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A B S T R A C T

A new thermomechanical constitutive modeling approach for shape memory alloys (SMAs) that undergo a
martensite to austenite phase transformation and the associated pseudoelastic and shape-memory responses is
presented. The novelty of this new formulation is that a single transformation surface is implemented in order
to capture the forward and reverse phase transformations, as well as the reorientation and detwinning of the
martensite phase. The framework is akin to the usual flow theory plasticity with kinematic hardening, however
in addition to the transformation strain there is also a transformation entropy that is directly related to the
martensite volume fraction appearing in prior theories. A transformation surface in effective stress and effective
temperature space is introduced and an associated flow rule governs the evolution of the transformation
strain and entropy. In order to capture the multitude of SMA behaviors, a transformation potential function
is introduced in transformation strain and entropy space for the derivation of the back stresses and back
temperatures that define the kinematic hardening behavior. It is this potential function that governs all of
the important behaviors within the model. After the description of the general theory, specific forms for the
transformation surface and the transformation potential are devised and results for the behaviors captured by
the model are provided for a range of thermomechanical loadings. Finally, the model is implemented in the
finite element method and applied to the pseudoelastic and shape memory effects of a beam in pure bending.
1. Introduction

Shape memory alloys (SMAs) exhibit two unique properties, the
shape memory effect and pseudoelasticity or superelasticity. The shape
memory effect occurs when the material is cooled from a high temper-
ature and then deformed. When the material is then heated back to a
high temperature it recovers its original form. This behavior originates
from the change in crystal structure from high temperature austenite,
to twinned martensite upon cooling, to detwinned martensite when
deformed, and then back to austenite when heated again. The amount
of strain that can be recovered over such a thermomechanical excursion
can approach 8% in some alloys. SMAs also exhibit pseudoelastic
behavior, which is the ability of the material to recover large amounts
of strain upon mechanical loading and unloading at temperatures above
the martensite to austenite transition temperature. In this state, the
thermodynamically favored austenite phase is driven to transform to
detwinned martensite by the application of mechanical stress, Ot-
suka and Wayman (1999). Generally, the martensite phase consists
of distinct regions each with different variants of the crystallographic
directions of the single crystal, and the strain state of the material is dic-
tated by the configuration of these variants. Macroscopically, twinned
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martensite will have nearly the same deformation state as the high tem-
perature austenite that it transformed from. In twinned martensite, the
variants appear in multiple orientations and form a self-accommodated
ensemble. When loaded by an applied stress, unfavorably oriented
martensite variants will transform to favorably oriented martensite
variants via the mechanism of twin boundary motion to form de-
twinned martensite. Non-proportional loading of detwinned martensite
can then cause subsequent twin boundary motion leading to a new
set of crystallographic orientations of the martensite variants and an
overall reorientation of the macroscopic strain, Lagoudas et al. (1996),
Chatziathanasiou et al. (2016). Considering this range of behaviors,
a useful phenomenological constitutive model for shape memory al-
loys must at least be able to capture each of these physical effects
including the shape memory effect, pseudoelasticity, and martensite
reorientation.

The thermomechanical behavior of SMAs has been studied at a
range of length scales, Cisse et al. (2016). Continuum models have
been used to study mechanisms like nucleation, twin growth, and
phase interface motion, Abeyaratne and Knowles (1990), as well as the
geometry of the phase and variant structures that form during trans-
formation, Ball and James (1989), Bhattacharya et al. (2003). These
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types of studies, along with phase-field simulations of phase and variant
boundary motion Petryk et al. (2010), Petryk and Stupkiewicz (2010),
Idesman et al. (2005), have contributed to a more complete understand-
ing of SMA material behavior. However, the detailed analysis of the
geometry and motion of every phase and variant boundary can be com-
putationally intensive. At the next continuum scale, micro-mechanics
models that utilize phase and variant volume fractions as internal
variables have been constructed to study both single crystal and poly-
crystalline SMA behaviors, Aleong et al. (2002), Berveiller et al. (1991),
Patoor and Berveiller (1997), Boyd and Lagoudas (1996), Patoor et al.
(2006), Levitas and Stein (1997), Levitas and Ozsoy (2009). These types
of micro-mechanical models contain several internal variables for each
grain. The benefit of these micro-mechanical models resides in the
relatively simple identification of the transformation systems between
variants and the thermomechanical driving forces associated with each
system. Polycrystalline SMA behavior is then simulated by modeling an
aggregate of single crystals either by using self-consistent methods, or
through direct computation on a simulated grain structure. These types
of models can offer a great deal of insight into the transformations that
occur at the single crystal level and how transformations in one grain
can trigger or affect those in neighboring grains. However, this level
of detail comes at a computational cost, and the implementation of
these models in structural finite element calculations, where multiple
grains would have to be simulated at each integration station in the
model, is impractical. Thus, the need for phenomenological models
with far fewer internal variables is motivated. Pioneering work on
phenomenological models began with fundamental one-dimensional
formulations, Tanaka (1986), Brinson (1993), Liang and Rogers (1997),
Auricchio and Sacco (1997), and quickly progressed to include multi-
axial response, Lagoudas et al. (1996), Qidwai and Lagoudas (2000a,b),
Savi et al. (2002), Lagoudas et al. (2006), Popov and Lagoudas (2007),
Ziolkowski (2007), Auricchio et al. (2009), Christ and Reese (2009),
Arghavani et al. (2010), Hartl et al. (2010), Chemisky et al. (2011),
Lagoudas et al. (2012), Sedlak et al. (2012), Frost et al. (2016), Scalet
et al. (2019). These macroscopic phenomenological models focus on
describing the evolution of macroscopic internal variables that describe
the averaged phase and strain state of a polycrystal, which allows
for a more efficient numerical implementation as compared to the
micromechanical approaches based on the physics of the crystalline
structural transformations, Lagoudas et al. (2006). One of the most
pervasive internal variables that these models implement is the marten-
site volume fraction. This variable is then linked to the latent heat
associated with the transformation from austenite to martensite. Ad-
ditionally, the strain of the martensite is also introduced in a variety
of ways, with some works making distinctions between twinned and
detwinned martensite, Hartl et al. (2010), Chemisky et al. (2011),
Lexcellent et al. (2006), Chatziathanasiou et al. (2016). Generally, these
prior works have identified a set of transformation criteria, for forward
phase changes from austenite to martensite, reverse phase changes from
martensite to austenite, and for the reorientation of martensite Zhang
and Baxevanis (2021). These transformation criteria are accompanied
by flow rules governing the rates or increments of transformation, and
with functional forms for how the transformation criteria change or
‘‘harden’’.

In contrast to these prior approaches, the ansatz for the model pre-
sented herein is that forward and reverse transformation, and marten-
site reorientation can all be captured with a single transformation
criteria and an associated flow rule. The critical features of SMA
behavior must be captured by a carefully crafted hardening potential
which is used for the derivation of back stresses and temperatures
that define the kinematic hardening laws within the model. This ap-
proach is similar to that previously established for the deformation
of polycrystalline ferroelastic materials, which utilized a yield surface
defined in an effective stress space and a hardening potential in terms
of the remanent strain, Landis (2003). Landis utilized micromechanical
2

models to inform the phenomenological framework with an effective
remanent strain parameter that was able to account for the strain asym-
metry in tension versus compression. A similar framework was applied
by Jiang and Landis to the isothermal behavior of the pseudoelastic
response in SMAs, and was also coupled with standard plasticity for
very high stress loadings, Jiang and Landis (2016). Jiang and Landis
(2016) also tackled the problem of tension/compression asymmetry in
the stress levels required for the initiation of transformation through a
weighted mixture of tension and compression potentials that are fitted
to experimental stress–strain curves.

One interesting feature of SMA stress–strain behavior is the exis-
tence of asymmetry between tension and compression. Experimental
measurements show that in compression the transformation strain is
lower, the stress level is higher, and the slope of the stress–strain
curve is steeper during transformation, Gall et al. (1999), Paiva et al.
(2005). Several of the previous studies cited have also accounted for
this asymmetry between tension and compression, Gillet et al. (1998),
Raniecki and Lexcellent (1998), Qidwai and Lagoudas (2000b), Landis
(2003), Peultier et al. (2008), Chemisky et al. (2011), Frost et al.
(2016), Zhang and Baxevanis (2021).

The model to be presented here will extend this framework to non-
isothermal behavior by including an additional internal variable, akin
to the martensite volume fraction, which we call the transformation en-
tropy to account for the possibility of thermally driven phase changes.
Hence, the transformation strain tensor and the transformation entropy
will serve as the internal variables for the model. Note that other
models identify the martensite volume fraction 𝑓𝑀 as an internal
variable and the transformation entropy is directly related to 𝑓𝑀 as
𝑠𝑡 = (1 − 𝑓𝑀 )(𝑠𝐴 − 𝑠𝑀 ) where (𝑠𝐴 − 𝑠𝑀 ) is the difference in entropy
between the pure austenite and pure martensite phases. The elements
of the present theory include a transformation surface in an effective
temperature and stress space, an associated flow rule for the evolution
of the transformation strain and transformation entropy, and finally a
hardening potential that is dependent on the transformation strain and
transformation entropy which governs the derivation of the back stress
and back temperature.

2. Methodology

As described in the prior section, the transformation strain, 𝜀𝑡𝑖𝑗 , and
ransformation entropy, 𝑠𝑡, are employed as internal variables in this
heory. We postulate that the Helmholtz free energy of the material
akes the form,

=1
2
𝑐𝑖𝑗𝑘𝑙

(

𝜀𝑖𝑗 − 𝜀𝑡𝑖𝑗
)

(

𝜀𝑘𝑙 − 𝜀𝑡𝑘𝑙
)

− 𝛽𝑖𝑗
(

𝜀𝑖𝑗 − 𝜀𝑡𝑖𝑗
)

𝜃

+ 𝐶
(

𝜃 − 𝜃0 − 𝜃 ln 𝜃
𝜃0

)

− 𝜃𝑠𝑡

+ 𝛹 𝑡(𝜀𝑡𝑖𝑗 , 𝑠
𝑡) (1)

here the first three terms are the reversible energy that depend on the
otal strain 𝜀𝑖𝑗 , transformation strain, and temperature 𝜃. The material
roperties include the elastic moduli, 𝑐𝑖𝑗𝑘𝑙, thermal expansion moduli,
𝑖𝑗 , and the specific heat capacity, 𝐶. The last two terms include
he transformation entropy contribution to the free energy and the
ardening potential 𝛹 𝑡, which depends only on the transformation
train and transformation entropy.

