microstructures un-
dergoing damage. In such materials, the deformation of an interacting grain-pair can be e�ectively
described in terms of the relative movements of the grain centroids/barycenters regardless of the loca-
tion of the actual deformation within the grains. The deformation energy can, therefore, be formulated
in terms of this relative movement and the dissipation due to damage can be similarly considered for
a grain-pair regardless of the actual sub-granular damage mechanism. The macro-scale deformation
energy density of a volume of such material can then be described as an aggregation of grain-pair
deformation energy and mathematically as the sum of the deformation energy of all (i.e. in�nite) the
grain pairs parameterized by the corresponding orientation. Such a view has shown to be a promising
approach for the description of granular system whether from a discrete or continuum viewpoint (see
for example a brief review in [2, 4, 18, 38, 43, 66, 68, 69]). With this view as a point of departure,
we utilize a variational approach for modeling behavior of granular solids undergoing damage under
�nite deformations based upon grain-pair interactions. Consequently, as a �rst step we develop an
objective kinematic descriptor for grain-pair relative displacement in the framework of strain-gradient
theory linked to the placement function in deformed con�guration. We adopt the usual practice in
granular micromechanics (see for example [56, 40]) to decompose the objective grain-pair relative dis-
placement into a component along the vector joining the grain centroids of a grain-pair, termed as
normal component, and a component in the orthogonal direction, termed as tangent component. The
strain energy and damage dissipation for a grain-pair is then de�ned in terms of these components of
grain-pair relative displacement [59, 58] (reversible kinematical descriptors of the grain-pair interac-
tion) and of damage variables (irreversible kinematical descriptors of the grain-pair interaction), i.e.
normal and tangent damage variables. The elastic behavior of damaged material is derived from the
formulated strain energy of the granular aggregate in terms of the grain-pair strain energy. As a result,
relationships are obtained for standard �rst gradient (4th order sti�ness tensor), second gradient (6th
order sti�ness tensor) and �rst-second-gradient interaction (5th order sti�ness tensor) elastic moduli
and their evolution with damage kinematical descriptors. Most importantly, a non-standard (hemi-
)variational approach [13, 50, 53, 51, 54, 55, 52] is utilized to derive the Karush-Kuhn-Tucker (KKT)
type conditions that provide the evolution equations for grain-pair damage kinematical descriptors,
as well as supplementary conditions for evolution of grain-pair relative displacement in the form of
Euler-Lagrange equations. The advantage of using a variational approach is that the KKT conditions
and damage evolution equations are derived from �rst principles in a systematic manner and, there-
fore, yield robust criterion for loading-unloading-reloading conditions based upon purely mechanical
considerations without invoking thermodynamic principles such as its 2nd law and Clausius-Duhem
inequality.

We further note that for a typical granular system, the grain-pairs are oriented in various direc-
tions, which under a given macroscopic loading-sequence will experience di�erent loading histories,
and therefore, di�erent damage evolution. Moreover, the damage evolves di�erently for the normal
and tangent components of every grain-pair interaction. This, accompanied by the nonlinear nature
of damage evolution adopted from the work on cementitious materials reported in , and the possibility
of loading-unloading-reloading switch, results in strong path dependent macroscopic response of the
material.

The resultant damage of a continuum material point is, therefore, not necessarily a linear function
of the normal to loading surface. At any point during the loading process, the state depends upon its
loading history. The rules of normality and associativity that are used in continuum damage theories,
therefore, do not hold. At any point during the loading process, the state depends upon its loading
history.

In the subsequent discussion, we �rst describe the Piola's ansatz for continuum description of gran-
ular systems and introduce objective measure of grain-pair relative displacement in a �nite deformation
second-gradient framework. We then introduce the grain-pair elastic energy function, and for illus-
tration of the developed approach, give a simple expression with the caveat of tension-compression
asymmetry for grain-pair. Similarly, the dissipation potential is de�ned with the view of asymmetric
dissipation in grain-pair extension versus compression. The hemivariational approach is then described
to obtain the KKT conditions and the supplementary conditions. The model applicability is illustrated
through example simulations of a square plate under homogeneous (i.e., a �awless square plate) and
non-homogeneous (i.e., a square plate with a �aw) deformation.
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Figure 1: Piola's Ansatz. On the left-hand side a scheme with the kinematical descriptors of the
discrete model. On the right-hand side a scheme with the kinematical descriptor of the continuum
model.

2 Discrete and continuous models for granular materials

2.1 Identi�cation via Piola's ansatz

In the discrete model the reference con�guration of the considered set of n grains is given by

{X1, X2, . . . , Xn} ∈
(
E2
)n
,

where E2 is the Euclidean two dimensional space. They displace, respectively, with the following
displacement functions

u1 (X1) = χ1 (X1)−X1, u2 (X2) = χ2 (X2)−X2, . . . , un (Xn) = χn (Xn)−Xn,

where χi (Xi) is the placement of the i-th grain eventually depending on time t.
In the continuum model we have a continuous body B which, in the reference con�guration, is

constituted by in�nite particles having position X, i.e. X ∈ B. Each particle has displacement
u (X) = χ (X)−X, where χ (X) is the placement function of the continuous body B.

In the continuum-discrete models identi�cation, the following Piola's Ansatz will be assumed

u (X1) = u1 (X1) , u (X2) = u2 (X2) , , . . . , u (Xn) = un (Xn) ,

that means that the displacements of the n grains correspond to the displacement u (X) of the contin-
uous body B evaluated at the points Xi with i = 1, ..., n where the grains are located in the reference
con�guration.

2.2 Relative inter-granular displacement and related continuum deforma-

tion measures

Let us assume that the distance between the particles at Xn and Xp is L and the unit vector n̂ is
de�ned as follows,

Xn −Xp = n̂L. (1)
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In the reference con�guration, therefore, the vector attached to the position Xn and pointing the
position Xp is n̂L and given in (1).

In the actual con�guration the positions of the two particles at Xn and Xp are, respectively, χ (Xn)
and χ (Xp). The vector in (1) in the present con�guration yields

χ (Xn)− χ (Xp) . (2)

The di�erence between the vectors in (1) and (2) is called the relative displacement δnp of the two
grains n and p,

δnp = χ (Xn)− χ (Xp)− (Xn −Xp) = un (Xn)− up (Xp) .

It is a fundamental quantity in granular mechanics. However, it is not a measure for the deformation
of the granular assembly (it is, e.g., not objective!). Indeed, a rigid body rotation centered at Xn

produces, at the same time, a non zero relative displacement δnp but also a zero elastic strain energy.
In order to de�ne an objective relative displacement (i.e. a relative displacement that is really a
measure of the contribution of the n−p pair to the deformation of the granular assembly), we proceed
as follows. First we de�ne the deformation gradient F = ∇χ as the gradient of the placement function.
Thus, we de�ne an objective relative displacement as

unp = FT (χ (Xn)− χ (Xp))− (Xn −Xp) . (3)

The objectivity of unp is proved by considering the facts that the matrix representation of the defor-
mation gradient F and the column representations of the vectors χ (Xn) − χ (Xp) and Xn −Xp are,
in a certain frame of reference, respectively, F1, κ1 and υ1. If we change the frame of reference, it is
well-known that we have another matrix and other column representations, i.e. F2 = QF1, κ2 = Qκ1

and υ2 = υ1, respectively, where Q is the orthogonal matrix that makes such a change of the frame of
reference. Thus, the objectivity of unp is proved because in the �rst frame of reference its column rep-
resentations is unp1 = FT1 κ1 − υ1 and, in the second frame of reference, the new column representation
is

unp2 = FT2 κ2 − υ2 = FT1 Q
TQκ1 − υ1 = FT1 κ1 − υ1 = unp1 ,

that is therefore independent of the frame of reference. As a matter of facts, the de�nition (3) of
the objective relative displacement is not unique and has to be considered an assumption within the
framework presented in this work. Di�erent choices could be done, e.g. by using in (3), instead of F ,
its orthogonal part in a standard polar decomposition. Let us now assume that the two grains n and
p are neighboring grains. Let us restrict the present model to the case that these neighboring grains
also place similarly in the present con�guration, and therefore the following Taylor's series expansion
is possible and yields

χ (Xn) = χ (Xp) + (∇χ)Xp (Xn −Xp) +
1

2

[(
∇2χ

)
Xp

(Xn −Xp)
]
· (Xn −Xp) . (4)

It is worth to be noted that this simpli�cation may loose its applicability for materials that possess
strong variations and discontinuities of sti�nesses or have highly disordered micro-geometries, which
could be deliberately designed as in pantographic metamaterials [1, 7, 17, 16, 24, 23, 21, 22, 20, 25,
28, 29, 60, 63, 64, 67] or in granular (meta)materials [44]. In these cases, Taylor's series expansion is
not representative and additional kinematic descriptors may be introduced to accurately describe the
response as in Cosserat or micromorphic media [30, 47].

