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Generalized Lapse Rate Formulas for Use in Entraining CAPE Calculations

JOHN M. PETERS,? JAKE P. MULHOLLAND,? AND DANIEL R. CHAVAS®

& Department of Meteorology, Naval Postgraduate School, Monterey, California
® Department of Earth, Atmospheric, and Planetary Sciences, Purdue University, West Lafayette, Indiana

(Manuscript received 5 May 2021, in final form 7 September 2021)

ABSTRACT: Common assumptions in temperature lapse rate formulas for lifted air parcels include neglecting mixing,
hydrostatic balance, the removal of all condensate once it forms (pseudoadiabatic), and/or the retention of all condensate
within the parcel (adiabatic). These formulas are commonly derived from the conservation of entropy, which leads to
errors when nonequilibrium mixed-phase condensate is present. To evaluate these assumptions, a new general lapse rate
formula is derived from an expression for energy conservation, rather than entropy conservation. This new formula incor-
porates mixing of the parcel with its surroundings, relaxes the hydrostatic assumption, allows for nonequilibrium mixed-
phase condensate, and can be formulated for pseudoadiabatic or adiabatic ascent. The new formula is shown to exactly
conserve entropy for reversible ascent. Predictions by the new formula are compared to that of older and less general for-
mulas. The errors in previous formulas arise from the assumption of hydrostatic balance, which results in considerable
warm biases due to the neglect of the energy sink from buoyancy. Predictions of ascent with entrainment using the new for-
mula are then compared to parcel properties along trajectories in large eddy simulations. Simulated parcel properties are
better predicted by the formula using a diluted analogy to adiabatic ascent, wherein condensate is diluted at the same rate
as other parcel properties, than by the diluted analogy to pseudoadiabatic ascent, wherein all condensate is removed. These
results suggest that CAPE should be computed with adiabatic, rather than pseudoadiabatic, parcel ascent.

KEYWORDS: Clouds; Conservation equations; Convective storms; Convective-scale processes; Thermodynamics; Large
eddy simulations

1. Introduction techniques (Davies-Jones 2008) because only one or two opera-
tions are needed at each level when using explicit techniques,
whereas many operations are often needed for iterative variable
solutions when using implicit techniques. Lapse rate formulas
are also useful components of theoretical analyses (Durran and
Klemp 1982) and are fundamental course material in atmo-
spheric thermodynamics courses. For instance, a simple Internet
search for “moist adiabatic lapse rate” yields lapse rate deriva-
tions in course notes from numerous universities around the
world. Furthermore, the American Meteorological Society
(AMS) glossary lists three different lapse rate definitions (https:/
glossary.ametsoc.org/wiki/Adiabatic_lapse_rate). The starting
point for these derivations often involves the assumed adiabatic
conservation of various definitions of moist entropy s, or, less
commonly, moist static energy. There are also a variety of
assumptions regarding the behavior of precipitation, heat capaci-
ties, latent heat, and conserved variables in these lapse rate deri-
vations. Despite the ubiquity of lapse rate equations in research
and forecasting, surprisingly few attempts have been made to
compare such formulas and to determine how the underlying
assumptions for such formulas affect their efficacy.

Lapse rate equations typically describe the behavior of air
parcels that do not experience mixing. However, it is well
known that undiluted parcels are virtually absent in the mid-
dle to upper troposphere in tropical moist convective updrafts
outside of tropical cyclones (Zipser 2003; Kuang and Brether-
ton 2006; Romps and Kuang 2010) and probably only occur in
supercell thunderstorms in the midlatitudes (Peters et al.
2019, 2020a,b), which are somewhat rare compared to other
modes of convection. Thus, the relevance of calculations
Corresponding author: J. Peters, jmpeters@nps.edu (such as CAPE) that use undiluted adiabatic parcels has been

A wide range of forecasting, research, and teaching applica-
tions require one to vertically displace an air parcel and com-
pute its subsequent properties using parcel theory. Perhaps
the most widely known and taught example of parcel theory
is in the computation of convective available potential energy
(CAPE; Moncrieff and Miller 1976), which is a useful tool for
forecasting and parameterizing moist atmospheric convection.
A litany of other weather forecasting parameters, which are
too numerous to comprehensively list here, use parcel theory
(Thompson et al. 2003, 2007). Comparatively sophisticated
parcel-theory-like calculations that incorporate entrainment
are often used to estimate the properties of convective updrafts
in theory (Morrison 2017), cumulus parameterizations (the
entraining plume model; Simpson and Wiggert 1969; Arakawa
and Schubert 1974), and in computing entrainment CAPE
(ECAPE; Zhang 2009; Peters et al. 2020a). Because of the ubiq-
uity of parcel theory calculations, there are a wide range of
methods and approximations involved in calculating the proper-
ties of vertically displaced air parcels, each with their own unique
set of advantages and disadvantages.

One common method for computing lifted air parcel prop-
erties is via the numerical integration of temperature (Prosser
and Foster 1966; Emanuel 1994; Marquet 2016) or potential
temperature (Bryan and Fritsch 2004) lapse rate equations.
Explicit numerical integration of lapse rate formulas offers a
computational advantage over implicit vertical integration
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questioned by these previous authors. Despite this knowledge,
the use of ECAPE in forecasting has not yet gained traction.
Rather many commonly used CAPE formulations calculate
pseudoadiabatic parcel ascent (Davies-Jones 2008; Blumberg
et al. 2017), wherein all condensate is assumed to fall out of an
air parcel immediately as it forms [see section 4.7 in Emanuel
(1994)]. However, though precipitation may be envisioned as a
form of “mixing,” calculations generally ignore the turbulent
mixing of gas and precipitation constituents between a parcel
and its surroundings and therefore do not properly predict
diluted parcel ascent. In fact, there has been no clear demon-
stration of whether pseudoadiabatic or adiabatic parcel ascent
is most “relevant” to deep convection in past literature. More-
over, analyses of radiosondes in the tropics suggest that envi-
ronmental temperature more closely resembles that of a parcel
lifted adiabatically (Xu and Emanuel 1989) rather than pseu-
doadiabatically, hinting that adiabatic ascent may be more rele-
vant to deep convection than pseudoadiabatic ascent.

Motivated by the aforementioned knowledge gaps, the
objectives of this article are as follows:

1) to derive a general lapse rate formula from an expression
for energy conservation that minimizes the common
approximations that have been used in the past, and
allows for open-system effects such as entrainment;

2) to use this formula to address the consequences of
approximations used in past formulas; and

3) to use this formula to address the following hypothesis:
the dissipation rate with height of condensed water in
large-eddy simulations (LES) correlates with parcel dilu-
tion. Consequently, the properties of undiluted parcels in
LES are better described by adiabatic than by pseudoa-
diabatic ascent. Thus, CAPE computed with adiabatic
parcels is more relevant to the behavior of deep convec-
tion than CAPE computed with pseudoadiabatic parcels.

The organization of this paper is as follows: section 2
derives the new lapse rate formulas and compares them to
formulas in previous articles and books. Section 3 compares
predictions from these new lapse rate formulas to output
along trajectories from LES to evaluate the accuracy of the
formulas, and to address our hypothesis. Finally, section 4
provides a summary, conclusions, and discussion.

2. Derivations and analyses of lapse rate formulas
a. Profiles used for evaluating formulas

For analyzing the behavior of the formulas described in
subsequent sections, we applied these formulas to two ana-
lytic vertical thermodynamic profiles using the method of
Chavas and Dawson (2021, hereafter CD21); the profiles are
shown in Fig. 1. These profiles are defined by a surface tem-
perature Ty, a surface mass fraction g, @ constant moist
static energy (MSE; defined later) between the surface and
top-of-planetary boundary layer (PBL) height zpg;, a linearly
decreasing dry static energy (DSE) between zppy. and the tro-
popause height zyop With rate of change ¢, an isothermal
stratosphere set to the T at Zyop, and a constant relative
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humidity H above zpg;. The two profiles take the following
parameter values:

1) Guse = 11.6 g kg ', Ty = 295 K, zpp, = 650 m, H =0.85,
Zyop = 12000 m, and ¢ = 0.35(cpa/Zwop) I kg~ 'm ™1, where
Cpa is the specific heat of dry air. The CAPE for undiluted par-
cels lifted from the surface is ~1500 J kg™, as will be shown
later. We refer to this profile as CD21 CAPE1 (Fig. 1a).

2) Guste = 157 gkg !, Tie = 301.5 K, zppr, = 850 m, H = 0.85,
Zwop = 12000 m, and ¢ =0.3(cpa/zwop) I kg~ 'm 1. The
DSE also instantaneously jumped by TjumpCpa J kg ! at
zpBL, Where Tjymp = 1 K, to create a small capping inversion
and prevent widespread errant convection in the simulations
analyzed later. The CAPE for undiluted parcels lifted from
the surface is greater than 4000 J kg~ ', as will be shown
later. We refer to this profile as CD21 CAPE2 (Fig. 1b).

b. Starting point for derivations

We begin our derivations with the following definition of
specific enthalpy & (see appendix A) for moist air:

k= CpmlTJ"quv_LiQia (1)

where ¢, = (1 — q)cpa + g1, 0 = ¢ + @1 + g, ¢ variables
are specific heats at constant pressure, L variables are latent
heats of phase change, and g variables are mass fractions (see
Table 1 for specific variable definitions). In atmospheric science,
the first term is commonly referred to as “sensible heat” and the
sum of the second and third terms as “latent heat.” Hence forth,
we make the “standard” Rankine-Kirchhoff (RK) approxima-
tions (Romps 2021) that the heat capacities of water vapor, lig-
uid, and ice are constant; we assume that all condensate has the
same temperature as the air it resides within; and we neglect the
volume of condensate (Emanuel 1994). These approximations
are necessary to make any headway in analytically deriving
equations for the moist thermodynamics of the atmosphere.

