Automation in Construction 141 (2022) 104405

Contents lists available at ScienceDirect
Automation in Construction

journal homepage: www.elsevier.com/locate/autcon

Check for

Structural rigidity theory applied to the scaffold-free (dis)assembly of space &
frames using cooperative robotics

Edvard P.G. Bruun ™", Sigrid Adriaenssens b Stefana Parascho ®

@ School of Architecture, Civil and Environmental Engineering, EPFL, Lausanne, Switzerland
Y Civil and Environmental Engineering Department, Princeton University, Princeton, NJ, USA

ARTICLE INFO

Keywords:
space frame
robot
fabrication
topology
assembly
disassembly
scaffold-free

ABSTRACT

This paper presents a fabrication-informed design method for triangulated space frame structures that remain
stable during all phases of their robotic assembly and disassembly without requiring external scaffolding. A
graph theoretic framework, based on rigidity theory, is developed to allow the structure, its support conditions,
and the impact of robotic support constraints to be simultaneously represented in a single topological framework.
The structural system is sequentially designed with an assembly logic based on Henneberg graph-construction
steps, which are executed with two robots through a cooperative rigidity-preserving sequence. Ensuring
planarity of the resulting graph during these construction steps is shown to lead to intrinsic disassembly po-
tentials within the system. A graph-based algorithm is presented to locate, isolate and remove locally rigid
tetrahedral cells formed in the structural system. This algorithm is then utilized to compute a rigidity-preserving
robotic disassembly sequence. The design method is demonstrated in the case study design of a wooden space
frame arch structure that is robotically (dis)assembled.

1. Introduction

Traditionally, architects and structural engineers place emphasis on
the preliminary design of a structure in its finished state [1], but rarely
account for the relationship between structural form and the resulting
construction sequence that is necessary to reach this finished state. This
can result in an expensive, time-consuming, or materially wasteful
construction process. Construction costs can be substantial — for
example, formwork amounts to about 40% of the total cost for rein-
forced concrete thin shells [2]. Looking at the other end of the building
life-cycle, a structure is rarely designed with considerations for its effi-
cient disassembly and potential reuse as a means to mitigate the large
amount of waste construction activities currently contribute to landfill
volumes [3]. Such a wasteful single-use design philosophy serves as a
negative multiple on the high embodied energy associated with resource
extraction and material processing requirements for building compo-
nents [4]. Technological developments to improve construction effi-
ciency and material usage can help address some of these environmental
impacts. The challenge is that the Architecture, Engineering and Con-
struction (AEC) industry lags other industries when it comes to
leveraging contemporary automation techniques and the associated
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productivity and environmental benefits [5]. The motivation behind this
research is thus to aid in addressing the waste generation and produc-
tivity gap in the construction industry [6], specifically when considering
geometrically complex truss and space frame structures. This is
accomplished through the development of a structural design frame-
work for efficient construction using a cooperative robotic fabrication
setup. Efficiency, in the context of fabrication, is herein defined as
maintaining stability without requiring external formwork or scaf-
folding during all stages of assembly or disassembly. This framework
thus addresses the AEC industry challenges by both improving con-
struction productivity through automation, reducing construction waste
by eliminating the need for temporary support material, and planning
for disassembly of the structure. Planning for disassembly as a core
consideration in the design process provides opportunities for future
structural reconfiguration and reuse [7-9].

Industrial robots are applicable to architectural fabrication setups for
discrete element structures due to their application versatility [10] and
spatial precision in picking and placing material [11]. They are also
experiencing growing adoption in both industry and academic contexts
[12] and are promising tools to tackle the AEC industry’s lagging pro-
ductivity and labor efficiency [13,14]. This paper presents a fabrication-
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informed design framework, which is defined as a framework where the
structural design directly accounts for how the structure will be built
and taken apart, in this case utilizing the capabilities of a robotic setup
(specifically with respect to sequencing). This constitutes a departure
from a more traditional linear approach to construction, where a robot
would act as a generic tool at the end of the workflow to materialize a
structure designed in a separate design phase. On the other hand, a
fabrication-informed framework specifically developed for a cooperative
robotic setup, in this paper incorporates the multiple complimentary
functions possible when several robots are working together: either
placing members (during assembly) or removing parts of the structure
(during disassembly), while also supporting the structure in its tempo-
rary state [15]. The proposed design method utilizes a graph-theoretic
approach, based on rigidity theory, to link cooperative robotic con-
struction with structural topology. This approach allows for the design
of structures that have intrinsic scaffold-free assembly and disassembly
potentials built directly into their preliminary design formulation.

1.1. Paper organization

Section 2 begins with a literature review on cooperative robotic
fabrication and graph theory for the analysis of structural rigidity, fol-
lowed by a more detailed explanation in Section 3 of the specific con-
cepts from rigidity theory that are necessary when representing bar and
joint frameworks (i.e., trusses and space frames). Section 4 presents a
topology-driven design method for structures that can be assembled
with cooperating robots in a rigidity-preserving manner. Section 5 then
presents a graph-based algorithm that is used to plan a rigidity-
preserving cooperative robotic disassembly sequence for the same
structure. The design method is demonstrated in the case study design of
a wooden space frame arch structure, with a discussion of the results
from its physical assembly and disassembly presented in Section 6. The
paper concludes in Section 7.

2. Literature review
2.1. Cooperative robotic fabrication in construction

In the AEC industry, industrial robotic arms were first applied to the
construction of modular homes [16,17] and then in single-purpose
automation systems [18-21]. Since their first adoption, robotic sys-
tems have continued to improve their functionality in unstructured en-
vironments [22,23], which has substantially improved their viability in
the construction of structures with complex geometries [24]. Growth in
the field of digital fabrication (DFAB) saw the first large-scale explora-
tions in an architectural context of robots applied to the construction of
geometrically complex structures [25-27]. At the outset, robots were
used to build prefabricated load-bearing but non-standardized undu-
lating walls made of discrete volumetric elements [28-30], followed by
the DFAB house [31] as an example of how digital design and robotic
fabrication processes can be used to build different non-standardized
components and assembled in a structure [32-34]. Yet despite these
advancements, when specifically applied to the construction of discrete
element structures, robotic fabrication is still predominantly utilized for
the construction of vertical layer-based structures [28-30,35-38]. A
review of recent trends in multi-agent fabrication, applied in a collab-
orative (human-robot) or cooperative (robot-robot, cobot) framework,
shows how multi-agent approaches can help to expand the feasible
design space of robotic fabrication [39-41]. Maintaining stability and
mitigating unwanted forces and deflections during construction can
prove a significant challenge when using additive fabrication processes
[42-44]. This can be a limitation to the design freedom of discrete
element structures realized with robotic fabrication methods. One so-
lution to the challenge of maintaining stability is to work with specially
designed discrete elements that allow some level of interlocking to
provide local stability during construction [45,46]. Another approach is
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to utilize a cooperative robotic fabrication strategy (i.e., multiple robots
working together to perform a task that cannot be performed with one
robot alone), which can lead to new self-supporting construction pro-
cesses, a concept proposed for space frame construction by Parascho
[15,47,48]. In Parascho work, structural stability during construction
was achieved without scaffolding by designing the structure specifically
for fabrication using two robots sequenced in a cooperative manner. The
robots take turns performing either the function of: (1) picking up and
accurately placing structural components, or (2) holding and providing
temporary support over indefinite periods of time to a partially
completed structure. These are tasks that a human would struggle with
but are well-suited to a robotic agent. Thus, these structures were only
realizable in a self-stable way (i.e., without external scaffolding) when
explicitly leveraging the use of multiple robots.

The support/place approach has been used in a number of subse-
quent cooperative robotic fabrication projects to construct complex
discrete element structural forms in a range of materials and scales. For
example, the fabrication of non-planar timber modules, where cooper-
ating robots were used as a way to minimize the need for scaffolding in
the intermediate stages of fabrication [49]. Several geometrically com-
plex spanning structures have also been constructed without scaffolding
using a cooperative robotic strategy: a bifurcating arch structure built
out of foam blocks [50], and a doubly-curved brick shell [51-53], and a
branching tree structure [54]. In general, the trend of moving from
single to multiple agents for collaborative processes increases the
complexity of the relationship between fabrication sequence and
structural design. It is thus necessary to develop a design framework that
can handle the increasing complexity of setups with multiple robots
working together.

2.2. Graph theory and structural isomorphism

Designing a discrete element structure for stability during assembly
and disassembly requires a numerical formulation that characterizes this
objective. The goal is to integrate the fabrication sequence with the
structural design, while considering the interaction of the multiple ro-
botic agents without an overly prescriptive method that stifles geometric
exploration and creativity in the preliminary design. These objectives
are formulated here as a topological problem: relating the connection
between the structural elements and the structural stability during
construction, while taking into account the potential of utilizing robotic
support. A topological problem can be modeled as a graph, G = (V, E),
which is a discrete mathematical structure made up of vertices, V,
connected by edges, E, that represent pairwise relations between objects.
The foundations of graph theory (i.e., the study of such structures) were
laid by Euler in his solution to the Seven Bridges of Konigsberg problem
[55]. Graph theory has since seen broader application in the study of
topology and in applied science applications to model how objects are
distributed and connected in complex systems including circuits
[56,57], elastic networks [58], and structures [59-61]. More recently,
topological representations have also been used in geometric form-
finding methods [62-64]. A graph is isomorphic to a physical system
if it has a one-to-one mapping with the elements in the system it rep-
resents. Given such a representation, one can determine properties of the
underlying system with graph theoretic approaches based only on to-
pological information [65]. The general principle is that certain prop-
erties of the graph represent the intrinsic physical behavior of the system
it represents. Isomorphic graphs have thus been used to show parallels in
the analysis and formulation of a broad class of physical systems such as:
trusses, dynamic mass-spring-damper oscillator systems, and planetary
gear systems [65-67]. In the context of bar and joint frameworks (i.e.,
trusses and space frames), this relationship between a graph and its
isomorphic structure can be used to compute force and displacement
quantities [66,68,69] or generic properties such as rigidity and stability
[65].
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Fig. 1. Two trusses that both satisfy the planar Maxwell count condition, but
only the right is infinitesimally rigid.