The Green-Saint-Venant tensor G, as well as its gradient

G =
1

2

(
FTF − I

)
, ∇G = FT∇F, (5)

are de�ned in terms of the deformation gradient F . The last three equations in (4) and (5) involve
third order tensors and it is more convenient to show them in index notation

χni = χpi + F pij n̂jL+
1

2
F pij,hn̂j n̂hL

2, Gpij =
1

2

(
F paiF

p
aj − δij

)
, Gpij,h = F paiF

p
aj,h, (6)

where apexes n or p denote the relation, respectively, to the points Xn or Xp. Thus, the objective
relative displacement in (3) is, in index notation,

unpi = F pai (χna − χpa)− (Xn
i −X

p
i ) ,
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that, from (1) and (6)1 yields

unpi = F pai

(
F paj n̂jL+

1

2
F paj,hn̂j n̂hL

2

)
− n̂iL,

that, rearranging the terms, is

unpi = F paiF
p
aj n̂jL− δij n̂jL+

1

2
F paiF

p
aj,hn̂j n̂hL

2,

where δij is the Kronecker symbol and, with the use of (6)2,3, the previous equation yields

unpi = 2Gpij n̂jL+
1

2
Gpij,hn̂j n̂hL

2. (7)

The projection of the objective relative displacement on the unit vector n̂, de�ned in (1), is the so
called normal displacement uη, that is de�ned,

uη = unp · n̂. (8)

Insertion of (7) into (8) is

uη = 2LGpij n̂in̂j +
1

2
L2Gpij,hn̂in̂j n̂h. (9)

Its square is

u2
η =

(
2LGpij n̂in̂j +

1

2
L2Gpij,hn̂in̂j n̂h

)(
2LGpabn̂an̂b +

1

2
L2Gpab,cn̂an̂bn̂c

)
or

u2
η = 4L2n̂in̂j n̂an̂bG

p
ijG

p
ab + 2L3n̂in̂j n̂an̂bn̂cG

p
ijG

p
ab,c +

1

4
L4n̂in̂j n̂hn̂an̂bn̂cG

p
ij,hG

p
ab,c. (10)

The objective relative displacement vector unp projected orthogonally to n̂, i.e. the unit vector
de�ned in (1), is the so called tangential displacement uτ , that is a vector and therefore de�ned,

uτ = unp − (unp · n̂) n̂. (11)

The tangential displacement uτ is a vector. The only objective quantity derived from uτ and n̂ is the
square of uτ , i.e.

u2
τ = (unp − (unp · n̂) n̂) · (unp − (unp · n̂) n̂) = unp · unp − (unp · n̂)

2
(12)

or, in index notation,

u2
τ =

(
2Gpij n̂jL+

1

2
Gpij,hn̂j n̂hL

2

)(
2Gpikn̂kL+

1

2
Gpim,nn̂mn̂nL

2

)
− u2

η, (13)

that means

u2
τ + u2

η = 4L2GpijG
p
ikn̂j n̂k + 2L3GpijG

p
im,nn̂j n̂mn̂n +

1

4
L4Gpij,hG

p
im,nn̂j n̂hn̂mn̂n

or, taking (10) into account,

u2
τ = 4L2GpijG

p
ab (δian̂j n̂b − n̂in̂j n̂an̂b) + 2L3GpijG

p
ab,c (δian̂j n̂bn̂c − n̂in̂j n̂an̂bn̂c)

+
1

4
L4Gpij,hG

p
am,n (δian̂j n̂hn̂mn̂n − n̂in̂j n̂hn̂an̂bn̂c) . (14)

2.3 Damage and sti�nesses

The damaged normal sti�ness is driven by the sign of the objective normal displacement. In tension
(i.e. for positive normal displacement) it is

ktη,D

In compression (i.e. for negative normal displacement) it is higher for cementitious granular materials

kcη,D � ktη,D
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In order to give a synthetic expression for the damaged normal sti�ness kη,D we use the Heaviside
function H,

kη,D = ktη,DH (uη) + kcη,DH (−uη) (15)

The damaged tangent sti�ness kτ,D
kτ,D. (16)

is, on the other hand, the same for both directions.
Damage is modeled with two variables, i.e. the normal damage

Dη, (17)

and the tangent damage
Dτ . (18)

In the earlier model presented by Misra and coworkers [40, 39, 41, 42], such quantities take the role,
respectively, of Dmax

n and Dmax
w . The damage variables in (17) and (18) have the role to reduce

(respectively), the normal (15) and the tangent (16) sti�nesses as follows

ktη,D = ktη (1−Dη) , kcη,D = kcη (1−Dη) , , kτ,D = kτ (1−Dτ ) (19)

that means both that the damaged tangent sti�ness kτ,D is de�ned by the non-damaged tangent
sti�ness kτ and that the damaged normal sti�ness kη,D is de�ned by the non-damaged normal sti�ness
kη,

kη,D = kη (1−Dη) .

Besides, the non-damaged normal sti�ness kη is de�ned in terms of the non-damaged tension normal
sti�ness ktη and the non-damaged compression normal sti�ness kcη,

kη = ktηH (uη) + kcηH (−uη) , (20)

that �nally yields,

kη,D = kη (1−Dη) = ktη (1−Dη)H (uη) + kcη (1−Dη)H (−uη) . (21)

3 Elastic energy function

The elastic energy function for a given couple of grains, say the couple n− p considered in Subsection
2.2, is assumed to be, in the discrete and (because of the Piola's Ansatz) in the continuum models, a
quadratic form of normal and tangent parts components of the objective relative displacement,

U =
1

2
kη (1−Dη)u2

η +
1

2
kτ (1−Dτ )u2

τ , (22)

where u2
η is the square of the scalar uη and u2

τ is the squared module of the vector uτ . In this simple
form of the elastic energy function, the coupling term between uη and uτ is ignored, as also the
linear terms with respect to uη and uτ and �nally the dependency of the energy upon gradients of the
objective relative displacement components. The reason for the �rst omission is that uτ is a vector and
the only objective quantity that we can build to generate from it an elastic strain energy contribution
is given by its square u2

τ . Besides, a linear term with respect to the scalar uη is also neglected. The
reason is that it is possibile to prove that it changes the stress-free reference con�guration. Thus,
we will consider it in the future in order to take plasticity into account. Finally, for materials with
complex microstructures, the Piola's Ansatz could be constructed by considering in a di�erent way
the critical representative grains. In these cases, the grain-pair deformation energy function in (22)
may not only depend upon the objective relative displacement, but also on its gradients or additional
kinematic parameters (or descriptors). Indeed, this is clear if the critical grain-pair interactions were
those akin to a pantograph, e.g. analyzed in [3, 61], or when many complex mechanisms result in the
need to introduce additional kinematical descriptors to capture the deformation energy of grain-pair
[31, 47, 57]. In these cases, the boundary layers and localization thicknesses that emerge during non-
homogeneous deformation are e�ected by the energy stored and dissipated in the gradient terms, and
typically, result in layers of thicknesses that are multiples of grain-sizes (we intend to illustrate these
points in forthcoming publications) or of the inter-granular distance L.
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The total energy U tot for a given particle at Xp is the sum of the energy in (22) over all the N
possible interactions, i.e. between the grain p and all the N neighboring grains n,

U tot =
N∑
i=1

[
1

2
kη;i (1−Dη;i)u

2
η;i +

1

2
kτ ;i (1−Dτ ;i)u

2
τ ;i

]
, (23)

where the subscript i refers to a single couple of grains of the type n−p. In (23) it is therefore intended
that kη;i is the non-damaged normal sti�ness for the i-th couple of grains, kτ ;i is the non-damaged
tangent sti�ness for the i-th couple of grains, Dη;i is the normal damage for the i-th couple of grains,
Dτ ;i is the tangent damage for the i-th couple of grains, uη;i is the scalar normal relative displacement
for the i-th couple of grains and u2

