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1. Introduction

In this paper, we consider solutions of the 3D incompressible Euler equations in R?
which are invariant under a specific group of rotations and reflections. In terms of the
velocity u : R x R3 — R3, the 3D Euler equations have the following form:

Ou+u-Vu=—Vp,

V-u=0. (-1

We shall use the vorticity form of the above, which is obtained by defining V x u = w:

Ow + u - Vw = [Vulw,

u=V x (—A)lw. (12

In the latter formulation, we need to impose that the initial vorticity is divergence-free.
The Euler equations (in either form) respect rotation and reflection symmetries, which
means that if the vorticity is invariant under such a symmetry, then the same property
holds for the solution as well.

1.1. Octahedral symmetry

We recall that the octahedral symmetry group of R3, which will be denoted by O, is
generated by the following three rotations:
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Fig. 1. Extended octahedral symmetry group dividing S? into 48 pieces.

Pi(x1, 29, x3) := (21, —23, 22)
Py(x1, 29, 23) := (23,22, —1)

P3(x1, 22, x3) := (=22, 1, 23).

This group is isomorphic to the symmetry group of 4 elements. We shall consider a
extended symmetry group O, which is generated by {P;, R;}>_, where

Ry (21,22, 23) = (—21, T2, 23)
Ro(x1,22,23) == (21, —2,x3)

R3(x1, 29, 23) == (21, T2, —23).

Note that O has 48 elements. We shall fix the following fundamental domains for © and
O:

U= {(x1,22,23) € R3: 2y, 20 > 23 > 0}, U= {(z1,22,23) € R3: 21 > 29 > 23 > 0}.
(1.3)

The latter domain U is obtained by cutting the positive octant (R, )3 into six identical
pieces. Note that the intersection U N S? is a spherical triangle with vertices having

angles and 7. Here, S? is the unit sphere. We shall denote these vertices by as,

T om
as, and2a4$, respectively. Explicitly, we have ay = (%, %,O)7 as = (%, \%7 %), and
ag = (1,0,0); see Fig. 2.

In the following definition, we make precise the notion of rotation and reflection in-
variance for a vector valued function. In the following, we shall only consider reflections

across a hyperplane of R? containing the origin 0.
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Fig. 2. The region U N {|z| < 1}. The intersection U N {|z| = 1} is given by a spherical triangle with vertices
(5, 35, 0), (L, Lz, b2), and (1,0,0).

Definition 1.1. We say that a vector-valued function f = (fi, f2, f3)7 : R® — R3 is
(rotationally) symmetric with respect to a rotation O of R? if f(Oz) = O(f(z)) for any
x € R3. On the other hand, we say f is even (odd, resp.) symmetric with respect to the
reflection across a hyperplane R if f(Rx) = R(f(x)) (f(Rz) = —R(f(x)), resp) for any
r € R3,

Next, we say that for a group of rotations G, f is even (odd, resp.) symmetric with
respect to G if f is symmetric with respect to all rotations in G and even (odd, resp.)
symmetric with respect to all reflections in G.

As it is well-known, the incompressible Euler equations respect rotation and reflection
symmetries. We state this property specifically for @ and O:

Proposition 1.2. Assume that wq is (odd, resp.) symmetric with respect to O (O, resp.)
and belongs to a well-posedness class' to the 3D Euler equations. Then, the unique local-
in-time solution w(t,-) stays symmetric with respect to O (O, resp.).

Proof. Take any rotation matrix O, and note that the relation
O 'K(02)0 = K (x)

L This means that at least for some non-empty time interval, the solution exists uniquely in the given
class.
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holds for all z € R3. This implies that v = K *w is symmetric with respect to @ whenever
w is. Next, given a vector f symmetric with respect to O, the gradient matrix Vf is
symmetric in the sense that

O~ 'Vf(0z)O = Vf(z)

holds for all O € O. In turn, this implies that when w is symmetric, both u - Vw and
w - Vu are symmetric as well. This shows that the 3D Euler equations respect rotational
symmetries. In particular, symmetry breaking can only occur from non-uniqueness.

A similar argument shows that the odd symmetry with respect to a reflection propa-
gates in time. Note that if w(t,-) is odd symmetric then u(t,-) is even symmetric. This
finishes the proof. O

Given a vector valued function f defined on U, we define f : R* — R? to be the unique
extension of f which is odd symmetric with respect to O. Note that strictly speaking f
is in general not well-defined on the whole of R3, but the set of such points belongs to
a finite union of hyperplanes which has measure zero. In this paper, we shall consider
the system (1.2) in the domain U C R3. Note that given a divergence-free vector field
w: U — R3, one can extend it as a function @ : R® — R? using reflections. Then, the
corresponding velocity on U has the representation

1 r—y

u(z) x &(y)dy

Tar ) Jo—yP
R3

(which is simply the convolution against the kernel for V x (—A)~! in R3). It is not

difficult to see that this velocity satisfies the slip boundary condition u - n = 0 on dU

with the unit normal vector n, which is the natural boundary condition for the Euler

equations. Moreover, u satisfies V-u = 0 and V x v = w in U. With this reflection

principle in mind, we shall view Euler solutions defined in U also as solutions in R3.

It seems that the set of symmetries @ coincides with those used in the so-called “high
symmetry flows” of Kida [34], although Kida consider symmetric solutions in T? rather
than in R3. We note that these high symmetry flows were numerically investigated in
[4,41-43] as a candidate for obtaining finite-time singularity formation. See [40] for some
theoretical results in this direction.

In this work, we view this group of symmetries as a generalization to 3D of certain
symmetry groups for 2D flows. In two dimensions, the vorticity is a scalar, and one can
consider the following symmetry groups for the vorticity:

(1) The group Osp generated by P : v — v (rotation by Z): then the vorticity satisfies
w(r) = w(zt) for all x € R2,
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(2) The group Rap generated by reflections Ry and Rs: this imposes odd symmetry with
respect to x1, 2 axes (“odd-odd”) on the vorticity, i.e., w(x1,x2) = —w(—x1,22) =
—w(x1, —x2) for all z = (z1,22) € R2.

(3) The group Oyp generated by P, Ry, and Rj.

We may take the fundamental domains Usp = (Ry)? for groups Osp and Rep and
Usp = {(z1,22) : 0 < @1 < 22} for Osp. Note that one can already note some similarity
between the group O and Osp, and also between O and (7)2 D-

Recently, solutions to the 2D vorticity equation with symmetries of the above form
were intensively studied, mainly towards the goal of achieving double exponential growth
rate of the vorticity gradient ([38,45,24,30,29,18,27,44]). This problem of exhibiting dou-
ble exponential growth is sometimes regarded as the 2D version of the blow-up problem
in 3D, since double exponential growth rate for the vorticity gradient is the best known
upper bound for smooth solutions to the 2D Euler equations. The groundbreaking work
of Kiselev and Severak [38] showed that the double exponential growth can be indeed
achieved when the domain has physical boundary. In this work, the most important
points were the odd-odd symmetry (item (2) in the above) and the vorticity not vanish-
ing on the boundary. These points together provided certain stability on the solutions,
which allowed the vorticities to sustain their growth for all times. Then it became a nat-
ural question to ask what happens for solutions satisfying different types of symmetries,
for instance the ones given by groups Osp and Oyp. In these cases, it turns out that the
stability becomes so strong (in a sense that can be made precise; see [24,30,29]) that the
double exponential rate of growth is unachievable, at least “exactly” at the origin.

Indeed, the attempt to establish blow-up by considering solutions satisfying a group
of symmetries is classical. If the symmetry group is continuous (rather than discrete),
then it reduces the dimension of the system; in the context of the 3D Euler equations,
one may assume that the solution is invariant under all rotations with respect to some
fixed axis, which results in a 2D system commonly referred to as the axisymmetric
3D Euler equations. Very recently it was shown that blow-up for this axisymmetric
system is possible, for C'* vorticity with 0 < « small [17]. Another continuous group
of symmetry one can put for the 3D Euler equations goes by the name of “stagnation
point similitude” ansatz, and a well-known work of Constantin [16] established blow-
up in this case. We note that, however, in this ansatz the vorticity grows linearly at
spatial infinity,? and it is unclear whether the blow-up will persist upon “cutting off” the
vorticity at infinity. In principle, one can try to reduce the dimension even further, by
looking at a one-dimensional subdomain which is left invariant by the Euler flow. In the
case of axisymmetry, one can formally consider the 1D system defined on the symmetry
axis, which is unfortunately not closed by itself (see [8,10,9]). Still, in the work of Chae
[8], a very interesting result is proved which states that as long as the pressure has a
positive second derivative on the symmetry axis, blow-up is bound to occur in finite

2 So far no local well-posedness result is known for vorticities growing linearly at infinity.



T.M. Elgindi, 1.-J. Jeong / Advances in Mathematics 393 (2021) 108091 7

time. Alternatively, one can take the axisymmetric domain to be a bounded cylinder
and consider the reduced system on a vertical line contained in the boundary of the
cylinder. While the system cannot be closed by itself again in this case, some formal
models have appeared to describe the dynamics on this line and finite-time blow up has
been established ([39,28,15,14]). In the same spirit, even when one is concerned with
solutions satisfying a discrete set of symmetries, one can consider lower-dimensional
equations posed on invariant subdomains for the corresponding symmetry group. This
has been considered in [12,11] and some conditions which guarantees finite time blow-up
were obtained, which has a similar flavor with [8].

In view of these, the goal of this paper is to investigate the blow-up problem (and more
generally growth of solutions with time) in 3D using vorticities which are symmetric with
respect to either @ and O. Then, the Euler equations can be reduced to the fundamental
domains U and U and in principle, one can consider vorticities which do not vanish on the
boundary U and dU. In such domains, local well-posedness in classical function spaces is
not trivial at all, since the boundary is not smooth but just Lipschitz continuous. Once it
is achieved, the question of finite time singularity formation is legitimate, and we answer
it in the affirmative in the case of @ and U. The initial data can be C* in U uniformly up
to the boundary and compactly supported, with finite kinetic energy. Roughly speaking,
this demonstrates that although the symmetry group @ provides a strong stability on
the solution (analogously to the 2D case), it can still yield finite time blow-up. This is
a clear manifestation of the following general principle, seemingly counter-intuitive: the
more drastic growth one wants to prove, the more stability is required on the solution
(see [37,35,306]).

In the process of achieving the blow-up result mentioned above, we find that the anal-
ogy between the groups O and O,p goes further than one would naively expect. This
shall be demonstrated by the statements and proofs of various singular integral trans-
form estimates in 3D, where the heart of the matter lies in a few explicit computations
involving some special functions in 2D, including the so-called Bahouri-Chemin solution

[1].
1.2. Main results

Let us first explicitly write down our convention for the Hoélder norms: for 0 < o < 1
and an open set V C R?, we define

_ |f(z) — f(")] _
Crv) = SWP T e [flleaqvy = I fllLe vy + 1 fllcevy-

/1

We recall the scale-invariant Holder norms introduced in [24]°:

8 Note that if 0 € V (which will be the case for our applications here) and |z/|* f(z’) — 0 as ' — 0 then
from the definition of ¢, we have Il vy < Mfllga vy
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« /o !

L T e 1 ER PR 1 ey
Finally, || fllcanga vy = Ifllcav) + [ fll o) The merits in introducing the space ce
will be explained shortly after stating our main results. In the following, we shall just fix
some 0 < « < 1; its specific choice will not make any essential difference for the results
in this paper, although the constants in the inequalities would depend in «. To begin
with, we state the local well-posedness theorem in C*(R3) and in C* N C*(R3) for the
vorticity symmetric with respect to O. The proof was outlined in the thesis of the second
author [31].

Theorem 1.3 (cf. [31, Theorem 3.4.7]). Let wy € C*(R3) (resp. wy € C* N C*(R?)) be
a divergence-free vector field and symmetric with respect to O. Then, there is a T =
T([lwollga) > 0 (T = T(||wollcanea) > 0, resp.) and a unique O-symmetric solution
w e C°[0,T); C*(R3)) (w € CO([0,T); C*NC*(R?)), resp.) to the 3D vorticity equations
with initial data wg.

