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We prove the existence of a pathwise weak solution to the single-phase, miscible displace-
ment of one incompressible fluid by another in a porous medium with random forcing.
Our system is described by a parabolic concentration equation driven by an additive
noise coupled with an elliptic pressure equation. We use a pathwise argument combined
with Schauder’s fixed point theorem.
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1. Introduction and Main Result
1.1. Description of the model

The oil recovery process in petroleum engineering uses the technique of injecting
a fluid or a solvent into special reservoir wells in order to reduce the resident oil
viscosity and thereby enhance its recovery at the production wells. When a misci-
ble fluid is pumped into injection wells, the evolution of the mixture during this
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process is physically described as a miscible displacement flow model in porous
media, see [20]. Under appropriate physical assumptions, such model was mathe-
matically introduced and studied by Peaceman and Rachford in [I8], see also [I7]
for more description of the model. We are interested in the single-phase, misci-
ble displacement flow model in a porous medium, of one incompressible fluid by
another. This model is described by a nonlinear coupled elliptic-parabolic system.

The invading fluid is injected and produced into the reservoir wells. These wells
were first modeled as modified Dirac masses. However, the length of the wells is
represented by a wellbore diameter, so that wells could be later modeled by measures
and by distribution functions supported over the wellbore diameter. Hence, the
choice of these particular external forces is dictated by physical and mathematical
motivations. In this paper, we consider a stochastic perturbation into the miscible
displacement flow model in a porous medium. In particular, we represent the wells
source and sink terms with random distribution. We first present the deterministic
models.

Let U be a bounded open domain in R? with a Lipschitz continuous bound-
ary OU, that represent the porous medium, and [0,7] be the time interval of the
displacement of the fluid. The model is described by the following coupled elliptic—

parabolic system (LI)—(L3):
V-v(x,t) = q" (z,t) — ¢"(x,t) onlU x [0,T], (1.1)
where v is the Darcy velocity of the fluid, defined by
k(z)
————(Vp(z,t) — p(c(z,t))g(z, t)), 1.2
s (Va(at) = plef. 1)g(a.) (12)
and p and p are, respectively, the viscosity and the density of the fluid mixture, k is

the absolute permeability of the porous medium, and g represents the gravitational
vector.

{¢(w)6tc(:1c,t) — V- (DVe—cv)(z,t) + (¢ c)(z,t) = (¢'¢)(x,t) onU x [0,T],

v(x,t) = —

c(x,0) = co(x) onU,

(1.3)
where ¢ is the porosity of the medium, ¢ the concentration of the injected fluid in the
medium, D is the diffusion—dispersion tensor or coefficient and ¢’, g* > 0 represent
the sum of injection well source terms and production well sink terms, respectively.
The coupled elliptic parabolic system (II)—(3]) describes the behavior of the total
fluid pressure of the mixture p, the Darcy velocity v of the fluid mixture, computed
with respect to the concentration ¢ of one of the components in the mixture with
initial condition cq(x),

(p,v,¢) : U x [0,T] — R x R? x R,

(x,t) — (p(a,t),v(x, t), c(x,t)).
There is an extensive literature devoted to the study of this model both the-
oretically and numerically. The miscible displacement system of fluids in porous
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media was first studied by Peaceman and Rachford in [I6] 18], where a numerical
investigation for approximating solutions to the system in dimension d = 2, was
obtained and compared to the laboratory data for the displacements of oil with
less-viscous solvents, see also [I7]. After that, various numerical techniques and
methods to approximate the discrete solution of the above system were obtained
and reported by various authors, see, for instance, [3] 4 [6] [7, [0, 23] and references
cited therein. Moreover, the displacement flow model in porous medium was theo-
retically studied and analyzed by Sammon [19], where the viscosity u was assumed
independent of the concentration ¢, and that D > 0 the diffusion coefficient is inde-
pendent of the velocity v. Furthermore, the author considered that the injection
q" and production ¢ well source/sink terms are supported near its well location
(i.e. as a modified Dirac delta function, which is nonzero only near its well loca-
tion) which leads to a singular behavior of the solution near wells. In [I5], the
author established well-posedness results for the stationary displacement problem
depending on the viscosity (i.e. for Mobility ratio M = % sufficiently close to
one), assuming a concentration-dependent viscosity u(c), a regularized velocity-
dependent diffusion—dispersion tensor D(v), and under the assumptions that the
injection and production wells are non-negative elements of L"(U),r € (d,o0), d
being the spatial dimension.

In [II], Feng extended Sammon’s [19] result but for concentration-dependent
viscosity p(c), a velocity-dependent dispersion—diffusion tensor D(v), and under the
assumption that the source function ¢’ and ¢ are not supported or concentrated
near the wells, but they are smoothly distributed over the reservoir (i.e. square
integrable), see also [B] for specific boundary condition, and [I] for asymptotic
behavior of the solutions when the molecular diffusion effects are neglected.

