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We numerically determine the robustness of the lasing edge modes in a spin-torque oscillator
array that realizes the non-Hermitian Su-Schrieffer-Heeger model. Previous studies found that the
linearized dynamics can enter a topological regime in which the edge mode is driven into auto-
oscillation, while the bulk dynamics are suppressed. Here we investigate the full non-linear and
finite-temperature dynamics, whose understanding is essential for spin-torque oscillators-based ap-
plications. Our analysis shows that the lasing edge mode dynamics persist in the non-linear domain
for a broad range of parameters and temperatures. We investigate the effects of perturbations rele-
vant to experimental implementations and discuss which ones might be detrimental to the stability
of the lasing edge mode. Finally, we map our model onto a photonic model. Our analysis has the
potential to shed light onto the dynamics of a plethora of non-Hermitian systems with non-linearities.

I. INTRODUCTION

The application of topology to condensed matter sys-
tems has been profoundly fruitful on both theoretical and
experimental fronts and has lead to the discovery of a
wide range of new phenomena and materials [1]. Re-
cently, considerable effort has been devoted towards the
exploration of non-Hermitian systems [2, 3] with active
gain and loss. A framework for addressing non-Hermitian
topological phases has been provided by the growing field
of topological theories of non-Hermitian systems [4—7].

Recent works have shown that the bulk-boundary cor-
respondence [8], which is the cornerstone of topology in
Hermitian systems, also holds for specific non-Hermitian
systems [9], although not in general [10-12]. Some sys-
tems also exhibit a non-Hermitian skin effect, where even
the bulk modes can be very sensitive to boundary condi-
tions [13]. Nevertheless, the existence of non-Hermitian
edge modes has been shown in a variety of systems, such
as microring resonators [14-16] and electrical circuits [17—

l.

One of the most striking properties of non-Hermitian
topological phases is the co-existence of lasing edge
modes, i.e. edge states with gain-like dynamics, with
a purely real bulk spectrum. Most importantly, these
modes are topologically protected [5] and can therefore
be useful in applications, since they are robust against
disorder. In photonics these lasing modes have been used
to build a single-mode laser stable against perturbations
[20].

The majority of developments in non-Hermitian topo-
logical insulators have been in the field of photonics [21—

], where gain and dissipation can be readily tuned.
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Recent works have also unveiled non-Hermitian topolog-
ical phases in mechanical [25, 26], electrical [17—19, 27]
and magnetic systems [28-30]. Here we focus on mag-
netic systems, in which the loss is inherently present due
to coupling of the magnonic excitations to the lattice
and whose dynamics can be driven using spin-transfer
torques. Due to the tunability of gain and loss, magnetic
systems might represent a nearly ideal system to explore
non-Hermitian phenomena.

Specifically, we consider the topology of the one-
dimensional (1D) array of spin-torque oscillators (STOs)
as shown in Fig. 1, building on the work of Flebus et
al. [31]. Spin-torque oscillators are current-driven mag-
netic nanopillars, whose magnetization dynamics are de-
termined by the balance of spin current injection and
intrinsic (Gilbert-like) dissipation [32]. It has been ex-
perimentally shown that the coupling between STOs ar-
ranged in an array can be tuned [33, 34]. Flebus et al.
[31] have shown that, by modulating the coupling be-
tween STOs and the local spin injection, the array can
be driven into the topological phase of the non-Hermitian
Su-Schrieffer-Heeger (SSH) model [35], known to host
lasing edge states [36, 37]. However, STOs also exhibit
strong non-linear effects, such as a non-linear frequency
shift [32]. Furthermore, thermal fluctuations have also
been shown to introduce significant noise into these sys-
tems [40]. In this work, we aim to investigate in detail
how non-linearities and thermal fluctuations affect the
topological character of a 1D array of STOs, in order
to assess the experimental feasibility of this setup. Our
results can be straightforwardly generalized to the re-
alization of this model in photonic systems, which also
exhibit non-linear and stochastic dynamics, making our
work of interest to a broader audience.

This work is organized as follows: in Sec. IT we start
by introducing our model and we analyze its topological
properties. In Sec. ITI, we discuss in detail the numeri-


mailto:p.m.gunnink@uu.nl

cal simulations deployed to investigate the non-linear dy-
namics at finite temperatures. We present the results of
our simulations for a wide range of parameters in Sec. IV
and we identify the parameter regions where the las-
ing edge mode is realized. In Sec. V we show how our
model is similar to previous implementations of the non-
Hermitian SSH model in photonic systems. A summary
and conclusion are given in Sec. VI. Finally, we discuss
the details of our numerical and analytical calculations
in, respectively, Appendix A and B.

