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MODULAR QUASI-HOPF ALGEBRAS AND GROUPS WITH
ONE INVOLUTION

GEOFFREY MASON AND SIU-HUNG NG

ABSTRACT. In a previous paper the authors constructed a class of quasi-Hopf
algebras D“ (G, A) associated to a finite group G, generalizing the twisted
quantum double construction. We gave necessary and sufficient conditions, co-
homological in nature, that the corresponding module category Rep(D¥ (G, A))
is a modular tensor category. In the present paper we verify the cohomological
conditions for the class of groups G which contain a unique involution, and in
this way we obtain an explicit construction of a new class of modular quasi-
Hopf algebras. We develop the basic theory for general finite groups G, and
also a parallel theory concerned with the question of when Rep(D¥ (G, A)) is
super-modular rather than modular. We give some explicit examples involving
binary polyhedral groups and some sporadic simple groups.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Suppose that G is a finite group and w € Z3(G, C*) a normalized, multiplicative
3-cocycle. The twisted quantum double D*(G), widely studied since its introduction
in [DPR], is a quasi-Hopf algebra canonically attached to this data. A fundamental
property of this class of quasi-Hopf algebras is that they are modular in the sense
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that the module category Rep(D*(G)) is a modular tensor category. This follows
from some remarkable results of Miiger [Mu, Theorem 3.16 and Proposition 5.10].

In [MN2] we introduced a generalization of the twisted quantum double construc-
tion, denoted by D“(G, A). The new ingredient is a central subgroup A C Z(G),
the case A = 1 being the original twisted quantum double of G. By its very defini-
tion, D¥(G, A) = CG#.C(G/A) is a cleft extension, where the subscript ¢ denotes
some cohomological data associated to w and satisfying compatibilities sufficient
to ensure that D“(G, A) is a quasi-Hopf algebra. (Further details about this and
other cohomological technicalities will be enlarged upon in Section 2.) The two main
results of [MN2] are essentially as follows (a precise formulation is given below):

(i) necessary and sufficient conditions that there is a surjective morphism of quasi-
bialgebras (indeed, of quasi-Hopf algebras) ¢ : D¥(G)—D*(G, A) which preserves
the associated cleft extensions.

(ii) assuming that ¢ exists, necessary and sufficient conditions that Rep(D“ (G, A))
is a modular tensor category.

In both (i) and (ii), the necessary and sufficient conditions are cohomological in
nature and it is usually nontrivial to decide when they are satisfied by a given triple
(G, A,w). The main purpose of the present paper is to present an infinite class of
groups for which the cohomological conditions are indeed satisfied. What obtains is
an infinite class of modular quasi-Hopf algebras, almost all of which were unknown
before now.

It transpires that the case when |A| = 2 is particularly interesting, and it is this
case that mainly concerns us here. Indeed, we will consider something stronger,
namely finite groups G which have a unique subgroup A of order 2. (The contain-
ment A C Z(G) is an immediate consequence.) This is a famous class of groups: the
Sylow 2-subgroups of G are either cyclic or generalized quaternion, and the Brauer-
Suzuki theorem ([G], Chapter 12) classifies the possible quotient groups G/O(G).
(O(G) is the largest normal subgroup of G of odd order.) Cohomologically, the
Artin-Tate theory [CE] says that this class of groups has 2-periodic cohomology.

The Artin-Tate theory will be indispensable for the proof of the our main Theo-
rem. The result of Brauer-Suzuki points to interesting families of generalized twisted
quantum doubles D“(G, A) which are modular by our results. Among these, we
mention a family with G = SLa(q) (¢ any odd prime power) and a family for which
G is a binary polyhedral group. See Subsection 3.4 for further background and
additional examples. Note that for any choice of G, there will generally be many
choices of w for which modularity holds. We make this precise in the statement of
the main Theorem, to which we now turn.

In order to state our main Theorem, we need a first installment of the results
of Artin-Tate, namely that if G has a unique subgroup A of order 2 then 4 is a
2-period for G. Thus the 2-torsion subgroup H*(G,Z)y of the fourth cohomology
H*(G,Z) is a cyclic group of order equal to the 2-part |G|z of |G| (i.e., the order
of a Sylow 2-subgroup G of ). We call any generator of H*(G,Z)s a 2-generator,
and we say that a cohomology class a € H*(G,Z) contains a 2-generator if the
subgroup (o) contains a 2-generator.

In the applications to quasi-Hopf algebras, we usually use multiplicative cocycles.
Thanks to the isomorphisms H"(G,Z) = H"1(G,C*), it is easy to pass back and
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forth between additive and multiplicative coefficients. We will usually not comment
on this, except to say that the Artin-Tate theory can, and will, be stated and used
with C*-coefficients. We can now state what is perhaps our main result.

Main Theorem. Suppose that G is a finite group that contains a unique sub-
group A of order 2, and let w € Z3(G,C*) be a normalized 3-cocycle with [w] the
corresponding class in H3(G, C*). Then the following are equivalent:

(a) D¥(G, A) is a modular quasi-Hopf algebra,
(b) [w] contains a 2-generator.

Exactly one half of the classes in H3(G,C*) satisfy (b).

The first three Sections of the paper are devoted to developing some basic facts
about D¥(G, A) and its module category. In the fourth Section we apply these
results to prove the Main Theorem. We also develop two separate, but related, con-
texts: (i) analogs of the Main Theorem for some groups G having a center of order 2
but more than one involution. We illustrate with two particularly interesting exam-
ples in which G is the Schur cover 2.Co; = Cog or 2.J5 of one of the sporadic simple
groups Coy or Jo respectively; (ii) criteria for recognizing when Rep(D¥ (G, A)) is
not a modular tensor category but rather a super-modular tensor category. As an
example, and in contrast to the Main Theorem, we prove (Theorem 5.5) that, for
G = Cop, Rep(D¥(G, A)) is a super-modular tensor category if, and only if, [w]
contains a 2-generator.

In addition to these two sporadic examples, the final Section of the paper is
concerned with the reconstruction problem for modular tensor categories. Given
a MTC C, this asks: can we find a strongly regular vertex operator algebra V'
(informally, a well-behaved VOA) for which there is an equivalence of modular
tensor categories V-mod ~ C? When G is a cyclic group of even order, we show
that Rep(D“(G, A)) ~ V§{ -mod where Ay is the root lattice of type Ay, Va,
is the associated lattice theory VOA, A C G has order 2, and G = G/A. We
further give strong evidence, in terms of modular data, for similar equivalences for
other binary polyhedral groups. Inspired by these empirical facts, we present two
precise conjectures concerning an equivalence of Rep(D¥(G, A)) and the module
categories of the G-orbifold of the lattice VOAs V4, and V.. These conjectures
provide explicit affirmative answers to the reconstruction problem when G is a
binary polyhedral group or 2.J5 respectively. We refer the reader to Subsection 5.1
for further details.

2. BACKGROUND AND PRELIMINARY RESULTS

With the exception of the coefficients of cohomology, all groups considered will
be finite. We use standard notation, in particular Z(G) is the center of G, G’ the
commutator subgroup, G = HY(G,C*) is the group of characters, and if p is a
prime then G), is a Sylow p-subgroup of G. For g € G, the centralizer of g in G is
Clg) :=={r € G| gz = xg}.
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Let w be a normalized 3-cocycle of G. For g,z,y € G, we define

_ w(g,z,y)w(z,y,9"")
(21) 0g(x7y) - (A)(J?,gx,y) 9
(2.2) Vg(@,y) = w(x’f;(gm):(’gg;gg’yg) :
We have
(2.3) O0g(x,y)0q4(zy, 2) = 4= (y, 2)04 (2, y2),
(2.4) Og (2, 9)On (2, y)v2 (9, )Yy (97, h7) = Ogn (@, y) ey (g, 1)

These are the identities required to show that D¥(G) is an algebra and a coalgebra
(IDPRJ, [MN1]).

Notice that the restrictions of §, and 74 to C(g) coincide. By (2.3) this restriction
defines an element in Z%(C(g), C*). In particular, if g € Z(G) then 7, is a 2-cocycle
on G, and (following [MN2]) we set

Z,(G):={g € Z(G) | v, € B}G,C*)}.
This is a subgroup of Z(G).

It transpires that most of our considerations concern the multiplicative group
of central group-like elements in D (G) and some of its subgroups. We review this
structure here, following [MN1], [MN2]. The group of central group-like elements,
denoted by I'§ (G), may be described by a short exact sequence

15 G5HTYGR) D Z,(G) — 1.
To explain this, fix a family 7 = {7, },ez,(¢) of normalized 1-cochains on G such
that 67, = 0, for each z € Z,(G). Each element u € T'§ (G) is uniquely determined
by a pair (x,z) € GxZ,(G) satisfying
u=> x(9)(g)egz.

geG
Then p(u) =z and 1(x) = > cq X(9)egl. With respect to the section of p defined
by s, ZW(G) = IG(G), v = 3, cqTx(9)egr, the associated 2-cocycle B, €
Z%(Z (G),@) is given by

Tz\9)Ty\g
25 Brle)lo) = 0D oy e 209 q)

Try (g)

The assignment A : w — 3, defines a group homomorphism H?(G,C*) — H*(Z,(G), @)
We will simply write 8 for 8, when there is no ambiguity.

