Extreme material parameters accessible by active acoustic metamaterials with Willis
coupling
Steven R. Craig, Bohan Wang, Xiaoshi Su, et al.

Citation: The Journal of the Acoustical Society of America 151, 1722 (2022); doi: 10.1121/10.0009771
View online: https://doi.org/10.1121/10.0009771

View Table of Contents: https://asa.scitation.org/toc/jas/151/3

Published by the Acoustical Society of America

ARTICLES YOU MAY BE INTERESTED IN

Numerical realization of diffuse sound pressure fields using prolate spheroidal wave functions
The Journal of the Acoustical Society of America 151, 1710 (2022); https://doi.org/10.1121/10.0009764

Head-related transfer function measurements in a compartment fire
The Journal of the Acoustical Society of America 151, 1730 (2022); https://doi.org/10.1121/10.0009597

Robust design of an asymmetrically absorbing Willis acoustic metasurface subject to manufacturing-induced
dimensional variations
The Journal of the Acoustical Society of America 151, 216 (2022); https://doi.org/10.1121/10.0009162

Acoustic metasurface-based perfect absorber with deep subwavelength thickness
Applied Physics Letters 108, 063502 (2016); https://doi.org/10.1063/1.4941338

Acoustic metamaterials
Journal of Applied Physics 129, 171103 (2021); https://doi.org/10.1063/5.0046878

Statistically robust estimation of source bearing via minimizing the Bhattacharyya distance
The Journal of the Acoustical Society of America 151, 1695 (2022); https://doi.org/10.1121/10.0009677

*ASA

Advance your science and career
as a member of the

ACOUSTICAL SOCIETY OF AMERICA

LEARN MORE | »


https://images.scitation.org/redirect.spark?MID=176720&plid=1225645&setID=407059&channelID=0&CID=414012&banID=519951227&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=7e7e30d6798a3241c86931e1e778ab1601dd31fb&location=
https://asa.scitation.org/author/Craig%2C+Steven+R
https://asa.scitation.org/author/Wang%2C+Bohan
https://asa.scitation.org/author/Su%2C+Xiaoshi
/loi/jas
https://doi.org/10.1121/10.0009771
https://asa.scitation.org/toc/jas/151/3
https://asa.scitation.org/publisher/
https://asa.scitation.org/doi/10.1121/10.0009764
https://doi.org/10.1121/10.0009764
https://asa.scitation.org/doi/10.1121/10.0009597
https://doi.org/10.1121/10.0009597
https://asa.scitation.org/doi/10.1121/10.0009162
https://asa.scitation.org/doi/10.1121/10.0009162
https://doi.org/10.1121/10.0009162
https://asa.scitation.org/doi/10.1063/1.4941338
https://doi.org/10.1063/1.4941338
https://asa.scitation.org/doi/10.1063/5.0046878
https://doi.org/10.1063/5.0046878
https://asa.scitation.org/doi/10.1121/10.0009677
https://doi.org/10.1121/10.0009677

@ CrossMark
« click for update

Extreme material parameters accessible by active acoustic
metamaterials with Willis coupling
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ABSTRACT:

Active acoustic metamaterials incorporate electric circuit elements that input energy into an otherwise passive
medium to aptly modulate the effective material properties. Here, we propose an active acoustic metamaterial with
Willis coupling to drastically extend the tunability of the effective density and bulk modulus with the accessible
parameter range enlarged by at least two orders of magnitude compared to that of a non-Willis metamaterial.
Traditional active metamaterial designs are based on local resonances without considering the Willis coupling that
limit their accessible effective material parameter range. Our design adopts a unit cell structure with two sensor-
transducer pairs coupling the acoustic response on both sides of the metamaterial by detecting incident waves and
driving active signals asymmetrically superimposed onto the passive response of the material. The Willis coupling
results from feedback control circuits with unequal gains. These asymmetric feedback control circuits use Willis
coupling to expand the accessible range of the effective density and bulk modulus of the metamaterial. The extreme
effective material parameters realizable by the metamaterials will remarkably broaden their applications in biomedi-

cal imaging, noise control, and transformation acoustics-based cloaking. © 2022 Acoustical Society of America.
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I. INTRODUCTION