Given these assumptions, we may use the chain rule to write
the rate of change of k as an air parcel changes its height as

dk _ ok dT | ok dq,

ok dq, +
dz T dz = dq, dz

dg, dz  dq;

ok dq,'
dz’

@

where d/dz = (1/w)d/dt. Next, we expand d/dz = (d/dzaq) +
(d/dz,), where subscript ad is the rate of change with height
exclusively due to adiabatic processes, and subscript d is that
exclusively from diabatic processes. This expansion gives

dk ok dT _ ok dq, _ ok dq, _ ok dg
dz 0T dzeg  0q, dzaa  0Gy dZaa  9Gi dZag
dk
d2aa @)
O dT ok dq, ok dq, ok dgi
0T dzq 9q, dzq 9qy dzq 9q;i dza
dk
dza

Diabatic processes are hereafter denoted by the symbol e
(e.g., dT/dzy = er, dk/dz4 = ex). We will neglect all diabatic
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FIG. 1. Skew T-logp diagrams of the CD21 (a) CAPE1 profile and (b) CAPE2 profile. The quantities shown are 7 (thick red line; °C),
virtual temperature 7, (thin red line; °C), dewpoint temperature 7, (green lines; H2: dark green, H1: light green), and the density tempera-
ture 7, (see Table 1) of surface parcels lifted adiab irev (solid black line; °C) and pseudo (dashed black line; °C) using the formulas derived

in this study.

processes (e.g., radiation, dissipative heating, surface fluxes)
aside from mixing and precipitation. For an adiabatic parcel,
the governing equation for & is

dk _1 dp
dzaa p dz’

“)

This equation is simply d/dz applied to the First Law of Ther-
modynamics. Combining Egs. (3) and (4), and substituting in
our € terms, gives

L,= Lv,trip + (T - Ttrip)(cpv - C[) and L; = Li,trip + (T - Ttrip)
(e = ¢

Saturation vapor pressures over liquid E,; and ice E,; were
determined via the Clausius—Clapeyron equation, such that

dEs,l _ LuEs,I
dT ~ R,T?’

and 9)

dEy; _ (Ly+ Lj)E;

10
dT R,T? (10)
dk 1dp ok ok ok ok
=ttt o e () . e
dz pdz T aq, " 9q, aq; The terms E,; and E,; are obtained by analytically integrating

€k

In conjunction with Eq. (5), we will keep track of the g,
budget, which is

dq,

Egs. (9) and (10) from Ty, to 7, and by setting E,; = Ey; =
Eier at Tirp. Note that more accurate empirical formulas, such
as those obtained by Bolton (1980), were not used here to main-
tain self-consistency among our equations [as was done in Bryan
and Fritsch (2004)]. Saturation mass fractions over liquid gq,,;

dz - (6)  andice g, are obtained from Egs. (9) and (10) by noting that

where €, represents sources/sinks of g, due to mixing and dust = (1 ) Py -1 and an
hydrometeor exchanges. The latent heats L, and L; are > Y\ By
obtained via Kirchoff’s relations as

dL, p -1

=Gy and ) %Fuwwﬁ—g, (12)

dL;: where ¢ = R;/R,.

dTl =c—c. (8 Next we write variables as the sum of a horizontally and

Integrating these formulas using the triple point temperature
Tyip and known reference latent heats at this temperature
Lywip and L;ip, as a lower bound of integration gives

temporally invariant hydrostatically balanced reference state,
denoted by a subscript 0, and a perturbation from this refer-
ence state, denoted by a prime (’). This allows us to rewrite
the enthalpy budget equation [Eq. (2)] in the following form
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TABLE 1. List of symbol definitions. All constants are set to their values in the “constants.F” module in the CM1 source code.
Formulas are provided when applicable.

Parameter Meaning Unit
q. Water vapor mass fraction (i.e., specific humidity, ratio of water vapor mass to total air mass) kg kg ™!
q Liquid water mass fraction kg kg !
q; Ice mass fraction kg kg ™!
q: Total water mass fraction kg kg !
Gus Saturation mass fraction kg kg ™!
Quosi Saturation mass fraction with respect to liquid only kg kg !
Gus.i Saturation mass fraction with respect to ice only kg kg ™!
Cpd Specific heat capacity of dry air at constant pressure Jkg 'K!
Cpv Specific heat capacity of water vapor at constant pressure Jkg ' K™!
¢ Specific heat capacity of liquid water Tkg 'K™!
ci Specific heat capacity of ice water Jkg ' K™!
Com Specific heat of moist air: (1 — g,)cpa + quCpv + qici + qici J kg71 K!
Comy Specific heat of moist, unsaturated air: (1 — g,)cpa + quCpy J kg’1 K!
Comi Alternative specific heat of moist air: (1 — g,)c,q + q.¢; Jkg 1K!
Ry Specific gas constant of dry air JTkg ' K™!
R, Specific gas constant of water vapor Tkg'K™!
R, Specific gas constant of moist air: (1 — q,)Rs + q.R, Jkg ' K!
@ R4/R, Unitless
Tiip Triple point temperature K
T Temperature K
T, Density temperature: T(l —-q,+ ﬂ) K
¢
Loy rip Reference latent heat of vaporization at T, J kgf1
Lirip Reference latent heat of freezing at Tip J kg71
L, Latent heat of vaporization: Ly, yip + (T — Tirip)(cpy — €1) J kgf1
L; Latent heat of freezing: L;yip + (T — Tip)(c; — ¢;) J kg71
Ly Latent heat of sublimation: L, + oL; J kg’1
) Ratio of ice to total condensate: p (_I;q Unitless
1+ qi
Eyy Partial pressure of water vapor over liquid Pa
E; Partial pressure of water vapor over ice Pa
Eret Reference vapor pressure of 611.2 Pa Pa
Pb Reference pressure for potential temperature calculation of 100000 Pa Pa
B Buoyancy: g(T, — Tpo)/Tpo
k Specific enthalpy: ¢,,,T + L.g, — Liq; J kg_1
MSE Moist static energy: k + gz Tkg!
z -1
1B Integrated buoyancy: J Bdz Tke
CAPE o EL Jke™
Convective available potential energy: Bdz
LFC
€ Time rate of change of an arbitrary variable ¢ due to mixing of a parcel with its Varies
surroundings: d¢/dtgiap
& Fractional entrainment inverse length scale km™!
H Relative humidity %
C Passive tracer concentration kg kg ™!
Sm Specific moist entropy (Romps 2008): Jkg 'K!
T
Cpmn (T ) ~R,, 1n(EL) +Ra[1+ (¢ + 1)y — q,] In[1 + (¢ + 1)g — q,]
trip ref
LU, . L., .
= Ry(1+ @)guIn[(1+ @)gu] — Ry(1 —g,) In (1 —q,) + qu( t_“p) - qi( ”f“’)
Ttnp Tmp
0, Equivalent potential temperature (Romps 2010): K
Pb (RJ/CM) (Y /¢ )
T Sm/Cpd
mp(Eref) e
Ocp Pseudoequivalent potential temperature (Bolton 1980): K
0.2854[1 - 0.28(qu/1 - ) v qv \(3376
T [1-028(e exp|—2(1+0.81 (— ~254
(pb/p) P 1- qv 1- qu)\ Tu
. . 1
Ty Dewpoint temperature for 6., calculation (Bolton 1980): T ThE +55 K
T—55 2840
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that is more convenient for later derivations (Peters and Cha-
vas 2021):

dMSE _

i (13)

where

MSE =k + gz (14)
is the moist static energy, which absorbs the component of pres-
sure-volume work that is directly exchangeable with gravita-
tional potential energy, and B = — g(p’/p) is buoyancy. Hence,
the MSE of an air parcel is defined as the sum of its sensible
heat, latent heat, and gravitational potential energy. Typical
orders of magnitude of the individual terms are O(dMSE /dz) =
1Tkg 'm~1,0B)=0.1Tkg ' m~, O[(1/p)dp’ /dz] = 0.01-
01Tkg 'm~! and O(er)=1]J kg ! m~! (Peters and Chavas
2021). Thus, all terms except for €, are typically neglected on the
right-hand side of Eq. (13). However, since our goal is to obtain
the most accurate possible formula, we retain the B term and
only neglect the (1/p)dp’/dz term. The omission of the p’ term
is motivated by both necessity and past literature. For instance,
an accurate determination of p” following a vertically displaced
parcel is mathematically intractable without extensive knowl-
edge of the parcel’s surroundings because the local p’ is influ-
enced by thermal and kinematic properties of the atmosphere
over a large adjacent region (Davies-Jones 2002, 2003). It was
further shown by Peters and Chavas (2021) that reasonably accu-
rate predictions of parcel properties along trajectories in LES
were obtainable with p’ neglected. Hence, we assume that a par-
cel instantaneously adjusts to py as it moves vertically, and p” = 0
in all subsequent derivations. It can be shown that when p’ = 0,
B =g[(T, — Ty0)/Tyo] (see appendix B), where T, and T, are
the density temperatures of the parcel and the background envi-
ronment respectively.