In [10], Fabrie and Gallouét have studied the displacement of miscible and
immiscible flow with wells action modeled by measures, i.e. the source terms ¢’, ¢*
can be written in terms of a spatial measure. The author obtained existence result
under assumption that a concentration-dependent viscosity u(c), and that diffusion—
dispersion tensor D(v) is bounded. This result was later extended to a generalized
diffusion—dispersion tensor in [§].

In this paper, we propose the induced sources terms to be stochastic, in
particular, we introduce an additive noise in the parabolic concentration equa-
tion. The stochastic perturbation is described by an additive noise W (t), where
W (t) is an H*(U)-valued Wiener process defined on a complete probability space
(Q, F,{Fi}+,P) with expectation E, and covariance Q, bounded linear operator on
L?(U) of trace class:

W(z,t,w) € L*(Q,C([0,T); H (U))), 14

{D(x)VW(:z:,t,w) -1 =0 for x € OU and for a.e. (t,w) € [0,T] x €. 4

We prove the existence of weak solution to the stochastic miscible displacement-
type model in a porous medium, using a pathwise argument similar to [2] [12]. First,
for a fixed w € Q, we solve for (p(t),v(t),c(t)), the system (Z2)—(24), then we
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prove the measurability of the process. Thus, we obtain the existence of the process
(p(t),v(t),c(t)) for P-a.e. w € Q.

Let us mention that our work is the first step on studying the following stochastic
model. From now on, we denote by

= A (T w) = —K(clT w T w
K<C<$7t’w)) T ,u(c(a:,t,w))’ ( 7t’ ) ( ( 7t’ ))vp( ’t7 )7

flz,t,w) = (qlé)(x,t,w), h(z,t,w) = ql(x,t,w) — qP(x,t,w),
P
(

q(z, t,w) = q (2,t,w),

where f,h,q:U x [0,T] x Q@ — R. Neglecting gravity g in the Darcy velocity and
assuming ¢ = 1, the model reads

o(t) = —r(c(t))Vp(D),
V- u(t) = h(t)

: (1.5)
de(t) = V- (D(x)Ve(t) — c(t) v(t))dt + q(t) c(t)dt = f(t)dt + dW (t)

with the initial condition ¢(z,0) = co(x), (w,z) € U x Q. The main variable is the
stochastic process (p(t), v(t), c(t))

v,e)  UX[0,T]xQ —-RxRZxR
(pvv) [7] )

(x,t,w) — (p(z,t,w),v(z, t,w), c(z, t,w)),

that satisfies the no-flow boundary conditions, which results from vanishing perme-
ability at the reservoir boundary ol

DVe(z,t) -1 =0, (x,t) €U x[0,T], (1.6)
v(z,t) =0, (x,t)€dUx][0,T], (1.7)

where 77 is the outward normal vector to OU. According to boundary condition
(L), we assume the following compatibility condition:

/ h(t,z)dx := / ¢ (z,t) — ¢ (z,t)dz =0 Vte[0,T].
u u

Moreover, we normalize the pressure p by an average condition, to eliminate any
arbitrary constants in the solution p of the elliptic equation,

/p(:zc,t)dw —0, telo,T] (1.8)

Note that throughout, we assume that and sink source ¢’, ¢* > 0.
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1.2. Functional setting and notations

The usual Sobolev spaces HYP(U), where p € [1,00], with norm || - || g1.x := || - ||1.x
will be used. When p = 2, we simply write H'(U), and || - ||; the H'-norm. The
H~1(U) is defined as the dual space of H', and we denote by (-,-)(g-1 g1y the dual
pair. Since I/ is a bounded domain in R?, then the H!-norm and the semi-norm are
equivalent: There exists by > 0, such that bgl|ulls < [[Vul|r2 < |lu/l1. We also use
the Sobolev embedding H'(U) C L"(U), for r > 2.

The L? inner product is simply denoted by (-,-), i.e. for f,g € L*U), (f,g) :=
f,; f(x)g(x)dz, unless otherwise state for the dual. We denote by |- ||o the L*-norm.
Throughout this paper, C' denotes a positive constant, that may change from line
to line, which depends on the domain U, dependence on other parameters will be
specified.

Let {ex}72, C H'(U) be an orthonormal basis of L?(U{), which also an orthog-
onal basis in H!(U). The construction of such a basis can be obtained from nor-
malizing eigenpairs of the Laplace differential operator U. Throughout this paper,
we use this basis to construct Galerkin approximations of solution to the concen-
tration evolution (parabolic equation). To this end, for a fixed m € N, we denote
by H,, == Span{ek}’,:j" and we define II,,, to be the orthogonal projection of H'
onto H,,.