2.3. Infinitesimal rigidity and the laman count condition

For a bar and joint framework, a necessary condition for infinitesimal
rigidity was first formulated by Maxwell as a counting rule relating the
number of nodes, v, to the number of members, e, in the framework. A
structure needs a minimum of e = 2v — 3 members in R?, and a mini-
mum of e = 3v — 6 members in R® to be infinitesimally rigid [70]. An
infinitesimally rigid structure is one where every infinitesimal motion is
a Euclidean one (i.e., a rigid body motion); a structure is infinitesimally
rigid if and only if it is statically rigid, meaning that every equilibrium
load has a resolution [71]. The relationship between the number of
nodes and members was later refined by Calladine to characterize the
number of mechanisms present in a framework [72,73]. However, the
overall Maxwell count condition is a necessary, but not sufficient, con-
dition for infinitesimal rigidity. This is demonstrated with the two
trusses in Fig. 1, where both satisfy the count condition, but only the
right one is infinitesimally rigid. Thus, a more generalized approach,
based on rigidity theory (a branch of graph theory), is necessary to
determine if a bar and joint framework is rigid based on the topology of
its isomorphic graph.

If for a graph, G = (V, E), where the number of edges is |E| = 2|V| —
3, every subgraph, G = (V/, E), satisfies the count condition, |E'| < 2|
V/| — 3, then the graph is minimally rigid (i.e., infinitesimally rigid with
the least amount of edges possible). Theorem 5.6 of Laman’s paper [74]
proved that this condition is not only necessary, but also sufficient, for a
graph to be generically minimally rigid in the plane. The term generic, in
reference to rigidity, refers to a graph that has at least one isomorphic
realization (i.e., a specific mapping of vertices to physical node locations
corresponding to a truss structure) that is statically rigid [71]. This
theorem, when applied to the cases shown in Fig. 1, correctly identifies
the 6-noded truss on the right as statically rigid with the minimum
required 9 members. A sub-graph counting condition, with |E'| < 3|
V/| — 6 instead, can also be used to determine if a graph is generically
minimally rigid with respect to realizations in R*. These principles can
be used to build generically rigid graphs, which thus have at least one
isomorphic realization as a space frame in R® that is isostatic (i.e.,
statically rigid and infinitesimally rigid). This procedure and certain
caveats are further explained in Section 3.

2.4. Research contributions

This research extends past work on the scaffold-free cooperative
robotic fabrication of space frames [15] by redefining the design process
and assembly logic through a novel graph theoretic framework based on
rigidity theory. A spatial structure is represented as its isomorphic graph
[65], where the structural topology and influence of robotic support is
simultaneously evaluated from the perspective of preserving rigidity in
the graph. The topology-driven design method developed using this
framework is able to unify the generation of a space frame geometry
with the criteria that the resulting structure has a feasible scaffold-free
assembly and disassembly sequence. The design method is also consid-
ered fabrication-informed since the resulting structure is directly
designed based on what is possible when sequencing two robots in a
cooperative manner. The following is a summary of this paper’s main
contributions:
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e Presentation of the isomorphic stability graph as a unified framework
to represent a structure and its supports, and the impact of external
support (robotic or otherwise) on the rigidity of a graph.
Recontextualization of an existing cooperative robotic assembly
sequence for space frames [15] through the lens of rigidity-
preserving Henneberg assembly steps used for the mathematical
construction of rigid graphs.

e Development of a sequential topology-driven design method that
links physical assembly and disassembly with the properties of graph
planarity and minimal rigidity. These properties, resulting in a
structure comprised of locally rigid tetrahedral cells, are used to
guarantee that a scaffold-free assembly (member-by-member) and
disassembly (cell-by-cell) sequence exist for the structure.

e Demonstration of the proposed method in the case study design of a
space frame arch structure, and implementation of a cooperative
robotic sequence for both its scaffold-free assembly and disassembly.

3. Graph representation for space frame structures

This section expands the general principles of rigidity theory and
structural isomorphism introduced in Section 2.2 and 2.3 with specific
concepts that are required to represent a space frame structure as a
graph. This representation forms the basis for the design method that
guarantees a rigidity-preserving assembly and disassembly sequence.
The following topics are covered: Henneberg assembly steps to build
generic minimally rigid graphs isomorphic to 3D bar and joint frame-
works (Section 3.1), representing a minimally rigid tetrahedral building
block (or cell) as a graph (Section 3.2), and accounting for structural
supports and evaluating their impact on rigidity through a stability
graph representation (Section 3.3). The terms vertex and edge are used
when referring to a graph, and node and element are used when referring
to a graph’s representation, realization or physical embedding (used inter-
changeably) as a structure in R? (i.e., a truss) or R (i.e., a space frame).
The term rigidity will also henceforth be used to refer to generic infini-
tesimal rigidity unless noted otherwise.

3.1. Constructing rigid graphs: Henneberg assembly steps

While the Laman condition provides a definitive way to check ri-
gidity in the plane (R?), its naive algorithmic implementation results in
an exponential time algorithm [65]. Modern algorithms exist that
reduce the complexity of verifying minimal rigidity to polynomial
[75,76], quadratic [77,78], or even sub-quadratic [79] time. However,
these algorithms can be complex to implement. But rigidity can for large
and complex graphs be more easily checked through a particular graph’s
sequential assembly sequence (if this information is available), since
every minimally rigid graph can be built up starting from a single edge
using only a simple set of rules. This process is named after Henneberg,
who first introduced the idea of preserving rigidity in the plane by
sequentially aggregating a low-valent vertex to the existing graph [80].
Thus, if a larger graph is found to be the result of a series of rigidity-
preserving Henneberg steps then by inductive reasoning it is guaran-
teed to be rigid itself. Extending this concept to graphs that are to be
embedded in space (R®), starting from a Cs graph (i.e., 3-vertex cycle),
every minimally rigid graph can be built up through a sequence of the
following three Henneberg assembly steps [71], illustrated in Fig. 2:

Type 1: (i) add a new vertex, (ii) connect the new vertex to any 3
vertices in the graph.

Type 2: (i) delete any edge, (ii) add a new vertex, (iii) connect the new
vertex to the 2 vertices incident to the deleted edge, (iv)
connect the new vertex to any 2 other vertices in the graph.

Type 3a: (i) delete any 2 edges, (ii) add a new vertex, (iii) connect the
new vertex to the 4 vertices incident to the deleted edges, (iv)
connect the vertex to any other vertex in the graph.
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Fig. 2. Henneberg assembly steps for the construction of a graph with a generic
rigid embedding in space (R®).

Type 3b: (i) delete any 2 edges, (ii) add a new vertex, (iii) connect the
new vertex to the 3 vertices incident to the deleted edges, (iv)
connect the vertex to any 2 other vertices in the graph.

Only after executing a Type 1 or Type 2 step is the resulting graph
guaranteed to be a generically minimally rigid (i.e., it has at least one
possible rigid realization in space). A Type 3 step has been shown to
result in a graph without a rigid realization in some special cases
[71,81,82]. The failure of Type 3 steps to definitively preserve rigidity is
related to the fact that the Laman condition is a necessary, but not suf-
ficient condition, for a minimally rigid graph embedded in space, as
shown by the double banana counter-example in the literature [83,84].
Providing a combinatorial characterization of rigidity in space, as exists
in the plane, is a major open problem in graph theory [85]. This issue
can be mitigated through imposing additional topological and geometric
constraints on the resulting physical structure that the graph is
isomorphic to. For example, explicitly avoiding the formation of an axis
of rotation in the double banana structure. Another way to preserve the
property of rigidity in the overall graph is to construct the graph through
the aggregation of smaller sub-graphs (referred to here as cells) with
proven rigid realizations. Thus, the design method in this paper is based
on a strictly Type 1 assembly logic, which is guaranteed to preserve ri-
gidity. But using Type 2 or 3 Henneberg steps for assembling rigid
structures is a possible foundation for the development of bidirectional
(i.e., both adding and removing elements) fabrication sequences for
more topologically varied structures.

3.2. The tetrahedral cell as a rigid building block

The tetrahedron, which can be represented with a skeletal frame-
work of 4 nodes and 6 elements, is the simplest Platonic solid and cor-
responds to a minimally rigid cell from which larger rigid structures can
be assembled. Due to their geometric simplicity, they are used as the
fundamental building block for space frame structures designed to be
assembled and disassembled with the cooperative robotic method
described in this paper. More complex rigid cells, composed of more
vertices, could also be used in this method, but their stability-preserving
assembly feasibility is contingent on the number of robotic agents
available in the setup. The graph representing the topology of a tetra-
hedron is minimally rigid, and has rigid realizations in R*® under the
geometric constraint that no three nodes are collinear and that all four
nodes are not coplanar [71]. These constraints, when coupled with the
Laman count condition, are sufficient to guarantee rigidity in a structure
that is built up from a collection of rigid tetrahedral cells. Fig. 3 illus-
trates the isomorphic graph representation of such a cell as a planar
realization (i.e., no edges crossing) of the K4 graph (i.e., complete graph
on 4 vertices), which is built from, Gy = Cs, with a Henneberg Type 1
step: G1 = (Vo U {3}, Eg U {ey, es, e4}). The resulting graph satisfies the
Laman count requirements, has a valid Henneberg construction
sequence characterization, and known rigid realizations in R® under the
geometric constraints mentioned above. The representation of a
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Fig. 3. Rigidity graph (right) and rigid realization (left) of a minimally rigid
tetrahedral cell (|V| =4, |E| =6).

structure without support conditions, as in Fig. 3, is defined as a rigidity
graph. Planarity is another important property of the graph of the
tetrahedral cell, which will be discussed in the context of the assembly
logic (Section 4.4) and the disassembly sequence algorithm (Section
5.2).