For a subgroup A C Z,(G) we define I'§ (G, A) by pulling-back along p. Thus
we have a diagram

p

1—>G—=T¥(G, A) A 1

SR

1 G Is(G) ——s Z,(G) —>1.

The following Proposition is a direct consequence of [MN2, Prop.5.2], but we provide
a computational proof for the sake of completeness.
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Proposition 2.1. The equivalence class of the exact sequence
15G5HTYG A) B A1

is independent of the choices of the representative in the cohomology class of w

and the family of 1-cochains {Tz}zeca satisfying v = 01, for all x € A. If, in

addition, Zs = A and exp(G) | 2, then the 2-cocycle B € Z*(A,G) given by (2.5)

is independent of the choices of representative of [w] € HZ(G,(CX) and the family
T = {7 }ueca of 1-cochains.

Proof. Let w' = wdf where f is a normalized 2-cochain on G. Suppose 6’ and +/
are defined as above using w’. Then

f(g,zy)

99(9571/) = Hg(w,y)m

and

fly,9)  f(2%,9%)f(g, (zy)?) f(z,g)
vy, 9)f(z,y) f(g,29) f(g,99)

where f(g,z) = £92L In particular, if z,y € Z,(G) C Z(G), then

f(%gi)
0, (2,y) = Og(z, )5 f (9. —)(x, 1),
7;(x’y) = ’Vg(mvy)(sfil(ga —)(fr,y) .

Vo, y) = vg(x,y)f(

Suppose v, = 07, for all z € A. Then v, = (5wa_1(1‘, —)a, for some «, € G.
Therefore,

B'(z,y)(g) = Glg(x, )Tx(g)Ty(g) _ f(flfyig) oz (g)ay(9)

Tay(9)  f(z,9)f(y,9)  Qay(9)

99(% )= f(g,7y) ’Tz(g)Ty(g) flzy, g) Oéx(g)ozy(g)

V5000 ) ) f@9)fg) )
e aa(9)ay(9)
= B( 7y)(9)7%y(g)

for z,y € A and g € G. If we have Zy =2 A = (z) and exp(@) | 2, then B(z,y) =
B'(z,y) =1 for (z,y) # (2,2), and

B(2)0) = 52,20 L2 (e 2) g0 = Bz 2)(0)

for all g € G. (]

Let A C Z,(G) be a subgroup and H C G a subgroup containing A. Then
A C Z,,(H), where wy is the restriction of w to H, and so we have an exact
sequence

1 H-TYHA) - A1,
For u € T§(G,A), u =3, cqTz(g)egz for some z € A and 7, € CH(G,C*) such
that 07, = 7,. Then 7y (u) = >, cpy Te(h)enz € Tg" (H, A), and 7y defines a

group homomorphism 7y : I'§ (G, A) — I'¢¥ (H, A). Moreover, we have following
Proposition.
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Proposition 2.2. Suppose w is a 3-cocycle of G, with subgroups A C Z,(G) and
A C H C G. Then there is a commutative diagram of exact sequences:

1—>@4>F‘6’(G,A)4P>A4>1

-

~

1l —> H——>T% (H A) —>A—>1.

Proof. The proof is a direct computational consequence of the definitions of mgy
and I'§7 (H, A). O

The following standard result will be used repeatedly in our subsequent discus-
sion.
Lemma 2.3. Let p a prime and P a p-Sylow subgroup of G. For any G-module M
and positive integer n, if H™ (P, M) is trivial, then so is H*(G, M),.
Proof. By [CE, XII Theorem 10.1], the restriction map res : H"(G, M), — H"(P, M)
is injective. Thus, the Lemma follows immediately. O
Lemma 2.4. Let p be a prime and let w be a 3-cocycle of G. Suppose that A C
Z,(G) is a p-subgroup and let P be a Sylow p-subgroup of G.

(i) Assume that the restriction map ép —~Pisa split injection. Then in order
for the exact sequence

(2.6) 1—>CA¥—>F‘5(G,A)—>A—>1
to split, it is sufficient that
(2.7) 1—>13—>1“6“’(P,A)—>A—>1

is split exact.
(ii) The condition that G, — P is a split injection is satisfied if p = 2 and P
contains a unique involution.

Proof. First note that A C P. We also point out that the restriction map @p —~ P
is always an injection. This follows from the same Theorem of [CE] cited above,
once we remember that H'(G,C>) is naturally isomorphic to G. By Proposition
2.2 there is a commuting diagram of exact sequences

1*>(/}\'$F‘6’(G,A)$A*>1
-
1*>ﬁL>FgP(P,A)*p>A*>1.

Since res : @p — Pis injective and A is a p-group, the restriction 7p : T'§ (G, A), —
5" (P, A) is also injective. Thus, we have the row exact commutative diagram:

(2.8) 11— Gy —2>T9(GA), —>A—>1

[ |- l

1*>]3L>F5P(P,A)*>A*>1.
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The exact sequence (2.6) splits if, and only if, the top row of (2.8) is split exact.
Thus, if the exact sequence (2.7) splits then there exists - group homomorphism
Jj Iy (P A) — P such that jote =idp. Since res : G — P is assumed to be split
injective, there exists a group homomorphism x : P G such that kK ores = 1dA
One can verify directly that ko jomp o =idg X and so the top of (2.8) Sphtb
This completes the proof of part (i).

As for part (ii), since P is a 2-group with a unique involution then P is either
cyclic or generalized quaternion. As pointed out at the beginning of the proof, we
only have to establish the splitting condition. We deal with the two cases separately.
If P is generalized quaternion then P~ Zo X Zso. So in this case, every subgroup
splits and we are done.

Now suppose that P is cyclic. Here, it is a standard consequence of Burnside’s
normal p-complement Theorem [G, Chapter 7, Theorem 4.3] that G is a semi-direct
product G = @ x P where Q has odd order. This makes it clear that @g ~ P and
in particular the splitting condition again holds.

(To verify the conditions needed for Burnside’s Theorem (loc. cit.) it suffices to
show that Ng(P) = Cg(P). To see this, notice that Ng(P)/Cg(P) is a faithful
group of automorphisms of P having odd order. But P is a cyclic 2-group whence
Aut(P) is a 2-group. This means that Ng(P)/Cq(P) is trivial, as required.) O

3. wW-ADMISSIBILITY

In this Section, w a normalized 3-cocycle on G.

3.1. Admissible cocycles. Suppose that A C Z(G) is a subgroup. It is established
in [MN2] that in order for D¥(G, A) to be a quasi-Hopf algebra, it is necessary and
sufficient that the following two conditions hold:

(3.9) (a) AC Z,(G),
(b)1— G —TY(G, A) — A — 1 splits.

Additional conditions are required in order for D¥(G, A) to be modular, and we
defer discussion of this until Section 4. Following [MN2], if (a) and (b) hold we say
that A is w-admissible.

In this case, there exist 7 := {74 }aea € CH(G,C*) and v € C*(A, G) such that
0Tq = 0, for all a € A and ov = B,. We will simply call (7,v) an w-admissible pair
for A. In general, there is more than one w-admissible pair for an w-admissible sub-
group A. Any one of them can be used to construct a quasi-Hopf algebra D* (G, A).

If A C H is a subgroup of G, then it is easily seen that A is also wy-admissible,
where wyr := res§ (w). Moreover, if (7, ) is an w-admissible pair for A, then (7, vgr)
is an wy-admissible pair for A, where 7, = res$ (7,) and vy (a) = res$ (v(a)) for
all a € A. We say that D“# (H, A) is the generalized twisted double induced from

D¥(G, A).

3.2. Admissibility and groups with one involution. The main result of this
Subsection is the next result.

Theorem 3.1. If G has a unique subgroup A of order 2, then A is w-admissible
for all w € H3(G,C>).
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We must show that (a) and (b) hold. To this end, we establish some preliminary
results of independent interest.

Lemma 3.2. Let n > 0 be an integer and let g € G. Then

C n n
(3.10) resg ) [0gn] = [0,]".

In particular, the order of [0,] € H*(C(g),C*) divides the order of g.

Proof. We prove (3.10) by induction on n. Because w is normalized then 6; = 1,
whence the case n = 0 is clear.

