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In this paper, we design high-order bound-preserving discontinuous Galerkin (DG) methods
for multicomponent chemically reacting flows. In this problem, the density and pressure
are positive and the mass fractions are between 0 and 1. There are three main difficulties.
First of all, it is not easy to construct high-order positivity-preserving schemes for
convection-diffusion equations. In this paper, we design a special penalty term to the
diffusion term and construct the positivity-preserving flux for the system. The proposed
idea is locally conservative, high-order accurate and easy to implement. Secondly, the
positivity-preserving technique cannot preserve the upper bound 1 of the mass fractions.
To bridge this gap, we apply the positivity-preserving technique to each mass fraction
and develop consistent numerical fluxes in the system and conservative time integrations
to preserve the summation of the mass fractions to be 1. Therefore, each mass fraction
would be between 0 and 1. Finally, most previous bound-preserving DG methods are
based on Euler forward time discretization. However, due to the rapid reaction rates,
the target system may contain stiff sources, leading to restricted time step sizes. To fix
this and preserve conservative property, we apply the conservative modified exponential
Runge-Kutta method. The method is third-order accurate and keeps the summation of
the mass fractions to be 1. Numerical experiments will be given to demonstrate the good
performance of the proposed schemes.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

The multicomponent chemically reacting flows have been widely used to simulate inertial confinement fusion, high-
speed combustion, supernovae explosion and cavitation bubble clouds. The effective numerical methods may not be easy to
design due to the appearance of the strong oscillations resulting from the high-order shock-capturing numerical methods.
The oscillations may send some positive quantities negative, leading to the blow-up of the numerical simulations. There
are many works discussing numerical methods for multicomponent chemically reacting flows in the literature, such as
the low-dissipation method [19], the ghost fluid method [20], the entropy-stable hybrid method [31], and the interface-
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capturing methods [24], etc. Moreover, adaptive methods [35,3] and moving mesh methods [34] were also discussed to
reduce the computational cost. In addition to the above, the discontinuous Galerkin (DG) methods were also successfully
applied to multicomponent chemically reacting flows [29,30,25,2]. However, no previous works focused on the bound-
preserving techniques, and the most commonly used technique to preserve the bounds is to apply a cut-off operator, leading
to the loss of the mass. In this paper, we apply high-order DG methods for multicomponent chemically reacting flows and
construct the bound-preserving technique to obtain positive density and pressure. Moreover, the mass fractions are also
designed to be between 0 and 1.

The DG method, first introduced in [38] in the framework of neutron linear transport, becomes one of the most popular
numerical methods for convection-diffusion equations due to its high-order accuracy and flexibility on h-p adaptivity and
on complex geometry. Because of the local structure of the DG scheme, limiters can easily be applied to preserve some
physical properties. One of the major achievements in this direction is the high-order bound-preserving technique. There
were several works discussing the bound-preserving techniques for convection-diffusion equations in the past several years.
In [49], Zhang and Shu first constructed the genuinely high-order maximum-principle-preserving (MPP) DG schemes for
scalar conservation laws. Later, the high-order positivity-preserving (PP) DG schemes for compressible Euler equations were
developed in [50,52,51] to preserve the positivity of the density and pressure. Subsequently, the idea was further extended
to other hyperbolic equations and systems [47,54,37] to obtain the L! stability of the schemes. For convection-diffusion
equations, the second-order MPP DG methods were given in [53]. However, the idea can hardly be extended to construct
high-order MPP schemes. Later, the third-order MPP DG schemes were developed in [5,9] based on the direct DG methods
[27] and the local DG (LDG) methods on overlapping meshes [12]. Besides the above, the flux limiters provide another
direction in constructing high-order MPP and PP schemes for convection-diffusion equations, see [45,18] as an incomplete
list. In addition, a special high-order PP DG method for compressible Navier-Stokes equations was given in [48], where an
artificially designed penalty term was added to the numerical fluxes of the diffusion term.

Recently, the PP technique has been applied to inviscid compressible reacting flows in [42], where the density, pressure
and mass fractures are designed to be positive. However, the scheme could not theoretically guarantee the upper bound 1
of the mass fractions. The time integration proposed in [42] was the strong-stability-preserving (SSP) explicit Runge-Kutta
(RK)/multistep methods [15,39,40], hence the time step due to the stiff source can be limited. Moreover, the modified
Patankar RK methods were also applied to preserve the mass conservation and the positivity of the density and mass
fractions [22,23]. However, such an idea cannot theoretically yield positive pressure for multicomponent flows. To the best
knowledge of the authors, no previous works discussing the bound-preserving technique for multicomponent chemically
reacting flows governed by Navier-Stokes equations are available. There are three main difficulties:

1. The high-order PP spatial discretization. Most of the previous works discussing bound-preserving DG methods for
convection-diffusion equations are not easily extendable to multicomponent chemically reacting flows. In this paper,
we extend the idea proposed in [48] and construct a new penalty term to preserve the positivity of the density, pres-
sure, and the mass fractions. The proposed scheme is locally conservative, keeps the high-order accuracy and is easy to
implement.

2. The high-order bound-preserving technique. The PP technique cannot preserve the upper bound 1 of the mass fractions.
To fix this gap, we apply the PP technique to each component and construct conservative time integrations to preserve
the summation of the mass fractions to be 1. Therefore, each mass fraction would be between 0 and 1. This idea was
first introduced in [17,6,46,14] for DG methods for problems in petroleum engineering, and further extended to finite
difference methods in [28,16]. The key point is to design special consistent fluxes such that the summation of the
schemes for the mass fractions is that for the density function.

3. The system may contain stiff source terms. The bound-preserving technique to be constructed in this paper only works
for explicit SSP time integrations. However, the traditional SSP RK methods may require limited time step sizes. To
eliminate the constraint, we adopt the modified exponential RK methods [21]. The basic idea is to add an artificial
source to remove the stiffness and use the exponential factor to restore the decay property. Unfortunately, with the
exponential factor, the conservative property may not be satisfied. To fix this gap, we designed the conservative modified
exponential RK (CMERK) methods [8,10,11]. The CMERK method is up to third-order accurate in time, conservative,
sign-preserving and steady-state-preserving.

With the PP technique and the CMERK time discretization, we can theoretically prove that the proposed scheme preserves
all the physical bounds.

The rest of the work is organized as follows. In Section 2, we discuss the governing equations and the conservative
property of the system. In Section 3, we construct the DG spatial discretization and the CMERK methods for problems
in one space dimension. The bound-preserving techniques will then be developed in Sections 4. Problems in two space
dimensions will be discussed in Section 5. Some numerical experiments will be given in Section 6 to demonstrate the good
performance of the proposed scheme. We will end in Section 7 with some concluding remarks.
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In this section, we give the formulation of the governing equations. For the brevity of this paper, we start with the
two dimensional model directly. The one dimensional version is straightforward to obtain. The Navier-Stokes equations for
multi-species flow with chemical reactions in two space dimensions [13,19,26,36] read

we+ £+ g =11+ gl +s,

where the primitive variables and the advection fluxes are given by

p pu pv
ou ou?+p ouv
oV ouv ovZ+p
w=| E L= u(E + p) gl = v(E+p)
r ru mnv
I'Ng Ingu 'ngV

and the diffusion fluxes and the source term are given by

(2.1)

0 0 0

Txx Tyx 0

Txy Tyy 0

fl— | UTax + VTxy — Qx , gdz UTyx + VTyy —(qy s= 0
—rius —nvi w1
—TI'NUN —TI'Ng VN WN;

Here p, u, v, E and p are the total density, the velocity in x direction, the velocity in y direction, the total energy per unit
column and the pressure, respectively. The stress tensor and the diffusion heat flux vector are represented by

_L_:(Txx Txy) q=<QX)
Tyx Tyy )’ ay )’

respectively. The total number of chemical species is denoted as N;. We further denote m := N + 4 and hence we have
w e R™, We use rj, uj, v; and w; to denote the density, the diffusion velocity in x direction, the diffusion velocity in y
direction and the mass production rate of the ith (i=1,---, N;) species, respectively. Also, we let r; = pY; and hence Y; is
the mass fraction of the ith species. Physically, the mass fractions satisfy

0<Y;i<1,i=1,---,Ns, (2.2)

Notice that the detailed formulations of the pressure function, chemical reaction rate, diffusion velocity, stress tensor
and diffusion heat flux are not unique based on different hypothesis. The discussions in this paper do not rely on the
specific definitions. The key point is that the governing equations (2.1) should satisfy the conservative property, which will
be used to design the bound preserving technique. In Sections 2.1-2.3, we will briefly show the formulations adopted in our
numerical examples. In Section 2.4, we will define and discuss the conservative property.