This result applies to initial vorticities which are odd symmetric with respect to the
extended group O, since @ D O and we have shown already in the above that uniqueness
implies propagation of odd symmetry with respect to @. Now note that the boundary
of the fundamental domain U consists of a finite union of infinite sectors. If wy € C(U)
is normal to the boundary planes, then wy extends to @y which is odd symmetric with
respect to O and belongs to ce (R3). Therefore, as a simple corollary of the above, we
obtain the following:

Corollary 1.4. Let wy € C(U) (resp. wo € C* N C*(U)) be divergence-free and
further satisfy wo || n on QU where n is the unit normal vector. Then, there is
a T = T(|wollga) > 0 (T = T(|wollcanea) > 0, resp.) and a unique solution
w e C%0,T); C*(U)) (w e C°0,T);C* N C*T)), resp.) to the 3D vorticity equa-
tions with initial data wq.

We now present our first main result in this paper, which is a local well-posedness
result which is a strict extension to Theorem 1.3 and Corollary 1.4:

Theorem A (Local well-posedness). Let wy € C*N C’O‘(U) be divergence-free and further
satisfies that w} + w3 vanishes on {(x1,22,23) : ©1 = 3 > 0,23 = 0}. Then, there exists
T > 0 and a unique solution w € C([0,T);C* N C*(U)) to the 3D Euler equations,
satisfying that w'(t) + w?(t) vanishes on {(x1,72,73) : 1 = 12 > 0,23 = 0} for any
0<t<T.

Note that Theorem A is an extension of Corollary 1.4 since the vorticity does not
need to be normal to the boundary planes of U; the only condition we are imposing for
local well-posedness is the vanishing condition for w + w2 on the ray {(z1,z2,73) : 71 =
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29 > 0,23 = 0}. In the course of the proof, we shall see that this condition is essential:
otherwise the equation is #llposed.

Within the class of solutions constructed in Theorem A, we establish finite time singu-
larity formation. The initial data can be C*°—smooth within U and compactly supported.

Theorem B (Finite-time singularity formation). There exists a set of smooth and com-
pactly supported initial data satisfying the assumptions of Theorem A whose unique
local solutions blow-up in finite time: more specifically, given wqy in the set, there ex-
ists 0 < T* < +o00 such that the solution w(t) satisfies

ligzlrgf W oo () = Fo00.

Either one of the following conditions on the initial data wy = (w,w?,wd) is sufficient
for finite time blow-up:

Remark 1.5. We give a few remarks regarding the statements of Theorems A and B.

e Let us emphasize that the use of spaces Co is mainly to allow for more general local
well-posedness theory, see below for a discussion on the norm C. One can completely
avoid using these norms and instead work with vorticities which are either compactly
supported or belonging to L? for some finite p > 1.

o In Theorem A, the condition wy || n on AU is now replaced with a much weaker
condition that wl + w? vanishes on {(x1, 72, 23) : 21 = 22 > 0,23 = 0}. (The latter
is implied by the former.) This vanishing condition is not artificial; one can see from
the slip boundary condition that this condition is necessary for the corresponding
velocity to be at least C* regular in U. Indeed, assume that ug € C*, and recall
that we have on the plane {z; = z2} the boundary condition u$ = u3. Similarly, on
{z3 = 0}, we have u} = 0. Then,

83”&(1) = 8311,(2), 01u8 = 32u8 =0
on {(z1,22,23) : 1 = x2 > 0,23 = 0}. It follows that

wy = Ooup — 3ul = —Os3up = —w?
and hence w{ + w2 = 0.

e One may extend the solutions provided by Theorem A to R?® and obtain w €
L°([0,T); L>(R?)) which can be considered as a 3D vortex patch. In 2D, a global
well-posedness result for vortex patches with corner singularity has been established
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in [20] under the assumption that the vorticity is m-fold rotationally symmetric for
some m > 3. Hence Theorem A can be considered as an extension of this result to
the 3D case, although in the current setting the patch boundary near the origin is
fixed in time by reflection symmetries. Moreover, Theorem B can be viewed as a
finite-time blow up result for singular vortex patches defined in all of R3.

e Under more restrictive vanishing assumptions on the initial vorticity, one can prop-
agate higher regularity in space up to the blow-up time. The proof for C1** propa-
gation of the vorticity is sketched in Proposition 3.2.

Remark 1.6. We note that the local well-posedness and singularity formation can be
stated and proved on the compact domain U N'T?3, where T3 = [~1,1)3.

1.3. Ideas of the proof

The goal of this section is to explain the key ideas involved in the proofs. Before doing
so, we would like to briefly mention some merits of the scale-invariant Holder space ce.
Note that, as far as one is concerned with vorticities decaying at infinity, C* is larger
than the classical Holder space, and it goes without saying that obtaining a local well-
posedness result in a larger space is more difficult. The second point is that the space
C* encodes a decay condition for the vorticity which is natural with respect to the Euler
equations, even if one is only concerned with C'“ vorticities: note that for |z| > 1 and
|z — 2| <1, we have from the definition that

| — |

Usually, the decay on the vorticity is imposed by requiring w to belong to some finite
LP-gspace or to have compact support. Although this can be done in the present context,
we find it much more elegant to use the space C*N C to close the a priori estimates for
local well-posedness. For a more technical point, it turns out that the heart of the matter
in proving Holder estimates for V2(—A)~! in U is to prove V2(=Ag) " (15) € C2, see
Lemma 5.2 below for details.

(1) Local well-posedness (Theorem A)

The main ingredient in the local well-posedness is simply the C“-estimate for the
double Riesz transforms {R;; }1<; j<3 in U. We emphasize that the transform R;; defined
in the following sense: given a vector-valued function f in U, we first extend f to the
whole of R? as an odd function, denoted as f, with respect to ©@ and set Ri;f =
(O, O, (=A)~1f) |;7- Taking f to be the vorticity defined in U, the corresponding velocity
gradient is given by a linear combination of the double Riesz transforms defined in this
way (see the Appendix for the explicit formulas).

As we mentioned earlier, rather than directly showing the C*-bound, we prove instead
aC*n é’“—estimate, which then gives as an immediate consequence the C'*-bound for
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double Riesz transforms for C'¢-functions. As a general rule, given a function f € C*nN
Ca(ﬁ ) and a singular integral transform 7', the L> and C* bounds of T f will follow
from the C* bound of f, while the C¢ estimate follows from the C% bound of f.

We apply a number of reductions to obtain the desired C'* NC-estimate. First, if f is
a constant vector-valued function inside U, explicit computations show that double Riesz
transforms are well-defined as long as f satisfies the vanishing condition in Theorem A,
and that they are again given by constant vector-valued functions. This allows us to
assume that, without loss of generality, f vanishes at the origin. Next, since U is smooth
away from three half-lines denoted by ds, d3, and dy, it suffices to consider regularity of
T f close to these half-lines. Moreover, with a radially-homogeneous partition of unity, we
may assume that the support of f is “adjacent” to one of the half-lines, say @;. Then T'f
is possibly singular only near @;, as a simple consequence of the “symmetry reduction”
Lemma 5.13. To prove regularity of T'f up to @;, we make an orthogonal change of
coordinates so that d; is parallel the new z3-axis. In this new coordinates system, any
double Riesz transform involving 0., satisfies the C*-bound; roughly speaking, this is
because locally OU is parallel to d;. More precisely, this is due to the intrinsic property
of double Riesz transforms that the integral of the kernel over any hemisphere vanishes.
It still remains to treat the Riesz transforms Ri1, Rao, and Rio: for these we apply
again Lemma 5.13 and reduce the statements to 2D Holder estimates. The necessary 2D
bounds are collected and proved in 5.1. The most tricky part is to obtain estimates near
dy, which creates a corner with angle 7. Applying the aforementioned 2D reduction near
ds, the vanishing condition in Theorem A naturally comes into play, since we are now
concerned with functions defined on the positive quadrant @ = (R;)?. It is well-known
that ([26]) even for f € C(Q), V3(—Ag)~'f ¢ L*(Q). We restore the L*°-bound
under the vanishing condition of f at the origin, which corresponds to the vanishing
condition of the parallel component vorticity along the whole half-line ds. To the best of
our knowledge, it was an open problem to decide what are the conditions for f € C°(Q)
guaranteeing Holder regularity of VZ(—Ag)~!f. Our 2D result shows that this is the
case if and only if f vanishes at the corner of Q.

Given the a priori estimates, the arguments for existence and uniqueness are not
completely straightforward, since the vorticity does not necessarily decay at infinity. For
decaying vorticities, uniqueness follows immediately in our setting since the velocity has
finite energy and bounded in the Lipschitz norm. To deal with this issue with decay, we
adapt an argument from our previous work [23] on the 2D Boussinesq system which is
based on proving stability of the quantity |||z|~'u(t, )| . The existence statement is
proved by a careful iteration scheme which ensures the crucial vanishing condition for
the sequence of vorticities.

(2) Finite-time singularity formation (Theorem B)

The starting point of the blow-up proof is to find explicit solutions which blow up in
finite time. They are given by constant vector functions that satisfy a system of ODEs
obtained from the 3D Euler equations. It turns out that the solutions to the ODE system
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generically blow up. The existence of such solutions governed by an ODE system in the
case of the 2D Boussinesq system was obtained in [23] in corner domains with angles
less than or equal to 7. Then using a cut-off argument introduced in [23] we can localize
the blow-up solution.

1.4. Other blow-up results for the 3D Fuler equations

Let us comment on other blow-up results for the 3D incompressible Euler equations.
We restrict ourselves to blow-up results concerning Lipschitz and finite-energy velocities.
In our previous work [22], we have proved finite-time singularity formation for the 3D
axisymmetric Euler equations in corner domains which can be arbitrarily close to the
flat cylinder. The philosophy in [22] is similar to the present work, although here we
can deal with data which is smooth in a corner domain and extends to R3 as a globally
Lipschitz function.

In the recent works [17], [19], and [13], finite-time singularity formation was achieved
with C1:@ velocities in axisymmetric setting. The domain is simply R? for [17], [19] and
R? for [13]. The approach taken in these works is “orthogonal” to the present work; the
authors take advantage of small @ > 0 and the “unbounded” (in the limit o — 0) term
in the double Riesz transforms to achieve singularity formation. Such unbounded terms
do not appear at all in our context, which is precisely the role of rotational symmetries
we impose (see Section 2 for more details on this).

Organization of the paper

In Section 2, we obtain an expansion of the velocity in terms of the vorticity. In
particular, we show sharp estimates on the velocity for vorticity uniformly bounded and
symmetric with respect to O. All the results automatically apply to bounded vorticities
defined in U. Using these results together with sharp C®—estimates for the double Riesz
transforms for functions defined in U, we establish Theorems A and B in Sections 3
and 4, respectively. Finally in Section 5, we prove C'*—estimates for the double Riesz
transforms in domains with corners. We first consider the estimates for the 2D case,
since then the 3D estimates can be viewed as a natural extension. Section 6 discusses a
natural related open problem.

Notations
For convenience of the reader, we shall collect the notations and definitions that will
be used throughout the paper.

o Reflection across the plane {z; = 0}: R;.

» Counterclockwise rotation by angle § fixing the z;-axis: P;.

¢ Symmetry groups and fundamental domains: Recall that the pair (O, U) is generated
by {P;}1<i<s and (O,U) by {P;, R;i}1<i<s.

e The origin of R™ will be denoted by 0. Moreover, given an open set A C R™, the
indicator function on A is defined by 1 4.
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We shall now define the extension rules for a function defined in a fundamental domain
of a symmetry group.

Definition 1.7 (Extension rules in the vector-valued case). Assume that we are given a
group G of isometries of R™ fixing 0, which divides R™ into finitely many fundamental
domains. Let U = Ug be one of the fundamental domains, and f : U — R"™ be a given
vector-valued function. We define f9 : R™ — R™ as follows: for any y € R”, there is a
unique element g € G satisfying y = g for some x € U. Then we set f9(y) = g(f(x)).
Strictly speaking, f9 is not well-defined on U and its images by ¢ € G, but this will not
cause any trouble in this work. We define the extension of the identity Idy as follows:

~G
Id (y) is the matrix-valued function which equals ¢ € G on the fundamental domain
9(U).