Take h:= g™ and z,y € C(g) in (2.4) to obtain

Og(,y)0gn (2, 4)V2 (9, 9" )1y (9, 9") = Ogn+1 (2, 9) Y2y (9, 9")-
Defining a 1-cochain f on C(g) as f(x) := v.(g,9"™), the last display just says that

eg(mv y)eg” (LU, y>5f(xa y) = eg"+1 ($7 y)
Using the inductive hypothesis, it then follows that
C n+1 C n n n
resc(s) 10gne1] = [B5] rescs) [0n) = [05]165]" = 185",
This completes the proof of (3.10). To prove the last statement of the Lemma, take
n to be the order of g. Because #; = 1 we conclude from (3.10) that [§,]" = 1, as
required. O

We can now prove

Theorem 3.3. If B C Z(G) is a subgroup that satisfies ged(|B|, |[H*(G,C*)|) = 1,
then B C Z,(Q).

Proof. We have to show that every g € B lies in Z,,(G). Because B C Z(G), what
we have to establish is that 6, € B?(G,C*). However, by Lemma 3.2 we know
that the order of [0,] € H*(G,C*) divides the order of g. On the other hand, the
hypothesis of the Theorem implies that the order of [6,] is coprime to the order
of g. Therefore [,] has order 1, which means exactly that 6, € B?(G,C*). This
completes the proof of Theorem 3.3. O

Corollary 3.4. If G has a unique subgroup A of prime order p and A C Z(G),
then A C Z,(G)

Proof. Because G has a unique subgroup of prime order p then a Sylow p-subgroup
P of G has the same property, and it is well-known ([G, Theorem 4.10(ii)]) that in
this situation either P is cyclic or p = 2 and P is generalized quaternion. In either
case, H?(P,C*) is trivial. (This holds whenever P has periodic cohomology.) It
follows from Lemma 2.3 that H*(G,C*), = 1, and the Corollary then follows from
Theorem 3.3. O

Having dealt with condition (3.9)(a), we turn to the question of the splitting of
the sequence in (3.9)(b). We will prove

Theorem 3.5. If G has a unique subgroup A of order 2 then the short exact
sequence 1 - G - T¥(G,A) = A — 1 splits.

Remark 3.6. This result is generally false if we replace 2 by an odd prime.
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Proof. After Lemma 2.4, the Theorem will follow in general if we can prove it for
a Sylow 2-subgroup of GG. So for the remainder of the proof we assume that G is a
2-group. Thus, as before, G is either cyclic or generalized quaternion.

Suppose first that G is cyclic. Then BY = Z,(G) = G, so D¥(G) is abelian by
[MN1, Cor. 3.6]. In particular, by Theorem 8.5 (loc. cit) it follows that I'§(G) is
a direct sum of two (nontrivial) cyclic 2-groups. If the short exact sequence in the
statement does not split, then I'¢ (G, A) is a cyclic 2-group since H?(A, @) > Zs.
This forces T'§ (G) to be cyclic, a contradiction.

Now assume that G is generalized quaternion. Thus
G=(rs|rm=s%s'=1srs ' =r1)

where |G| = 4n and n > 1 is a power of 2. We have Z(G) = (z) = A where z = 52,
and T4 (G, A) = I'§(G) since H*(G,C*) is trivial. Moreover, G/G’ = Zg X Zs is
generated by rG’, sG'.

Let 7, be a fixed normalized 1-cochain such that 67, = v,. Then

Bz, 2)(g) = 04(2, 2)7=(9)°
is a 2-cocycle in Z2(A, G) associated to the extension 1 — G — I'¢(G, A) — A — 1.

Step (I). B(z, z)(r) = 1. To prove this we introduce the group F := (¥, 5), which
is a generalized quaternion group of order 8n in which G is identified with the sub-
group of index 2 generated by r := 72, s := 3. Since E has periodic cohomology, the
Artin-Tate theory tells us that res& : H3(E,C*) — H3(G,C*) is an epimorphism.
Hence, there exists @ € Z3(E,C*) such that wg = w.

For g € E, let f, and 7, be functions associated with @ given by (2.1) and (2.2)
and 7, a normalized 1-cochain of E such that 67, =7,. Then,

B(Z’ Z)(g) = gq(zv Z)?z(g)Q

defines a 2-cocycle in Z2(A, E). Since exp(E) = 2 then 3(z, 2)(g2) = 1 for all g € E.
In particular, B(z, z)(r) = 1. Note that dresE(7.) =7,|c = 7.. We then find that

1= B(2,2)(r) = 0,2, 2)72(r)* = (2, 2)72(r)* = B(2,2)(r)
by Proposition 2.1.

Step (IT). B(z,2)(s) = 1. Let Q := (s,r™/?) = Qg. Applying the same argument
as Step (I) to @, we obtain 8(z,z)(s) = 1.

Step (III). Since B(z, z)(s) = B(z,z)(r) = 1, then also §(z, z) = 1. Therefore, the
sequence in the statement of the Theorem splits, and the proof of the Theorem is
complete. ([

Combining Theorem 3.5 and the case p = 2 of Corollary 3.4 implies Theorem
3.1.
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3.3. Admissibility and representation groups. In this Subsection we consider
D¥(G, A) in the case that G is a perfect representation group. The main result is
Theorem 3.8 below. It provides us with many cases when D¥(G, A) is a quasi-Hopf
algebra, and in particular provides a somewhat different approach to some of the
examples covered by Theorem 3.1. We will discuss some of these in Subsection 3.4

Recall that G is called perfect if it coincides with its commutator subgroup,
G = @'. Alternatively, G has only one (1-dimensional) character, i.e., G = 1. The
theory of representation groups was originally developed by Schur. An exposition
can be found in [CR], §11E. We develop some of the background that we need.

For a finite group G, a central extension E of G
(3.11) 1-A-EL G 1

is called a stem extension if E is finite and A C E’. There exists a stem extension
E with the largest order, and E is called a representation group or Schur covering
group of G. In this case,

A= H*G,C").
It is easy to see that a representation group E of G is perfect if, and only if, G is
perfect. In particular, if G is perfect then it has a unique representation group (up
to isomorphism) and the representation group is also perfect.

The following result is more-or-less implicit in the presentation of [CR], and in
any case it is well-known.

Proposition 3.7. Suppose that E is the representation group of a perfect finite
group G. Then H?*(E,C*) = 1.
Proof. Let C := H?(E,C*), with F the representation group of E. It occurs in the

perfect central extension given in the middle row of the diagram below.

We have a diagram (using previous notation)

1 G 1
1 C F'.F 1
1 B 1

where B := ¢~ !(A). Note that A C Z(FE) and we have [F, B] C C. Then because
C C Z(F) we obtain B C Z5(F), the subgroup of F such that Zy(F)/Z(F) =
Z(F/Z(F)). Since F is perfect, by Griin’s Lemma we have Z3(F') = Z(F'). Therefore
B C Z(F). Thus we have shown that the bottom row or F is a stem extension of
G. Since |F| > |E|, |F| = |E|. In particular, F is a representation group of G.
Therefore, FF = E and so C' must be trivial. O

We can now prove



MODULAR QUASI-HOPF ALGEBRAS AND GROUPS WITH ONE INVOLUTION 11

Theorem 3.8. Suppose that G is a perfect group and let E be a representation
group of G, so that (3.11) is the universal central extension of G. Then D¥(E, B)
is a quasi-Hopf algebra for every normalized 3-cocycle w on E and for every subgroup
B C Z(FE). That is, every subgroup B of Z(E) is w-admissible.

Proof. We have E = 1, so the short exact sequence 1 — E — I'¥(E,B) — B — 1
splits for trivial reasons. We assert that Z(F) C Z,(F). For this we must show
that for each g € Z(E) we have 6§, € B?(E,C*). But this follows immediately from
Proposition 3.7. Thus, B is w-admissible, and the Theorem is proved. O

3.4. Examples. The group-theoretic classification of finite groups with a unique
involution is essentially a consequence of the Brauer-Suzuki Theorem that we men-
tioned in the Introduction.

Let G be a group with a unique subgroup A of order 2. Let @ := O(G) be the
largest normal subgroup of G with odd order, and let P be a Sylow 2-subgroup of
G. We always have A C P. To describe the possible groups G it is useful to sort
them into classes according to (i) whether G is solvable or nonsolvable, and (ii)
whether P is cyclic or generalized quaternion. For later purposes we single out the
case when P = A, but generally we will suppress some of the details in other cases
- they will not be needed.

1. P=A. Then G =Q x A.
2. P is cyclic. Then G =@ % P.

3. P is a generalized quaternion and G is solvable. Then either G = @< P or else
|P| <16 and G =2 QxSL2(3) or @xSLa(3)-2. (SL2(3) and SLy(3)-2 are the binary
tetrahedral and octahedral groups respectively.)

4. P is a generalized quaternion, G is perfect and @ C Z(G). Then either G
SLs(q) for some odd prime power ¢ > 5, or G is a (nonsplit) central extension
m-A, of the alternating group A,, by a cyclic group of order m for m € {2,6} and

n € {6,7}. (In fact 2-Ag = SLy(9), and there are no other isomorphisms among
these groups.)

The binary polyhedral groups (finite subgroups of SU(2)) implicitly occur in
this list. All of them are solvable except for the binary icosahedral group, which is
isomorphic to SLy(5).