2.1. Energy and pressure

The total energy E is the sum of the potential energy and kinetic energy and can be written as

Ns
1
E=p2yihi—p+5p(u2+v2), (2.3)
1=
where
T
fmn=A@3+/%ﬂ@m
To
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is the enthalpy per unit mass of the ith species. Here Ah}f’i and cp; are the enthalpy of formation at reference temperature
To and constant-pressure specific heat of species i, and T is the temperature of the mixture. The enthalpy of formation
of each specific species is a standard constant and can be found in the JANAF (Joint Army Navy NASA Air Force) Thermo-
chemical Tables [41]. For a calorically perfect gas, the specific heat is a constant [1] and can also be taken from the JANAF
table. For a thermally perfect gas in which the specific heat is a function of the temperature [1], one can use the NASA’s
polynomial expressions [33].

The equation of state for multi-species flow is

Ns oy
i=1 !

where W; is the molecular weight of species i and R, is the universal gas constant. By combining equations (2.3) and (2.4),
we can solve for the temperature T from the primitive variables and thus can further compute the value of pressure p.

2.2. Diffusion fluxes

The diffusion fluxes f¢ and g? account for mass diffusion, viscosity and heat conduction. The species mass diffusion flux
of species i is denoted as

Ji = pYiVi,
where V; = [u;, v;]7 is the diffusion velocity of species i. Following the formulations used in [19], we first compute the
diffusion velocity as

R Di i
Vi = ——2(VX; + (X; — Y)V(Inp)),

and then apply the following correction procedure recommended in [7] to ensure mass conservation

N
Vi=Vi—) YV (2.5)
j=1

where

N.
Yi S Y
Xi=— 1
: W,-/; W

is the mole fraction of species i and
1-Y;
Y% Xj/Dij
is the mixture-averaged diffusion coefficient for species i relative to the rest of the multicomponent mixture. Here Djj is

the binary diffusion coefficient defined for species j with respect to species i [26].
The stress tensor can be computed by

Di,mix =

2 2
Txngrl(zux_vy), Txy = Tyx = N(Uy + Vx), Tyyzgn(zvy_ux)7

where 7 is the mixture viscosity. The thermal diffusion vector can be computed by

Ns
q=) hiJi—iVT,

i=1
where J; is the species mass diffusion flux of species i and A is the thermal conductivity of the mixture. For a single species
i, we denote its viscosity and thermal conductivity [26] by n; and A;, respectively, which can be determined if we know the
temperature T. For a mixture, we can find the viscosity by using the Wilke formula [44,4]

N

S X

=2 <N v
io1 2 jo1 Xidij

where
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1 1 IMi o Wji2
i= —(——=)(1+ | ——)".

We can write the mixture thermal conductivity using a combination averaging formula due to Mathur [32].

1.8 1
A= 5(2)(1‘)»,' + sz)
i=1 i=1 7

2.3. Stiff source terms

The source term w; describes the chemical reactions. We consider R reactions of the form

/ / / ” ” "
UL,,Z1 + V2,r22 + -+ VqurZNS i v1,er + szrZZ +---+ UNs,rZNs’ r= 1» 21 -+, R,

where Z; is the chemical symbol of species i, v/, and v/, are the stoichiometric coefficients of the reactants and products,
respectively, of the ith species in the rth reaction. For reversible reactions, we rewrite the reverse reaction as a forward
reaction and add it to the system. The mass rate of production of the ith species can be written as

R Ny
o= Wiy 0 =vi) [ ke [IXG1r |, i=1,2,-- N,
r=1 j=1

where [X;] = 'OWYJ? is the molar concentration of Z;. The chemical reaction rate k;(T) is given as

Ear
R,T’
where A;, B and E,; are the pre-exponential factor, the temperature exponent and the activation energy, respectively, for

the rth reaction. In general, the reaction speed of the chemical species is extremely fast, leading to stiff source terms in the
model system.

k-(T) = A, TP exp

2.4. Conservative property

As we mentioned above, the discussions in this paper can be applied to generic forms of the pressure, stress tensor, heat
flux, chemical reaction rate and so on. The key point is that the model should satisfy the following conservative property.

Definition 2.1. Considering the governing equations (2.1), if there exists a constant vector v R™ such that the solution w
satisfies

d
aW V=0 (2.6)

then we say the model problem is conservative. That is to say, w-v is a conserved quantity and its value remains unchanged
during the time evolution.

To achieve the conservative property, one key point is to apply the correction procedure in (2.5) for the diffusion velocity,
and hence can check that

> vivi=o0, (2.7)
i=1

as long as we have Zf\g] Y; = 1. Moreover, it is easy to check that

N
Z w; =0.
i=1
By introducing a constant vector v=[1,0,0,0, —1,---,—1] € R™, system (2.1) satisfies

ffov=g'.v=fl.v=gl.v=s.v=0. (2.8)

Taking dot product with v on both sides of (2.1), we can obtain the conservative property (2.6), and the conserved quantity
is
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Ns
w~v:p—pZYi.
i=1

We assume that initially we have w-v=0, i.e, Zf\ﬁl Y; =1 and then this relation remains valid for latter time.

In this paper, we will construct suitable numerical schemes that can preserve the conservative property, which will help
design the bound-preserving technique. Also, one may have noticed that the summation of the last N equations in (2.1) is
exactly the first equation in this system as long as the conservative property is satisfied. Hence, one of these equations is
redundant. We still use (2.1) to illustrate the bound-preserving technique and conservative property. However, in practice
we can replace the last equation in (2.1) by ZIIE] Y; =1 to save computational cost.

3. Numerical schemes in one dimension

In this section, we introduce the numerical schemes for solving the one dimensional Navier-Stokes system for multi-
species flow with chemical reactions. In this case, the governing equations have the following form:

we + 2 =f 45, (31)
where the primitive variables, the advection and diffusion fluxes and the source term are given by
P pou 0 0
ou pul+p Txx 0
E u(E+p) UTxx — (x 0
W= 1 ’ = ru ’ tdz —Tr1Uq , S= w1
T'Ns U —TNgUN; N

Here w e R™ with m = N + 3.
In Section 3.1, we will use the LDG method to solve our problem in space and obtain the semi-discrete schemes. After
that, we march in time by using the CMERK method to deal with the stiff source terms.

3.1. DG schemes in one dimension

The diffusion flux f¢ is dependent on the derivative of conserved variables w. Hence, we introduce an auxiliary variable
q:=wy and then rewrite the model (3.1) into the following system

w; = —f1 (W) + (W, @) +5,
q=Wy.

Let Qy ={l;,i=1,---,N} be a partition of the computational domain 2, where I; = [x;

lil,le]. We define the finite
2 2

element space Vﬁ as

VE={y:yl, e PXUp,i=1,--- N},

where P¥(I;) denotes the set of polynomials of degree up to k in cell I;. For simplicity, we still use the notations w and q
as the numerical approximations.