Acoustic metamaterial research aims to develop artifi-
cial materials with effective material properties that go
beyond what is found in nature to enable superior control
over sound wave propagation for applications in biomedical
imaging (Fenster et al., 2001; Bushberg and Boone, 2011;
Hynynen et al., 1996; Tanter and Fink, 2014; Wang et al.,
2016; Errico et al., 2015), noise control (Ma et al., 2014; Li
and Assouar, 2016; Mei et al., 2012; Yang et al., 2017), and
cloaking technologies (Chen and Chan, 2010; Craster and
Guenneau, 2012; Li and Pendry, 2008; Popa et al., 2011;
Zheng et al., 2014; Dubois et al., 2017). Although passive
metamaterials have adequately demonstrated these unique
features, their undesired lossy behavior, narrow bandwidth,
and lack of tunability limits their effectiveness for practical
applications (Cummer et al., 2016). Active metamaterials
compensate for these disadvantages by modulating the addi-
tional energy inputs with electrical circuits (Fleury et al.,
2015; Zhu et al., 2014). These circuits are highly tunable
and can be adjusted in real time because of the swift
processing speeds in electrical circuits comparing with the
acoustic frequencies, allowing the development of active
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metasurfaces for reconfigurable focusing and beam steering
(Popa et al., 2015). This tunability of active metamaterials
was used to modulate the effective density through simple
alterations of their active circuitry (Akl and Baz, 2012).
Elastic metamaterials with active piezoelectric elements
enable the control of different wave characteristics without
changing material or structural parameters for transformation-
based cloaking (Ning et al., 2020a), elastic black holes (Ning
et al., 2020b), and topological immunity on elastic surfaces
(Li et al., 2020). Additionally, active metamaterials can
achieve negative effective material parameters by actively
manipulating the monopole and dipole resonant responses of
the unit cells (Popa et al., 2013; Cho et al., 2020).

While existing active metamaterials overcome many
disadvantages of their passive counterparts, they were all
based on the local resonance of their unit cells that limit the
available effective parameter range, making them unsuitable
for applications that require extreme effective densities and/
or bulk moduli such as transformation acoustics-based
cloaking (Popa et al., 2011; Zheng et al., 2014; Dubois
et al., 2017), wave steering with extreme angles (Torrent,
2018), and ultrathin sound isolators (Popa et al., 2018). In
this study, we propose an active metamaterial with strong
Willis coupling to dramatically broaden the accessible range
of the effective density and bulk modulus by at least two
orders of magnitude compared to that of a non-Willis active
metamaterial with a symmetric control circuit. Willis cou-
pling, analogous to bianisotropy in electromagnetics, is a

© 2022 Acoustical Society of America
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cross coupling of the pressure and local particle velocity
fields that couples the monopolar and dipolar responses of
metamaterial unit cells (Willis, 1997; Milton and Willis,
2007; Willis, 1981; Willis, 2011; Sieck et al., 2017). These
coupled responses result in asymmetric wave propagation to
realize ultrathin nonreciprocal sound isolators, abnormal
acoustic metagratings with high efficiency, and decorated
membranes with large Willis coupling (Zhai et al., 2019;
Craig et al., 2019; Chiang et al., 2020; Lau et al., 2019).
Additionally, passive acoustic scatterers with maximum
Willis coupling overcome inherent efficiency limitations of
conventional metasurfaces for arbitrary wavefront manipu-
lation (Quan et al., 2018). Besides fluid media that only sup-
port longitudinal waves, Willis coupling metamaterials were
used to achieve asymmetric shear wave and asymmetric lon-
gitudinal wave propagation in elastic media (Chen et al.,
2020). PT-symmetric acoustics is an alternative method that
enables asymmetric wave scattering by pairing materials
with acoustic gain and loss properties (Liu et al., 2020; Zhu
et al., 2014; Schindler et al., 2011). Active Willis coupled
metamaterials are also used to study virtualized unit cells
for non-reciprocal, non-Hermitian, and topological systems
(Cho et al., 2020; Cho et al., 2021; Wen et al., 2021). It is
worth noting that asymmetric wave propagation is not the
focus of this work. In general, Willis coupling is qualita-
tively understood as two different types of coupling mecha-
nisms (Sieck et al., 2017). The first, known as even
coupling, is present when the geometric center and center of
mass are offset, such that any resultant motion from an
external force is a combination of the monopolar and dipolar
responses (Sieck et al., 2017). The even coupling purely
depends on the local properties of the metamaterial and has
no reliance on the incident wave. The second, known as odd
coupling, exhibits non-local effects due to its dependence on
the incident wavevector (Sieck et al., 2017). It is difficult to
distinguish the local or non-local behavior in Willis meta-
materials, but the presence of Willis coupling extends the
range of effective density and bulk modulus (Merkel et al.,
2018; Groby et al., 2021).