Definition 1.8 (Extension rules in the scalar case). In the same setting as above, if f :
U — R is a scalar-valued function, then we simply define f9(y) = (—1)%") f(g~1y),
where we take the — sign if and only if the group element ¢ is orientation reversing (i.e.
a reflection). In particular, the extension of the indicator function 1y will be simply

19 — deg(_l)sgn(g)lgw)_

We shall be mainly concerned with (G,U) = (O,U) in the 3D case and (Osp, Usp)
in the 2D case. We shall omit the superscript G and subscript U when the pair (G, U) is
understood from the context.

2. An expansion for the velocity

The goal of this section is to present an expansion for the velocity in terms of the
vorticity in 3D which can be viewed as a generalization of “Key Lemma” appeared in [38,
20]. Using the expansion, we deduce that for a bounded vorticity which is symmetric with
respect to O, the Biot-Savart law is well-defined pointwise without any decay assumptions
on the vorticity.

2.1. Two-dimensional case

Recall that in two dimensions, we have the following decomposition of the velocity
vector:

Lemma 2.1. Assume that w € L (R?). Then, the corresponding velocity u = (uy,us) :=
V+A~lw satisfies the estimate

lur (1, 22) = I° — 2 I ([]) 4 2211 (J2])] < Cla|||wl| Lo,

ug (w1, 29) +1° + 2oIl(|2]) + 21 IT°(|2])| < Cla[f|w]|ze~,
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with some absolute constant C' > 0 independent on the size of the support of w. Here,
writing w in polar coordinates,

oo 2T oo 2T
:i//sm w(r, 0)dodr, Ic:i//cos w(r, 6)dbdr,
2 2
0 0 0 0

and

I (r // (20) Se)ded (r) = // 5(26) Sa)d@d

This appeared in [20] but earlier results can be traced back to [18,38,30,45]. The idea
of the proof is very simple: from the explicit representation formula

T — )t
ue) = o [ =Dty
R2

|z —y?

one sees that the kernel is integrable in the region |y| < || with integral estimate of the
form C|z|||w]|| L. Therefore it suffices to consider the region |y| > |z|, where |z —y| ~ |y|.
Then one may subtract expressions of the form p(y)/|y|"* where p is some homogeneous
polynomial from the kernel until the new kernel decays like |y|=3 for fixed x. Then
integrating this fast decaying kernel gives a bound of C|z||w| =, while the subtracted
expressions evaluate to quantities like I5:¢, II®° defined in the above. We shall utilize the
exact same strategy in the proof of the 3D version below.

Before we proceed to the three-dimensional case, we consider the simplifications of the
above expansion obtained by assuming symmetry conditions on w, which is preserved by
the 2D Euler equations.

Corollary 2.2. Under the same assumptions as in Lemma 2.1, suppose in addition that

1. the vorticity is odd with respect to both axes; or
2. the vorticity is 4-fold rotationally symmetric; that is, w(x) = w(xt) for all v € R2.

Then, the bounds simplify into

o)t () (ol < Clelolo- 2.1)
and
u(w)] < Clal oo (22

respectively.
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The estimate (2.1) clearly shows that for vorticity which is bounded and odd-odd,
the velocity can be log-Lipschitz near the origin, which is responsible for both double
exponential growth of the vorticity gradient [38] and ill-posedness of the Euler equations
at critical regularity [5,6,21,25,32,33]. On the other hand, such a logarithmic divergence
is removed at the origin once one imposes an appropriate symmetry assumption on the
vorticity, as in (2.2).

2.2. Three-dimensional case

We now state and prove a corresponding result for the 3D velocity, which is given by
the following Biot—Savart law:

= [ e x (o=l o) o 23)
R3

We first define auxiliary integral operators

Yj
Li[f]: 4W/‘y|3f )dy, (2.4)
(1) 1 yjz'—',-l_y]z—l
07 [f1(r) = - / Tf(y)dy, (2.5)
ly|>2r
and
1 Yit1Yi—
2 £)(r) = / %f(y)dy- (2.6)
ly|>2r

Here j € {1,2,3} and the indices are defined modulo 3; that is, y4 := y1 and yo := ys.

Lemma 2.3. Assume that w = (wy,ws,ws) with w; € L(R3) for i = 1,2,3. Then the
velocity given by (2.3) satisfies the estimate

ui(z) = Bi(x) + Lip1wi-1] — Li—1[wit1]
o H(-l) . . H(_l) . . H(_l) )
2o 11, [wima](|2]) + 2o 1 [wima ) (|2]) + 25 T [ws1] () o
— 2 10, i) () + 32,12 [wima](|2]) + 321 1187 [wim1](|])
— 31 12 [wi 1] (|2]) — 32013, [wira] ()

where

|Bi(2)] < Cla| ([lwigllzee + [lwia]lz<) (2.8)
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with some absolute constant C > 0 independent on the size of the support of w.

Proof. It suffices to prove the estimates for i+ = 1, since then other cases can be ob-
tained by shifting the indices. We begin with the following explicit formula for the first
component of velocity:

1 (22 — y2)ws — (T3 — y3)w2
ui(z) = T an |z — y[3 dy, (2.9)
]R3

and it suffices to consider the term

T2 — Y2
lz —yl?
R?,

w3 (y)dy (2.10)

since the corresponding estimate for the other term can be obtained by simply relabeling
the indices. Next, note that

To — Y2 1
wa(y)dy| < lwsl e / 14y < Clws 2]
/ |z —y? |z — y|?

|z —y|<2|z] le—y|<2|z]

with an absolute constant C' > 0 so that for the purpose of establishing (2.7), one only
needs to deal with the region where |z — y| 2 |z|. (Hence, |z — y| = |y| holds.) We first
write (2.10) as

T2 — Y2 Yo Yo
+ o | wiy)dy — | Tmws(y)dy
[[ww o]t J

and combining the terms in the large brackets, we obtain

1
1z — 3PP (w2 = y2) (U7 + 45 + )|yl + v (21 — 91)* + (22 — y2)? + (23 — 3)?)
x|z —y]
= T PP [—yalyl*(lyl — |z = yl) + wa|yl* + yola*|z — y| — 2927 - ylz — /]
1 2z -y — |z/|?
= e PP {—yzlyIQﬁx'_; + 2alyl® + yola*e — y| — 2yp2 - ylz — y|
1 —2y|y|?
= ETE vl z-y + woly® — 2yalz —yla -y
lz —ylPlyl® LIyl + |z -yl

yaly|? >]
+Hz)? [ —=— oz — 2.11
o (2 ey 2.1)
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To the above expression, we add and subtract the following quantity

|20l ) 2+ ylaaly?. (2.12)

1
lyl3lz —y[3

Subtracting (2.12) from (2.11) gives

1 [—2yz(x-y) (L M+|m—y|—yl)}

x —yBlyl3 +le—yl 2
lz — 2yl 2 2Iy\ |z — vy (2.13)
‘$| |: y2|y‘ +y2|x_y:|
lz —ylyl® [yl + |z -y

Denoting (2.13) as A, note that

1

iy < Clalllwsllo

[ Ayt < ClaPlunle [

z—y|>2|z| lz—y|>2|z]

since we have a pointwise estimate
|[A(z,y)| < Cla|?y| ™

in the region {|x — y| > 2|z|} for some absolute constant C' > 0. Similarly, one may
replace the integral

1 3|yl 2
) )22
T e e T P

lo—y|>2|x]

with

1 3
[ o |l s el | watiy

lz—y|>2|z|

at the cost of introducing an error of size C|xz|||ws||L~ with some absolute constant
C > 0. Hence we have shown that

To — Y Y 1
27 V2 )y + / B2 () dy — / (=3l ) + [yPa) ws(y)dy
[z —yl . |yl |yl

lz—y|>2|z|

< Olaf[Jws]| o

Finally, we have by symmetry that
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1
B (z2(y? — ¥3) + 2y — ¥3) — 3z1y1y2 — 3T3Y2ys) w3 (y)dy = 0.
ly|>2|x|

This finishes the proof. 0O

Corollary 2.4. Assume that w € (L°(R®))3 is symmetric with respect to O. Then, the
corresponding velocity satisfies the estimate

u(@)] < Clalllwl|ze. (2.14)

Similarly, for w € (L>°(R3))3 and symmetric with respect to O but not necessarily com-
pactly supported, the following principal value integral

1
= 1 —
uz) = lim o

/ Vo x (|2 =y w(y)) dy

ly|<R

is pointwise well-defined and satisfies the estimate (2.14).

Proof. We only consider the component u;. To prove the estimate, it suffices to show
that the auxiliary integrals involved in (2.7) vanish altogether. For this we show that
for each fixed radius, the corresponding “angular integration” vanishes. Below do will
denote the Lebesgue measure on the sphere 0By(R).

We begin with noting that from Piw(r) = w(P?z), we obtain that ws(z) =
wao(—x1, 29, —x3). This implies that

Y
| Lreatin) =0
0By (R)
for any R > 0. Moreover,
Y1Yy2 Ysy2
| Bty = [ Peswiot) -0
0Bo(R) dBo(R)

Then, Pyw(z) = w(Pax) gives wo(x) = wo(—x3, T2, 21). This establishes

/%ﬁw@wwza
0By (R)

Finally, from PZw(r) = w(P?z), we have wy(r) = —ws(x1, —29, —23). This allows us to
show that

i v3 v3
| Lremat) = [ Bamrt) = [ Bewin) o
9By (R) 0By (R) 0Bo(R)
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Similarly, it can be shown that

/ é%ws(y)do(y) =0

9Bo(R)

and

9Bo(R)
where p(+) is any second order homogeneous polynomial. O

The following result shows that u defined by the above principal value is the “correct”
velocity field associated with w.

Proposition 2.5. Assume that w € (L°°(R3))3 is symmetric with respect to O and
divergence-free (in the weak sense). Then, for any 1 < p < oo, there exists a unique
u € (WP (R?))? satisfying

e u is symmetric with respect to O,

e VXu=uw,

e V.-u=0,
lu(z)| < Cllw||Le|z| for all z € R3 with some constant C' > 0.

Proof. Existence is provided by the above lemma. For uniqueness one can repeat the
proof given in [24] for the 2D Euler equations. We omit the details. O

In light of the above proposition, given any w € (L*®(U))?3, we may first extend w
to @ € (L*(R?))? and the corresponding velocity u € (V[/'llof(ﬁ))3 is well-defined as the
(principal value of the) Biot-Savart integral against w. The difficult part is to prove that,
under suitable additional assumptions on w, we have u € Wllofo (among other things),

and this is the content of the next section.
3. Local well-posedness
3.1. A priori estimates

Let us begin by stating the key proposition for local regularity, which is the sharp
Holder estimate in the fundamental domain:

Proposition 3.1. Assume that the vector f = (f1, f2, f3) € (C*N C*(U))? satisfies the
following properties:
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= 0;
+f2=0o0n{z3=0,21 =23} NU.

Then, for any 1 < 1,5,k <3, we have

3
||(Rijf)k||camc"'a(0) <C <Z |f€||camc"a(0)>
=1
with an absolute constant C > 0.

The proof of the above proposition is rather involved and is deferred to Section 5.2
below. We are now in a position to complete the proof of Theorem A, using Proposi-
tion 3.1.

Now let w € €® N CO‘(U) be a divergence-free vector satisfying w' + w? = 0 along
{(#,2,0) : z > 0}. We have that the same holds for the difference

W = W(O)v

and since this function is vanishing at the origin, the estimates from the previous section
give that the corresponding velocity gradient belongs to con CO‘(U). Moreover, w(0) is
of the form (4.5) for some choice of A and p, and the explicit computations in Section 4.2
show that the corresponding velocity gradient is again some constant function in U,
depending on A and p. Therefore, we conclude that

HVU”c“amca((J) < ||W||c“amca(0)

where u is the velocity corresponding to w. Now assume that there is a solution w in
some time interval to

Oyw + u - Vw = Vuw,

where w! + w? = 0 along {(z,2,0) : z > 0} for all t. Using the above bound for Vu, it is
straightforward to derive the estimate

d
Ze®lleance@) S 10 Eanca o)

For instance, one can follow the proof of a priori estimates given in [23,22]. In particular,
there exists some Ty > 0 depending only on [|wol|¢anca gy such that

Jo®llgance@) < 2lwolleancn@y: t € [0,Tol
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3.2. Ezistence and uniqueness

Under the assumptions of Theorem A, we need to prove existence and uniqueness of a
solution w € C([0,T); C*NC*(U)) for some T > 0. We divide the proof into uniqueness
and existence.