τ ;ηi is the squared tangent displacement for the i-th couple of grains.
Continuization of Eq. (23) is done by the use of the following homogenization rule explicited for a

general quantity a, represented with ai for the i-th couple of grains of the type n − p in the discrete
model and with a (θ) for the orientation θ (corresponding to the unit vector from the particle p to the
particle n in the discrete model) in the continuum model,

N∑
i=1

[ai] −→
�
S1

a (θ) . (24)

where S1 = [0, 2π] is the unit circle, domain of the function a (θ), i.e. the set of all the orientations.
The use of the homogenization rule in (24) for total energy U tot in (23) yields

U =

�
S1

1

2
kη (1−Dη)u2

η +
1

2
kτ (1−Dτ )u2

τ , (25)

where kη = k̃η (θ), kτ = k̃τ (θ), Dη = D̃η (θ) and Dτ = D̃τ (θ) substitute, respectively, kη,i kτ,i Dη,i

and Dτ,i, and are all functions of that orientation θ ∈ [0, 2π] connected with the orientation n̂ of the
i-th couple of grains, that yields the following identi�cation rules,

kη,i → k̃η (θ) , kτ,i → k̃τ (θ) , Dη,i → D̃η (θ) , Dτ,i → D̃τ (θ) .

From (10) and (14), the elastic strain energy of the granular aggregate (25) is

U =

�
S1

1

2
kη (1−Dη)

(
4L2n̂in̂j n̂an̂bGijGab + 2L3n̂in̂j n̂an̂bn̂cGijGab,c

)
+

�
S1

1

2
kη (1−Dη)

(
1

4
L4n̂in̂j n̂hn̂an̂bn̂cGij,hGab,c

)
+

�
S1

1

2
kτ (1−Dτ )

(
4L2GijGab (δian̂j n̂b − n̂in̂j n̂an̂b) + 2L3GijGab,c (δian̂j n̂bn̂c − n̂in̂j n̂an̂bn̂c)

)
+

�
S1

1

2
kτ (1−Dτ )

(
1

4
L4Gij,hGab,c (δian̂j n̂hn̂bn̂c − n̂in̂j n̂hn̂an̂bn̂c)

)
. (26)

or, in a compact form is

U =
1

2
CijabGijGab + MijabcGijGab,c +

1

2
DijhabcGij,hGab,c, (27)

where the apexes p have all been omitted and the elastic sti�nesses C, M and D are identi�ed in (27)
as follows, with the symmetrization induced by the symmetry of the strain tensor G,

Cijab = 4L2

�
S1

kη (1−Dη) n̂in̂j n̂an̂b (28)

+4L2

�
S1

kτ (1−Dτ )

(
1

4
(δian̂j n̂b + δibn̂j n̂a + δjan̂in̂b + δjbn̂in̂a)− n̂in̂j n̂an̂b

)
Mijabc = L3

�
S1

kη (1−Dη) n̂in̂j n̂an̂bn̂c (29)

+L3

�
S1

kτ (1−Dτ )

(
1

4
(δian̂j n̂b + δibn̂j n̂a + δjan̂in̂b + δjbn̂in̂a) n̂c − n̂in̂j n̂an̂bn̂c

)
Dijhabc =

1

4
L4

�
S1

kη (1−Dη) n̂in̂j n̂hn̂an̂bn̂c (30)

+
1

4
L4

�
S1

kτ (1−Dτ )

(
1

4
(δian̂j n̂b + δibn̂j n̂a + δjan̂in̂b + δjbn̂in̂a) n̂hn̂c − n̂in̂j n̂hn̂an̂bn̂c

)
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Assuming small displacement (and small displacement gradient) approximation means quadratic ap-
proximation of the strain energy with respect to the displacement gradient H and to its symmetric
part E de�ned as follows,

H = ∇u, E =
1

2

(
H +HT

)
,

that yields

U =
1

2
CijabEijEab + MijabcEijEab,c +

1

2
DijhabcEij,hEab,c, (31)

The elastic sti�nesses in Eqs. (28), (29) and (30), indicate that the regularization length-scale in this
model is of the order of the inter-granular distance L, which is a consequence of the assumed grain-pair
energy (see Eq. (22) and the discussion thereafter), an assumption often made in discrete-continuum
identi�cations (see for example [12, 65]). As suggested in our above discussion, enriched grain-pair
energy that includes e�ect of gradients are needed such that the regularization lengths can properly
represent all the grain-scale (micro-scale) deformation mechanisms. We �nally remark that the strain
gradient approximation induced by the Taylor's series expansion in (4) and the presence of damage,
induce a chiral e�ect on the granular assembly deduced by the non trivial form in (29) of the sti�ness
M. The reason is that, in the integral in (29), the unit vector n̂ appears an odd number of times and
the domain is even. Thus, on the one hand and for damage-free materials where non-damaged sti�ness
kη and kτ are independent on the versus of the unit vector n̂, we have M = 0. On the other hand, an
evolution of damage variables Dη and Dτ that is non-symmetric with respect to the sign of n̂ induces
a chiral e�ect evidenced by the condition M 6= 0.

4 Identi�cation of the damage-free isotropic case

4.1 Macroscopic sti�nesses matrices

Isotropic standard representation of the 4th order sti�ness tensor for both 2D and 3D cases is

Cijab = µδiaδjb + µδibδja + λδijδab (32)

C1111 = λ+ 2µ (33)

C1122 = λ (34)

Thus, an identi�cation of 2D or 3D Lamé coe�cients in terms of the sti�ness matrix components is as
follows

λ = C1122, µ =
1

2
(C1111 − C1122) . (35)

Besides, the 4 independent strain gradient isotropic elastic coe�cients in the 2D case are here reported
in the nomenclature of [8], i.e.,

a11 = D111111, a22 = D221221, a12 = D111221, a23 =
√

2D221122. (36)

4.2 Microscopic sti�nesses matrices

In the 2D case, a standard representation of the unit vector is

n1 = cos θ, n2 = sin θ, (37)

where θ is the anti-clockwise angle from the �rst unit vector ê1 of the frame of reference to n̂. Besides,
trivial analytical results are as follows

� 2π

0

sin2 θdθ =

� 2π

0

cos2 θdθ = π,

� 2π

0

sin2 θ cos2 dθ =
1

4
π

� 2π

0

sin4 θdθ =

� 2π

0

cos4 θdθ =
3

4
π.

� 2π

0

sin6 θdθ =

� 2π

0

cos6 θdθ =
5

8
π

8



The components C1111 and C1122 are, from (28) and (37), and no damage condition Dη = Dτ = 0,

C1111 = 4L2

� 2π

0

[
k̃η (θ) cos4 θ + k̃τ (θ)

(
cos2 θ − cos4 θ

)]
= (38)

=
4L2

2π

[(
k̄η − k̄τ

) 3

4
π + k̄τπ

]
=
L2

2

(
3k̄η + k̄τ

)
.

C1122 = 4L2

� 2π

0

[
k̃η (θ) sin2 θ cos2 θ + k̃τ (θ)

(
− sin2 θ cos2 θ

)]
= (39)

=
4L2

2π

[(
k̄η − k̄τ

) 1

4
π

]
=
L2

2

(
k̄η − k̄τ

)
,

D111111 =
1

4
L4

� 2π

0

[
k̃η (θ) cos6 θ + k̃τ (θ)

(
cos4 θ − cos6 θ

)]
(40)

=
L4

8π

[(
k̄η − k̄τ

) 5

8
π + k̄τ

3

4
π

]
=
L4

64

[
5k̄η + k̄τ

]
D221221 =

1

4
L4

� 2π

0

[
k̃η (θ) sin4 θ cos2 θ + k̃τ (θ)

(
sin2 θ cos2 θ − sin4 θ cos2 θ

)]
(41)

=
1

8π
L4

[(
k̄η − k̄τ

) π
8

+ k̄τ
1

4
π

]
=
L4

64

[
k̄η + k̄τ

]
D111221 =

1

4
L4

� 2π

0

[
k̃η (θ) sin2 θ cos4 θ + k̃τ (θ)

(
− sin2 θ cos4 θ

)]
(42)

=
1

8π
L4
[(
k̄η − k̄τ

) π
8

]
=
L4

64

[
k̄η − k̄τ

]
D221122 =

1

4
L4

� 2π

0

[
k̃η (θ) sin4 θ cos2 θ + k̃τ (θ)

(
1

2
sin2 θ cos2 θ − sin4 θ cos2 θ

)]
(43)

=
1

8π
L4
[(
k̄η − k̄τ

) π
8

+ k̄τ
π

8

]
=
L4

64
k̄η

where the isotropic condition has been imposed by assuming (i) no dependence of kη and kτ with
respect to n̂ (or θ), (ii)

k̃η (θ) =
k̄η
2π
, k̃τ (θ) =

k̄τ
2π
,

where k̄η and k̄τ are the integrated sti�ness over the set of possible orientations, that are de�ned in
the general anisotropic case as follows,

k̄η =

� 2π

0

k̃η (θ) dθ, k̄τ =

� 2π

0

k̃τ (θ) dθ.