3.3. Structural supports represented in a graph

When representing a structure including its support conditions, its
isomorphic graph is herein defined as a stability graph. For example, a
structure might be rigid based on its topology but still undergo rigid-
body motion based on its support conditions. One of the strengths of a
topological approach is that the same methodology to assess rigidity,
can be extended to evaluate stability based on the degrees of freedom
(DOFs) being constrained at vertices in the graph. Thus, if the stability
graph is found to be rigid (i.e., through the Laman count and Henneberg
sequence characterization), then the structure it is isomorphic to is
stable. This process is described for trusses (R?) in [65] and extended to
space frames (R®) in this paper. A stability graph is built by representing
the DOFs in the system as additional graph vertices, which for a graph
realized in R® are the three translations in Euclidean space. Edges are
then added between these support vertices and the vertices that repre-
sent structural nodes restrained in translation by a support. Fig. 4 shows
two different support conditions: (1) a single pin at the base of the
structure, and (2) a base pin, roller, and directional pin (X & Z). Con-
dition (1) is unstable as the structure, one rigid tetrahedral cell, is free to
rotate about its base. This rigid body motion can equivalently be proved
by analysis on the graph representation: each supported DOF is shown as
an edge in the graph, Egpport = {a, b, ¢}, hence the global count for this
graph is now 12, which does not satisfy the required global Laman
count, 15. Condition (2) on the other hand is stable, with Egyyport = {a, b,
¢, d, e, f}, hence the total count is 15, which satisfies the global Laman
count, 15. But for a stability graph to be generically rigid it must also
satisfy certain constraints when considering realizations in R3, similar to
how the rigidity graph of the tetrahedral cell must satisfy certain geo-
metric constraints as discussed in Section 3.2. If adjacent support edges
are not independent this has the effect of removing a supported DOF
from the system and destabilizing it. For example, in Fig. 4, if edges {e, f}
(i.e., (2, 2) and (2, 3)) represent supports that are in the axis of member
(2, 3) (i.e., the support forces are collinear), then the system would not
be stable. Additionally, a minimum of three nodes in the structure must
at any time have at least one DOF constrained, to prevent an axis of
rotation forming. This result corresponds to the principles of statics,
where every equilibrium load can only be resolved through the global
equations of force and moment equilibrium when precisely 6 indepen-
dent support reactions are acting in at least one plane. Using this to-
pological representation, unifying structure and support, the structure
can be said to be stable if its stability graph is rigid. Minimal rigidity of
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Fig. 4. Stability graphs representing two different sets of support conditions on the same minimally rigid space frame structure. Condition 1 (left) is unstable since |
E| =12 < 3|V| — 6, while condition 2 (right) is stable since |E| =15 > 3|V| — 6, a Henneberg assembly sequence exists to build this graph, and the geometric
constraints specified in Sections 3.2 and 3.3 are satisfied. Vertices/nodes in red are supported.

the stability graph is verified through the same process as the for the
graph of the structure, by showing that there exists a sequence, S, of
Henneberg Type 1 or 2 steps (h; or hy) to build the final graph, G,
starting from a rigid graph, Gy = (Vy, Ep):

3 S{H,-H,} s.t. Gy—G, | H € {h,h} )

There may exist numerous valid Henneberg sequences, S. The stability
graph, Gs, referring to support condition (2) in Fig. 4, can be built from
the starting graph, Gy, referring to the graph of the tetrahedral cell in
Fig. 3, through one such sequence:

e Hy=hi: Gy = (VoU{Z}, EgU{c, e, 1)
e Hy=hy: Go = (V1 U{Y}, E; U{b, s, (Y, 2)})
e H3=hy: G3= (Vo U{X}, E2\ (Y, 2) AE2UA{a, d, s1, s3})

4. Designing a space frame structure for cooperative robotic
assembly

4.1. Robotic support and Henneberg assembly

In this section, the principles of graph rigidity, and their character-
ization through Henneberg assembly steps, are implemented to develop
a topology-driven design method for a space frame structure that can be
assembled without scaffolding. In other words, the structure is to remain
rigid without scaffolding during construction. The main objective is to
design the structure explicitly considering a cooperative fabrication
sequence with two robots [15]. Thus, the structure’s stability graph
must remain rigid throughout the full assembly process by accounting
for the support contributions possible from the robotic fabrication setup
itself. In addition, planarity must be preserved in the graph isomorphic
to the structure, which is shown to result in the formation of locally rigid

cells arranged linearly in the overall structure. This property will be
crucial in ensuring that the design method also embeds the existence of a
scaffold-free disassembly sequence for the final structure. Thus, the
design method is introduced through the lens of rigidity-preserving as-
sembly, but has explicit considerations for disassembly in its formula-
tion, which will be discussed further in the disassembly section of the
paper (Section 5).

4.2. Cooperative robotic assembly strategy

The structural design method is based on a cooperative fabrication
sequence with two robots (R; and Ry) that alternate their role in placing
members and providing temporary support to the structure, as described
in [15, p.74-77]. After placing a member, a robot is left supporting the
structure, while the other robot is free to release the structure and
retrieve and add the following member. The axial forces in individual
members are resolved at concurrent points at the structural joints,
illustrated for a system of three members in Fig. 6. There is only one
possible physical arrangement of members at the joint level for each
spatial mapping of the vertices. As a result, there exists a true one-to-one
relation between the graph and the load path in the realized structure. A
translational restraint shown as an edge in the graph, also represents the
resulting force equilibrium in this pin-joint when a support is acting on
it. This relation only exists for an idealized bar and joint structure where
axial forces are resolved at concurrent points, because a graph repre-
sentation only carries information about the connection topology.
Capturing more complex equilibrium conditions, such as moments in the
connections, requires information about offsets and distances not pre-
sent in a topological representation. For example, the joint-level load
paths cannot be fully characterized in a reciprocal frame style connec-
tion system where numerous relative member placements are possible
for the same joint (as in previous work [47,48]).

Fig. 5. The stability graphs at each of the 6 stages (A-F) for a Henneberg Type 1 step executed with two robots (R1 and R2) either supporting a member or retrieving
the next member to add to the structure. Each edge highlighted in red represents three independent edges connecting a supported vertex in the structure to each of
the three vertices representing the X, Y, Z translation constraints. For clarity, the graph of the rest of the structure and its non-robotic supports are not shown.
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Fig. 6. Cooperative robotic sequence to execute a 3-member rigidity-preserving Henneberg Type 1 step for members with concurrent lines of action at the added
node. Stage B (left): R1 = Place, R2 = Support; Stage D (middle): R1 = Support, R2 = Place; Stage F (right): R1 = Place, R2 = Support (adapted [15, Fig. 3.19])

In a structure constructed from concurrent members, according to a
cooperative assembly strategy, the action of a temporary robotic support
on the structure can be represented in the stability graph. The two
vertices incident to the member a robot is supporting, are connected to
the three graph vertices representing the translational constraints using
the methodology described in Section 3.3 and shown during the
execution of a Henneberg Type 1 step in Fig. 5. The robot thus affects the
property of rigidity in the stability graph by altering the edge counts in
the overall graph and its subgraphs. However, from the perspective of
rigidity, despite utilizing the support provided by two robots during
fabrication, there are limitations to the feasible sequence of adding
members. For example, in a situation where elements are built off an
existing rigid structure, but are placed without being incident to the
same end node: one member can initially be placed and supported by
either robot, but would later become unstable since it is only connected
at one pinned end once the robot releases it to retrieve the next element.
In the graph representation, this can be verified with a failure to achieve
the global Laman count. One way to overcome this failure, is to add new
members to the structure in mutually reinforcing ways (i.e., incident to
the same new node) so that they assemble towards states of rigidity in
the graph isomorphic to the structure. Building towards stages of rigidity
can be evaluated through the lens of Henneberg assembly steps. A Type
1 step requires an additional vertex to be connected to the graph at three
distinct vertices to maintain rigidity. In an applied context, during
physical construction, such a step cannot happen instantaneously, but is
instead executed through the sequential placement of three separate
members. This process is shown in Fig. 5 through the stability graph
representation at each of the 6 stages (placing and retrieving members)
required to execute a full Henneberg sequence with two robots. The
sequence starts with a generic rigid structure supported by a robot in
stage A; for clarity the graph of the rest of the structure and its non-
robotic foundation supports are not shown in Fig. 5. Each vertex that
is supported by a robot at a stage is connected to the vertices repre-
senting the X, Y, Z translational support DOFs. During the first two
member placements (stages B and D), there must be at least one robot
supporting the partially completed Henneberg structure (i.e., the sub-
structure of members connecting to the newly added node) for it to be
rigid. Once the third and final member in the sequence is placed (stage
F), the Henneberg step is complete, and the graph of the structure (in
this case representing a simple tetrahedral cell) becomes minimally rigid
without requiring robotic support. The aggregation process can then be
repeated with the addition of another vertex to the existing graph, which
is realized through the execution of another 3-member cooperative
sequence with two robots. To compliment the graph representation in
Fig. 5, the physical representation of such a sequence is illustrated in
Fig. 6 for the member placement stages (B, D, F) in the process of adding
a node to an existing rigid structure. Depending upon the type of
external non-robotic foundation support, a robotic support to the

structure might still be required to guarantee stability of the overall
structure, even at the completion of a Henneberg step. It is possible for
the rigidity graph to be rigid while the stability graph is not, as is the
case for a structure supported on a single external base pin (i.e., Con-
dition 1 in Fig. 4). In Section 3.3 it was explained that a total of 6 DOFs,
represented as 6 edges in the graph, must be constrained on a minimum
of 3 vertices (i.e., embedded as a plane) for the stability graph to remain
rigid. This requirement is satisfied in a 3-member Henneberg sequence
as there is always at least one robot supporting the structure. Since the
robot constrains the movement of two vertices incident to the member it
supports, this provides more support than is strictly necessary for the
minimally rigid criteria. For example, the stability graph in Fig. 4 has 3
additional edges, E = {(Y, 2), (Y, 3), (X, 3)}, if member e3 was supported
by a robot (i.e., Vsypporr = {2, 3}). But although such a structure would
result in an over-constrained system (i.e., statically indeterminate), this
over-constraining does not negatively impact the stability in the struc-
ture. Adding edges representing supports to a minimally rigid stability
graph does not undermine its underlying property of rigidity; if a
structure is stable under certain set of support conditions, additional
supports only add to the structural redundancy of the system.