Il. MODELING

We model the wave scattering of an active acoustic
metamaterial with Willis coupling by decomposing the total
acoustic response of the unit cell into its passive and active
components as

Rtot - Rpass + Rart, (la)

Ty = Tpass + Tacts (1b)
where R;,; and Tio;, Rpass and Ty, and Ry and T are the
total, passive, and active acoustic reflection and transmission
coefficients, respectively. In this work, we implement a simi-
lar passive structure consisting of an air layer [light purple
part in Fig. 1(a) represented by the large rectangle between
the two thinner rectangles] sandwiched by two piezoelectric
transducers [dark purple parts in Fig. 1(a) represented by the
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FIG. 1. (Color online) Designed unit cell with active feedback control with
Willis coupling when G| # G». (a) One-dimensional representation of the
metamaterial confined in a waveguide with the active sensor-transducer
pairs connected to the feedback control circuits. (b) Active circuitry com-
prising each gain function for independent control of the phase and ampli-
tude of G| and G,. (1,2) in the subscripts of the circuit components denote
the resistance or capacitance values for G| and G», respectively.

thin rectangles on both sides of the larger rectangle] and
acoustic sensors [gold parts in Fig. 1(a) represented by the
small rectangles contained within the thin rectangles] used in
Popa et al. (2013). The passive reflection and transmission
coefficients were measured in Popa et al. (2013) using a 1D
waveguide with rectangular cross section when the active cir-
cuit components were off. We can control the total acoustic
response of the metamaterial by modulating the active
response. Our design introduces active control with two
sensor-transducer pairs on both sides of the proposed unit cell
to detect incident waves and superimpose an active acoustic
signal through asymmetric feedback control circuits on the
passive acoustic response of the structure [Fig. 1(a)]. Note
that the 1D waveguide has hard-wall boundary conditions on
the boundaries in parallel to the wave propagation that serve
as perfectly reflecting/mirror boundaries and span the single
unit cell effectively into a 2D array. Given this setup, the
active acoustic outputs are (Popa et al., 2013)

hihy G\
R, =—7-— 2
bt =T = hiyGr e
hihmGZ
Rp =—1"2"° 2b
R, 1— hsz ) ( )
hihroGl hihtoGZ (ZC)

T Gy 1= Gy

where G| and G, are the gain functions of the feedback cir-
cuit, Rg,, and Ry are the active acoustic reflection coeffi-
cients when an incident wave propagates from the right and
left, respectively, 4; is the efficiency that converts a mea-
sured input pressure to an input voltage by the sensors, #;, is
the ratio between the voltage sent out from the driving trans-
ducer and the detected voltage received by the sensor, /,, is
the efficiency that converts an output voltage to output
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active reflected pressure, and /,, is the efficiency that con-
verts an output voltage to output active transmitted pressure.
Since the sensor-transducer pairs are identical, the efficiency
terms satisfy the condition #,, = h;,. These efficiency terms
fully characterize the coupling between the mechanical and
electrical components in the metamaterial as they quantify
the voltage to pressure and voltage to voltage conversions
that occur in the active feedback loops. The efficiency terms
can be measured following the procedure in Popa et al.
(2013). For our numerical models, we use the experimentally
determined passive material parameters and efficiency terms
obtained in Popa et al. (2013). Based on Egs. (2a)—(2c), the
active transmission and reflection of the metamaterial can
be directly controlled by the gain functions G| and G,. These
gain functions can be realized by the active circuits shown in
Fig. 1(b). The resistance and capacitance values of the active
circuitry that are required to achieve the desired G| and G,
are calculated in the supplemental material.'