II. SYSTEM

We consider an array of 2N STOs that realize the
non-Hermitian SSH model, as shown in Fig. 1. A STO
consists of a magnetic polarizing layer separated from a
magnetic free layer by a thin spacer. An external mag-
netic field H = Hyz sets the equilibrium direction of the
magnetic order parameter m of the free layer. The po-
larizing layer converts a DC current into a spin current
Js, which, in turn, exerts a spin-transfer torque on the
magnetic order parameter m. The loss and gain dynam-
ics of the ferromagnetic order parameter m associated
with each nanopillar is described by the Landau-Lifshitz-
Gilbert (LLG) equation as [32]

Oy ilo = wyiZ X My + oy My X Oy

(1)

Fsn, My X (M X 2),

where i labels the unit cells and n = A, B. Here,
Wn.i = Yn,i(Ho—4mm.y ;) is the ferromagnetic resonance
frequency, ,,; is the gyromagnetic ratio and M, ; the sat-
uration magnetization. oy, ; < 1 is the Gilbert damping
parameter that captures the relaxation of the macrospin
Kittel mode. The last term is the spin-transfer torque
exerted by the spin current Jy,; on the magnetic order
parameter.

We consider three kinds of intra (inter)-cell cou-
plings between the STOs. Firstly, we account for
the Ruderman-Kittel-Kasuya-Yosida (RKKY)-type ex-
change, parameterized by the frequencies J; (jl) Sec-
ondly, there is a dissipative coupling G; (CNT'z), which is
mediated by spin pumping through the spacer layers [11].
The exchange and dissipative couplings only couple the
nearest neighbors, as indicated in Fig. 1. These two cou-
pling were already introduced in Ref. [31]. Additionally,
in this work we also introduce the dipolar couplings be-
tween the STOs, which affect the non-linear dynamics
[42, 43].

The dynamics of the coupled array are then described
by
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FIG. 1. Schematic illustration of the model considered in
this work. The array of STOs is represented as a 1D lat-
tice with a two-sublattice (A and B) unit cell. The STOs
are connected via a metallic spacer that mediates an intra-
cell (J;,G;) and inter-cell (J;, G;) complex nearest-neighbor
hopping. The inset shows a possible experimental realiza-
tion of the STOs array, with the stacking of contact|fixed
layer|spacer|free layer|contact. The magnetic layers extend
throughout the array, and spin waves excited by one STO
can reach and dissipatively couple the neighboring STOs.
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where 3" indicates that the sum excludes the self-
interaction. The dipolar interaction is parametrized by
Qa = v,iVettn,i/ a®, where Vettn,i is the effective volume
of a STO and a is the separation distance between STOs,
which we assume to be constant. 7,,,; = Rypi;/a
is the normalized distance between STO,; and STO,;.
Here we have incorporated terms proportional to the
Gilbert-like on-site damping of the G;, G; couplings into
the Gilbert damping, i.e. @a; = a,; + G; + G; and
ap; = ap; + G + G,_1. In what follows we assume
identical unit cells and drop the dependency on the unit
cell index 4, unless stated otherwise, such that w,; = w,
O[n,i :a—i—G—l—é, Jl = J,j; = j, Gl :Gand él :é
Furthermore, we assume spin-current injection only on
sublattice A, i.e. Jop=0,J54 = Js.

The equations of motion for this system are then
given by Egs. (1-3), which can be linearized around
the equilibrium direction of the magnetic order param-
eter. We write m,,; = (mj ;,m} ;1) and neglect terms
that are second order in the fluctuations from equilib-
rium. We then introduce the complex variable 2m,, ; =



»i —imy ; and invoke the Holstein-Primakoff trans-
formation [11] my;(t) = (n;)e™*", where n; = a;,b;
are second-quantized operators annihilating magnons at
sublattice  and obeying bosonic commutation relations.
From the corresponding Heisenberg equation of motion
we can identify the effective quadratic magnon Hamilto-
nian, which we will use next for topological classification.

The non-linear character of the equations of motion
means that the Hamiltonian should also contain higher
order interactions. The on-site dynamics, i.e. Eq. (1),
would introduce on-site interaction terms, and the ex-
change interaction would result in quartic and higher or-
der interactions terms between neighboring spins. How
these interaction terms affect the topology is still an
unanswered question [38, 39]. We therefore only consider
the quadratic Hamiltonian to determine the topological
properties. However, in our numerical simulations we do
take into account the non-linearities of the equations of
motion, thus capturing the full dynamics resulting from
the higher order interaction terms.

