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Abstract A phenomenological constitutive model for
the thermomechanical constitutive behavior of shape
memory alloys is implemented within finite element
calculations to model the toughening due to the austen-
ite to martensite phase transformation and martensite
deformation during steady mode I crack growth. The
process of heat generation during phase transformation
near crack tip effects the temperature variations and
thus the mechanical behavior of the material near the
growing crack tip. Several dimensionless parameters
relating the thermomechanical parameters of the con-
stitutive model, the crack growth velocity, and the pre-
vailing sample temperature are identified and applied
to study the thermomechanical crack tip fields and the
fracture toughness enhancement due to the nonlinear
thermomechanical processes in the vicinity of the crack

tip.

Keywords Shape memory alloys - Fracture tough-
ness - Fracture mechanics

1 Introduction

Shape memory alloys (SMAs) have unique thermome-
chanical properties that allow them to experience large
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strains upon loading and then, depending on the tem-
perature, recover these strains upon unloading. This
type of pseudoelastic behavior occurs when the mate-
rial is at a temperature where the austenite phase is
stable and mechanical loading is applied which trans-
forms the material into its martensite phase. A reversal
of loading then allows for the reverse transformation
from martensite to austenite. Additionally, while in the
loaded martensite phase, a redirection of the applied
stress state, e.g. from tension to shear, can also cause a
macroscopic reorientation of the transformation strain
of the martensite. Both of these behaviors is accompa-
nied by a hysteresis in the stress versus strain behavior,
which represents the dissipation of mechanical energy.
With respect to the fracture properties of the material,
this energy dissipation will result in an enhancement of
the fracture toughness during crack growth. Moreover,
the details of this toughening behavior are expected
to be dependent on the velocity that the crack propa-
gates. Slowly growing cracks will sample the isother-
mal behavior of the material because the latent heat
that the material expels/absorbs can be readily con-
ducted away from the crack tip. Conversely, fast grow-
ing cracks will sample the isentropic material behavior
near the crack tip due to the lack of time available to
conduct heat away. As such, the reduction in entropy
associated with the transformation from austenite to
martensite must be balanced by an increase in local
temperature near the crack tip to provide a balancing
increase in entropy. This may be thought of as an expul-
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sion of the latent heat of transformation, which in turn
heats the material and tends to keep it in its austenite
phase. The details of these behaviors are the topic of
this study.

Nonlinear fracture mechanics concepts must be
applied to SMAs due to the development of a phase
transformation zone near the crack tip which has fea-
tures that are both temperature and rate dependent
(Maletta and Furgiuele 2010; Maletta et al. 2016). Con-
sider a material point that experiences the passing of
a nearby crack during the fracture of a pseudoelastic
SMA at a nominal high temperature. Such a point tra-
verses several features of SMA constitutive behavior.
When the crack is far from this point, the response is lin-
ear elastic. As the point enters the elevated stress region
near the crack tip it begins to transform from austen-
ite to martensite. If the point is close enough to the tip
then it may become fully transformed to martensite.
As the point passes by the crack tip the reorientation
of the martensite strain will occur due to the reorienta-
tion of the principal stress directions around the crack.
Finally, once the point is sufficiently far from the tip,
unloading occurs and the material returns to its original
austenite state. Other material points that are not suffi-
ciently close to the crack tip may not experience each
of these regimes and may only undergo partial transfor-
mation, reorientation, and then recovery. In addition to
the transformation strain and its evolution as the crack
tip passes, latent heat is also expelled and absorbed dur-
ing this process, and the resulting temperature change
around the crack tip depends very sensitively on the rel-
ative speed at which the material can conduct heat away
from the tip. The effects of such behavior on the frac-
ture properties of SMAs requires a fully coupled ther-
momechanical field analysis, along with an assumption
for the crack tip propagation criteria.

This work builds upon a variety of analytical and
numerical work that studied the fracture of SMAs. Bir-
man (1998) and Maletta and Furgiuele (2010) analyzed
the extent of the austenite-to-martensite transformation
zone around a stationary crack tip using a method anal-
ogous to the Irwin correction, Irwin (1960), for the
plastic zone size. Maletta and Furgiuele (2010) con-
firmed their results for the extent of the transforma-
tion zone on the plane ahead of the crack tip using
finite element calculations. Yi and Gao (2000) per-
formed a transformation toughening-type of analysis,
McMeeking and Evans (1982), to model the effects
of martensitic transformation on the fracture tough-
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ness under mixed-mode loading conditions. In line with
prior phase-transformation toughening studies, they
found that martensitic transformation reduces the crack
tip energy release rate during steady crack growth and
thus should increase the fracture toughness. Ardakani
et al. (2015) performed numerical calculations that
were very much in the same spirit as this paper, using
the extended finite element method to analyze how the
phase transformation causes temperature variations and
alters the mechanical behavior in the vicinity of the
crack tip. Their results showed a strong dependence
of the crack growth behavior on the loading rate. The
theoretical studies most similar to that presented here
are due to Baxevanis et al. (2014a,b) who also applied
multi-axial SMA constitutive models within steady-
state finite element crack growth calculations to deter-
mine the contributions to toughening due to the dis-
sipative effects of phase transformation. In this work
non-isothermal rate dependent behaviors are consid-
ered while the prior works investigated the isothermal
and isentropic limits.

In addition to these theoretical studies, there are
several experimental studies that investigate features
of the fracture of SMAs and the thermomechanical
fields near crack tips. You et al. (2019) studied the tem-
perature changes near a stationary crack tip in NiTi
under cyclic loading and found that the experimental
results were consistent with finite element calculations
that implemented the constitutive model of Zaki and
Moumni (2007). Specifically, they found that high fre-
quency loading cycles increases the maximum temper-
ature around the crack and decreases the size of the
phase transformation region around the crack tip. This
result was confirmed by their numerical simulations
and is also consistent with the findings reported in this
paper. Maletta et al. (2016) analyzed the stress-strain
behavior near crack tip under thermomechanical load-
ing conditions by using Digital Image Correlation to
measure the displacement and strain responses near a
stationary crack tip. They also measured a very inter-
esting behavior that appears to be at odds with theo-
retical studies. They found that the fracture toughness
of the low temperature martensite phase is smaller than
that of the high temperature austenite phase and that the
toughness of the austenite phase increases with increas-
ing temperature. Given that this experimental result is
seemingly contrary to theoretical studies, special atten-
tion is dedicated to its possible interpretation in the final
discussion.
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The purpose of this work is to study the effects of
several important material, thermal, and crack growth
parameters on the toughening behavior during steady-
state crack growth in SMAs. The multi-axial phe-
nomenological constitutive model is described and its
fundamental stress-strain behaviors are illustrated. The
model is applied within numerical simulations where
the fields surrounding the crack-tip are analyzed using
a specialized steady-state finite element method for
crack growth in materials with irreversible constitutive
behavior. Several sets of material parameters, prevail-
ing temperatures, an crack growth velocities are con-
sidered, and their effects on the toughening behavior
are presented. Finally, a discussion of the results of the
present model and their relationship to existing exper-
imental measurements is presented.