The pointwise form of the second law of thermodynamics can be
ritten as,

̇ ≤ 𝜎𝑖𝑗 𝜀̇𝑖𝑗 − 𝑠𝜃̇ − 1
𝜃
𝑞𝑖𝜃,𝑖 (2)

where 𝑞𝑖 is the heat flux, 𝜃,𝑖 is the temperature gradient, and the stress,
𝜎𝑖𝑗 , and total entropy, 𝑠, are derived from the Helmholtz free energy
s,

𝑖𝑗 =
𝜕𝛹
𝜕𝜀𝑖𝑗

= 𝑐𝑖𝑗𝑘𝑙(𝜀𝑘𝑙 − 𝜀𝑡𝑘𝑙) − 𝛽𝑖𝑗𝜃 (3)

= − 𝜕𝛹 = 𝛽𝑖𝑗
(

𝜀𝑖𝑗 − 𝜀𝑡
)

+ 𝐶 ln 𝜃 + 𝑠𝑡 (4)

𝜕𝜃 𝑖𝑗 𝜃0
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The second law then becomes,
(

𝜎𝑖𝑗 − 𝜎𝐵𝑖𝑗 + 𝜎̄𝑖𝑗
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜎̂𝑖𝑗

𝜀̇𝑡𝑖𝑗 +
(

𝜃 − 𝜃𝐵 + 𝜃̄
)

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
𝜃̂

𝑠̇𝑡 − 1
𝜃
𝑞𝑖𝜃,𝑖 ≥ 0 (5)

ere, the back stress, 𝜎𝐵𝑖𝑗 , and the back temperature, 𝜃𝐵 , are given as,

𝐵
𝑖𝑗 =

𝜕𝛹 𝑡

𝜕𝜀𝑡𝑖𝑗
(6)

𝜃𝐵 = 𝜕𝛹 𝑡

𝜕𝑠𝑡
(7)

Additionally, the stress-like and temperature-like terms, 𝜎̄𝑖𝑗 and 𝜃̄,
account for the possibility that the reversible properties of the material
depend on the internal variables. For the assumed form of the free
energy given in Eq. (1) these terms are,

𝜎̄𝑖𝑗 =
1
2

𝜕𝑐−1𝑝𝑞𝑟𝑠

𝜕𝜀𝑡𝑖𝑗
𝜎𝑝𝑞𝜎𝑟𝑠 +

𝜕𝛼𝑝𝑞
𝜕𝜀𝑡𝑖𝑗

𝜎𝑝𝑞𝜃

+ 1
2
𝜕𝐶̄
𝜕𝜀𝑡𝑖𝑗

𝜃2 + 𝜕𝐶
𝜕𝜀𝑡𝑖𝑗

(

𝜃 − 𝜃0 − 𝜃 ln 𝜃
𝜃0

)

(8)

𝜃̄ =1
2

𝜕𝑐−1𝑝𝑞𝑟𝑠

𝜕𝑠𝑡
𝜎𝑝𝑞𝜎𝑟𝑠 +

𝜕𝛼𝑝𝑞
𝜕𝑠𝑡

𝜎𝑝𝑞𝜃

+ 1
2
𝜕𝐶̄
𝜕𝑠𝑡

𝜃2 + 𝜕𝐶
𝜕𝑠𝑡

(

𝜃 − 𝜃0 − 𝜃 ln 𝜃
𝜃0

)

(9)

where 𝛼𝑖𝑗 = 𝑐−1𝑖𝑗𝑘𝑙𝛽𝑘𝑙 is the thermal expansion tensor, and 𝐶̄ = 𝛼𝑖𝑗𝛽𝑖𝑗 is
contribution to the specific heat at constant pressure. Eq. (5) also

efines the thermodynamic driving forces 𝜎̂𝑖𝑗 for the transformation
train and 𝜃̂ for the transformation entropy.

At this juncture, we do not attempt to satisfy this inequality in a
ompletely general way, but instead take a ‘‘strong form’’ approach
here we assume that the first two terms satisfy the inequality inde-
endently of the third heat conduction term. This can be accomplished
y taking the heat flux to satisfy,

𝑖 = −𝑘𝑖𝑗𝜃,𝑖 (10)

nd then taking the increments of transformation strain and transfor-
ation entropy to abide by the following flow rule,

𝜀̇𝑡𝑖𝑗 = 𝜆 𝜕𝛷
𝜕𝜎̂𝑖𝑗

(11)

̇ 𝑡 = 𝜆𝜕𝛷
𝜕𝜃̂

(12)

𝛷(𝜎̂𝑖𝑗 , 𝜃̂, 𝜀𝑡𝑖𝑗 , 𝑠
𝑡) = 0 (13)

where 𝜆 is a positive multiplier, and 𝛷 is a transformation surface
that encloses the origin in the driving force space, and is convex. The
convexity of the transformation surface also ensures that the postulate
of maximum plastic dissipation is satisfied.

It is possible to manipulate Eqs. (3), (4), (8), (9), (11), (12), and (13)
to obtain either continuum tangent moduli, or numerical integration
schemes relating increments of stress and entropy to increments of
strain and temperature. Such a numerical scheme for finite element
calculations is detailed in the Appendix. However, the important chal-
lenge for the material model is to specify the hardening potential
𝛹 𝑡 and the transformation surface 𝛷 in a manner that captures the
material behaviors exhibited by SMAs. That challenge is addressed in
the following section.

3. Material modeling

Following Jiang and Landis (2016) the transformation surface is
taken to be spherical in deviatoric effective stress space, and is extended
to the effective temperature space as follows.

𝛷 = 3 𝑠̂𝑖𝑗 𝑠̂𝑖𝑗
2

+ 𝜃̂2
2
− 1 (14)
3

2 𝜎0 𝜃0
where 𝑠̂𝑖𝑗 is the deviatoric effective stress, 𝜎𝑜 and 𝜃𝑜 are, respectively,
the normalizing stress temperature respectively. These two parameters
set the width of the hysteresis in the stress–strain and temperature–
entropy behaviors of the material. Note, that the assumption that the
transformation surface depends only on the deviatoric stress implies
that the transformation strain is volume conserving, and as such this
form is neglecting any differences in volume between the austenite and
martensite phases of the material. Such enhancements are of course
possible, but are not included in the present material description. We
point out that the magnitude of 𝜎0 is significantly smaller than the
apparent transformation stress from austenite to martensite at high
temperatures, i.e. the stress level where significant amounts of trans-
formation occur, and so it is the formulation of the hardening potential
that leads to such transformation stresses and the dependence of these
stresses on the temperature.

As assumed in Eq. (1), the transformation potential will depend
only on the internal variables 𝜀𝑡𝑖𝑗 and 𝑠𝑡. In addition to the tempera-
ture dependence of the transformation stress behaviors, it must also
be formulated to capture the tension/compression asymmetry in the
strain saturation behavior and in the hardening behaviors in tension
versus compression. The functional form of the overall transformation
potential that we propose is,

𝛹 𝑡 = 𝜉𝛹 𝑡
𝐶 (𝐽

𝑡
2, 𝜀̄, 𝑠

𝑡) + (1 − 𝜉)𝛹 𝑡
𝑇 (𝐽

𝑡
2, 𝜀̄, 𝑠

𝑡) + 𝛹𝑠(𝑠𝑡) (15)

ere 𝛹 𝑡
𝑇 and 𝛹 𝑡

𝐶 are potentials for the tensile and compressive responses
f the material, and 𝜉 is a function of the internal variables that inter-
olates between them with 𝜉 = 0 for uniaxial extension and 𝜉 = 1 for

uniaxial compression. All other values of 𝜉 between 0 and 1 represent
other transformation strain states. The 𝜀̄ variable takes the tensorial
transformation strain and accounts for the tension/compression asym-
metry in strain with a scalar variable. Its description is provided in
more detail below.

Both 𝜉 and 𝜀̄ are dependent on the invariants of the deviatoric
transformation strain 𝐽 𝑡

2 and 𝐽 𝑡
3. Where,

𝐽 𝑡
2 = (2

3
𝑒𝑡𝑖𝑗𝑒

𝑡
𝑖𝑗 )

1
2 (16)

𝐽 𝑡
3 = (4

3
𝑒𝑡𝑖𝑗𝑒

𝑡
𝑗𝑘𝑒

𝑡
𝑘𝑖)

1
3 (17)

Since it is prevalent in our formulation, we also define the ratio of these
invariants,

𝐽𝑟 =
𝐽 𝑡
3

𝐽 𝑡
2

(18)

𝜉 and 𝜀̄ are then defined as

𝜀̄ = 𝐽 𝑡
2𝑓 (𝐽𝑟) (19)

𝜉(𝐽𝑟) =
1 − 𝐽 3

𝑟
2

(20)

The function 𝑓 , originally proposed by Landis (2002, 2003) and then
modified by Jiang and Landis (2016), is a function of 𝐽𝑟 that is responsi-
ble for the strain asymmetry between tension and compression. Certain
conditions must be met when choosing 𝑓 as described in Landis (2003).
Specifically the first, second, fourth and fifth derivatives must be equal
zero at 𝐽𝑟 = 0, i.e. 𝑓 𝐼 (0), 𝑓 𝐼𝐼 (0), 𝑓 𝐼𝑉 (0), and 𝑓𝑉 (0) = 0. Similarly
if choosing a different form for 𝜉(𝐽𝑟) than the simple prescription in
Eq. (20), then 𝜉𝐼 (0), 𝜉𝐼𝐼 (0), 𝜉𝐼𝑉 (0), and 𝜉𝑉 (0) = 0, Jiang and Landis
(2016). Landis (2003) showed how the function 𝑓 can be determined
from micromechanics calculations, however simple functions can in-
stead be selected to fit the behaviors in tension, compression, and pure
shear that along with the constraints on the derivative of 𝑓 at 𝐽𝑟 = 0
perform well within the theory. One such functional form proposed
by Sedlak et al. (2012) and also used by Jiang and Landis (2016) is,