4.3. Assembly logic

A structure is designed sequentially to reflect its order of assembly,
where each new node is connected back to three existing nodes in the
structure, as per a Henneberg Type 1 step, forming a triangulated
configuration as in [15, pg. 52-53]. This assembly logic has been
recontextualized and developed in this paper through the graph-based
analysis approach described in Section 4.1 and 4.2, to show that the
properties of rigidity can be preserved at both the local and global level
when utilizing a cooperative robotic place/support strategy as illus-
trated in Fig. 6. However, the assembly logic used here differs from
previous work [15] as a new node in the structure is further specified to
always connect to three nodes on the most recently formed tetrahedral
cell. This approach guarantees that a rigid tetrahedral cell is formed
after each 3-member aggregation phase. Thus, each added member is
guaranteed to be part of at least one rigid cell. This is equivalent to
specifying that a new vertex must be added to the current graph such
that the resulting graph has a 1) planar realization (i.e., can be drawn
with no edges crossings), and 2) linear partial order (i.e., a collection of
rigid cells in series). The process of adding new nodes to three nodes on
the most recently completed cell in the existing structure is not strictly
necessary when just considering rigidity during assembly. But this ag-
gregation logic becomes important when planning for a disassembly
sequence as it guarantees the topological uniformity of the graph. The
property of planarity and the linear partial order in the nested graph that
is produced when utilizing this assembly logic guarantees that an effi-
cient stability-preserving cooperative robotic sequence can later be
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Fig. 7. An assembly approach where a new node can connect to any three
nodes can result in a non-planar graph where a subgraph isomorphic to a
tetrahedral rigid cell is not formed.

found for disassembly. Each member is guaranteed to be part of at least
one rigid cell, which allows for an algorithmic process to locate, isolate,
and remove these self-contained rigid cells during disassembly. This
algorithm is explained in detail in Section 5.2. Thus, a design process
utilizing the assembly logic described in this section is considered
fabrication-informed as it has considerations for not just efficient as-
sembly, but also for ease of disassembly, built directly into its formu-
lation. In contrast, if an assembly logic based on connecting to any three
nodes is used, the structure can still be assembled without requiring
support but is now not guaranteed to be composed of rigid cells. This
case is illustrated in Fig. 7, where node 5 is connected to the existing
structure with E = {(0, 5), (3, 4), (4, 5)}. The result is a supergraph of the
utility graph (UG), and is therefore non-planar [86]. It is possible to find
two K4 subgraphs, which correspond to the existence of two tetrahedral
cells, C; and Cy, in the original structure. But there is no such subgraph
formed with the new edges in the graph, so no valid cell is formed when
adding these members. A cell can be formed given the existing config-
uration by adding a single edge, e = (0, 4), or by swapping e = (0, 5) for
e = (1, 5), which can be verified by studying the case illustrated in Fig. 7.
But in general, if such an assembly logic, allowing connection to any
three nodes, is applied for a large structure with numerous assembly
steps, there is no guarantee that the resulting topology can be charac-
terized as a collection of elements that form tetrahedral cells.
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4.4. Design method

The cooperative robotic support strategy and structural assembly
logic can be implemented to design space frame structures that can be
efficiently assembled and disassembled. The following steps are a
schematic implementation of the concepts discussed thus far in this
paper meant to guide the preliminary design of such structures:

1. Specify a curve, or a collection of curves, that represent the overall
target form or backbone of the target structure.

2. Choose the target number of nodes that the structure is to be built
from.

3. Specify geometric constraints on the realization of graph vertices.
For example, those necessary in the formation of rigid realizations of
tetrahedral cells Section 3.2.

4. Connect a new vertex to a region of the existing graph ensuring a
tetrahedral cell topology while maintaining the property of
planarity.

5. Calculate the physical realization of the new graph vertex on the
basis of the geometric constraints specified.

Steps 4 and 5 occur in a loop executed as many times as specified in Step
3: sequentially updating the current isomorphic graph as each new
vertex is added based on the physical realization of the structure from
the previous stage. Step 4 is equivalent to assigning a valid topological
configuration in the graph representation, and Step 5 maps this new
graph vertex to a feasible structural node (i.e., physical embedding in
space) - N: V— RS s.t. ng # ny | (a, b) € G(E). As per the assembly logic
introduced in Section 4.3, each new vertex only has three potential re-
gions it can connect to, with each corresponding to a face on the most
recently completed tetrahedral cell in the structure. Once the region is
selected, the new vertex is connected to each of the three adjacent
vertices with an edge, as per a Henneberg Type 1 step, to preserve ri-
gidity. This process can be thought of as sequentially building a graph
withvertices that connect as a series of nested tetrahedral subgraphs.
Choosing which of the three regions to connect to is determined by
calculating which face in the most recently calculated cell has a normal
vector closest to the tangent vector at a point on the target geometry
curve closest to the cell. The process for selecting this face and choosing
the region on the graph to add the next vertex to is shown schematically

Fig. 8. The sequential design of a structure and its realization in space (top) corresponds to the sequential addition of vertices to the existing graph (bottom), forming
a topology that can be characterized as a series of nested tetrahedral cells preserving the property of planarity in the overall graph at each aggregation phase.
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Fig. 9. The planar graph (left) isomorphic to the designed space frame struc-
ture (17 nodes and 45 elements), represented as a linear partial order of rigid
tetrahedral cells (right).

for three sequential iterations in Fig. 8. The three potential regions in
each iteration, and their corresponding faces on the structure, are shown
in red, green, or blue on both the planar graph and its resulting
embedding. In Fig. 8, the selected region and corresponding face to build
from are shown in red; the vertices in the graph are shifted to make this
region larger for clarity. The mapping of this new vertex is then calcu-
lated in Step 5 so that no new resulting member is co-linear with an
existing member in the structure, and satisfying any remaining geo-
metric constraints specified in Step 3.

4.5. Case study: design of a space frame arch structure

To test the implementation of the design method, a case study was
performed with an input backbone curve of an arch, pin supported at its
2 extremities, with a final span of 3 m and a central height of 1.6 m. An
arch is chosen as a structural system since its sequential fabrication re-
quires working from one end to the other, which highlights the stability
preserving nature of the fabrication method. If such a spanning structure
was built using a more typical fabrication method (i.e., element-by-
element construction starting from either end and meeting at the
crown) it would be neither globally nor locally stable during construc-
tion without external scaffolding. Using the assembly logic and design
method described in Section 4.3 and 4.4 respectively, an isomorphic
planar graph is sequentially constructed. The graph (|V| = 17, |E| = 45)
corresponding to the finished structure is shown in Fig. 9, with the
corresponding vertex connectivity and embeddings in R® that were
computed at each stage summarized in Appendix A, Table A.1.

The only geometric constraint, in addition to those necessary for
rigid realizations of tetrahedral cells outlined in Section 3.2, is that the
vertex mapping function results in nodes satisfying the following: 0.3 m
< |ng — np| <1.2m | (@, b) € G(E). Individual members must be longer
than the width of the fingers spacing on robotic gripper to allow for an
adequate gripping surface, but not exceed the length of the available
construction material stock. Additional constraints based on optimiza-
tion criteria (i.e., minimizing forces and displacements in the structure)
can be used to further modify the mapping function to control of the
design of the final structure. These were not implemented since the focus
at this stage of the research is only linking topology and stability with
the execution of a cooperative fabrication sequence.

The resulting arch structure starts and ends with the cells defined by
the vertex subsets, Ve = {0, 1, 2, 3} and Vg = {13, 14, 15, 16}, shown
in the condensed partial order of rigid cells in Fig. 9 and in the rendering
of the final structure in Fig. 10. This partial order specifies the direc-
tionality of the assembly, based on the nesting order of the planar K4
graphs representing the tetrahedral cells (i.e., from outside — inside the
graph). This direction is a function of how the graph is originally drawn.
In some cases, it might be easier to draw new cells surrounding, rather
than nesting into, the existing graph, thus the direction of assembly
would be flipped (i.e., from inside — outside the graph).

The final space frame arch (Fig. 10) that results from the topology-
driven approach to the construction of its isomorphic graph (Fig. 9), is
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explicitly designed for fabrication efficiency. It is possible to assembly
this structure without external scaffolding during any assembly step by
utilizing robotic support.

5. Planning a cooperative robotic disassembly sequence

When designing a structure for robotic assembly, the emphasis is on
allowing for geometric complexity in the design, which can be achieved
by placing individual elements to build up a series of rigid cells. In
contrast, a disassembly sequence is an operation on a completed struc-
ture, and thus a fixed final geometry. Therefore, the resulting process of
taking the structure apart can occur through the hybrid removal of
existing rigid cells and individual members, to minimize the total
number of robotic operations necessary to complete the process. The
fewer operations, the faster the full structure can be disassembled.