2 Material modeling

The non-isothermal thermomechanical SMA response
is based on the constitutive model proposed by
Alsawalhi and Landis (2021). This model is formu-
lated using a single transformation surface defined in
stress and temperature space. Additionally, it is a kine-
matic hardening model that utilizes an energetic “trans-
formation potential” that allows the model to capture
the forward transformation, the reverse transforma-
tion, and the reorientation of martensite phase during
non-proportional stress loadings. This transformation
potential is described in terms of internal variables
using the invariants of the transformation strain and
a transformation entropy variable that is akin to the
martensite volume fraction and is closely related to
the latent heat of transformation from martensite to
austenite. Nearly all of the interesting features of SMA
behavior are captured by the suitable formulation of
the transformation potential, and details can be found in
Alsawalhi and Landis (2021). Some notable features of
the model include its ability to capturing the tension and
compression asymmetry in strain, transformation stress
in the pseudoelastic phase from austenite to martensite,
and in the hardening.

Pertinent details of the constitutive model are out-
lined here. The transformation strain tensor, ef i and
transformation entropy, s’, are employed as internal
variables in this theory. The Helmholtz free energy of
the material is postulated to take the form,

1
W= Sciju (Eij - Sfj) (ext — &) — Bij (Stj - 85,-) 0
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The stress—strain—temperature—entropy relations are
derived from this free energy as,
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where c;jx denotes the elastic stiffness tensor, oj; is
the stress tensor, ¢;; is the total strain tensor, 6 is the
temperature, s is the total entropy, f;; are the thermal
stress moduli (which are related to the thermal expan-
sion coefficients), and C is the heat capacity. The last
term of Eq. (1) includes the transformation hardening
potential W', which depends only on the internal vari-
ables sl? j and s’. The first law of thermodynamics then
is written as,

U+ 05 + 56 =0;jéij +1 —qii @)
u

Here, u is the internal energy per unit volume and g;

is the heat flux vector, and r is the external heat source

per unit volume. The second law of thermodynamics
can then be written in its point-wise form as,

(a,-j - al.’j?) B+ (9 - 93) § = %q,-&,- >0 (5

Here the “back stress” and “back temperature” are
derived from the transformation potential as,

v’
B
Yo dey;
v’
08 = 7
350 (N
Eq. (5) is satisfied by adopting Fourier’s law for the
heatflux,g; = —k;;0 ;,and thenby introducing a trans-

formation surface in the space formed by (crl- i — aff)

and (9 —68 ) For this work the following simple form
for the transformation surface is chosen,
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Note that the transformation strain is assumed to
be isochoric and thus only the deviatoric part of the
stress, §;; = 0jj — 8”; k. can drive the transformation.
The material parameters op and 6y set the sizes of the
transformation surface in the stress and temperature
directions, and these are closely related to the size of the
hysteresis loops during stress or temperature cycling
of the material. For states where ® < 0 the material
response is linear and there is no evolution of either
the transformation strain or entropy. However, when
® = 0 the transformation strain and entropy evolve
according to an associated flow rule as,

= 3= ©)

&= 3A
99
6 —68
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Here A is a non-negative plastic multiplier. Note that
if the load increment induces transformation strain or
transformation entropy and the stress or temperature
state is on the transformation surface then Egs. (9) and
(10) indicate that the transformation strain increment
and transformation entropy increment are normal to the
transformation surface.

As indicated in Eq.(1), the hardening potential is
only a function of the internal variables &/, and s*. The
tension/compression asymmetry in the material behav-
iors is captured using the following construction of the
transformation potential.

W= EWL(JL, 8, s + (1 — E)Wh(JL, &, s)
+W(s") an

The functions that are used in Eq. (11) for describing
the transformation potential for a material that hardens
during transformation have the following forms
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where Hc and Hr are the compression and tension
hardening constants, and nc and n7 are exponents that

are responsible on the steepness level of the “asymp-
t

totic wall” that is approached as (1 - % - f—o) — 0,
for compression and tension respectively. The strain-
like & variable takes the tensorial transformation strain
and accounts for the tension/compression asymmetry
in strain with a scalar variable. Its description is pro-
vided in more detail below. Both & and & are dependent
on the invariants of the deviatoric transformation strain

J} and J§,

I (%g.g.)z (15)
3
5= (gef,-ei-kei,-) (16)
where ¢ and & are defined as
E=0LfUr) A7)
£ = - _zj’a (18)

with J, = J§/JJ, and in this work,

cos™ 1 —a(J3 + 1)]}

3 19)

The material property &y is maximum amount of
compressive strain that can be achieved by polycrys-
talline 100% martensite. The amount of strain that such
a martensite phase can achieve in tension is o/ f (1).

f= cos|:

3 Steady state crack growth

Figure 1 shows a schematic of the boundary value prob-
lem being solved. Plane strain conditions are assumed
for a semi-infinite crack growing with a crack tip speed
of a along the x1-axis under mode I loading. The crack
flanks are assumed to be traction-free and thermally
insulated. The applied far field mechanical loading on
the outer boundary consists of tractions that are consis-
tent with the mode I K -field.

K, % .6 . 30
cos— | 1 — sin—sin—
27r 2 2 2

K; % 6 . 360
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Y Swr 2 ( 272 > 20)
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Here r and 6 are a polar coordinate system cen-
tered on and fixed to the growing crack tip. Addition-
ally, the initial temperature is homogeneous and the
outer boundary is thermally insulated. The magnitude
of the applied K; is chosen such that the size of the
transformation zone, R;, near the crack tip is always
less than 100 times the distance from the crack tip to
the outer boundary. The apparent applied steady state
energy release rate for the system is then related to K
as,

Gy = =V g 21
ss = E 1 ( )

This represents the amount of energy that is avail-
able both to drive the crack tip separation process, and
for the energy dissipated in the bulk. The purpose of this
work is to determine the energy available for the crack
tip separation process and thus the toughening enhance-
ment due to transformation. In addition to mechanical
equilibrium, o ; ; = 0, the numerical calculations must
also solve the heat equation resulting from an analysis
of the first law shown in Eq. (4). Using the deviatoric
nature of the transformation strain, the flow rule, and
the transformation surface it can be shown that,

. . . v |, v,
W = o0j;é;; — 50 + Eé?ij + ﬁs
) o)
=O’1‘jé‘,‘j — 56 — 31 5
%
(0 —08)? o
— ZXT = 0ijjé&ij — 50 — 2 (22)