With the exception of ¢ =9, SL2(q)(¢ > 5) is the representation group of the
simple group PSLy(q). On the other hand 6-4,(n = 6,7) is the representation
group of A,

Thus, for example, if G = SLy(q) (g
algebras D“(G, B) for all subgroups B
from Theorems 3.1 or Theorem 3.8.

) or G = m-A,, we obtain quasi-Hopf

>5
C Z(G) and all 3-cocycles w. This follows

4. MODULARITY AND SUPER-MODULARITY

In this Section we complete the proof of the main Theorems stated in the In-
troduction. We first recall the definitions of modularity and develop some Lemmas
based on [MN2]. We prove more precise versions of the main Theorems.
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4.1. Modular and Super-modular tensor categories. Let € be a braided
fusion category with braiding ¢ and unit object 1, and let Irr(%) denote the set
of isomorphism classes of simple objects in . Generally we do not distinguish
between a simple object and its isomorphism class. Throughout this paper, all
fusion categories ¥ are pseudounitary and hence they are spherical with respect
to the canonical pivotal structure. In particular, the categorical dimension of any
nonzero V € € is positive. (cf. [ENO]).

Let &7 be a fusion subcategory of €. Recall that the Miger centralizer of o/ in
€ (over C) is the full subcategory with the objects given by

Co(o) ={X € €| cyxocxy =idxgy forallY € &}
A simple object f of € is called a fermion if f®f =21 and ¢y y = —idygy. In this
context, we can now define modularity and super-modularity.
The braided fusion category % is called modular if
{X €irr(¥) | ey xocx,y = idxgy forall Y €irr(%)} = {1}.
Following [BGHN], € is called super-modular if
{X €irr(¥) | ey, xoex,y =idxgy forall Y € irr(€)} = {1, f}

for some fermion f of €. In particular, € is a super-modular category if, and only
if, C% (%) is braided tensor equivalent to the category sVec of super vector spaces
over €. Note that a super-modular category is called a slightly degenerate modular
category in [DGNO]. A quasitriangular quasi-Hopf algebra H is called modular or
super-modular if Rep(H) is modular or super-modular respectively.

4.2. Modularity of D¥(G, A). Let w be a normalized 3-cocycle of G, and A an w-
admissible subgroup of Z(G). Then the quasi-Hopf algebra D“(G, A) is defined and
is a homomorphic image of D*(QG). In particular, ¥ := Rep(D*(G)) is a modular
tensor category and % := Rep(D“(G, A)) is a (braided) fusion subcategory of €.

Suppose (7,v) is an w-admissible pair of A. The map

Ta ()
v(a)(z)
defines a 1-dimensional character of D“(G). We let @ denote the isomorphism class
of 1-dimensional representations of D¥(G) which afford the character ¥, ,(a).

Yr(a) 1 egt > 0g g (9,z € G,a € A)

The set of isomorphism classes of 1-dimensional representation of D¥(G) form a
group, denoted by' SC(G,w), under the tensor product of €, and

Py A— SC(G,w),a—a

defines an injective group homomorphism. The braided monoidal structure on ¢
induces a braided monoidal structure on the full C-linear subcategory &7 of &
generated by p,(A). In particular, A = irr(«/) as groups. It is worth noting that
o/ and Rep(A) are equivalent C-linear abelian categories and they have the same
fusion rules, but they may not be equivalent as tensor categories.

1SC stands for ‘simple currents’
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The associativity and braiding on o7 furnish an Eilenberg-MacLane 3-cocycle on
A via p, which is given by
b(a)
v(b)(a)

where d; ,(a,b) is the scalar determined the braiding a®b — ba. By [EM],

(res§ w,d, ), dy,(a,b) =

Q‘r,u(a) = d‘r,l/(aa a)

is a quadratic form on A and it uniquely determines the (Eilenberg-MacLane)
cohomology class of (res§ w,d, ). Then

Tp(a) 74 ()
v(b)(a)v(a)(b)

defines a symmetric bicharacter of A. Moreover, the S-matrix of & is given by

ga,@ =dr,(a,b)-d-p(b,a) = (a,b)r, (a,be A).

(4.12) (a,b)r,, = 0¢r,(a,b) = (a,b e A).

Therefore, &7 is a modular subcategory of € if, and only if, the symmetric bichar-
acter (-,-)r, is nondegenerate. It has also been proved [MN2, Theorem 5.5] that

Colt) =% and Cy(B) =,

and the modularity of A, as well as o7, is determined by the nondegeneracy of the
bicharacter (-,)r,,.

Remark 4.1. If the bicharacter (-,-),, of A is totally degenerate, i.e., (a,b),, =1
for all a,b € A, then &7 is a symmetric fusion category. It follows from a theorem
of Deligne (cf. [O]) that there are only two possibilities in this situation:

(i) </ is equivalent to Rep(A) as braided tensor category. In this case, o7 is
called Tannakian.

(ii) 7 is equivalent to Rep(A,u) as braided fusion category, where Rep(A, u)
is the braided fusion category Rep(A) equipped with a symmetric braiding
given by the order 2 element v € A. In this case, o/ is called super-
Tannakian.

The question of whether & is modular, super-Tannakian or Tannakian is com-
pletely determined by the quadratic form ¢,, : A — C*. Indeed, %/ is modular
(resp. Tannakian) if, and only if, the quadratic form ¢, , is nondegenerate (resp.
trivial), while & is super-Tannakian if ¢, , is an order 2 character of A.

In particular, if A := (a) has order 2, then whether & is modular, super-
Tannakian or Tannakian is determined by the value ¢, ,(a) = +i,—1 and 1 re-
spectively. In particular, o is super-Tannakian if, and only if, &/ is equivalent to
sVec as braided tensor categories.

It is possible that the bicharacter (-, )., is independent of T and v. We illustrate
this possibility in the following Example and Proposition.

Example 4.2. Let E be the representation group of a perfect group G and w a
normalized 3-cocycle on E. Note that if A C Z(E), then A is w-admissible for all
w € Z3(E,C*) by Theorem 3.8. Since E is also perfect, E is trivial. Therefore,
CY(A,E) = 1, and there exists a unique family 7 = {7,}qea C C*(E,C*) such
that 67, = 0, for all a € A. Therefore, there is only one w-admissibility pair (7, v)
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for A, where v is unique element of C'(A, E), and its associated bicharacter is given

by
7a(b) T (a)
v(a)(b)v(b)(a)

Proposition 4.3. Let w be a normalized 3-cocycle on G. Suppose A := (a) C G is
an w-admissible subgroup of order 2 and (1,v) an w-admissible pair of A. Then

7o (y)7y (%) Ta(a)? fr=y=a,
4.13 by = 2Ty /
(4.13) @ 9)r = o) @) 1 otherwise.
In particular, (-,-)r,, is nondegenerate (resp. totally degenerate) on A if, and only
if, Ta(a)? = =1 (resp. 7,(a)? = 1). Moreover, D*(G, A) is modular if, and only if,
res§ (w) is a not coboundary of A.

Proof. Since v € C*(A,G) is normalized, v(z)(y)v(y)(z) = 1 all z,y € A. Thus,
(4.13) follows immediately from this observation. Since (-,-),, is a bicharacter of
A, (a,a)r, = £1 which completely determines the nondegeneracy of (-, ). The
second statement of the Proposition follows. Note that the value w(a, a, a) depends
on the cohomology class of res§ (w) of A. Since

Ta(a)? = 0,(a,a) = w(a,a,a),

(aa b)T,u = = Ta<b)7'b(a) (a, be A)

the bicharacter (-,-),, on A is nondegenerate if, and only if, w(a,a,a) = —1 which
is equivalent to that res§(w) is not a coboundary of A. The last statement now
follows directly from [MN2, Theorem 5.5]. O

The following proposition addresses the super-modularity of D“ (G, A) when A
Zs.

Proposition 4.4. Let A C Z(G) be an w-admissible subgroup for some normal-
ized 3-cocycle w on G, and let (1,v) be an w-admissible pair for A. Set € =
Rep(D¥(Q)), % := Rep(D¥(G, A)) and & := Cyx(B). Then the following hold :
(i) The bicharacter (-,-)r, of A is totally degenerate if, and only if,
Cp(B)=4.

In this case, res§(w) is a coboundary of A.
(ii) Suppose A := (a) has order 2. Then the following statements are equivalent:
(a) A is super-modular.
(b) o is equivalent to sVec as braided tensor categories.
(¢) drp(a,a) = F2 = —1.
Proof. (i) The totally degeneracy of (-,-),, on A implies &7 is a symmetric fusion
category, i.e. Coy (o) = o/. By a theorem of Delign (cf. [O]), & is tensor equivalent
to Rep(K) for some finite group K. It is immediate to see that K = A. Since the
associativity on &/ is given by res§(w™!), res§(w™') must be a coboundary.