Independent control of the gain functions G; and G,
allows for the realization of unit cells with or without Willis
coupling. In acoustics, Willis coupling is the cross coupling
of the pressure and local particle velocity fields, which
appears in the constitutive relations as (Sieck et al., 2017,
Muhlestein et al., 2017)

~ Oe
= —_ 3
u pv+!//8t, (3)
v
—n = — 4
p K&—Flﬁat, 4)

where p is the momentum density, p is the mass density, v is
the particle velocity, ¢ is the volume s~train, p is the acoustic
pressure, k is the bulk modulus, and y and  are the Willis
coupling coefficients. The Willis coupling coefficients are
proportional to an asymmetry coefficient W = yyw/Z, where
Z is the characteristic impedance (Mubhlestein et al., 2017).
This asymmetry coefficient modifies the specific acoustic
impedances Zg, = Z(1+iW), where the positive/negative
sign indicates the wave propagation in the forward/back-
ward direction. W can be calculated by the asymmetric
acoustic reflection coefficients from the left R; and from the
right Rz and the transmission coefficient T as

W= R , )

i\/(l — R.Ry + T2)* — 41?2

where R;, Rg, and T are calculated by substituting Eq. (2)
into Eq. (1). This equation indicates that Willis coupling is
present with asymmetric acoustic reflection (Muhlestein
et al.,2017). Equations (2a) and (2b) illustrate that the intro-
duction of unequal gain functions G| and G, result in asym-
metric acoustic reflections and, by extension, Willis
coupling. Alternatively, this implies that non-Willis media
require the gain functions to satisfy G; = G,. This non-
Willis gain function condition ensures symmetric feedback
control circuits and equal reflection coefficients for an
acoustic signal incident on either side of the metamaterial.
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To determine the effective properties of the active unit
cell with Willis coupling for the calculation of accessible
material parameter range, we use a generalized parameter
retrieval method based on the reflection coefficients R; and
Rp, the transmission coefficient 7, and the passive length of
the unit cell derived in Muhlestein et al. (2017).

lll. RESULTS

We retrieve the effective density and bulk modulus of a
unit cell with and without Willis coupling for G, = 2¢'*%7)
to investigate the effect of Willis coupling on the effective
density and bulk modulus from 2.00 to 3.00 kHz. As previ-
ously mentioned, our model uses the efficiency terms and
passive material parameters from Popa et al. (2013) with
Ppass = (15— 4i)p;, and Kpass = (1.15 — 0.30) K4, as well
as a material thickness d = 5 mm and air as the background
medium (p,;,. = 1.225 kg/m3 and kg = 1.41 x 10° Pa).
Figure 2(a) shows the arithmetic mean of the imaginary part
of the asymmetry coefficient, W, as a function of the ampli-
tude and phase of G, near 2.50kHz calculated from Egs.
(1), (2), and (5). The arithmetic mean is given by the aver-
age value of Im(W) over 2.45 to 2.55kHz. The non-Willis
case occurs when G; = G, = 2€i<0'87), and is achieved with
the active circuitry in Fig. 1(b). The complex effective den-
sity and bulk modulus normalized to air of the non-Willis
case exhibit frequency bands of negative effective density
from 2.85 to 3.00kHz and negative effective bulk modulus
from 2.92 to 3.00 kHz [Fig. 2(b)]. A Willis coupling case is
achieved when G| # G,, where we set G| = 2¢/087) and
G, = 0.6¢'>™)_ The selection of the amplitude and phase of
G, for the Willis coupled metamaterial is based on the mag-
nitude of the imaginary part of the asymmetry coefficient
[Fig. 2(a)] that indicates a large change in the specific acous-
tic impedance. The complex effective density and bulk mod-
ulus normalized to air for this Willis coupling case exhibit a
frequency band with negative effective density from 2.33 to
2.63 kHz and negative effective bulk modulus from 2.34 to
2.68 kHz [Fig. 2(c)]. The effective density and bulk modulus
achieve a larger magnitude when the imaginary part of the
asymmetry coefficient is non-zero [Fig. 2(c)] comparing
with the non-Willis coupling case. A second Willis coupling
case sets G; = 2¢©%7) and G, = 0.15¢/*19_ In this case,
the selection of the amplitude and phase of G, for the Willis
coupled metamaterial is based on the magnitude of the
imaginary part of the asymmetry coefficient [Fig. 2(a)]. The
complex effective density and bulk modulus normalized to
air for this Willis coupling case exhibit a frequency band
with negative effective bulk modulus from 2.68 to 2.91 kHz
[Fig. 2(d)]. The magnitudes of the effective density and bulk
modulus increase to even higher values when the imaginary
part of the asymmetry coefficient increases its magnitude [Fig.
2(d)]. These two Willis coupling cases suggest an expansion of
the range of realizable effective material parameter magnitudes
as compared to the non-Willis counterpart.