Applying this result into the first law in Eq. (4) leads
to,

05 = (k,'je,j)’l. +7r+2A (23)

where again k;; is the thermal conductivity tensor and
A is the plastic multiplier which interestingly in this
theory is also half of the non-conduction part of the
dissipation rate. The time derivative of the total entropy,
s, derived from Eq. (3) is then expressed as,

.0 . .
§=Cot i (gi,»—g;j)Hf 24)

where C is the heat capacity. Therefore, the heat equa-
tion within this theoretical structure is expressed as,

CO+ 68y (21 — &) + 05" = (ko) +7r+22
sl (25)

Eq. (25) has several terms that warrant further expla-
nation. The first term on the left-hand side is the stan-
dard heat storage due to the thermal capacity of the
material. The second term is a thermoelastic heating
term which is generally relatively small (in this work
we will take B;; = 0). The third term represents the
latent heat of transformation that is released when the
material transforms from austenite to martensite. Note
that during the austenite to martensite transition s* < 0
and so the term 05’ acts much like a heat source term
(i.e. like a positive r on the right-hand side) causing
the material to increase in temperature under isentropic
conditions. The first term on the right-hand side is the
standard Fourier conduction term and represents the
amount of heat conducted into the point. Finally, the
last term on the right-hand side represents the dissipa-
tion associated with the irreversible thermomechanical
transformation behavior, which again acts like a heat
source term.

Note that the time rates of change of several quan-
tities appear throughout the heat equation, and this is
the source of all of the rate dependence of the fracture
behaviors explored in this work. There is no rate depen-
dence inherent to the intrinsic constitutive behavior, but
the mechanical material response is very sensitive to the
rate at which the latent heat of transformation can be
expelled from the material since this governs the tem-
perature. For steady state crack growth conditions these
time rates of change are converted to spatial derivatives,
and then the problem is solved on a coordinate system
attached to the moving crack tip. For any field quantity
f with the crack moving in the x| direction at a constant
crack tip velocity of a, the material time derivative of
f is given as,

Y _ -
dt 0x1

Along with Eq. (26), no external heat source r = 0,
and the assumption that the thermoelastic coefficients
Bij = 0, the weak forms for mechanical equilibrium
and the heat equation can be expressed as,

fBSijCijkISkde
1%
=/5uiTidS+/ Bsijc,»jkle,’ddv 27
s v
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v

=/59q,-n,-ds+/ 56 (a6s' +2))dV  (28)
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where V is the volume and S is the surface of the sim-
ulation domain, and 7; are the tractions applied on the
boundary surface as 7; = oj;n j, with the stresses given
by Eq. (20). Also note that g;n; = 0 on the outer insu-
lated boundary and along all crack faces, so the first
term on the right-hand side of Eq. (28) is zero.

With the application of standard finite element pro-
cedures, the left-hand side of Eq. (27) leads to a stan-
dard linear elastic stiffness matrix which needs to be
inverted a single time and then stored. Similarly, the
left-hand side of Eq. (28) leads to a linear heat conduc-
tion matrix with a standard symmetric part from the
thermal conductivity and a non-symmetric part associ-
ated with the heat capacity and crack tip speed. Again,
this constant matrix needs to be inverted only once and
stored. The right-hand sides of Eqs. (27) and (28) rep-
resent unbalanced generalized forces. An iterative pro-
cedure is applied to drive these terms to zero. In the first
iteration the initial transformation strain is assumed to
be zero and the transformation entropy is taken to be
consistent with the ambient temperature, close to sg
when in the austenite phase and close to zero when
in the martensite phase. The temperature is initially
assumed to be homogeneous at the specified ambient
level. Updates to the nodal displacements and tempera-
tures are then obtained by solving the system for the ini-
tially unbalanced generalized forces. Using these new
approximations for the displacements and temperature,
the strains are calculated based on the finite element
interpolations and new approximations for the stresses,
transformation strains, and transformation entropy are
calculated by integrating the SMA constitutive model
along streamlines of constant heights above the crack
plane from the right edge of the simulation domain
to the left. With these updated approximation for the
transformation strain, transformation entropy, and tem-
perature, the residual generalized forces are recalcu-
lated and new nodal displacements and temperatures
are obtained. This process is repeated until a suitable
level of convergence is achieved.

Once convergence is achieved, in addition to the dis-
tribution of the thermomechanical fields, the amount
of energy available to drive material separation at the
crack tip is also of interest. For steady crack growth
Hutchinson’s path-independent 7 -integral (Hutchinson
1974), can be used to calculate the crack tip energy
release rate,

Gtip =1 :/ (Wn1 —Uijnju[,l)dr 29)
r
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where I' is a counterclockwise contour around the crack
tip and n; is the outward unit normal to the contour I'.
The work density W is path-dependent at a general
material point and given as,

é‘ij
W = f Gijdgij (30)
0

Note that for a general thermomechanical loading a
“heat density” term would also be needed in the cal-
culation of the energy release rate. However, in this
problem both r = 0 and the entire boundary of the
simulation domain is insulated, and thus any heat input
contribution to the energy release rate vanishes. This
numerical approach was originally developed by Dean
and Hutchinson (1980) to study the plastic fields dur-
ing steady crack growth. It has also been used in con-
junction with cohesive zone laws ahead of the crack
tip to model elastic-plastic and rate-dependent fracture
behaviors. Landis (2003), Baxevanis et al. (2014b), and
others have applied it to study steady crack growth in
smart materials.

In the calculations it is assumed that while the crack
is growing G,;p = Gy, where Gy is the intrinsic frac-
ture toughness of the material, i.e. the toughness that
would be measured if transformation could be frozen
out of the material and prohibited from occurring. The
purpose of these calculations is to determine the tough-
ening due to the dissipative effects of transformation.
Such toughening is represented as the ratio of G/ Gyip
and is different from the fracture toughness, which can-
not be unambiguously predicted with this approach
due to the possible dependencies of G on tempera-
ture, phase, etc. The calculations presented here will
show how G,/ G depends on both intrinsic material
properties like the maximum amount of transformation
strain, and extrinsic quantities like the temperature and
the crack speed.