Since Cuy (/) is a fusion subcategory of Cy(<7), by [MN2, Theorem 5.5], we
have o7 is a fusion subscategory of %, and so &/ is also a fusion subscategory of
Cx(A). Since C» (%) is a fusion subscategory Cy(#) = &, we have C»(B) = o .

Conversely, if Cz(#) = o, then & is a braided fusion subcategory of % and
&/ is symmetric. In particular, ¢z o ¢; 5 = id;p for all a.be irr(«7). In terms of

the Eilenberg-MacLane 3-cocycle (resg( ),d- ) of A, we have
1=d;,(a,b)d:,(b,a) = (a,b),, fora,beA.
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(ii) (a) & (b): If A is super-modular, then C(%) is a braided fusion subcategory
of A equivalent sVec. In particular, FPdim(Cg (%)) = 2. Since C5(%) is a braided
fusion subcategory of C¢(#) = & and FPdim(«/) = 2, Cx(#) = /. Conversely,
if o7 is braided tensor equivalent to sVec, then each entry of the S-matrix of & is 1
and hence the bicharacter (-,-),, on A is totally degenerate. By (i), C(#) = &
and so & is super-modular.
(b) & (c): « is equivalent to the category sVec if, and only if, the nonunit simple
object @ is a fermion, i.e. cz5; = —idggs. In term of the Eilenberg-MacLane 3-
cocycle (resﬁ w,d.,) of A, the last equality is equivalent to
Ta(a)

v(a)(a)

Recall from Section 3 that if A is an w-admissible subgroup of G, then A is an
wy-admissible subgroup of H for any subgroup H of G containing A. The following

lemma shows that D¥(G, A) and the induced D*# (H, A) have the same modularity
or super-modularity.

—1=d;,(a,a) =

Lemma 4.5. Let G be a group with subgroups A C H C G, and let w be a
normalized 3-cocycle on G such that A is w-admissible. Set ¢ = Rep(D¥(G)),
éu = Rep(D¥H (H)), Bc = D¥ (G, A) and By = D4 (H, A), where D“H (H, A)
is induced from D“ (G, A). Then, Cy,(Bc) is equivalent to Ce,, (Br) as braided
tensor categories. In particular, Be is modular if, and only if, By is modular. If
A is of order 2, then Bg is super-modular if, and only if, By is super-modular.

Proof. Let (1,v) be an w-admissible pair of A for D¥(G, A), and let (7g7, vir) be the
wp-admissibility pair of A for D¥# (H, A) induced from D¥(G, A) (cf. Section 3).
Let o = C¢,(Ba) and oy = Cyq,, (Brr). By [MN2, Theorem 5.5), o and o/
are pointed braided fusion categories determined by quadratic forms ¢,, : A — C*
and ¢rp vy : A = C* respectively. However, for a € A,

2 2
QTH,VH(G’) = TH’d(a) 2 = Ta(a) 2 = q"’vl/(a)'

va(a)(a)®  v(a)(a)
Therefore, o/ and @7y are equivalent as braided tensor categories. In particular,
PBe is modular if, and only if, gy is modular by [MN2, Theorem 5.5]. Similarly,
if |[A] = 2 then % is super-modular if, and only if, @; and @7y are equivalent
to sVec as braided tensor categories. By Proposition 4.4, this is equivalent to the
super-modularity of %y . O

Note that g is defined in terms of the family 7 = {7, }4ca, which is quite arbi-
trary, and the choice of v depends on 7. We will denote 3 as (5, in the following
Lemma which describes the relation of these two parameters.

Lemma 4.6. Let w be a normalized 3-cocycle of G and A C Z(G) an w-admissible
subgroup. Suppose (T,v) is an w-admissible pair of A. Then we have

(4.14) 0,(a,b) = T?xl;(::zx) ”(“3 Ezz)”((;’;(x) (z € G,a,b € A).

If (7', v') is another w-admissible pair of A, then there exists f € Z'(A,G) such
that

(4.15) Talo) _ Ta(®) ).
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Proof. The first equality follows immediately from the definition of 5, and that A
is w-admissible. By definition,

_ To(2) 7 (2)
Br(a,b)(x) = bz(a,b) T‘/Lb(l')
and 7 = 7,x(a) for some x € C1(A,G) for each a € A. Thus, we have

- ra(@)n,(@) X(@) (@)X B)@) _ V(a) (@) () ()
e L e o e T R T

for all a,b € A and x € G. This implies §(¢/x ') = 6v. Therefore, v/x 1 f = v for
some f € Z'(A,G) and hence

7a(T) Ta(Z)
2 = - fla)(x) foralla,be A,z eG. O
V'(a)(z)  v(a)(z)
4.3. Proof of the Main Theorem. We now prove a precise version of our first
main theorem based on the results of [MN2].

Theorem 4.7. Suppose that G is a finite group with a unique subgroup A of order
2. Then for any normalized 3-cocycle w on G, A is w-admissible, i.e. there is a
commuting diagram of quasi-Hopf algebras and morphisms

cé — 5 p¥(G)—2—~cCaG

iid \Lﬂ lﬂ'G
€S —is De(@, A) = C(G).

Moreover, D¥(G, A) is a modular quasi-Hopf algebra if, and only if, [w] contains a
2-generator of H*(G,C>). Exactly one half of [w] € H3(G,C*)such that quasi-Hopf
algebras D¥ (G, A) are modular.

Proof. The existence of the diagram is equivalent to the w-admissibility of A [MN2],
which we have already established in Theorem 3.5 for all w. So it remains to
determine which w lead to a modular quasi-Hopf algebra.

Let w be a normalized 3-cocycle of GG. Proposition 4.4 gives necessary and
sufficient conditions for the modularity of D*(G, A). Namely, res§ (w) is a nontrivial
3-cocycle of A. Since G is a unique involution, the Artin-Tate theory says that
res : H3(G,C*)y — H?(P,C*) is an isomorphism and H?3(P,C*) is a cyclic group
of order |P|, where P is a Sylow 2-subgroup of G. Moreover, res : H3(P,C*)y —
H3(A,CX) = Zy is surjective. Therefore, res§ w is nontrivial if, and only if, [wp] is
a generator of H3(P,C*), i.e., [w] contains 2-generator. On the other hand, res§ w
is nontrivial if, only only if, [w] & kerres§. Therefore, exactly one half of the classes
[w] give modular quasi-Hopf algebras. O

Remark 4.8. The w-admissibility of A implies the existence of D¥(G, A) which,
in turn, depends on the choice of an w-admissible pair of A. The preceding state-
ment holds for any w-admissible pair of A. However, this is not the case for super-
modularity of D“(G, A). The following example demonstrates this difference.

Example 4.9. Let G = (z) be a multiplicative group of order 2, A = G and w = 1,
the constant 3-cocycle of G. Then D¥(G) = D(G), 0, = v, = 1. We simply take
14 = 1forall g € G. Then 5(a, b) is the trivial character G for all a,b € G. Therefore,
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ov = B for v € Hom(G,@). Note that for any v € Hom(G,é), the bicharacter
(,)u,r on A is totally degenerate. Since FPdim«/ = FPdim D¥(G,A) = 2, it
follows from Proposition 4.4 that o/ = Rep(D“ (G, A)).

If v(2)(z) = 1, then d,,(z,2) = 1 and so D¥(G,A) = < is braided tensor
equivalent to Rep(G). However, if v(z)(z) = —1, then d,,(z,2) = —1 and so
D¥(G, A) = o/ is braided tensor equivalent to sVec.

The next Theorem demonstrates that the preceding example is almost the only
exception. This is mainly due to the following easy Lemma about 2-groups.

Lemma 4.10. Let P be a 2-group such that P has a unique involution a, and
|P| > 4. Then x(a) =1 for all characters x of P of order 2.

Proof. If P is a nonabelian then a € P’ and therefore x(a) = 1 for all characters
x. Otherwise, P is a cyclic 2-group of order greater than 2. Then the unique
character y of order 2 is the square of another character, say &, of P. Then we have

x(a) =&(a)® =&(a®) = 1. O

Theorem 4.11. Suppose that G has a unique subgroup A of order 2. Let w be a
normalized 3-cocycle on G. Then the following hold :
(i) If D¥(G, A) is a super-modular quasi-Hopf algebra then [w] = [n?] for some
[n] containing a 2-generator of H3(G,C*).
(ii) Conversely, suppose [w] = [n?] for some [n] containing a 2-generator of
H3(G,C*). Then
(a) D“(G, A) is super-modular (for any choice of w-admissible pair for A)
if A is not a Sylow 2-subgroup of G.
(b) If A is a Sylow 2-subgroup of G, there exist some w-admissible pair
(1,v) such that D¥ (G, A) is super-modular.

(In Case (b), G =2 A x @ with |Q| odd. For further discussion of these two possi-
bilities cf. Subsection 3.4.)

Proof. (i) Let A := (a). If D¥(G, A) is super-modular with an w-admissible pair
(r,v) for A, then d, ,(a,a) = —1 by Proposition 4.4. It follows from Lemma 4.6
and the 2-periodicity of G that

w(a,a,a) = d,,(a,a) % =1.