Following [48], we regard f=f? —f? as a single flux and formally treat fy as a convection term. Then the local DG scheme
is to find w e [V,’:]m and q € [V;]‘]m, such that for any test functions ¥ € [V,’f]m and ¢ € [V,’f]m and any cell I; € 25, we have

/wt-wdx=/f~wxdx—f,.+% BV +f,-_% -wlt% +/s-1pdx, (3.2)
I I

IJrj
Ii

: (3.3)

i+l 7 Ti-1

/q~¢dx=—/w-¢xdv+\fvi+% P W1 ¢
I; I;

where 1//;1 and 1//1,:1 are values of  at the point x; 1 taken from the left and the right respectively. Central flux can be
1 1

used for w:

Wi,

(ST

T +
- E(WH% +wi+%)'
The flux fi +1 is taken as the following Lax-Friedrichs type positivity-preserving flux

6
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i:» 1(W. ,q. ,WT'_ s +
’+7( i+ qi+% i+3 qi+%)

1
_ - a- gt ) + o we
_z[f(wi-&-%’qi-k%)+f(wi+%’qi+%) 'Bi+%(w,‘+% WH_%)]? (34)
where
b D
Biy1 > max 'u+ ' vD Jutupl,n=1,---,Ngt, (3.5)
2 woq g w g 2pP(w) 2pP(w)
ity ity iy ity
with
Ns Ns 1
bi=pgx—p Y rahnOun,  P(W):=E — Zrihf(m - 5pu?,
n=1 i=1
and

D:=b>+2pP(W)(p — Tw)>.

The condition on g 1 is to guarantee the bound-preserving property and the detailed proof will be discussed in Section 4.
2
Recall that the physical flux f in our model satisfies f-v = 0. If the same property is also satisfied by the numerical flux

f.. 1, then we say the numerical flux is consistent.

i+
Definition 3.1. If the numerical flux satisfies fi +1ov= 0, then we say fi +1 is consistent.

It is easy to check that the numerical flux fi+% defined in (3.4) is consistent as long as we already have w-v =20

at the current time t. As discussed in Section 2.4, the original PDE system is conservative. Next, we will show that the
semi-discrete scheme preserves this conservative property.

Theorem 3.1. The semi-discrete scheme (3.2)-(3.3) obtained by the LDG scheme is conservative in the sense that

d (w-v)=0
—(w-v)=0,
dt
as long as the numerical flux f,.+% is consistent, wherev=[1,0,0,—1,---,—1] € R™,

Proof. By taking the test function as ¢ = zv with z € V,’j, (3.2) becomes

d £ - £ +
/E(w-v)zdx:/(f-v)zxdx— (fw% -v)zi+% +(f,-7% ‘v)zi_% +/(s-v)zdx.
I I I

For the original model, we already have f-v=s-v=0. As long as the numerical flux is consistent, we have

/%(w-v)zdx:o.

I

Since %(w V) € V}’f and z can be any function in vk we have

d(w v)=0. O
dt o

3.2. Conservative time integrations

It is easy to solve for q locally on each cell I; by using (3.3) and then substitute the results into (3.2). Next, we need to
apply suitable time integrations on (3.2) to march in time. For simplicity of the formulation, we introduce the notation

fiw = [ £y v+ u (36)
Ii

and then the semi-discrete scheme (3.2) for solving w becomes

7
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d
2 W Vi = Fi(w,¥) + (W), ¥y, V€ VK", i=1,---,N,

where (-, -);; denotes the L, inner product on I;. Since the system has stiff source term, we adopt the following third-order
CMERK method [10] to get the fully discretized scheme:

(WD, ), = [@i0(W', ), + BroALHW!, )+ BroAt(sw") + uw", ), ] /s,
(W, ), = [a20(W', 1), + BaoALW" 9 + Bro At (s(wW") + pw", ), ] /A2
+ efronat [om (W y), + Ba AW, 9) + Bor At (sw ™) + pw D, w),,,] /Aa,
(W', V), = [0630(an V), + BsoALfi(W", ) + Bso At (s(W") + uw", Ilf),i] /A3
+ePonat [ (WD, ), + B AW ) + B At(sw )+ uw®, ) ] /43
+ M oy (WP, ) + B AW, ) + B2 At(sw®) + pw®, y), | /43,
where

a0=1, pP10=0.7071933376925014,
o0 = 0.6686892933074404, 0 =0,
a1 = 0.3313107066925596, fB1 = 0.4178047564915065,
o390 = 0.3487419430256090, 30 =0,
31 =0.2039576138780898, 31 =0,
a3y = 0.4473004430963011, B3, = 0.5640754637100439,

and
A = B0 + 021810 + Bo1, (3.7)
A1 =10 + BropAt, (3.8)
Az =020 + Baopt At + PR (a1 + Bog uAL), (3.9)
A3 =30 + Baop At + PO A (o) + B3y AL) + e A (a3n + Brap AL). (3.10)

Recall that the semi-discrete scheme preserves the conservative property of the original PDE. Next, we will show that
the above fully discrete scheme is also conservative.

Theorem 3.2. The fully discrete scheme is conservative in the sense that if w" - v = 0, then we have

+1

wt.v=w".v=0.

In other words, if we have Z?':s 1 Yi =1 at time level n, then this equation is still true at time leveln + 1.

Proof. By taking the test function as ¥ = zv with z € V,’f and using the fact that s - v=0, we have
(w.v,2), = [am(W” V,2), + BroAtfi(w", zv) + BroAt(uw" - v, Z)I,-] /A1
By using the definition of f; in (3.6) and the fact that f-v= fl.+% -v=0, we know that f;(w", zv) = 0. Hence, we have

(W(1) -V, Z)I,- — %M(wn -V, Z)I"

Since A1 = o0 + B1om At, we obtain
(w(]) -V, z)l =(w"-v, z)]} )
. 1
1
Since z is an arbitrary function in V,’f, we have

w . v=w".v.
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Similarly, one can prove that

wtly=w? .v=w® .y=w".v.
The idea of proof is the same and hence we omit the details. O

0

In our numerical simulation, we take the initial data which satisfies w” - v = 0. Then our numerical results always

preserve the condition that Zfﬁl Y; =1 at each time level.

Remark 3.1. In CMERK scheme, if w is large, the exponential terms would be extremely large. We can apply Taylor’s expan-
sion to all the exponential functions, e.g.

1 1 1
eMA X 1 — AuAL + E(A;mr)z - E(A,uAt)3 + ﬂ(A,uAt)“]_].

This trick keeps the conservative property. Numerical experiments demonstrated that this trick can lead to better numerical
approximations. For more details, we refer to [10].

4. Bound preserving technique in one dimension

We discuss the bound preserving technique in this section. In particular, we want to preserve the positivity of the total
density p and the pressure p, and also preserve the two bounds 0 and 1 of each mass fraction Y;, i=1,---, N;.

4.1. The admissible set

For simplicity, we consider the calorically perfect gas for which the specific heats are constants. In this case, the one
dimensional version of Equation (2.3) becomes

Ny
1
E=Y ri(Ah[ 4 cpi(T = To)) — p + - pu’
i=1

2
N N 1
= X;rihi(o) +poT 21: Yicpi—p+ E,OUZ,
1= 1=

where h;(0) = AhJT(",. —¢p,iTo is the enthalpy of formation at 0K which is a constant for species i. Substituting (2.4) into the
above equation, we can get

N Ng 1 5
E ;rlhz(m”;ncv,l + 5 ou?,
where
Ry
Wi

is the specific heat at constant volume for species i. Thus, we can solve for the temperature T as:

Cv,i =Cp,i

N N
S 1 S
T=[E=D i@ —5pu’]/ ) _(pYicv).
i=1 i=1
Substituting this equation into (2.4), we obtain

N
> 1
p=( = D[E= ) rihi0) — 5 pu*],

i=1
where
Ns v . .
> iy Yicp,i
N
> iy Yicvi

is the ratio of specific heats for the mixture. It is easy to check that

y(w) =

9
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N
o YiRy /Wi
Zz:] iRy /Wi -0

yw —1=
Z,{El Yicy,i
aslong as Y; >0,i=1,---, N5 and hence
N 1
p>0 P(w):E—Zrih,-(O)—i,ouzzO. (41)

i=1

Moreover, as discussed in the last section, the numerical results obtained by our scheme always satisfy

N
Y ovi=1 (4.2)
i=1
at each time level. Hence, we only need to preserve the lower bound 0 of each mass fraction and guarantee that (4.2) will
not be harmed after applying the bound preserving technique, and then the upper bound 1 of each Y;,i=1,---, Ns will be

preserved automatically. Also, the requirement Y; > 0 can be replaced by r; > 0 as long as the total density p > 0. Hence,
we define the set of admissible states as

ou

One can check that P is a concave function with respect to w and therefore G is a convex set. Next, we will construct
conservative bound-preserving methods such that the numerical solutions belong to the set of admissible states G.