4.3 Isotropic micro-macro Identi�cation

By comparing (35), (38) and (39), we obtain the following identi�cation of the 2D Lamé coe�cients
in terms of normal and tangent sti�ness

µ =
L2

2

(
k̄η + k̄τ

)
, λ =

L2

2

(
k̄η − k̄τ

)
.

In the 2D model, Young module Y and Poisson module ν are

Y = 4µ
λ+ µ

λ+ 2µ
, ν =

λ

2 (λ+ µ)
.

Thus an identi�cation of Young and Poisson modules are as follows,

Y = 4L2k̄η
k̄η + k̄τ
3k̄η + k̄τ

, ν =
k̄η − k̄τ

4k̄η

By comparing (36), (40), (41), (42) and (43), we obtain the following identi�cation of the 4 2D strain
gradient coe�cients in terms of normal and tangent sti�ness,

a11 =
L4

64

[
5k̄η + k̄τ

]
, a22 =

L4

64

[
k̄η + k̄τ

]
, a12 =

L4

64

[
k̄η − k̄τ

]
, a23 =

L4

64

√
2k̄η.
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5 Evolution of damage

5.1 De�nition of the fundamental kinematical quantities

We evaluate the evolution of damage variables via an hemi-variational derivation of the grain interac-
tion, that is considered for a given orientation. To do this, we start by the de�nition of the following
4 (3 scalar and one vector) fundamental kinematical quantities

uη, uτ , Dη, Dτ , (44)

where uη, uτ , Dη and Dτ have been already de�ned in (8), (11), (17) and (18).

5.2 De�nition of the dissipation, external and total energy functionals

The damage dissipation energy functional W is assumed to be additively decomposed into normal, i.e.
W η, and tangent, i.e. W τ , coupled parts,

W = W η +W τ . (45)

The assumption of the normal contribution W η is as follows

W η =
1

2
kcη
(
Bcη
)2
H (−uη)

[
−Dη +

2

π
tan

(π
2
Dη

)]
+ (46)

1

2
ktη
(
Btη
)2
H (uη)

[
2 + (Dη − 1)

(
2− 2 log (1−Dη) + (log (1−Dη))

2
)]
,

where Bcη and Btη are the characteristic lengths for the normal damage dissipation, respectively, in
compression and in tension. Besides, the assumption of the tangent contribution W τ is

W τ =
1

2
kτ

[
B̃τ (uη)

]2 [
2 + (Dτ − 1)

(
2− 2 log (1−Dτ ) + (log (1−Dτ ))

2
)]
, (47)

where Bτ = B̃τ (uη) is the characteristic length for the tangent damage dissipation. According to
[40, 42], Bτ is assumed to depend on the normal displacement uη and, for the sake of simplicity, the
e�ect of the mean stress has been neglected and this functional dependence has been made explicit as
follows,

Bτ = B̃τ (uη) =


Bτ0, uη ≥ 0,

Bτ0 − α2uη,
1−α1

α2
Bτ0 ≤ uη < 0,

α1Bτ0, uη < Bτ0
1−α1

α2
,

(48)

where Bτ0 (Bw0 in [40, 42]), α1 and α2 are further constitutive parameters that complete the functional

dependence B̃τ (uη). The forms of the dissipation energies in (46) and in (47) have been assumed in
order to be coherent with the assumptions in [40, 42], and are considered to be reasonable for concrete.

The external world can exert forces expending power both on the scalar normal and on the vector
tangent objective relative displacements, so that the external energy functional is

Uext = F extη uη + F extτ · uτ , (49)

where F extη and F extτ are, respectively, the external scalar normal and vector tangent external forces.
The action functional E is

E =

TN�

T0

U +W − Uext (50)

is a functional of the fundamental kinematical quantities (44)

E = Ẽ (uη, uτ , Dη, Dτ ) (51)

and the initial T0 and �nal TN instants of time will be de�ned in the next subsection.
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5.3 The formulation of the variational inequality principle

Let
Tt ∈ {Tt}t=0,...,N

with
Tt ∈ R, N ∈ N

and
{Tt}

be a monotonously increasing sequence. An initial datum on the fundamental kinematical quantities
must be assumed at t = 0 for time T0.

A motion is de�ned as a family of displacements

ζ = (uη, uτ ) (52)

for times
t = 1, . . . , N.

The set AMt is that of kinematically admissible displacements (52) and the set AVt is that of their
admissible variations,

υ = (δuη, δuτ ) ∈ AVt.

The admissible variation of the irreversible kinematical quantities

(Dη, Dτ )

are all the positive real numbers. Thus,

β = (δDη, δDτ ) ∈ R+2.

The variation δE

δE = Ẽ (uη + δuη, uτ + δuτ , Dη + δDη, Dτ + δDτ )− Ẽ (uη, uτ , Dη, Dτ )

of the energy functional (51) evaluated at the fundamental kinematical quantities (44) along the
direction

(δuη, δuτ , δDη, δDτ )

is denoted by

δE =
〈
Ẽ ′ (uη, uτ , Dη, Dτ ) , (δuη, δuτ , δDη, δDτ )

〉
.

The increment
(∆uη,∆uτ ,∆Dη,∆Dτ )

at Tt is given by the fundamental kinematical quantities (44) at Tt minus the same quantities (44) at
Tt−1, i.e.,

(∆uη,∆uτ ,∆Dη,∆Dτ )t = (uη, uτ , Dη, Dτ )t − (uη, uτ , Dη, Dτ )t−1 .

The hemivariational principle is formulated as follows. The following variational inequality holds〈
Ẽ ′ (uη, uτ , Dη, Dτ ) , (∆uη,∆uτ ,∆Dη,∆Dτ )

〉
≤

≤
〈
Ẽ ′ (uη, uτ , Dη, Dτ ) , (δuη, δuτ , δDη, δDτ )

〉
=
〈
Ẽ ′ (uη, uτ , Dη, Dτ ) , (υ, β)

〉
(53)

∀υ = (δuη, δuτ ) ∈ AVt, ∀β = (δDη, δDτ ) ∈ R+2,

where the pre�x �hemi� means half and recall the fact that we are using an inequality.
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5.4 Derivation of the Euler-Lagrange equations

Insertion of (22), (49) into (50) yields

E (uη, uτ , Dη, Dτ ) =

=

tf�

ti

1

2
kη (1−Dη)u2

η +
1

2
kτ (1−Dτ )u2

τ

1

2
kcη
(
Bcη
)2
H (−uη)

[
−Dη +

2

π
tan

(π
2
Dη

)]
+

1

2
ktη
(
Btη
)2
H (uη)

[
2 + (Dη − 1)

(
2− 2 log (1−Dη) + (log (1−Dη))

2
)]

+
1

2
kτB

2
τ

[
2 + (Dτ − 1)

(
2− 2 log (1−Dτ ) + (log (1−Dτ ))

2
)]

−F extη uη − F extτ uτ

so that the two members in the inequality principle (53) are

〈E ′ (uη, uτ , Dη, Dτ ) , (∆uη,∆uτ ,∆Dη,∆Dτ )〉 =

=

tf�

ti

{kη (1−Dη)uη + kτBτ
∂B̃τ
∂uη

Dτ�

0

[Log (1− x)]
2
dx− F extη }∆uη

+{kτ (1−Dτ )uτ − F extτ } ·∆uτ

−1

2
kηu

2
η∆Dη

+
1

2
kcη
(
Bcη
)2
H (−uη)