Since G is 2-periodic, [w] does not contain a 2-generator of H3(G, C*). Therefore,
there exists [] € H?(G,C*) containing a 2-generator of H?(G,C*) such that
n?" = w for some positive integer n. It suffices to show that n is odd.

By Theorem 3.5, A is also n-admissible of A. Let (7/,7") be an n-admissible pair
of A. Tt follows from Lemma 4.6 that

V)@ 1
—1 = R = = .
M) = e~ P
Thus, 7.(a)® = —1. Set 7 = {7}, 7,>"} and v/ = v/2". Then (7", is another w-

admissible pair of A. By Lemma 4.6, there exists group homomorphism f: A — G
such that

“?’: W@ o)) (@€ Q).
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In particular, by setting = = a, we have

Let P be a Sylow 2-subgroup of G. If |P| = 2, then [w] must have odd order and
so the statement is clear. Now assume |P| > 2. Since G is 2-periodic, P is either
a generalized quaternion or a cyclic group. Since the order of f(a) is at most 2, it
follows from Lemma 4.10 that f(a)(a) = 1. Thus, the preceding equality implies n
must be odd.

ii) Suppose [w] = [n?] for some [n] containing a 2-generator of H3(G,C*). We
(i) Supp U n ga2g :

may assume without loss that > = w. Let (,v) and (7/,7') be respectively w-
admissible and 7-admissible pairs of A. Set 7/ = {r],7.>} and v/ = /2. Then
(7",v") is also an w-admissible pair of A. By the same argument as before, we

have
1

(a)®

Again by Lemma 4.6 there exists a group homomorphism f: A — G such that

(4.16) —1=n(a,a,a) =

o) 1)y - 2O )@ - —faa)
= - fla)(a) = —2—— - f(a)(a) = —f(a)(a).
v(a)(a)  v"(a)(a) V' (a)(a)?
Let P be a Sylow 2-subgroup of G. Then P is either a cyclic group or a generalized
quaternion. If A £ P, then |P| > 4. Tt follows from Lemma 4.10 that f(a)(a) =1
and so

Ta(a) -
v(a)(a)
It follows from Proposition 4.4 that D“(G, A) is super-modular, and this proves
(a).
(b) If P = A, it follows from (4.16) that the w-admissible pair (7”,v") of A
satisfies

) _ Tia)®
v"(@)@)  v'(a)(a)’
Therefore, the associated D“(G, A) is super-modular by Proposition 4.4. (]

Remark 4.12. A modular tensor category % is called a minimal modular extension
of a super-modular category £ if 4 is a braided fusion subcategory of ¢ such that
FPdim(%) = 2FPdim(%) (cf. [BGHN]). If A C Z(G) is an w-admissible subgroup
of order 2 and D¥ (@G, A) is super-modular, then € = Rep(D*(G)) is a minimal mod-
ular extension of Z = Rep(D“ (G, A)) as FPdim(%) = dimD“ (G, A) = |G|?/|A| =
|G|?/2 and FPdim %€ = |G|?.

5. REALIZATIONS OF SOME MODULAR TENSOR CATEGORIES

5.1. Reconstruction. An important source, conjecturally universal, of modular
tensor categories are the module categories of (strongly regular) vertex operator
algebras (VOAs). The question then arises as to whether we can find such a VOA
V that corresponds in this way to the MTCs Rep(D“ (G, A)) constructed in our
Main Theorem. This is the problem of reconstruction. One expects that V' should be
constructed in some way as an orbifold, and more precisely from a pair (U, G) where
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U is another strongly regular VOA that admits G/A as a group of automorphisms,
and V = U(G/4) is the subVOA of G/A-fixed-points. Generally, one can expect
the problem of reconstruction to be a difficult one, and our main intent in this
Subsection is to discuss some aspects of reconstruction for the modular tensor
categories associated to some of the groups with one involution listed in Subsection
3.4.

In particular, for the case of binary polyhedral groups we propose in Conjecture
5.1 below a specific solution (at least for certain choices of w) and we discuss what
we know about the proof. What is required is a comparison of the modular data
coming from both D¥(G, A) and the orbifolds V, and it is often the latter that
turn out to be an obstruction. Recalling the ADE classification of binary polyhedral
groups, we are able to prove the Conjecture in the case of type A. For type D, we
fall short of a complete discussion though the required orbifold modular data is in
the literature. As for type F, the mathematical literature seems not to contain
the requisite data (the same cannot be said for physics), at least for the binary
octahedral and icosahedral groups. As for the binary tetrahedral group, we present
a detailed proof based on calculations of Dong, C. Jiang, Q. Jiang, Jiao and Yu
[DJ], [DJJJY]. This may serve as a cautionary tale for readers who may want to
try their hand at the other two cases. These examples also demonstrate how the
orbifold modular data may sometimes be obtained from the modular quasi-Hopf
algebra D¥(G, A).

In the final Subsection we present a parallel conjecture that concerns the two
sporadic simple groups Jo and Cop, the Hall-Janko and largest Conway group
respectively. Here we lean on the material about representation groups developed
in Subsection 3.3. These two sporadic groups and their covering groups contain
many involutions, not just one, nevertheless their 3'% (multiplicative) cohomology
groups are determined by restriction to a certain subgroup (the categorical Schur
detector in the language of Johnson-Freyd and Treumann [JFT]) that itself does
contain a unique involution. This is one way in which these two cases run parallel
to the binary polyhedral cases, but the analogy seems to go much deeper, all the
way to the orbifold setting.

5.2. A Conjecture for Binary polyhedral groups. Let Ly denote the A; root
lattice and let V' := Vi, be the corresponding lattice VOA. It is well-known that
V' is isomorphic to the affine algebra VOA (WZW model) determined by the Lie
algebra sly(C) at level 1. The weight 1 part V4 of V' may be naturally identified with
5l5(C). The automorphism group Aut(V) of V' can be obtained by exponentiation
of this Lie algebra, yielding the adjoint form, that is Aut(V) = PSLy(C). V has a
unique irreducible module inequivalent to V', call it W. Aut(V) acts projectively
on W, and its linearization defines an action of SL2(C). In this way, SL2(C) is the
automorphism group of the intertwining algebra V ¢ W.

Now consider the subgroup SO3(R) C Aut(V') and its universal central extension
SU(2). Set A := Z(SU(2)). The main focus of our interest is in the finite subgroups
G satisfying A C G C SU(2). Set G := G/A. Based on what we have said, it is
clear that G is a group of automorphisms of V. And of course the groups G are
binary polyhedral groups as discussed in Subsection 3.4.
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We have H*(BSU(2),Z) = 7Z which is isomorphic to the (group) cohomology
group H*(SU(2),7Z). Let ¢ be a generator. Restriction of ¢ to A is nontrivial.
It follows that (g := resg( is a generator of H*(G,Z) and we let [w] be the
corresponding multiplicative generator of H3(G,C*). By our Main Theorem we
know that D¥(G, A) is a modular quasi-Hopf algebra. We can now state

Conjecture 5.1. Let the notation be as above. For some choice of ¢ there is an
equivalence of modular tensor categories V¢-mod ~ Rep(D“ (G, A)) for some w-
admissible pair of A.

This Conjecture requires at the very least that V¢-mod is a modular tensor
category, and this is known in almost all cases. In general, if V& is strongly reqular
(i.e., a self-dual, rational, Ca-cofinite vertex operator algebra of CFT type) such that
conformal weights of all the nontrivial simple modules are positive, then V-mod is a
modular tensor category [Hu]. It is well-known (see, for example, [DG]) that if G is
cyclic or dihedral (type A or D) then the corresponding orbifold V¢ is isomorphic
to either a lattice theory Vi or a symmetrized lattice theory VLJr respectively for

some positive definite even lattice L. Thus if G is cyclic then V%-mod ~ Vy-mod
is a modular tensor category, because lattice VOAs are strongly regular and satisfy
the needed condition on conformal weights. The same conclusion also holds if G is
of type D (dihedral) or isomorphic to A4 (the binary tetrahedral case), for in these
cases the needed modular data has been verified in [DN] and [DJ] respectively.

5.3. The case of type A. In this Subsection we partially prove Conjecture 5.1 for
type A binary polyhedral groups.

The order k cyclic subgroups of SO3(R) are conjugate. Therefore, it suffices to
consider the automorphism o of Vz, with diagonal action (cf. [DNR, Section 8]),
namely

c(u@e™) =e(uwe™ forue M(1),meZ,

where e(r) := exp(2mir) for any r € Q. It is clear that ord(c) = k and VL(? =VL

5
This proves the following well-known lemma. *

Lemma 5.2. Let G be a cyclic subgroup of SO3(R). Then Vg = Vy,.., where
k=|G|. |

Theorem 5.3. Let G be an order 2k cyclic subgroup of SU(2). There exists a
generator [w] of H3(G,C*) such that Rep(D¥ (G, A)) ~ Vg—mod as modular tensor
categories, where G/A = G. Conversely, if such equivalence holds for some 3-
cocycle w, then [w] is a generator of H3(G,C*). Moreover, if K is a subgroup of
G containing A, then Rep(D¥s (K, A)) ~ Vz—mod as modular tensor categories.

