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Abstract—In this paper we present swimming and modeling
for Trident, a three-link lamprey inspired robot that is able
to climb on flat smooth walls. We explore two gaits proposed
to work for linear swimming, and three gaits for turning
maneuvers. We compare the experimental results obtained
from these swimming experiments with two different reduced
order fluid interaction models, one a previously published
potential flow model, and the other a slender cylinder model
we developed. We find that depending on the the parameters
of swimming chosen, we are able to move forward, backward
and sideways with a peak speed of 2.5 cm/s. We identify
the conditions when these models apply and aspects that will
require additional complexity.

I. INTRODUCTION

Snake and snake-like animals (eels, lampreys, etc.) are
able to move through an amazing variety of natural and
man-made environments utilizing a rich set of locomotion
strategies or gaits. They can slither, crawl, swim, glide,
and even climb vertical walls! These animals have, in turn,
inspired the design and control of limbless robots that have
shown impressive performance both on land and in water.
Example of this include ACM-5 [1] which has demonstrated
the ability to swim and slither on land, the Reel [2] robot,
which used gaits revealed by geometric mechanics, and
Amphibot [3] which can transition from land to water using
a robust CPG based control policy. Snake robots have even
demonstrated swimming in granular media, and traversing
sandy slopes [4], [S]. These robots generally leverage their
high degree of articulation to produce biologically mimetic
behaviors.

In this paper we focus on adding swimming capabilities to
robots such as the lamprey-inspired multi-modal robot shown
in Fig. 1. As shown in Fig. 1 (left), the Pacific Lamprey
or Lampetra Tridentata is an eel-like fish that can use its
sucker-like mouth to adhere to and climb vertical surfaces,
allowing it to scale waterfalls or weirs as they swim upstream
in fresh water to spawn [6]. Inspired by this, the recently
developed Trident climbing robot [7] Fig. 1 (top right), is a
3-link robot capable of dynamic climbing up slopes of up to
70°. Based on insights from a simple 3-link reduced order
dynamic model, the robot has been able to show comparable
climbing behaviors to the Pacific Lamprey.

When well designed, this type of low dimensional sys-
tem can enable insights and show performance which may
be obscured or difficult to achieve in higher dimensional
systems. This has been seen in bio-mechanical models of
legged running and climbing [8]-[10]. In addition, limbless
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Fig. 1: Not-yet-multimodal Trident wall climbing robot is
inspired by the unique swimming and climbing abilities of
the Pacific Lamprey.

high DOF systems have also been usefully described by a
dimensionally collapsed set of parameters [11], [12]. These
reduced order models have shown excellent performance in
terrestrial robots [4], [13], [14].

This leads us to ask if there are simple aquatic models
that could be used to develop design and control insights
for swimming, Fig. 1 (bottom right), and that could be used
in conjunction with these terrestrials models for integrated,
multi-modal control and planning purposes.

Due to the complexity of the fluid dynamic driven loco-
motion, researchers have endeavored to use several different
models to predict limbless locomotion/swimming. These
techniques include Purcell’s swimmer (neglecting viscosity)
[15], Lighthill’s model, drag and added mass models based
on Morison’s equation, and computational fluid dynamics
[2], [16]-[19], with each representing an increased level of
complexity for modeling fluid structure interactions.

For low Reynolds numbers, the simplest swimmer is the
two DOF Purcell’s swimmer with known optimal swimming
trajectory [20]. Considering a simple three link swimmer
such as Purcell’s swimmer is common in geometric mechan-
ics as in several numerical studies [18], [21]-[24] and higher
DOF [25], [26] serial mechanisms for both terrestrial and
swimming motions. A recent simulation study demonstrated
optimized control for a 5-link model subject to coulomb
friction and a viscous environmental models [17]. Lighthill
proposed an elegant model that captures the reactive effect
of water in carangiform and anguilliform swimming.
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Fig. 2: (A) Trident cutaway view of essential climbing
hardware. Trident is a three piece power autonomous robot
driven by DC motors and equipped with electronics for data
logging. (B) Trident in the process of being water proofed
with a latex rubber skin for swimming. Ribs are added for
structure and the addition of roll stabilizing floats

Morison’s equations allow the fluid interaction to be
replaced with added drag and added mass elements and
has been applied to swimming segmented snake robots with
success [27], [28]. Although several of these models have
been expanded to inform the control of highly articulated
limbless robots, very few have been tested on robots in their
low degree of freedom state.