[
−1 +

2

π

∂ tan
(
π
2Dη

)
∂Dη

]
∆Dη

+
1

2
ktη
(
Btη
)2
H (uη)

∂

∂Dη

[
(Dη − 1)

(
2− 2 log (1−Dη) + (log (1−Dη))

2
)]

∆Dη

1

2
kτu

2
τ∆Dτ

+
1

2
kτB

2
τ

∂

∂Dτ

[
(Dτ − 1)

(
2− 2 log (1−Dτ ) + (log (1−Dτ ))

2
)]

∆Dτ

and

〈E ′ (uη, uτ , Dη, Dτ ) , (δuη, δuτ , δDη, δDτ )〉 =

=

tf�

ti

{kη (1−Dη)uη + kτBτ
∂B̃τ
∂uη

Dτ�

0

[Log (1− x)]
2
dx− F extη }δuη

+{kτ (1−Dτ )uτ − F extτ } · δuτ

−1

2
kηu

2
ηδDη

+
1

2
kcη
(
Bcη
)2
H (−uη)

[
−1 +

2

π

∂ tan
(
π
2Dη

)
∂Dη

]
δDη

+
1

2
ktη
(
Btη
)2
H (uη)

∂

∂Dη

[
(Dη − 1)

(
2− 2 log (1−Dη) + (log (1−Dη))

2
)]
δDη

1

2
kτu

2
τδDτ

+
1

2
kτB

2
τ

∂

∂Dτ

[
(Dτ − 1)

(
2− 2 log (1−Dτ ) + (log (1−Dτ ))

2
)]
δDτ

where
Dτ�

0

[Log (1− x)]
2
dx = 2 + (Dτ − 1)

(
2− 2 log (1−Dτ ) + (log (1−Dτ ))

2
)
.
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By assuming
(δuη, δuτ , δDη, δDτ ) = (∆uη + u,∆uτ ,∆Dη,∆Dτ )

and then
(δuη, δuτ , δDη, δDτ ) = (∆uη − u,∆uτ ,∆Dη,∆Dτ )

for arbitrary scalar u, we obtain two inequalities, that imply the following Euler-Lagrange equation
for the normal displacement,−kη (1−Dη)uη − kτBτ

∂B̃τ
∂uη

Dτ�

0

[log (1− x)]
2
dx+ F extη

 δuη = 0.

By assuming
(δuη, δuτ , δDη, δDτ ) = (∆uη,∆uτ + w,∆Dη,∆Dτ )

and then
(δuη, δuτ , δDη, δDτ ) = (∆uη,∆uτ − w,∆Dη,∆Dτ )

for arbitrary vector w, we obtain another set of two vector inequalities (two for each component), that
imply another Euler-Lagrange equation for the tangential displacement,{

−kτ (1−Dτ )uτ + F extτ

}
· δuτ = 0.

Besides, the variation of the irreversible kinematical quantities are not arbitrary but only positive.
Thus, by assuming

(δuη, δuτ , δDη, δDτ ) = (∆uη,∆uτ , 2∆Dη,∆Dτ )

and then
(δuη, δuτ , δDη, δDτ ) = (∆uη,∆uτ , 0,∆Dτ )

we obtain another set of two inequalities, that imply another Euler-Lagrange equation for the normal
damage in the form of the following KKT condition,

[u2
η −

(
Btη
)2
H (uη) (log (1−Dη))

2 −
(
Bcη
)2
H (−uη)

[
tan

(π
2
Dη

)]2
]∆Dη = 0. (54)

It is worth to be noted that, in the loading conditions (i.e. when ∆Dη > 0), the previous KKT
condition is, in tension (uη > 0),

uη = −Btη log (1−Dη) ⇒ Dη = 1− exp

(
− uη
Btη

)
, (55)

and, in compression (uη < 0),

uη = −Bcη
[
tan

(π
2
Dη

)]
⇒ Dη =

2

π
arctan

(
− uη
Bcη

)
. (56)

By assuming
(δuη, δuτ , δDη, δDτ ) = (∆uη,∆uτ ,∆Dη, 2∆Dτ )

and then
(δuη, δuτ , δDη, δDτ ) = (∆uη,∆uτ ,∆Dη, 0)

we obtain another set of two inequalities, that imply another Euler-Lagrange equation for the tangential
damage in the form of the following KKT condition,[

u2
τ −B2

τ (log (1−Dτ ))
2
]

∆Dτ = 0. (57)

It is worth to be noted that, in the loading conditions (i.e. when ∆Dτ > 0), the previous KKT
condition is,

|uτ | = −Bτ log (1−Dτ ) ⇒ Dτ = 1− exp

(
−|uτ |
Bτ

)
, (58)
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6 Results

We elucidate the properties of the model through analytical and numerical results presented for selected
test cases. Two square specimens in 2D, with side S = 10 [cm] (Fig. 2), are subjected to extension,
compression and shearing tests, as sketched in Fig. 3, the quantity ū in Fig. 3 increasing from 0 to
ūmax. The �rst specimen, without �aw, is designed to illustrate the model performance in the case of
homogeneous deformation while the second, with a circular �aw (hole), for the case of inhomogeneous
deformation under the same set of kinematic boundary conditions.

𝑆 = 10 𝑐𝑚

𝑆

𝑆

𝑆

𝑦ℎ =
𝑆

2

𝑥ℎ =
𝑆

2

𝑅ℎ = 0.12 ⋅ 𝑆

Figure 2: Schematics of analyzed domains, without (left-hand side) and with (right-hand side) the
hole.

ത𝑢

ത𝑢

ത𝑢

ො𝒆𝑦

ො𝒆𝑥

ො𝒆𝑦

ො𝒆𝑥

Figure 3: Schematics of considered boundary conditions. Extension (i.e., ū < 0)/compression (i.e.,
ū > 0) test (left) and shearing test (right).

6.1 Homogeneous deformations

It can be easily seen that, when a �awless (i.e. no hole) specimen is considered, then boundary
conditions in Fig. 3 imply homogeneous deformations. Thus, strain gradient terms in the deformation
energy are not activated, i.e. ∇G = 0. For such boundary conditions, closed form solutions are available
and will be analyzed in what follows. At �rst, let us de�ne the displacement function u(X) := χ(X)−X.
Component-wise, in the unit orthonormal basis (êx, êy) in Fig. 3, we have u(X) = (u1(X), u2(X)),
where X = (X1, X2). In such a component-form, boundary conditions in Fig. 3 can be written as

� extension/compression test

u1(0, X2) = 0 ∀X2 ∈ [0, S] (59)

u2(X1, S) = 0 ∀X1 ∈ [0, S] (60)

u2(X1, 0) = 0 ∀X1 ∈ [0, S] (61)

u1(S,X2) = ū ∀X2 ∈ [0, S] (62)
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� shearing test

u1(0, X2) = 0 ∀X2 ∈ [0, S] (63)

u2(0, X2) = 0 ∀X2 ∈ [0, S] (64)

u1(X1, S) = 0 ∀X1 ∈ [0, S] (65)

u1(X1, S) = 0 ∀X1 ∈ [0, S] (66)

u1(X1, 0) = 0 ∀X1 ∈ [0, S] (67)

u1(S,X2) = 0 ∀X2 ∈ [0, S] (68)

u2(X1, S) =
ū

S
·X1 ∀X1 ∈ [0, S] (69)

u2(X1, 0) =
ū

S
·X1 ∀X1 ∈ [0, S] (70)

u2(S,X2) =
ū

S
·X1 ∀X2 ∈ [0, S] (71)

leading to the following solutions

� Extension/compression test. The displacement �eld is analytically given by the following expres-
sions for its components,

u1(X1, X2) = − ū
S
X1, u2(X1, X2) = 0, ∀X1 ∈ [0, S] ∀X2 ∈ [0, S],

and, from (5), the Green-Saint-Venant tensor is found in terms of its matrix representation with
respect to the given frame of reference,

G =

(
ū
S

(
−1 + ū

2S

)
0

0 0

)
, (72)

as well as the normal and the squared tangent displacement (10) and (14),

uη = 2ūL
(
−1 +

ū

2S

)
cos2(θ), (73)

u2
τ =

[
2ūL

(
−1 +

ū

2S

)
cos(θ) sin(θ)

]2
. (74)