Proof. Since Va2 VL0 Vg -mod is a pointed modular tensor category which is
determined, up to equivalence, by the quadratic form (cf. [DNR, Section 8])

(5.17) q: L3y /Logz — C, q(52 8 + Log2) == e(552),

where 3 is the generator of Loy> with (3, 3) = 2k2. Note that ¢(\) = e(w)) for
any coset A € L3,,/Loy> where w) is the conformal weight of the V7 ,-module
corresponding to .
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Now, we will show that there exists a generator [w] of H3(G,C*) such that
Rep(D“ (G, A)) is pointed and determined by a quadratic form equivalent to (5.17).
Let z be a generator G and consider the generator [n] of H?(G,C*) given by

alb+ec—b+c)
5.18 a 2t 2% = a(—
(5.18) R
for a, b, c € Z, where T denotes the remainder upon the division of x by 2k. Let w =

n™" where m is an integer coprime to 2k. It is immediate to see that w(z, 2°, 2¢) =
w(z%, z¢, 2%). Therefore,

0T = T
azu<zb’zc):w(za72b7zc):e<m a(b+C b+C)> )

4k?2

Define 7.4 (2°) = e (%) for any a,b € Z. Then 67,a = 0,a for a € Z. Direct

1
o m2a
- )
Thus, if we set v(2%)(2?) = e(wgf), then (7,v) is an w-admissible pair of A.
Since D¥ (@) is commutative, Rep(D¥(@)) is a pointed modular tensor category.

The quadratic of form (I'y (G), q.,) determines the equivalence class of Rep(D*(G)),
where

computation shows

Br (=", 2%) (=)

T8(G) = {u(x.2") = > x(")re(P)esn 2 | x € Ga € Z}
bEZay
is the group of central group-like elements of D¥(G) and

oo (ulx; 2%)) = x(2%) 720 (2%) -
The associated bicharacter by, on I'§ (G) is given by

by (u(x1, 2% ), ulxz, 2%)) = X2 (2" )xa (2727202 (21 ) T201 (2%2) .
The element u(v~1(z*), 2¥) € T¥(G) is of order 2 and

75 (2F ,
lulr (), 4) = S = i
Moreover,
by, (u(l, 2), u(v™ 1 (2%), ) = 7ok (2) 7. (27) v (2) (2) = 1.
Therefore, (u(1,z)) is the orthogonal complement of (u(v=1(z*),z%)) in % (G).
Since by, (u(1, z),u(1,2)) = e (%), 2k? | ord(u(1,z)). Therefore, the quadratic

form determined by Rep(D¥ (G, A)) is ({u(1, 2)), qu)-
Let m be the inverse of m modulo 2k. Since (u(1,2)) = (u(1,2)™) and

w12 = a2 = e (55 ) = (417,

the quadratic form ((u(1, 2)), g.,) is equivalent to the one shown in (5.17). Therefore,
VL,..-mod is equivalent to Rep(D“ (G, A)) as modular tensor categories.

If K is a subgroup of G containing A, then K = (z*) for some positive integer ¢
such that 2k/¢ is even. It is immediate to see that nx has the same formula (5.18)
for the cyclic group K of order 2k/¢. Thus, wx = 0% and so Rep(D¥% (K, A)) is

equivalent to LX-mod as modular tensor categories by the same proof for G.
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If Rep(D¥(G, A)) ~ Vg-mod for some [w] € H3(G,C*), then the Frobenius-

Schur exponent (or the order of the T-matrix) of Vg-mod is 4k%. By [NS, Thm.
9.3], the Frobenius-Schur exponent FPexp(D“(G)) of Rep(D¥(G)) is given by

FPexp(D“(G)) = ord(w]) - |G| = 2k - ord([w]).

]
Since Rep(D¥(G, A)) is a modular subcategory of Rep(D“(G)), FPexp(D¥(G, A))
divides FPexp(D“(G)), and hence 2k | ord([w]). Therefore, [w] is a generator of
H3(G,C*). O

Remark 5.4. There are two w-admissible pairs for A. The other one is given by

(1, f~'v) where f € Hom(A,G) is nontrivial. In this case, u(fr=1(z%),2") is
k k k

another order 2 element of T (G) and q,(u(fr—1(z%), %)) = % =

(—=1)F*+1i. If k is odd, then u(f(z*), 2) is orthogonal to u(fr—1(z*), z¥) and

qu(u(f(2), 2) = —e(5ks) = e(LH2).

Therefore, this w-admissible pair (7, f~'v) yields the Rep(D“ (G, A)) which is in-
equivalent to the one in the preceding theorem as 1 + 2k? is not a square modulo
4K2.

On the other hand, if k is even, then u(y, z) is orthogonal to u(fv—1(z*), 2*)
where x is a generator of G. In this case, q,(u(x,z)) =e (lﬁém) for some integer
a coprime to 2k. If 1 + 2ka is not a square modulo 4k2, then the associated
Rep(D“(G, A)) is not equivalent to the one in the preceding theorem.

5.4. The modular data of V4 and V4. We have already pointed out that V744
is shown in [DJ] to be a strongly regular VOA with positive conformal weights for
all nontrivial irreducible V44-modules. And indeed, VP4 = VL+8 where Lg is a rank
1 lattice with the generator S satisfying (8,3) = 8. The fusion rules, conformal
weights and part of the S-matrix of V44-mod were also computed in [DJ, DJJJY].

The VOA Vé * has 21 irreducible modules which are denoted by My, --- , Mag
where M is the trivial module. These objects are labelled in the same order as in
[DJJJY]. Their conformal weights w; are given by

j‘01234 5 6 7 8 910111213 14 1516 17 18 19 20
wj‘04411 9 1 2549 1 4 16 1 25 49 1 4 16 1 9 9 °

16 16 36 36 36 9 9 9 36 36 36 9 9 9 4 4 4

Therefore, the twist 6; = e* i of M; are given by

j‘0123 4 5 6 7 8 91011 12 13 14 1516 17 18 19 20

9]“1 111 Go s Goo RGO @ GGG i i i
where ¢, = e(2). In this case, G = SLy(3). Since G = Zs, Hom(A, G) is trivial.
By Lemma 4.6, there is only one inequivalent w-admissible pair of A for each [w] €
H3(G,C*). We computed the modular data of all possible D¥(G, A) by GAP. and
we found exactly one cohomology class [wo] such that the (unnormalized) T-matrix
T of Rep(D*° (G, A)), after reordering the simple objects, coincides with the twists
of V& ie.,

7 : 9 25 ~13 4 7 25 ~13 4 ST s e
T= dlag(L 13 1; 1» <163 <167 436, 367 5369 CQ) C97 <9a C36; 367 5369 <97 Cga C97 1, 1, Z) .
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The corresponding unnormalized S-matrix S of Rep(D*° (G, A)) is given by

%ilo12 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20
o312 %23%21111111 1111135 &3
13332 2 2 ¢33 CCC3¢5 G ¢ G GGG 35 35 3
2%%%%%%<3C3C3C3C3C3252325632523%%%
32228 23230 00000O0O0O0OO0OO0OO0Z233
133353 5A0000000000O0O0000
5%33—73\—/—;%000000000000000
6(1¢;5¢ 0 0 OClgClst G G GsCRdls G ¢ G 1 G G
T11¢¢ 0 0 0 (FsisCig Go o G Ca s Cis 8 Gy &8 1 (3 G
811¢;3¢ 0 0 0 (s CigCis €8 ¢ Co (s G Gis 65 65 G 1 G G
9123@0 0 0 G CQ CQ CQ 349 Cg CQ Cg 92 9529_1C626
10(1G¢ 0 0 0 ¢ G ¢ G G ¢ 65 Co 6§65 Co &G —1 G G
111166 0 0 0 ¢ ¢ Cg o 65 G 65 68 Co Co G5 G 1 G G
121(323 0 0 0 ClS 418 18 Cg g(@ Zlggls 1181 CQ 97 3 1 CS 23
1BI1¢GCG 0 0 0 GEds Gs 66 ¢ & CwC Cis o G 1 G G
1411 ¢3 Zs 0 0 0 <18 Cis <18 CQ Cg ZgC C1s C18 g gCQ 1 ¢ Zs
511¢GC 0 0 0 G 68 ¢ ¢ ¢ o GG ¢ ¢ ¢ o—1¢ G
16143230 00 §9 <9 CQ CQ Zg <92 §97 Co Cg g<9 5_166 Ce
17116 C5 0 0 0 €5 G Co Co 65 €5 G €5 Go Co ¢ G0 —1Cs Go
B3+ 2001 11 -1-1-1111-1-1-1-1-1-1
953535 5 0 0 ¢ GGG G G G G G (G G —1-1-1
203535 5 0 0 G G ¢ ¢ GG Cs Cs C3 G C6 G —1—1—1

where the first row lists the labels of columns, and the first column indicates the
labels of rows. Note that S is a symmetric matrix.