To determine the accessible parameter range of our
active metamaterial with and without Willis coupling, we

Craig et al.
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FIG. 2. (Color online) Effects of Willis coupling on effective material parameters. (a) The arithmetic mean of the imaginary part of the asymmetry coeffi-
cient as a function of the amplitude and phase of G, near 2.50 kHz. The three marked points correspond to (b), (c), and (d), respectively. The highest value
of the arithmetic mean is shown by the color map in red while the lowest value of the arithmetic mean is shown by the color map in blue. (b) The complex
effective density and bulk modulus normalized to air without Willis coupling when G| = G, = 2¢/®%7), (c) The complex effective density and bulk modulus
normalized to air with Willis coupling when G| = 2¢/®87) and G, = 0.6¢'>7%). (d) The complex effective density and bulk modulus normalized to air with
Willis coupling when G, = 2¢/*%7) and G, = 0.15¢/*19, In (b) and (c), the blue diamond and blue square lines plot the real and imaginary bulk modulus,
respectively and the red x and red star lines plot the real and imaginary density, respectively. The subplots in (c) and (d) display the corresponding asymme-

try coefficient of the Willis coupled metamaterial from 2.00 to 3.00 kHz.

independently vary the phase of the gain functions G; and
G, from [0, 2x] and the amplitude of the gain functions G
and G, from [0, 5] and retrieve the effective density and
bulk modulus at 2.97kHz. This frequency corresponds to
the monopolar resonance of the non-Willis case when
G = G, = 1. This monopolar resonance will occur at other
frequencies when the complex gain functions vary for the
non-Willis case. Thus, the selection of frequency is not criti-
cal to our results. The active metamaterial without Willis
coupling maintains a symmetric feedback circuit with
G = G,, while the active metamaterial with Willis cou-
pling has an asymmetric feedback circuit with G; # G,. We
discretize our parameter sweep of the two gain functions
with step sizes of 0.005 and 10° for the amplitude and phase
changes over the proposed range. The full range of the real-
valued effective material parameters are plotted in Fig. 3(a)
with the effective density on the horizontal axis and effec-
tive bulk modulus on the vertical axis; the black and colored
dots correspond to the retrieved material perimeters for the
non-Willis and Willis coupling cases, respectively. In the
most extreme cases, the available range of the real part of
the effective density and bulk modulus with the active
Willis coupled metamaterial spans three orders of magni-
tude beyond the effective parameter range of the non-Willis
metamaterial, while the majority of densely clustered points
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surpass the non-Willis effective range by two orders of mag-
nitude. The outermost points shown in Fig. 3(a) are due to
the satisfaction of a resonance condition where the imagi-
nary part of the asymmetry coefficient reaches a local maxi-
mum and the real part reaches a local minimum.

The effective density and bulk modulus of these outer-
most points are very sensitive to any circuit parameter varia-
tions. An extreme point in the fourth quadrant of Fig. 3(a) is
achieved when G; =3.025¢*3% and G, =2.12¢/>1%)
resulting in a normalized effective density and bulk modulus
Re(p) = 5.39 x 10° and Re(x) = —1.81 x 10*. An extreme
point in the third quadrant of Fig. 3(c) with the largest mag-
nitude of the negative imaginary part of the effective density
is achieved when G; = 4.20¢/3%7) and G, = 2.095¢'38%)
resulting in a normalized effective density and bulk modulus
Im(p) = —124 x 10° and Im(x) = —1.18 x 10°. While
these extreme density and bulk modulus values are three
orders higher than the non-Willis case, small variations in
the resistance and capacitance values of the active circuits
caused by typical manufacturing error results in significant
drop (less than an order) to these extreme effective material
parameter values (see supplementary material).

For close inspection of the region of densely clustered
points, we zoom in on the plot in Fig. 3(a) with the vertical
and horizontal axes displaying a normalized density range