In this work, we evaluate the efficacy of two styles of re-
duced order models for swimming with 3-links: a frequently
cited potential flow model (PF) and a slender cylinder (SC)
model based on Morison’s equations. We choose these two
models to evaluate as they capture two of the primary fluid
effects for locomotion: added mass and drag forces. In
addition, they are simple, computationally efficient and may
easily be combined with terrestrial models for multi-modal
control and planning. We further identify facets of the robot’s
motion that these models accurately capture and elements
that will require additional complexity.

The remainder of the paper begins with a description of
the Trident hardware platform (Sec. II) and describes how it
is adapted from its climbing form to swimming. In Sec. III
the models used in simulation are described, including the
derivation of the three link slender cylinder model and an
explanation of the controllers. We subsequently (Sec. IV)
evaluate these model predictions in hardware for both for-
ward swimming and turning. Section V summarizes insights
from our experimental model verification and outlines future
areas of work.

II. ROBOT DESIGN

The hardware platform used in this work, Trident (Fig. 2),
was adapted in order to test and compare the three link mod-
els and demonstrate swimming gaits in hardware. Trident
is a 360 gram robot composed of three 3D printed ABS
segments connected and driven by two Pololu DC Micro
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Fig. 3: 3-link models used in simulation.

Metal Gear Motors with a 150:1 gear head and quadrature
encoders. The motors combined output shaft resolution is
1800 counts per revolution. Trident’s link length (182mm)
was chosen to optimize jumping performance as documented
in [29]. Both joints are capable of a range of motion of
+90° measured from the previous link’s centerline. Trident
is equipped with microspines for climbing, but for swimming
trident is provided a rubber skin wrapped around and secured
by rubber cement with outriggers on the middle link for roll
stabilization.

Trident is controlled by a Teensy 3.5 microcontroller with
active communications facilitated by an Adafruit Bluefruit
SPI Friend. Trident is equipped with a Pololu current sensor
for computing motor torque. On-board data logging (of joint
angles, currents, and voltages) and motor position control
(using trajectories in Sec. III-D) occurs at 1kHz. System
power is supplied by three LiPo batteries connected in series
forming a nominal 11 volt bus.

IIT. MODELING

The potential flow model (PF) and the slender cylinder
(SC) model selected to be evaluated against the behavior of
the robot are outlined below.

A. Potential Flow Model

The potential flow (PF) model (Fig. 3A) used is identical
to the model made by Melli et al. [18], [30]. This is a
nondimensional model made up of three close ellipses which
are connected via pin joints at the intersection of each serial
link. The physical parameters of this model include the
ellipse major (o) and minor (/) axes lengths and the length
to the virtual pivot point (e). The primary driving force in
this model is a variable added mass which is computed



Variable Symbol Val. Unit
Linkage Mass m 120 g
Linkage Length L 0.18 m
Submerged Width w 0.015 m
Stall Torque TS 0.25496 Nm
No-load speed Wil 22.52 rad/s
Water Density p 997 kg/m?3
Total Length Drag Coeff. Car 135.5 kg/m
Total Front Drag Coeff. Cyr 27.5 kg/m
Length Added Mass mrLrL 4.945 kg
Front Added Mass myy 2.27 kg
Rotational Added Mass meg 0.00766 kgm?
Controller Stiffness k 5 Nm/rad
Controller Damping b 0.25 Nms/rad
Maximum Angle Omaz 39 deg
Offset Angle (6] 9 deg
Control Period T 1.38 s
Duty Factor Duty 22 %

TABLE I: Default Simulation Parameters

instantaneously for each change in geometry. Geometric
changes are fully-controlled, time-variant angles of the front
and rear link relative the central link (61, 3). Simulations of
this model are modified from an available code base [30] to
match robot parameters.

B. Slender Cylinder Model

The second model of 3-link lamprey robot is a slender
cylinder (SC) model (Fig.3b) in which the effects of the
interactions between the fluid and the body are decomposed
to a set of simplified forces, namely drag, added mass, motor
torques and resulting reaction forces. The model is made up
of three rigid cylinders connected via torsionally actuated
pin joints. The states of the system are the global Cartesian
position and angle x, y, > of the middle link and the relative
angles of front and rear link with respect to the center 61, 65.
Each linkage (n = 1, 2, 3) is subjected to a drag force (Fpn)
in both its radial and transverse directions.

Fpn = —Ruc(Ca Rl pnc| Rl pnal) M
Car
Cd = CdL
0

The drag force (Eq. 1) can be expressed as a function of the
time derivative of the linkages’ instantaneous position in the
world frame (p,) and the combined drag coefficients (Cy)
along the radial and transverse directions, which combine
the unitless drag coefficients, fluid density, and areas. These
forces are rotated into the global Cartesian frame from the
frame of link n via the rotation matrix R,,. The transverse
drag forces act at the center of pressure L., of the link,
while the radial drag force is located at the centroid.