Our starting point is the P7 (parity-time) symmetric
case, analyzed as well by Flebus et al. [31]. Here J, =
20w and Q4 = G = G = 0. In this regime, the system
hosts two edge modes with energies Re £ — w = 0 and
ImE # 0 for |J| < |J|. The PT-symmetry indicates
the system is invariant under combined parity (swapping
site A with B and vice versa) and time reversal (¢t —
—t) operations [2, 3]. We assume the strength of the
dissipative coupling and the dipole-dipole interactions to
be small compared to w, and treat them as perturbations.
We note here that we do have access to the full (including
non-linear) dynamics that result from the dissipative and
dipolar coupling and only treat them as perturbations in
the topological analysis. In the simulations that follow
we describe the full dynamics of the system, including
dissipative and dipolar couplings.

The Hamiltonian of the P7T-symmetric model is

m
wt

Hi=w {a;fai + bgbl} +i(Js4 — aw) a;[ai
— iawblb; — J [a;rbi + h.c.} (4)
—J [azbi_l + h.c.] ,
for i # 1, N, with open boundary conditions
Hi=w [a;aj + b;bj] +i(Jsa — aw) a;aj
- iawb;bj —-J [a;bj + h.c.] (5)
—J [b}al + h.c.] ,
where 7 =1, N and [ = 2, N — 1. The full Hamiltonian,
including the dissipative and dipole-dipole coupling, is
given in Appendix B.
We first briefly discuss the phase diagram, which cap-

tures the linear dynamics. For a full discussion the reader
is referred to the earlier work of Flebus et al. [31]. The

topological nature of the edge modes can be characterized
by a global complex Berry phase [30], i.e., an integer that
predicts the number of pairs of edge modes. The complex
Berry phase can be found to be one for |J| < |J|, signal-
ing the presence of topologically protected edge states.

_Furthermore, the system has an exceptional point at
|J+aw| = |J|, where the system transitions from the P7-
unbroken into the PT-broken regime [36]. In the PT-
unbroken regime the edge state spectra come as complex-
conjugated pairs, while the the bulk spectrum is purely
real. Thus, the edge mode with positive imaginary en-
ergy starts lasing, while the bulk modes remain inactive.
In the PT-broken regime the bulk modes also become
complex valued, such that they also will start lasing spon-
taneously. In order to isolate the dynamics of the lasing
edge mode we therefore require |J| < |J — aw|, i.e. to be
in the P7T-unbroken regime. ~

When dissipative couplings G, G are present, all bulk
modes will have a non-zero imaginary component, since
the system is no longer P7-symmetric. The edge mode
is still well defined and separated in energy from the bulk
modes. However, because all bulk modes have a non-zero
imaginary component, these modes can start lasing as
well, as was also noted by Flebus et al. [31]. We note that
chiral-inversion (CI) symmetry protects the stability of
the edge states [45], such that the topologically protected
edge modes are now present for |.J — iGw| < |J — iGwl|.
Since in almost all experimental realizations of the setup
discussed here the dissipative coupling will be much
weaker than the RKKY-type coupling, the system will
most likely still be in the topologically non-trivial regime.

For the dipole-dipole interactions we note that the
dipolar fields are P7T-invariant, and thus the bulk spec-
trum will remain real. However, long-range interactions
are typically not captured by topological classifications
[46], and it is unclear from the linearized model alone
how the long-range dipolar interaction will affect the las-
ing edge modes. This will be investigated numerically in
the next section.

As was noted before, the phase diagram only captures
the linear behavior of the STO array. In the STO array
considered here, the STOs are easily driven into the non-
linear regime [31, 47]. Non-linearities therefore need to
be taken into account when describing this topological
array. Thus, we proceed to investigate the full non-linear
dynamics numerically.

IIT. SIMULATIONS

We numerically simulate the system described by
Egs. (1-3), using the parametrization outlined in Ap-
pendix A. This parametrization maps the magnetic order
parameter m,, ; to the microwave power p,, ; (which is ex-
perimentally measurable) and the azimuthal angle ¢, ;.
The thermal fluctuations are taken into account by using
a stochastic field, the strength of which is chosen such
that an isolated STO reaches thermal equilibrium [40].