For a Banach space X, we define LP(0,T’; X) the space of measurable functions
u: [0,7] — X, such that for 0 < p < oo,

T b
llull e o,7:x) == (/ |U(t)|§(dt> < oo and
0

1wl Loe0,7;x) := ess sup |u(t)||x.
0<t<T

We denote by C%7(0,T; X) the space of Holder continuous functions v : [0, 7] —
X, equipped with the norm

u(s) —u(t)|| x
llloor oz == sup Ju(@)x + sup 14D ZuBlx
5€[0,T] s,te;[éo,T] (s—1)
SH#tL

We also recall the following compactness embedding result, which is an appli-
cation of Yu A. Dubinsky’s Theorem, as H*(U) C L?*(U) € H~1(U) and we refer
the reader to [22] Theorem 4.1] for more details and general setting.

Proposition 1.1. (Dubinsky’s Theorem) Let 1 < ¢ < oo, and M be a bounded
set in LY(0,T; HY(U)) consisting of function equicontinuous in C([0,T]; H= (U)).
Then, M is relatively compact in L9(0,T; L2(U)) and C(0,T; H=*(U)).

1.3. Assumptions and main results

We establish the existence of a stochastic process to the nonlinear coupled elliptic—
parabolic stochastic system, under some hypotheses on the data.
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Assume the following assumptions hold, for P-a.e. w € :

1) ¢o € L*(U).
2) h,q € L>([0,T]; L*UU)).
3) f e L2(0,T; L2U)).
4) D € L>*(U) and there exist D*, D, > 0 such that D, < D(z) < D* for a.e.
reU.
(A5) k€ C(R)N L*®(R), with 0 < K, < k(§) < k* for a.e. £ €R.
(A.6.1) W e L3(Q, L?(0,T; HX(U))).
(A.6.2) D(z)VW (z,t,w) -7 = 0,for z € U and for a.e. (t,w) € [0,T] x Q.

Definition 1.1. A stochastic process (p(t),v(t),c(t)) is called a weak solution
to the system (LH) on [0,7], with initial condition ¢y € L*(), if the triple
(p(t),v(t), c(t)) satisfies for P-a.e. w € Q,

p(-,w) € L=0,T; HY"(U)), wv(-,w) € L=(0,T; L"U)?), (1.9)
c(-,w) € C([0,T]; L*U)) N L*(0,T; H*(U)), (1.10)
where 2 < r < 00, and for a.e. 0 <t < T,
v(z,t) = —k(c(z,t)Vp(z, t), /Mp(t,x)dx =0, (1.11)
L(v(t),¢) = (h(t),¢) V¢ e H'U), (1.12)
(et + [ Aels)ols) w)ds = (o) + [ (7(s),0)ds

+(W(t),¥) Ve HY(U), (1.13)

where
A(e(t),v(t),¥) == (DVe(t), Vi) — (c(t) v(t), Vi) + (q(t)e(t), ),  (1.14)
L(v,¢) :== —(v(t), V). (1.15)

Theorem 1.1. Under the assumptions: (A.1)~(A.7), there exists a stochastic pro-
cess (p,v,c) solution to the coupled elliptic-parabolic system (LB in the sense of
the Definition L1, and for P-a.e. w € Q.

Il o 0, m @y < (5b) "Il Lo 0,722 0)) (1.16)
HCH%;"(O,T;LZ(Z/{)) < 28" + 2| W llZ oo 0 12200 (1.17)
||C||%2(O,T;H1(Z/{)) < 2(Dubp) B+ 1)e” + 2||W||%2(0,T;H1(Z/{))7 (1.18)

where

3 1 )
B i= ol + IV oy ozl sy + (O

+ ('i*)2||h||%oo(o,T;L2(u))) 1122 0,702 - (1.19)
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Moreover,

sup |[p(t)[|1,r < C(r, ki, ) |1l Lo 0,7522 1)) (1.20)
0<t<T

The following section is devoted to the proof of Theorem [[LI1 We use path-
wise argument combined with Schauder’s fixed point theorem and a measurability
argument.

The proof is organized as follows; in Sec. [ZI.1] for a given concentration c(t) :=
a(t)+W (t) we prove the existence of the pressure p_ (t) and the velocity v, (t), using
the Lax—Milgram theorem for the elliptic equation. In Sec. 212 for a fixed (p,, v, ),
we construct &(t), respectively, the concentration c, (), solution to the parabolic
equation through a Galerkin approximation. In Sec. [Z1.3] we obtain the existence
of a pathwise solution (p(t),v(t),c(t)) using Schauder’s fixed point theorem. We
prove that there exists a fixed point &(t) = «(t), respectively, ¢, (t) = ¢(t), such
that (p(t),v(t),c(t)) is a solution to () in sense of Definition [l for P-a.e.,
w € Q. Finally, in Sec. we conclude the proof of Theorem [[LT], by checking the
measurability of the process (p(t), v(t), c(t)).