Each linkage also experiences a simplified added mass
force Fa,,.

FAn = _RnG(Ma RZG pnG) = —Maddn q - FAnV

This force is a function of the second derivative of the
linkages’ instantaneous position in the world frame and
the added mass tensor of the object M,. For simplicity,

only the main diagonal elements (my¢, mrr, and mgg) of
this mass tensor are considered in this model and do not
vary with configuration. This force can be expressed as a
resultant added mass matrix M,4q4,,, Which affects the second
derivative of the system state vector, ¢ = [z, y, 02,601, 03]T
and a force proportional to coupled velocities Fla,y .

Reaction forces F'r, and moments Tro occur at the pin
joint connections with the center link.

Frn = —Rug(My R} Pni) = —Mpn G — Frov

L
Tr2 = 0.5R2¢(| 0| X (Fr1 + Fp1 — Frz — Fp3))
0

>

Like added mass forces, the reaction forces can be broken
down into an acceleration dependant mass matrix Mg, and
velocity dependant force F'r,,v. These reactions, in addition
to the drag forces on the links, act at the connections of the
second link and create equivalent moments 7ro.
From these the equations of motion can be derived using
Newton’s method.
EF‘Dac - EPﬂAnV;z - EFRHV:C
Z]F‘Dy - EF‘AnVy - Z]F‘Rn\/y
YFira+Tra+ 11+ 73
Lepi Farn — 11
LepsFars — T3

(M + Mygq + Mp)j = XF

YF =

In the above equations, the drag forces in the transverse di-
rections on each link are noted as Fyy,,,. The applied torques
at the pin joint connecting link 1 and 2 and connecting link
2 and 3 are denoted 7 and 73 respectively. The centers of
pressure of the drag force for links 1 and 3 are Lcp1, Leps
respectively.

C. Model Parameters

The parameter values for the simulated models are shown
in Table I. Physical parameters of the model, such as linkage
mass and length, are taken directly from robot measurements.
In this design, these values are identical for each linkage. The
nondimensional parameters for the PF model are taken from
the physical parameters setting « = 1 and € = 0.1 which
together make up the total nondimensional linkage length. A
linear motor model was used to limit the applied torques of
the SC model by its stall torque 7g and no-load speed w;,;.

Fluid parameters of the model are computed from exper-
imental testing. Linear drag (Cyr, & Cg4r) and added masses
(mpr & myy) are derived from experiments with a variable
weight pulley system towing the robot in a long tank. Center
of mass velocities and acceleration tests are captured via a
300H z Vicon motion capture system. The combined drag
forces are computed from a force balance at the steady state
velocity assuming a lossless pulley. The drag data was curve
fit with an 0.970 R? value. The linear mass was computed
from the acceleration phases of the pulley system with the
chosen mass selected from the median of this range. The
rotational added mass mgy (which included the gearbox



inertia) was computed using a motor spin-down test with
a dummy Trident link attached. Added mass for the head
and tail link is calculated with parallel axis theorem and link
rotations about their end points.

D. Model Control

To find locomotive behaviors in the models, two con-
trollers were employed in simulation: a sinusoidal and a
Buehler-clock based rowing controller [31]. The sinusoidal
control varied the commanded position of the joints (6, pes)
using phase offset sinusoids (Fig. 4a-insert). That is 0, pes =
0o + (Omaz) * sin(27/7pt + ¢), where ¢ is an offset
between the motors. The Buehler-clock based controller
linearly interpolates between an offset o and maximum
Omaz angle with a time differential ratio Duty between
the power stroke (Ao to 6,,4.) and the recovery stroke
(Fig. 4d-insert). For the SC model, these are applied as
torques to the joint angles through a PD controller, where:

Tn = 7]'{}(0” - anDes) - b(en - 0nDes)~

E. Model Behaviors

The two models are integrated numerically using a fourth
and fifth order Runge-Kutta algorithm. The simulation results
for the PF model are re-dimensioned to the robot’s scale for
comparison. In the PF model (as in previous works [18]) an
undulating gait was seen (Fig. 4a) when using the sinusoidal
control with a fixed phase shift between the front and rear
wave forms. The SC model was found to produce repeatable
rowing gaits when using the Buehler-clock control with the
joints biased to one side (Fig. 4d).

Interestingly, neither model produced the same behaviors
as the other when using the same controllers. When using
the rowing control on the PF model at identical parameters,
the model only slides back and forth near perpendicular to its
center. Similarly when the SC model attempts the undulating
gait, it instead rotates and translates sideways while turning.
Both behaviors were tested on the robot hardware to evaluate
each models’ accuracy.