4.2. Bound-preserving of the cell averages

Taking the test function as ¢ = e}, [ =1, ..., m, respectively, where e; € R™ is a constant vector with the Ith component
being 1 and other components being 0, the fully discrete scheme lead to the following equations for computing the cell
averages of the solutions
_a [ B1o
w = ozloc?(a—At) + Brop AtD} | /Aq, (4.3)

10

w® = azoC?(%At)—i—ﬁzoMAtD? /A2

+ efronat 021C§1)(%At)+ﬁ21MAfD§l) /A2, )

Wit = agoc?(@At)JrﬁgouAtD? /A3
a3

i

+ eProudt ozglc“)(g—zAt)JrﬂgmAtle“ /A3

+ efnat |:Ol32c§2)(2_zAt) + ﬂBZMAtDz@] /A3, @)
where
, At p_Llop op
Gan:=w — @ - ) Di= oS tWi p=n 1. @), o
1
with

_ 1 _ 1
wf = —/wpdx, s’ = —/s(wp)dx
! AX; ! AX;i
I; Ii

being the cell averages of w and s(w) on [;, respectively. By using the definition of A;, A and As in (3.8)-(3.10), we know
that each stage of our scheme (4.3)-(4.5) is just a convex combination of the basic structures C and D. Next, assuming that

10
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v‘vf € G, we aim to find sufficient conditions such that Cf(At) € G and Df € G for p=n, (1), (2), respectively. For simplicity,
we omit the superscript p in the following discussions.
We consider C;(At) first. We use the idea in [48], but still need some recomputations since the model in [48] does not

contain multiple species and reactions. Before we look into the details of the computation of C;(At), we need the following
lemma.

Lemma 4.1. Consider any w = (p, pu, E,r1,--- ,rNs)T € Gand
pu
,0u2 +P— Txx
U(E+p) —utxx +qx

f=f—f= ri(u+uy)

N, (U +uny)

where p, Ty, qx and uj, i =1, - -- , Ng are not necessarily dependent on w. Then we have w + 8~ 'f € G if and only if
b D
B =max| |u+ + Ju+uil,i=1,--- Ng¢,
2pP(w) 2pP(w)

where
Ny
b=pgx—p Y rihi@ui,  D=b*+2pPW)(p — Tx).
i=1

Proof. First we have

p+p " pu
pu £ BN (pu 4+ p — T)
e | EEBTTUE+P) —uTi + )
W:l:,B f= r]:l:,B_]r1ﬂ1 ,

N, £ 871w, di,
where ii; = u + u;. In order to have w= g~ f € G, we require
p+p " pu=0,
riEp i =0, i=1,---,Ns
Ns
E+ B (u(E+p) — uTo +q) — »_(ri = B 1) i (0)
i=1

1 12 2 -1
—5lpuk B (pu"+p —Tw))"/(p £ B pu) 20

Since g > 0, by multiplying g on both sides, the above conditions are equivalent to

Bp=0,  Biri=0, i=1,--- N (4.7)
N.

_ _ _ LI 1 -

B2PE £ p(up — utex +qx)B — Bp E Birih;i (0) — 5(ﬁpu +(p— )2 >0, (4.8)

i=1
where B =g +u and 8; = B £ iI;. Then (4.7) is satisfied if and only if

>0,  Bi>0,

which means

B = lul, B> |u+ujl. (4.9)

Moreover, (4.8) becomes

11
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Ns
pP(wW)B? ip(qx > rihi(O)u;

)ﬁ—(p—rxx) >0,
i=1
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where P(w) is defined in (4.1). Substituting 8 = 8 + u into (4.10), we obtain
PP(W)B? £ 2puP(W)+b)B+c>0

with

(4.10)
(411)
1
c=pu“P(W)+bu— -(p—Tx)
which are two quadratic forms of 8. Since w € G, we have pP(w) > 0 and we can check that
(2puP (W) +b)* — 4pP(w)c
=b2+2pP(W)(p — T)> = 0
1
Bra2=—-u+

2 P( )
B3,4

Hence, either quadratic form is opening up and has at least one root. Then the four roots for two quadratic equations are
(—b++vD)

"3 P( )(b VD).

Hence, (4.9) together with (4.11) are satisfied if and only if
B > max :

VD
u Jlu+uil,i=1,---,N O
+2pP(W) +2pP( ) [u + u;] s
Now we try to find sufficient conditions such that C;j(At) € G. Let L be the smallest integer satisfying 2L — 3 > k. We
consider an L-point Legendre Gauss-Lobatto quadrature on I; and denote the quadrature points as
& 51 22 oL—1 5L
Si {xl._% =X XD, XX xi+%}.
Moreover, we denote the quadrature weights on [ 1 as @y such that Z,L:1 ;=1 and let ® = & L(L - Then,
we can get the following theorem
Theorem 4.1. Suppose
Wil €G, wEHeGU=2,---,L—1), (412)
2
then under the CFL condition
At ma s N 1
X <wo=——,
AX i+3 = L(L—1)
we have C;(At) € G in (4.6). Moreover, the conclusion is also valid if (4.12) is replaced by a weaker condition
L-1 C?)e
+
W, €G, > — ) eG. (413)
(=2
Proof. Using the L-point Legendre Gauss-Lobatto quadrature rule on I; and the definition of the numerical flux (3.4)
obtain
Biil At N At By A\~ (o,
Ci(At) = — | | w — &1 — — flw" ,.q
(AD= {1~ — AX; -1 T 2ax \ 1T T2 ax ( i-3 ql*%)
n 1+] At w- At o
O = 2 Ax i+
ﬂ, 1

-1
Pivi At i(w o
2AX; L 2 Ax; i+%’qi+%
2 1 -
) , f )
2 Ax, <w17 —Hg ( -3 q’*%))

12
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It is easy to check

At Bt ac\™ At Bist ac)”
1 — z 5,8.711 and —— | & — ER— Sﬂ.ih
2AX; 2 Ax; =3 2AX; 2 Axj I+3

under the CFL condition % max; ,BH% < ®. Then by using Lemma 4.1, and the condition in (3.5), we have

At Bi_i At

+ + ~ ) -1 + +
W ,eGCG=w",6 + w1 — —) flw' ., q eG,

i-3 3 T2 @ T T2 ax) ( i-3 ql-%)

_ _ At Bulac 0
Wi+%EG=>W,.+%—m(C0L— 2 A—X,) f Wi+%’qi+% egG,
w ,eG=w , +ﬁ,_11f<w,_ .4 1) € G,

i—5 i—5 i—5 i—5" Ti—y

+ + - + +
wi+% GG:WH% ﬁi+%f<wi+%’qi+%> €G.

Then C;(At) is a convex combination of elements in G and hence we have C;j(At) € G. For more details of the weaker
condition, we refer to [48]. O

Next, we consider the condition for D; € G. We adopt the M-point Gauss quadrature rule on I; and denote the set of
quadrature points on I; as

Si=1{xl.xf. . xll).
In addition, we denote
T
wx) = (pf, (pw, ES (r)f, - (rw)TY)
T
sS(W(x{)) = (0,0,0, (w)f, -, (wn,)f) ",
for ¢ =1,---, M. Moreover, we denote the quadrature weights on [—%, %] as ¢y, ¢ =1,---, M. We choose M large enough

such that s; can be approximated accurately. In the numerical experiments, we choose M =k + 1. Then we can prove the
following theorem.