Thus, we may write Eq. (13) as (Riehl and Malkus 1958;
Betts 1974; Romps 2015; Peters and Chavas 2021)

dMSE
=~ Bte (15)
or alternatively following Romps (2015, hereafter R15) as
i(MSE —1IB) = ¢ (16)
dz ’

Z'=z
where 1B = —j B dz* (IB is integrated buoyancy). Note

that R15 considezf)ed MSE - IB to be an adiabatically
conserved variable, which can be used to solve for 7 and ¢, of
an ascending parcel via an implicit numerical integration
scheme that assumes this quantity remains constant. How-
ever, this type of scheme is computationally expensive, as it
requires many iterations for convergence at each level moving
upward. Thus, an ancillary motivation of our lapse rate deri-
vation is to provide a new and more efficient method of solv-
ing for lifted parcel properties when MSE — IB is conserved.
Expanding the definitions of MSE = ¢,,,,T + L.q, — Lig; +
gz and € = (0k/0T)er + (0k/dq,)eq, + (0k/dqy)eq, + (0k/0qi)eq,
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in Eq. (15), evaluating the partial derivatives, rearranging,
and cancelling redundant terms gives
ar dqy dq;

Com e + L, dz —-L; az +g= —B+cyner + Lygg, — Liey,,
(17)

where ¢, = (1 = q)cpa + quCpy +qic; + qici. Note that Eq.
(17) has c,,, (the true specific heat of the parcel) rather than
Cpmi» Which is the result of cancellation of multiple terms
related to dL,/dz and dL;/dz during the derivation.

c. Conceptual understanding

One major benefit of working with energy rather than entropy
is the intuitive conceptual understanding that comes with energy
conservation. Because MSE [Eq. (14)] is a simple linear sum of
four forms of energy—sensible heat, potential energy, latent heat
of vaporization, and latent heat of freezing—its decrease in tem-
perature with height is associated solely with conversion between
sensible heat and the other three forms. The lone exception is
through the buoyancy sink, for which sensible heat is either con-
verted to vertical kinetic energy or lost to the environment.
Hence, before deriving our general lapse rate equations, we first
begin with a schematic diagram of the exchanges of energy that
occur within a parcel in different regimes as it rises adiabatically
(Fig. 2). After the formula for each regime is derived below, a
conceptual explanation is provided with reference to Fig. 2.

d. General unsaturated lapse rate

During unsaturated adiabatic displacements, q,, is adiabati-
cally conserved so the only source is from diabatic exchanges
of g, with the parcel’s surroundings, yielding dq,/dz = €,,. We
also assume that the unsaturated parcel does not contain lig-
uid or ice, yielding g, = q,, €;, = €;,, and q; = q; = 0. Using
these conditions, Eq. (17) reduces to

dar
Comv @ +g= — B+ cpmer,

(18)
where ¢y = (1 — qu)cpa + Gucpr Conceptually, the unsatu-
rated regime is associated with a conversion of sensible heat
to potential energy during ascent in the absence of mixing
(Fig. 2), with an additional source or sink of energy related to
the parcel’s B (see section 2 in R15).

Equation (18) may be solved for the lapse rate:

1+ B
daTr g g
2.8 +er, 19
dz Cpd Cpmu €r 19)
Cpd

where we have retained the convention from past literature to
write the right-hand side (RHS) of the equation as a product
of g/cyq and other terms. Equation (19) is a generalization of
common previous lapse rate formulas for unsaturated adia-
batic parcels that neglect buoyancy and mixing effects, yield-
ing dT/dz = —(g/cpmv) (Durran and Klemp 1982; Emanuel
1994), and the standard “dry adiabatic lapse rate” formula
that further neglects the heat capacity of ¢, yielding
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Moist static energy (MSE)
MSE = CopT + gz + Lyqy — Liq;
LJ Buoyancy (MSE sink, any level):
kg SH PE LH,  LH; SH = KE or Env  (cooling)

F=Tq Parcel energy conversions during ascent
VA =
‘ - Saturated SH = PE  (cooling)
T quice (ice condensate only) ~ |LHy + LH; = SH (worming)

Non-isothermal freezing: irreversible (source of entropy)

SH = PE (cooling) LH, = SH  (warming)
LHf = PE (isothermal) |_|-|f =) SH (warming)
Isothermal freezing: reversible (conserves entropy)
/1' MiXed-phase LHf = PE (isothermal)
___________________________________ (mixed liquid+ice)
L Saturated SH=PE (cooling)
(liquid condensate only) LH, = SH (warming)
As a parcel rises - Unsaturated I SH = PE (cooling) I

adiabatically... = (no condensate)

FIG. 2. Schematic diagram of the exchanges of forms of energy within a parcel as it rises adiabatically. Such energy exchanges are implicit
in the lapse rate formulas presented in the text derived from conservation of moist static energy (MSE). Buoyancy is an MSE sink that con-
verts sensible heat (SH) to vertical kinetic energy or transfers it to the environment. Note that the lapse rates (I') within each layer are ide-
alized; the true saturated lapse rate varies with altitude. I, is the dry adiabatic lapse rate.

dT/dz = — g/cpa (AMS glossary; https://glossary.ametsoc.org/
wiki/Adiabatic_lapse_rate).

The dq,s/dz term may be expressed in terms of d7'/dt using
the derivation in appendix C:

e. General saturated lapse rate

dw dT N aw)i Gus ’

dqys

dZ - (qu,.\‘,l qv,.v,l) oT dZ E 1= q,
For a saturated parcel, we must make additional assump-

tions about the moisture content of the parcel to obtain a

Qudpo Lu dT

solvable equation for the lapse rate. First, we define the po dz  R,JT? dz’ 22)
parameter w = ¢;/(q; + ¢;). This parameter depends on both

temperature and height, ranges from 0 to 1, and will discrimi- where

nate liquid and ice processes. We also assume that parcels Gos

remain saturated during ascent, such that ¢, = q,5, where the
saturation mass fraction g, corresponds to the following lin-
ear combination of g,,,; and g, ;:

Oy = [(1 ~ ) Qs ]

w
1- Qv,v,l 1- Qv,s,i

Ly = [(1 — )Lyl (L, + L,-)ﬂ],

1-Q, 1-Qyy,
qv = quvs = (1- ‘U)qv.s,l + 0y (20) ¢ " b "

Combining Eq. (20) with Eq. (17), including the diabatic Qusi = flv—'s'ir,

source terms €, and €;,, and using €, = (dw/dT)er gives o
d
dw|dT dQUS an
—Li(q, — Gus)—=|— + Ly —— +
[Cpm t(QI q ’S)BT dz R dz 8 Q _ Gugs,i
T 0 — g, t qus

ow
= —B+ [Cpm - Li(q[ - qu.s) ﬁ]ET + Ls€qv,_‘_, (21)

We then use the fact that the reference state is, by

where L; = L, + wL;, which represents the latent heat from
condensation and sublimation during mixed-phase ascent.

definition, hydrostatically balanced to substitute dp/dz =
dpo/dz= —p,g. Previous derivations such as that of
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FI1G. 3. Profiles of quantities along parcels lifted from the surface in the CD21 (top) CAPEI1 profile and (bottom) CAPE2 profile. Quan-

tities shown are of (a),(f) T' (K), (b),(2) B (m s~ 2), (c),(h) A8, (K),

(d),(i) AMSE/cq) (K), and (e),(j) A[(MSE — IB)/c,q| (K), where A

denotes the difference in a quantity from its initial value. Solid blue lines indicate an adiab irev parcel with a mixed-phase region; solid red
lines, an adiab rev parcel; solid yellow line, pseudo parcel with a mixed-phase region; and yellow dashed line, a pseudo parcel with ice and

sublimation neglected.

Emanuel (1994) end up with a dp/dz in lieu of dpo/dz, and
these derivations subsequently assume that dp/dz = — pg.
Physically, these previous derivations assume that the parcel
itself remains in hydrostatic balance as it ascends, whereas our
derivation has only assumed that the reference state is

hydrostatically balanced, and has allowed the parcel to deviate

from hydrostatic balance. The former assumption made by pre-

vious authors leads to a minor error in the resulting lapse rate

formula, which is analyzed in detail later in this section.
Combining Eq. (22) with Eq. (21) gives

8w LgLy) dT o  L;Q
{Cpm - [L (CIt qUS) Ly (qut CIvs/)] BT R TAQ/I} Ls(qv,s,i - qv,s,l)? + Rs ()A;:j +
m,
w Qs
= —B+ —Li(q, — qus)—ler + L + ¢ 23
lcpm (qt q ,3) aTJ€T S(Elh 1— q E‘lr) ( )
and solving for dT'/dz gives our final, general saturated lapse rate equation for an ascending parcel:
B L;QM B [Cpm + Li(q qu :| B qu 3 3 dw
—+1+ —_ eqv q, (Qus,i qv,s,l)_
T _ g g RinoTo g 1-q 9z (24)
dZ Cpd Cpl _ Li(q[ - qv,\') - L (qut qul Jw L LM
Cpd Cpd oT deRUTQ

This equation must be vertically integrated in conjunc-
tion with Eq. (6) since it depends on g,. The assumption of
100% saturation will likely cause minor errors because
supersaturation is common in deep convective cores.
However, this assumption is invoked in every previous
lapse rate derivation that we are aware of, and Eq. (24)
may therefore be considered a more accurate generaliza-
tion of previous formulas, which always neglect p’, assume
100% saturation, and do not account for mixed-phase
condensate.

f- Adiabatic lapse rates

Before we develop explicit representations of entrainment
and precipitation, we explore the behavior of our formula for
nonmixing parcels. To numerically evaluate these formulas,
we use the following computational logic: at a given height
where T, q,, and gq,, are known, we first check to see if the par-
cel is saturated. If the parcel is unsaturated, we obtain 7, q,,
and g, (q; = q,) at the next level using the appropriate lapse
rate equations. If the parcel is saturated, we first obtained T
and ¢, at the next level using the appropriate lapse rate
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equations. We then obtain ¢, by assuming saturation, and by
using the new 7T and py. The lifted condensation level is deter-
mined accurately via vertical interpolation between grid
points. All numerical integrations use a vertical grid spacing
of 10 m and an explicit Euler integration scheme unless stated
otherwise.