Proof of uniqueness. Let wq satisfy the assumptions of Theorem A, and let us assume
that there exist some 7' > 0 and two solutions w,& € C([0,T);C* N C*(U)) both
satisfying w(t = 0) = &(t = 0) = wg. Moreover, w!(t) + w?(t) and &' (¢) + &?(¢) vanish
on {(x1,x2,23) : ©1 = 29 > 0,23 = 0} for any 0 < ¢ < T. Denoting the corresponding
velocities by u, %, we have from the a priori estimate that

IVu)llganea@) < Clw®llcanee@y,  IVE®)lcanea @y < CllOlcanea@)-
In particular, we have for 0 < t < Ty (where T} is given in 3.1)
IVa(t) e @) + V) o @) < Cllsllgance o).
From now on, we shall view the solutions as defined on R3. Let us repeat the argument
that appeared in our previous work for the Boussinesq system [23, Theorem 1]. Denoting

the difference by v := u — @ on [0,Tp] and returning to the velocity formulation of 3D
Euler, we write

ov+u-Vo+v-Va+Vr =0, (3.1)

where 7 := p — p. Here, p and p are the pressure corresponding to u and @, respectively.
We shall use the following key estimate from [23]:

]~V (@)ll e < C[(IIVUIILw + IVl L) [l o (@)l

(e (=)

Assuming (3.2), we can finish the proof of uniqueness as follows. Dividing both sides of

(3.2)

(3.1) by |#| and composing with the flow generated by u, we have

d, _ _ _
Zllel @)= < C(IVullpe + Vo) 2] o (@) ][oe + ([l V(@) 1o

< Clllz) (@)L (1 + ln<|||1CE:E)||LOO))

with ¢ > 0 now depending on sup,c(o r,j([[VullL= + [[Vil|L~), which is bounded
in terms of the initial data. The previous inequality is sufficient to guarantee that
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lllz| = v(x)||z= = 0 on [0,Ty] as |||z| " ve(x)||r=~ = 0. Repeating the same argument
starting at ¢ = Ty, one can show that u = @ all the way up to time 7" > 0.
Let us now comment on the proof of (3.2). We have

—Am =Y (Qiu;05u; — 05 05i1;) = Y (0iv;05u; — ;11 0;;)
i,j 0,J
Since v and @ are divergence-free, we can also rewrite the above as
Vr=V(-A)"! Z(ﬁi Z(Ujajui — U;04v;)),
i J
and we observe that the vector W = (W);)1<;<3 defined by

Wi = Z(vjajui — ajaj’l)i)
J

is symmetric (as a vector field) with respect to O. Then we have

\Y% s 1

— = —=V(-A)'V.-W
7

and since the singular integral operator V(—A)~!V- has a kernel of the form p(x)|z|~®
where p is a (vector valued) homogeneous polynomial of order 2, there is a gain of decay
when integrated against W. From this observation, it is straightforward to obtain the
estimate (3.2), following the argument of [23]. O

Proof of existence. Let wy satisfy the assumptions of Theorem A, with (wi+w?)(z,2,0) =
0. The a priori estimate shows that the corresponding velocity gradient Vug belongs to
C* N C(U). We define w@ (¢), u®(t) to be wy and ug for 0 < ¢t < T where T > 0 is to
be determined below. Given (w™, u(™) satisfying (w(™! +w™:2)(z, 2,0) = 0, we define
inductively w1 as follows:
atw(n+1),1 + u(n) . Vw(n-‘,—l),l — alu(n),lw(n-‘rl),l + azu(n),lw(n—i-l),Z + agu(n+1),1w(n),3
atw(n+1),2 + u(n) . Vw(n+1),2 — 61u(n),2w(n+l),1 + 82u(n),2w(n+1),2 + agu(n+1),2w(n),3

(n+1),3 (n) . (n+1),3 _ (n),3, (n+1),1 (n),3, (n+1),2 (n+1),3, (n),3
Oyw + u Vw ohu w + O w + O3u w ,

with initial data wénﬂ) = wp. We verify that, on (z, z,0), we have:

[616 + u(n) . v](w(n—i-l),l +w(n+1),2) — (alu(n),l + alu(n),Q)(w(n+1),l +w(n+1),2)
+ (7w(n),3 + 82u(n),2 _ alu(n),l)w(nJrl),Z
+w(n)73(w(n+1)72 o w(n+1)71 + 81u(n),3 + 82u(n),3)

— (D1 4 9y 2) (DT L (D 2) (3D ()2
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which implies that along the line {(z,z,0)}, (WY1 4 w+1:2) = 0 if it holds at ¢ = 0.
At the last step we have used the identities

81u(k)’3 = agu(k)’g =0,

81u(k)’1 + 82u(k)’1 = alu(k)’Q + 82u(’“)’2
for k = n,n + 1, which are consequences of the slip boundary conditions
u(k)’s(:clv T2, O) = 07 u(k)’l(za 2, Ig) = u(k)ﬂ(z’ 2, Ig).

Using the a priori estimates, one can show that for the same Ty > 0 from 3.1, we have

sup (™ O)llance + 1V Ollgance) S loollganes
te[0,To]

uniformly in n. Passing to a sub-sequential limit, one obtains a pair (w(t), Vu(t)) bounded
in L°°([0, Tp); C* N C). We have that w(™ — w and Vu(™ — Vu in L°CP. From this
it is easy to see that the pair (w,Vu) is a solution to the Euler equations with initial
data wg. O

3.8. Propagation of higher regularity

Given the local well-posedness in C¢ of the vorticity, it is not difficult to propagate
higher Hélder regularity inside the domain U. Of course, it is necessary to impose suitable
vanishing conditions on the derivatives for the initial vorticity. In this section, we sketch
the propagation of O regularity for the vorticity for any 0 < o < 1. Formally we state
it as follows:

Proposition 3.2. In addition to the assumptions of Theorem A, suppose that Vwy €
conC*U) and

V(wg+wg)=0
on dy and either

o W —w2 =0 and (01 + ) (w§ —w) =0 or
o wi=0and (0; +)wi =0

holds on ds. Then, the unique C* solution defined on [0, T*) with initial data wy remains
in CH% for all t < T™.
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Remark 3.3. One can consider initial data of the form

wé(xla T2, (E3) = _)‘OX(xl + 1’2)7
w8($1a$27$3) = Xox(z1 + x2), (3.3)
wg(xla T2, .733) = MOX(xl + .132)

for some constants Ao, o € R and a cut-off function x which satisfies x(z) = 1 for |2| <1
and x(z) = 0 for z > 2. Note that this wq is divergence-free and compactly supported in

U. Further taking either A\g = 0 or puy = 0, this initial data satisfies all the assumptions
of Proposition 3.2. Moreover, note from (4.4) that finite-time singularity formation is
still possible, by taking either Ag = 0, up < 0 or A\g < 0, g = 0.

The condition V(w! + w?) = 0 propagates itself, which is the content of the following
lemma:

Lemma 3.4. Assume that V(w} + wd) = 0 on da. Then, V(w'(t) + w?(t)) = 0 on da as
long as w remains a C*-solution in U.

In the remainder of this section, it will be convenient to rotate the coordinates system:
define

= —(21 + 22), = —(—21 + x2), = 3.
Y1 \/— 1 2 Y2 \/§ 1 2 Y3 3

We shall write the components of u and w with respect to this coordinate system as well.
Then, the boundary conditions on @y take the form

ol =0, Hou?=0 (3.4)
for arbitrary integers k,j > 0. Using these, on da, we note that
O oput = OF 1% — 9F S = kw3, §0sul = Hw? + T d = §lw? (3.5)
for any integers k, j > 0. We shall assume that in some time interval, the solution (w, )
belongs to C*® x C?“, which can be justified after showing propagation of the vanishing
conditions in Proposition 3.2.

Proof of Lemma 3.4. We compute

ﬁtﬁlwl +u- V@lwl = 611’&1&11 + 81%1810.11 + 312u1w2 + 62u181w2 + 813u1w3

+ 63u181w3 — 81u181w1 — 8111,282&}1 — 8111,383001

Restricting on do, we have w! = 0 and applying (3.4), (3.5) gives that
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80w +u - Vow! = —81wiw? — widw? + 9 wiw® + w?dw? = 0.
This shows that the condition d;w! = 0 propagates in time. Next, we compute

005wt + 1 - Vogw! = 510wt 4+ 91utdswt + 930utw? + dauldsw? + dg3utw?
+ O5ul05w> — B3ul O w! — B3uldew! — B3udsw!t.

We simplify the right hand side, restricting the equation on ds. First, recalling w! =
O1w! = 0, we cancel a few terms, and rewrite the right hand side as follows:

(O1ut — 03u3) 3w’ + D3w?dput + O3w3su’ + W?dozu! + W3ds3u’ — Azu?dow!.
The last term vanishes from (3.4). Rewriting the remaining four terms using (3.5),
3wt + O3w3sul + W?dasul + W3Dszul = W? (D3 + Ow?) = —w?dw! = 0.
Hence,
0103w +u - VOzw! = (01u' — d3u*)dswt,

which shows that Osw! = 0 propagates as well. Propagation of 9w! = 0 can be proved in
the same way, noting that the conditions (3.4) and (3.5) are symmetric in y, and y3. O

Proof of Proposition 3.2. All that there is to show is the C“-bound for the Riesz trans-
forms R;;Vw. It suffices to consider components of Vw which extends as an odd function
of both y3 and yo, around ds. Note that wi, ws, and ws are respectively odd-odd,
even-odd, and odd-even in y, and y3. Hence, for the C'“-estimate of R;;Vw, it suf-
fices to propagate the vanishing conditions for dyw!, w?, and dsw?, along dy. From the
divergence-free condition, it suffices to consider the first two.

Lemma 3.4 takes care of 81w, so let us now turn to daw?:

0 0ow? + 1 - VOsw? = 9w 0112 + wliou? + 9ow?Oou® + w?daoti® + Oow>d5u?
+ w3093u? — Ay 01w? — Apudew? — BpudDw?
= Oow'01u? + w'Oou? + w?Ogau? + 6‘2w383u2 + w3823u2
— Ot Ay w? — O Dyw?

= w2822u2 + w3823u2 — 8211,1810.}2

where we have used (3.4) and w! = 0 to get the last equality. We now note that

W3B3u? — Opul 1 w? = W3 (Oou® — wh) + W3O W? = W3 W?
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and
W20t = —w20s1ut — W?Bysu® = W20 W? — WrAsw! = W20 WS,
Hence, for the propagation of 9yw? = 0, it suffices to have
wW20w? + wi3dw? = 0.
This is precisely the reason why we need the additional assumption that either
w2=0, Ow?=0 or Wwr=0, Ow?=0

along do.
It still remains to show that the additional assumptions themselves propagate in time.
We only consider the case of w? = 0,9;w? = 0. From

Ow? +u-Vw? =w- Vu?
and (3.4), it is immediate to see the propagation of w? = 0. Next,
8,01w% + u - Vow? = 01w - Vu? +w - Voju? — dyu - Vw?.

From (3.4), 01w-Vu? = 01w?dsu? on dy, and w- VO u? = w?01ou? = 0. Lastly, 0ju-Vw? =
O1utO1w?. Hence

801w +u - Vow? = (O1u' + 82u2)81w2

and the propagation of 9;w? = 0 is proved.

From the propagation of vanishing conditions for O;w?, one can establish that
[RijVwl ca@y S [[Vwllga (). With this it is not difficult to show that the unique C
solution w in [0,7*) actually belongs to C1*. O

4. Finite time singularity formation

In this section, we conclude the proof of finite-time singularity formation. The proof
consists of finding explicit homogeneous solutions which blows up in finite time and
cutting those at spatial infinity.
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4.1. Explicit blow-up solutions

We consider constant vorticity defined in U of the form

-1 0
wo = )\0 ( 1 ) —|—/J,0 (0) s (41)
0 1

for some Ag, g € R. The corresponding velocity with non-penetration boundary condi-
tions on 0f) is explicitly given by

1 (—)\0 + 2[,60) x1 — 3poT2 + 33
uo(xl, T2, x3) = § (—/\0 — ,uo) To + 3NoT3 (4.2)
(2X0 — po) 3
Taking the gradient, we obtain
1 [~ Mo+2m0 =3 3o
VUO = § O —>\0 — Mo 3/\0 (43)
0 0 2)\0 — Mo

Next, one may compute the following product:

Mg — 2Xopo
wo - Vug = [VUO]WO = g —/\(2) + 2)\0%0
2Xopo — 1

From the above, one sees that the unique solution to the 3D Euler equations with initial
vorticity of the form (4.1) has the same form for all times—writing the solution as

-1 0
w(t) = A(t) ( 1 ) + () (o) ,
0 1

one obtains the following ODE system of two variables:

: 2 1
)\:§>\ILL—§>\2,
; L (4.4)
L= S — -yl
o= gAn— g

We prove blow-up for the above ODE system assuming either one of the following con-
ditions:

1. A# pand Ay # 0, or
2. A=p>0.
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These are exactly the sufficient conditions stated in Theorem B. First, assuming A\g = po,
it is obvious that the ODE system blows up in finite time if and only if the initial data
is strictly positive. Now, since the system is symmetric in A and px, we may assume that
Ao > po if Ao # po. We then write down the equation for A — pu:

d

SO m) = 30— WO+ ).