Theorem 4.2. Suppose

w(x¥) € G, a=1,---,M,

then under the condition

Ns o a
wn)$hp (0 W)
p> max 1% M max_ - n)o‘[ ,0¢, (4.14)
a=1,.M | = P(w(x{') = n=1,-.Ns  (rp);
we have D; = %5,‘ +Ww; €G.

Proof. By using the M-point Gauss quadrature rule on I;, we have

M
D; = %Ei +Wi=) co [%S(W(X?‘)) + W(X?‘)} : (4.15)

a=1

We need to find sufficient conditions such that %s(w(x;?‘)) +w(x?‘) € G for each fixed point xf‘. Notice that

13
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o

Pi
(pu)?

1 o o o (wl)
SWOE) WG = | )

. (wng)f
(N + =+

Since w(x{) € G, then we have p{ > 0. Next, we require

wn)%
(rn)?+%20, n=1,---,Ns,

N
-l s n o
P(=s(x{") + w(x{)) = P(W(x{")) — Z (on); ——hy(0) >0,
1% e
which yield
_(w")?’ n=1,---,Ns,
(Tn)('x

Z (a)n) h, (0)
- P(w(x¥))

and hence we get (4.14). Then (4.15) shows that D; is a convex combination of elements in G, and hence we have D; € G. O

Now we denote S; = S; U S;. Recall that the cell average at each time stage in (4.3)-(4.5) is a convex combination of the
basic structures of C and D. Then combining Theorems 4.1 and 4.2, we get the following one. The proof is straightforward
and we omit it.

Theorem 4.3. Suppose w(x) € G,Vxe€ S;,i=1,---, N and

Ny o a

wn)%h, (0 wn)E

/4> max max E M max —( ) ,0 (4.16)
i=1-Na=1-M | &= P(W(X{") " n=1..-.Ns  (n){’

forw=w", w, w®, then we have W/ ™' € G under the CFL condition

At . 010 Q20 01 (30 031 032 .
—maxﬂ 1 <min{—, —, —=—, =, —, —}o. (417)
X

4.3. Bound preserving limiter
At each time stage, we have w; € G. Next, we proceed to discuss the bound-preserving limiter on each cell I; and replace
the original polynomial w(x) with a new one w"" (x), such that w"" (x) € G, V x € S;. The full algorithm can be found in
[10]. For the completeness of this paper, we review the main steps as follows. For more details and discussions, we refer to
[10].
1. Set a small number € = 1013, If p > ¢, then we proceed to the next step. Otherwise, we take w'¥ =w and skip the

following steps.
2. Modify the total density. Compute

Pmin = Min p(x).
XxeS;
If pmin <0, then we take

p=p+6(p—p), fn=Ta+0(y—Tp),n=1,---,Ng
with

14
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3. Modify the mass fraction. For 1 <n < N, define Q, = {x € S; : 7,(x) < 0}. Take

.. Tn o~ .
rn:rn+9(5,0—rn>, n=1,---,N;s

with
—Tn(X)p
6 = max max %
1<n=Nsx€Qn | TP (X) — In(X) 0
4. Modify the pressure. Denote W = (0, pu, E, 71, - - - ,FNS)T. For each x € S, if W(x) € G, then take 6y = 1. Otherwise, take
P(w)

X

~ P(W) — P(W(x))’
Then we compute

WY =W + 6 (W — W), 6 = minéy.
XxeS;

5. Two dimensional problems

In this section, we consider the two dimensional governing equations (2.1). Now we have m = N; + 4 and w € R™. We
will show the numerical schemes as well as the conservative property in Section 5.1. Then we give the bound-preserving
technique in Section 5.2.

5.1. Numerical schemes

The diffusion fluxes f? and g? are dependent on the derivatives of conserved variables w. Similar to the one dimensional
case, we first introduce an auxiliary variable Q := Vw, where Vw € R™*2 is the row-wise gradient of w, and then rewrite
the model (2.1) into the following system

w; = —divFe(w) + divFi(w, Q) + s,

Q=Vw,
where F:= [f?, g%] ¢ R™*2 and F! := [f, g9] ¢ R™*2, For any ¢ € R™*2 we let ¢; be the ith row of ¢ and define the
divergence as divg = [divgq, - - - , divem]T. Let €, = {K} be a partition of the computational domain € with polygonal cells.
We define the finite element space V,’: as

VK= 1{y : ¢k € PX(K), VK € Q).

For simplicity, we still use the notations w and Q as the numerical approximations.

Following the idea in [48], we regard F=F* — F¢ as a single flux and formally treat divF as a convection term. Then the
LDG scheme is to find w e [VF]™ and Q € [VF]™*2, such that for any test functions v € [VK]™ and ¢ € [VF]™*2 and any cell
K € p, we have

//wt-x/de://F:W/de—/f"-x/xds+//s-1/de, (5.1)
K K K

K

//Q:q)dv=—//w-div¢dv+/\fv~(¢n)ds, (5.2)
K K aK

where n is the unit outer normal on 9K. Central flux can be used for w:
A 1 .
W|e — 5(wln[’ + wext)’

where e € 9K is an edge of the cell K, w™ and we! denote the approximations to w on e taken from interior and exterior
of K, respectively. The numerical flux for F is taken as the Lax-Friedrichs type positivity-preserving flux

. ) 1 ) ) )
Frw™, Q™ w, Q)| = 5 [Fow™, Q")n + FwW™, Q%) — B (W™ —w'™)], (53)
where

15
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b N vD
20P(w)|  2pP(w)’

with
Ns
V=[u,vl", b=p@-n)—p) rhi0)(Vi-n), D=b*+2oPw)|pn—zn|>.
i=1
The maximum in (5.4) is taken over all w™ Q", we* and Q%! along the edge e. The condition on S, is to guarantee the
bound-preserving property.

In the above scheme, the numerical flux F? is an approximation to Fn on the edge of each cell. By using (2.8), we know
that Fn satisfies

(Fn) -v=v[f* —f g" —g¥In=0, (5.5)
where v=1[1,0,0,0, —1,---,—1] € R™. Then we clearly know that Fi preserves the same property and have the following
theorem.

Theorem 5.1. The numerical flux F? is consistent in the sense that F? - v = 0.

Now, it is easy to prove that the semi-discrete scheme in two dimensions preserves the conservative property of the
original model. The idea of proof is almost the same as that for the one dimensional case, and hence we omit it.

Theorem 5.2. The semi-discrete scheme (5.1)-(5.2) is conservative in the sense that
d (w-v)=0

—(w-v)=0,

dt

as long as the numerical flux F1 is consistent.
Next, we apply the third-order CMERK method [10] in time and obtain:

(WD) = [a10(W", ) + BroALFk (W™, ¥) + BroAt(s(W") + uw", ) ] /A1, (5.6)
(W(2)7 V)= [20(W", V) ¢ + B0oAtFk (W', ) + Bao At(s(W") + uw", W)K] /A2
eﬂlO/’LAt
A
(W' ), = [aso(W", W) + B30 AtFK (W™, ¥) + Bso At(s(W") + puw", 1), ] /A3
eﬂlUﬂA[

A3
ApAt

As

+

[0121 (W, ) + a1 AtFg W y) + B At(swD) + uw ™), W)K] , (5.7)

+

[0631 (WD, ¥) 4+ Bar AtFg (WD ) + B3 At(sw ™) + pw ™), 1#),(]

e

+ [Ol32 (WP, ) + B2 AtFk (WP, ) + B3 At(s(W?) + uw®), W)K] ’ (5.8)

where

Fx(w,v) :=//F:V1//dV—/fﬁ.¢ds,
K

K

and (-, -)g denotes the L, inner product on K.
As in the one dimensional case, it is easy to prove that the above fully discrete scheme is also conservative. Then our
numerical results always preserve the condition that 25\21 Y; =1 at each time level.