We note that this noise will equilibrate the whole array
to 2N individual STOs in thermal equilibrium, since the
couplings between STOs are not taken into account in
the equilibration. However, we assume couplings to be
weak compared to the on-site dynamics (i.e. J,J < w),
making this a valid approximation. The noise is thus
chosen to have zero mean and a second-order correlator

<fn,i(t)fn’,j (t/)> =05
(Fni@) for 5 (t)) = 205,50y, Dryi (py,i) 6 (¢ = 1),

where D, ;(p) is a diffusion coefficient that characterizes
the noise amplitude, which has to be taken to be depen-
dent on p, ; in order to correctly describe the stochastic
dynamics of a non-linear oscillator. The explicit form of
D, i(p) is reported in Appendix A.

In order to integrate the resulting stochastic differen-
tial equation we use the Euler-Heun algorithm as im-
plemented in the DifferentialEquations.jl package [48].
As initial conditions we take the phase ¢, ; to be uni-
formly and randomly distributed between 0 and 27 and
the power p,, ; to be distributed according to the equilib-
rium Boltzmann distribution

(6)

2\ i
P., o exp [ anjﬂpnyi} , (7)

where ), ; is a scale factor relating the dimensionless os-
cillator power p and the oscillator energy.

Since this system is inherently stochastic, both from
the initial conditions and the thermal fluctuations, we
collect statistics by running every configuration of param-
eters Ni times. The main observable we are interested
in is the number of lasing modes, where a lasing mode is
defined as any mode that has power p,; > epo, where pgy
is the steady-state power of a single oscillator [32]. We let
the system run for a time te,q and choose € = 0.9 to ac-
count for the fluctuations around the equilibrium power
of a STO. Our stochastic simulations may not capture all
possible processes, such as rare low probability events, in
a single run. However, by running multiple ’trajectories’
we can gather statistics and gain insight into the behav-
ior of the system. This is also true of experimental runs,
where the number of lasing modes will vary in any one re-
alization of the experiment. We will discuss this problem
in greater detail in Sec. IV B, where we also show how
the experimental observation times should be chosen.

IV. RESULTS

In this section, we present the results from the simu-
lations described in Sec. II1. Unless stated otherwise, we
set @ = 1072, w/dnyM = 0.5, Js 4 = 20w, Jsp = 0
and G = Q4 = 0, such that we are in the P7T-symmetric
regime and work with an array of N = 10 unit cells. We
run the simulations of Eqs. (1-3) for 4ryM¢t = 105, which
for a typical STO with 47yM = 10 GHz corresponds to
10 us and collect statistics over Ng = 100 runs. We are

interested in two main observables: whether the edge
mode starts lasing, and how many bulk modes also start
lasing. It is worth noting that since the B-sites dynamics
are suppressed because they are not directly driven, we
only have N possible lasing modes. We choose kpT'/A in
the range 1076 to 104, with the latter corresponding to
room temperature for a typical STO [32].

In Fig. 2 we show three typical examples of the system
dynamics. The system is initially in thermal equilibrium,
and at ¢ = 0 the spin-torque current is turned on for all
A-sites. Fig. 2a show the case where after some time the
left-most mode starts lasing at the steady-state power
for a single oscillator, whilst the dynamics of the bulk
modes are suppressed. Alternatively, no modes can start
lasing at all (Fig. 2b), which we will discuss further in
Sec. IVB. We also observed the lasing of bulk modes
together with the edge mode, as shown in Fig. 2¢. In this
specific example the bulk mode starts lasing shortly after
the edge mode. We have not investigated this timing
further, but it seems likely that a lasing edge mode could
also excite bulk modes close to the edge. Moreover, we
also observed cases where bulk modes start lasing later
in time, seemingly independent of the lasing of the edge
mode.

Since all three cases are possible, we further explore
the parameter space, and focus on the amount of las-
ing modes as an observable. We note that in all of the
cases discussed here we never observed a lasing bulk mode
without a lasing edge mode. This is a direct result of the
topology of the array.

As discussed before, the system hosts a lasing topolog-
ical edge state for —1 < J/|J| < 1. We thus show the av-
erage number of lasing bulk (dashed line) and edge (solid
line) modes as a function of J/|J| for different tempera-
tures in Fig. 3. The transition from the topological to the
trivial regime at J/|J| = —1 is affected by the tempera-
ture. For low temperatures the transition is sharper than
for high temperatures. However, at high temperatures
the system still exhibits signs of a non-Hermitian topo-
logical insulator (suppressing of the bulk modes, with
only a single lasing edge mode), even if the system is in
the trivial phase, i.e. if [J| > |J|.