We start with the case of an adiabatic parcel (i.e.,
€;, = €, = e =0) that experiences a layer of mixed-phase
condensate in which liquid and ice are present at tempera-
tures below Tp. In this situation, Eq. (24) becomes

ar - _8
dz adiabirev Cpd
B L
B 14 LQu
« g Rino Ty
cpl _ L,’(q[ - L]U,s) - L.Y(qU,S,i - qwu,s,l) 8700 + L,Ly '
Cpd Cpd oT deRsz

(25)

To allow for a temperature range where both liquid and ice
are present, we formulate w in a manner consistent with previ-
ous studies (Khairoutdinov and Randall 2003; Bryan and
Fritsch 2004; R15), where w = 0 for T > Ty, o=
(T_ Ttrip)/(Tcutoff - Ttrip) for Ttrip =T= Tcutoffv and o = 1 for
T < Teuori, Where choices for T o are discussed later. As
will be detailed later in this subsection, this formulation for w
results in departure from thermodynamic equilibrium in the
mixed-phase region because there are a range of tempera-
tures wherein q,,; # q.s;, and hence the parcel’s ascent is
irreversible. We therefore refer to predictions using this for-
mula as “adiab irev.”

Profiles of 7" (Figs. 3a,f) and B (Figs. 3b,g) are shown for the
adiab irev profiles (blue lines). Below the freezing level, these
profiles are reversible and should accordingly conserve s, and
equivalent potential temperature 6, (defined in Table 1), which
is indeed the case (Figs. 3c,h). During the mixed-phase period
of ascent, there is an entropy source because of the departure
from thermodynamic equilibrium which is reflected by a slight
increase in 6, with height (Figs. 3c,h). Once all liquid has frozen,
the parcel’s ascent is once again reversible, which is reflected by
a constant 6, with height above the mixed-phase region. All of
these behaviors are consistent with how an adiabatic parcel
should behave. The parcel does not conserve MSE (Figs. 3d,i)
because the parcel has nonzero B as it rises [Eq. (15)]; hence it
does conserve MSE — IB, which is a requirement for an adia-
batic parcel with p’ = 0 [Eq. (16); also see R15]. Note that w has
been left general, so Eq. (25) is not uniquely valid for the
mixed-phase conditions that are examined in Fig. 3. Rather,
Eq. (25) is exact for an adiabatic parcel under the standard par-
cel theory assumptions for any arbitrary choice of w, so long as
 depends only on z and 7.

Next, we examine the behavior of a parcel that undergoes
adiabatic reversible (hereafter “adiab rev”) ascent, in which
all condensate is ice at temperatures below T\, and liquid at
temperatures above Tyip. In this situation, the parcel must
undergo a period of isothermal ascent when it reaches Ty, at
the end of which all liquid water has frozen into ice and water
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vapor remains in thermodynamic equilibrium over both liquid
and ice (because E,; = Ey; at T = Typ). Hence, w is effectively
a function of z only, as it varies only within the isothermal
layer. To quantify this isothermal layer, we rewrite Eq. (17)
for an adiabatic parcel with dT/dz =0 as

dgi
itrip TZ

dqus

Lu,trip TZ

—L +g= —B, (26)
where L, = Ly yip and L; = L; yip at T = Tyjp. Dividing by the
total condensate q. = q; — ¢, applying the quotient rule,
using Eq. (22) with dT/dz = 0, and making use of the fact that

w=qi/qc gives

B+ 8 + (Lv,trip + WLi,lrip)qv,s[1 + A] £

<P(1 - ‘It) RinoTy

do
dz Li,trip(Qr - qv.s)

27

Equation (27) is integrated upward from w = 0 at the first
instance of T = Ty, to the height where » = 1 (i.e., when all
liquid has frozen). The depth of the isothermal layer is there-
fore set by the distance of ascent required to bring w from 0
to 1 [i.e., integrating Eq. (27) in z].

Outside of this layer, o is set to 0 when T > T, and 1
when T < Typ. Thus, we may set dw/97T =0 in Eq. (25),
which simplifies to

L [1 4w ] GusLs

g __ & 8 (P(l _Qt) RinoTo (28)
dz adiab,rev Cpd Cp_m +1+ Gus quv‘S .
Cpd e(1—q,)|cpaRT?

The adiab rev profiles (red lines in Fig. 3) undergo a brief
rapid increase in 7" (Figs. 3a,f) and B (Figs. 3b,g) at the freez-
ing level because of the rapid isothermal freezing of liquid.
This feature was not present in the adiab irev profile, because
of the more gradual freezing with height that occurred in that
profile. Accordingly, larger B occurs with the adiab rev parcel
above the freezing level, up to a point just below the equilib-
rium level (EL) wherein the adiab irev parcel becomes
slightly more buoyant (Figs. 3b,g). Since Eq. (28) describes a
reversible process, the parcel should conserve entropy and
indeed we find a constant 6, throughout the parcel’s path of
ascent (Figs. 3c,h). The parcel should also conserve MSE — 1B,
and indeed we find this to be the case in Figs. 3e.].

The physical interpretation of the differences in the behav-
ior of the adiab irev and adiab rev parcel are understood
through the MSE conservation equation [Eq. (15)] and illus-
trated conceptually in Fig. 2. Below the freezing level, there is
a loss of sensible heat to potential energy and a small amount
to the buoyancy sink that is only partially offset by the con-
version of latent heat to sensible heat from phase changes.
Hence the saturated lapse rate is smaller than the unsaturated
lapse rate. Both the adiab irev and adiab rev parcels are
reversible below the freezing level, and hence their properties
are equivalent during this part of the ascent.
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Once the adiab rev parcel reaches the isothermal layer, the
energy budget simplifies for this parcel. The release of latent
heat of freezing warms the parcel at exactly the rate that it is
cooled doing work in adiabatic expansion as it rises, and
therefore the latent heat of freezing is almost entirely con-
verted into gravitational potential energy, with a small
amount lost to either kinetic energy or the environment
through the B term (Fig. 2, brown arrow). This process can be
identically reversed for a parcel that descends through the iso-
thermal mixed-phase region, and hence the term “reversible”
is a sensible descriptor for this parcel. Entropy is necessarily
conserved during this process (Figs. 3c,h) to ensure that the
Second Law of Thermodynamics is not violated. For instance,
a sink of entropy with time cannot occur for an adiabatic par-
cel because adiabatic implies “closed system,” and ds,, /dt = 0
for a closed system. If there were a source of entropy during
ascent through the mixed-phase layer, the parcel could not
identically reverse the process during descent without
experiencing a sink in entropy with time, and thereby violat-
ing the Second Law of Thermodynamics.

Meanwhile, adiab irev mixed-phase ascent is much more
complex, combining conversions among all four forms of
energy simultaneously as the parcel cools, condenses out
water vapor, and freezes liquid water gradually over a deeper
layer (Fig. 2, gray shaded region). Unlike the adiab rev parcel,
the adiab irev parcel does experience a source of entropy as it
ascends through the mixed-phase layer (e.g., Figs. 3c,h). Thus,
the parcel cannot identically reverse the phase change if it
were to descend through the region without experiencing a
sink of entropy, and violating the Second Law of Thermody-
namics. For instance, the parcel cannot undergo analogous
mixed-phase nonisothermal melting as it descends over the
same temperature range that it experienced freezing during
ascent, because this would require ice to melt within the par-
cel while it is cooler than the melting point of ice. Hence, the
parcel circuit exhibits hysteresis and thus “irreversible” is a
sensible descriptor.

g. Pseudoadiabatic lapse rate

Finally, we examine pseudoadiabatic (“pseudo” for brevity)
conditions wherein g, = ¢, q; = q; = 0, er = ¢, =0, and
€;, = dqys/dz. Applying these assumptions to Eq. (24) gives

ar _ &

dz pseudo Cpd
B L;Qwm
14 (1- qu)Em
8 ( a J) Rm,ﬂ TO

X . (29
% + L:(qu,ni - qU.J.l)(l - qu‘s) 3760 T LMLX ( )

Cpd Cpd oT ( B LIv,s) CP(IRUTZ

The pseudo profile, with the temperature-dependent w for-
mulation used in the adiab irev formula, displays a smaller
positive 7" throughout much of the middle-to-upper tropo-
sphere relative to the adiab irev and rev profiles (yellow lines
in Figs. 3a,f). This reduction in 7” relative to the adiab irev
and rev example occurs because of the large reduction in the
amount of liquid that reaches the freezing level and the
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associated reduced latent heat of freezing added to the
pseudo parcel. Despite having a smaller 77, the lack of con-
densate loading results in the pseudo parcel having a substan-
tially larger 7, (dashed black lines in Fig. 1) and B (Figs. 3b,g)
than the adiab irev profile, and a comparable B to the adiab
rev profile, between roughly 5 and 8.5 km [similar results were
shown on p. 133 of Emanuel (1994)]. The pseudo parcel
loses entropy (Figs. 3c,h), MSE (Figs. 3d,i), and MSE — IB
(Figs. 3e,j) precipitously (pun intended) with height due to
precipitation fallout. This entropy loss does not violate the
Second Law of Thermodynamics, because a pseudo parcel is
not a closed system.