𝑓 = cos[
cos−1[1 − 𝑎(𝐽 3

𝑟 + 1)]
] (21)
3
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Given 𝜉(𝐽𝑟) and 𝑓 (𝐽𝑟), one can derive 𝜎𝐵𝑖𝑗 and 𝜃𝐵 as

𝐵
𝑖𝑗 =

𝑑𝛹 𝑡

𝑑𝜀𝑡𝑖𝑗

= 𝜉

(

𝜕𝛹 𝑡
𝐶

𝜕𝜀̄
𝑑𝜀̄
𝑑𝜀𝑡𝑖𝑗

+
𝜕𝛹 𝑡

𝐶

𝜕𝐽 𝑡
2

𝑑𝐽 𝑡
2

𝑑𝜀𝑡𝑖𝑗

)

+ (1 − 𝜉)

(

𝜕𝛹 𝑡
𝑇

𝜕𝜀̄
𝑑𝜀̄
𝑑𝜀𝑡𝑖𝑗

+
𝜕𝛹 𝑡

𝑇

𝜕𝐽 𝑡
2

𝑑𝐽 𝑡
2

𝑑𝜀𝑡𝑖𝑗

)

+ 𝜉′
𝜕𝐽𝑟
𝜕𝜀𝑡𝑖𝑗

(

𝛹 𝑡
𝐶 − 𝛹 𝑡

𝑇
)

(22)

𝜃𝐵 = 𝜕𝛹 𝑡

𝜕𝑠𝑡
= 𝜉

𝜕𝛹 𝑡
𝐶

𝜕𝑠𝑡
+ (1 − 𝜉)

𝜕𝛹 𝑡
𝑇

𝜕𝑠 𝑡
+

𝜕𝛹𝑠
𝜕𝑠𝑡

(23)

Under uniaxial tension or compression Eqs. (22), (23) can be
reduced while noting that the last term in Eq. (22) goes to zero due
to 𝑑𝐽𝑟

𝑑𝜀𝑡11
= 0 for uniaxial strain states, Jiang and Landis (2016).

𝜎𝐵11𝑐 =
𝜕𝛹 𝑡

𝐶
𝜕𝜀̄

𝑑𝜀̄
𝑑𝜀 𝑡

11
+

𝜕𝛹 𝑡
𝐶

𝜕𝐽 𝑡
2

𝑑𝐽 𝑡
2

𝑑𝜀 𝑡
11

(24)

𝜎𝐵11𝑡 =
𝜕𝛹 𝑡

𝑇
𝜕𝜀̄

𝑑𝜀̄
𝑑𝜀 𝑡

11
+

𝜕𝛹 𝑡
𝑇

𝜕𝐽 𝑡
2

𝑑𝐽 𝑡
2

𝑑𝜀 𝑡
11

(25)

𝜃𝐵𝑐 =
𝜕𝛹 𝑡

𝐶
𝜕𝑠 𝑡

+
𝜕𝛹𝑠
𝜕𝑠𝑡

(26)

𝜃𝐵𝑡 =
𝜕𝛹 𝑡

𝑇
𝜕𝑠 𝑡

+
𝜕𝛹𝑠
𝜕𝑠𝑡

(27)

Notice that even under the assumption that 𝛹 𝑡
𝐶 = 𝛹 𝑡

𝑇 , Eqs. (24) and
(25) indicate that there will still be asymmetry between tension and
compression due to the asymmetry in the 𝑑𝜀̄

𝑑𝜀𝑡11
term.

4. Formulation of the hardening potentials

4.1. Physical considerations for the model

The present approach differs from others in that the size of the
transformation surface, as characterized by 𝜎0 and 𝜃0, does not in
eneral dictate the level where transformation occurs, especially at high
emperature. Instead, 𝜎0 and 𝜃0 dictate the size of the hysteresis loops in
he mechanical and thermal behavior. This feature of the model is what
llows it to capture forward phase transformation from austenite to
artensite, reverse phase transformation from martensite to austenite,

nd martensite reorientation all with a single transformation surface
nd associated flow rule. As mentioned previously, the transformation
urface 𝛷 cannot be used to capture the very large transformation
tresses in SMAs that arise at high temperatures. Instead, this feature
f the material behavior is captured by the suitable construction of
he hardening potential 𝛹 𝑡 that governs the kinematic hardening re-
ponse within the model. Specifically, to model the high transformation
tresses observed at high temperature, the hardening that occurs upon
he initial intersection of the loading with the transformation surface
ust be so large as to mimic elastic response until a stress level where

ignificant transformation strains can accumulate is achieved.
A second feature of SMA material behavior that must be encoded

ithin the hardening potentials is the recognition that the maximum
mount of transformation strain that can develop in the transformation
rom austenite to martensite is finite. Similarly, the amount of latent
eat expelled during the transformation, which is governed by the
ransformation entropy, is also finite. Contrast such behavior to the
ssentially unlimited amount of plastic strain that can accrue in metals.
oth the high stress hardening that occurs at high temperature and
he constraint of finite transformation strain, 𝜀𝑡𝑖𝑗 , and entropy, 𝑠𝑡, are
chieved by mapping out the domain of possible transformation states
n transformation strain and entropy space and selecting hardening
unctions that prohibit states outside of this domain. First, recognize
4

e

that the strain-like variable 𝜀̄ defined in Eq. (19) maps all possible
deviatoric transformation strain states onto a uniaxial compression.
Hence, defining 𝜀0 as the amount of compressive strain that can be
achieved by polycrystalline martensite, one constraint on the trans-
formation state domain is that the transformation strain characterized
by 𝜀̄ and adjusted for the volume fraction of martensite must be less
than 𝜀0. Furthermore, the transformation entropy can readily be used
as a measure of the martensite volume fraction by noting that the
transformation entropy can evolve from a minimum of zero when the
material is 100% martensite to a maximum of 𝑠0 when the material is
00% austenite. Therefore the proposal in this work is to introduce an
symptote in the strain-entropy coupled part of hardening potential as
1 − 𝜀̄∕𝜀0 − 𝑠𝑡∕𝑠0

)

goes to zero. A second part of the hardening potential
hat only depends on the transformation entropy is also required to
llow for stress-free phase transformation.

A schematic representation of the strain-entropy coupled part of
he hardening potential is illustrated in Fig. 1. To illustrate how this
eads to behaviors observed in SMAs first consider the case of twinned
artensite at low temperature. In this state the transformation strain

nd the transformation entropy will each be zero. Now consider the
pplication of stress to the material in this state under isothermal low
emperature conditions. Notice that at low levels of transformation
train the slope of the hardening potential with respect to the strain
irection is small, which translates to a small back stress which implies
hat the transformation stress for the material at low temperature
s 𝜎0. As the transformation strain approaches 𝜀0 the slope of the
otential increases without bound which means that the back stress
lso increases and the applied stress along with it. Since there is an
symptote as 𝜀̄ → 𝜀0 the transformation strain cannot increase beyond
his limit and the applied stress will continue to grow elastically as
ore strain is applied. The process described is the detwinning of
artensite that occurs when stress is applied to twinned martensite at

ow temperature. If the applied stress is removed at this state the back
tress does have to decrease from its previously high levels, but due
o the asymptote it does so at very small changes in the transformation
train. The complete removal of the applied stress will result in a persis-
ent strained/detwinned martensite state. If an increase in temperature
s now applied to the material at zero stress, the transformation entropy
ill be driven towards 𝑠0. However, due to the constraints of what

an be described as the ‘‘asymptotic wall’’, increases in transformation
ntropy must be accompanied by decreases in the transformation strain,
hich will approach zero as 𝑠𝑡 → 𝑠0. Physically, this behavior is the

hape memory effect where detwinned martensite is transformed back
o austenite. Next consider the behavior at high temperatures where the
ransformation entropy is close to 𝑠0 in the stress-free state. In this situa-
ion the domain defined by 0 <

(

1 − 𝜀̄∕𝜀0 − 𝑠𝑡∕𝑠0
)

< 1 requires that the
ransformation strain is essentially zero, which it should be since the
tress-free high temperature phase is austenite. Notice that in this state
he slope of the hardening potential is high with respect to both the
train and entropy directions. The state resides on the previously named
symptotic wall. Note also that at such points not only is the back stress
igh, but changes in the back stress with respect to changes in strain are
lso high. This feature leads to nearly linear elastic behavior, i.e. very
arge changes in back stress for very small changes in transformation
train. It is also important to recognize that as stress is applied to the
aterial, transformation strain cannot accumulate unless the transfor-
ation entropy decreases. Physically this is the stress induced austenite

o martensite transformation that occurs during pseudoelastic behavior.
uch increases in transformation strain and decreases in transformation
ntropy occur as the state moves along the asymptotic wall towards the
orner of the transformation domain at 𝜀̄ = 𝜀0 and 𝑠𝑡 = 0. Furthermore,
otice that higher temperatures push the path of the transformation
tate higher up on the asymptotic wall since temperature drives the
ntropy to increase. This then requires higher states of applied stress to
rive the increases in transformation strain and pull the transformation

ntropy lower. If the stress is then removed, the driving force of the
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Fig. 1. A schematic of the strain-entropy coupled part of the hardening potential.
.

w
s
c
t
t
l

d
s
E

A
m
t
a
w
r
i
i

f

Fig. 2. The back temperature versus the transformation entropy derived from Eq.
30) for the material parameters given in Table 1. The points (a)–(d) correspond to

temperatures where the stress–strain behavior is shown in Fig. 3.

temperature then dominates, pushing the transformation entropy back
towards 𝑠0 and thus decreasing the transformation strain in the process.
Again, the full recovery of the transformation strain after the stress
is removed is a fundamental feature of pseudoelastic behavior. The
description in the section is meant to provide the motivation for the
mathematical structure of the hardening potential. We now proceed
to a more quantitative definition of the potentials and calculate the
resulting thermomechanical behaviors from the solution of the model.