2. Proofs of Main Results

The existence a weak solution to the system ([H]) is achieved via pathwise and
measurability argument. In order to construct a weak solution to the system (D))
for a fixed w € €2, we define

alx,t) == c(x,t) — W(z,t), where W (t)
is the Brownian motion defined in (4],
ap(z) == c(z,0) + W(z,0) = co(x).
Since by assumption D(x)Ve(z,t) -7 = D(z)VW (x,t) - i = 0 on OU, then «(t)
satisfies the boundary condition
D(z)Va(z,t) -7 =0 forz e dU and for a.e. t € [0,T]. (2.1)

Hence, we rewrite the elliptic-parabolic system ([LIT), (L12]) and (CI3) for a.e.
0<t<T,

v(t) = —k(at) + W(t))Vp(t), (2.2)
L(v(t), ¢) == —(v(t), Vo) = (h(t),¢) V¢ e H'U) (2.3)
and
(Ora(t), ) + Ala(t), v(t),¥) = =AW (¢),v(t), %)
+{f(t),9) Ve H (U, (2.4)
where

Aa(t), v(t), v) = (DVa(t), V) = (a(t) v(t), Vi) + (g(t)a(t), ),
AW (), v(t), ) = (DVW (1), V) — (W (t) v(t), Vib) + (¢(O)W (1), %)
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2.1. Existence of pathwise weak solution
2.1.1. Ezxistence and uniqueness of solution to the elliptic equation

In this section, we prove existence and uniqueness of a solution (p(t),v(t)) to

Eqs. 22) and (23), respectively, to (LII) and (ILI2), for a given concentra-
tion ¢, (t). Indeed, for a(t) € L*(0,T;L*U)) (i.e. for a given concentration
e, (t) := a(t) + W(t)), we prove that there exist a unique solution p(t) := p, (t)
for the elliptic equation (Z3]), using Lax—Milgram theorem and the fact that p sat-
isfies (L8). Consequently, we obtain the existence and uniqueness of v(t) := v, (¢),
which satisfies (2.2)).

Lemma 2.1. Given w € Q,& € L*(0,T;L*(U)) and h € L>(0,T; L*(U)) then
there exist (p, (t),v,(t)) satisfying Z3) and 22) for a.e. t € [0,T], such that

p. € L0, T; H'(U)), v, € L=(0,T; L*U)?)
and
25 ()]l < (5b3) I R(B)]lo- (2.5)

Moreover, there exists 2 < 1o < 0o such that for r € [2,7¢), p, € L>(0,T; H"(U))
and

[Ps @®)ll1r < C(r, ki, )[R [0 (2.6)

where ro depends only on k., k*,U.

Proof of Lemma 21l Let w € Q,t € [0,T],a € L?(0,T;L*U)),h €
L*(0,T; L?(U)) fixed. Recall that, T'(v(t), ¢) = (k(a(t) + W)Vp(t), V), then one
can see that I' is a bilinear mapping in H*(U) with respect to p and ¢. Moreover,
I' is bounded and coercive in H',

IT(v(t), o) = [{k(a(t) + W () Vp(t), Vo)l < £™[|Vp(t)|lol|Vello
and

IC(v(®), p(t)] = [{r(a(t) + W(B))Vp(t), Vp(t))]
> k[ VP)IIG = b5 (D)7 (2.7)

Then, by the Lax-Milgram theorem there is a unique solution p := p_ (-,t) € H*(U)
to @3) for all ¢ € HY(U), and a unique v, = k(@ + W)Vp. € L*(U)?, for a.e.
t € [0,T]. Thus, there exists a unique (p, (t), v, (t)) solution to Eqs. (Z2]) and (23)),
for a.e t € [0,T]. Using the fact that T'(v,(t),p.(t)) = (h(t),p,(t)) in @), we
obtain ([Z3) and that p. € L*(0,T; HY(U)),v, € L>(0,T; L*U)?).

By Meyer’s type estimate (see, for examples, [13, Theorem 2; [I4]), there exist

ro > 2 such that if p € HY(U) is a solution of (k(& + W)Vp,Ve) = F(¢),V¢ €
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HY Q) and F € H-Y"(U) for r € [2,70), then p € H>"(U) and there exists constant

C(r) that depends only on k., k*,U and r such that
[pll1,r < CEFll-1,r V7 € [2,70). (2.8)

Moreover, ro depends on k., k*,U. In our case, p = p, and F(¢) = (h, $) where
h € L*(U), then

[E(o)] < [[hlloll¢llx < Cl[Rllol|4]

1,7

which implies that ||[F||_1, < C(r)||hl|lo, where C(r) depends only on r., k*,U and

r. This concludes the proof of Lemma 211 O

2.1.2. Existence of concentration, for fized velocity

We construct a weak solution to the parabolic equation (Z4)), respectively, to (LI3),
using a Galerkin approximation in finite-dimensional H,,, subspace of H!, for fixed
w € Q.