IV. EXPERIMENTAL SWIMMING TESTS

To evaluate swimming performance, five behaviours were
chosen to study experimentally: two forward swimming gaits
(Fig. 4) and three turning gaits (Fig. 6). Early tests and
subsequent hardware optimizations were each run for 20
seconds and the displacement and timing was measured by
hand. All presented center of mass and orientation data was
captured using a seven camera, 300H z Vicon motion capture
system tracking the center link with tests run for at least eight
strokes in a round 1 meter diameter by 0.15 meter deep pool.

A. Forward Translation Testing

The two models’ accuracy were tested by employing both
controllers in hardware. Varying sets of control parameters
were used in hardware to find achievable swimming mo-
tions. Examples of the simulated behaviors predicted on the
robot are shown in Fig. 4. The sinusoidal controller used
in the PF model (Fig. 4b-c) was about 10 times slower
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Fig. 4: Simulation and experimental results for swimming
with (a-c) a sinusoidal and (d-f) a rowing control policy.
(a) Simulated single stride displacement. Insert shows the
control trajectories. (b) Four stages of Trident executing
a gait. (c) Single stride displacement profiles at various
frequencies. Colored dashed lines represent the mean +o
for N = 8. Also shown is the first stroke normalized to
PF predicted displacement. (d) Simulated displacement and
target trajectory for the rowing gait discovered using the
SC model. (e) Trident executing the rowing gait. (f) Single
stride displacement experimental data N = 16 vs SC and PF
model.

than predicted, with peak speads of 1.8cm/s (vs. 14 cm/s
expected). Furthermore, the directions of these motions were
not consistent with the model and showed distinct, unmolded,
frequency dependence, with 0.5 H z moving as predicted by
the PF model, at 2 [z moving the opposite direction, and
1 Hz moving sideways. These directions are color coded and
shown in Fig. 4b.

The PF model does, however, capture the displacement
trend during the first 3 strokes when the swimmer moves
forward at < 0.5¢m/s (corresponding to Reynolds number
~ 3 x10%). Figure 4c includes a cyan trace for the first stroke
of the 0.5 Hz swimming test. This is normalized to the PF
model trace for better comparison. This trend change with
speed explains why the error bars are wider for the 0.5 Hz
test in Fig. 4c when compared to the error bars of the higher
frequency swimming. The PF model not including velocity-
dependent drag terms may explain why the model predicted
speeds for the PF model were 8 — 20 times faster.

Figure 4e&f shows the experimental results of Buehler-
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Fig. 5: 2D Model cross sections of velocity as a function of control parameter variation for the SC simulation of the rowing
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clock rowing controller. In Fig. 4f the displacement predicted
by both models is shown. Note that the PF model trend
compares favorably except for that it predicts no net motion.
While the PF model using a rowing controller erroneously
predicts a zero forward velocity, it does capture the robot’s
deceleration during the recovery stroke. The SC model also
over predicts swim speed by 2.2—6.5 times, but the direction
of travel is correct and consistent. It underestimates losses
during the recovery stroke, but there is much greater accuracy
in the power stroke. These results suggests that a future
synthesis of these models may better capture the rowing
behaviors.

B. Parameter Variation and Optimization

To further evaluate the SC model’s predictive ability,
model based parameter variations are compared with an
experimental Nelder-Mead optimization. The Nelder-Mead
optimized the control parameters of the Buehler clock gait:
00, Omaz, TP, and duty. These optimization experiments
were run in a rectangular 2.4m x 1.2m by 0.3m deep
pool and commanded to run for 20s starting from rest.
The net forward displacement was measured and maximized
(i.e. min[—AX]) in optimization. The algorithm coverged
after 36 iterations. The resulting optima converged to a gait
with parameters 6o = 9°, 0,0 = 39°, 7p = 1.38s, and
duty = 0.22% and traveled at and average of 2.5 ¢m/s under
these test conditions.

These results are compared to two control 2D parameter
variations of the SC model around the optimal point. These
sweeps vary timing variables (period from 0.25s — 5s and
duty factor from 15% — 85%) and the angular limits (from
0 — 7/2). Average velocity over 10 strokes (starting from
rest) was recorded for each control case with outlier areas
(caused by numerical errors during integration) removed.

The results of this sweep are shown in Fig. 5 along
in-plane projections of the experimental simplex member
locations. Simplex members depict a descent into the lo-
cally optimal region from the hardware optimization. The
hardware optimum was in the highest speed region of the
timing sweep and the second highest speed region of the

actuation angle sweep. This agreement suggests that the SC
model captures the qualitative effect of parameter variation
for forward swimming with a rowing gait.