Theorem 5.3. The fully discrete scheme (5.6)-(5.8) is conservative in the sense that if w" - v = 0, then we have
wtl.y=w'.v=0.
In other words, if we have Z?ﬁ 1 Yi =1 at time level n, then this equation is still valid at time level n + 1.

16
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5.2. Bound preserving technique

Similar to the one dimensional case, we define the admissible set to be
ol
pu
pv
:p>0, Pw)>0, r>0,i=1,---,Ns¢,

I'Ng
where P(w) is redefined as
N 1
P(w):=E — l;:rih,'(O) - 5p(u2 +v?). (5.9)
Once the lower bound of each mass fraction is preserved, the conservative property indicates that the upper bound is also
preserved.

By taking suitable test functions in the fully discrete scheme (5.6)-(5.8), we can get the equations for computing the cell
average

1
V_VK = — /WdV,
K|
K

where |K| is the area of the cell K. The resulting equations are similar to (4.3)-(4.5). One only need to replace the operators
Ci and D; with

_ At ~ 1_ _
Cx(At) :=wg — — [ F'ds, Dg = —Sk + Wk,
|K|8K W

respectively. Next, we need to find sufficient conditions such that Cgx (At) € G and Dg € G, respectively. Similar to Lemma 4.1,
we have the following lemma for the two dimensional problem.

Lemma 5.1. Suppose w = (p, oV, E,rq1,---,rn,)T € G and

ov!
pVRV+pl—1
(E+pVT —VTz+q"

F=[f —f.g"—g']= ri(V+Vvp'
Ny (V+ V)T
where V = [u, v]T and I is the unit tensor. Here p, T, qand Vi, i =1, - -- , N, are not necessarily dependent on w. For any unit vector
n, wedenote v =V-n,g=q-n, T =tnand ¥; =V; -nfori=1,---, Ns. Then we have w = ~'Fn € G if and only if
_ b vD ..
B = max {|V + |+ |V +¥il,i=1,---, Ng}

20P(W) ' 2pP(W)’
where
Ng
b=pgq—p Yy rihi)¥vi,  D=b*+2pPw)|pn— 7|
i=1

Proof. First we have
pEp oV
oV+ B~ 1(pVV +pn—17)
» E£B1(E+p)¥V—V-T+0)
Wi'B Fn = 1 :Izﬂ711’1fl1 ,

_] ~
Ny £ BT TN, UN

17
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where ii; = V 4 ¥;. In order to obtain w+ 8~'Fn € G, we require
p£p V=0,
ri£p i >0, i=1,---,Ns
Ny
E+B ' (E+p)V—V-T+q) — Y (i £ B 'rillhi(0)
i=1

1 - - 1~
- E||pVﬂ:ﬁ—1<va+pn— DI/ (p£ppv) =0

Since 8 > 0, by multiplying B8 on both sides, the above conditions are equivalent to

(BE£Vv)p =0, (5.10)
(Bxupri =0, i=1,---,Ns, (5.11)
PP(W)B? £ (2pVP(W)+b)B +c >0, (5.12)

with
- -1 -
c=pV?P(W)+ bV — illpn — 72

Notice that the conditions (5.10)-(5.12) are similar to (4.7) and (4.10). Following the same idea of proof as in Lemma 4.1, we
can obtain the condition for 8. O

Now we try to find sufficient conditions such that Cx(At) € G. We assume that the number of edges of K is E and
denote the ith edge as e;. For integrals along each edge e;, we use the [-point Gauss quadrature and denote the v-th

quadrature point as X, ;. Let by, (v=1,..-,I) denote the I-point Gauss quadrature weights on [—%, %]. Then we have
int l Xt ext
Cx (AL) =W — W Z lei] vaF”(w QU we, Q). (5.13)

where WL”E and we"‘ are the numerical approximations of w at x,,; from interior and exterior of K, respectively. As in

the one dlmensmnal case, we need an accurate enough quadrature on K to represent the cell average wg as a con-
vex combination of certain point values. The quadrature points should include x,; for all v and i. We denote the set

of quadrature points as Sk. Assuming that the total number of quadrature points is J, we denote the remaining points
as x, (A=EI+1,---,]). Moreover, let a,; and a, denote the corresponding normalized quadrature weights so that

ZiE=1 21’):1 ayi+ Z£=51+1 a;, = 1. Then, we have the following theorem.

Theorem 5.4. A sufficient condition for Cx (At) € G in (4.6) is

Wit wieG, i=1. Ev=11,
wx,)eG, A=EI+1,---,],
under the CFL condition

|e;] Qy i
At— max mln—
K| i Pei = vi by

Proof. By using the J-point quadrature rule on the cell K, we obtain the following cell average decomposition

Wy = K /wdv ZZav,w'”‘—i— Z a4, W(x;)

i=1v=1 A=EI+1

Plugging the above decomposition and the definition of the numerical flux (5.3) into (5.13), we obtain

J
Ck(an = Y aAW(X/\)+ZZAv1ﬁe, | — Be FW, QCDny]
A=EI+1 i=1v=1

+ZZ(au, A iBe) (WIS = Ay i@ — Avife) ”"FW, Q)m;]

i=1v=1

18
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where A, ; = %At%bv. Notice that A, (@, — Ayife) " < B! if and only if 0 < At%ﬁei < ab“—”’ By using Lemma 5.1,

under the CFL condition At% max; fe; < min,, ; ub‘—";" and the condition in (5.4), we have

W e G = Wi — B, TR, Q%) € G,

v,i’

W' € G = wW'i — Ay i@y — Av.iBe)” FWS, QH)n; €G.

v,i v,i

Then Ck (At) is a convex combination of elements in G and hence Cx(At) € G. O

Remark 5.1. The ] point quadrature rule on the cell K is not unique. For rectangular mesh with lengths of sides being
Ax and Ay, one can use tensor products of Gauss quadrature in one direction and Gauss-Lobatto quadrature in another
direction. Then the CFL condition becomes At(-; + Aiy)maxi Be; < ﬁ where P = [(k + 3)/2]. For more details and
quadrature on other type of cells, we refer to [48]. For triangular meshes, the detailed construction of the quadrature points
has been discussed in [52].

Next, we consider the condition for Dg € G. We adopt an accurate enough Gauss quadrature rule on the cell K and
denote the set of quadrature points as Sk. Also, we denote the density and mass rate of production of species n at a certain
point x as r,;(x) and wy(x), respectively. Then we can prove the following theorem. The proof is similar to Theorem 4.2 and
hence we omit it.

Theorem 5.5. Suppose

wX) e G, Vxe Sk,

then under the condition

N
d h, (0
p>max |3 LM, - o ol (514)
xey |2 PWO) T nstns Fa(X)
we have Dg = %EK +wg €G.

Now we denote Sk = Sk U Sk. Recall that the cell average at each time stage is a convex combination of the basic
structures C and D. Then combining Theorems 5.4 and 5.5, we get the following one, whose proof is straightforward hence
we omit it.

Theorem 5.6. Suppose w(x) € G, Vx € Sg, VK and

s n (®)hn (0) on®
P(w(x)) ) n=1,-.Ny  Tp(X)

> max max {
K XESK

0}

forw=w", w, w?, then we have W' € G under the CFL condition

n=1

e; . 010 Q0 021 O30 031 (32, . (yj
AtMma Be; <min{—, —, —, —, —, —}min L

K| i Bro” B’ Bai Bao B31 B2 wi by

At each time stage, we already have wg € G. Then, we can apply the bound-preserving limiter on each cell K and replace
the original polynomial w(x) with a new one w"" (x), such that w"" (x) € G for any x € Sk. The algorithm is the same as
that given in Section 4.3. One only need to replace S; with Sg.