4.2. Specification of the hardening potential

The functions describing the hardening potential of Eq. (15) that are
used in this model for a material that hardens during transformation
have the following forms

𝛹 𝑡
𝑇 = 1

2
𝐻𝑇 𝐽

𝑡
2
2 1
(

1 −
𝜀̄
𝜀0

−
𝑠𝑡

𝑠0

)𝑛𝑇
(28)

𝑡
𝐶 = 1

2
𝐻𝐶𝐽

𝑡
2
2 1
(

1 −
𝜀̄

−
𝑠𝑡
)𝑛𝐶

(29)
5

𝜀0 𝑠0 a
Table 1
Material property values that are used to fit the experimental results in Esomat (2009)

Parameter (Unit) Value Parameter (Unit) Value

E (GPa) 53 𝐻𝑇 (MPa) 108

𝜃0 (K) 10 𝐻𝐶 (MPa) 864

𝜈 0.33 𝐻𝑠
1 (MPa) 1.65

𝜎0 (MPa) 108 𝜃𝑡 (K) 230

𝜀𝑠𝑦𝑚𝐶 , 𝜀𝑎𝑠𝑦𝑚𝐶 5.7%, 3% 𝐻𝑠
2 (K2∕MPa) 6.06

𝜀𝑠𝑦𝑚𝑇 , 𝜀𝑎𝑠𝑦𝑚𝑇 5.7%, 5.7% 𝑛𝑇 0.6

𝑎𝑠𝑦𝑚 , 𝑎𝑎𝑠𝑦𝑚 0, 0.9979 𝑛𝐶 0.01

𝑠0 ( MPa
K ) 0.33 𝑢 0.005

𝛼 (K−1) 5.0E−5 𝑣 0.0005

𝛹𝑠 = 𝐻𝑠
1

1
(

1 −
𝑠𝑡

𝑠0

)𝑢 ( 𝑠𝑡

𝑠0

)𝑣 + 𝜃𝑡𝑠𝑡 + 1
2
𝐻𝑠

2𝑠
𝑡2 (30)

here 𝐻𝑇 and 𝐻𝐶 are the tension and compression hardening con-
tants, and 𝑛𝑇 and 𝑛𝐶 are the tension and compression exponents that
ontrol the steepness of the asymptotic wall. Note that other forms of
he tensile part of the hardening potential are used to model materials
hat soften during transformation in tension, and these will be described
ater.

The 𝛹𝑠 part of the hardening potential is a function that is depen-
ent only on the transformation entropy and its purpose is primarily to
et the stress-free temperature and entropy relationship. Notice that in
q. (30) the denominator of the first term contains both

(

1 −
𝑠𝑡

𝑠0

)

and

𝑠𝑡

𝑠0
, which act as asymptotes that enforce the constraint that 0 < 𝑠𝑡 < 𝑠0.

t low temperature the transformation entropy is also low and the
aterial is in the martensite phase, while at high temperature the

ransformation entropy is at its upper limit and the material is in the
ustenite phase. The remaining terms in Eq. (30) set the temperature
here transformation occurs and the slope of the temperature–entropy

esponse during the thermally induced phase transformation. Fig. 2
llustrates the form of 𝛹𝑠 chosen in this work along with points where
sothermal stress–strain response will be reported.

The specification of the reversible behaviors, Eqs. (3) and (4), the
low rules, Eqs. (11) and (12), the transformation surface, Eq. (14),

nd the hardening potentials, Eqs. (15), (28), (29) and (30), allows
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Fig. 3. Uniaxial tension 𝜎-𝜀 response for the following temperatures: (a) 𝜃∕𝜃0 = 5 (b) 𝜃∕𝜃0 = 25.3 (c) 𝜃∕𝜃0 = 28.3 (d) 𝜃∕𝜃0 = 33.3. The red curves for compression are only for
the asymmetric version of the model. The compressive stress–strain response is identical to the tensile response for the symmetric version of the model. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
for the full solution of the model for the history of the strain and
entropy given a history of stress and temperature. Here we choose
model parameters, listed in Table 1, to fit the experimental stress–strain
behaviors reported in the European Science Foundation EUROCORES
Smart Structural Systems Technologies Roundrobin modeling effort Es-
omat (2009). Parameters for a model that is symmetric in tension versus
compression are given along with an asymmetric version. Results are
shown for uniaxial tests at temperatures of −20, 10, and 60 ◦C. Note
that the compressive stress–strain responses are identical to the tensile
responses for the symmetric version of the model, and so the red curves
are only for the asymmetric model. A description of the qualitative
effects of each parameter on the model behavior is included in Ap-
pendix A. Ultimately, the fits to the measured behavior are achieved
by numerically integrating the model for a given thermo-mechanical
loading history with a set of model parameters and then adjusting the
parameters to achieve an improved representation of the experimental
observations.

Fig. 3(a) shows the stress–strain behavior at constant temperature of
5𝜃0. At this temperature the material is in the martensite phase, shown
as point (a) on Fig. 2, and begins in a twinned martensite state. i.e. the
transformation strain is zero. For such a state, the stress level where
transformation occurs is actually set by the parameters of the transfor-
mation surface at the uniaxial stress level of 𝜎0. As transformation strain
accumulates, the stress increases precipitously when the transformation
strain approaches 𝜀0∕𝑓 (1), which is the saturation strain of the pure
martensite phase in tension. Then when the stress is removed and
returned to zero, the transformation strain persists and the material is
left in a state of detwinned martensite.

Fig. 3(b) shows the stress–strain behavior at constant temperature
of 25.3𝜃0. In this state the material begins in the austenite phase at point
(b) on Fig. 2, where the temperature is not significantly higher than the
martensite to austenite finish temperature. Notice here that the stress
level where transformation apparently begins in tension/(compression)
6

is at approximately 2∕(3.5)𝜎0, which means that this strength is not
governed by the parameters of the transformation surface, but rather by
the fact that the hardening potential creates a rapidly rising back stress
for the very small but non-zero changes in transformation strain that
do occur when the applied stress is greater than 𝜎0. In contrast to the
case shown in Fig. 3(a), the plateau portion of the stress–strain behavior
is driven by the austenite to martensite phase transition as opposed to
martensite detwinning. Again, the transformation strain saturates at the
level of 𝜀0∕𝑓 (1) at high stress levels where the material is in a state of
stress-induced martensite.

Figs. 3(c) and 3(d) show the stress–strain behavior at constant
temperatures of 28.3𝜃0 and 33.3𝜃0, shown as points (c) and (d) on
Fig. 2 respectively. The features and description of the behavior at these
temperatures mimic those provided for Fig. 3(b) at the temperature of
25.3𝜃0. The difference being that the stress levels where transformation
and reverse transformation occur are considerably higher than those at
25.3𝜃0. This behavior is an illustration of the competition between the
temperature driving the material towards the austenite phase and the
stress driving the material towards the detwinned martensite phase that
is encoded within the functional forms of the hardening potential. One
final issue of note is that the ‘‘peaked’’ responses at the onset of forward
and reverse transformation seen in the experimental observations are
indicative of localized straining that is associated with a softening re-
sponse in tension. However, the model using the parameters in Table 1
for comparison has a hardening behavior and thus does not capture
such strain localizations. To do so requires a structural calculation with
a constitutive description that allows for softening in tension Jiang et al.
(2017b,c).

Next, results for multiaxial loading are presented. Fig. 4 shows
results based on the constitutive model for the apparent transformation
surface of the material. By ‘‘apparent’’ we are referring to how such
a transformation surface would be defined in a laboratory setting as
opposed to the model transformation surface that is defined in Eq. (14).
These apparent transformation surfaces were obtained from simulations

of proportional load paths in the (𝜎11, 𝜎22) biaxial stress space. In each
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Fig. 4. Apparent surfaces for different values of transformation work for the following temperatures: (a) 𝜃∕𝜃0 = 12 (b) 𝜃∕𝜃0 = 24.2 (c) 𝜃∕𝜃0 = 25.3 (d) 𝜃∕𝜃0 = 28.3.
Fig. 5. Thermal cycling 𝜀-𝜃 response under constant tensile stress levels of: (a) 𝜎∕𝜎0 = 3 (b) 𝜎∕𝜎0 = 4 (c) 𝜎∕𝜎0 = 4.5 (d) 𝜎∕𝜎0 = 5.
h
t
w

simulation, the stresses are recorded for as a function of the transforma-
tion work, which is defined as 𝛥𝑊 𝑡 = ∫ 𝜎𝑖𝑗𝑑𝜀𝑡𝑖𝑗 . Transformation surfaces
are then constructed by plotting the stress levels achieved in each
proportional loading simulation at different levels of the transformation
7

work. There are several features of note. a
First, the transformation surface at 𝛥𝑊 𝑡 = 0 is simply the 𝐽2-type
transformation surface defined in Eq. (14). Furthermore, especially at
igher temperatures, this surface is small in comparison to the apparent
ransformation surfaces at measurable levels of the transformation
ork. This is due to the kinematic hardening nature of the model,

s the center of this small surface moves around in stress space as
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Fig. 6. Uniaxial tension and compression behaviors for a model material description
given in Eq. (31) allowing for softening in tension but hardening in compression.

ransformation strain accumulates, reverses, or reorients. Finally, the
symmetry in tension versus compression becomes readily apparent
t higher temperatures, and even though the model transformation
urface is purely 𝐽2 based, the apparent transformation surfaces clearly
isplay a strong dependence on the 𝐽3 invariant of the effective stress.
e note that this type of apparent transformation surface evolution has

lso been observed in micromechanics simulations Aleong et al. (2002),
which offers qualitative support to this phenomenological formulation.
Complementary to the stress–strain behavior at constant temperature
shown in Fig. 3 are the strain versus temperature behaviors shown
in Fig. 5. In these simulations the material is cooled to 25𝜃0 at zero
stress. Next, a uniaxial tension is applied until a maximum constant
stress of (a) 3𝜎0, (b) 4𝜎0, (c) 4.5𝜎0, or (d) 5𝜎0 is applied. Next, heat
is applied and withdrawn to cycle the temperature to a maximum of
35𝜃0 and the strain is recorded. The figure illustrates how the stress
creates an energetic preference for the martensite phase thus increasing
the temperature required for the phase transition from martensite to
austenite.