Recall that, we assumed that ¢(x,t) := a(x,t) + W(x,t), with initial condition
co(z) = a(z,0). We fix (v,,p,) the unique solution to Eqs. (Z:2)) and (Z3)) given by
Lemma 2]

Let {ex}32, C H'(U) be an orthonormal basis of L?({/), which also an orthog-
onal basis in H!(i). For a fixed m € N, we denote by H,, := span{e; }¥=1" and we
consider II,, to be the orthogonal projection of H' onto H,,. Next, we prove the
existence and uniqueness of solution the projected system of (24]).

We denote by ¢ the projection of c¢g onto H,, thus ¢’ = an(0) =
S o{co, ex)er. Applying the projection II,, into the solution a(t) of Eq. (2,
we have IL,, (a(t, z)) := au(t,x) : [0,T] — H(U), with the form

am(t,x) = Z Xjm(t)ej(x), (2.9)
j=1
where, X ., (t) satisfies for ¢t = 0, X;,,(0) := (co, €j).

Lemma 2.2. Fiz m € N,a € L?(0,T; L*(U)) and v, = (& + W)Vp,, where p,
is a unique solution of [23)). Then there exists a unique solution oy, (t) of

(Oram, ) + Mo, v, 0) = =AW, v,,9) + (f,h) Vi€ Hm.  (2.10)
Moreover,

am € L=(0,T; L*(U)) N L*(0,T; H'(U)), Oram € L*(0,T; HH(U)), (2.11)

U € CY7(0, T; H-HU)), for0<o <

uniformly w.r.t. to m. (2.12)

)

N =

2240022-9
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Proof.

o Step 1. Existence and uniqueness of ,,: Let X, = [0,T] = R, j=1,...
and set

U (t, ) 1= Y Xjm(t)ej (),  with &) (0) := (co, ;).

j=1
We take ¢ = ey, in [2I0), we have
<atam7€k:> + A<amapa7€k¢) = _A(vaavekr) + <f7 €k;>.

Denote by A, (t) := —A(W,p.,er)+(f, ex) and using the orthogonality condition,
we have

Ao, ps,er) == Z Xj o ()AZF(t),  where

ALK (t) == (DVe;, Ver) — (ejv. (1), Ver) + (q(t)e;, ex).

This yields to an equivalent ordinary differential equation (ODE) system:

X&)+ XemOAGE®) = Ne(t), k=1,...,m,
j=1

Xk,m(o) = <Co, ek>.

(2.13)

Letting
X () = (X s X0 )T Xa(t) o= (X, X))
(Mo (8)) 1= (AR (@), AZF@O)T, A == (B, A (D)
We rewrite (ZI3) as
X (8) + Mo (£) X (£) = A(1),

then for each fixed m € N, we obtain a linear ODE. Using the standard existence
theory for the first-order initial value problems (IVPs), there exists a unique and
absolute continuous X, (¢) solution to ([Z.I3]), thus there exists a unique solution
am (t) for Eq. ZI0) for a.e. t € [0, T], with ey as a test function. Finally, there
exists a unique ., (t) solution of (ZIM) for a.e. t € [0,7] and for any ¢ € H,y,,
Le. for ¢ = 37" (¥, ex)e.

2240022-10
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e Step 2. Regularity of v, (t). First, we prove that a,, € L>(0,T; L?(U)). Using
am,(t) as a test function in (2I0), with the fact that D, < D(z) and that

—{am (v, (), Vaun) + (q(t)am (1), am) = %(h(f) +2q(t), am (t)?),
we obtain
1d 2 5 1 2
> llam (@3 + D Ve @)+ 5 ((0) + 2(1), 2, (1)
< () + J2(t) + Js(t) + Ja(t),
where

Ji(t) = (DVW (1), Vam(t))|,  J2(t) = [(W(t)v, (1), Voun (1)),
J3(t) = Ka(O)W (L), oo (D))],  Ja(t) := [{f(t), cum (1))].
We estimate each term separately, using Hélder estimate, (Z35) and (Z0),
Ji(t) < DY [W(@O)[1[[Vaun (#)lo,
Jo(t) < (W (@)l v, () - [ Vem () o
W1 palle IV am (t)
& W R [0l Vo (£) o,

IN

llo

IN

where 1 4+ 1 = 1 In the last estimate, we used the fact that H' (i) C L"(U), for
r € [2,00). Next, we have

J3(t) < %IICJ(t)IloHW(t)HlIIVam(f)Hoa

1 1
510) < SISO + 3 lom 013
Hence,
1d , , 1 , 1 , D, ,
el < Z Z
5 sl (13 + DalVan®IR < SUF1E + lan(®IF + 52 IVan ()13
3 1 . *
Fopr WO (a0l + (P13 + (7).
Thus,
d 2 2 2
L lon @I + DaIVan®)13 < 0) + lan IR, 2.10)

where £(t) := 5’*

WO gz lla@®IF + )2 [RONF + (D)?) + [ F O3
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Integrating in time on [0, ], for 0 < ¢t < T, we obtain

« 2 Qo 2 t s)ds t am(s)||2ds. .
[l ()6 < | (0)|Io+/O &(s)d +/O [l (s)[6d (2.15)