Column 0 and columns 7 to 17 of the S-matrix were also computed in [DJJJY,
Appendix A]. The rest of the unnormalized S-matrix can be computed by the fusion
rules obtained in [DJJJY}, and the formula (cf. [BK]):

(5.19) Sy = ZN di e (wj +w; —wy) ,

where the fusion coefficient N k is the dimension of the space of intertwining opera-
tors of type ( ) However, the partial S-matrix presented in [DJJJY, Appendix
A] is different from that of D¥ (G, A) at the two entries 81079 and 516715. We be-
lieve the S-matrix displayed above is the correct one since the 2 x 2 blocks for the
pairs (My, Myg) and (Mi5, My) in [DJJJY, Appendix A] are not symmetric.

To further demonstrate the validity of Conjecture 5.1, we consider the orbifold
VP4 which is isomorphic to VL‘; (cf. [DJ]), where the action of Dy on V is inherited
from A4. The conformal weights of the simple VL+8 -modules have been computed
in [DN]. Let My,..., M1y denote respectively the simple VJr -modules

+ —
VLga VLSa VLg-i—ﬂ/Qa VLg-}-%?

v

Ty ,+ Ty, — To,+ To,+
ATETIN (P R (A

Their conformal weight w; of M; are given by

'\012345 6 7 8 9 10

9 1 9 1 9 °
“’J‘Ollllﬁﬁﬁﬁﬁs?ﬁ
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Thus, the unnormalied T-matrix of VP4-mod is

T = diag(1,1,1,1,4, (16, —C165 C16, —C16, G165 —C16) -
The fusion coefficients Ni’; for VP4-mod were computed in [A]. Since VP4 is of
CFT type and all the nontrivial simple module have positive conformal weights,
the quantum dimension d; of Mj is positive and hence d; is the Frobenius-Perron
dimension of Mj, the largest real eigenvalue of the fusion matrix N;, where (N;);x =
NZ»’}. By direct computation, we find

jlo12345678910
djjt111222222 2"

Using the formula (5.19), we find the unnormalized S-matrix of VP4-mod:

11 1 1 2 2 2 2 2 2 27

1 1 1 1 2 2 2 -2 -2 -2 -2
111 1 2 -2 =2 2 2 -2 -2
1111 2 -2 -2 -2 =2 2 2

2 2 2 24 0 0 0 0 0 0
S=12 2-2-2 0 2v2-2V2 0 0 0 0
2 2-2-2 0-2v2 2V2 0 0 0 0

2-2 2-2 0 0 0 2v2 —2v2 0 0

2-2 2-2 0 0 0—-2v2 2v2 0 0
2-2-2 2 0 0 0 0 0 2v2 —2v2

12 -2-2 2 0 0 0 0 0 —2v2 2v2]

We restrict the 3-cocycle wp, and the wg-admissible pair (7,1) of A obtained
for the Ay-orbifold to the quaternion subgroup Qs. Using the induced (wp)gs-
admissible pair (7]g,, 1) of A, we find Rep(D*°(Qs, A)) is modular, and its modular
data of coincides with the one that we obtained above for V?4-mod after reordering
of the simple modules.

It is worth noting that (wo)g, has 4 inequivalent admissible pairs parametrized
by Hom(A,Qs). However, only the one (T|qQg, 1) inherited from the A4 orbifold
yields the same unnormalized T-matrix.

Finally, we consider the orbifolds Vlfg where K is a cyclic subgroup of A4. The

module categories of the orbifolds Vng for all cyclic subgroups K of order 3 are
equivalent modular tensor categories determined by the quadratic form (Zis,q)
where ¢(1) = e(55) (cf. Lemma 5.2). Similarly, the three order 2 subgroups of
Ay yield equivalent modular tensor categories given by the quadratic form (Zs, ¢)
where ¢/(1) = e(%). All these modular tensor categories VLIg—mod, where A C K
are cyclic subgroups of SLs(3), are realized by D“° (K, A) with the induced (wp) k-
admissible pair of A.

In conclusion, for any subgroup K of G = SL3(3) containing A, VLfg—mod ~
Rep(D“0)x (K, A)) as modular tensor categories, where K = K/A.

5.5. Two sporadic examples involving 2.Jo and Coy. In this final Subsection
we present another conjecture that is in many ways analogous to Conjecture 1,
however in place of a binary dihedral group we consider the perfect group 2.Js.
This is the representation group of the sporadic simple group J,, sometimes called
the Hall-Janko group. In order to describe Conjecture 2 we need to explain some
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background. In this context we also consider the largest simple Conway group C'oq
whose representation group is Cop, the automorphism group of the Leech lattice.
For some background on these sporadic groups see, for example, [At]. Note, in
particular, that .J5 is a subgroup of C'o; and this lifts to a containment 2..J5 C Coy.
In fact there are the following inclusions of groups as follows:

Cog 2.E7(C)
N
H 2.J5
T
S

The notation is as follows: S = SLs(5) and H = Zs x Q16 are groups with one
involution and 2.F7(C) is the universal cover of the Lie group E7(C). The contain-
ment of 2.J3 in this universal cover is proved in [GR]. Upon taking third group
cohomology, there is a corresponding diagram where all maps arise from restriction
of cohomology and those with finite domain are injections:

SN

Z2g

lu

Z129

The diagram of cohomology groups, at least for the finite groups, is established in
[JET]. The next result does not involve E;(C).

Theorem 5.5. Let E be one of the covering groups 2.Jo or Cog, set A = Z(E),
and let w be a normalized 3-cocycle of E. Then D¥(E,A) is a quasi-Hopf algebra
and the following hold:

(i) If E = 2.J5 then Rep(D*(E, A)) is modular if, and only if, [w] contains a
2-generator.
(ii) If E = Cog then Rep(D¥(E, A)) is not modular; it is super-modular if, and
only if, [w] contains a 2-generator.
Proof. D¥(E, A) is a quasi-Hopf algebra by Theorem 3.8.

Case (i). F = 2.J5. By Proposition 4.3, D (FE, A) is modular if, and only if, wy is
not a coboundary. Thanks to the isomorphism in the previous display, this holds
just when [w] contains a 2-generator. This completes the proof of (i).

Case (ii). F = Cog. For any normalized 3-cocycle w on E, H has a normalized
3-cocycle 1 such that n? = wy. This implies that

wa = res}{ (wir) = res} () = 13

is a coboundary of A. By Proposition 4.3, D¥(E, A) is never modular.
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By Lemma 4.5, the super-modularity of D“(E, A) is equivalent to the super-
modularity of D (H, A). Since A is not a Sylow 2-subgroup of H, it follows from
Theorem 4.11(ii)(a) that D“# (H, A) is super-modular if, and only if, [] contains a
2-generator of H3(H,C*). This is equivalent to 16 | ord([n]) or 8 | ord([wz]). But
we have 8 | ord([wg]) if, and only if, ord([w]) = 8 or 24. This completes the proof
of (ii). O

We will discuss the Reconstruction problem for the modular tensor category
described in part (i) of the Theorem.

Let V = Vg, be the lattice VOA defined by the E7 root lattice. This is also the
affine algebra VOA (WZW model) of type E7 and level 1, and just like V7, before,
V has just two simple modules V and W. (For further background on this and
other such VOAs, see [MNS].) There is an action of the universal cover 2.E7(C)
on V& W. Because 2.Jo C 2.E;(C) then, just as in the binary polyhedral case, Jo
acts on Vg,. A generator of H*(B(2.E7(C)),Z), call it (, restricts to a generator
of H4(2.J5,Z). Let [w] be the corresponding class in H?(2.J5,C*). Now, we can
state

Conjecture 2. For some choice of (, there is an equivalence of modular tensor cate-
gories Rep(D¥< (G, A)) ~ Vg;/A—mod for any subgroup G of 2.J5 containing A.

Remark 5.6. The pointed modular tensor categories Vg,-mod and Vi,-mod are
inequivalent because the conformal weights of their nontrivial simple modules are
respectively % and %. One might therefore expect that the modular tensor categories
V1§7 /4 _mod and VLG2 /4 _mod are inequivalent if G/A is a common subgroup of Jo and

SO5(R).

Remark 5.7. The reconstruction problem for the groups G = SLs(q) discussed in
Section 3.4, Case 4 and their associated modular tensor categories Rep(D¥ (G, A)),
seems to be very challenging. It is not even clear if, for a general prime power ¢ (say,
g > 11), we can find suitable VOAs that admit G as a group of automorphisms.

Acknowledgement: We thank Chongying Dong for helpful suggestions concern-
ing references and the Lemma in Section 5.
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