Planning the disassembly sequence is presented here based on sub-
tractive operations on the graph representation of the structure. Instead
of reducing the graph vertex by vertex, with inverse 3-member Henne-
berg steps, a more efficient approach is to locate, disconnect and then
remove larger locally rigid regions of the graph. These regions corre-
spond to the rigid cells formed in the structure during its design and
assembly. The challenge is that their removal must be sequenced such
that stability is maintained throughout the full disassembly process.

5.1. Cooperative robotic disassembly strategy

The approach to disassembly is similar to assembly in that the two
robots are sequenced to provide temporary support to the structure
while they also actively participate in its sequential disassembly. But
although the overall goal of maintaining rigidity at intermediate stages
is the same in both assembly and disassembly, the implementation here
differs from assembly as performing the removal operation, does not
need to occur element by element. The disassembly sequence takes
advantage of the fact that the structure is specifically designed as a series
of nested rigid tetrahedral cells, represented in a planar graph. A
sequence can thus be determined where a rigid cell is located, supported,
isolated from the rest of the structure, and then independently removed,
while preserving the property of rigidity in the stability graph. Having
the two robots dedicated to supporting the structure at all times offers
more flexibility in this type of disassembly approach as it is now possible
to support two distinct regions, and potentially disconnected compo-
nents, of the structure at all times. The process starts by identifying a
rigid cell in the structure that is targeted for removal, and assigning a
robot to grab and support any member in this cell. Another distinct rigid
cell, adjacent to the cell to be removed, is then located in the structure
and the second robot is placed there as support. A distinct adjacent cell
shares no members with another cell, and is separated by only one
member from the cell it is adjacent to. These two cells, Cremope and
Csupport, are now supported by the two robots, and the edges in the graph
between them become redundant from the point of view of minimal
rigidity in the stability graph. These edges are effectively locked be-
tween two regions of the graph that are rigid when robotic support is
provided to them. Thus, the physical members represented by these
edges can be removed one by one without compromising either overall
stability of the structure or the rigidity of the local region the members
are adjacent to. Once the intermediate members are removed, the result
is a graph partitioned into two independent rigid components: (1) a
disconnected single rigid cell supported by a robot, (2) the remaining
structure supported by the other robot and the external foundation
support. The single cell can now be removed as a whole component from
the work area by the robot supporting it, and the process of discon-
nection and removal begins again, now starting with the rigid cell that
was supported by the other robot (i.e., Csyport = Cremove). This process is
schematically shown in Fig. 11 for a simple 2D truss.

Using a cell-by-cell approach allows the full structure to be dis-
assembled with fewer robotic repositioning steps than would be
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required in a member-by-member approach. Determining which rigid
cells to remove and support in each disassembly phase is performed
through operations on the isomorphic graph representation — utilizing
the property of planarity and the tetrahedral topology that was explicitly
generated in the design process. A non-planar graph would imply a more
complex connection hierarchy within the structure, representing sub-
structures that are not independently rigid and can therefore not be
isolated and removed in a stability-preserving way. The removal of the
intermediate members is done manually, as an example of Human-Robot
Interaction (HRI) in a collaborative fabrication process [39,54].
Collaborative refers to a process where the human works alongside the
robot, while cooperative refers to a process where multiple robotic agents
work together to accomplish a task one of them alone could not. The task
of removing intermediate members is best performed manually, rather
than robotically, because spatial accuracy and support capabilities are
not required when members can be removed individually without
compromising the stability of the structure.

5.2. Algorithm for locating rigid cells

Establishing a feasible disassembly sequence requires locating 1)
rigid cells in the structure for the robots to support (Sections 5.2 and
5.3), and 2) intermediate elements to remove (Section 5.4). This pro-
cedure is performed through topological computations on the isomor-
phic planar graph generated from the design process described in
Section 4.4. A graph-based algorithm finds rigid cells in the structure,
and uses this information when planning a stability-preserving disas-
sembly sequence. The rigid cell locating algorithm is initialized by
choosing an edge in the graph to support, and then identifying the
corresponding rigid tetrahedral cells to which it belongs. This procedure
is described through pseudocode in Algorithm 1 and in greater detail in
the remainder of this section.

Algorithm 1. (Rigid Tetrahedral Cell Locating Algorithm.)

1: Ciocated = [1
. for Every €support = {(vi,v} e G'(E) do

(3]

Automation in Construction 141 (2022) 104405

Next, the algorithm is further explained with a demonstration of its step-
wise execution given an example starting edge, esyppore = (11, 12),
operating on the graph generated in Section 4. This edge is indicated in
the graph of the finished space frame arch structure designed in the case
study (Fig. 12). The algorithm can be executed given a random edge, or
an edge informed by the overall geometry and load-path. This decision is
based on the type of structure being disassembled. For example, in a
linear structure such as the arch, the disassembly should start from
either end of the structure, rather than the middle, so that there are no
more than two disconnected regions of the graph at any one time.

The process starts with choosing a set of supported edges in G = (V,
E), the planar isomorphic graph of the space frame structure. The sup-
ported vertices, Vippor = {V1--Va}, are adjacent to these edges. For a
single supported edge, n = 2. A set, S, of closed neighborhood graphs
(denoted as Ng) is then calculated from each supported vertex in G:

8 ={Ng[V] | v € Viuppon} (2)
To simplify the notation, Ng[v;] = N;. Edges that are not components of
the same rigid tetrahedral cells as the supported member must be

removed from the neighborhood graphs. First, a subset of common
vertices, V', is created across the neighborhood graph vertices:

V =N(V) N Ny(V) 3
Next, for each neighborhood graph, N; € S, a reduced neighborhood

subgraph, N; = (V,E),), is created by selecting only the edges that are
adjacent to the common vertices in V'

E;.:{(v,-,u)eN,- | uGV,} “)

N, defined as the adjacent cell subgraph, is then formed as the union of
these reduced neighborhood graphs:

3: for Every v € egppor dO

4: calculate closed neighborhood graph, Ng[v;]
5: end for

6: find common vertices, V' = Ng[vi] N Ng[v2]

7: for Every Ng do

8: eliminate edges that are not adjacent to V’
9: remaining edges, E7, to form graph, N] = G(V', E)
10: end for

11: form adjacent cell subgraph, N = Nj U N}

12: calculate complete edge set, E}
13: E = E; — N’ = edges missing

14: for Every e € E/ do

15: form graph, C! by adding, e;, to N’

16: form cell, C;, by removing vertices not 3-connected
17 Clocated += C;

18: end for

19: end for

20: evaluate which cell(s) in Cjyeqreq are adequate to support

based on procedure described in Section 5.3
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Fig. 10. Renderings of the designed space frame arch structure showing the node numbers and start/end tetrahedral cells (red/blue).

N =N, UN, 5)
N’ only has vertices and edges that are part of a rigid cell that contains
the supported element. Searching for a tetrahedral cell topology, it is
evident that there are two potential cells that contain the supported
member as seen in Fig. 13. But while all the vertices are present, there is
one edge missing per cell.

The complete edge set, E}, for the rigid cells containing the supported
member, is computed as all edges in the original graph, G = (V, E),
adjacent to the common vertices in V'

E}:{(u,v)eG | u,yeVv'y (6)
The set of missing edges, E,, to complete the partial cells in N, is
computed as the difference between the full edge set, Ef, and the edges of
the adjacent cell subgraph:

Ei = E; \ N (E) = {e1+-en} )
The size of this edge set (i.e., |E,|) indicates the number of tetrahedral
cells containing the supported element. This operation is based on the
knowledge that the overall structure is specified to be made up of a series
of tetrahedral rigid cells, thus the algorithm is locating as many copies of
this specific topology that exist in the neighborhood of the supported
member. The individual subgraphs of each cell are created by first
adding each edge, e; € E,, separately to the adjacent cell subgraph:

C.=N(V,EUg¢) (®)
Then removing vertices, v, in the resulting graph, C;, that are not 3-
connected:

Ci=C,—{v|veC(V)Adeg(v) #3} 9
In this example, with egypore = (11, 12), the result is two cells, C; and Co,
in the overall graph, G, that contain the supported edge, shown in
Fig. 14. They have vertex sets C1(V) = {9, 10, 11, 12} and Co(V) = {10,
11, 12, 13}, which share three common vertices (i.e., |Vc1 N Vez| = 3)
because the cells share a common face.

It is possible that an edge is only part of one rigid cell (i.e., |E,|

1). The reader can verify this result by following the steps outlined in

this section given a different starting support edge (e.g., esypport = (8,
11)).

10

5.3. Selecting a rigid cell to support

In each disassembly phase, the current cell being isolated and
removed is referred to as Cremoyes and the other supported cell in the
structure is referred to as Cgypport (Fig. 15). Once a phase is complete,
Csupport = Cremove in the next phase, and the process repeats. The algo-
rithm described in Section 5.2 is executed multiple times per phase,
varying the supported member initialization to generate an aggregated
set of potential rigid cells, Ciocated = {C1 ... Cn}. Naively this requires |G
(E)| runs for a complete characterization of the structure, where G’ is a
subgraph representing the structure in a partially disassembled state. In
practice, this procedure can be reduced significantly as Cgypors must be
located adjacent to Cremoye in the structure. Once the set of rigid cells has
been assembled, one cell from here must be chosen as the cell to support
in the current phase. Cgyppore is chosen based on the criteria that all in-
termediate edges connecting it to Cremoye can be individually removed
without breaking apart a non-supported cell in the structure or Cremoye
itself (i.e., compromising rigidity). Thus, the requirement for Cgyppor is
that it must be immediately adjacent to Cremoye, €xpressed as the
following two conditions:

Fig. 11. Demonstration of a disassembly sequence on a 2D structure where
rigid cells are sequentially located, supported, isolated and then removed from
a structure.
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Fig. 12. Isomorphic planar graph of a space frame arch structure indicating a
potential support edge, egppore= (11, 12), used to initialize the rigid cell
finding algorithm.