Dimensional analysis and manipulation of the con-
stitutive model allows for the identification of the nor-
malizations for strains (g;; /&), stresses (o;;/00), tem-
perature (6/6p) and entropy (s/sp) which are fields
that depend upon the normalized coordinates xi/Rp
and xp/Ry. Here Ry is the characteristic size of the
transformation zone for an applied stress intensity of

K; =+GoE/(1 —v?),
_ 1 GoE

3 (1 — vz) 002
Note that the full size of the transformation zone, R;,
in any given calculation will scale with G,/ Gy such

Ro €29
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Fig.1 A schematic of the

Mode I Tractions and Insulated -

steady-state crack growth
problem illustrating the
boundary conditions applied
in the finite element
calculations

|/

Transformation Zone

N

Streamline integration path

Traction free and Insulated

that R; = (Gys/Go)Ro. The field distributions, along
with the toughening, G,/ Gyip, are dependent on the
following list of dimensionless groups,

eoE Hr Hc op&o 6! S()HZS
- — — > 7, nr,nc, —,
op o9 oo bHpso 6o 6o
HY C asoRy 0
w, v, v, —, = L0707 (32)

“sof" so” k6o

Here the semicolon separates the parameters that
describe the SMA thermomechanical constitutive
model that can be used to represent the range of isother-
mal behaviors (to the left), and those for the heat trans-
fer properties which are required for either isentropic
behavior or inhomogeneous temperature simulations
(essentially the heat capacity and the thermal conduc-
tivity), and the applied temperature itself. In this work
the most significant dimensionless parameters to be
studied are the first three and the last three in Eq. (32).
The parameter g9 E /og can be thought of as either the
ratio of the transformation strain &g to the elastic strain
oo/ E, or as the ratio of the dissipated energy opeg to
the stored energy og /E. All of the prior work on tough-
ening in smart materials has shown that the toughen-
ing is monotonically increasing with 9 E /oq. The next
terms, Hr /oo and Hc /og are the hardening in tension
and compression, and again all of the prior work has
shown that the toughening is monotonically decreas-
ing with increasing hardening parameters. In essence,
these two features show that stiffer and less dissipative
materials show less toughening. The last two terms are

Mode I Symmetry

of more significant interest in this work as there is less
prior work on their effects in the literature. However, it
is possible to predict the expected trends in the tough-
ening with respect to these parameters based on the
idea that any feature that drives the material towards
the high temperature austenite phase will have lower
toughening than a situation where the transformation
to martensite is more favorable. Considering materials
beginning in the austenite phase, higher temperature
0 /6y drives the material towards austenite and thus the
toughening down. The ratio C/sg relates the ability of
the material to store heat to its ability to expel latent heat
during the transformation. The higher this ratio is the
lower the temperature change will be during isentropic
transformation and thus the toughening should increase
as C/so increases. Finally, asoRo/k is a ratio of how
quickly the material expels heat during crack growth to
how quickly the material can conduct heat away from
the crack tip. In this case lower values of asg R/ k, i.e.
very slow crack growth or very high thermal conduc-
tivity, will keep the temperature low near the crack tip
and thus increase the toughening, while higher crack
speeds will decrease the toughening.

4 Results

Prior to presenting the results for the steady crack
growth simulations for different material properties

@ Springer
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and crack speeds, the impact of the material proper-
ties presented in Eq. (32) on the stress-strain response
in a uniaxial tension test at different temperatures is
illustrated. The material parameter 6 controls the tran-
sition temperatures between martensite and austenite.
The parameter Hr controls the hardening slope during
stress-induced phase transformation and low temper-
ature martensite detwinning process in uniaxial ten-
sion, and H; controls the slope of the shallow-sloped
“plateau” portion of the #% — s’ response shown in

Fig.3 which sets the levels of the martensite-austenite
start/finish temperatures and also affects the slopes of
the shallow-sloped “plateau” portion of the uniaxial
hardening behavior of the stress-induced austenite to
martensite transition. Figure2 shows the influence of
these two parameters on the uniaxial tension tests. The
exponents ny and n¢ control the approach to saturation
and have a very mild effect on the stress-strain behav-
iors for the range of 0.01 to 0.7. The curvatures of the
corners at the transitions between the asymptotes and

Fig. 2 Uniaxial tension p 6
o—¢ response for a range of 6 | H3 =017, Hy = 00300, u=v:=0.0005 —Hr =0.5000, H3=0.2 z—:, u=v=0.005
. . 6,
tension hardening constants - H;=10 ﬁ Hr =0.030¢, u=v=0.02 —Hr =0.0160, H3=0.2 i—: u=v=0.005
Hr and different 4
martensite/austenite start o 4 o
and finish temperatures H, — —
. . o, o,
for the following material )
temperatures: a, b 2
0 =20.30p, ¢, d
0 = 2530, e,f 0 =28.36p
0 0
0 1 2 0 1 2
&/g, &/&y
(a) (b)
6,
= H§=0.122 Hr =0.030, u = v = 0.0005 - Hr =0.5000, H5 =022, u=v=0.005
0
6,
- H3=102, Hr=0.030), u=v=002 —Hy =0.0100, H§ =02 ‘:—: u=v=0.005
o o
0o 0o
0 1 0 1 2
£/& £/g
(c) (d)
6,
= H3=0.1% Hr = 0.0360, u = v=0.0005 - Hr =0.5060, H§ = 0.2, u=v=0.005
0
[
= H3=1.02, Hy =0.0300, u=v=0.02 —Hr=0.0160, H§=0.2 ‘:—: u=v=0.005
4 c
0Oy Oy
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Fig. 3 The back temperature versus the transformation entropy
derived from Eq.(14) for different martensite to austenite tem-
perature slope H)

the shallow-sloped plateau region of the transforma-
tion entropy-back temperature curve shown in Fig.3
are controlled by the parameters u and v, with smaller
values leading to sharper corners at the transitions. H;
is a thermal modulus that controls the steepness of the
asymptotes as s* — 0 and s' — so. Additionally, v is
the Poisson’s ratio which for this work is taken to be
0.4 for both austenite and martensite.

Figure2a and b illustrates the uniaxial stress-strain
behaviors at a constant temperature of 20.36y for dif-
ferent values of (a) H5, u and v at Hr = 0.0309
and (b) Hy at Hj = 0.26p/so, u = v = 0.005.
At this temperature the material is in the martensite
phase, and as a result of cooling from the high temper-
ature austenite phase, begins in a twinned martensite
state with zero transformation strain. In this case, the
transformation stress level is dictated by the param-
eters of the transformation surface at a uniaxial stress
level of 0. As the transformation strain approaches the
saturation strain of the pure martensite phase in ten-
sion g9/ f (1), the stress increases precipitously. Upon
unloading and returning to zero stress, the transfor-
mation strain remains and the material is left in a
detwinned martensite state. Here higher values of H,
have no impact on the uniaxial stress-strain response
and higher values of Hy produce higher stress levels
as transformation proceeds.

Figure2c and d illustrates the uniaxial stress-strain
behaviors at a constant temperature of 25.36 for dif-
ferent values of (c) Hj at Hr = 0.030¢ and (d) Hr at
Hj = 0.26p/s0, u = v = 0.005. This temperature is

not significantly higher than the martensite to austen-
ite finish temperature and the material begins in the
austenite phase. Notice in this case that the transforma-
tion stress level is at approximately 209, which shows
that this strength is not solely defined by the parameters
of the transformation surface as it was in the previous
case for the martensite phase. Here, the increase in the
transformation stress is due to the effects of the hard-
ening potential that creates a rapidly rising back stress
for very small but non-zero accumulations of the trans-
formation strain that do occur when the applied stress
is higher than op. Hence, even though transformation is
occurring in the mathematical model at uniaxial stress
levels above oy, the apparent behavior remains elas-
tic. In contrast to the uniaxial stress-strain responses
in Fig.2a and b, the plateau in Fig.2c and d is driven
by the stress-induced forward phase transformation as
opposed to martensite detwinning. However, the sat-
uration level of the transformation strain remains at
go/f (1) for high stress levels where the material is in
a state of detwinned martensite.