Re-evaluating our equation without sublimation (i.e., = 0,
L, = L,, yellow dashed lines in Fig. 3) shows little effect on the
pseudo 7" and B profiles (Figs. 3a,b,f,g), because the primary
source of latent heat of freezing in adiab parcels occurs from
the freezing of already condensed liquid, rather than sublima-
tion of water vapor, when T = T, and because we do not
allow for condensed liquid to remain with the pseudo parcel.

h. Lapse rates with respect to pressure

An alternative route to escaping the “hydrostatic dilemma”
described in the previous subsection is to derive a lapse rate
in terms of pressure (Bohren and Albrecht 1998; Bakhshaii
and Stull 2013), rather than height. We start directly from the
adiabatic First Law of Thermodynamics, which may be writ-
ten as

(30)

8%
b.l>—‘

In an analogous manner to the derivation in section 2d, we
rewrite this equation as

dw|dT dq, 1

com — Li(q, — qm)ﬁ i + L & = . (31)

Using a similar derivation to that in section 2d and appendix C,
we write

dqys
dp

0wdT  qus dq,

_ Owm
- (qu.s,i - qv,s,l) 5@ -+

1-q,dp p RT*dp

Using this expression with the ideal gas law, Eq. (31) becomes

L
dT 1 1+ fp—%f
AP agiaviver prdel + Ls(Qusi — qusi) ~ Li(d: — qus) 90 | LsLy
de Cpd aoT Cp,ijTz
(32)

where the RHS is again phrased as a modification to the pres-
sure-dependent dry adiabatic lapse rate, 1/(pc,q). We have not
made any hydrostatic assumption in this derivation, and at
face value we have also escaped the need to neglect p’
since there is no need to separate perturbation and mean
state pressure in the first place. However, to vertically
integrate this equation we must use set pressure levels,
and since p’ is not known, these levels must correspond to
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FIG. 4. Same layout as Fig. 3, but showing adiab rev ascent using the formula derived here (hereafter the “P21” formula,
solid red line), using the P21 formula with B = 0 (red pluses), using the P21 formula with the parcel assumed to be hydrostati-
cally balanced and B = 0 (red open circles), the formula from E94 (blue line), and the AMS formula listed under “moist-adiabatic

lapse rate” (green line).

po- Thus, Eq. (32) produces an exactly equivalent profile to
Eq. (25) (not shown), and appropriately conserves entropy
and MSE — IB under the assumption that p” vanishes.

We obtain the analogous reversible lapse rate with respect
to pressure by holding g, constant and following the deriva-
tion of Eq. (27), but solving for dw/dp instead of dw/dz, we
obtain

TR + (Lurip + L,v.mpw)qm[l + q—]

do _ 1 ’ ¢l —4q/) (33)

dp p Li,trip(qt - qv,s)

Next, by setting w = 0 for T < Tyjp and o = 1 for T > Tiyp,
Eq. (32) becomes

GusLs
14 oo
ar 1 TRy (34)
dp adiab,rev pdeC‘pl + qy,sL_% 1+ Qs
ca  aRT?| @1 —q,)

Finally, we obtain a pseudoadiabatic lapse rate with respect
to pressure by setting q; = q,5, ; = q; = 0, e7 = ¢, =0, and
€, = dqys/dp:

LiOum
ar_ 1 a7 R,
dppseudo PCpd ¢, Ls(qv,s,i ~ Gusi) 0w LoLy
em — 4 —
Cpd (1 qU,S) Cpd oT (1 [Iv.s) (,‘deUT2
(35)

i. Comparison with previous reversible and
pseudoadiabatic formulas

Our adiab rev and pseudo formulas, which are exact for
standard parcel theory assumptions, provide a means for

evaluating errors in past formulas. The most commonly refer-
enced adiab rev formula in past literature is derived in section
4.7 [Eq. (4.7.3) therein] of Emanuel (1994, hereafter E94)
from the equation for s, [Eq. (4.5.9) therein]. An identical
formula is listed in the AMS glossary under “reversible
moist-adiabatic process” (https://glossary.ametsoc.org/wiki/
Reversible_moist-adiabatic_process). This formula differs
from ours in Eq. (28) in the absence of B and inclusion of T,
in the denominator here. A comparison of profiles produced
by the E94 formula with our own reveals comparatively larger
T and B in the E94 formula (Figs. 4a,b,f,g). Consequently,
the E94 formula does not conserve entropy or MSE — IB like
ours does, and the parcel behavior it describes is not strictly
reversible (Figs. 4c,ehj). In fact, the E94 formula more
closely conserves MSE than entropy, although there is still a
small source of MSE during the entire saturated portion of
the parcel’s ascent (Figs. 4d.i).

What is responsible for the entropy and MSE sources in the
E9%4 formula? As was discussed earlier, in deriving his equa-
tion, E94 assumed that the parcel is hydrostatically balanced,
whereas we have only assumed the background state is
hydrostatically balanced. This difference is demonstrated
by some simple manipulation of our equation. The two
terms in our Eq. (28) that relate to this assumption are the
B/g and L;/(R,u0T)) terms in the numerator. Setting B = 0
in our formula (red pluses in Fig. 4) gives profiles of 7"
(Figs. 4a,f) and B (Figs. 4b,g) that more closely match that
of E94, and results in a parcel that strictly conserves its
MSE (Figs. 4d.i), but not entropy (Figs. 4c,h) or MSE — IB
(Figs. 4e.j). Completing the hydrostatic assumption in our
formula by further replacing L;/(Rn0Ty) with Lg/(RaT))
results in our formula giving a curve that exactly matches
the curve from E94 (red open circles in Figs. 4a—j). Another
formula, which is listed under “moist-adiabatic lapse rate” in
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the AMS glossary (https:/glossary.ametsoc.org/wiki/Adiabatic_
lapse_rate), is an approximation to the E94 formula, which
assumes ¢, ~ ¢,q and neglects the temperature dependence of
L. This formula yields curves that are quite similar to that of
E94, with an overprediction of 7" (Figs. 4a.,f) and B (Figs. 4b,g)
aloft (relative to the formula derived here), and similarly experi-
ences gradual sources of entropy (Figs. 4c,h), MSE (Figs. 4d.i),
and MSE — IB (Figs. 4e,j) as it rises.

No pseudo formula is explicitly listed in E94, but one may
easily be inferred by neglecting condensate in his formula, yield-
ing an equation equivalent to that listed under “pseudoadiabatic
lapse rate” in the AMS glossary (https:/glossary.ametsoc.org/
wiki/Pseudoadiabatic_lapse_rate; referred to here as “E94
pseudo”). Two additional profiles are included in the
pseudo comparison: that of SHARPpy/NSHARP (Blum-
berg et al. 2017), which assumes that pseudoequivalent
potential temperature 6,, is conserved and iteratively sol-
ves for T and moisture at every level [as is described in
Davies-Jones (2008)], and MetPy (Unidata 2021), which
vertically integrates an approximation of Eq. (31) to obtain
profiles of T and ¢, Since pseudo processes clearly do
not conserve entropy, MSE, or MSE — IB, we do not
include these quantities in our comparison. However,
Bolton (1980) gives an accurate empirical formula for 6,,

[see his Eq. (39)]. Although this quantity is referred to by
the same name as our earlier defined 6., a parcel with cons-
tant 6., does not conserve entropy.

Comparisons of pseudo profiles from our Eq. (29) to that of
SHARPpy/NSHARP, MetPy, E94, and the AMS formulas
reveal close correspondence between SHARPpy/NSHARP,
MetPy, and our equation in predictions of 7" (Figs. 5a,d) and B
(Figs. 5b,e), and overpredictions of these quantities by the E94
and AMS formulas relative to the formula derived here. Despite
the close correspondence between our formula and SHARPpy/
NSHARP and MetPy, our formula more accurately conserves
0., (Figs. 5¢,f) than the others due to the comparatively approxi-
mate lapse rate formula used in MetPy, and the approximations
used in the iterative solution for 7 in SHARPpy/NSHARP [for
additional details, see Davies-Jones (2008)].

j. Mixing and precipitation

The diabatic terms €7, €;,, and €, are unknowns at this point,
but may be represented in simple terms using the common “bulk
plume” entrainment approximation (Squires and Turner 1962),
wherein a cloudy parcel is assumed to mix with the properties of
the far-field environment at a rate dictated by the fractional
entrainment inverse length scale e. For simplicity, we assume
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constant ¢ with height in subsequent analysis, which is justi-
fied by approximately exponential dilution rates with
height along simulated parcels (not shown). Using &, we
may define our diabatic terms as

er= —o(T—Ty), (36)
€, = — 8(qv - 6]1;,0), and (37)
€, = —&(qv— quo) ~ (& + P)(q, — qus)s (38)

where & is the lateral mixing rate of condensates and P is the
precipitation rate. Note that because condensates have differ-
ent vertical speeds than the gas within an air parcel, they do
not necessarily experience the same lateral mixing rate as gas
properties, and ¢ is not necessarily equal to . If the hypothe-
sis stated in section 1 were supported, we would find that com-
bined lateral mixing and precipitation rate of condensate
scales with the mixing rate of gas properties in the simulations.
Hence, we set g. + P = ¢ in the adiab irev and adiab rev formu-
las, and compare the resulting predictions to the simulated tra-
jectories. Note that in the pseudo formula, ¢, — ¢, = 0 and
hence the condensate term vanishes from the equation.

These expressions were incorporated into Egs. (24) and (6)
to parameterize mixing. Note that diluted parcels cannot be
strictly adiabatic or pseudoadiabatic, and cannot be lifted
reversibly. However, we retain the terms adiab irev, adiab
rev, and pseudo when describing forthcoming analyses of
diluted parcels as a reference to the separate microphysical
theories used to derive each formula.