As was previously discussed, the system has broken
PT-symmetry when |J — aw| < |J| < |J + aw|, where
multiple modes will start to lase. In Fig. 3 the PT-
broken regime is indicated by the shaded area and it is
easy to see that more bulk modes start lasing. For higher
temperatures more bulk modes will start to lase. We
remark here that these simulations were only run for a
fixed time tonq, and therefore not all modes might have
started lasing yet. We return to this issue in Sec. IV B.

The number of lasing bulk modes also increases as a
function of temperature. Instead of a sharp transition at
the exceptional point (EP), there is a transitional regime,
due to the non-linear and stochastic effects. This indi-
cates that, depending on the operating temperature, it
is necessary to stay further away from the EP than one
might initially expect. Specifically for this parameter set
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FIG. 2. Three types of behavior of the system, with J = —0.025/4xyM, J/J = 0.5, kgT/X = 107° and G = Qq = 0. (a)
Only the edge mode starts lasing, while all the bulk modes are suppressed. (b) No modes start lasing within the specified time
frame. (c) Both the edge modes and bulk modes start lasing. The simulation is run for 4myMt = 10°, which for a typical STO

with 47yM = 10 GHz is equal to 10 us.
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FIG. 3. Average number of lasing bulk (dashed line) and
edge (solid line) modes as a function of |J|, for different
temperatures. The P7T-broken regime is indicated by the
shaded region. Note that these simulations were only run
for dmyMt = 10° and this is therefore only a snapshot of
the number of lasing modes. The error bars show the 95%
confidence interval.

it would mean choosing |J| < |J + aw|, such that there
are no unwanted bulk contributions from the PT-broken
regime. The fact that the P7T-broken regime extends fur-
ther then expected might also have implications for ap-
plications using the exceptional point, such as enhanced
sensing [19, 50] and encircling the exceptional point [51].

A. Sensitivity to perturbations

We now consider three main perturbations present in
any experimental realization of the system: (1) the dis-
sipative coupling modulated by spin-waves traveling in
the metallic spacer layer, (2) the dipole-dipole coupling
between the macrospins of the STOs and (3) variations
in the parameters of the individual STOs.

We first consider the inter (intra)-layer dissipative cou-
pling G (C:?), induced by the metallic spacer layer. This
coupling is known to synchronize STOs [13]. Since it is
modulated by the metallic spacer layer it can be tuned
to an extent, e.g. by choosing a spacer layer with a cer-
tain spin relaxation. It is also possible to choose a STO
nano-pillar geometry in which the metallic spacer layer
does not extend in-between the STOs and therefore no
spin waves can propagate, thus suppressing the dissipa-
tive coupling [32].

We vary the dissipative coupling G = G; = G, the
results of which are shown in Fig. 4a. We note here
that even though the dissipative coupling breaks the
PT-symmetry, the edge modes are still protected by CI-
symmetry. When G/|J| > 1073, first the bulk modes
are suppressed. This can be attributed to the increased
overall dissipation in the system, suppressing the bulk
excitations. When G/|J| > 0.05 the edge modes are
also suppressed, which again can be attributed to the
increased overall dissipation. This result thus suggests
that it is desirable to design a system where the dissi-
pative coupling is weak, such as by using the nano-pillar
geometry. However, a small dissipative coupling might
be beneficial, effectively suppressing the bulk excitations,
while allowing the edge modes to lase.

Next, we discuss the dipole-dipole coupling, which is
present in any magnetic system. It has also been known
to synchronize the precession in STOs [13]. The dipo-
lar coupling strength can be controlled by the spac-
ing between the STOs. We vary the dipolar coupling
strength Qq/4myM for different temperatures, as shown
in Fig. 4b. For small 24 we see no changes, and only for
Qa/47yM > 1072 the bulk modes will start to lase. For
STOs of typical dimensions 10 x 10 x 10nm and a sep-
aration distance 10nm, Qq/4myM =~ 1073. Our results
indicate a lower bound on the spacing between STOs in
order to avoid activation of the bulk lasing modes due to
the dipole-dipole interaction.



iyt e )

@

Py
M“Hw' “rhi
|‘. il

~

¥

Hiv

4F (a) ksT/\ 1 F)
L — 1074 — Edge L
" 3 L 10°° ==+ Bulk ] L
o [ — 107 ] [
< f ]
2 2f :
3k ) ‘H+H+|'H‘H'H*1.L ]
AT R TN ]
0 i ; ‘h.l\“ “L*H*r' -~ L

!‘H’"‘T‘l‘ ke .‘(fl".-: FEPITTT

/A I IS~ S i

S
5:H’Hﬁi+M'

103 102 101 105

1l PR L
10—4 1073
Qd/47T’}/M Ow

10—2 10-%¢ 107 107%* 1073
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function of the variation of the individual FMR-frequency wy, ;, chosen from a normal distribution with mean w/47yM = 0.5

and standard deviation o.,.