In particular, A\ — p remains strictly positive. Now,

— =5 (20— p) + p).

d W
dt 3
If in addition we had pg > 0, then ¢ > 0 and the above ODE clearly blows up as
2(A — p) + ¢ > p. Now we may assume g < 0 and there are two cases: (i) A\g > 0 and
(ii) Ao < 0. In the former, we have that A is monotonically decreasing in time since

d A

—A==-2u-X

3= 3=
and 2 — A < 0. Then, returning to the equation for p, it is clear that 4 — —oo in finite
time. Finally in the latter case, we have 0 > Ay > o and in this case it is not hard to
see that A — g — +00 in finite time since both A and g remain negative.

4.2. A cut-off argument

We shall prove that for initial vorticity which is of the form (4.1) only near the origin,
finite time blow-up occurs, as long as the solution to the ODE system (4.4) blows up.
To this end, take an explicit solution

~1 0
w3 (t) = \(t) ( 1 ) + p(t) (0) (4.5)
0 1

for which we have finite time blow-up at time T > 0: lim;_,7-(|u(t)] + |A()]) = +oo.

We denote the corresponding velocity as

o 1 (A F2u) =3u() 3A() a1
u’(t) = = ( 0 —A(t) — p(t) 3A(¢) ) <x2> (4.6)
0 0 @ -ut)) \u

on 0 <t < T* We now take initial data of the form
wo = wgl + (:J()

on U, where wy satisfies the assumptions of Theorem A. This in particular implies that
Gp € C*NC™ and that &} + @2 vanishes on {(z1,22,73) : ¥1 = 12 > 0,23 = 0}. We
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may further assume that @wy(0) = 0. One may even take @y € C'* identically zero on

|z] < 1 and equal to —wj! on |x| > 2, so that wy belongs to C° with support contained

in U N {|z| < 1}. Such an initial datum @, certainly exists, as one can simply use wp as
in (3.3).

We shall now assume towards a contradiction that the unique local solution (w(t), u(t))
(given by Theorem A) with initial data wq is global in time. Then, we may set

M= sup ([lw(t)llce + [[Vu(t)]ca).
0<t<T*

We now define &(t) = w(t) — wS(t) and a(t) := u(t) — uS!(t). These functions are
well-defined for any 0 < t < T, and we see from
0w + u - Vw = [Vulw
and
8iwST + uST - VST = [VuST|wST
that © must satisfy the following equation:
O@ +u- Vo = [Vuo + [Vaw! — i - VwT = [Vu]o + [Via]w?.

The latter identity follows since Vw®! = 0. Let us propagate that @ € C* N C* and
@(t,0) = 0, on 0 < t < T*. We rewrite the equation along the flow ® generated by w:
00 (t,x) = u(t, ®(t,x)), ®(0,2) = x. This gives

d

E(d}(t) 0 ®(t)) = [Vu o @)@ o ® + [Vi o w0 ®. (4.7)

At this point, we claim that
Va(t,00=0 and  @©(0)=0 (4.8)

for any 0 < ¢ < T*. The key step is to observe the Taylor expansion of (¢, -) and imposing
the boundary condition as well as the vanishing curl condition at the origin. The first
order Taylor expansion is justified since we know from the contradiction hypothesis that
a(t,-) € O for 0 <t < T*. To prove (4.8), we write

g ary + bxrs + cxs3
Uy | = dxy + exs + fxs + o(|z])
i3 gr1 + hza + (—a —e)zs

where 0,,03(0) = —a — e follows from the divergence-free condition. From the slip
boundary conditions at {x3 = 0}, {1 = z2}, and {x2 = x5}, we respectively obtain that
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g=h=0anda+b=d+e,c= fand d=0,c+ f = —a— e. Then the matrix simplifies
into

(a+b)x2 — (3a + 2b)x3

azy + bxrz — (3a + 2b)xs
( —(2a + b)x3 ) .

Finally, recalling that the corresponding vorticity vector is given by
3a +2b
—3a —2b |,
—b

IVa(t,0)] < Cla(t,0)]. (4.9)

we obtain that

In particular, when the curl vanishes (i.e. a = b = 0), we have that |a(t, z)| = O(|z|1T%).
Now observing that ®(¢,0) = 0 and evaluating the equation (4.7) at © = 0, we have
using (4.9) that

d
6(00) < CIva0)[a(1.0) < Cla(t.0)

which gives (4.8) on 0 <t < T*.
Next, returning to (4.7), we may estimate

d, . - -
@ olce < [[Vuo @fcalldo @l + [[Vuo &L=l o @f|ce

+ ||Vt 0 ®|ga ||wT 0 ®|| oo + || Vi 0 ®| Lo ||w! o D]

C(! .

Using regularity of the flow supg;<p« [|[V®[|ce < CM and [|Villce < Cl@]ca, we
deduce that

d . _ -
£||W||Ca < (M + HWSI||L°°([O,T];C“))HW| ce

for any T' < T™*. Hence, it follows that
[&(T)|ce < C = C(M,T, ||@ollce).

Using the above with &(7,0) = 0, |@(T,z)| < C|z|* and in particular by taking |z|
sufficiently small, we obtain that

lo(T) | Lo > [l (T)]|

for any T < T*. Taking T — T*, we have from the choice of w3 that ||w ! (T)| =~ —
400, which is a contradiction. The proof of Theorem B is now complete. O
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5. Holder estimates under octahedral symmetry
5.1. Two-dimensional case

5.1.1. Main lemmas

We shall state a few sharp Holder estimates for the double Riesz transformations for
functions defined on R2. The proofs are carried out later in 5.1.3, after performing some
illuminating computations in 5.1.2. We shall define the following sector domains in 2D
using polar coordinates:

Q= {(r,0):0<0 < %}.

We are particularly interested in the cases m = 2,3, and 4. Given f € L*°(£,,), we shall
define R;; f to be 0,,0x, (—Ap)~'f where Ap is the Dirichlet Laplacian. Let us present
three simple lemmas which establish C* estimates for R;; on €,,. The first result is well
known and a standard reference is the book of Grisvard [26] (see also [23,22]).

Lemma 5.1. Let f € C*(Q,,,) with m = 3,4. Then we have for any 1 <i,j < 2,

1l ()

IRij fll < (@0,) < CIlf || oo (R log(10 + :
IIE @) (& 1T o~ ®>)

and

1Rij fllgacany < Cllflleaa,y:  IRijflles@n) < Cllflos@un)-

In particular, we have

”Riijcunéa(Qm) < C”f”cunéa(g

m)
and if in addition f is supported in {|z| < R},
1Rij flloa (@) < C(R)|[flloz@m)-

On the other hand, in the quadrant case (2o, it has been well known that one cannot
even get O estimate:

[Rij fllco) £ Cllfllcsa)-

Indeed, using the definition of the Dirichlet Laplacian and assuming that R;; f € C°, we
have that by differentiating in x5 in the equation



32 T.M. Elgindi, 1.-J. Jeong / Advances in Mathematics 393 (2021) 108091

02y (—AD) "' f(0,22) =0
shows
Oy Oz, (—AD)"L(0,29) = 0.

Similarly, differentiating in z; in
0z, (—~Ap) ™" f(21,0) =
gives
02,00, (—Ap) ™! f(21,0) = 0.
Then, since A = 9,, 0y, + 0y,04,, we conclude that
Ri1f,Ryaf € C° = f(0,0) =0.

Our next lemma shows that the vanishing condition at the origin is the only obstruction
for the sharp C“ estimate.

Lemma 5.2. Let f € C%(Q2) with f(0,0) =0 and f =0 in {r > R} for some R > 0.
Then we have for any 1 <1, < 2,

||Riijca(Qz) < C(R)||f||0a(92)
where C(R) > 0 is a constant depending on the radius of the support of f.

The final lemma concerns functions which are odd in R? and C® when restricted to
the sectors. For convenience we shall define

Q {(r,@):(ifl)%<0<i%}, m>3,1<i<2m.

L=
We have in particular that 2, = QL .

Lemma 5.3. Let f € L>(R?) satisfy f(z) = —f(—x) for allx € R2. Furthermore, assume
that f € C*N C("(Qﬁn) for some m > 3 and all 1 < i < 2m. Then for all 1 <i,57 <2
and R;j = 0,0, (—Ar2)~"!, we have

Hf”éa(gm)

[ Rij fllL(,.) < CllfllLe w2y log(10 + ,
1l oe (r2)



T.M. Elgindi, 1.-J. Jeong / Advances in Mathematics 393 (2021) 108091 33

Ce(Q5,)-

m

1Rij flleaia,y <C D Wflea@iy IRiflos@n <C > If

1<i<m 1<i<m

In particular, we have

HRijf||CO<mC‘a(Qm) <C Z ||f||camco‘0‘(52£n)'

1<i<m

Remark 5.4. Without the odd symmetry, the L> bound fails. A simple example is pro-
vided by the indicator function 1g, with a radial cut-off. Explicit computations (cf.
[3,20,7]) show that the double Riesz transforms have logarithmic singularity at the ori-
gin. The above lemma shows that the situation becomes completely different when one
considers the odd symmetrization, which is simply 1g1 — 1.

5.1.2. A few explicit computations

The following explicit computation will clarify when we can expect Holder estimates
for the double Riesz transforms for functions defined in 9. Given a function f on Qs,
we denote f to be its odd-odd extension onto all of R2: that is, f = f on € and

f(z1, —x2) = —f(x1,29) = f(—21,22) for all 21,20 € R.*
Example 5.5. We take the following function on €25 in polar coordinates:
f(x) = r*x(r) sin(mé)

for some 0 < o < 1 and m > 2 even. Here x is a smooth cutoff function satisfying
x(r) =1 for r <1 and 0 for r > 2. Once we make the ansatz

AG!f = (r) sin(md)

(note that this satisfies the Dirichlet boundary condition on 9€s) then from

1 1

A= _2609 + arr + _ara

r r

we obtain an ordinary differential equation for :
1 m?
"+ ;1// - ﬁﬂf =7rx(r).

Together with boundary conditions 1(0) = ¢’(0) = 0, the solution is unique. We consider
the region r <1 and it is easy to see that

’lp(?") = m’erﬂl (51)

4 Strictly speaking f is not well-defined on the axes but this will not cause any issues.
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is the solution whenever the denominator is nonzero. In the special case when m = 2
and « = 0, the solution is instead given by

P(r) = irQ Inr. (5.2)

Note that this expression can be obtained by fixing some 0 < r < 1 in (5.1) with m = 2
and taking the limit o — 0F. Hence, we see that while the function sin(26)x(r) belongs
to C%(Qy) with any 0 < a < 1,

G(z) := 812A521 (sin(20)x(r)) ¢ Li5.(22).

loc
On the other hand, one can see that since

1 1 22 .
G= —11f1|gc|——£1$2
4 T

sup |z —————= < 4+ 5.4
20,2l <] @ — a']® G4

for all 0 < @ < 1. In the case o = 1 this is trivial from |rV(Inr)| < 1. Similarly, we see
that up to a bounded and smooth term denoted by Fiy,

1, . 1% 2 — 22 N
811A93(51n(29)x(r)) = |;—|22 <2 + W) + Fi1.

A similar computation can be done for 011 replaced with Ose as well. In particular,
o A;bl (sin(26)x(r)) and 822A521 (sin(26)x(r)) has the same scale-invariant Holder reg-
ularity as in (5.4). This property will be fundamental in what follows.