C. Turning and Maneuverability

To generate swimming maneuverability on Trident three
turning behaviors were tested. One turn, suggested by the
PF model, is induced by placing a fixed angular offset on
the sinusoidal controller (Fig. 6a). This was tested at three
different stroke frequencies (0.5, 1, and 2H 2z) and compared
with the PF model (Fig. 6b). It was found PF modelled
turn only rotated in the predicted direction at the highest
frequency tested, and at the end of this stride frequency
the turn magnitude was two orders of magnitude below
the predicted value. Furthermore, the shape of the predicted
motion significantly diverges from the robot after 35% of the
stroke. These results suggest that, at least at the Re seen by
our robot, this model does not accurately predict turning.

From extensive parameter sweeps that induce asymmetry
in the Buehler-Clock controller, two turn styles were chosen
for robot testing, one efficient limping turn (Fig. 6¢) and a
small radius Z-turn (Fig. 6e).

The limping turn gaits (Fig. 6d) induced turns in the
directions the models predicted, but at only 1/5 of the
magnitude. The profiles of the robot’s turns shows similarity
to the models predictions, just with smaller magnitudes and
overshoot during the first 20% of the stride. This is likely
from an overestimate of the fluid forces, with the overshoot
emerging from a greater inertial effect than seen by the robot.

The Z-turn (Fig. 6f) showed the fastest and sharpest turns
achieved by the robot (turning up to 10° per stroke) however
the rotation direction is inverted from both the PF and SC
model predictions. Experiments with model parameters (such
as increasing Cyy,) found that the same direction turns to the
robot were achievable but not only at moderate angles. These
results suggest that the driving fluid dynamic effect for this
turn is not captured in either of these models alone.

Though for the froward rowing behaviors these models
may be improved through fusion of their propulsive effects,
it appears that for turning there may be another effect that
needs incorporation.
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Fig. 6: (a) Trident executing the turning gait proposed by melli. (b) Experimental Yaw angle results compared against the PF
model simulated turning. (c) Trident executing the turning behaviour revealed by the SC model. (d) Experimental Yaw angle
data showing a peak change in yaw angle for 60° link strokes. (e) Trident executing a Z-turn discovered experimentally. (f)
Experimental, PF and SC yaw angle data for the Z-turn. All tests consisted of N = 9 strokes.

V. CONCLUSIONS AND FUTURE WORK

This paper presents a comparative hardware analysis of
two 3-link swimming models (a potential flow model and
a slender cylinder model) for the purposes of enabling
swimming on the Trident climbing robot. The mechanics
of each of these models’ propulsion are described. The
models are shown to predict differing motions under identical
control parameters, with forward motion in the PF model
to consist of forming loops in the shape space while the
SC model does so by creating a bias velocity differential.
When tested on the hardware, the SC model was found to
produce reliable rowing behaviors in directions predicted by
the model (though at lower speeds). The PF model was also
optimistic as to the magnitude of displacement and rotation,
additionally some direction result were contrary to the model.
Our results would support the assertion that the PF model
assumptions with respect to drag are more valid at Reynold’s
numbers less than 3 x 103, but more data is needed for
clarity here. Further, parameter variations of the SC model
predict optimal performance in the rowing motions of the
robot. Three model predicted turns styles (a bias sine wave,
limping, and Z-turn) were also tested. It was found that the
SC model correctly predicted the directions of the limping
turns but overpredicts turn rates. Center of mass profiles from
both the rowing behaviors and limping turns suggest that,
although good at predicting direction and speed trends, the
SC model may benefit from the shape variable added mass
effect of the PF model particularly with managing inertial
effects during the recovery stroke. It was found that for the

Z-turn, although fast in hardware, is predicted by neither
model correctly, suggesting that more complex fluid models
will be required to capture its motions.

In the future, we would also like to look towards exploring
other reduced order fluid models for comparison. The reverse
swimming direction discovered at two Hz for PF control
policy Fig.4c as well as other behaviours would likely be
predicted by Lighthill’s model. We intend to synthesize the
insights of these various models and hardware results to
inform the design of a new model which is able to capture
several behaviors of a segmented body swimmer while main-
taining the computational speed and low-parameter benefits
of reduced order models. Using this model, we hope to
be able to design optimal control policies for segmented
link swimming. We would also like to expand the robots
capabilities to enable transitions from swimming to vertical
climbing, possibly through the used of soft actuators to
minimize electromechanical failures.
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