� Shearing test. The displacement �eld is analytically given by the following expressions for its
components,

u1(X1, X2) = 0, u2(X1, X2) =
ū

S
X1, ∀X1 ∈ [0, S] ∀X2 ∈ [0, S]

and, from (5), the Green-Saint-Venant tensor is found in terms of its matrix representation with
respect to the given frame of reference,

G =

(
0 ū

2S
ū

2S 0

)
, (75)

as well as the normal and squared tangent displacement (10) and (14),

uη = 2ū cos(θ) sin(θ), (76)

u2
τ = ū2

(
1− 4 cos2(θ) sin2(θ)

)
. (77)

It is worthwhile to remark that, as the resulting deformations are homogeneous, the relative displace-
ments uη and uτ do not depend on the position X but depend only on the angle θ. Applying the KKT
conditions in Eqs. (55, 56, 58), observing that each grain-pair of the micro-scale system is monoton-
ically loaded (i.e. ∆Dη(θ), ∆Dτ (θ) are strictly greater than zero for each ū), we obtain an analytic
expression of the damage variables

Dη(θ) =

1− exp
(
−uη(θ)

Btη

)
, uη(θ) > 0

2
π arctan

(
−uη(θ)

Bcη

)
, uη(θ) < 0

(78)
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and

Dτ (θ) = 1− exp

(
−|uτ (θ)|

Bτ

)
(79)

which are plotted in Fig. 4 for the three boundary conditions. For the case of shear, certain grain-pair
directions experience tensile loading (those in the interval θ ∈ (0, π/2) ∪ (π, 3π/2)) while those in the
interval θ ∈ (π/2, π)∪ (3π/2, 2π) experience compression. Therefore, the petals of the �ower-like plots
for normal damage evolve di�erently, with those for tensile directions tending towards the direction 1
earlier than for compressive directions (for which the threshold for damage is higher).

Compression Tension Shear

𝐷𝜂

𝐷𝜏

Figure 4: Polar plots of the damage variables Dη and Dτ for di�erent homogeneous test cases and for
increasing ū. Black arrows indicate directions of increasing ū.

Compression Shear

Figure 5: Polar plots of the damage variable Dτ for homogeneous compression and shearing tests and
for increasing ū when Bτ = Bτ0 = const is considered and therefore equation (48) is not taken into
account. Black arrows indicate directions of increasing ū.

Further, the �ower-like shape of tangential damage plots in Fig. 4 are distorted due to the non-smooth
evolution of Bτ according to Eq. (48) for grain-pair directions experiencing compressive actions or
tensile versus compressive actions. To better elucidate this fact, Fig. 5 shows the tangential damage for
compression and shearing test considering a constant dependence, i.e. Bτ = Bτ0, for the characteristic
length of the tangent damage dissipation.
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The directional variation in the evolution of damage variables has two critical consequences that
are of signi�cance for correctly describing the behavior of materials that display tension-compression
asymmetry and evolving anisotropy at the macro-scale. Firstly, the model is able to predict a sti�er
and stronger behavior under compression as opposed to that under extension, that is coherent with
observation relevant to a number of previously mentioned materials. Secondly, the model predicts an
evolution of anisotropy as the material undergoes damage in preferred direction when a specimen in
subjected to a speci�c boundary conditions. Examples of such materials abound in the literature.
Here we mention a few material cases to underline the signi�cance of the taken approach, for example
soft biological tissue [45]; woods [48]; metals [46]; besides the widely known behavior of ceramics,
geomaterials, and cementitious materials such as concrete.

With the aim to provide further insight into the meaning of the various parameters used within
the modeling, a sensitivity analysis is presented for the simple homogeneous cases considered in this
subsection. Particularly, we investigate how damage parameters a�ect the elastic response. In the case
of homogeneous compression, the normal displacement uη is always negative. It is for this reason that
only the in�uence of 4 damage parameters out of 5 is to be investigated. Indeed, the characteristic
length of tension dissipation Btη in Eq. (78) does not play any role in such a situation. For the
homogeneous extension test we have something analogous: since uη is always positive, the parameters
Bcη, α1, α2 do not have any e�ect on the results. While, for the shearing test, every parameter is relevant.
In Figs. 6-8, force-displacement diagrams are reported for compression, extension and shearing tests,
each of them considering a single varying material parameter. It is observed that the specimen's
softening in homogeneous compression decreases by augmenting the parameters Bcη (Fig. 6(top-left)),
Bτ0 (Fig. 6(top-right)), α1 (Fig. 6(bottom-left)), and α2 (Fig. 6(bottom-right)). Analogously, for the
homogeneous extension test, specimen's softening decreases by augmenting the parameters Btη (Fig.
7(left)) and Bτ0 (Fig. 7(right)). Also for the shearing test it is observed that specimen's softening
decreases by augmenting the parameters Bcη (Fig. 8(top-left)), Btη (Fig. 8(top-right)), Bτ0 (Fig.
8(center)), α1 (Fig. 8(bottom-left)), and α2 (Fig. 8(bottom-right)).

Figure 6: Sensitivity analysis. Force vs displacement diagrams for homogeneous compression test
obtained by varying di�erent model parameters, i.e. Bcη (top-left), Bτ0 (top-right), α1 (bottom-left),
and α2 (bottom-right).
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Figure 7: Sensitivity analysis. Force vs displacement diagrams for homogeneous extension test obtained
by varying di�erent model parameters, i.e. Btη and Bτ0 (right).

Figure 8: Sensitivity analysis. Force vs displacement diagrams for homogeneous shearing test obtained
by varying di�erent model parameters, i.e. Bcη (top-left), B

t
η (top-right), Bτ0 (center), α1 (bottom-left),

and α2 (bottom-right).
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6.2 Implementation of the numerical algorithm

For the solution of problems that include non-homogeneous deformations, numerical e�ort is needed.
To this end, an algorithm was developed for the numerical implementation of the model. To illustrate
the model applicability, the algorithm was used to compute results for three exemplary cases, i.e. non-
homogeneous extension/compression and shearing tests. The continuum model is solved by means of
the commercial software Matlab and COMSOL Multiphysics. An iterative procedure is implemented
in a staggered fashion in Matlab as described in the �owchart in Fig. 9, making use of COMSOL
Multiphysics as a subroutine solving the elastic equilibrium problem.

BOUNDARY CONDITIONS 
PARAMETERISED ON ഥ𝒖

cv
SOLVE by the FINITE 
ELEMENT METHOD 

DISPLACEMENT FIELD

STRAIN FIELD

SOLVE KKT CONDITIONS 
FOR EACH 𝑿 ∈ 𝑩, ෝ𝒏 ∈ 𝑺𝟏

DAMAGE FIELDS 
FOR EACH ෝ𝒏 ∈ 𝑺𝟏

CONVERGENCE ? 

INITIAL ELASTICITY TENSORS

DAMAGE FIELDS 
FOR EACH ෝ𝒏 ∈ 𝑺𝟏
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ELASTICITY TENSORS

MATERIALS
PARAMETERS

INITIAL CONDITIONS
- DISPLACEMENT FIELD FOR EACH 𝑿 ∈ 𝑩
- DAMAGE FIELDS FOR EACH 𝑿 ∈ 𝑩, ෝ𝒏 ∈ 𝑺𝟏
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NO

INCREASE ഥ𝒖

NO

YES

cvEND
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STORE

CONTINUE ? 

Figure 9: Flowchart of the numerical iterative procedure used to solve the mathematical formulation.