Craigetal. 1725
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FIG. 3. (Color online) Full effective parameter map of the complex density and bulk modulus for the active Willis coupled and non-Willis metamaterials. (a)
Parameter map of the real part of the effective density and bulk modulus for the active metamaterial with and without Willis coupling. The real part of the effec-
tive density and bulk modulus are plotted on the horizontal and vertical axes, respectively. Additionally, the colored points and black points represent effective
material parameters for Willis and non-Willis metamaterials, respectively. The color map quantifies the logarithm of the ratio of the imaginary part to the real
part of the asymmetry coefficient, i = log,,(Abs(Im{W}/Re{W})). The highest value of (i) is illustrated by the color map as red while the lowest value of (1)
is illustrated by the color map as blue. (b) Magnified window of (a) displaying a normalized density range of [-1000, 1000] and a normalized bulk modulus
range of [-500, 500]. (c) Parameter map of the imaginary part of the effective density and bulk modulus for the active metamaterial with and without Willis
coupling. The imaginary part of the effective density and bulk modulus are plotted on the horizontal and vertical axes, respectively. This subfigure has the same
color scheme as (a). (d) Magnified window of (c) displaying a normalized density range of [-1000, 1000] and a normalized bulk modulus range of [-500, 500].

of [-1000, 1000] and a normalized bulk modulus range of
[-500, 500] [Fig. 3(b)]. In this magnified window, all of the
resultant parameter values from every possible non-Willis
configuration are present. The full parameter range of
the non-Willis configurations is completely covered by the
Willis coupling cases’ point density, indicating that the
achievable effective density and bulk modulus of the non-
Willis case is fully accessible by the active Willis coupled
metamaterial. The real-valued effective density and bulk
modulus range resulted from every active Willis coupled
metamaterial drastically exceeds the non-Willis metamate-
rial parameter range by at least two orders of magnitude,
both in the positive and negative directions. Similarly, we
plot the full range and a magnified window of the imaginary
part of the effective material parameters in Figs. 3(c) and
3(d) with the effective density on the horizontal axis and the
effective bulk modulus on the vertical axis and the colored
and black dots corresponding to the active metamaterial
with and without Willis coupling, respectively. The avail-
able range of the imaginary parts of the effective density for
the active metamaterial with Willis coupling spans about
three orders of magnitude beyond the non-Willis metamate-
rial in the most extreme points, while the majority of points
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in Fig. 3(c) span two orders of magnitude beyond the non-
Willis metamaterial. The imaginary part of the bulk modu-
lus for the active metamaterial with Willis coupling spans
one order of magnitude beyond the non-Willis metamaterial.
Figure 3(d) zooms in on the plot of Fig. 3(c) to the same
parameter range as Fig. 3(b), where all of the resultant
parameter values from every non-Willis configuration are
present. Similarly, the imaginary part of the non-Willis
parameters is fully accessible by the active Willis coupled
metamaterial with a broader range and higher resolution.
Thus, the accessible range of the imaginary part of the effec-
tive density and bulk modulus is much larger and denser
with the active Willis coupled metamaterial as compared to
the non-Willis metamaterial.

Each point in the Willis case with effective density and
bulk modulus values that exceed the effective parameter
range of the non-Willis case has a large imaginary part and
a small real part of the asymmetry coefficient. Because of
the asymmetric active components used in the metamaterial,
the extreme effective material parameters result from the
presence of Willis coupling. This dramatic effective param-
eter expansion is illustrated by the color map in Fig. 3,
which shows the logarithim of the ratio of the imaginary

Craig et al.
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part of the asymmetry coefficient to the real part of the asym-
metry coefficient, #. The points with extreme effective param-
eter values have a much larger # than those within the vicinity
of the non-Willis case (Fig. 3). This result indicates that the
cause of the significant parameter range expansion is domi-
nated by the imaginary part of the asymmetry coefficient.

To investigate the effect of the expanded accessible
effective density and bulk modulus range on the wave prop-
agation through the active metamaterial, we also calculate
the effective refractive index and acoustic impedance nor-
malized to air for our active metamaterial with and without
Willis coupling at 2.97 kHz. The full range of the real parts
of the effective refractive index and acoustic impedance are
shown in Fig. 4(a) with the effective refractive index on the
horizontal axis and effective acoustic impedance on the ver-
tical axis. The black and colored dots correspond to the
retrieved material parameters for the non-Willis and Willis
coupling cases, respectively. While the available range of
the real effective impedance ratio with Willis coupling spans
three orders of magnitude more than the non-Willis cases in
the most extreme points, the majority of densely clustered
points span two orders of magnitude beyond the non-Willis
case. The available range of the real part of the effective
refractive index in both Willis and non-Willis cases are the