We are now ready to perform explicit computations for the Bahouri—-Chemin solution,
which is directly relevant for the estimate in Lemma 5.2.

Lemma 5.6 (Estimates for the Bahouri—Chemin solution). Consider the function

g(x1, 22) = x(|z|)sgn(z122),
where x(|x|) is a smooth cutoff function satisfying x =1 on |x| <1 and x =0 on |z| > 2.
Then, the function h defined by

) = gl@) = 2x(fel) 715

satisfies
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||Rijh||él(sz2) SL

Moreover, for any 0 < a < 1,

1R (2| 9)llcp

loc

(Q2) §O& 1.

Proof. We note that

sgn(zias) = ];) m sin(2(2k + 1)0),

and therefore

h(z) = x(|=) - ) ﬁ sin(2(2k + 1)0) =: x(|z|) A(9).
k>1

For m > 3, we explicitly have that

2
(—A)ga (sin(mh)) =

" sin(md).

We compute that

cm2

leaxQ(fA)*l(sin(mH)) = 1 (cos((m + 2)8) — cos(mb)) + O(%)

m2 _

From the above it is not difficult to see that, recalling the definition of A,
(02, 0n, (—2) 1 A) (9) € C([0,7/2]),

and therefore we deduce that h € C1(Qy).

To prove the second statement, we may only consider the region r < 1/2; and note
that

_ 1 sin(2(2k + 1)6)
1 @ _ 2+«
A7 (=l g)_’;2k+1(2+a)274(2k+1)2r
Then,

Oge 1 1 4(2k‘ + 1)2 i

%0 ag) = 2(2k + 1)0)r°

28 (%) ];)2k+1(2+a)274(2k+1)2 sin(2(2k + 1)f)r

2
e ! (2+a) sin(2(2k + 1)0)r°.

2k +1(2+a)? —4(2k+1)?

From the last expression it is clear that
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Other second order derivatives can be treated in a similar way. O

899 —1 [
TTA (|z|%g) Sa L.

O (Q2n{l2|<1/2})

Combining the previous lemma with the example above, we conclude the following;:

Corollary 5.7. We have

[ Rij (x(Jz])sgn(z122)) — clnfz|| e, S 1,
where ¢ = % for Ry and ¢ =0 for Ri1 and Ras.

We now consider the simplest functions which satisfy the assumptions of Lemma 5.3,
namely piecewise constant functions. We explicitly show that their double Riesz trans-
forms are given again by piecewise constants, which must be if Lemma 5.3 were valid.

Example 5.8. We now consider the following functions on R?2:

Using the definition of the principal value integral, one can explicitly compute that for
1 <i4,5 <2 Riji R, is given by piecewise constant functions depicted in Fig. 4. The
same holds for R;;1q,, which is depicted in Fig. 5. In both cases, one can verify that
R11 4+ Roo = —Id. To illustrate how one can obtain these facts, we consider the case R
applied to 1q,, evaluated at = (21, 22) with 0 < 3 < x;. By definition, we have

~ 1
Ri21lg,(z) == lim

/ (1 —y1)(z2 — yz)dy

T R—o0 |z —y|*
iN[0,RJ?
1 — T —
B / (1 —y1)( 2 Z/Q)dy .
|z -yl
Qin[-R,0)2

We evaluate the first integral as follows:



T.M. Elgindi, 1.-J. Jeong / Advances in Mathematics 393 (2021) 108091 37

Fig. 3. The functions 1r, and 1o, (left, right).

101 0 0 _% _%
0 0 1 -1 3 5
0 0 -1 1 3 3

1] 010 -3 -3

Fig. 4. The operators Ri1, Ra2, Ri2 acting on 1g, (from left to right).

(151 - yl)(l“z - yz)d
4
[z —yl

Qin[o, R

1 / T1— T1— dy
=z — 1
2 (1 —11)? + (22 —92)?  (z1—y1)? + 23

0<y <R

1 —2R
== (2 arctan(m) — 223L1r(:tzm(ml—chi2

—In(2? + 22
o )~ (e +a3)

oo

+21In(z3 4 (21 — R)?) — In(2] 4+ 23 — 221 R — 22,R + 2R?)) .
Similarly evaluating the second integral and subtracting, we obtain that

—2R 2R

~ 1
1 =— 1i —2
Ri21q, () 3 im [ arctan( P pra—

T R—o0

+21In(23 + (1 — R)?) — 2In(z3 + (21 + R)?)

—In(z? + 23 — 201 R — 225 R + 2R?) + In(2} + 23 + 221 R + 225 R + 2R?) |.

Then it is clear that the logarithmic terms cancel each other, and the limit is exactly i,
independent of 1, x5 as long as 0 < x2 < 7.

One may perform similar computations for functions corresponding to any m > 3. We
omit the details.
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I

FST

IST
o
i

Fig. 5. The operators Ri1, R22, R12 acting on 194 (from left to right).

Lemma 5.9 (L*°-estimate for c functions). Let f € éa(Qg> and assume further that f
satisfies the following cancellation properties:

2 .2
/ %f(y)dy = / N2 f(y)dy = 0 (5.5)

ly|*
{ly|=e}nQ2 {ly|>e}nQy

for all € > 0. Then, we have the logarithmic bound

1Ryl < Clfllm (1 T log (1 1 Ml )) | (5.6)
1l

Remark 5.10. The cancellation property in (5.5) is essential for the L*°-bound, as one
can see from the explicit computation for the Bahouri-Chemin function. (This is not
necessary for the Co’f‘—estimate.) On the other hand, it is not necessary for the function
to have compact support.

Proof. We need to consider the integrals (defined by the principal value)

Fy)dy,

/ (21 —y1) (2 — yz)f(y)dy,

|z —yl*

/ (1 —y1)* — (22 — y2)?
S e

where © € Q. Let us treat the first integral. Consider regions (i) {|z —y| < l|z|}, (ii)
{l|z] < |z —y|} N {2]z|] < |y|}, and (iii) {2|z] < |y|}. Here | < 1/2 is a number to be
specified below. We first treat the regions (ii) and (iii): regarding (ii), we note that the
domain is contained in the set {l|z| < |z — y| < 3|z|}, so that

($1 — y1)(x2 — yz) 1
|z —y|* fw)|d

IN

361—311 332—112) 3
fy)dy
|z — yl*

‘ ‘ lz|<|z—y|<3|z|

1 3
< C|fllzee / P |2dy<C||f||Loo o 7.

lz|<|z—y|<3|x|

Then, for (iii), we may re-write the integral as
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[ [t

ly|>2|=|

and then the kernel in large brackets decays as |y| =2 as |y| — +oo. Hence, we may bound
the above by C|| f||p~. Lastly, in region (i), we rewrite the integral as

o =v)@2 2 92) 1y payiy) ~ dy

|z —yl*
|z—y|<l|z|
+ f((E) (l'l _|zlz(§|24_ y2) i(y)dy
|z—y|<l|z|
From
N Clz — y|®
(Fy) — F@)iw) < WWH@,
we bound
Sz ‘gﬂ(zfj 92) (£(y) — F@)ilm)dy| < CIf] o B

|lz—y|<l|z| |z—y|<l|z|

< Cl|| fl ¢ra-
On the other hand, explicit computations show that the integral

(r1 — yl)(l’z - y2)
|z —y[*

1(y)dy

le—y|<i|x]|

is uniformly bounded in z. To see this, after a rescaling of variables y = |x|z, the integral
equals

(v1 — 21)(v2 — 22)
v — 2*

1(2)dz,
jo—21<1
where v := x/|z|. The integral vanishes when v; > [, since then 1 = 1 in the domain

of integration. Assuming that v; < [, using polar coordinates centered at v, we further
rewrite it as

I
sin(260)
/ / o (U070, = Liom—(n-6,)] = Lin—g,,x1) dOdr
v —T

where cos(f,.) = v1/r. This integral actually vanishes. At this point, we also note that
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(551 - 3/1)2 - (562 - y2)2
|z —y[*

1(y)dy

le—y|<l|z|

I m

cos(26)

:// o (L0070, = Lor,—(r-0,)] — Linb,.m)) dOdr
vy —T

and since cos(6,) = v1/r, the last expression is bounded by

l
gC’/v—;drngl(il>§C.
r v1 1

This simple estimate will be referred to as a “half-moon” computation in what follows.
(This is just a simple case of the so-called “Geometric Lemma” in [2].) Collecting the
bounds, we have

/ (@1 = 9)@2 = ¥2) £y i < C1% £l + Cll = In

3
z —yl* I

Optimizing in [ gives the desired logarithmic bound (5.6). The same arguments carry
over to deal with the other expression

1 — 12— T2 — 22~
/( y|i;—y(|4 2 f(y)dy.

R2

The proof is complete. O

5.1.8. Proof of the lemmas

In this section, we complete the proof of the lemmas stated in 5.1.1. We omit the proof
of Lemma 5.1, which is covered in [26,23]. Alternatively, one can follow the arguments
given for the proof of Lemma 5.3 below, which is somewhat more involved.

Proof of Lemma 5.2. We consider the kernel

r1 —y1) (72 — y2)

o) = S

for Ri5 as well as its symmetrized version

K(l"y) = K(xvy) - K(xvg) + K(JZ, _y) - K(xv _g)a
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where § := (y1, —y2). (The proof for R1; and Ryy will be completely analogous.) Then,
we first need to estimate

A(z) = / R, 9)(y)dy
Qo

in L. By rescaling, we may assume without loss of generality that R = 1; i.e. f(y)
>

vanishes for |y| > 1. Moreover, in the above, we may insert a smooth cut-off x(y) > 0

which satisfy x(y) = 1 for |y| = 1. Then, we write

A(z) = / R, 0)(f () — F@)x(w)dy + f(z) / R (2, y)x(v)dy
{ly|<1}nQ2 {ly|<1}nQy

—I(2) + J(2),

and we bound

[(z)] = / K(z,y)(f(y) — f(2)x()dy| < || fllce / | K (2, y)|lz — y|*dy

ly|<13NQs {ly[<1}nQ2
dy
< «@ - =
> C||f||C* |x_y|2—a
{lyI<1}NQ2
d
< Cllfllcs s < Clllles
{ly|<13NQ2
as well as
|J(z)| = | f(=) / K(z,y)x()dy| < Clf(@)|(1+ [n|z])) < C(Iflloe + £l ),

{lyI<1}1nQe

where we have used that |f(z)| < min{|[|f||ce|z|*Ljz <1, || fllz=}-
We now consider the difference A(z) — A(a’), for some x # z’ € Q3. We may assume
that |x| < |2’|. We use the fact that (recall Corollary 5.7)

K(z,y)x(y)dy = cIn|z| + F(x) (5.7)
{lyI<1}NQ2

where I is bounded and belongs to ok (Q2). Take the region

D:={lyl <1:ly—a'| <20z —2'[}.
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Then, write

I(z) - I(a') /+ / Rz, 9)(f(y) — f(2))dy

NQ2 DenQy

_ /+ / K@, 9)(f(y) - f(a'))dy

N DecNQo

- /Ka:y /Kwy (y) — f(=")dy

NQo N

N / K@, y)(f(@) — f(2))dy

LD<NQs

+ / (R(x,y) — K )(fy) — f(2))dy
LDcNo

= (1)+ (2) 4+ (3) + (4).