Figure2e and f illustrates the uniaxial stress-strain
behaviors at constant temperature of 28.36 for differ-
ent values of (e) H; at Hy = 0.030¢ and (f) Hy at
Hj = 0.20p/s0, u = v = 0.005. At this temperature,
the description and features of the stress-strain behavior
mimic those provided for Fig.2c and d at the temper-
ature of 25.36). The difference being that the transfor-
mation stress levels for forward and reverse transfor-
mation occur at considerably higher values than those
at 25.36p. This behavior is an example of the compe-
tition between the stress driving the material towards
the detwinned martensite phase and the temperature
driving the material towards the austenite phase that is
encoded within the functional forms of the hardening
potential.

As shown in Fig. 1 the analysis of the steady crack
growth problem is performed on the upper half plane
due to the assumption of mode I symmetry. The finite
element mesh is refined near the crack tip in order
to capture the details of the non-linear transforma-
tion zone. Mode I symmetry boundary conditions are
applied ahead of the crack tip and traction free and
insulating conditions are applied on the crack faces.
Mode I tractions and insulating conditions are applied
on the remote outer boundary. The initial temperature
distribution is homogeneous throughout the domain.

To gain an understanding of how the behavior
depends on the ambient temperature, Fig. 4 shows con-
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Fig. 4 The distribution of transformation strain, &, close to the
steadily growing crack for a range of initial material temper-
atures: a 8 = 20.30), Gy5/Gip = 31.15, b 6 = 2536,
Gys/Grip = 3.64, ¢ 0 = 26.80), Gy5/Gyip = 2.42,d 0 =
29.860, Ggs/Grip = 1.53. The material and conductivity prop-

tours of the effective transformation strain, &, in the
vicinity of the crack tip for different initial tempera-
tures. Figure 4b, ¢, and d is for temperatures where
the material is in the austenite phase and illustrate the
tendency of the material to reverse transform once the
crack tip passes by. In contrast, Fig. 4a is at a tempera-
ture of 20.36p which places the material in the marten-
site phase and there is a permanent wake of transformed
material behind the crack tip for this case. This is a
common feature for steady crack growth in elastic-
plastic materials and in ferroelastic materials. As the
area around the crack tip is approached by a point just
above the crack plane, the material goes through differ-
ent deformation regimes. (i) Before entering the trans-
formation zone near the crack tip, there is no phase
transformation and the material resides in a twinned
martensite state with zero macroscopic transformation
strain. (ii) Entering the transformation zone the mate-
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rial state evolves from twinned martensite to detwinned
martensite. As the point passes over and around the
crack tip the principle directions of the transformation
strain can and do rotate. We refer to this as transforma-
tion strain reorientation, and as with the initial detwin-
ning this behavior is also associated with dissipation
of energy (i.e. the plastic multiplier A # 0). (iii) Once
the crack tip is passed over, the material experiences
unloading from the detwinned and reoriented marten-
site state and a wake of transformation strain is left
behind the crack tip.

In contrast, Fig. 4b, c, d shows the transformation
strain contours for a material at initial temperatures of
25.36), 26.86) and 29.86) respectively, each of which
puts the material in the austenite phase initially. When
comparing the relative sizes of the transformation zones
for these three cases it is important to note that the trans-
formation zone size R; is proportional to the steady
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state energy release rate G, and so the absolute size
of the transformation zone is largest for 6 = 25.36y
and smallest for 8 = 29.86y. Again, as the area around
the crack tip is approached from a point just above the
crack plane, the material goes through different regimes
of deformation behavior. (i) Before entering the trans-
formation zone there is no phase transformation and
the material starts in austenite state at transformation
strain of zero and a transformation entropy of s; & sg.
(if) Entering the transformation zone the high stresses
near the crack tip cause the stress induced phase trans-
formation from austenite to martensite. The transfor-
mation strain increases and the transformation entropy
decreases. (iii) As the point passes above and around
the crack tip the principal directions of the transforma-
tion strain can reorient. Points sufficiently close to the
crack tip will reside in a fully saturated transformation
strain state but can still experience strain reorientation.
For such points the transformation entropy s; is approx-
imately zero. (iv) As the crack tip is passed by the ele-
vated stresses near the crack tip are no longer present
to maintain the strained martensite state and the mate-
rial experiences reverse transformation. Sufficiently far
from the crack tip there is a complete reversal of the
phase transformation with the material returning to its
original austenite state and no wake of transformation
strain left behind. Even without a wake of transforma-
tion strain there is still energy dissipated during this
process and this energy dissipation leads to fracture
toughening.

Note that these calculations do not incorporate plas-
ticity into the constitutive law and thus for points close
to the crack tip, the stresses increase severely within a
small zone where strain saturation occurs. As for fer-
roelastic materials (Landis 2003), the numerical results
suggest that the behavior of stresses near the crack tip
behave as 1/./r. However, adding plasticity to the cal-
culations would introduce a very small plastic zone near
the crack tip which would alter this type of behavior.

Figure Sa—d shows the temperature contours cor-
responding to the transformation strain contours in
Fig.4a—d. Note that these simulations use C = 5sp
which is characteristic of NiTi, and a crack speed of
a = 8k/soRo, which is on the order of centimeters per
second for properties relevant to NiTi. Here we have
taken Ry =~ 1cm based on the work of Haghgouyan
et al. (2019). In Fig.5a, when 6 = 20.36y shows that
the temperature change in the vicinity of the crack tip
is very small. Note that the temperature scale has a very

small range in order to produce the color contours that
are displayed. This is due to the fact that there is no
phase transformation from austenite to martensite in
this case.

The material begins in the martensite phase and
remains in the martensite phase throughout and hence
there is no latent heat of transformation being released.
There is detwinning and strain reorientation which
are accompanied by a modest amount of dissipation
and heat generation, but not to the levels seen in the
cases where latent heat is released. Figure 5b, c, and d
shows a common shape of the temperature profile, with
the size of the affected region scaling with the trans-
formation zone size and thus the level of the steady
state energy release rate Ggs. As should be expected
the maximum latent heat release is achieved near the
crack tip where the stresses drive a complete transfor-
mation from austenite to martensite. The temperature
decreases farther from the crack tip but the affected
region is larger than the transformation zone due to the
conduction of heat away from the elevated temperature
region near the crack tip.