4.3. Softening in tension

A feature of SMA behavior, especially at temperatures in the pseu-
doelastic regime, is that the hardening in compression is generally
larger than that in tension, and in fact there can be softening in
tension, Hallai and Kyriakides (2013), Jiang et al. (2017a,b,c), Frost
et al. (2019). To model such behavior the tensile part of the hardening
potential Eq. (15) must be suitably modified. The tensile part of the
hardening potential used to model softening in tension is given in Eq.
(31), where 𝐻𝑠

0 is the softening modulus that controls the amount
of softening, and 𝐴 is a constant that defines the behavior at low
temperatures.

𝛹̄ 𝑡 = 1
2
𝐻𝑇 𝐽

𝑡2
2

(

1 −
(

𝑠𝑡

𝑠0

)𝑟)𝑝 (

𝐻𝑠
0

(

𝑠𝑡

𝑠0

)𝑞
+ 𝐴

)

(

1 − 𝑠𝑡

𝑠0

)(

1 − 𝜀̄
𝜀0

− 𝑠𝑡

𝑠0

)𝑛
+ 𝑠𝑡

𝑠0

(

1 − 𝜀̄
𝜀0

− 𝑠𝑡

𝑠0

)𝑚 (31)

The softening behavior is only applied to the tensile part of the
hardening potential. The stress–strain hysteresis using this form of the
tensile potential can be seen in Fig. 6 at a high temperature where
the initial state is in the austenite phase. Such behavior is critical
for modeling the phase transformation fronts that form and propagate
through SMA structures, Jiang et al. (2017a,b,c), Frost et al. (2019).

4.4. Non-proportional loading

In this section the behavior of the model for a non-proportional
loading path is presented. The model is compared to an experimental
study reported by Helm and Haupt (2003). Helm and Haupt (2003)
provides tensile stress–strain measurements on NiTi tubes, and the
8

t

Table 2
Material property values that are used to fit the experimental observations in Helm
and Haupt (2003).

Parameter (Unit) Value Parameter (Unit) Value

E (GPa) 43 𝐻𝑇 (MPa) 0.75

𝜃0 (K) 10 𝐻𝐶 (MPa) 0.75

𝜈 0.086 𝐻𝑠
1 (MPa) 1.5

𝜎0 (MPa) 75 𝜃𝑡 (K) 258

𝜀𝑠𝑦𝑚𝐶 , 𝜀𝑎𝑠𝑦𝑚𝐶 4.9%, 2.73% 𝐻𝑠
2 (K2∕MPa) 1.67

𝜀𝑠𝑦𝑚𝑇 , 𝜀𝑎𝑠𝑦𝑚𝑇 4.9%, 4.9% 𝑛𝑇 0.6

𝑎𝑠𝑦𝑚 , 𝑎𝑎𝑠𝑦𝑚 0, 0.990 𝑛𝐶 0.6

𝑠0 ( MPa
K ) 0.3 𝑢 0.005

𝛼 (K−1) 5.0E−5 𝑣 0.0005

model presented here is fit to the uniaxial experimental results shown
in Fig. 3(a) of Helm and Haupt (2003) with the parameters shown
n Table 2. Note that the comparison provided here will use both a
ymmetric and an asymmetric version of the present model. Helm and
aupt (2003) do not provide any data on the compressive response of

he material and so we have made the assumption of a strain asymmetry
f 𝜀𝑇 ∕𝜀𝐶 = 1∕𝑓 (1) = 1.8 for the asymmetric case. Note that both the
ymmetric and asymmetric version have the same quality of fit to the
xperimentally measured uniaxial tension behavior. Fig. 7(a) shows the

tension–torsion strain history imposed in the experiments of Helm and
Haupt (2003). Fig. 7(b) then shows the predicted stress histories from
the present model for both the symmetric and asymmetric representa-
tions, along with the experimental results. The response of the model
shows that the symmetric representation underestimates the magni-
tudes of the shear and compressive stresses observed at the upper left
corner of the experimental response,

(

𝜎𝑒𝑥𝑝,
√

3𝜏𝑒𝑥𝑝
)

= (−150, 310) MPa.
owever, the present model with a strain asymmetry of 𝜀𝑇 ∕𝜀𝐶 = 1.8,
hich is characteristic of NiTi, is able to reproduce these values. It is
lso worth noting that the experimental result does differ quantitatively
ith the simulations of both models. One of the reasons for such a
eparture is that tube materials almost always contain crystallographic
exture which causes anisotropy in the transformation behavior be-
ween the longitudinal and hoop directions. Such anisotropy is not
ccounted for in this model description, and is beyond the scope of
he present work.

In addition to the results of Helm and Haupt (2003), we also
ompare the present model to the experimental results on solid SMA
ires from the European Science Foundation EUROCORES Smart Struc-

ural Systems Technologies Roundrobin modeling effort Esomat (2009).
ere, the material properties are the same as those used in Table 1

or the asymmetric model. A symmetric model was also constructed
o fit the tensile response provided in the measurements. Note that
hese simulations on wires require a structural simulation where the
onstitutive model is integrated at multiple points along the radius
f the wire. These simulations are carried out at a fixed temperature,
xial force is applied to the wire, held fixed, and then a twist angle is
pplied to the wire and cycled in both directions. Fig. 8 shows a com-
arison of the symmetric and asymmetric models to the experimental
bservations. Note that for the high temperature case with 𝑇 = 30 ◦C,
he reported data did not include the initial axial strain associated
ith the applied 70 MPa stress. As such, this data has been adjusted
pward by the strain amount corresponding to the measured elastic
odulus. Fig. 8 shows that both the symmetric and asymmetric models
nderestimate the magnitude of the torque during twist cycling, but the
symmetric model performs better than the symmetric model. For the
xial strain response during twist cycling, the asymmetric model tends
o overestimate the axial strain for the two higher temperature cases
nd the symmetric model tends to underestimate the axial strain for
he highest temperature case.
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v

Fig. 7. Stress predictions of the model for a non-proportional rectangular tension–torsion loading path under strain control. Experimental results for such a path are given in Helm
and Haupt (2003). The imposed strain history is shown in (a), and the resulting stress history for both a symmetric (𝜀𝑇 ∕𝜀𝐶 = 1∕𝑓 (1) = 1) and an asymmetric (𝜀𝑇 ∕𝜀𝐶 = 1∕𝑓 (1) = 1.8)
ersion of the present model is shown in (b).
Fig. 8. Torque versus twist and axial strain versus twist predictions of the model for a non-proportional tension–torsion loading cycle on an SMA wire. The torque versus angular
displacement and axial strain vs angular displacement are shown in (a)–(b) for 𝜃 = 30 ◦C, (c)–(d) for 𝜃 = −10 ◦C, and (e)–(f) for 𝜃 = −30 ◦C. The predictions are for both a symmetric
(𝜀𝑇 ∕𝜀𝐶 = 1∕𝑓 (1) = 1) and asymmetric (𝜀𝑇 ∕𝜀𝐶 = 1∕𝑓 (1) = 1.9) versions of the present model.
9
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Fig. 9. The thermal and mechanical loading history for the high temperature pseudoe-
lastic case. The temperature is fixed at 𝜃∕𝜃0 = 𝜃𝑚𝑎𝑥∕𝜃0 = 33.3. The effective strain 𝜀̄ is
shown as color contours on the deformed shape of the beam at states a, c, and e. A plot
of the moment–curvature response is shown in Fig. 10. The axial stress distributions
through the cross-section for stated a-e are shown in Fig. 11.

5. Finite element analysis of an SMA beam

The purpose of phenomenological constitutive models such as this
one is for use in finite element calculations of SMA structures, Jiang and
Landis (2016), Jiang et al. (2016, 2017a,b,c), Frost et al. (2016, 2019).
Here we present simulations of bending and recovery, either due to the
pseudoelastic effect at high temperature or due to the shape memory
effect, of an SMA beam. These calculations assume small deformations
and are based on the incremental form of the principal of virtual work
which is then solved iteratively with a multi-dimensional Newton–
Raphson method. The method requires both a technique for integrating
the constitutive model at each integration point in the finite element
domain along with the determination of the algorithmically consistent
tangent moduli at each of these points. The constitutive integration
technique is a backward Euler method that is described in the Appendix
and leads to a symmetric consistent tangent stiffness, also provided in
the Appendix. Although it is not necessary to simulate a long beam
for such pure bending simulations when the material hardens in both
tension and compression, the length of the beam was taken to be 10
times its height, ℎ. For the pseudoelastic beam simulation, Fig. 9, plane
stress conditions are assumed and the temperature is held fixed at a
high level of 𝜃∕𝜃0 = 33.3 throughout the loading history such that the
simulation is isothermal in both time and spatially. The left end of the
beam has zero horizontal displacements imposed, and the right end has
a moment 𝑀 applied while the surface is constrained to remain a plane
using multi-point constraints such that the net horizontal force applied
to the beam is zero. Fig. 9 shows the both the thermal and mechanical
loading history that is applied as a function of time along with the
computed curvature response of the beam and contour plots of 𝜀̄
superimposed on the deformed configuration of the beam at load-points
a, c, and e.

Fig. 10 shows the moment–curvature relationship for the beam
subjected to the thermomechanical loading history shown in Fig. 9. We
note that both the tensile and compressive behaviors harden through-
out the full strain history and so there are no localized deformations
or transformation fronts as seen in the experiments and simulations
of Jiang and Landis (2016), Jiang et al. (2016, 2017a,b,c), wherein the
material softened in tension. Such softening behaviors lead to a plateau
in the moment–curvature relationship and to interesting patterns of
non-uniform deformation. In contrast, for a purely hardening material
like the one used in this simulation, the stress and deformation fields
only depend on the distance from the neutral axis in the beam.
10
Fig. 10. The moment–curvature behavior for pure bending of an SMA beam. In this
case the temperature is held at 𝜃∕𝜃0 = 33.3, and for comparison the austenite to
martensite transition temperature is approximately 𝜃∕𝜃0 = 23.