We first bound the terms (1), (2), and (4). Note that

(2)] <

|y_xl *x_xlloc

ly—a’|<2[z—2’|
and the term (1) can be treated in a parallel manner. Then,
@I<Clfle: [ VRG )lle—ally - oidy
DeNQ,

where z* is some point lying on the line segment connecting = and z’. Note that we have

VK (z*,y)| <

BT

Then we conclude that

(D] < Clifllesle — 2| / ly — @[*Pdy < C| fllce |z — 2"

le—y|=|z—a’]

Finally, we combine the remaining terms as follows:
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(3)+ J(x) = J(a') = = | f(2) /(ff(z/, y) — K(z,9)x(y)dy

Qo
+ (f(z) — f(2") K(2',y)x(y)dy
DNQo
— J(@)(F(e) - F(x) - cf(x) %

where F' is as in (5.7). Note that

|x — a'|™

since F belongs to ¢ and |f(2)] < [|fllcle]* < [|fllcala’|*. Next,

< IO (1 BBl o W

Tl —a2' |« x r—x' |« x|«
/ /

< Cllfllee-

1

| — |

2’|

f(@)In =

]

It only remains to obtain a uniform bound for the following integral:

[l
=L [ R xmay| < 1fle-| [ K|
No N
We expand K (z/,y) = K (', y) — K (2',9) + K (2, —y) — K (2', —§) and bound each term

separately. The main contribution comes from K(z',y):

/ K (@' y)x(y)dy| < / |K (2, y)|dy

N |z" —y|<l|a’|

where [ = 2|z — 2'|/|2’|. We could have assumed that |z — 2’| < |2/|/2 so that | < 1.
The fact that this expression is uniformly bounded in ' and 0 < [ < 1 follows from
“half-moon” computations contained in the proof of Lemma 5.9. The other terms in K
can be treated similarly. O

Proof of Lemma 5.3. We only consider the case m = 4, argument for the case m = 3
being completely parallel. Without loss of generality, we can assume that the function f
is supported only on Q) U Q3. We define 1q, := 1g1 — 1gs. We consider only the case of
R12 with kernel K(z,y).
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(i) L bound

We fix some 0 # x € Q} and consider

/K@—yﬁwﬂy: / +/Q- /) K(x—y)fy)dy =1+ 114111,
R2 {lz—y|<flz]} B {|y|>10|z|}

where 0 < ¢ < 1 will be optimized later and B = R*\({|z — y| < {|z|} U {|y| > 10[z|}).
First, we write

I= / Kz —)(f(y) - f(@)dy + f(x) / K(z— y)dy.
{lz—y|<Lllz|}NQ] {lz—y|<L|z|}NQ]

Then, we observe that in the domain of integration, |f(y) — f(z)| < ||fll g o 2] ™% —
¢ (1)

y|®. The fact that the second term is uniformly bounded follows from “half-moon” com-

putation again. Hence,

1< W lemaplel™ [ o=yl 2dy+ Clllem <€ (1= + €1 lnia )
{lz—yl<t|x[}
Next, it is clear that

20
1] < O flp= 0 =,

Lastly, we note that from the odd symmetry of f,

&%-@Myzo

{ly|>10]=[}

in the sense of principal value integration. Therefore we estimate

X1 — Xro —
el [ [EEps e
ly|>10|=|}

<Clflamlel [ Iyl "dy < Clfla.

{ly|>10]=[}

Optimizing in ¢ finishes the proof.
(ii) C¢ bound
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We now take z # 2/ € Q}, write 1(y) := 1q, (y) for simplicity, and estimate the difference

Riaf(2) - Ruof(a / Kz — )/ (y)dy — / K(2' — ) f(y)dy.

Qiuns Qjug

We shall write [ = [ from now on and rewrite the above as

1uQg

/K(x—y)(f(y) —f(x)i(y))dy—/K(w'—y)(f(y) — f(2)1(y))dy
/Kac— y)dy — f(z /Ka:—y 1(y)dy.

Recall from the explicit computations in 5.1.2 that

/K(fﬂ —y)1(y)dy = /K(x’ —y)1(y)dy = i

and hence
‘ /Kx— y)dy — f(x /Kxfy ()dy.‘§C|f(:E)—f(£E/)|
< Cla = 2" fll e u)-

We now turn to the first two terms and split the integral into {|x —y| > 10|z — 2’|} and
{Jx —y| < 10|z — 2’|} for both integrals. In the latter regions, we simply estimate

K(z—y)(f(y) — f(2)1(y))dy

le—y|<10]x—a’|}

N / K(a' = y)(f(y) = F(2)i(y))dy

le—y|<10[z—='|}

< Cllfllee / | o)l —2'[*

{lz—y|<10lz—a'[}
Here, we have used the pointwise bound
|F(y) = F@1W)] < |z = y[* [ flos @

(and with x replaced by 2’) which follows from the definition of 1 and the odd symmetry
of f. Then, we just combine the remaining terms to obtain
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(K (2 —y) = K(2' = ))(f(y) = f(2")1(y)dy

{lz—y|>10]z—a’|}

- / Kz — y)(f(2) — f)i(y)dy.

{lz—y|>10]x—a’|}

Estimating the second term is straightforward, and for the first term, we use the mean
value theorem as well as the decay of VK to obtain

o
K(z—y) - K@ — )| < VK@ - y)lle — '] < 0122

|z —y?

(where x* is some point lying on the line segment defined by z,z’) and then

(K(z—y) = K" —y)(f(y) - f(@")1(y))dy

|z—y|>10|z—a’|}

<Cllfl

cranlo=w| [ le—y Tty < Ol lsianle - P

{lz—y|>10]z—2'[}
Collecting the bounds, we obtain that

|Razf(z) — Riaf(2)|

| — 2! |

< Clfllee -

The same proof carries over to the case when x # 2’ € % for any i > 1.
We omit the proof of the C< bound, which is a straightforward adaptation of the C'¢
bound. O

5.2. Three-dimensional case

Equipped with the two-dimensional Holder estimates for the double Riesz transforms,
we now move on to the corresponding 3D estimates which are directly responsible for
the local regularity result. The goal of this section is to establish Proposition 3.1, which
is restated here for the reader’s convenience:

Proposition 5.11. Let f = (f, f2, %) € (C*n C"J‘(U))3 satisfy f(0) = 0 with f!+ f?
vanishing on {x3 = 0,21 = 3} NU. Then, we have

3
I(Rij ) llconéa@) < C (Z'féncamcu‘“(m)

£=1

forany 1 <i,j,k <3.
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It is important to clarify the definition of R;;, which is defined on the vector f (not
on individual components f*). Recalling the extension rule for the vorticity in Defi-
nition 5.14, we first extend f to all of R3 and then apply axiaxj(—A)Hgi, whose k-th
component is what we define as (R;; f)*.

We note that the functions f¢ may not be compactly supported. Moreover, it suffices
to assume that f vanishes at the origin thanks to the explicit computations given in
Subsection 4.1. Next, the C* is trivial in U away from the half-lines generated by as =
(%, LQ,O)7 as = (%, %, %), and a4 = (1,0,0) since otherwise the boundary of U is
C*-smooth. Let us denote those half-lines by dy for d = 2, 3, 4.

Hence it suffices to obtain Holder estimates close to those half-lines. To this end we
consider a partition of unity {Xa,}d=2234 on U:

Z Xag = 1,

d=2,3,4

Xa, 18 supported in some cone containing dy and away from half-lines generated by the
others. We may take x4, as radially 0-homogeneous functions and impose regularity
C1(R3). We shall prove Proposition 3.1 with f replaced by xa,f for d = 2,3,4. This is
sufficient as we have

||XadeCaﬁé“(U) = CHf“CaﬂC*“(U)
as well as

/]

conce(0) < Z HXudeCaméa(U)-
d

The first inequality uses the product rule in C* as well as the special product rule

lgflloe < Cligllgellfllca,  f(0) =0.

In this section, we shall use the term “f is supported near dy” to mean that f = xa,f.
An alternative way to define this notion is as follows: for any = € U Nsupp(f), d(z, d;) <
cmingq{d(z,dy)} for some universal ¢ > 0.

Next, we make a simple observation on the invariance of double Riesz transforms
under rotations: if z, " are two coordinate systems related by a rotation matrix M such
that 2° = Mux, then we have that each double Riesz transform R;; defined in the a-
coordinates is expressed by a linear combination of Riesz transforms Ry defined in
the a’-coordinates (with coefficients depending only on the elements of M). This follows
since (—A)~! is rotation invariant and one can explicitly represent 9,,0,, as a linear
combination of second order derivatives in the x’-coordinates. Therefore, we have that if
for some function f and norm | - |[x, if | Rs; f||x < A for all 4, then the same property
holds with double Riesz transforms in the z’-coordinates with A possibly replaced with
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CA where C > 0 is an absolute constant (since the matrix norm of a rotation satisfies
1Ml S ).

Restricting the function near the singular half-lines has an additional simplifying
consequence, which we explain in detail in the context of two dimensions. Recall from the
introduction that the analogous domain to U in 2D is given by Q} = {(r,0) : 0 <0 < Z}.
Given g € L*(Q}), the natural extension § is obtained by keep reflecting g along the
boundaries of €23. That is,

g(x) =g(=zh), gler,z2) = —g(ar, —22).

Similarly to what we have done in the above, using 0-homogeneous cutoff functions, we
can decompose g = g1 + g where g1 and gy are respectively supported near the half-line
{r > 0,0 =0} and {r > 0,6 = 7}. Then, we further decompose the extensions g; and

g2 by
G =9"+31, 92=03 +9
where g{n = §1 . 1{(7‘)9):,%<9<%} and gén = gg : 1{(r,9):0<9<%}~ That is, gzn is the part of gg

restricted to fundamental domains adjacent to the support of g;. We have the following
support separation property:

x € Qp = d(z,supp(3))) 2 |,
where d(z, A) = infyc 4 |z — y| with A C R2. The superscripts m and r refer to “main”

and “remainder”, respectively; the following proposition tells us why we can regard gy
as a remainder term in §y.

Proposition 5.12. Let g € C* N C*(Q}) satisfy g(0) = 0. Then we have

1Ri; 3¢ |l e 1) < Cllgelleaary:  1Riidellca @y < Cllgellesay

forany 1 <4,5,0<2.
The symmetry reduction lemma will be an immediate consequence of the following
general estimate in R™. The statements as well as the proofs will be referred in later

sections frequently.

Lemma 5.13 (Symmetry reduction lemma). In R™, let T be the convolution operator
against a kernel K satisfying

[K(2)| < CJzI™",  [VE(2)] < Cle| ™"
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and h : R™ — R satisfy
|h(z)] < Alz|*, VzeR"

for some constant A > 0. Finally, let Q C R™ be a convex cone® satisfying the following
support separation property:

z € Q = d(z,supp(h)) > c|z|
where ¢ > 0 is some universal constant. Then, we have that

IT[h]|

co@) SCA, T[]l ga) < C

Furthermore, if supp(h) C Bo(R), then
TR e @) < C(R)(1+ A).

Proof. Take some = # 2’ € Q) and let us estimate
[ K@=phtay - [ K@ - pnt)dy,
R™ Rn

We may assume, without loss of generality, that |2/| < |z|. We consider two cases: (i)
2| > 15|z — 2’| and (i) |2/| < F5|o — 2'].

In the case (i), we have that |2/| > %|z|. We then directly estimate

[ K=y - [ K6 - iy < Ao [ VG =l
n R’n

supp(h)

where * = Az + (1 — M)z’ for some 0 < A = A(y) < 1. We have that |2*| = |2/| ~ |z|.
Moreover, from the support separation property, |z* — y| 2 |z| for y € supp(h). Hence,
we bound the above by

< CAlz — / l* — gyl dy + / 2 — )"yl dy
supp(h)N{|y|<10]z’|} {ly|>10]='|}

< CAlz — /| [|2/|" 2|2/ |* + |2'|*7Y] < CAlz — 2'|*.

We now treat the case (ii). Then we consider the integral

5 This means that if z € Q, then Az € Q for all A > 0.



50 T.M. Elgindi, 1.-J. Jeong / Advances in Mathematics 393 (2021) 108091

K(z' —y)h(y)dy
{Jo'—y|<10z—a'|}

= / + / K(z' —y)h(y)dy.
{lo'—y|<10lz—2’ }n{lyl<2le’}  {|2’—y|<10lo—z’ [} {|y|>2]2'|}

The first term is bounded in absolute value by
CA|z'|"|z'| 7|2 |* < CAlz — 2'|*

where we have used the support separation property to deduce |K (2'—y)| < Cla’—y| ™ <
Clz'|~™. On the other hand, in the second region we have |2’ — y| > c|y| and then the
integral in absolute value is bounded by

CA / ly|* "dy < CAlx — 2|
2|z’ |<|y|<20|z’ —x|

Similarly, one can estimate

K(z - y)h(y)dy| < CAlx — '|*.

|2/ —y|<10|z—z'|}

In the region {|z’ — y| > 10|z — 2’|}, we combine the integrals to bound

Al — 2| / VK (= — y)ly|dy.
{|z'—y|>10|z—z’|}Nsupp(h)

We then observe for y € supp(h) and satisfying {|z'—y| < 10lz—2'|}, [z*—y| > $]2’—y|.
Then, we bound the above simply by

< CAjz — / 2 — 7" — I 4 2| dy
{lz’—y|>10|z—='|}

< CAlz — 2| (Jz — 2|7 + [2/|*|z — 2/|7!) < CAlz — 2'|*

since |2'| < Cz — 2’|. The proof of the C%-estimate is complete.
We omit the proof of C'¢ and L°° bounds, which can be done in a similar way. O

Proof of Proposition 5.12. To deduce Proposition 5.12 from Lemma 5.13, one just needs
to observe that = Q} and the singular integral kernel for R;; satisfies the assumptions
of Lemma 5.13 and ¢(0) =0, g¢ € C¢ imply |g; (z)| < Cllge||co|z|*. DO

oy
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Definition 5.14. In the following, given f € (C* N C*(U))?, we denote f™ to be the
extension (governed by the reflection rule of O) of f restricted to fundamental domains
adjacent to the support of f. As usual, f is the full extension of f onto R?. We accordingly
define the adjacent extension of 15 to be 1™. Note that the definition of 1™ depends on
the support of f.