The remainder of this section includes results for the
amount of toughening, G,/ Gy, as a function of dimen-
sionless combinations of material parameters g9 E /oy,
Hr /oo, and Cy/sg, as well as the normalized crack
speed to thermal conductivity ratio asg Ro/ k at different
temperatures 6 /6. Figure 6a—c shows the ratio G,/ Go
versus &g E /og, for a range of initial normalized tem-
peratures 6/6y. The parameters used are identical to
those used in Fig.4 but with a slower crack speed of
asoRo/k = 1. Figure6a is for a material at an ini-
tial ambient temperature of 27.86y. Here the material
begins in the austenite phase. The results confirm the
expectation that the amount of toughening, Gyy/ Gyip,
increases as the ratio €9 E /o increases. This result is
in line with prior studies and shows that increasing the
propensity of the material for energy dissipation versus
energy storage produces higher amounts of toughening.

Figure6b plots the toughening as a function of
eoE /oo for ambient temperature of 25.86p and Fig.
6¢ plots the same for ambient temperatures of 10.00,
and 20.30 (both curves lie on top of one another). In
Fig. 6b the ambient temperature is close to the marten-
site to austenite transition temperature and in Fig. 6¢ the
material is in the martensite phase. Figure 6b shows a
very similar behavior to Fig. 6a but with a higher tough-
ening level as a function of gy E /0. Again, this can
be expected based on the lower temperature than that
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Fig. 5 The distribution of the temperature, 6/6y, close to the
steadily growing crack for a range of initial material temper-
atures: a 0 = 20.30), Gy5/Grip = 31.15, b 6 = 2536,
Gys/Grip = 3.64, ¢ 0 = 26800, Gys/Grip = 2.42,d 0 =
29.86y, Gys/Grip = 1.53. The material and conductivity prop-

in the case shown in Fig.6a. The lower temperature
stimulates the transition from austenite to martensite
which is the source of the toughening. Aside from the
increasing dependence of the toughening on &y E /oy,
Fig. 6¢ shows some distinct differences in behavior to
that seen in Fig. 6a and b. First, the temperature depen-
dence of the toughening has vanished. At these temper-
atures the material is in the martensite phase and the
toughness enhancement is purely due to the detwin-
ning and reorientation of martensite. Essentially iden-
tical behavior is seen for ferroelastic ceramics, Landis
(2003), as the constitutive behavior can be described
with a similar model. In contrast to the temperatures
where austenite is stable and reverse transformation
does not allow for a wake of transformed material,
the low temperature martensite phase does not reverse
transform upon unloading and does leave behind a
transformation wake. Additionally, the relatively low
transformation stress for the pure martensite phase
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leads to a much larger transformation zone where the
dissipative effects of martensite detwinning and reori-
entation appear. Here, a simple back-of-the-envelope
dimensional calculation is informative. The size of the
transformation zone can be approximated as R; =
Gy E/ (o;00)%, where a; 0y is an effective transforma-
tion stress, i.e. the upper plateau level for the stress-
strain curves shown in Fig. 2. For ambient temperatures
where the austenite phase is stable ; > 1 and increases
with increasing temperature. For ambient temperatures
in the martensite phase «; = 1. The amount of energy
dissipated in the transformation zone is approximately
Wais = cogeg. Here a constant ¢ has been introduced to
account for the many approximations being made, and
would incorporate other parameters like the hardening
moduli. The steady state toughness can then be approx-
imated as Gy; ~ Wyis R, + G, which to first order
in egE /og yields, Gy ~ Go(l + csoE/atzao). What
this formula indicates is that for temperatures where



On the fracture toughness of shape memory alloys

213

2 4
0= 27.800 0= 25.800
HT =0.20) HT =0.20y
18 | C=5sg C=5s,
3
1.6
Ggs Gss
Gtip Gy
1.4 v
2
1.2
1 1
0 5 10 15 20 25 30 0 5 10 15 20 25 30
£E/ag £kE/ag
(a) (b)
49
6 =10.00, 20.30,
Hyt =0.20
“a C= 550
33
Gss 25
Gtip
17
9
1
0 5 10 15 20 25 30
gE/ag

(c)

Fig. 6 The toughening amount, G/ G ip, under steady state crack growth as a function of g9 £ /oy, for different initial normalized
temperatures: a 6 = 27.80p, b 6 = 25.80p, ¢ 6 = 10.00y and 0 = 20.36y

martensite is stable, the temperature dependence of the
toughening should be very weak since «; will remain at
1. In fact, this is what is seen in the calculations shown
in Fig. 6¢, where both sets of low temperature simula-
tions show essentially identical toughening behavior as
a function of g E /0. However, for the austenite phase
o; increases with temperature, for example o; = 2.4 for
0 = 25.86p and oy = 3.4 for& = 27.86. Thus the sim-
ple formula that has just been derived for the toughen-
ing suggests that the initial slope of the G4,/ G versus
eoE /og curve for & = 25.86) should be (3.4/2.4)2 =2
times that for & = 27.86y. In fact, the ratio of the ini-
tial slopes of the toughening curves of Fig.6a and b is
indeed 2. Hence, this simple model can provide qualita-

tive and, to a limited extent, quantitative interpretations
of the toughening behaviors seen in SMAs.

The next set of numerical simulations displayed in
Fig.7a and b shows the toughening ratio G/ G4;p ver-
sus the initial ambient temperature 6/6y, for a range
of Hy/op and Hj /oo values. The material param-
eters used in these numerical simulations are those
listed in Fig.4 but with a normalized crack speed of
asoRo/k = 1. Again note that as the ambient tempera-
ture increases the stress required for the forward trans-
formation to occur increases and thus the size of the
transformation zone near the crack tip decreases. These
behaviors are represented in the uniaxial stress-strain
responses shown in Fig.2c—f, and in the transforma-
tion strain contours shown in Fig.4b—d. As expected,
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Fig. 7 The toughening amount, Gs/G/;p, under steady state
crack growth as a function of normalized temperature, 6/6,
for a various values of the tensile hardening parameter, Hr, at
Hj = 0.26p/so and b various values of the slope of the marten-
site to austenite transition temperature, st ,at Hp = 0.20¢. The

as the ambient temperature drives the material towards
the austenite phase Fig.7 shows that the toughening
decreases.

Figure 7a also illustrates the effects of the hardening
parameter Hr /og. Here the sensitivity of the toughen-
ing to the level of Hr /oq is small for high ambient tem-
peratures and becomes significant as the initial ambient
temperature of the material approaches the austenite
to martensite transition temperature. This result indi-
cates that softer materials show an enhancement of the
toughening over high hardening materials. This is again
in line with the expectation that stronger/harder mate-
rials show less toughening due to the distribution of
the transformation strain near the crack tip and overall
smaller amount of dissipation in that region. Figure 2d,
f illustrates that increasing the values of Hr/op pro-
duces steeper stress-strain slopes during the forward
and reverse transformations, which increases the trans-
formation stress level required for the phase transfor-
mation to proceed. Therefore, higher levels of Hr /o
restrict the full phase transformation to smaller areas
around the crack tip resulting in a lower toughness
enhancement.