However even though the fields are well-behaved, due to the asym-
metry in tension versus compression, there is also an asymmetry in
the axial stress distribution through the cross-section of the beam as
shown in Fig. 11. Here the axial stress distributions as a function of the
distance from the centerline of the beam are shown for both loading
and unloading. The differences in the distributions between states b
and d are illustrative of the hysteresis in the material behavior. Note
the differences in the distributions of axial stress on the tensile and
compressive sides of the beam, with the stress levels on the compressive
side higher than those on the tensile side. This feature also moves the
neutral axis of the beam from the center towards the compressive side
of the beam.

Next, Fig. 12 shows a thermomechanical loading history designed to
llustrate the structural shape memory effect for the SMA beam. In this
imulation the bending moment loading is applied to deform the beam
t low temperature, 𝜃 = 20𝜃0 (recall that the austenite to martensite
ransition temperature is 𝜃𝑐 = 23𝜃0). The end moment is then removed
t the same temperature leaving the beam in a deformed state e while
nloaded, i.e. the beam curvature is non-zero but the applied moment is
ero. Fig. 13(a) shows the moment–curvature response during this first
oading and unloading phase of the simulation. The beam is then heated
t zero applied moment such that the deformation is recovered, and
hen the beam is cooled back down to its initial temperature. Fig. 13(b)
hows the curvature–temperature response of the beam during this
hermal loading and unloading phase of the simulation. Note that in
his case, the thermal loading is not isothermal in time, but it is spatially
sothermal in that at each instant in time the temperature is uniform
hroughout the beam and no heat conduction is required to equilibrate
he temperature. In other words, the temperature history at all material
oints in the beam is specified during the all phases of the simulation.

Fig. 14 plots the axial stress distribution through the cross-section of
he beam for different points on the thermo-mechanical loading history
hown in Fig. 12. Fig. 14(a) shows the distributions of axial stress
uring the mechanical loading at points a, b, and c in Fig. 12. Notice
hat there is still asymmetry in the tensile versus compressive strains for
he material, but that the asymmetry in the stress levels is significantly
ess pronounced than those for the pseudoelastic case. Fig. 14(b) shows

the distributions during the mechanical unloading at points c, d, and
e in Fig. 12. Again, the asymmetry is less pronounced in this case, but
remains apparent. Finally, Fig. 14(c) shows the distributions of axial
tress during the thermal loading and unloading at points e, f, and g on
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Fig. 11. The axial stress distributions through the cross-section for (a) loading to states a, b, and c as shown in Fig. 9, and (b) unloading from state c to d and e.
Fig. 12. The thermal and mechanical loading history imposed on the SMA beam to illustrate the shape memory effect. The temperature is held fixed in the first phase while the
beam is loaded and then unloaded by a bending moment. The temperature is then raised causing the martensite to austenite transition leading to the recovery of the original
beam shape. The temperature is then reduced back to the original state with the beam returned to the martensite phase and its original shape. The insets show the deformed
shape of the beam with the effective transformation strain superposed as color contours. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
Fig. 13. The moment–curvature and temperature–curvature behavior for pure bending of an SMA beam. In this case the full thermo-mechanical loading history is shown in Fig. 12.
Recall that the austenite to martensite transition temperature is approximately 𝜃∕𝜃0 = 23.
Fig. 12 with the distributions at states f and g overlapping one another
due to the recovery of the initial beam shape at high temperature.

6. Discussion

A new phenomenological constitutive law for the thermomechan-
ical behavior of shape memory alloys has been presented based on a
constitutive modeling structure that implements a single transformation
11
surface to account for the forward martensite to austenite phase trans-
formation, the reverse austenite to martensite phase transformation,
and for the reorientation of martensite during non-proportional stress
histories. These seemingly disparate processes are accounted for via
the construction of a hardening potential that depends on the internal
variables of transformation strain and transformation entropy. The
hardening potential is then used to derive back stresses and back
temperatures that define the location of the center of the transformation
surface in stress–temperature space. The size of the transformation
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Fig. 14. (a) The distributions of axial stress during the mechanical loading at points a, b, and c in Fig. 12. (b) The distributions during the mechanical unloading at points c, d,
and e. (c) The distributions during the thermal loading and unloading at points e, f, and g. Note that the distributions of stress at states f and g overlap one another in (c).
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surface is responsible for the size of the mechanical and thermal
hysteresis, while the features of the hardening potential are responsible
for the stress and temperature levels where significant amounts of
transformation strain and/or phase changes accumulate.

The construction of the hardening potential based on on the ad-
missible states of the internal variables was described and asymptotes
surrounding the boundary of the admissible state space were used
to enforce the constraints on the internal variables. For example, the
transformation entropy, which is a surrogate for the martensite volume
fraction, is constrained to lie between its minimum and maximum val-
ues for martensite and austenite respectively. Furthermore, the trans-
formation strain has analogous limits which have been characterized by
an effective transformation strain variable, 𝜀̄. Parameter values entering
into the proposed functional forms of the hardening potential charac-
teristic of NiTi were provided for both a hardening and a softening
material.

Phenomenological constitutive laws such as this one are most useful
for numerical calculations of the thermo-mechanical response of SMA
structures and devices. Along these lines, the proposed constitutive
model was implemented within finite element calculations to simulate
the structural response of a simple beam subjected to a pure bend-
ing moment under plane stress conditions. The numerical integration
routine for the constitutive model along with the consistent tangent
moduli are given in the Appendices. The beam simulations show both
the pseudoelastic response of the structure at high temperature along
with the shape recovery behavior of a deformed martensite beam
subjected to an increase in temperature. In this work linear kinematics
was assumed, however the model can readily be extended to finite
deformation using the same procedures outlined in Xu et al. (2019) to
ccount for large deformations and rotations.

In conclusion, the approach presented here, based on a single trans-
ormation surface, is arguably simpler than those that define multiple
urfaces for each mechanism of transformation, forward martensite to
ustenite, backward austenite to twinned or detwinned martensite, and
eorientation of martensite. The mathematical structure of the theory is
hat of a kinematic hardening plasticity theory with an associated flow
ule and back stresses derived from an energetic hardening potential.
12

b

he simplicity of the theoretical structure lends itself to implementation
n finite element calculations of the physical behaviors of SMA devices.
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ppendix A. Calibration

Here we describe the procedure that has been used to fit the model
o experimental measurements. Given the non-linear and irreversible
ature of the model, ultimately the best fits are achieved by numerically
ntegrating the model for the experimental thermo-mechanical loading
istory with a set of parameters and then adjusting the parameters
o achieve an improved fit. Due to the nonlinear description of the
ardening potential 𝛹 𝑡 it is not always possible to decouple all of
he parameters such that they can be fit to one specific aspect of the
easured response, although some of the parameters do have such a

imple physical link.
We begin with the reversible properties. Note that the theory allows

or all of the reversible properties to be anisotropic and also to depend
n the internal variables, 𝑠𝑡 and 𝜀𝑡𝑖𝑗 . However, in this work we assume
sotropic properties and do not attempt to model any differences in the
roperties between martensite and austenite. Hence, 𝐸, 𝜈, 𝛼, and 𝐶
re the Young’s modulus, Poisson’s ratio, thermal expansion coefficient,
nd specific heat per unit volume at fixed strain. Generally, the mechan-
cal properties are taken from high temperature stress–strain curves,
nd the thermal expansion and specific heat is taken as an average
etween the martensite and austenite phases when the simplifying
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𝑞

𝜆

assumptions described above are used. Note that 𝛼 and 𝐶 do not play
a significant role in any of the behaviors discussed in this paper.

Next, the parameters appearing in the thermal part of the hardening
potential of Eq. (30) and the size of the thermal hysteresis should
be taken from thermal measurements of the temperature and heat
input/output response of the material. The width of the thermal hys-
teresis along the temperature axis during a full stress-free excursion
from austenite to martensite and back is equal to 2𝜃0 in this model. The
other properties are closely related to features of the back temperature
and transformation entropy shown in Fig. 2. First, the transformation
temperature between martensite and austenite can be defined from the
𝜃𝐵 − 𝑠𝑡 curve as the value of 𝜃𝐵 when 𝑠𝑡 = 0.5𝑠0, which is directly
controlled by (although not exactly equal to) the model parameter 𝜃𝑡

appearing in Eq. (30). As discussed in the text, the parameter 𝑠0 =
𝑠𝐴 − 𝑠𝑀 , where 𝑠𝐴 and 𝑠𝑀 are the entropy per unit volume of the
pure austenite and pure martensite phases respectively. The latent heat
of transformation, 𝑄𝐿, given as the heat absorbed by a unit volume
of material during the transformation from pure martensite to pure
austenite, is the area under the 𝜃𝐵−𝑠𝑡 curve and is approximately given
as 𝑄𝐿 ≈ 𝑠0𝜃𝑡. The slope of the shallow-sloped portion of the 𝜃𝐵−𝑠𝑡 curve
shown in Fig. 2 is controlled primarily by the parameter 𝐻𝑠

2 , which
also controls the differences between the martensite/austenite start and
finish temperatures. The ‘‘sharpness’’ of the transitions between the
asymptotes and the shallow-sloped portion of this curve where 𝑠𝑡 → 0
and 𝑠𝑡 → 𝑠0 are controlled by the parameters 𝑢 and 𝑣, with smaller
values leading to sharper kinks in the transitions. 𝑢 and 𝑣 also affect
the kink-like transitions in the stress–strain behavior. The remaining
coefficient in Eq. (30), 𝐻𝑠

1 , controls the steepness of the asymptotes as
𝑠𝑡 → 0 and 𝑠𝑡 → 𝑠0.