6. Numerical examples

In this section, we test some numerical examples. We expand the exponential terms in CMERK method as demonstrated
in Remark 3.1.

For the one-dimensional problem, our scheme is bound-preserving with suitable y satisfying (4.16) for w =w", w() w(®
under the CFL condition (4.17) with ,8,-+% defined in (3.5). But it is hard to accurately estimate the values of wu for the inner

time stages w() and w®, given solutions w" at time step n. Also, the constraint (4.17) is just a sufficient condition and
may result in unnecessarily small time steps. In practice at time level n, we let w satisfy (4.16) for w=w" and set the time
step size as

. AXx | Ax?
At =min{a—,b

— 6.1
5ob ) (6.1)
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where

p2
2pP(w)

)

B*=max max lul +
Powo o w

ity ity

and 1n* = maxy 1 is the maximum mixture viscosity. Here a and b are two parameters. Then we restart the computation

with the value of @ doubled and the time step size halved when non-physical cell averages emerge in any stage of CMERK.

Theorem 4.3 ensures that there will be no endless loops for such a treatment. The recomputation will end at least when

/ is large enough to satisfy (4.16) and At is small enough to satisfy (4.17). In the numerical examples in this section, very

few recomputations are observed. For the two-dimensional problem, we apply the similar treatment. At time level n, we
compute 1 based on w" and set the time step size as

. Ax | AX?
At = mm{a—*,b—*}, (6.2)
B n

where

2
B=max max ||V-n|+ N
e wint yext 2,0P(W)

and Ax = ming minecyx %

For all examples, we apply the DG method coupled with the CMERK method in time. Only bound-preserving techniques
are added to show the performance of our numerical methods. For Examples 6.2, 6.3 and 6.4, we also show reference
solutions which are computed by using our schemes on dense meshes with extra TVD limiters added.

Example 6.1. Accuracy test in 1D

In this example, we consider the one dimensional problem (3.1) and test the accuracy of our scheme. Two species are
considered. The first species is Hy and the second species is O». The computational domain is [0, 277]. We use the following
initial conditions

u=1my/s,

p=1Pa,

p = 0.1(2 + sin(x) + cos(x)) l(g/m3,
r1 =0.1(1 4 sin(x)) kg/m3,

and periodic boundary conditions. Moreover, we artificially define the source terms as wi = —c(r1)” and @y =c(r7)’. The
parameter ¢ can be used to adjust the stiffness of the problem. The final time is taken as T =0.5.

We apply the DG method with piecewise P2 polynomials. The two parameters in the time step (6.1) are taken as a = 0.1
and b = 0.001. The numerical errors of r; with different choices of c¢ are listed in the left part of Table 6.1. Both nonstiff
(c =100) and stiff (c = 10000) cases are calculated. As shown in the table, we can observe the expected third order of
accuracy of our scheme. For this problem, the total density should be nonnegative and the mass fractions should be between
0 and 1. Hence, we further add the bound preserving limiter and the results are listed in the right part of Table 6.1. The
percentage of cells that have been modified by the limiter is listed in the last column. By comparing the results with and
without limiter, we can see that the limiter does not harm the original high order of accuracy. To test the advantage of the
current CMERK methods over the traditional explicit SSP-RK3 time discretizations for stiff problems, we take ¢ = 106 and
compare different methods in Table 6.2. By taking the time step At as in (6.1) with a and b defined above, we can observe
high order of accuracy for the CMERK method. However, for the RK3 method with the same time step At, the code will
blow up when Ax is not small enough. As shown in the last column, we need to further reduce the time step size and
hence need more computational cost to obtain reasonable results.

Example 6.2. He/N; shock tube problem

In this example, we consider a multi-component flow without chemical reactions. The first species is helium (He) and the
second species is nitrogen (N3). This test problem calculates a Riemann problem in a 1 m long tube with initial conditions
given by

) (300K,0m/s, 10 atm, 1,0), x<0.4m,
(T, u,p, Y1, Y2) (%, 0) = { (300K, 0m/s,1atm,0,1), x> 0.4m.
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Table 6.1
Accuracy test for the one dimensional problem.
N Without limiter With limiter
L? norm order L* norm order L? norm order L* norm order percentage
c=100
10 5.54E-04 - 1.64E-03 - 1.34E-03 - 6.64E-03 - 6.88%
20 8.94E-05 2.63 3.59E-04 2.20 1.25E-04 3.43 6.64E-04 3.32 2.19%
40 1.21E-05 2.89 4.65E-05 2.95 1.35E-05 321 6.00E-05 3.47 0.55%
80 1.58E-06 2.93 6.36E-06 2.87 1.59E-06 3.08 6.62E-06 318 0.21%
160 2.01E-07 2.97 8.05E-07 2.98 2.02E-07 2.98 8.09E-07 3.03 5.39E-2%
320 2.53E-08 2.99 1.01E-07 3.00 2.54E-08 2.99 1.01E-07 3.00 8.58E-3%
c=10000
10 6.19E-04 - 2.10E-03 - 1.44E-03 - 7.47E-03 - 7.50%
20 9.98E-05 2.63 5.44E-04 1.95 1.33E-04 3.44 7.04E-04 3.41 1.41%
40 1.50E-05 2.73 7.04E-05 2.95 1.54E-05 311 7.06E-05 3.32 0.43%
80 2.11E-06 2.83 1.09E-05 2.70 2.12E-06 2.86 1.09E-05 2.70 0.21%
160 2.79E-07 2.92 1.48E-06 2.88 2.80E-07 2.92 1.48E-06 2.88 5.39E-2%
320 3.57E-08 2.97 1.90E-07 2.96 3.57E-08 2.97 1.90E-07 2.96 8.58E-3%
Table 6.2
Accuracy test for the one dimensional stiff problem with ¢ = 10.
N CMERK with At RK3 with At RK3 with %At
L? norm order L2 norm order L2 norm order
10 1.84E-03 - NAN - 6.97E-04 -
20 1.97E-04 3.22 NAN - 1.52E-04 2.20
40 2.98E-05 2.73 2.83E-05 - 2.77E-05 2.46
80 4.88E-06 2.61 5.75E-06 2.30 4.41E-06 2.65
160 7.38E-07 2.72 9.48E-07 2.60 6.57E-07 2.75
320 1.00E-07 2.88 1.24E-07 293 8.98E-08 2.87
640 1.28E-08 2.96 1.54E-08 3.01 1.16E-08 2.95

We use 1000 cells in the computational domain [0, 1]. Third order (k =2) DG method is adopted for the spacial dis-
cretization. The two parameters in the time step (6.1) are taken as a =0.1 and b = 0.001. The solutions at the time 300 ps
are shown in Fig. 6.1, which are consistent with the results shown in [19]. We use black lines to show the reference solu-
tions obtained by using 5000 cells, and use red circles to denote the numerical solutions with 1000 cells. We can see that
our method preserves the positivity of the density and pressure, and the two bounds 0 and 1 of each mass fraction. If we do
not use the bound-preserving limiter, the code will soon blow up. We compare the mass fraction profiles with and without
the limiter at 0.5085 ps in Fig. 6.2. From the zoom in figure, we can see that the mass fraction Y, will become negative if
we do not apply the limiter.

Example 6.3. H,/0,/Ar shock tube problem
We consider the 1D NS equations for multi-species flow without chemical reactions. Assume that we have a 2/1/7 molar
ratio of H,/O,/Ar. We run a 1D shock tube problem with initial conditions given by

(400 K,0 m/s, 8000 %), x<0.5cm,
m

(T,u, p)(x,0) = ]
(1200 K, 0 m/s, 80000 =5), x> 0.5cm.
m

This is done on a 10 cm domain for a time of 40 ps.