Prior to analyzing the behavior of this formula, we perform
a sanity check with the CD21 CAPE1 and CAPE2 profiles by
comparing our lapse rate predictions of MSE to analytic MSE
profiles, which should give reasonably similar curves. In the
bulk plume approximation for entrainment, an arbitrary adia-
batically conserved variable ¢ obeys the equation

dy
&= o), (39)
which has the following analytic solution:
Z'=z .
Y(z)y=e F|Y, + J e efdz” |, (40)
'=2p

where ¢, is the value of ¢ at z,,. To complete the sanity check,
we first replace  with MSE in Eq. (40) (this equation cannot
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be solved with MSE — IB), and produce curves that corre-
spond to various values of . We then zero out the B term in
our adiab irev formula so that parcels conserve MSE rather
than MSE — IB, integrate the resulting lapse rate equation,
compute MSE from the result, and then compare the result to
the analytic solution from Eq. (40). Curves of analytic and
lapse-rate-predicted MSE closely match for all of the ¢ values
considered (Figs. 6a,c), meaning that our lapse rate formulas
“pass” the sanity check.

Finally, we briefly analyze the behavior of our formulas as a
function of e. As expected, the undiluted MSE curve from
our formula with B set to 0 remains at a constant value
(Figs. 6a,c), and the MSE for more diluted curves becomes
progressively closer to that of MSE, (the background value;
Figs. 6a,c). An analogous pattern is present for B, with large
B for adiab parcels with small dilution and comparatively
small (or even negative) B for parcels with large dilution
(Figs. 6b,d). For large &', and like in the case of our analysis
of Figs. 3b,g, pseudo curves generally have larger B in the
middle troposphere than adiab curves, but this pattern
reverses aloft near the tropopause (Figs. 6b,d). However, for
smaller ¢!, pseudo B becomes generally larger than adiab B
throughout the depth of the region of positive B.

3. Evaluation of formulas with numerical simulations

Our general lapse rate formula [Eq. (24)] and its three
approximations described above—adiabatic irreversible [Eq.
(25)], adiabatic reversible [Eq. (28)], and pseudoadiabatic
[Eq. (29)]—are meant to provide a simplistic representation
of the behavior of parcels in real atmospheric deep convec-
tion. We therefore evaluate these assumptions against trajec-
tories in high-resolution simulations of deep convection.
Because real ascending parcels are rarely undilute, we now
retain the diabatic terms in Eq. (24) via the simple parameter-
ization for entrainment mixing given by Egs. (36)-(38). We
also use this comparison to evaluate the hypothesis from sec-
tion 1, which states that the behavior of air parcels in real
atmospheric ascent is more analogous to adiabatic parcel
ascent than pseudoadiabatic parcel ascent.

Hence, three types are diluted parcel ascent are considered
in this comparison:

1) A diluted analogy to adiab irev ascent using Eq. (24) to
obtain 7 and Eq. (38) to obtain ¢,. The formulation for w
follows that of section 2e

2) A diluted analogy to adiab rev ascent. In this scenario,
Eq. (24) becomes

Ls Qs _ Cpm

Rm,O TO 8

B NI | . U

ﬂ __ 8 v ‘P(liql)

dz rev dil Cpd Com .
de

; (41)

qv
I L
[ o1 - qz)] CpaRyT?
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brium mixed-phase conditions, and with B = 0 (thick colored lines; colors correspond to £ ') vs the analogous quantity pre-
dicted by analytically solving the equation dMSE/dz = — ¢(MSE —MSE,) (dashed black lines). MSE(/c,q is shown in blue.
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which is used to obtain T, and Eq. (38) to obtain q,. Equa- 3) Diluted pseudo ascent. In this scenario, Eq. (24)
tion (27) is used to obtain g, in the isothermal layer and to becomes
determine the depth of this layer.

B LOv  Cpm L dw
ar g g TR g T T g[S e g, )
descudo,dil - Cpd M T Ls(qv,s‘i - qv,s,l)(l - qv,s) 8_0) 4 (1 . LyLy ’
Cpd Cpd T qy.s) deRsz
which is used to obtain 7 where @ = 0 for 7" > 253.15 K, The numerical integration and computational logic required
and w = 1 for T = 253.15 K; g, is set equal to g, at every to solve these equations follows the methodology used in
vertical step. section 2.
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a. Numerical model configuration

For this comparison, we simulate a range of modes of deep
convective organization to ensure that our formulas are gen-
erally valid. These organizational modes include supercells,
which often feature nearly undiluted parcel ascent in their
cores (Peters et al. 2019, 2020b,c); weak disorganized multicel-
lular clusters, which often have comparatively diluted ascent
within their cores (Romps and Kuang 2010; Peters et al.
2020d; Morrison et al. 2020); and squall lines, which feature
large p’ magnitudes (Peters and Chavas 2021; recall that we
neglected p’ in our formulas) and dilution rates of updraft
cores that are intermediate between supercells and disorga-
nized multicellular clusters (Mulholland et al. 2021).

Our simulations were run with Cloud Model 1 (CM1; Bryan
and Fritsch 2002) version 19 with an acoustic time-splitting inte-
gration scheme (i.e., option 2 in the namelist). CM1 uses a prog-
nostic equation for 0, and all thermodynamic equations use
moisture-dependent heat capacity and temperature-dependent
latent heat formulas that are identical to what was used in the
section 2 derivations. The majority of our simulations use the
double moment microphysics scheme of Morrison et al. (2009,
hereafter M09), with the prognostic rimed ice species set to hail.
All simulations neglected radiation and surface fluxes, and the top
and bottom boundaries were set to “free-slip.” Initial and lateral
boundary conditions (ICs and LBCs) were specified by a single
atmospheric profile, with the addition of perturbations in the ICs

to facilitate the development of convection and turbulence. For
instance, all simulations included initial random 6 perturbations
with a maximum amplitude of 0.25 K. To quantify the dilution
of air parcels via mixing, a passive tracer with an initial value of
1 kg kg~ ! was included in the lower part of the domain in the
initial conditions. Parcel properties were tracked using trajecto-
ries, which were run in-line with model integration, with model
variables output onto trajectory locations at each time step.

The first two simulations used the analytic thermodynamic
profile of Weisman and Klemp (1982, hereafter WK82), with
a st et to 15.7 g kg ! and a middle tropospheric H of 0.45.
These simulations were introduced in Peters et al. (2020b)
and were used in Peters et al. (2021) and Peters and Chavas
(2021). They used a 100-m isotropic horizontal and vertical
grid spacing, and domain dimensions of 100 km in the x and y
directions, and 22 km in the z direction, with “open radiative”
lateral boundaries (Durran and Klemp 1982). Convection was
initialized with a 3-K warm bubble that was centered at the
domain center and 500 m above the model surface. Addi-
tional details are available in Peters et al. (2020b). In the first
of these simulations, the initial # wind profile increased line-
arly from 0 m s~ at the surface to 6.25 m s™' at a height of
6 km, and remained constant above this height. This simula-
tion (referred to as the “WK82 MC” run) generally had disor-
ganized convection with transient thermal-like updrafts (Fig. 7i).
Another nearly identical simulation (referred to as the “WK82
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SUP” run), but with a u wind increase to 37.5 m s~ ! at 6 km
produced a sustained supercell updraft (Fig. 7j). The passive
tracer layer was 800 m deep in these simulations, and 1000 tra-
jectories were run though each of these simulations [details of
these trajectories are available in Peters and Chavas (2021)].
We refer to these simulations collectively as the WK82 runs.

The second set of simulations were similar to the WK82 runs,
but with the following differences. Four simulations used the
CD21 CAPE1 profile with either a 7.5 m s~ ! increase in « wind
from the surface to 6 km (SHR1), or a 30 m s~ ! increase over
this depth (SHR2), and either H=0.45 (RH1) or H=10.85
(RH2) above 2 km. Another set of four simulations used the
CD21 CAPE2 profile with the same set of wind and H combina-
tions. As in the case of the WKS82 simulations, the SHR1 simula-
tions generally produced disorganized convection (Figs. 7a—d),
whereas the SHR2 simulations produced supercells (Figs. 7e-h).
These simulations were initialized with 10000 trajectories, and
with the initial passive tracer layer confined to the 650-m (CD21
CAPEI runs) and 850-m (CD21 CAPE2 runs) constant MSE
layers. We refer to these simulations collectively as the CD21
runs, with RH, SHR, and CAPE specifiers to refer to specific
profiles. To evaluate the sensitivity to microphysics, the four
CD21 SHR?2 simulations were rerun with the NOAA National
Severe Storms Laboratory (NSSL) double-moment microphys-
ics scheme (Mansell et al. 2010) in lieu of the M09 scheme,
which includes prognostic equations for hail and graupel.