The steps of the iterative procedure can be resumed as follows:

1. null initial conditions on the displacement �eld u and damage �eldsDη and Dτ are given together
with the material parameters L, kcη, k

t
η, kτ , B

c
η, B

t
η, Bτ0, according to Tab. 1. The sti�nesses

kcη, k
t
η, kτ given as input material parameters may be initially isotropic, i.e. they do not need to

depend on the orientation angle θ. It is worth to mention that the e�ective (i.e. damaged-) sti�-
nesses kcη,D, k

t
η,D, kτ,D may change during the evolution of the system due to the damage induced

by the state of deformation, thus leading to non-isotropically distributed e�ective (damaged-)
sti�nesses. Indeed, owing to Eq. (19), this is the reason why � for a given basis � the compo-
nents of the elasticity tensors may change during the evolution of the system, possibly implying
anisotropy shifts;

2. the fourth-rank (Cijab), the �fth-rank (Mijabc) and the sixth-rank (Dijhabc) elasticity tensors are
computed according to Eqs. (28, 29 and 30). Such elastic tensors, as well as boundary conditions,
are given as input to a �nite element subroutine based on COMSOL Multiphysics. Particularly,
the weak form of the equilibrium problem in Eq. (53) is solved by means of the weak form
package. Quintic Argyris polynomials are used as shape functions ensuring C2 continuity across
elements along the normal to element boundaries. A Delaunay-tessellated triangular mesh was
employed. Di�erent mesh sizes were considered to investigate mesh independence. The output
of this subroutine is the displacement �eld;

3. the increment of the displacement �eld with respect to the previous step is node-wise compared
with a tolerance. When such a tolerance is not respected, then the displacement parameter ū is
reduced to re-initialize the �nite element subroutine;

4. when the increment of the displacement �eld with respect to the previous step compares positively
with the above-mentioned chosen tolerance, then the strain �eld G is computed making use of
the displacement �eld. The strain �eld is then used by means of Eqs. (7-12) to compute the
relative displacements uη, uτ , which depend on the space coordinates and on the angle θ. Such
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displacements are then given as input to the KKT conditions in Eqs. (55, 56, 58). The damage
�elds Dη and Dτ are recovered as an output of KKT conditions. In formulas, we have

Dt
η = max

{
Dη, D

t−1
η

}
, Dt

τ = max
{
Dτ , D

t−1
τ

}
, (80)

where t is an index used to label the loading steps. Please remark that, according to Eqs. (55,
56 and 58) damage �elds cannot reach the unit value;

5. the load parameter ū is increased.

The instructions above (from point 2) are repeated until a termination criterion is not veri�ed. As
mentioned at the beginning of the section, the termination criterion is given by ū reaching a maximum
desired value ūmax. In order to smooth the constitutive assumption in Eq. (20), the Heaviside function
H (x) is replaced by the following smooth function [70]

1

2
+

1

π
arctan

(x
α

)
(81)

so that the non-damaged normal sti�ness is de�ned as a smooth function of the normal relative
displacement

kη =
1

2

(
ktη + kcη

)
+

1

π

(
ktη − kcη

)
arctan

(uη
α

)
, (82)

that in turns gives the damaged normal sti�ness as a smooth function of the normal relative displace-
ment

kη,D =
1

2

(
ktη + kcη

)
(1−Dη) +

1

π

(
ktη − kcη

)
arctan

(uη
α

)
(1−Dη) . (83)

The quantity α can be tuned to modulate the regularization. Large values of α enhance the convergence
of the algorithm. A value for α is considered, see Tab. 1, as to give a su�ciently smooth and non-sti�
problem while not being detrimental to the congruence of Eqs. (20, 82) and Eqs. (21, 83), so that the
physical meaning of α can be overlooked.

L[m] kcη[J/m4] ktη[J/m4] kτ [J/m4] Bcη[m] Btη[m] Bτ [m] α1[1] α2[1] α[1]

0.01 3.5 · 1014 3.5 · 1013 3 · 1013 3 · 10−7 7 · 10−8 5 · 10−8 10 7 5 · 10−8

Table 1: Values of parameters used in numerical tests. Di�erent parameters are used in the sequel for
sensitivity analyses. Their values are reported in the corresponding plots.

6.3 Non-homogeneous deformations

We further discuss the results for non-homogeneous extension, compression and shearing tests of a
square domain with circular hole exempli�ed in Fig. 2(right). Since the solutions to the related elastic
problem are not available in closed form, and observing that not all grain-pair (springs of the micro-scale
system) might be monotonically loaded (i.e. ∆Dη(θ) and ∆Dτ (θ) are not necessarely strictly greater
than zero for each ū), the iterative numerical solution strategy described in the previous subsection has
been employed. Numerical values for the number of nodes Nθ used to discretize the integration interval
[0, 2π] in Eq. (24), for the interval [ūmin, ūmax] and for the number of converged load steps Niter are
provided in Table 2 for the three non-homogeneous tests. Fig. 10 presents a convergence analysis with
respect to the maximum mesh element size in the case of the non-homogeneous extension test. It is
observed that for the initial linear and softening phases all meshes give almost overlapping results in
terms of global elastic response, i.e. total reaction force vs prescribed displacement. Progressively, for
increasing prescribed displacement, an increasingly relevant mesh dependency is observed, most likely
due to propagation of errors and to the increasing non-linearity and ill-posedness (damage is increasing
thus leading to some vanishing �rst gradient, mixed �rst-second gradient, and second gradient elastic
coe�cients) of the elastic problem. Notwithstanding these phenomena, according to Fig. 10, super-
linear convergence with respect to the mesh size in terms of global elastic response holds.
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Figure 10: Mesh-convergence analysis. Global elastic response, i.e. total reaction force vs prescribed
displacement, for di�erent maximum mesh element sizes in the case of the non-homogeneous extension
test. Element sizes in the legend are expressed in meters.

Nθ
compression/shear tension

Niter ∆ū[m] ūmax[m] Niter ∆ū[m] ūmax[m]

120 50 5 · 10−8 25 · 10−7 16 2.5 · 10−8 4 · 10−7

Table 2: Numerical values used in numerical simulations for non-homogeneous tests.
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Figure 11: Legend of points referred to in subsequent damage polar plots.. Nomenclature of the points
is as follows. The �rst letter refers to internal (i) or external (e) points. Second and eventual third
letter refer to geographic directions, i.e. N is for north, NE is for north-east, E is for east, SE is for
South-east, S is for south, SW is for south-west, W is for west and NW is for north-west.

For all the subsequent simulations, the �nest mesh was chosen. Needless to say, the presence of circular
hole leads to a non-homogeneous deformation that localizes resulting in eventual failure of the specimen
that can be perceived as zones in which damage parameters tend to unity. What is most signi�cant
about the current model is that the non-homogeneous deformation has implication at the underlying
micro- or the grain-scale behavior of the continua. The consequence is that every point in the continuum
body is not only in a di�erent state from the viewpoint of continuum variables but also at a di�erent
state at the micro-scale. Thus at every point of the continuum body, di�erent phenomena emerge and
evolve as the loading progresses. For example, at certain locations in the body, an erstwhile isotropic
and non-chiral material transforms into anisotropic material with chirality. These emergent behavior
is best illustrated by following the evolution of damage parameters at the micro-scale by considering
its direction distribution at selected points in the body as well as the evolution of its maximum value in
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the body. Figs. 12, 16, and 20 show the evolution of Dη(θ) at di�erent points of the specimen (see the
legend in Fig. 11) for the non-homogeneous compression, shearing, and extension tests, respectively.
Figs. 14, 18, and 22 show the evolution of Dτ (θ) at di�erent points of the specimen (see the legend
in Fig. 11) for the non-homogeneous compression, shearing, and extension tests, respectively. Figs.
13, 17, and 21 show the contour plot of the maximum Dη(θ) over θ ∈ [0, 2π] for increasing loading
steps. Finally, Figs. 15, 19, and 23 show the contour plot of the maximum Dτ (θ) over θ ∈ [0, 2π] for
increasing loading steps.
We remark that, owing to boundary conditions and domain symmetries, many connections can be
traced among polar plots of the same damage variable at di�erent domain points and within a single
polar plot. For instance, the polar plots of Dη(θ) at points �iS�, �iNE� and �iSW� are obtained by
re�ecting with respect to the line θ = 0◦ the polar plots of Dη(θ) at points �iN�, �iSE� and �iNW�,
respectively. The polar plots of Dη(θ) at points �iE�, �iNE�, and �iSE� are obtained by re�ecting with
respect to the line θ = 90◦ the polar plots of Dη(θ) at points �iW�, �iNW�, and �iSW�, respectively. The
polar plots ofDη(θ) at points �eS�, �eSW�, �eW�, and �eNE� are the same of those at points �eN�, �eNW�,
�eE�, and �eSE�, respectively. Analogous symmetries can be observed for the subsequent damage polar
plots. We further note that, if Gij,k = 0, then, according to Eqs. (9, 14), uη(θ) = uη(θ + 180◦) and
uτ (θ) = uτ (θ + 180◦), the same symmetry thus holding for the damage variables. Clearly, this is
veri�ed for the homogeneous tests. For the non-homogeneous tests, the deviation from this symmetry
condition is as much more evident as the strain gradient is relevant in magnitude (see the points �iS�,
�iSW�, �iW�, �iNW�, �iN�, �iNE�, �iE�, and �iSE�, i.e. in the internal hole boundary). As we will better
comment in the following, this leads to an induced non-centro-symmetric (i.e., chiral) behavior of the
macroscopic agglomerate.