In any experimental setup there will be small varia-
tions between the individual STOs. Since the system
considered here is only -symmetric if the dissipation is
balanced with the driving, even small variations in any
parts of the STO array involved in the driving and dis-
sipation processes will break the P7-symmetry. Since
the topological classification of this system is based on
the PT-symmetry, it is useful to consider the effect of
breaking this symmetry.

In order to model spatial disorder we consider an array
with small variations in the individual frequencies w;, by
assuming they are normally distributed with standard de-
viation o, and mean w. If the local spin-transfer torque
is kept constant at J; = 2aw throughout the array, the
system is no longer P7T-symmetric. This spin-injection
model corresponds to setup in which a single current
source, rather than individual ones, are used to inject
spin angular momentum into the STOs. The number of
lasing modes is shown in Fig. 4c, where it is clear that
as the variance is increased, more bulk modes start las-
ing. The disorder we introduce breaks the PT-symmetry,
and the edge states are no longer topologically protected.
The bulk modes are therefore no longer suppressed and
can start lasing. We have also modeled the case where
Js,i = 2aw;, i.e. where the STOs are individually driven.
This did not affect the results, indicating that it is not
just the PT-symmetry within one unit cell, but rather
the PT-symmetry of the complete array that protects
the edge states. The robustness of non-Hermitian topo-
logical states against disorder is still poorly understood.
From the linear dynamics we know that if a variance
0, is introduced the bulk modes also gain a non-zero
imaginary component and will therefore start lasing or
be suppressed. This is thus in essence not a non-linear or
stochastic effect, in contrast to the other effects discussed
previously.

We thus conclude that the non-Hermitian SSH chain
can be experimentally realized using STOs, but care
needs to be taken to control the dissipative coupling,
dipolar interactions and the variations between STOs.

B. Nucleation

The processes that we consider in this work are fully
stochastic, and so is the lasing of the edge mode: there is
a finite probability that the edge mode will start lasing.
It is therefore possible that even in the topological phase,
the edge mode might only start lasing at time scales
longer than the experimental observation time. Moti-
vated by this consideration, we thus investigate here the
nucleation times of the lasing edge modes.

As before, we prepare our system in thermal equilib-
rium, and turn on the spin current at ¢ = 0. We only con-
sider the RKKY-type coupling, and set G = G = 24 = 0.
In Fig. 5 we show the temperature dependence of the time
at which the edge mode starts lasing, for different ratios
J/|J|. We have chosen the ratio J/|J| such that we are
in the unbroken P7T regime and we only expect the edge
state to start lasing.

It is clear that the time until the edge mode starts
lasing follows an exponential distribution as a function
of temperature. Moreover, for lower intra-cell coupling
J, the average time decreases. This observation can be
explained in terms of overcoming an energy barrier. The
probability of the edge mode to start lasing is

AFE
Py < exp { k:BT] ,

(8)
where AFE is the energy difference between the state with
no modes lasing and the state with a lasing edge mode,
which is directly related to the coupling strength .J.
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FIG. 5. The average time for the edge mode to start lasing,
for different ratios J/|J|. These simulations are all in the
unbroken PT-regime. For a typical FMR frequency 4nyM =
10 GHz these times are in the order of 0.0l ms to 1 ms. The
error bars show one standard deviation.

The nucleation problem also illustrates that the finite
runtimes inherent with numerical simulations might not
be representative of experiments. Since the nucleation
is a stochastic process, it is possible that for longer run-
times, such as seconds, all modes will start lasing. In
order to have robust isolated edge modes, these devices
might therefore be limited to shorter runtimes (on the
order of us), especially at higher temperatures. The op-
posite problem of course also exist, where one has to wait
a long time for the edge mode to start lasing. The nu-
cleation time can however be tuned with the exchange
coupling, as is shown in Fig. 5. The inherent stochastic
nature of this device could make it useful for stochastic
computing, which relies on systems with inherent ran-
domness [52, 53].