Using Gronwall’s inequality, we get

lam (0115 < €"[llam (0)115 +/0 £(s)ds] < e'[llaum (0)II5 + C1,

where C' does not depend on m, as W € L?(0,T; H*(U)), f € L?(0,T; L*(U4)) and
h,q € L>(0,T; L*(U)). Using the fact that by construction |lc,(0)[lo < |lcollo,
we obtain

lm (D17 = (0,722 < Be” s (2.16)
where (3 is defined as (I.19),

3 1
B = D—HW(t)H%z(O,T;Hl(Zx{)) (b_2||Q(t)||%°°(0>T;L2(“>)
% 0

+ (“*)2”]1( )||L°°(0T Lzuy t (D7) ) + |1 f(¢ )||2L2(0,T;L2(u)) + ||COH(2Ja

which yield a,,, € L>(0,T; L*(U)) and «,, € L*(0,T; L*U)).
Next, we prove that a,,, € L*(0,T; H'(U)) and dyav,, € L2(0,T; H-1(U)).
Integrating (2I4) on [0,7], we get

llevmn (T)§ + Dl Vorm (Ol 220,720y

T
< Jom O3 + / £(5)ds + lJoml|2a(0.7:2200)-
Hence,

b3 D llem (1220711 @y < B+ lmlF20,7; 22wy

which yields

||am<)||L20TH1(Z/{)) (o D<) (B + 1)e”

Thus, a,, € L*(0,T; HX(U)).

Next, we prove that dyv,, € L2(0,T; H-1(U)). As the test function ¢ € H,,
in (2.10), one may consider any function ¢ € H L), such that ¢ = 1+ 1, where
¢ € H,, and ¢ in (H,,)" the orthogonal subspace to H,,. Using the form (23)
of vy, (t) and the orthogonality of the basis {e,}7° |, we have

(Oram (), 0) (-1, 111y = (Oram (£), ¢ + ) = (Dsum (1), ¥).

Using, ¢ = th+1) € HY(U), as a text function in (ZI0), taking the supremum over
¢ € HY(U), such that ||¢||; < 1, with a similar estimate as for Jy(t),k = 1,2,3,4,

2240022-12



Stochastic elliptic—parabolic

and integrating in time from 0 to 7', we obtain
10ccmlZ20.1:m-100y) < [(lam @)l L2078 @y + W O 200,758 @)
X (D" + K[|t o= 0,752y + 19(E) e 0,122 @)))

+ LF )| 20,722 @)

Since a,,, W € L*0,T;H*U)),f € L*0,T;L*U)) and h,q €
L>(0,T; L?(U)) then Oy, € L*(0,T; H *(U)). This concludes the proof of
oan)

Finally, we prove a,, € C%7(0,T; H~1). Integrating (ZI0) over (s,t), such
that 0 < s <t <T, for » € H'(U), with ||¢|; < 1. We have

{am(t) = am(s), )] < L+ I,

where I := [* |A(an(7),v,,9)|dr and Ip == [T AW (1), v, 9)| + |{f,)|dr.
Using Cauchy—Schwarz and Holder’s inequalities with Sobolev embedding
H'(U) c L*(U), for s € [2,00), we obtain

K,/*

L+1 < / ¢l (e ()l + (W (T)]]1) (D* + 55— [[h(7)llo + IIq(T)Io)

+ @ lolllodr.
By (2I1) and Holder’s inequalities, we obtain

b%n*

LA I < |9l = 8)F (lamll L2 @y + W |22, @)

K,/*

X (D* + V2r 12/l Lo 0,7 L2@)) + |Q|L°°(0,T,L2(u))>
Qfv*

+ 1 fll 20,7, 2@ ] o(t — 5)%-

By taking the supremum over all s,¢ € [0,T], we obtain «,, € CO’%(O,T; H™Y),
thus a,, € C%7(0,T;H™ '), for 0 < o < % This concludes the proof of

Lemma 0O

Lemma 2.3. Given c¢g € L?>(U),& € L?(0,T;L*U)),p. € L*(0,T; H'(U)) and
v, € L2(0,T; L*(U)?) solution of @2) and Z3), then there exists a unique solution
a(t) of @A), such that
a € C0,T; L*U)) N L*(0, T; H'U)), o€ C(0,T; H ' (U)),
1
for0 <o < 3 and O € L*(0,T; H-H(U)).
Proof.

e Step 1. Existence of a(t).
Due the regularity of «,,(t), given by (ZII) and 2I2), the sequence of the
functions {v, }men is bounded in L2(0,T; H*(U)) and in C%7(0,T; H=*(U)), for
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0<o< % Then, by Proposition [T}, there exists a subsequence {cm,, (t)};en,
and «a(t) such that
o, — a strongly in L*(0,T; L*(U)),
o, — a strongly in C(0,T; H™(U)).