Figure 7b shows the effect of the H; parameter,
which controls the slope of the back temperature-
transformation entropy curve for the martensite to
austenite transition, on the level of toughening. Again,
the sensitivity of the toughness enhancement to changes
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material and conductivity properties used for those numerical
solutions are ey E /oy = 24, opeo/sobp = 0.981, Hc = 8Hr,
ny = 0.05, nc = 0.1, " = 236p, u = 0.005, v = 0.0005;
C =559, asoRo/k =1

in Hj is small for high temperatures and increases as
the ambient temperature of the material approaches
the austenite to martensite transition temperature. Fig-
ure 2c¢, e illustrates a mixed effect of HQ" on the initial
transformation stress and the hardening during trans-
formation, with the initial stress decreasing but the
hardening increasing. Ultimately the detailed calcu-
lations confirm the intuition provided by the simple
model that predicts that the lower initial transforma-
tion stress induced by higher values of H; leads to
an effectively larger transformation zone and a greater
toughness enhancement.

The final sets of simulations presented here focus on
the effects of the thermal properties on the toughness
enhancement for ambient temperature ranges where the
material is in the austenite phase. Recall that slow crack
speeds, a, and higher levels of thermal conduction, &,
act to alleviate the temperature elevation that can occur
due to the release of the latent heat during the trans-
formation from austenite to martensite. Additionally,
a higher heat capacity, C, will allow for more latent
heat release without as large an isentropic increase
in temperature. These considerations suggest that the
toughness enhancement will be greatest for slow crack
speeds, higher thermal conduction, and higher heat
capacity.

Figure8a and b illustrates the steady-state tough-
ness enhancement as a function of the normalized crack



On the fracture toughness of shape memory alloys

215

45 3
. -0=2530,
2.6
as -0=2550, k
-9=25.0,
3 ¥ 22
G 0=26.80, G,
Gy -0= Gy
i 25 0=27.80, Gup
, -0=2830,
-0=29.80) 1.4
1.5
- 0=30.80,
1 1
0 10 20 30 40 50 0 10 20 30 40 50
aRgso/k aRoso/k
(a) (b)

Fig. 8 The toughness enhancement, Gy;/Gip, under steady
state crack growth as a function of normalized crack speed,
asoRy/ k, for various values of normalized temperature, 6 /6y,
and for the ratio levels: a g E/og = 24, b egE/op = 10. The

growth speed, a Ryso/ k for different values of normal-
ized temperature, 6 /6y, at values for (a) eg E /og = 24
and (b) egE/op = 10. The other material properties
of interest are reported in the figure captions. Again,
slower crack speeds allow more time for the latent heat
generated to diffuse away from the crack tip which
keeps the local crack tip temperature close to that of the
sample temperature and thus increases the toughening.
In contrast, fast crack speeds do not allow time for the
diffusion of heat and thus the local crack tip temperature
increases and the local transformation stress increases
as well, which in turn decreases the toughness enhance-
ment. In the limit of very fast crack speeds or very
slow heat conduction, the toughening will approach the
isentropic limit for the associated ambient temperature.
Note that the toughening is greater for the larger value
of egE/op = 24 in (a) than that for g E /o9 = 10 in
(b) for all temperature/crack-speed combinations.
Finally, Figure9a and b presents the results for
the steady-state fracture toughness enhancement ver-
sus the normalized crack speed for different values
of heat capacity, C/sg, for (a) e9E /o9 = 24 and (b)
g0E /oo = 10. These figures summarize the effects of
the thermal properties on the toughness enhancement.
The latent heat of transformation for this material is
approximately 23s06p, which is the plateau level of the
temperature shown in Fig.3 multiplied by the trans-
formation entropy so. When interpreting the effects of
crack speed one notes that faster crack growth drives the
toughness down towards its isentropic value due to the

material and conductivity properties used for those numerical
solutions are ogeo/sobp = 0.981, Hr = 0.200, Hc = 8Hr,
ny = 0.05,nc = 0.1, 0" = 236y, Hy = 0.260/s0, u = 0.005,
v = 0.0005; C = 559

elevated temperature near the crack tip, which increases
the transformation stress and decreases the toughening.
The magnitude of the isentropic increase in tempera-
ture is governed by the ratio of C/sg. According to
Eq. (25) the isentropic temperature change is approx-
imately, A@ =~ 230ys9/C. Hence, greater values of
the heat capacity C reduced the temperature change
near the crack tip, keeping the transformation stress
lower, and increasing the transformation zone dissi-
pation and toughening. As with Fig.8, the toughness
enhancement for eg £ /og = 24 in (a) is greater than
that for g9 E /o9 = 10 in (b) for all crack-speed/heat
capacity combinations.

5 Discussion

In this work, the steady-state fracture toughness enhan-
cement was studied using a phenomenological consti-
tutive law for the thermomechanical behavior of SMAs,
(Alsawalhi and Landis 2021). This constitutive model
accounts for the forward and reverse phase transforma-
tions and the reorientation and detwinning of marten-
site, all using a single transformation surface and asso-
ciated flow rule. Most all of the interesting behav-
iors associated with SMA behavior are accounted for
using an energetic transformation potential formulated
in terms of the transformation strain and transforma-
tion entropy internal variables. The interested reader is
referred to Alsawalhi and Landis (2021) for additional
details of the constitutive model. In contrast to previous
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Fig. 9 The toughness enhancement, Gys/Gip, under steady
state crack growth as a function of normalized crack speed,
asoRy/ k, for various values of normalized heat capacity, C /s,
and for the ratio levels: a g9 E/og = 24, b egE/op = 10. The

studies on the steady-state toughening of SMAs, Bax-
evanis et al. (2014a,b), which looked at the isother-
mal and isentropic limits, this work investigated the
non-isothermal behavior and the effects of crack speed
on the toughening behavior. Hence, in addition to the
governing equilibrium equations for the stress, the spe-
cialized steady-state finite element method also solved
the heat equation governing the temperature field. One
novel aspect of this work included the derivation of two
“heat source” terms of interest for SMAs, and to the par-
ticular constitutive model used. Specifically, the latent
heating rate term 05 appears in the heat equation as a
source term during the transformation from austenite to
martensite, ' < 0. This heat is then given back to the
transformed material upon reverse transformation back
to austenite §’ > 0. Additionally, the dissipation rate
due to phase transformation and martensite deforma-
tion also appears as a “source’ term in the heat equation,
specifically as twice the plastic multiplier, Wz;; = 2A.
This term is always positive as the plastic multiplier is
constrained to be greater than or equal to zero.