V. COMPARISON TO PHOTONIC SYSTEMS

The array of STOs considered here shares many sim-
ilarities with the photonic microring resonators experi-
mentally realized in Ref. [14]. The linear dynamics of the
magnetic excitations considered in this model are closely
related to the dynamics of the photonic excitations in
the microring resonators. Both models realize the non-
Hermitian SSH model as described by Eq. (4). Moreover,
their non-linear dynamics are similar, as we show next.

The dynamics of the microring resonator array are, up
to second order in the (normalized) electric modal field
amplitudes a, described by [54]

Dl = —iQal —~v — o4 (1- |aﬁ\2)
+ mlaf + mzaf,l, (9)
dal = —iQal —v —op (1 —[al|?)

A e A
+iR1a;, +1R20;, 4,

where () is the lasing mode frequency, ~y is the mode loss,

oy, is the mode gain and k1 2 are the coupling constants.
Thus, we can draw a direct analogue between the two sys-
tems, by identifying v as the constant part of the Gilbert
damping (v = aw), the lasing mode frequency € as the
precession frequency (2 = w) and the mode gain as the
spin current contribution (o, = J, ). One distinction is
the linear coupling k1,2, whereas the RKKY coupling be-
tween the STOs is non-linear. However, we note that up
to first order in p; the RKKY coupling is linear as well.
In order to fully describe the dynamics of the microring
resonators the carrier density also has to be taken into
account. However, for timescales longer than the time-
response of the laser, typically a few nanoseconds [55],
the carrier dynamics can be disregarded and one obtains
Eq. (9).

Most importantly, both systems have saturated gain.
This feature is inherent to many driven non-Hermitian
system, if the driving is limited in some way. We do note
that the non-linear contributions to the precession and
Gilbert damping that are present in STO systems are not
present in photonics. The phase diagram, as presented in
Fig. 3, might thus be different for the photonic system.

In this work we have considered three perturbations:
dissipative couplings, dipole-dipole interactions and vari-
ations in the FMR-frequency, as shown in Fig. 4. Dis-
sipative coupling can also be present in photonic sys-
tems, but when employing evanescent coupling is usually
negligible [56], indicating that it is less relevant for pho-
tonic implementations of the non-Hermitian SSH chain.
The long-range dipole-dipole interaction has no photonic
analogue, but variations in the parameters are inevitably
present in photonic systems.

Non-linear effects are a common feature of many ex-
perimental realizations of non-Hermitian systems. Our
results are therefore applicable beyond STO arrays to
other non-Hermitian topological phases.

VI. CONCLUSION AND DISCUSSION

In conclusion, we have shown that the lasing topologi-
cal edge states can be successfully accessed using STOs in
a realistic non-Hermitian SSH array. We have considered
both non-linear and stochastic dynamics, to determine if
an experimental implementation of this model is feasible.
Firstly, we found that the lasing edge mode is robust in
the presence of a wide range of temperatures and pertur-
bations, provided that we are in the topological regime.
This occurs despite various perturbations breaking the
PT-symmetry of the original Hamiltonian such that topo-
logical protection is not guaranteed. Our result is impor-
tant for ensuring that the lasing edge mode can be probed
in an experiment. Secondly, we found that even though
the system is topological in the linear regime, in which no
bulk modes should start to lase, non-linear and stochas-
tic effects can still access these bulk modes, reducing the
usefulness of the topologically protected edge modes. We
have explored the transition between the P7T-unbroken



and PT-broken regimes, which is not a sharp transition.
Instead, we find a regime around the exceptional point
where more bulk modes will start to lase.

Moreover, we have considered three kinds of pertur-
bations that can naturally be present in this array and
have shown in which regime the topology of the system
is unaffected. We hope that these results can be used
to guide future experiments. We find that at a given
temperature and for equal strength of the perturbative
term, the perturbation that mostly affects the dynamics
of bulk modes is the variation in the parameters of the in-
dividual STOs. This might complicate the experimental
realization of the STO array, and will be an inherent com-
plication in any physical realization of a non-Hermitian
SSH model, where variations are more likely. Finally, we
have shown that there is a finite nucleation time, after
which the edge state will start lasing.