1. No vertices overlap between Cgypport and Cremove (i.€., not too close):

Csuppon(v) N Cremove(v) =9 (10)

2. No unsupported vertices between Cgypors and Cremove (i.€., not too
far):

Ve {Csuppon(v) U Crsmovs(v)} AN veP (11)

where, P, is a set of the vertices in all the possible walks of length two or
less from all the vertices in both cells.

For example, Fig. 15 illustrates the two rigid cells, {C;, Cs}, that are
located when initializing the algorithm with esypore = (11, 12), and the
single cell, Cs, that is located when initializing the algorithm with
esupport = (8, 11). Co fails criterion #1 (Eq. (10)) as one of the vertices
overlaps with Cremoye, thus it cannot be removed as a complete cell
without destabilizing the rigid cell C by removing one of its vertices. C3
fails criterion #2 (Eq. (11)) as supporting this cell leaves a region of the
remaining structure directly connected to Cremoye unsupported. When
removing individual members during the disassembly process this un-
supported region of the graph is destabilized. Meanwhile, C; is feasible
cell as a robot placed here supports the remaining structure while not
leaving any unsupported intermediate vertices connected to Cremoye-
Thus, the intermediate members can be manually removed without
compromising stability, as each member is immediately adjacent to a
rigid supported cell.

Fig. 13. The adjacent cell subgraph, N’, is formed from the union of the
reduced support neighborhood subgraphs, N; and N,.

11
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Fig. 14. Rigid tetrahedral cell subgraphs containing the supported member,
esupport = (11, 12). These cells are computed from the addition of a single edge,
e; € E,, to the cell adjacency subgraph, and then removing vertices that are not
3-connected.

5.4. Selecting individual members to remove

Once a viable rigid cell to support is chosen based on the criteria
outlined in Section 5.3, the set of edges, Eremoye, that connect Cremoye and
Csupport is computed as per Eq. (12). G’ is the graph of the full structure in
the current disassembly phase. Following the removal of the interme-
diate members in any order, the cell Cremgye is disconnected from the
remaining structure and is removed as an independent component.

Eremove = {(u, V) S G, ‘ ue Crem0v57 Ve Csuppon} (12)

5.5. Case study: planning the disassembly sequence for a spanning space
frame arch

Computing a stability-preserving disassembly sequence using two
robots is implemented on the space frame structure designed in Section

Fig. 15. Checking the viability of a rigid cell to support in relation to the
location of the current cell being removed. C; is a valid cell to support, while Cy
and Cj3 violate the adjacency criteria.
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4.5 as a case study. The complete disassembly of the structure is found to
only require four phases. Each phase starts with the repositioning of a
robot to support a viable rigid cell, Csyppors, located as per Section 5.2 and
5.3, and ends with the removal of a set of intermediate members, E;emove
as per Section 5.4, followed by the removal of Crepmgye. Table 1 summa-
rizes the key information computed for each phase, where G is the graph
of the remaining structure at the start of each disassembly phase. G, ,
shows the results of the algorithm operating on G, with Cremoye in blue,
Csupport in red, and Eyemoye in green. The vertex and edge sets for each of
these components are listed in the table for each phase. The process
starts by choosing Cremoye as the rigid cell at one end of the arch, and
progresses over the whole structure, with Cgypport = Cremove in the
following phase.

6. Assembly and disassembly results and discussion
6.1. Space frame assembly

The 17-noded space frame structure, designed for the target

Table 1
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3.0m x 1.6m arch geometry in Section 4.5, is physically assembled in
the Embodied Computation Lab at Princeton University. This is done
using a robotic cell comprised of two ABB IRB 4600-40/2.55 robots on
3.9 m tracks. The purpose of this exercise is to validate the design
method presented in this paper and to test the rigidity-preserving
cooperative robotic fabrication sequence that the structure is designed
for. The material system used for the structure is 85 mm diameter 3D-
printed PETG hollow nodes (with embedded slots for the member
connection tabs) and 30 mm square wood members, which are fastened
manually with 6 mm machine screws drilled through a 3D-printed
tapered PETG tab inserted through a slot at each member’s end. This
tab acts as the connector between the member and the node, and is itself
manually placed after the member is maneuvered to the correct location
with the robotic arm, which is instrumented with a pneumatic gripper
(Fig. 16).

Snapshots of the structure, and its corresponding stability graph, as
examples of the assembly process are shown in Fig. 17 during the
execution of a 3-member aggregation sequence for nodes 7 and 11.
Fig. 17a, and 17b show the structure during a partially completed

The four stability-preserving disassembly phases planned for the space frame arch structure designed in Section 4.5.

G’ Ermm\'z’ ;nd
V ={13,14,15,16} V =1{9,10,11,12}
E={ E={ E={
(13,14) (9,10) (10,13)
Phase 1 (13,15) 9,11) (10,14)
(13,16) 9,12) (10,15)
(14,15) (10,11) (11,13)
(14,16) (10,12) (12,13)
(15,16)) (11,12)} (12,14)}
V =1{9,10,11,12} V ={5,6,7,8}
E={ E={ E={
(9,10) (5.6) (6,9)
Phase 2 ©,11) (5,7) (7,10)
9,12) (5.8 (7,9
(10,11) (6.7) (8,9)
(10,12) (6.8) (8,10)
(11,12)) (7,8)} (8,11)}
V =1{5,6,7,8} V={1.234)
E={ E={ E={
(5,6) 1,2) 1,5)
Phase 3 5.7 (1.3) 3.6)
(5.8) (1,4) 4.,5)
6,7) 2,3) (4,6)
(6.,8) 2.4) 4,7)
(7.8)} G4 (5,6)
V=1{1,234)
E={ E-
a2 o
Phase 4 (1,3) - o
) 0,2)
23) 0,3)
2.4)
(34}

12
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Fig. 16. A typical structural node with connecting tabs (left). A robotic arm
with pneumatic gripper placing and supporting a member in the struc-
ture (right).

Henneberg sequence for node 7, where only two of the three members
have been placed, and the structure is supported by both robots:
esuypport = 1(4,7), (5, 7)}. Fig. 17c and 17d show the stage where node 11
is fully connected and the structure itself becomes minimally rigid (i.e.,
at the end of a Henneberg 3-member sequence), with support from one
robot only required for overall stability: esppore = {(10, 11)}. The full
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fabrication sequence is shown in Appendix A, Table A.2, which sum-
marizes the order of assembly, the edge in the graph each member
corresponds to, and the robot (R1 or R2) that was used to place a
member as part of a 3-member sequence. The finished structure is shown
in Fig. 18.

The robotic fabrication sequence for the full structure is planned
using the COMPAS FAB framework [87] to calculate feasible collision-
free paths for the robots to take while placing members. For a geomet-
rically complex structure, individual members can be more easily
maneuvered in space by the robots, which improves the likelihood of a
feasible collision-free path to be found. But even so, as assembly pro-
gresses and the structure grows in size, it becomes more difficult to find
feasible collision-free paths. To help with the path planning process in
later stages of assembly, the calculation of trajectories is split into two
discrete planning operations: (1) from the fixed pick-up location to an
unobstructed intermediate plane in space; (2) from the intermediate
plane to the final location of the member, also expressed as a plane
located at the member’s geometric center. The intermediate plane is
located approximately 500 mm away from the structure and is parallel

Fig. 17. Snapshots of the cooperative robotic assembly process for the space frame arch structure designed as a case study. Robotic support is shown on the structure
and its isomorphic graph for a partially completed (top) and completed (bottom) 3-member Henneberg sequence.
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Fig. 18. The 17-noded space frame arch structure as the realization of a planar graph designed to have a rigidity-preserving (dis)assembly sequence.
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Table 2
The two members supported by either robot resulting in the minimum average
axial strain energy (10~° kN - m) in each disassembly phase.

Ry Ry E, ,avg
Phase 1 Cupport Cremove
member = 31 member = 41 9.51
e=(11,12) e=(14,15)
Phase 2 Csupport Cremove
member = 15 member = 31 4.42
e=(5,7) e=(11,12)
Phase 3 Csupport Cremove
member = 6 member = 16 1.55
e=(1,4) e=(6,7)
Phase 4 Cupport Cremove
member = 6 - 0.87
e=(1,4

to the member’s final location plane, which is based on the Cartesian
position and orientation taken from an accurate 3D model of the
structure. The likelihood of a feasible path being calculated is improved
as the first operation would maneuver the robot in unobstructed space to
a position in line with the member’s final location, and the second
operation would perform a relatively simple linear Cartesian move to
the final location. The control of the robots, and execution of the
calculated trajectories for the placement of each member, is then done
using the COMPAS RRC framework [88]. Placement errors (i.e., posi-
tional differences between the digital model and as-built structure)
ranged from 1-10 mm between the end of members and connection slots
in the nodes. This was within the tolerance of the material system,
therefore no correction using sensors or 3D imaging (as in [89]) was
required during construction.