Moreover, {au, }men is bounded in L>°(0,T; L3(U)) N L3(0,T; HY(U)) then one
can obtain

v, — a weak-star in L>(0,T; L*(U)),
o, — a weakly in L(0,T; H'(U)).

Applying ([2I0Q) for any ¢ € H(U), as a test function and integrating in time
over (0,t), we obtain

(o (£), ) + / A (5), v, (3),0)ds = (2, )

/0 A(W(S)7vd(3),1/))+ (f(s),)ds.

Passing to the limit to each term and using the fact by construction cg’ converge
to ¢p, we get

(a(t), ) Jr/ Ala(s), v, (s),1)ds = (co, 1))

o
- [ AW+ G e m @), )
Using standard argument, one can check that a(0) = co. Now, we rewrite @I7) as
(Oralt), ¥) + A0 (t) v, (1), 9) = ~AOW (1), v, (1),)
+(f(t),v) Vv eH'U).

This equality and the fact that « € L?(0,T; H'(U4)) N L>(0,T; L*(U)) implies
that 9, € L2(0,T; H-1(U)). As a consequence of [21, Lemma 1.2, Chap. 3], we
have a € C(0,T; L*(U)). Furthermore, using the same argument as in proof of
Lemma [Z2] (Step 2), we have o € C*7(0,T; H*(U)), for 0 < o < 3.

e Step 2. Uniqueness of a(t). Let oy (t) and as(t) two weak solution of ([2.4]), with
a1(0) = az(0). We have

<(9t(041(t) - a2(t))7w> + A(<a1 - 042)a%a¢) =0, ¢e Hl(“)
Recall that
A((al - 052)71)&71/)) = <DV(Oz1 - 02),V¢> + <(Oél — QQ)U&,V¢>
+{q(a1 — a2), ), (2.18)
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and due to the fact that ¢’,¢” > 0, we have
h(t,x) +2q(t,z) >0, forae xeld Vte|0,T]. (2.19)

Take ¢ = oy — e, and using ([219]), we obtain

5 Sl — ) () =~ 1DV (r — ax) (1)
— S (A(0) + 24(0), (o1 — 02)(1)*) < 0.

Integrating in time over (0,t), and as a1(0) = a2(0), we get ||a1(t) — aa(t)]lo =
0, thus the solution «(t) of (24 is unique and this concludes the proof of
Lemma 2.3 0O

2.1.3. Proof of Theorem 1.2 (fized point argument)

In this section, we prove the existence of a weak solution (p(t),v(t),c(t)) to the
system (LA, for fixed w € Q. Using Schauder’s fixed point theorem, we prove that
there exists an @(t) = «(t) such that (pa(t), v (t), a(t)) is a solution of (Z2)—(24).
Since, ¢(t) = af(t) + W(t), then we obtain the existence (p(t),v(t),c(t)) to the

system (3.

Lemma 2.4. Given ¢g € L?*U), then there exists a stochastic process
(p(t),v(t), c(t)), weak solution to the system (L) on [0,T], with initial condition
c(0) = ¢o in L*(U), such that (p(t),v(t),c(t)) satisfies assumptions of DefinitionI]
Proof. Define

®: L*(0,T; L*(U)) — L*(0,T; L*(UL))

a— P(a) = alx,t),

where a(t) is the unique solution of ([24) with «(0) = co, given by Lemma [Z3]
e Step 1. Continuity of the mapping ®: L%(0,7; L?(U)) — L?(0,T; L*>U)).

Let &, C L?(0,T; L?(U)) such that &,, — &, in L2(0,T; L?(U)). Denote by r(a+
W) = k., k(Gn + W) =k, and let (p, ,v,, ) and (p,,v,) be the corresponding
solution to &, respectively, to @ of the elliptic equation [2.3]) and ([2.2). Then, we
claim the following.

Claim 2.1.

nEIqILloo Hvan Vs ||L2(O,T;L2(Z/l)) =0. (220)

Proof. Since &, — @&, in L?(0,T; L*(U)), then there exists a subsequence, which
we will denote it by {é&y,}, such that &, (t,z) — &(t,z) for a.e., (t,z) € [0,T] xU.
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Moreover, k € C(R) N L*(R), thus by Lebesgue dominated convergence theorem
we have

(ks — H&n)vp& ||L2(0,T:L2(u)) — 0, asn— oo. (2.21)
From (Z2) and 23), we have
(5 Vpa, — Fu VDo, V) =0 V€ H'(U). (2.22)

By adding and subtracting the mixed term x, Vp, and taking ¢ = p, —p, in

222), we have
Kl V(s = P)lIS < H(8a, = K2)VPa, V(Ds, = Pa))l- (2.23)

Integrating in time [0, 7] and using Young’s and Cauchy—Schwarz inequalities, we
obtain

1
Kl [V (Pa, = )T 20,702 0)) < P 1(Fa, = Ka)VPallT2 00,7020

R
+ 7 ”v(pan - pa)Hiz(O,T;Lz(Z/{))'