For compression test, it is interesting to observe from Figs. 12 and 14 that the presence of circular
hole results in development of tensile damage at the corner points �eSW�, �eNW�, �eNE� and �eSE�, in
addition to the points at the perimeter of the hole. Furthermore, damage evolution remains centro-
symmetric at the corner and outer-edge locations indicating that these points are una�ected by the
strain gradients as in Figs. 12 and 14. On the other hand, at the points on the hole perimeter
signi�cant strain-gradients develop, leading to di�erent grain-pair relative displacements for θ and θ+π
directions predicted by Eq. (9). As a result, the damage evolution becomes non-centro-symmetric.
The consequence is that the elastic moduli predicted by Eqs. (28), (29) and (30) becomes not only
anisotropic but also chiral of di�erent degrees. For the shear test, damage evolution remains centro-
symmetric only at the outer-edge locations while the corner points become increasingly non-centro-
symmetric as seen in Figs. 16 and 18. Clearly, the damage evolution is highly complex which is
re�ected in the mixed mode by which the micro-scale failure evolves as seen in 17 and 19. Finally for
the case of extension test, the damage evolution shares the spatial similarity to the compression test
for the selected points with the exception that all grain-pair directions experience extension as seen
from Figs. 20 and 22. In this case, micro-separations due to grain-pair extension dominates, and as
expected, the specimen develops a fracture initiating at the hole perimeter and progressing towards the
outer edge perpendicular to the loading direction as seen in Figs. 21 and 23. Finally, we remark that
an interpretation for the damage results of boundary points and for those angles indicating directions
going out of the domain can be done only by taking into account that we are dealing with a continuous
model and grain-pairs at the boundary are intended only close to the boundary.
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Figure 12: Non-homogeneous compression test. Evolution of Dη(θ) at di�erent points of the specimen
(see the legend in Fig. 11).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

𝑁𝑖𝑡𝑒𝑟 = 10 𝑁𝑖𝑡𝑒𝑟 = 20 𝑁𝑖𝑡𝑒𝑟 = 30 𝑁𝑖𝑡𝑒𝑟 = 40 𝑁𝑖𝑡𝑒𝑟 = 50

maximum 𝐷𝜂
compression

Figure 13: Non-homogeneous compression test. Contour plots of maximum Dη(θ) over θ ∈ [0, 2π] for
increasing loading steps, showing the micro-scale damage evolution in the body modeled as a continuum
which can be interpreted as micro-separations for grain-pair extension or crushing under grain-pair
compression. Clearly around the hole perimeter, the micro-separations and crushing develops the
loading proceeds.
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Figure 14: Non-homogeneous compression test. Evolution of Dτ (θ) at di�erent points of the specimen
(see the legend in Fig. 11).
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Figure 15: Non-homogeneous compression test. Contour plots of maximum Dτ (θ) over θ ∈ [0, 2π]
for increasing loading steps, showing the micro-scale damage evolution in the body modeled as a
continuum. This damage evolution can be interpreted as grain-pair micro-shear. It is clear that under
compression, micro-shear damage dominates leading to a shear localization at failure.
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Figure 16: Non-homogeneous shearing test. Evolution of Dη(θ) at di�erent points of the specimen
(see the legend in Fig. 11).
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𝑁𝑖𝑡𝑒𝑟 = 10 𝑁𝑖𝑡𝑒𝑟 = 20 𝑁𝑖𝑡𝑒𝑟 = 30 𝑁𝑖𝑡𝑒𝑟 = 40 𝑁𝑖𝑡𝑒𝑟 = 50

maximum 
𝐷𝜂 shear

Figure 17: Non-homogeneous shearing test. Contour plots of maximum Dη(θ) over θ ∈ [0, 2π] for
increasing loading steps.
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Figure 18: Non-homogeneous shearing test. Evolution of Dτ (θ) at di�erent points of the specimen
(see the legend in Fig. 11).
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Figure 19: Non-homogeneous shearing test. Contour plots of maximum Dτ (θ) over θ ∈ [0, 2π] for
increasing loading steps.
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Figure 20: Non-homogeneous extension test. Evolution of Dη(θ) at di�erent points of the specimen
(see the legend in Fig. 11).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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𝑁𝑖𝑡𝑒𝑟 = 3 𝑁𝑖𝑡𝑒𝑟 = 6 𝑁𝑖𝑡𝑒𝑟 = 9 𝑁𝑖𝑡𝑒𝑟 = 13 𝑁𝑖𝑡𝑒𝑟 = 16

Figure 21: Non-homogeneous extension test. Contour plots of maximum Dη(θ) over θ ∈ [0, 2π] for
increasing loading steps.

27



eN, eS eNW, eSW eW, eE eNE, eSE

iS iSW iW iNW

iN iNE iE iSE

Figure 22: Non-homogeneous extension test. Evolution of Dτ (θ) at di�erent points of the specimen
(see the legend in Fig. 11).
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maximum 
𝐷𝜏 tension

Figure 23: Non-homogeneous extension test. Contour plots of maximum Dτ (θ) over θ ∈ [0, 2π] for
increasing loading steps.

To further explicate the damage evolution and failure process, in Figs. 24, 25, and 26 we show the
contour plots of elastic (top) and dissipated (bottom) energy densities for increasing loading steps for
the three loading cases.

For the case of compression, both elastic and dissipated energy concentrates along the hole vertical
diameter as expected classically. However, the dominant mechanism of damage is micro-shear as seen
from contours of damage variables in Figs. 12 through 15, although dissipation in the vicinity of the
hole is a complex combination of micro-crushing, micro-separation, and micro-shear for grain-pairs.
The energy concentration in compression is in contrast to that for extension test (see Fig. 26), which
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proceeds in a similar manner in early part of the loading eventually concentrating into a narrow zone.
Indeed it is worthwhile to remark that a strain localization is occurring in the extension test, leading
to a vertical brittle fracture. Considering that the study of brittle fracture in granular materials to be
beyond the scope of the present paper, further investigations will be devoted in the future to analyze
more thoroughly this fracture propagation.
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Figure 24: Non-homogeneous compression test. Contour plots of elastic (top) and dissipated (bottom)
energy densities for increasing loading steps. All quantities are expressed in J/m2.
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Figure 25: Non-homogeneous shearing test. Contour plots of elastic (top) and dissipated (bottom)
energy densities for increasing loading steps. All quantities are expressed in J/m2.
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Figure 26: Non-homogeneous extension test. Contour plots of elastic (top) and dissipated (bottom)
energy densities for increasing loading steps. All quantities are expressed in J/m2.

Concluding Remarks

The key contribution of this paper is the development of damage model for material with granular
microstructures based upon purely mechanical concepts utilizing energy and variational approach.
Further, by incorporating a granular micromechanics approach, a procedure is developed for linking
the micro-scale (or grain-pair scale) to the continuum description. The following points highlight the
main developments of the model derived in this work:

� Derivation of objective kinematic descriptors for grain-pair relative displacement in granular
materials undergoing �nite deformations.

� Derivation of the Karush-Kuhn-Tucker (KKT) type conditions for the grain-pair damage evo-
lution and the Euler-Lagrange equations for evolution of grain-pair relative displacement as
supplementary conditions based upon a novel non-standard variational principle (termed here as
hemivariational).

� Implementation of grain-pair energy and dissipation functionals that exploit the tension-compression
asymmetry as a unique feature of materials with granular microstructures.

The following points highlight the main �ndings of the presented work:

� Grain-pairs oriented in di�erent directions experience di�erent loading histories, and therefore,
di�erent damage evolution for the normal and tangent components of every grain-pair interaction
leading to damage-induced anisotropic response of the continua.

� For non-homogeneous deformations, every material point of a continuum evolves in a di�erent
way.

� Due to the tension-compression asymmetric behavior of grain-pair and the in�uence of strain-
gradients, erstwhile isotropic and non-chiral material transforms into anisotropic material with
chirality.

� Strain gradients in the continuum model not only regularize the (elastic) results, but are necessary
from a physical viewpoint to correctly describe the damage-induced evolution of the characteristic
length scale as well as chirality and better characterization of anisotropy.
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