The final set of properties that are of interest include the possible
transformation strains in tension/compression, the size of the mechan-
ical hysteresis, and the mechanical hardening parameters of Eqs. (28)
and (29). In this work, twinned martensite that has been cooled from
the austenite phase without applied loading is used as the reference
strain state, and this is common to all macroscopic phenomenological
models that neglect the volume change difference between austenite
and martensite. The parameter 𝜀0 = 𝜀𝐶 is the transformation strain
that can be achieved by pure martensite loaded by a high uniaxial
compressive stress, and 𝜀0∕𝑓 (1) = 𝜀𝑇 is the transformation strain that
can be achieved by pure martensite loaded by a high uniaxial tensile
stress. Given the ansatz of Eq. (21), these two quantities set the value
of 𝑎. As explained in the main body of this paper, the size of the
mechanical hysteresis along the stress axis in a uniaxial stress–strain
test at low temperature is equal to 2𝜎0. Lastly, the parameters 𝐻𝑇 ,
𝐻𝐶 , 𝑛𝑇 , and 𝑛𝐶 , are implemented to control the shallow-sloped part of
the stress–strain behavior along with the temperature dependence of
the apparent transformation stress. The nonlinear nature of Eqs. (28)
and (29) and the structure of the model in general make it difficult to
deconvolve the dependence of the model response on these properties
in an analytical manner, and so simulations are performed in order to
find the combinations of these parameters that yield good fits to the
observed material response.

Appendix B. Integration routine

Let
(

𝜎𝑛𝑖𝑗 , 𝜀
𝑛
𝑖𝑗 , 𝜀

𝑡,𝑛
𝑖𝑗 , 𝜃

𝑛, 𝑠𝑡,𝑛
)

represent the stress, strain, transforma-
tion strain, temperature, and transformation entropy at time 𝑡𝑛, and
(

𝛥𝜀𝑛+1𝑖𝑗 , 𝛥𝜃𝑛+1
)

are the strain increment and temperature increment at
time 𝑡𝑛+1. Therefore, the following variables can be computed at time
𝑡𝑛+1 and for simplicity the notation 𝑛 + 1 that appear at time 𝑡𝑛+1 will
be dropped:

𝜀𝑖𝑗 = 𝜀𝑛𝑖𝑗 + 𝛥𝜀𝑖𝑗 (B.1)

𝑛
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𝜃 = 𝜃 + 𝛥𝜃 (B.2)
𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙
(

𝜀𝑘𝑙 − 𝜀𝑡,𝑛𝑘𝑙 − 𝛥𝜀𝑡𝑘𝑙
)

− 𝛽𝑖𝑗𝜃 (B.3)

𝛷 = 3
2
𝑠̂𝑖𝑗 𝑠̂𝑖𝑗
𝜎20

+ 𝜃̂2

𝜃20
− 1 (B.4)

𝛥𝜀𝑡𝑖𝑗 = 3𝜆
𝑠̂𝑖𝑗
𝜎20

(B.5)

𝛥𝑠𝑡 = 2𝜆 𝜃̂
𝜃20

(B.6)

The solver uses the backward Euler routine to discretize the con-
stitutive equations which are then solved by a NR scheme. The above
Eqs. (B.3), (B.4), (B.5), (B.6) are solved using the NR scheme that starts
with initial guesses at time 𝑡 and iteration 𝑖 = 0 of 𝛥𝜀𝑡(0)𝑖𝑗 and 𝛥𝑠𝑡(0).
For a specific iteration (𝑖), the following residuals 𝑟𝑖𝑗 , 𝑟𝑠, and 𝑟𝜆 from
qs. (B.4), (B.5) and (B.6) have to satisfy the norm of residual defined
s

‖𝑟‖ =
√

𝑟211 + 𝑟222 + 𝑟233 + 𝑟212 + 𝑟213 + 𝑟223 + 𝑟2𝑠 + 𝑟2𝜆 (B.7)

𝑟𝑖𝑗 = −𝛥𝜀𝑡𝑖𝑗 +
3𝜆
𝜎20

𝑠̂𝑖𝑗 (B.8)

𝑟𝑠 = −𝛥𝑠𝑡 + 2𝜆
𝜃20

𝜃̂ (B.9)

𝑟𝜆 = −𝛷 (B.10)

Check if ‖‖
‖

𝑟(𝑖)‖‖
‖

≤ 𝑇𝑂𝐿, where 𝑇𝑂𝐿 is the tolerance of convergence
which in this case is 1.0 × 10−9. If the initial guesses are satisfied then
the solution is accepted for 𝛥𝜀𝑡(𝑖)𝑖𝑗 and 𝛥𝑠𝑡(𝑖) , otherwise calculate the
increments of the unknowns 𝑑𝜀𝑡(𝑖)𝑘𝑙 and 𝑑𝑠𝑡(𝑖) by solving

𝑟(𝑖)𝑖𝑗 = 𝐽 (𝑖)
𝑖𝑗𝑘𝑙𝑑𝜀

𝑡(𝑖)
𝑘𝑙 + 𝑞(𝑖)𝑖𝑗 𝑑𝑠

𝑡(𝑖) + 𝑛(𝑖)𝑖𝑗 𝑑𝜆
(𝑖) (B.11)

𝑟(𝑖)𝑠 = 𝑝(𝑖)𝑘𝑙𝑑𝜀
𝑡(𝑖)
𝑘𝑙 + 𝐴(𝑖)𝑑𝑠𝑡

(𝑖)
+ 𝐵(𝑖)𝑑𝜆(𝑖) (B.12)

𝑟(𝑖)𝜆 = 𝑚(𝑖)
𝑘𝑙 𝜀

𝑡(𝑖)
𝑘𝑙 + 𝐶 (𝑖)𝑑𝑠𝑡

(𝑖)
+𝐷(𝑖)𝑑𝜆(𝑖) (B.13)

𝐽𝑖𝑗𝑘𝑙 = −
𝜕𝑟𝑖𝑗
𝜕𝛥𝜀𝑡𝑘𝑙

=

(

1
2
+

3𝜆𝜇
𝜎20

)

(

𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘
)

+ 3𝜆
𝜎20

𝐻𝜎𝜎
𝑖𝑗𝑘𝑙 (B.14)

𝑖𝑗 = −
𝜕𝑟𝑖𝑗
𝜕𝛥𝑠𝑡

= 3𝜆
𝜎20

𝐻𝜎𝜃
𝑖𝑗 (B.15)

𝑛𝑖𝑗 = −
𝜕𝑟𝑖𝑗
𝜕𝜆

= − 3
𝜎20

𝑠̂𝑖𝑗 (B.16)

𝑝𝑘𝑙 = −
𝜕𝑟𝑠

𝜕𝛥𝜀𝑡𝑘𝑙
= 2𝜆

𝜃20

𝜕𝜃𝐵

𝜕𝜀𝑡𝑘𝑙
(B.17)

𝐴 = −
𝜕𝑟𝑠
𝜕𝛥𝑠𝑡

= 1 + 2𝜆
𝜃20

𝜕𝜃𝐵

𝜕𝑠𝑡
(B.18)

𝐵 = −
𝜕𝑟𝑠
𝜕𝜆

= − 2
𝜃20

𝜃̂ (B.19)

𝑚𝑘𝑙 = −
𝜕𝑟𝜆
𝜕𝛥𝜀𝑡𝑘𝑙

= −

(

3
𝜎20

𝑠̂𝑖𝑗𝐻
𝜎𝜎
𝑖𝑗𝑘𝑙 +

2
𝜃20

𝜃̂𝐻𝜃𝜎
𝑖𝑗

)

(B.20)

𝐶 = −
𝜕𝑟𝜆
𝜕𝛥𝑠𝑡

= −

(

3
𝜎20

𝑠̂𝑖𝑗𝐻
𝜎𝜃
𝑖𝑗 + 2

𝜃20
𝜃̂𝐻𝜃𝜃

)

(B.21)

𝐷 = −
𝜕𝑟𝜆
𝜕𝜆

= 0 (B.22)

and then calculate the new 𝛥𝜀𝑡(𝑖+1)𝑘𝑙 = 𝛥𝜀𝑡(𝑖)𝑘𝑙 + 𝑑𝜀𝑡(𝑖)𝑘𝑙 , 𝛥𝑠𝑡(𝑖+1) = 𝛥𝑠𝑡(𝑖) + 𝑑𝑠𝑡(𝑖) ,
(𝑖+1) = 𝜆(𝑖) + 𝑑𝜆(𝑖) and replace 𝑖 → 𝑖 + 1. This can be illustrated by

assembling Eqs. (B.11), (B.12) and (B.13) into the following matrix
𝑡(𝑖) 𝑡(𝑖) (𝑖)
form and solving for 𝑑𝜀𝑖𝑗 , 𝑑𝑠 , and 𝑑𝜆 (see Box I)
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𝑟(𝑖)11

𝑟(𝑖)22

𝑟(𝑖)33

𝑟(𝑖)12 + 𝑟(𝑖)21

𝑟(𝑖)13 + 𝑟(𝑖)31

𝑟(𝑖)23 + 𝑟(𝑖)32

𝑟(𝑖)𝑠

𝑟(𝑖)𝜆

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐽 (𝑖)
1111 𝐽 (𝑖)

1122 𝐽 (𝑖)
1133 2𝐽 (𝑖)

1112 2𝐽 (𝑖)
1113 2𝐽 (𝑖)

1123 𝑞(𝑖)11 𝑛(𝑖)11

𝐽 (𝑖)
2211 𝐽 (𝑖)

2222 𝐽 (𝑖)
2233 2𝐽 (𝑖)

2212 2𝐽 (𝑖)
2213 2𝐽 (𝑖)

2223 𝑞(𝑖)22 𝑛(𝑖)22

𝐽 (𝑖)
3311 𝐽 (𝑖)

3322 𝐽 (𝑖)
3333 2𝐽 (𝑖)

3312 2𝐽 (𝑖)
3313 2𝐽 (𝑖)

3323 𝑞(𝑖)33 𝑛(𝑖)33

2𝐽 (𝑖)
1211 2𝐽 (𝑖)

1222 2𝐽 (𝑖)
1233 4𝐽 (𝑖)

1212 4𝐽 (𝑖)
1213 4𝐽 (𝑖)

1223 2𝑞(𝑖)12 2𝑛(𝑖)12

2𝐽 (𝑖)
1311 2𝐽 (𝑖)

1322 2𝐽 (𝑖)
1333 4𝐽 (𝑖)

1312 4𝐽 (𝑖)
1313 4𝐽 (𝑖)

1323 2𝑞(𝑖)13 2𝑛(𝑖)13

2𝐽 (𝑖)
2311 2𝐽 (𝑖)

2322 2𝐽 (𝑖)
2333 4𝐽 (𝑖)