The rigidity-preserving assembly logic, and the resultant structure
designed using the method developed in this paper, is specifically based
around the use of two robotic arms. Adding a robotic support agent to
the setup would greatly expand the design space for rigidity-preserving
space frame structures, by allowing more complex cooperative robotic
sequences to be performed. For example, it would be possible to
construct rigid cells composed of five or six vertices, rather than the four
as in the tetrahedral cell. These rigid cells can be realized through more
complex rigidity-preserving fabrication sequences based on combina-
tions of both Henneberg Type 1 and 2 steps. The ability to build cells
with six vertices is particularly promising as there are four different rigid
topological configurations that are possible, which would thus allow for
additional flexibility during the design stage. Finally, a third robotic
agent would allow for a more complex load-path, allowing for stable
branching structures to be built beyond the linear partial order that is
currently possible with two robots.

6.2. Space frame disassembly

The disassembly sequence computed in Section 5.5 is implemented
on the completed structure at the end of the assembly sequence (Fig. 18).
The results of the physical implementation of this rigidity-preserving
sequence are documented for each of the four phases in Table 3. The
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left column shows the disconnected structure, with one robot supporting
the rigid tetrahedral cell to remove (Cremove) and the other robot sup-
porting the remaining rigid portion of the arch structure. The right
column shows close-up images of the rigid cell and the six intermediate
members removed (Eremove) in the process of disconnecting the cell from
the rest of the structure. The computation of the disassembly sequence
does not provide information about which of the six elements
comprising each selected cell a robot should support. While this choice
does not impact rigidity (i.e., any of the six elements are valid), a finite
element analysis was performed to inform which robot should support
which cell in each phase, and the optimal combination of supported
elements in each of the two cells (Cremove and Csypporr). The combination
of supported elements that result in the minimum average strain energy
during the full disassembly process in each phase are summarized in
Table 2.

The methodology for this analysis and the full data for all possible
support combinations in each phase are shown in Appendix B. Robotic
reachability also impacts which members can be supported, but is not an
issue in this specific case as most members are within reach of at least
one robot, which is verified using the path-planning functionality in
COMPAS FAB [87]. In general, supporting members that are located
close to the central axis of the arch results in lower average axial strain
energy in the structure, for all steps in a particular disassembly phase.
This result is due to the structure experiencing less out-of-plane twisting
when supported at these central locations.

Using a closed-form algorithm to locate and isolate rigid cells in a
structure during disassembly, such as the one presented in Section 5.2, is
a valid approach when given a structure with a uniform topology. For
example, as in the case study presented in this paper, where the structure
is known to be composed of tetrahedral cells. But a more generic method
is necessary when expanding the feasible design space to include
structures composed of both more complex and varied rigid cells, and
branching load paths (i.e., not a linear partial order of rigid cells). With
the future inclusion of a third robotic agent in the fabrication setup,
assembling such structures will be possible. The calculation of a feasible
rigidity-preserving disassembly sequence must thus be generalized for
use in such structures with unknown and varied topologies by devel-
oping a more generic approach to the cell locating and isolating algo-
rithm. This will be accomplished in future work through the
implementation of a graph-search approach based on the rigidity-
finding pebble game algorithm [77].

7. Conclusion

In this paper, a novel graph theoretic approach, based on rigidity
theory, is presented as a way to assess the stability of spatially complex
bar and joint structures (i.e., trusses and space frames) during any phase
of their construction. A topological framework, referred to as a stability
graph, is developed as an isomorphic representation of the physical
structure (i.e., there exists a one-to-one mapping between the graph and
structure). The structural elements, support conditions, and temporary
robotic supports can all be represented in the stability graph, and their
collective effect on the stability of the structure can thus be evaluated
using only graph rigidity principles (e.g., Laman count and Henneberg
construction steps). A schematic design method, based on a topology-
driven approach to rigidity and structural stability, is then developed
and used to design space frame structures that remain stable during all
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Table 3
Documentation of the four phases of the rigidity-preserving disassembly sequence calculated and executed for the space frame arch structure.

Disconnected Supported Structure Cremove aNd Eopoe

Phase 1

Phase 2

Phase 3

Phase 4
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stages of their assembly and disassembly without requiring external
scaffolding. The design method is fabrication-informed, because it is
specifically developed to take advantage of the fabrication capabilities
(with respect to sequencing) when two industrial robotic arms work
together in a cooperative manner: placing elements (during assembly),
removing cells (during disassembly), while also supporting the structure
in its temporary state. The proposed method is demonstrated in this
paper through the case study design, and robotic assembly and disas-
sembly, of a rigidity-preserving space frame arch, composed of 17 nodes
and 45 elements. The structure is sequentially designed to be assembled
element-by-element with two robots, mirroring a Henneberg rigid-graph
assembly step in the topological design space of the stability graph. The
design process and assembly logic guarantee that the property of
planarity is maintained in the graph, which physically corresponds to a
structure that is composed of a series of rigid tetrahedral cells. The
property of planarity, coupled with a tetrahedral cell topology, results in
a structure that can then also be efficiently disassembled through the
application of a graph-based algorithm to sequentially locate and isolate
rigid cells in the graph. After the cells are located, they are robotically
supported and removed from the physical structure as independent
components, all while the stability of the remaining structure is
preserved.

As robotic technology improves, its applications in the AEC industry
will continue to grow, with multi-robot setups becoming more preva-
lent. Engineers and architects should consider how the structures they
design can better take advantage of the potential afforded them through
such robotic fabrication setups. The generic support/place sequencing
approach, that is demonstrated with two robots in this paper, can help to

Appendix A. Space frame arch design and assembly
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further expand the feasible design space for geometrically complex
discrete element structures fabricated on-site or pre-fabricated in pieces
off-site. Future work will integrate feedback in the form of 3D imaging of
the structure during assembly or disassembly to allow the fabrication
process to better adapt to changing conditions such as deformation of
the structure due to self-weight. Overall, the goal is to further promote
the application of robotic fabrication and automation in construction,
while simultaneously improving the material use and construction ef-
ficiency of geometrically complex trusses and space frames.
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This appendix presents additional information for the space frame arch structure that was designed in Section 4.5 and the cooperative robotic
sequence that was used to assemble the structure as discussed in Section 6.1. Table A.1 summarizes the results from each iteration of the design
process, showing the new edges connecting each new vertex to the existing graph and the calculated mapping of this vertex to R®. Table A.2 sum-
marizes the cooperative robotic fabrication sequence that was used to build the resulting space frame arch. This table shows the member #, its
corresponding edges in the graph representation, and the specific robot (either R1 or R2) that was used to place the member. Each new node is added
through one of the following feasible 3-member placement sequences using both robots: R1-R2-R1, R1-R2-R2, R2-R1-R2, or R2-R1-R1. Note that the
first 6 members comprise a complete tetrahedral that was added manually as a base to initialize the construction, and are therefore not associated with

a robotic placement.

Table A.1

Vertex mapping to R® and graph connectivity at each aggregation phase (G') following an

iteration of the design process.

1% Node Added edges
n:v-R3 (w,v) € G (E)
0 (— 0.639, 1.730, 0.000) -
1 (— 0.529, 1.646, 0.670) {(0, 1}
2 (- 0.385, 1.927, 0.576) {(0, 2), (1, 2)}
3 (- 0.211, 1.558, 0.546) {(0, 3), (1, 3), (2, 3)}
4 (- 0.177, 2.015, 1.117) {1, 4, (2, 4, 3, 9}
5 (—0.188, 1.568, 1.307) {(1, 5), (3, 5), (4, 5)}
6 (0.181, 1.390, 1.058) {(3, 6), (4, 6), (5, 6)}
7 (0.512, 2.065, 1.539) {(4,7),(5,7), (6, 7)}
8 (0.512, 1.413, 1.793) {(5, 8), (6, 8), (7, 8)}
9 (0.914, 1.754, 1.394) {(6,9), (7, 9), (8,9}
10 (1.431, 1.885, 1.655) {(7, 10), (8, 10), (9, 10)}
11 (1.487, 1.237, 1.274) {(8, 11), (9, 11), (10, 11)}
12 (1.431, 2.050, 1.107) {(9, 12), (10, 12), (11, 12)}
13 (1.854, 1.710, 0.812) {(10, 13), (11, 13), (12, 13)}
14 (2.211, 2.024, 0.957) {(10, 14), (12, 14), (13, 14)}
15 (2.189, 1.444, 0.925) {(10, 15), (13, 15), (14, 15)}
16 (2.397, 1.725, 0.000) {(13, 16), (14, 16), (15, 16)}
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Table A.2
Cooperative robotic assembly sequence for the space frame arch.

Member # Edge (u,v) Robot #
0 o, -

1 0, 2) -
2 (0, 3) -
3 2,3) -
4 ,3) -
5 1,2) -
6 (1,4 R2
7 2,4 R1
8 3,4 R2
9 1,5) R2
10 (4, 5) R1
1 (3,5) R2
12 (3,6) R2
13 (4, 6) R1
14 5,6) R2
15 5,7 R2
16 6, 7) R1
17 4,7) R1
18 (6, 8) R2
19 7,8 R1
20 5,8 R1
21 7,9 R1
22 6,9 R2
23 8,9 R2
24 (9, 10) R2
25 (7, 10) R1
26 (8,10) R2
27 9,11) R1
28 (8,11) R2
29 (10, 11) R2
30 (10,12) R1
31 (11, 12) R2
32 9,12 R1
33 (12, 13) R1
34 (10, 13) R2
35 (11, 13) R2
36 (10, 14) R1
37 (13, 14) R2
38 (12, 14) R1
39 (10, 15) R2
40 (14, 15) R1
41 (13, 15) R2
42 (13, 16) R2
43 (14, 16) R1
44 (15, 16) R2

18
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Appendix B. Axial strain energy in disassembly

This appendix presents all the strain energy data that was generated in the process of determining what members to robotically support in each of
the four disassembly phases for the space frame arch. The sequence of rigid cells to remove and support was planned in Section 5.5 with results of the
physical implementation of the disassembly sequence shown in Section 6.2.