The final set of simulations originated from Mulholland et al.
(2021) and were further used in Peters and Chavas (2021). The
initial thermodynamic profile was a modified version of the
WKS?2 profile with a g, of 13.7 g kg~ ! in the boundary layer
and H = 0.45 above 2.5 km. One simulation featured moderate
vertical wind shear, and the other featured strong vertical wind
shear [for details, see Mulholland et al. (2021)]. In these simu-
lations, a cold pool was included in the ICs rather than a warm
bubble, resulting in the formation of a squall line. The domain
dimensions were 99 km in the y direction and 420 km in the x
direction, with open radiative LBCs in the x direction and peri-
odic LBCs in the y direction. The grid spacing was isotropic at
250 m in the horizontal and vertical. Simulations were initial-
ized with 1000 trajectories, and the initial passive tracer was
confined to the lowest 1.5 km. We refer to these simulations
collectively as the “SQUALL?” line runs (Figs. 7k-1).

b. Analysis methods

To compare our formulas to trajectories in simulations, we first
introduce an equation that predicts the passive tracer concentra-
tion C in conjunction with 7 and g, in our lapse rate formulas. Set-
ting ¢y = C in Eq. (40), Co=0 kg kg ', and C, = 1 kg kg~ ' at the
height of the top of the passive tracer layer z, reduces Eq. (40) to

C=e "), (43)
This equation describes the dilution at a given height of a
parcel that obeys our lapse rate equations. Thus, our lapse
rate equations and Eq. (43) give us predicted profiles of B, g,
and C for a given value of ¢.
Next, we identified continuous time periods of vertical veloc-
ity w > 0.5 m s~ ! along each trajectory that also contained the
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maximum w achieved along that trajectory. Using these continu-
ous time periods, we vertically interpolated trajectory B, g;, and
C, onto a regular height grid at intervals of 100 m. To obtain the
profiles of B and ¢, from simulations that were compared with
predicted profiles, we binned points from trajectories whose C
fell within 0.01 kg kg™! of the value predicted by Eq. (43) at
each 100-m interval in the vertical. This ensures that we are
comparing similarly diluted parcels in the numerical simulations
with predictions from our lapse rate formulas. In this procedure,
we have implicitly assumed that the parcels in the simulation
experienced constant dilution rates as they rose from their origin
heights, where they all share similar or identical starting MSE.
We then computed vertical profiles of the 5th and 95th percent
confidence bounds on the average B and g, for the points within
each bin based on a Student’s ¢ test. At each height, these confi-
dence bounds represent the range of B and g, on trajectories
that experienced the same average mixing rate ¢ along their
ascent as the parcels in the predicted profiles.

For an arbitrary predicted quantity yiprcq, We quantify errors
via the following root-mean-square error (RMSE) formula:

=22
j (ll/pred - ll/lraj)zdz
RMSE = 100 | Y&=2 ,

7=22
J lltfra\jdz
2=21

(44)

where ii;,j is the mean of all ¢ from trajectories binned within
a given 100-m interval, and z; and z, are the bottom and top
of the layer over which errors are being assessed. This for-
mula yields percentage errors, with small values (i.e., <20%)
indicating accurate predictions, and large values (i.e.,
>100%) indicating inaccurate predictions. We compare pre-
dicted versus trajectory profiles in each simulation for ¢ ! =5,
10, 25, 50, 100, and co km (undiluted).

c¢. Comparison of lapse rate formulas with numerical
model trajectories

Our objectives in the comparison between predictions from
our lapse rate formulas to the simulations are as follows:

e Determine whether predicted CAPE' and profiles of B
and g, by our lapse rate formulas compare against profiles
from trajectories for both undiluted and diluted ascent,
and whether adiab irev, adiab rev, or pseudo ascent gives
the best correspondence.

e Quantify the error dependencies on convective mode and
¢ using our RMSE definition.

o Compare the quantitative errors between adiab irev, adiab
rev, and pseudo ascent to address our hypothesis.

1) SUBJECTIVE COMPARISON

We begin by qualitatively comparing vertical profiles of B
(Figs. 8a—f) and ¢, g;, and g; (Figs. 8g-1) from the WKS82

:=EL
' CAPE = J Bdz (where LFC is the level of free convec-
z=LFC

tion and EL is the equilibrium level).
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simulation, with predictions by the lapse rate formulas from
the combined WK82 SUP and MC simulation as a representa-
tive example. The results shown here exemplify the general
behaviors among the other simulations.

In the case of undiluted (Fig. 8a) and moderately diluted
(Figs. 8b,c) simulated parcels, the adiab irev, adiab rev, and
pseudo predictions of B all capture the qualitative structure
of the profiles of B from the simulations. However, there are
some notable differences among the three predictions. Pseudo
predictions generally overestimate B below 8 km, and gener-
ally underestimate B above 8 km. In contrast, both adiab rev
and irev predictions very closely match the simulated profiles
below the freezing level, which occurs at approximately 5 km.
Above the freezing level, adiab rev predictions generally over-
predict B, whereas adiab irev predictions remain in close corre-
spondence with the simulated profiles all the way from the
freezing level to the EL. In the case of moderately-to-strongly
diluted parcels (Figs. 8d-f), all three of the profiles slightly
overpredict B, with the adiab irev B profile providing the clos-
est correspondence with the simulated B profile below 8 km,
and the pseudo B profile providing the closest correspondence
with the simulated B profile above 8 km and below the EL.

Profiles of simulated g, for all dilution rates show a close
correspondence with adiab irev and rev ¢, (Figs. 8g-1),
whereas pseudo ¢, substantially underpredicts ¢g,. Profiles

of g; and g; from the simulation show a more abrupt transi-
tion from liquid to ice at the freezing level than is por-
trayed in the adiab irev formula (Figs. 8g-1), albeit with
parcels in the simulations retaining a small amount of
supercooled liquid water above the freezing level. This
contrasts somewhat with the more gradual transition por-
trayed by the adiab irev parcel. Hence, the behavior of the
simulations appears to lie somewhere between that of the
adiab irev and rev lapse rate formulas. This is also consis-
tent with the thin layer above the freezing level where
there is a brief, but rapid increase in B (Figs. 8a—f) that is
not predicted by adiab irev, but smaller in magnitude than
that predicted by adiab rev.

Next, we investigate vertical profiles of errors across all sim-
ulations (Fig. 9) to uncover any dependencies of errors on
height and/or convective mode. In general, errors from the
adiab irev and rev formulas in predicting B were less than half
that of the pseudo formula below 6 km (Figs. 9a-1). The only
notable exceptions to this trend were in the CD21 SHRI1
CAPE1 RHI1 (Fig. 9a) and RH2 (Fig. 9c) simulations, where
the pseudo prediction outperformed the adiab predictions.
However, there were far fewer parcels that ascended through
updrafts in these two simulations, and the parcels that did
ascend through updrafts were all strongly diluted. Thus, it is
unclear whether the different behavior in these simulations
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compared to the other simulations reflects a dependency of
errors in prediction on convective mode. Errors associated
with the pseudo formula were generally comparable to, or
slightly less than, the adiab formulas at midlevels (i.e., in
the 6-10-km range); however, pseudo errors were once
again much larger than the adiab formulas aloft (i.e.,
above 8 km).

Across all simulations adiab predictions of g, incurred far
smaller errors than predictions of ¢, using the pseudo formula
(Figs. 9m—x). In general, this subjective assessment points to
an advantage of the adiab rev and irev formulas over the
pseudo formulas in predicting B, particular at low and
upper levels, and in predicting g, at all levels. This is an
important result, given that low-level B may substantially
influence CIN and LFC height calculations, and potentially
influences tornadogenesis (Brown and Nowotarski 2019; Coni-
glio and Parker 2020).

The NSSL simulations (Figs. 9e-h,q-t) display nearly iden-
tical error patterns to the M09 scheme, suggesting that the
trends in Fig. 9 are not a unique artifact of the M09 micro-
physics scheme.

2) QUANTITATIVE COMPARISONS

We quantitatively assess our formulas in two ways. First,
we compute the RMSE for B, ¢q,, and CAPE, averaged
(without weighting) over all & values for each simulation.

Note that in the case of CAPE, there is a single predicted
value and a single simulated value, and RMSE is defined
as 100 |CAPEpred - CAPElraj|/CAPEmj . Second, we aver-
aged RMSE over all simulations for each ¢ value, allowing
us to characterize the dependency of the accuracy of pre-
dictions on &.

In general, B RMSE averaged over all ¢ was smallest for
the adiab irev predictions, aside from the CD21 SHRI1
CAPE!1 simulations, and largest for the pseudo predictions
(Fig. 10a). In general, pseudo predictions of B produced
roughly 20% larger errors than adiab irev predictions. Note
that trajectories only made it above 2 km in the CD21 SHR1
CAPEI simulations for £ ' < 25 km. In other words, only
highly diluted parcels were present in the updrafts of these
simulations. Since our formulas generally performed worse
with smaller £/, it is possible that the better performance of
the pseudo predictions over the adiab irev predictions in the
CD21 SHR1 CAPE1 simulations is biased by this fact. Similar
patterns were present for CAPE predictions, although the
difference among the methods were smaller and less consis-
tent than in the case of B (Fig. 10b). In general, RMSE for
adiab irev and rev g, were far smaller than that for pseudo
(Fig. 10c); this difference was relatively small only for the
CD21 SHR1 CAPE1 simulations. It is possible that the CD21
SHR1 CAPE1 simulations behaved in a manner closer to
pseudo ascent than that of the other simulations, but this pat-
tern does not appear to be coherent among all disorganized
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multicellular convection. For instance, the CD21 SHRI1
CAPE2 and the WK82 MC simulations showed behavior that
was clearly closer to adiab irev, in a similar manner to the
supercell and squall line simulations. When averaged over all
simulations, it is apparent that adiab predictions, and adiab
irev in particular, perform the most skillfully for nearly all &,
and for B, CAPE, and ¢, (Figs. 10d-f).

d. Computational considerations

Traditional methods for computing CAPE or ECAPE use
implicit numerical integration, wherein an iterative procedure
is required to solve for T at each vertical level. From our
experience, this procedure results in a computational bottle-
neck when computing CAPE for many locations in large data-
sets. The explicit vertical integration of lapse rate equations
offers a computational advantage over these implicit methods,
requiring much fewer operations at each vertical level. This is
particularly true in the case of MSE — IB as a conserved
quantity because IB itself requires integration of buoyancy
along the parcel path; hence, buoyancy must be calculated
incrementally at high vertical resolution as part of an implicit
scheme, similar to an explicit scheme. To demonstrate this
computational advantage, we compare vertical profiles of
adiab irev B computed using an explicit Euler integration
scheme with a vertical grid spacing Az ranging from 500 to
1 m, to implicit solutions for adiab irev B using a Crank—Ni-
cholson integration scheme. Iterative solutions for 7" were
computed in Matlab using the fzero function (Brent 1973)
with the T at the next lowest grid height as an initial guess.