Hence,
1
IV(Pa, — 2200702000 < ?H(H&" — K )VPallT2 0,702 @y (2.24)

*

Adding and subtracting the mixed term £, Vp, and using 2.23) and 224), we
get

HﬂanvPan — Rs VP& ”%2(O,T;L2(Zx{))

< %5, V(pa, —Pa)H%%o,T;Lz(u)) + (%5, — “a)VpaHiz(o,T;L?(u))

(v*)? 2
< (H*)2 +1 ||(K:0'<n - K&)vdeL2(O,T;L2(Z/1))'

Passing to the limit, as n goes to oo and using (Z21]), we obtain (Z20) and this
concludes the proof of Claim 21 O

Since ®(&y,) = ap(t, z), where ay,(t) is a sequence of solution to Eq. (24):

<3t04n,¢> + A(Oén,%n,lb) = 7A(W7 U&n»w + <f7 'l/)> Vi € Hl(u)v (2 25)
an(0) = co. .
From Lemma 2.3 we have
®(a,) € C(0,T; L*U)) N L*(0,T; H*(U)), (2.26)

, 0/®(dn) € L0, T; HH(U)),
(2.27)

D(6,) € CO7(0,T; H'(U)), for0<o <

N~

2240022-16



Stochastic elliptic—parabolic
which yields,
®(ay) = a, — Y weakly in L2(0,T; H (U)) N L>(0,T; L*(U)),  (2.28)
and from Proposition [[1]
(@) = a, — Y strongly in L*(0,T; L*(U)) N C(0,T; H-*(U)).  (2.29)

Integrating ([2:25)) in time over (0,t), we obtain
t
()0} + [ Aans)v,, (9. 0)ds
0

= {(co, ) +/O (f(s),%)ds /0 AW (s),v,, (s),¥)ds Ve HY(U).
(2.30)

Passing to the limit in (Z30) and using Claim 2] (2Z29) and ([Z28]), we obtain
t
(Y(t),v) —|—/ AY, v, (s),¥)ds
0
t

— (o, ¥) — / AW (s), v, (5), ¥)ds + / (f(), d)ds, Vo € H' Q).
(2.31)

Note that, the convergence of the advection term (v, , V) in (Z30) follows
from the fact that the sequence ay, converges to Y strongly in L?(0,7'; L?(U)), and
Claim [ZT] (one may use standard density argument, if necessary).

Using a standard argument (see [21Il Sec. 1.3, Chap. 3]), one can check that
Y (0) = ¢o. Thus,

(0Y,0) + A(Y,v,,9) = =AW, v, 0) + (f,40) V¢ € H'(U).

From Lemma [Z3] the solution of Eq. (Z4) is unique, we conclude that ¥ = « :=
®(a). By Z2Z9), we have ®(a,,) = a,, — ®(&) = « in L?(0,T; L?>(U)). Then, the

mapping ¢ is continuous.
e Step 2. Existence of a weak solution c.

From Lemma[23] we have ®(&) = a(t) € L*(0,T; H X (U))NC% (0, T; H~1), for 0 <
o< % By Proposition [l the range of ® is relatively compact in L?(0, T; L3(U)).
Since @ is a continuous mapping with a relatively compact range then by Schauder’s
fixed point theorem there exists a fixed point & such that ®(a(t)) = &(t), where
a(t) is a solution of

<3t5571/)>+/\(54»v&71/)):*A(an»¢)+<fﬂ/)> V’l/)EHl(Z/{)
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Since ¢(t) = a(t) + W (t), then ¢(¢) is a solution of

/ Ale s),1)ds

— (o) + / () s+ (W(D),4) Ve H'@U).  (232)

Then, there exists a weak solution ¢(t) to the parabolic equation in (3], which

satisfies ([CI3)).

e Step 3. Conclusion.

Finally, from Step 2 and Lemma 2l there exist (p(t), v(t), c(t)) weak solution to the
system (LLH) on [0, 7] for fixed w € Q, with initial condition ¢y € L*(U). Moreover,
the triple (p(t),v(t), c(t)) satisfies assumptions of Definition [Tl This concludes the
proof of Lemma 241 O

2.2. Measurability
The measurability of the process (p(t),v(t),c(t)), defined on (Q,F,{F},P) is
obtained by using that the mapping
F:(Q,F) = C(0, T H'U)), w— W()(w)
is measurable, and for every z € L?(U),t € [0, T], by checking that the mapping
G:O([0,t); H'U)) — R x R,

W = ((c(t), 2), (p(t), 2))

is continuous. The continuity is proved using the same strategy for proving the
convergence in Step 1 of the proof of Lemma 24l Hence composing these two map-
ping, the mapping G o F(w) = ((c(t)(w), 2), (p(t)(w), 2)) € R? is measurable, which
means that w— ¢(t)(w) and w — p(t)(w) are F-measurable. The measurability of
the process v(t) is a straightforward consequence from the measurability of the
process p(t).
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