We use 400 cells. Third order (k =2) DG method with bound-preserving limiter is adopted for the spacial discretization.
The two parameters in the time step (6.1) are taken as a = 0.1 and b = 0.001. The solutions are shown in Fig. 6.3. We use
red circles to denote the numerical solutions with 400 cells. Also, black lines are the reference solutions obtained by using
5000 cells. We can see that our method preserves the right physical bounds. As in the previous example, if we do not apply
the bound-preserving limiter, the code will soon blow up.

Example 6.4. H,/0;,/Ar with chemical reactions in 1D

In this example, we consider the 1D NS equations for multi-species flow with chemical reactions. Consider a shock
hitting a solid wall boundary and reflecting off. After a delay a reaction wave kicks in at the boundary. This reaction wave
picks up steam and merges with the shock causing a split into 3 waves. From wall to outflow (left to right) these waves are
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Fig. 6.1. Helium/nitrogen shock tube problem at 300 ps. (For interpretation of the colors in the figure(s), the reader is referred to th

article.)

1F 0.02 -
B | ——=—— without limiter
L ————— with limiter
08 L
[ ——=—— without limiter F
| ——&—— with limiter 0.01
0.6 L
o~ i o~ -
> T >
04 |
F 0
02f i
o L
T I TR NI R T—— | -0.01 | - T IR T SRR |
0 0.2 0.4 0.6 0.8 1 : 0.38 0.39 0.4 0.41
X X

(a) mass fraction Y

(b) zoom in figure

e web version of this

Fig. 6.2. Helium/nitrogen shock tube problem at 0.5085 yis.

a rarefaction, a contact discontinuity, and a shock. Assume that we have a 2/1/7 molar ratio of H,/0,/Ar. All gases involved
are assumed to be calorically perfect. The reaction mechanism used in this work consisted of 9 species (H, O, Hz, O,, OH,
H,0, HO;, H20,, and Ar) and 37 irreversible reactions [13]. We use the following initial conditions
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Fig. 6.3. H,/0,/Ar shock tube problem at 40 ps.
(0.072 kg/m3,0 m/s, 7173 ), x < 6cm,
— m
(p,u,p)(x,0) =

(0.18075 kg/m>, —487.34 m/s, 35594 L5), x> 6cm.

This is done on a 12 cm domain for a time of 190 ps.

We use 400 grid cells. Third order (k =2) DG method is adopted for the spacial discretization. The two parameters in
the time step (6.1) are taken as a =0.01 and b = 0.001. The numerical results are shown in Fig. 6.4 and Fig. 6.5. We use
red circles to denote the numerical solutions with 400 cells. Also, black lines are the reference solutions obtained by using
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Fig. 6.4. H,/0,/Ar with chemical reactions.

1000 cells. We can observe some numerical oscillations since only the bound-preserving limiter is applied. But we can see
that our method preserves all the physical bounds.

Example 6.5. Accuracy test in 2D

In this example, we consider the two dimensional problem (2.1) and test the accuracy of our scheme. Two species are
considered. The first species is H, and the second species is 0;. The computational domain is [0, 277] x [0, 27r]. We use the
following initial conditions

u=1my/s,
v=1m/s,
p=1Pa,

0 =0.12+sin(x+ y) + cos(x + y)) kg/m°,
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Fig. 6.5. H2/0,/Ar with chemical reactions. Mass fractions.

r1=0.1(1 + sin(x + y)) kg/m°>,

and periodic boundary conditions. Moreover, we define the source terms as w; = —c(r1)” and w; = c(r1)”. The parameter ¢
can be used to adjust the stiffness of the problem. The final time is taken as T =0.5.

We apply the DG method with piecewise P2 polynomials. The two parameters in the time step (6.2) are taken as
a=0.1 and b =0.001. The numerical errors of r; with different choices of c¢ are listed in the left part of Table 6.3. Both
nonstiff (¢ = 100) and stiff (c = 10000) cases are calculated. As shown in the table, we can observe the expected third
order of accuracy of our scheme. For this problem, the total density should be nonnegative and the mass fractions should
be between 0 and 1. Hence, we further add the bound preserving limiter and the results are listed in the right part of
Table 6.3. The percentage of cells that have been modified by the limiter is listed in the last column. By comparing the
results with and without limiter, we can see that the limiter does not harm the original high order of accuracy.

Example 6.6. H,/0,/Ar with chemical reactions in 2D

In this example, we consider a two-dimensional hydrogen-oxygen detonation wave diluted in Argon. The computational
domain has a channel with height 0.06 m. The four boundaries are simulated as walls. We use the following initial condi-
tions

(u,v) =(0,0) m/s,
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Table 6.3
Accuracy test for the two dimensional problem.
N Without limiter With limiter
L2 norm order L norm order L2 norm order L* norm order percentage
c=100
20 3.66E-04 - 2.08E-03 - 8.80E-04 - 2.98E-03 - 6.56%
40 4.47E-05 3.03 2.85E-04 2.86 5.59E-05 3.98 3.11E-04 3.26 3.09%
80 5.53E-06 3.02 3.61E-05 2.98 5.80E-06 3.27 3.85E-05 3.01 0.86%
160 6.92E-07 3.00 4.55E-06 2.99 713E-07 3.02 4.82E-06 3.00 0.31%
320 8.66E-08 3.00 5.65E-07 3.01 8.97E-08 2.99 5.99E-07 3.01 5.09E-2%
c=10000
20 5.02E-04 - 2.77E-03 - 9.16E-04 - 3.69E-03 - 3.91%
40 6.37E-05 2.98 5.19E-04 2.41 6.71E-05 3.77 5.25E-04 2.81 1.82%
80 7.96E-06 3.00 6.92E-05 291 8.08E-06 3.05 6.92E-05 2.92 0.68%
160 9.94E-07 3.00 8.87E-06 2.96 1.01E-06 3.00 8.87E-06 2.96 0.29%
320 1.24E-07 3.00 1.12E-06 2.99 1.26E-07 2.99 1.12E-06 2.99 4.72E-2%
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Fig. 6.6. 2D H,/0,/Ar with chemical reactions. Temperature.
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Yar: Yo, : Y, =7:1:2, x>0.025m,
Yar:Yo, : Y, : Yoy =7:1:2:0.01, 0.015m <x<0.025m,
Yar:YH,0 :Yon=8:2:0.01, x<0.015m,

] 5.50e5Pa, x<0.015m,
~]16.67e3Pa, x> 0.015m,

298K, x>0.025m,
T=4350K, 0.015m<x<0.025m,
3500K, x<0.015m,

with the exception of two additional high pressure and high temperature regions, located within the regions
vV (x—0.019)2 + (y — 0.015)2 = 0.0025 m and /(x — 0.01)2 + (y — 0.044)2 = 0.0025 m, with conditions

(u,v)=(0,0) m/s,
Yar:YH,0:Yon=8:2:0.01,
p =5.5e5 Pa,

T =3500 K.
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The reaction mechanism used in this work consisted of 9 species (H, O, Hz, O, OH, H,0, HO,, H,05,, and Ar) and 34
irreversible reactions. The detailed chemical kinetics are described by the reaction mechanism of Westbrook [43].

We use rectangular meshes with the cell length as Ax = Ay = 0.001 m. Second order (k = 1) DG method is adopted
for the spacial discretization. The two parameters in the time step (6.2) are taken as a = 0.00005 and b = 0.01. Fig. 6.6
shows the temperature solutions at different times. Fig. 6.7 shows the Mach numbers at different times. The detonation
is established after the initial shock collides with the two additional high pressure and high temperature regions. The
perturbations lead to transverse waves traveling in the vertical directions that reflect off the top and bottom walls. The
detonation front progresses through the simulation domain. For higher order spatial discretization, further limiter is needed
to remove numerical oscillations and we will explore this in our future work.

7. Conclusion

In this paper, we constructed high-order bound-preserving DG methods for multicomponent chemically reacting flows.
The CMERK methods was used for time discretization to preserve the conservative property. Thanks to the proposed scheme,
the numerical approximations yield positive density and pressure, and the mass fractions are between 0 and 1.
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