Each table summarizes the average axial strain energy (10~° kN - m) per member in the structure, for each disassembly step in a specific disas-
sembly phase, for every possible combination of supported members. There are 7 distinct disassembly steps in a typical phase (i.e., 7 entries per table
cell). These 7 steps corresponds to: first supporting the structure with two robots, and then manually removing the 6 intermediate members, Eremove,
one-by-one. The structure is analyzed, and the average strain energy is recorded after the simulation of each of these 7 steps.

There are 36 unique combinations of members for the two robots (R1 and R2) to support in each phase because there are 6 potential members to
support in either of the chosen rigid cells, Cremove and Cyypporr. The horizontal and vertical axes of each table show the member #, and corresponding
graph edge, representing a potential member to support in each cell. The combination of support members representing the lowest average axial strain
over all 7 steps is highlighted in the table for each phase. These members were then chosen to be supported in the physical implementation of the
disassembly sequence shown in Section 6.2. The final phase only requires one robot supporting the structure and the removal of 3 members connecting
the final cell to the foundation, hence there are only 4 steps and 6 unique support combinations possible.

Table B.1
Average axial strain energy (10~° kN - m) in disassembly phase 1.
R1 24 27 29 30 31 32
R2 9,100 (9,11) (10,11) (10,12) (11,12) (9,12)
7.89 8.40 9.20 9.41 8.98 9.46
8.05 8.48 9.55 9.62 9.15 9.54
39 8.23 9.91 9.77 9.84 9.33 11.80
(13,15) 8.36 10.57 10.16 10.03 9.50 12.03
8.54 11.89 11.63 10.27 9.73 12.32
8.65 12.19 11.93 11.55 9.98 12.68
38.64 12.50 12.23 22.81 10.23 16.01
7.86 8.09 9.09 9.74 8.94 9.30
8.04 8.35 9.30 9.96 9.10 9.48
40 8.22 9.47 9.52 10.19 9.29 11.88
(13,14) 8.40 10.57 10.17 10.43 9.51 12.16
8.58 11.89 11.64 10.69 9.74 12.46
8.63 12.16 11.90 11.53 9.95 12.65
38.61 12.47 12.21 22.78 10.21 15.98
8.06 8.70 9.11 9.53 8.95 11.34
8.24 9.55 9.32 9.74 9.10 11.80
41 8.54 10.16 9.59 10.04 9.23 13.44
(14,15) 8.70 11.06 10.56 10.27 9.45 13.76
8.98 11.84 11.58 10.56 9.68 14.27
9.29 12.13 11.87 13.21 9.93 13.95
38.60 12.46 12.19 22.77 10.20 15.97
8.08 8.60 9.49 10.13 9.12 9.57
8.24 8.64 9.84 10.40 9.28 9.67
42 8.43 10.26 10.07 10.64 9.47 12.18
(13,16) 8.56 10.75 10.35 1113 9.69 13.08
8.74 12.08 11.82 11.40 9.92 13.40
8.80 12.33 12.07 11.70 10.12 12.82
38.78 12.65 12.38 22.95 10.38 16.16
8.31 10.14 9.44 9.77 9.39 11.89
8.46 11.62 9.77 9.97 9.46 12.01
43 8.79 12.93 10.08 10.28 9.59 13.68
(15,16) 8.99 12.84 12.21 10.49 9.98 14.85
9.25 12.77 12.52 10.97 10.62 15.29
9.62 13.09 12.83 15.47 10.88 14.50
38.74 12.60 12.34 2291 10.34 16.11
8.66 8.86 9.34 10.23 9.29 12.74
8.86 9.71 9.55 10.46 9.44 13.36
44 9.14 10.35 9.81 10.81 9.56 15.78
(14,16) 9.36 11.22 10.72 11.07 9.79 16.15
9.55 12.16 11.90 11.38 10.00 16.99
65.77 12.49 12.23 33.63 10.29 22.28
38.75 12.61 12.35 22.92 10.35 16.12
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Table B.2

Average axial strain energy (10~° kN - m) in disassembly phase 2.

R1 14 15 16 18 19 20
R2 (5,6) 5,7 6,7) (6, 8) (7,8) (5,8)
4.68 5.46 6.63 5.70 7.67 3.85
330 291 493 487 6.89 2.95
24 3.48 2.86 5.04 5.02 7.11 3.05
(9,10) 331 2.96 521 525 735 3.00
7.99 3.99 533 543 7.60 3.11
7.95 4.14 552 | 3753 7.88 5.70
8.25 422 573 | 38.92 10.07 13.09
9.86 7.22 8.94 8.25 10.32 6.57
10.17 8.38 9.73 8.51 10.65 6.78
27 219.87 | 18475 | 186.93 | 256.24 | 189.00 | 219.19
9,11) 2.84 2.49 473 478 6.88 2.53
7.50 3.51 485 4.94 7.12 2.62
745 3.63 502 | 37.03 737 5.19
772 370 520 | 3840 9.55 12.56
5.68 337 5.0 4.98 6.59 348
5.76 4.69 5.57 5.14 6.80 3.58
29 18.24 6.88 6.25 531 7.02 3.70
(10,11) 17.05 7.11 6.45 6.02 725 3.68
23.99 10.93 1193 | 3471 2078 | 2216
2469 | 2590 | 2226 | 5427 | 57.00 | 31.22
8.02 3.99 550 | 38.70 9.84 12.86
475 432 5.81 543 7.13 3.98
5.09 4.05 5.57 6.13 7.18 5.60
30 5.94 4.15 5.62 6.33 7.41 578
(10,12) 5.85 4.29 5.81 23.18 7.66 15.27
9.21 4.69 588 | 24.19 8.10 15.50
8.93 6.27 6.51 38.52 836 | 2391
8.69 4.66 6.17 | 3937 10.51 13.53
439 3.29 5.10 5.01 6.46 372
447 3.86 523 5.17 6.66 3.84
31 545 4.10 5.5 531 6.86 3.96
(11,12) 5.31 5.16 5.57 6.03 7.12 4.98
8.41 5.28 5.60 6.51 7.50 577
8.14 533 571 37.72 778 | 22,96
7.97 3.94 545 | 3865 9.79 12.81
8.70 8.02 980 | 12.68 11.07 8.24
7.84 6.95 9.25 12.41 10.80 7.83
32 8.59 735 9.53 13.34 11.60 8.57
(9,12) 3.09 274 498 5.03 7.13 278
7.76 3.76 5.10 5.20 7.37 2.88
7.71 3.90 529 | 3730 7.64 5.46
8.00 3.97 548 | 38.68 9.82 12.84
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Table B.3
Average axial strain energy (10~ kN - m) in disassembly phase 3.

R1 3 4 5 6 7 8
R2 23 (1,3 1,2 1L,4 24 (G4
7.00 7.11 6.63 5.68 6.29 5.92
1.73 1.92 1.84 1.62 227 1.88
14 1.84 2.03 222 1.71 2.39 1.98
(5,6) 2.24 3.39 2.48 1.80 2.52 2.09
2.37 3.59 2.69 1.90 2.56 221
2.50 3.81 2.85 2.02 2.64 2.48
2.67 4.06 3.38 222 15.01 2.64
253 2.73 3.54 3.33 3.38 2.65
2.61 2.79 3.65 3.50 3.55 2.79
15 2.75 2.94 5.02 3.94 3.85 2.89
5.7 3.19 434 5.26 4.16 4.06 3.05
1.53 2.75 1.85 1.07 1.73 1.38
1.62 2.92 1.96 1.13 1.75 1.59
1.72 3.11 2.43 1.27 14.06 1.69
1.66 2.04 1.98 1.27 2.45 1.52
1.66 2.00 2.04 1.33 2.57 1.59
16 1.65 1.96 225 1.40 2.71 1.67
6,7) 1.79 293 227 1.48 3.00 1.79
1.90 3.10 2.59 1.61 2.99 1.90
1.97 3.28 3.30 1.90 23.31 1.95
232 3.71 3.02 1.87 14.66 2.29
456 | 536 | 501 | 211 | 330 | 235
4.56 6.13 4.97 1.90 3.13 2.14
18 4.75 7.71 4.97 2.00 3.29 225
6,8) 16.96 17.96 22.42 20.30 34.22 17.15
17.96 19.01 26.97 23.57 3591 18.15
18.79 20.09 33.16 27.80 142.06 18.76
2.34 3.73 3.05 1.89 14.68 2.31
1.87 2.00 3.46 2.59 5.81 1.92
1.93 2.03 3.80 2.72 6.10 2.01
19 1.82 1.89 4.09 272 7.40 2.11
(7,8) 2.13 3.25 4.23 2.87 8.03 2.17
2.12 3.30 4.69 2.96 8.13 2.17
2.13 3.44 5.72 3.48 60.95 2.11
1.35 2.74 2.05 0.90 13.69 1.32
6.97 7.24 8.60 4.34 4.68 4.25
7.64 7.56 9.92 3.70 4.08 3.64
20 27.25 27.44 29.36 30.86 33.28 27.39
(5,8) 29.05 30.21 31.61 32.58 35.13 28.91
242 3.64 2.74 1.96 2.61 2.26
2.56 3.86 291 2.08 2.70 2.53
2.73 4.12 3.43 228 15.07 2.70

Table B.4
Average axial strain energy (10~ kN - m) in disassembly phase 4.

R1 3 4 5 6 7 8
- (2,3) (1,3) (1,2) (1,4) (2,4) (3,4)

1.31 3.73 2.59 0.66 21.98 1.36
- 1.57 4.20 291 0.74 31.44 39.18
1.79 0.88 3.32 0.93 35.93 0.96
2.09 1.02 1.49 1.13 1.88 1.12
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