Errors were assessed relative to an implicit solution with Az =
1 m, which we call the “benchmark” prediction.

A subjective comparison of the explicit predictions with
the benchmark prediction reveals that the explicit solutions
reproduce the qualitative B profile with all of the Az consid-
ered here (Fig. 11a). RMSE of the explicit solutions generally
decrease monotonically with decreasing Az, dropping below
1% for Az <100 m (Fig. 11b). Commensurately, computation
time for both explicit and implicit methods increased expo-
nentially as Az decreased (Fig. 11c). Importantly, the compu-
tation time for the explicit scheme was consistently a factor of
3.5-4 smaller than that of the implicit scheme (gray line in
Fig. 11c), demonstrating the computational advantage of the
explicit scheme over the implicit. In practice, one may have
inconsistent vertical spacing of grid points among data, and
interpolation to a common grid may be necessary before com-
puting CAPE. Adding this step to the explicit vertical integration
scheme (not shown) adds a negligible amount of computation
time for this method.

4. Summary, conclusions, and discussion

To improve the accuracy of calculations that rely on parcel
theory, such as the computation of CAPE, we have derived
general lapse rate formulas for subsaturated and saturated
parcel ascent. The starting point for these derivations is an
expression for the conservation of energy, rather than an
expression for the conservation of moist entropy. As was
pointed out by R15, basing our derivation on conservation of
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FIG. 11. (a) Profiles of B (m s~ ?) predicted using the explicit Euler integration scheme with the adiab irev formula (colored lines) with a
vertical grid spacing Az ranging from 500 to 1 m. The B predicted with an implicit Crank—Nicholson scheme with a 1-m Az is shown as a
black dotted line, and is used as “truth” for error calculations in (b). (b) RMSE [circles with a color scheme matching (a); %; y axis] of B
predicted via explicit integration of the adiab irev formula as a function of Az (x axis). (c) Computation time (s; y axis) required to com-
pute a 20-km profile of B using the explicit adiab irev formula (circles), the implicit Crank—Nicholson scheme (x marks), and the ratio of
implicit to explicit computation time (gray line) as a function of Az (x axis).

energy allows us to escape errors related to entropy sources
when nonequilibrium mixed-phase processes occur. These
new formulas use fewer assumptions than past formulas, and
are shown to exactly conserve MSE — IB for a general adia-
batic parcel, and moist entropy for a reversibly lifted adiabatic
parcel (both requirements for an adiabatic parcel). These for-
mulas also incorporate terms that account for the mixing of a
parcel with its surroundings, and are therefore suitable for
computing quantities such as ECAPE. Finally, energy-based
formulas are straightforward to interpret conceptually in
terms of exchanges of different forms of parcel energy.

We first compared these new formulas with previous lapse
rate formulas for undiluted parcel ascent and identified incon-
sistencies in previous derivations that lead to errors. We then
compared the B and ¢, profiles predicted by our formulas to
the analogous quantities along trajectories in simulations of

various modes of deep moist convection. Our conclusions are
as follows:

e Predictions of B and ¢, from our formulas reproduce
well profiles from simulated trajectories for weakly and
moderately diluted parcels. Correspondence degrades for
strongly diluted parcels, likely due to complicating factors
such as the vertical exchanges of hydrometeors through
precipitation.

Predictions with our formulas of trajectory properties show
the best correspondence and most quantitative skill when
adiabatic irreversible or reversible parcel ascent is
assumed, and when ¢, is diluted at the same entrainment
rate that is used to dilute other parcel properties.

The better correspondence between adiabatic, rather than
pseudoadiabatic, parcel calculations and simulations makes a
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degree of intuitive sense. For instance, precipitation from par-
cels high within the cloud falls into parcels that are lower in
the cloud, as was postulated by Xu and Emanuel (1989). So
even if parcels are precipitating out all condensate that origi-
nates from their initial stock of water vapor, they will experi-
ence a condensate source from adjacent parcels above that
are also precipitating, and thus would be expected to have sig-
nificant condensate as they rise. So in the cases of nearly undi-
luted simulated parcels that were examined here, the parcels
likely do not retain all of their original stock of water that
they begin with before their ascent. Rather, they are continu-
ously losing and gaining water molecules at rates that are
nearly in balance, so that their g, may only change gradually.

Based on the second conclusion, we argue that CAPE com-
puted from adiabatic parcel ascent is more relevant to the behav-
ior of real moist convection than CAPE computed from
pseudoadiabatic parcel ascent. Thus, computational routines that
currently compute CAPE pseudoadiabatically should consider
switching to adiabatic calculations. Because there are often sub-
stantial differences between adiabatic and pseudoadiabatic buoy-
ancy in the lower troposphere, pseudoadiabatic and adiabatic
CAPE calculations may yield relatively large differences in CIN
and LFC height calculations. Future work is planned to investi-
gate the impact of computing CAPE with adiabatic assumptions
in a large database of observed storm environments.

An obvious and important caveat to this work is that our con-
clusions are only as good as the microphysical parameterization
used in our LES. In situ microphysical observations of clouds,
coupled with radiosonde observations to observe clouds’ nearby
environments, are necessary to observationally validate our
hypothesis, and should also be examined in future work.
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APPENDIX A

The Definition of Enthalpy

We derive the definition of (specific) enthalpy, k, given
by Eq. (1). The derivation follows that of Emanuel (1994,
p. 118) except for enthalpy defined in terms of mass frac-
tions rather than mixing ratios and including ice. The total
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enthalpy content of a parcel is equal to the sum of the
enthalpy content of its constituents:

Mk = Mykq + Myk, + Mk + Mik;, (A1)
where M, corresponds to the mass of a constituent x and M

is the total mass. Dividing through by M and using the defi-
nition of mass fraction yields

k= (] - qt)kd + qvkv + qlkl + qiki- (AZ)
The latent heat of phase change is defined as the enthalpy dif-
ference between the final and initial phase: L(7T) = k, — k;
for vaporization and L,(7T) = k; — k; for melting. Using these
equations, Eq. (A2) may be rewritten as

k=(1-gq)ka+ qki+ Lug,— Liq;. (A3)
Finally, using the definitions of enthalpy for dry air, k; =
¢, T, and liquid water, k; = ¢T, and rearranging yields
Eq. (1).

APPENDIX B

Exact Formula for B when p’ = 0

Writing p as the sum of the partial densities p,; from dry
air, p, from water vapor, and p. from condensate, gives
pP=pgt Pyt P (B1)
Using the ideal gas law, noting that p,. = (g, — q.)p, setting
P = po, and rearranging gives
1 o+ (¢—1DE
p=—== 17_(7) R (Bz)
Rd T 1 q; + qv
where ¢ =Ry/R,. In noting that E=q,po/(¢—q,¢+ qy) if
condensate volume is neglected, we arrive at the following
definition of density temperature 7

T,= T(l —q,+ @). (B3)
¢
This definition of T, exactly satisfies the equation
Po = pR4T). (B4)

Following the derivation of Eq. (B3), the density tempera-
ture T, is

Too=T[1+ (e~ = 1)guol. (B5)
Using these definitions, it can be shown that
o T, — Tpo
B=-g—=g ——— B6
8,58 7 (B6)

is exact, so long as p’ = 0.
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APPENDIX C

Expansion of dq,/dz

We begin by taking d/dz of Eq. (20) and applying the
chain rule, to obtain

dqus dw dT | Jw dqus, Aqus,
— = s,i — qus 77+—7+1_ — + -
dz (qv, i T v, al)(aT dz dZ) ( w) dz © dz
(&)

In further taking d/dz of Eqgs. (11) and (12) with p = pg
and applying the chain rule, we obtain

dqvsi _ _ Qusi . _Po_ (qQusi o Guss dEgy and
dz I=q " po—E\po dz Ey dz]f
(€2)
dqv,s,i - _ qusii e — Po Gusii @ _ Gus,i dE.Y,i
dz 1- q,; 4 Po— Es,; Po dz ES,I’ dz |
(C3)
Using algebra and the ideal gas law, we obtain
Po = @q; T qus 1
= = , and C4
Po — E.v,l = @4, T qus — Gusy 1- Qv,s,l ( )
Po _ @~ @4, + qus _ 1 (C5)
po— Eg; ©— ¢4, T Gus — Qusi 1- Qu,s,f ’

where Qv,s,l = qW,l/(‘P —®q; t qQus) and Qv.s,i = qv»\‘,i/((P -
g, + qys). Combining Egs. (C1), (C2), (C3), (CS), (7),

and (8), and noting that dE;/dz =(dE;/dT)dT/dz and
dEy;/dz = (dE,;/dT)dT/dz, gives

daqus dw dT  dw Qs
- = usi — Y — -t |- - 4
dz (q 8, q ,S,l)(aT dz az) 1— 4 €q,
Om dpo , Ly dT
_ = L= + _
po dz R,T? dz’ (C6)
where
= (1 _ w) Qs + o Qus,i , and
QM [ 1- @v,s,l 1- Qu,s,i

Gus.l Qus,i
Ly=|01—-0L,—2— 4+ wo(L,+ L;)—2—|.
M [( w) U1 - Qv‘s,l w( v l) 1- Qv‘s,i]

The M subscript stands for “mixed,” indicating that this
latent heat term is expressed as a function of other terms
that result from the presence of mixed-phase condensate in
thermodynamic disequilibrium. In the situation where w = 0
or w = 1, it can be shown that

Oum = qus|1 + ————
G T
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qUS
Ly = qus|1 + ———|L;.
m=q ’s[ ‘P(l - qt)] *
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