The results for the toughening behavior predicted
in this work can, without exception, be interpreted
and understood based on how a given feature, such
as crack speed, temperature, or a material property,
affects the stress at which transformation occurs. A sim-
ple model was introduced showing that the toughness
enhancement could be expressed to leading order as
Gss ~ Go(1 + cegE /Ottzao). For temperatures below
the austenite to martensite transition the material is
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in the martensite phase and the toughening is insensi-
tive to crack speed and thermal properties because the
parameter «; &~ 1. The toughening in this phase does
depend on the mechanical properties, most notably
eoE /oo and Hr /o, with stronger and harder materi-
als having a smaller toughness enhancement. However,
at temperatures above the transition temperature when
the material is in the austenite phase the transforma-
tion stress is very sensitive to temperature, and thus o;.
Features of the problem that tend to increase the local
crack tip temperature, and thus the local transformation
stress, also cause decreases in the toughness enhance-
ment due to the reduced transformation zone size near
the crack tip and associated reduction in overall dissi-
pated energy.

The primary driver of temperature change dur-
ing crack growth is the release of latent heat dur-
ing the stress-induced transformation from austenite to
martensite. The thermal properties of the material that
tend to keep the temperature change due to this trans-
formation low will also tend to increase the toughening.
For example, a large thermal conductivity will reduce
the crack tip temperature by allowing the heat to diffuse
away into the bulk. This feature sets up a competition
between the crack speed and the rate of thermal conduc-
tion and is the primary mechanism for the rate depen-
dence of the toughening. Faster cracks will not give
enough time for the heat to diffuse away from the tip
and thus will show lower toughening. Finally, the heat
capacity of the material can also meditate temperature
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changes near the crack tip since a material with a large
heat capacity will have a lower isentropic temperature
change during transformation than a low heat capacity
material. This explains the final result presented show-
ing that the toughness enhancement increases as the
heat capacity of the material increases.

We now return to the experimental measurements
that seem to be at odds with the theoretical calcula-
tions presented here from Maletta et al. (2016) who
found that the measured fracture toughness of the mate-
rial increased with increasing temperature. However,
we also note that Haghgouyan et al. (2019) reported
contradictory results finding that the measured tough-
ness of phase-transforming high temperature austenite
was lower than that of the low temperature marten-
site phase. Here we offer some possible explanations.
First, as mentioned previously, the intrinsic toughness
of the material, G cannot be predicted with the meth-
ods used in this work. Instead it is only the ratio of the
steady-state toughness to the intrinsic toughness that
is calculated, see Fig. 10. Therefore it is possible that
a strong increasing dependence of the intrinsic tough-
ness G on increasing temperature could at least offer a
partial explanation. Haghgouyan et al. (2019) did find
that at very high temperatures where the transformation
to martensite no longer occurred the measured fracture
toughness did in fact increase. Additionally, the present
calculations do not account for any plasticity that may
be occurring at the crack tip and any associated inter-
actions between plastic deformation and phase trans-
formation. This may also play a role in the discrepancy

Fig. 10 R-curve behavior
showing how a material

G/Go

between the present theory and the experimental mea-
surements.

A final possible explanation for the discrepancy
between the theoretical toughness enhancement and
the experimentally measured toughness has to do with
the interaction between the specimen loading/geometry
configuration and the details of the shape of the R-
curve. Figure 10 illustrates these issues. Here, the solid
red and blue curves are the fracture resistance, i.e. R-
curves, for high temperature austenite and low tem-
perature martensite respectively. Again, we empha-
size that these R-curves have not be calculated in
this paper, and only the final plateau value of the R-
curve has been computed. Such calculations are left
for possible future work. In this schematic the austen-
ite R-curve, GR _ (Aa), has a steady-state toughness
of only twice the intrinsic toughness (where infinites-
imal amounts of crack growth first begin), but the
amount of crack growth required to develop the trans-
formation zone fully and reach steady state is rela-
tively short. In contrast, the steady-state toughness for
the martensite R-curve, GR  (Aa), has a large steady
state toughness, but a much longer amount of crack
growth required to achieve steady-state. In fact, the
plateau for the martensite R-curve is not yet achieved
for the crack length increments plotted in the fig-
ure. For the R-curves shown here the measured frac-
ture toughness will depend on the type of loading
and the specimen geometry. Specifically, the condi-
tions for unstable crack growth are that GAP? = GR
and dGAPP /d(Aa) = dGR/d(Aa), where GAPP is

with large steady-state 5 T
toughness can have a lower
specimen GAPP s g APP R
geometry-dependent 4 aust™| “mart 8 Gmart(Aa)
measured toughness than
another material with a
lower steady-state
toughness 3
R
Gaust (A a)
2
,:;,’: Gss/Go
o"‘;’”
et C Aa
-4 -2 0 2 4 6 8 10
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the applied energy release rate which is dependent on
crack length a and the applied loading. For example,
for a Griffith-type crack, GAPP = azna(l — vz)/E,
where o is the far field applied tensile stress to an
infinite plate with a center-crack of length 2a. Note
that for the Griffith crack GAP? is linear in Aa and
that is the case shown in Fig.10 by the dashed red
and blue lines. What is shown in Fig. 10 is that the
crack growth instability conditions are met for the low-
steady-state-toughness austenite material before they
are met by the high-steady-state-toughness martensite
material. For the case shown in the schematic the mea-
sured toughness of the austenite is approximately 7%
higher than the measured toughness for the marten-
site, while the steady-state toughness of the austenite
is only 20% of the steady-state toughness of the marten-
site. While a quantitative analysis of the experiments
reported by Maletta et al. (2016) is beyond the scope of
this work, their observations that the low temperature
martensite sample showed a significant departure from
linear behavior prior to peak load while the austenite
samples were nearly linear up until fracture does offer
qualitative support for this possible explanation. The
compliant behavior could be due to either some stable
crack growth prior to peak load, as suggested by the
R-curve analysis, or to large scale martensite reorien-
tation and detwinning over large regions of the sample.
The linear behavior observed in the austenite samples
is consistent with very small amounts of stable crack
growth prior to the peak load and small contained phase
transformation zones around the crack tip.

This discussion suggests that care must be taken
when comparing experimental measurements to the-
oretical calculations such as these, where features of
the R-curve beyond simply the steady-state toughness
value may be important. This also suggests that exper-
iments with stable crack growth loading/geometries,
i.e. GAPP decreases with Aa, are of value for a full
characterization of the fracture toughness and R-curve
behavior of SMA materials. Such experiments would
require stiff load frames capable of applying (nearly)
displacement-controlled loading as well as precise
measurement techniques for determining the location
of the crack tip during crack growth. In addition to such
experiments, modeling the details of the development
of the R-curve behavior in SMAs also remains an open
problem.
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