Interactions between STOs as considered here are not
easily tunable, since they depend on the spacing between
the STOs [13]. Moreover, STOs cannot be brought arbi-
trarily close together because of Joule heating [57]. To
circumvent this problem, one could couple the STOs us-
ing strip-line antennas above each STO, controlled by the
microwave current generated at the adjacent STO [58].
This more direct method has the advantage that the sig-
nal could be electrically amplified, thus allowing control
over the coupling strength. Even though this coupling
has a different physical origin, the conclusions as pre-
sented in this work will still hold.
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Appendix A: Numerical implementation

A single STO 7 in unit cell ¢ can be parametrized with
the complex amplitude ¢, ;(t) [32]

V 1- pn-,i (Cn»i + C;khi)
V1= (icy; —ic ;) | (A1)

my; = My 0,
1-— 2]97]77;

where p,; = |¢,|* and M, ; is the magnetization length.
The Langevin equation of motion then becomes

D0 i ) e+ T () en
- (Pn.i) eni = fn.i(t), (A2)
where
wn,i (p) = w + 2p, (A3)
L (p) = wy o (1+ (2/wy — 1) p), (A4)
L, (p) = Jsni(1-p), (A5)

where the superscript + (—) indicates loss (gain) and
fni(t) is a complex field, representing the thermal fluc-
tuations. The stochastic field is a phenomenological de-
scription of all thermal processes and chosen to have zero
mean and a second-order correlator

<f7),i(t)f77’,j(t/)> =0,
<fn7i(t)f;',j(t/)> = 25i,j5n7n’Dn7i (pw') 0 (t - t/) )

The diffusion coefficient D, ;(p) has to be taken depen-
dent on p such that the system tends to thermal equilib-
rium. This is done by deriving the Fokker-Planck equa-
tion from the Langevin Eq. (A2) and finding a physically-
consistent solution [10]. For a single STO this is

kT
Ay, iwn.i(P)
where A, ; is a scale factor relating the dimensionless
oscillator power p and the oscillator energy, which is
Ani = Vettn,iMy i /7n.: for our choice of parametrization.

As initial conditions we choose ¢, ; = /Doe'®, where
¢ is randomly chosen between 0 and 27 and py is drawn

from a thermal equilibrium distribution F.q for an en-
semble of isolated STOs

(A6)

Dy .i(p) = FL’(P) ) (AT)

20 i
P.q o exp {— kBT%pn’i} . (A8)

For the array as considered in the main text, the equa-
tion of motion is given by
Orcas = fsrolcai)ca
+Jifs(caicni) + Jioifi(cai, ciip)
+ Gifa(cai,cpq) +Gioifa(cai,ci1.8)

/ . c - Ca
+de fdlp(SAﬂ7 3;77)’
. " Aing

(A9)
Oiep,i = fsro(cs,i)ei
+Jifs(cpiscaq) + Jifs(cpisciyi,a)
+ Gifalciscas) + Gioifa(cni, civ.a),
" Jdip(CB,i, Cj
+ Q4 Z fd p( SB, ]771)’

TBi,nj

(A10)

.3
where f(cyi i), fa(cniscin) and faip(cp,cjy) are
the RRKY, dissipative and dipolar couplings between the
STO,; and STO,y;. These are given by



fsro(eyi) = —i(wn,i +2py.i) — amawni(1+ (2/wni = V)pn.i) + Jsini(1 = pna); (A11)
fieniscim) = 57— (ij’ (2 =3pn.i) V1 = pjw
2 1 — pﬁyi
+ i€ (A /1 = P — Cnin/1 = pjay) — 2en,i4/1 pn,i)a (A12)
1 *
fa(eniscin) = ﬁ (¢ Wi ( \/1 — Pjn \/1 Dn,i + Cj,n'(ch,n’ \/1 —Pjn \/1 — Pni — Cn,z‘))
n,i
- 2Cj n'Pjn’ \/1 — Pjny \/1 —Ppi T+ Cn,ic;,n’))v (A13)
faip(en,is i) = (cni/1—pni+ 2017 i<, oV L= Dja = 20,05/ 1 — Pni
vV 1 — Pn,i
= V1 =pj (1= 3cy Re[eyi]) (¢ — 3Re[ejn])). (A14)
Appendix B: Hamiltonian
The full Hamiltonian is given by H = ", H; + HE + Hidip7 where H; is given in Eq. (4) and
¢ = iGw [alb; +he] +iGw [albiy +hc], (B1)
ip _ ‘ il il j il g
H; —de n;ni + Z DI ) (B2)
n 7,m’ ne,nJ
with 7,7 = a,b and the 3" indicates that the sum excludes self-interactions (i.e. i = j,» = n). The boundary
conditions are then given by Eq. (5) and
=iGw [a}bj + h.c.] +iGw [b;r-al + h.c.} . (B3)
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