same. The real part of the refractive index limits are identical
due to the branch section of the arccosine function in the
parameter retrieval method based on the deep subwavelength
passive thickness of the metamaterial. A magnified window
with the vertical axis displaying a normalized impedance of
[-100, 100] [Fig. 4(b)] confirms that the range of the imped-
ance of the active Willis coupled metamaterial dramatically
exceeds the accessibility of the non-Willis cases. This three-
order expansion of the acoustic impedance range (two orders
for the denser points) aligns with the range expansion of the
effective density and bulk modulus, because Z = ,/pi. The
larger range of the acoustic impedance can result in stronger
impedance mismatch between the Willis coupled metamaterial
and the background medium to form an ultrathin acoustic bar-
rier with perfect sound isolation (Zhai et al., 2019). The lack
of values in the double negative quadrant in Figs. 4(a) and 4(b)
stems from the simultaneous negativity of the effective den-
sity, bulk modulus, and the resultant negative phase velocity c.
By defining a characteristic impedance Z = pc a negative den-
sity and phase velocity result in a positive acoustic impedance.

We show the full range and a magnified window of the
imaginary part of the effective refractive index and acoustic
impedance in Figs. 4(c) and 4(d) with the effective refractive
index on the horizontal axis and the effective acoustic
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FIG. 4. (Color online) Full parameter map of the complex effective refractive index and acoustic impedance normalized to air for the active Willis coupled
and non-Willis metamaterials. (a) The real part of the effective refractive index and acoustic impedance for the active metamaterial with and without Willis
coupling. The real part of the effective refractive index and acoustic impedance are plotted on the horizontal and vertical axes, respectively. Additionally,
the colored points and black points represent effective material parameters for Willis and non-Willis metamaterials, respectively. The color map quantifies
the logarithm of the ratio of the imaginary part to the real part of the asymmetry coefficient, 1 = log,,(Abs(Im{W}/Re{W})). The highest value of (i) is
illustrated by the color map as red while the lowest value of (#) is illustrated by the color map as blue. (b) Magnified window of (a) displaying an acoustic
impedance range of [-100, 100]. (c) The imaginary part of the effective refractive index and acoustic impedance for the active metamaterial with and with-
out Willis coupling. The imaginary part of the effective refractive index and acoustic impedance are plotted on the horizontal and vertical axes, respectively.
This subfigure has the same color scheme as (a). (d) Magnified window of (c) displaying an acoustic impedance range of [-100, 100].
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impedance on the vertical axis; the colored and black dots cor-
respond to the active metamaterial with and without Willis
coupling, respectively. The available range of the imaginary
part of the effective acoustic impedance for the active metama-
terial with Willis coupling spans about four orders of magni-
tude beyond its non-Willis counterpart in the most extreme
cases. The majority of points in Fig. 4(c) that correspond to the
Willis coupled metamaterial span two orders of magnitude
beyond the points that correspond to the non-Willis case. The
imaginary part of the refractive index for the Willis cases
expands the range of the non-Willis cases by a factor of 2. This
broadened range of accessible points in the imaginary part of
the refractive index implies an enhanced control of the acoustic
loss and gain properties of the metamaterial. Figure 4(d) zooms
in on the plot of Fig. 4(c) with the vertical axis displaying a
normalized impedance of [-100, 100] to confirm that the range
of the impedance for the active metamaterial with Willis cou-
pling achieves high accessibility, dramatically extending
beyond the range of the non-Willis metamaterial. Similar to
the expanded range of the complex effective density and bulk
modulus, the expanded range of the complex acoustic imped-
ance also results from the prevalence of the imaginary part of
the asymmetry coefficient, as shown in the color map of # in
Fig. 4. The expanded ranges of the complex refractive index
and acoustic impedance offer superior control of acoustic wave
propagation through the active Willis coupled metamaterial.

IV. CONCLUSION

In conclusion, active metamaterials with Willis cou-
pling dramatically increase the accessible range of the effec-
tive density and bulk modulus by at least two orders of
magnitude as compared to the accessibility of their non-
Willis counterpart. In the most extreme cases, the complex
effective density and bulk modulus for active metamaterials
with Willis coupling extend the parameter range beyond the
non-Willis case by three orders of magnitude. Similar range
expansion is observed in the complex acoustic impedance.
The parameter range expansion is dominated by the imagi-
nary part of the asymmetry coefficient of the Willis cou-
pling. The development of active metamaterials with
extreme material parameters via Willis coupling will enable
improved control over acoustic propagation and will yield
valuable advancements in biomedical imaging, noise con-
trol, and invisibility cloaking technology.
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