2312 4𝐽 (𝑖)
2313 4𝐽 (𝑖)

2323 2𝑞(𝑖)23 2𝑛(𝑖)23

𝑝(𝑖)11 𝑝(𝑖)22 𝑝(𝑖)33 2𝑝(𝑖)12 2𝑝(𝑖)13 2𝑝(𝑖)23 𝐴(𝑖) 𝐵(𝑖)

𝑚(𝑖)
11 𝑚(𝑖)

22 𝑚(𝑖)
33 2𝑚(𝑖)

12 2𝑚(𝑖)
13 2𝑚(𝑖)

23 𝐶 (𝑖) 𝐷(𝑖)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑑𝜀𝑡(𝑖)11

𝑑𝜀𝑡(𝑖)22

𝑑𝜀𝑡(𝑖)33

𝑑𝜀𝑡(𝑖)12

𝑑𝜀𝑡(𝑖)13

𝑑𝜀𝑡(𝑖)23

𝑑𝑠𝑡(𝑖)

𝑑𝜆(𝑖)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(B.23)

Box I.
c

𝑑

w
b
d

𝑑

R

A

A

A

A

A

B

B

𝜎𝜎
𝑖𝑗𝑘𝑙 = 𝜉

(

𝜕2𝛹 𝑡
𝐶

𝜕𝜀̄2
𝜕𝜀̄
𝜕𝜀𝑡𝑖𝑗

𝜕𝜀̄
𝜕𝜀𝑡𝑘𝑙

+
𝜕𝛹 𝑡

𝐶

𝜕𝜀̄
𝜕2𝜀̄

𝜕𝜀𝑡𝑖𝑗𝜕𝜀
𝑡
𝑘𝑙

+
𝜕2𝛹 𝑡

𝐶

𝜕𝐽 𝑡2
2

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑘𝑙
+

𝜕𝛹 𝑡
𝐶

𝜕𝐽 𝑡
2

𝜕2𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗𝜀
𝑡
𝑘𝑙

+
𝜕2𝛹 𝑡

𝐶

𝜕𝜀̄𝜕𝐽 𝑡
2

(

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗

𝜕𝜀̄
𝜕𝜀𝑡𝑘𝑙

+
𝜕𝐽 𝑡

2

𝜕𝜀𝑡𝑘𝑙

𝜕𝜀̄
𝜕𝜀𝑡𝑖𝑗

))

+
𝜕𝜉
𝜕𝜀𝑡𝑘𝑙

(

𝜕𝛹 𝑡
𝐶

𝜕𝜀̄
𝜕𝜀̄
𝜕𝜀𝑡𝑖𝑗

+
𝜕𝛹 𝑡

𝐶

𝜕𝐽 𝑡
2

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗

)

+
𝜕𝜉
𝜕𝜀𝑡𝑖𝑗

(

𝜕𝛹 𝑡
𝐶

𝜕𝜀̄
𝜕𝜀̄
𝜕𝜀𝑡𝑘𝑙

+
𝜕𝛹 𝑡

𝐶

𝜕𝐽 𝑡
2

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑘𝑙

)

+
𝜕2𝜉

𝜕𝜀𝑡𝑖𝑗𝜕𝜀
𝑡
𝑘𝑙
𝛹 𝑡
𝐶

+ (1 − 𝜉)

(

𝜕2𝛹 𝑡
𝑇

𝜕𝜀̄2
𝜕𝜀̄
𝜕𝜀𝑡𝑖𝑗

𝜕𝜀̄
𝜕𝜀𝑡𝑘𝑙

+
𝜕𝛹 𝑡

𝑇

𝜕𝜀̄
𝜕2𝜀̄

𝜕𝜀𝑡𝑖𝑗𝜕𝜀
𝑡
𝑘𝑙

+
𝜕2𝛹 𝑡

𝑇

𝜕𝐽 𝑡
2
2

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑘𝑙
+

𝜕𝛹 𝑡
𝑇

𝜕𝐽 𝑡
2

𝜕2𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗𝜀
𝑡
𝑘𝑙

𝜕2𝛹 𝑡
𝑇

𝜕𝜀̄𝜕𝐽 𝑡
2

(

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗

𝜕𝜀̄
𝜕𝜀𝑡𝑘𝑙

+
𝜕𝐽 𝑡

2

𝜕𝜀𝑡𝑘𝑙

𝜕𝜀̄
𝜕𝜀𝑡𝑖𝑗

))

+
𝜕𝜉
𝜕𝜀𝑡𝑘𝑙

(

𝜕𝛹 𝑡
𝑇

𝜕𝜀̄
𝜕𝜀̄
𝜕𝜀𝑡𝑖𝑗

+
𝜕𝛹 𝑡

𝑇

𝜕𝐽 𝑡
2

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗

)

+
𝜕𝜉
𝜕𝜀𝑡𝑖𝑗

(

𝜕𝛹 𝑡
𝑇

𝜕𝜀̄
𝜕𝜀̄
𝜕𝜀𝑡𝑘𝑙

+
𝜕𝛹 𝑡

𝑇

𝜕𝐽 𝑡
2

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑘𝑙

)

+
𝜕2𝜉

𝜕𝜀𝑡𝑖𝑗𝜕𝜀
𝑡
𝑘𝑙
𝛹 𝑡
𝑇 (B.24)

𝜃𝜎
𝑖𝑗 = 𝜉

(

𝜕2𝛹 𝑡
𝐶

𝜕𝜀̄𝜕𝑠𝑡
𝜕𝜀̄
𝜕𝜀𝑡𝑖𝑗

+
𝜕2𝛹 𝑡

𝐶

𝜕𝑠𝑡𝜕𝐽 𝑡
2

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗

)

+ (1 − 𝜉)

(

𝜕2𝛹 𝑡
𝑇

𝜕𝜀̄𝜕𝑠𝑡
𝜕𝜀̄
𝜕𝜀𝑡𝑖𝑗

+
𝜕2𝛹 𝑡

𝑇

𝜕𝑠𝑡𝜕𝐽 𝑡
2

𝜕𝐽 𝑡
2

𝜕𝜀𝑡𝑖𝑗

)

+
𝜕𝜉
𝜕𝜀𝑡𝑖𝑗

(

𝜕𝛹 𝑡
𝐶

𝜕𝑠𝑡
−

𝜕𝛹 𝑡
𝑇

𝜕𝑠𝑡

)

(B.25)

𝐻𝜃𝜃 = 𝜉
𝜕2𝛹 𝑡

𝐶

𝜕𝑠𝑡2
+ (1 − 𝜉)

𝜕2𝛹 𝑡
𝑇

𝜕𝑠𝑡2
+

𝜕2𝛹𝑠

𝜕𝑠𝑡2
(B.26)

𝐻𝜎𝜃
𝑖𝑗 = 𝐻𝜃𝜎

𝑖𝑗 (B.27)

Appendix C. Consistent tangent

𝜆 =

√

𝜎20
6
𝛥𝜀𝑡𝑖𝑗𝛥𝜀

𝑡
𝑖𝑗 +

𝜃20
4
𝛥𝑠𝑡𝛥𝑠𝑡 (C.1)

Using Eqs. (B.5), (B.6) and (C.1) and with some algebra:

𝑖𝑗𝑘𝑙𝑑𝜀
𝑡
𝑘𝑙 + 𝐵𝑖𝑗𝑑𝑠

𝑡 = 2𝜇𝑑𝑒𝑖𝑗 (C.2)

𝑘𝑙𝑑𝜀
𝑡
𝑘𝑙 + 𝐶𝑑𝑠𝑡 = 𝑑𝜃 (C.3)

here

𝑖𝑗𝑘𝑙 = 𝛿𝑖𝑘𝛿𝑗𝑙

(

𝜎20
3𝜆

+ 2𝜇

)

+𝐻𝜎𝜎
𝑖𝑗𝑘𝑙 −

𝑠̂𝑖𝑗 𝑠̂𝑘𝑙
2𝜆

(C.4)

𝐵 = 𝐻𝜎𝜃 −
𝑠̂𝑖𝑗 𝜃̂ (C.5)
14

𝑖𝑗 𝑖𝑗 2𝜆
𝐶 =
𝜃20
2𝜆

+𝐻𝜃𝜃 − 𝜃̂2

2𝜆
(C.6)

⎡

⎢

⎢

⎢

⎣

𝐴𝑖𝑗𝑘𝑙 𝐵𝑖𝑗

𝐵𝑘𝑙 𝐶

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝑑𝜀𝑡𝑘𝑙

𝑑𝑠𝑡

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

2𝜇𝑑𝑒𝑖𝑗

𝑑𝜃

⎤

⎥

⎥

⎥

⎦

(C.7)

Inverting Eq. (C.7) leads to:

⎡

⎢

⎢

⎢

⎢

⎣

𝑑𝜀𝑡𝑖𝑗

𝑑𝑠𝑡

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝑃𝑖𝑗𝑘𝑙 𝑄𝑖𝑗

𝑄𝑘𝑙 𝐶

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

2𝜇𝑑𝑒𝑘𝑙

𝑑𝜃

⎤

⎥

⎥

⎥

⎦

(C.8)

Now that 𝑑𝜀𝑡𝑖𝑗 and 𝑑𝑠𝑡 are known from Eq. (C.8), the deviatoric stress
an be written as:

𝑠𝑖𝑗 = 2𝜇
(

𝑑𝑒𝑖𝑗 − 𝑑𝜀𝑡𝑖𝑗
)

= 2𝜇
(

𝛿𝑖𝑘𝛿𝑗𝑙 − 2𝜇𝑃𝑖𝑗𝑘𝑙
)

𝑑𝑒𝑘𝑙 − 2𝜇𝑄𝑖𝑗𝑑𝜃 (C.9)

here 𝜇 = 𝐸∕2∕(1+ 𝜈) is the shear modulus and 𝜅 = 𝐸∕3∕(1−2𝜈) is the
ulk modulus. The incremental stress–strain relationships can now be
efined as

𝜎𝑖𝑗 = 𝑑𝑠𝑖𝑗 + 𝜅𝛿𝑖𝑗𝑑𝑒𝑘𝑘 − 𝛽𝑖𝑗𝑑𝜃 (C.10)
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