5.2.1. Estimates near ds

In this section, we consider f defined near d and away from ds, dy. With a ro-
tation in R3, we consider the new orthogonal coordinate system with basis {e; =
(%7—\%,0),62 = (0,0,1),e3 = (—%,—\%,0)}. We shall write * = (x1,22,23) as
well as f = (f!, f2, f?) with respect to this new system. Then, the assumption in Propo-
sition 3.1 translates to that f3 is vanishing on {zs = 21 = 0}. For 1 < k < 3, we define
fEm e (L>*(R?))3 to be the adjacent extension of f¥ej into R? as in Definition 5.14. To
avoid confusion, we explicitly write out the extension rules:

fs’m(xl, T2, 23) = f3(x17$2,$3)1{x1,x2>0} - f3(—$17$27$3)1{x1<0,x2>0}
— (@1, —m2,23) Lz, 50,00 <0p + f2 (=21, —22,23) 14, 2y<0}
f2’m($1, T2, 73) = f2(x179€2,$3)1{x1,x2>0} - f2(—$17$27$3)1{x1<0,x2>0}
+ 2 (1, 22, 23) L g, 50,00 <0y — S (—@1, =22, 3) 1 {5, 4y <0}
Jﬂ’m(xl, T2, 23) = fl(x17x27x3>1{x1,x2>0} + fl(_flv$27$3)1{x1<0,ac2>0}
— fH @1, =22, 23)Lia, 50.00<0p — f 1 (=21, =22, 23) 14, 2y<0}-
That is, f>™, f2™ and f1™ are respectively odd-odd, odd-even, even-odd in (z1,22).

The same is true for the full extensions f3, f2, and f!. To establish Proposition 3.1 near
dz, we need to prove

Lemma 5.15. Under the same assumptions as in Proposition 3.1, for any 1 < 1,5,k < 3,
we have with Rij = 05,0,,(—Ars) ™",

13 F | ooy < CILFF

cence(0):

Remark 5.16. As an immediate consequence of Lemma 5.13, it is sufficient to estimate
Ri; f* only near ds.

Proof in the case k = 3. We consider f := f* which is vanishing on {zy = z; = 0} from
the assumption. Note that f is odd in both z; and z,. With slight abuse of notation,
we shall write zj, := (x1,22) = (21,22,0) and yr = (y1,92) = (Y1,92,0) given = =
(x1,22,23) and y = (y1,y2,y3) (h stands for “horizontal”). We also write |x — y|, :=
lzh — ynl-

(i) L* bound
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We fix some z € U and consider

/K(w —y)f(y)dy = / + + / K(z —y)f(y)dy
s

{la—yl<'2l}  {lo—y|> 12 jy|<10jz]}  {ly[>10]=[}

=I+11+1I1

where K is the kernel for R;; with some 1 <1¢,j < 3. We note that

where p;;(-) is a homogeneous polynomial of degree 2. Now recall from Section 2 that
the integral of f against any second order polynomial on spheres centered at the origin
vanishes. Hence,

mr=| [ K- - K@) <Clflsiel [y < s

ly|>10]z[} {ly|>10]=|}
In the second region, one use simply that |K(z)| < C|z|~3:
H<lfle [ eyl <.
{lo—y[>15! |y|<10]2[}
It only remains to bound the local region; we rewrite

1= / Kz — 9)(F) — F@)I"(@)dy + f(z) / K(x - y)i™(y)dy

The point is that in the region {|z — y| < %},

1f(y) = fF@) 1™ ()| < |z —y|*|If|

co-

Hence, the first term is bounded in absolute value by

| K- - 101" W)y <l

le—y|< 2L}

To treat the second term, we note that up to a bounded term, we may consider (with
change of variables yp, = |xx|2n)



T.M. Elgindi, 1.-J. Jeong / Advances in Mathematics 393 (2021) 108091 53

Ko (zn — yn)1™ (yn)dyn

oyl < g lmaly

— / Kg(x—h —zh)im(zh)dzh

||
ey —anl <3+ {231}

<Cln (1 + x—?’|>
|Zn

but then, using the vanishing condition, we may rewrite f(xz) = f(z) — f(0,0,z3) to

estimate
i@l (142 ) =Clf@) - 70,02 (1+ 22
< Clan]*la] I (1 'x?") 1l < Cllflles

since |z5,| < Claxs| in U. Collecting the bounds,

|+ [+ [T < C([ fllee + [[fllze)-

(ii) C¢ bound

To show C¢, it suffices to consider f™ rather than f, appealing to the symmetry reduc-
tion Lemma 5.13. We note that f™ is scalar-valued, and supported near the half-line
d@y. Then, from this support property of f™, we may identify 1™ (y) with sgn(y1y2) since
1™ (y) enters the proof only through the expression f™(y) — 1™ (y)f(x). From now on,
for simplicity we shall even drop the superscript m. Moreover, it suffices to show CZ-
estimate in each coordinate. We first consider variations in x;. Then, proving C¢ in xp
reduces to a 2D computation.

To see this, take = # 2’ € U with 3 = 2 and rewrite

/ K(x — ) f(y)dy - / K@ — ) f(y)dy
R3 R3

- / Kz — y)(F(y) — 1(0)f(2))dy — / K~ y)(F(y) - 1) f(')dy
/Kx— y)dy — f(x /Kx—y 1(y)dy.

Splitting the integration into {|x — y| < 10Jx — 2’|} and its complement, we further

rewrite
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_ / K(z - y)(f(y) — 1(y)f(2))dy

{lz—y|<10]z—2’|}

- / K~ y)(f(y) -

{lz—y|<10]z—a’[}

1(y) f(z"))dy

+ / (K(z—y) - K — ) (Fy) — i) f(2))

{lz—y|>10]z—a’|}

- [ U@ SR - pikd

{lz—y|<10]z—a|}

b fe /KJ;— )y — flx /K:c—y () dy.

The first three terms are straightforward to estimate by C|| f Hca(g) |x—a'|*, simply using
the pointwise estimates

1f W) = 1) f (@) < Cllflco@le —yl*, 1K) <Ol 7%, [VE(2)] < Cl2| %

Combining last three terms gives

f@) [ K~y - K@= )iy - () - f@) [ K6 - p)id

R? {lz—y|<10]z—2’|}

Then, we can integrate the first expression in y3, and rewrite using the vanishing condi-

tion f(x) = f(x) - f(0,0,):

(F(x) — £(0,0,23)) / Ko — yn) — Ko(en — yn)] sen(yiys)dy

RQ

The fact that this is bounded by C||f|lca(g)lzn — 27,|* follows exactly the proof of
Lemma 5.2, when K is the kernel for either Ry1, R12, or Ros. Under the same assumptions
for K, it is not difficult to show directly that (analogous to the “half-moon” computa-
tions)

K(.I:/ - y)i(y)dy (5.8)
{lz—y|<10[z—='|}

is uniformly bounded in z,z’. (Alternatively, one can replace dy with x(yn)dy, the
integration domain {|z—y| < 10|z—2'|} to {|z—y|n < 10|z—2'|} and reduce to a 2D com-
putation as well.) It remains to treat the cases of Ry3, Ra3 (since Id = —Ry; — Raa — R33)
but in this case, the expressions
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[E@-piwa. [ K6 -piwd
R3 R3

vanish in the first place since the kernels are odd in y3 (after a shift by x3) and 1(y) is
independent of ys. It is easy to show that (5.8) is bounded in this case as well; we omit
the details.

We now consider variations in z3; take two points z, 2’ with z;, = z}, and x3 # x4,
and rewrite the difference as (using the ys-invariance of 1(y))

/ Kz — y)(F(y) — 1(0) f(x))dy — / Kz — 9)(F(y) — () f(x))dy.
R3 R3

Then, we proceed similarly as in the above: divide the integrals into regions {|z — y| <
10|zs — 25|} and its complement. Inspecting the terms, it is not difficult to see that it
suffices to obtain the bound

G@-1a) [ Ke- i) <Ol - o

le—y|<10|zs — 5]
The proof is similar to that of showing (5.8) is bounded. We omit the details. O

Proof in the cases k = 1,2. We mainly emphasize the modifications from the proof
above; note that now we do not have any vanishing condition.
(i) L bound

We take f := f¥ (k = 1,2), 1 := 1 and follow the proof above; take z € U and
decompose

K(z—y)f(y)dy = + + K(z —y)f(y)dy
/ [

{le—yl<Zl}  {lz—y|> 12 |y|<10/2}  {lyI>10]}

=1+I1+1I1I

The expressions |II| and |II]| can be bounded exactly the same way as before. On the
other hand, in the local region, we note that

| Ke-wita
{la—yl< 12}

is now uniformly bounded in = € supp(f), where K is the kernel for any R;; with
1 <i,5 < 3. This gives
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f(x) / Kz — y)1(y)dy| < C|fllz~.

{lz—yl<’3}

Next,

| K@= 00w - @i < Cl o)

lz—yl<1Zl}

simply using that

1F(y) = F(@)1()] < Cla|~ | fllga o

forye{lz—y|l < %} The proof is complete.

(if) C'¢ bound

As in the case of k = 3 above, for the purpose of estimating C¢ and Co’f“, we appeal to
Lemma 5.13 and consider f := f%™ and write 1(y) := ik’m(y) which can be identified

with sgn(yy).
Again, following the proof above, we start by rewriting

/ K(x ) f(y)dy - / K’ — ) f(y)dy
R3 R3

_ / Kz —y)(fy) - i(y)f(x))dy

{le—y|<10]z—2’[}

_ / K(z' —y)(fy) — 1) f(2))dy

{lz—y|<10]z—a’[}

[ W) - K - ) () - T )y
{lz—y|>10]z—a'[}

T f(@) / K(a' —y) — K(z — )] i(y)dy
R3
(@) — f()) / K~ y)i(y)dy.

{le—y|<10]z—2’[}

As usual, it is straightforward to treat the first three terms, and the last term can be
handled with a uniform bound on the integral
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K(a' —y)1(y)dy| < C.

le—y|<10]z—a’[}

Lastly,

simply because
/K(x’ —y)i(y)dy = /K(a: —y)1(y)dy
R3 R3

recalling that 1(y) = sgn(yx). Indeed, when K is the kernel for Ri3 and Ry, this is
obvious from the z3-invariance, and when K is the kernel for Ry, R12, and Ros, we can
reduce to the corresponding equality from the 2D case (see Example 5.8 and observe
that one can write 1 as a linear combination of 1o, defined there and its 2D rotations).
We omit the proof of the Co’f‘—estimate, which is a straightforward adaptation of this
argument. O

5.2.2. Estimates near a3 and dy

In this section, we consider the remaining cases of f supported near d3 and d; (and
away from other half-lines). Most part of the arguments is parallel to the case of @y, and
somewhat simpler. In the @, case, we redefine the coordinate system by orthogonal basis

{e1 =1(0,1,0),e2 = (0,0,1),e3 = (1,0,0)}.

Note that as in the case of dy, the radial direction is defined to be the new x3-axis.
Moreover, @4 is adjacent to 8 fundamental domains for O (including U itself), which
gives rise to the adjacent extension f™. Again, for the convenience of the reader, we
explicitly write them out in components: using the notation f = (f*, f2, f3) (in the new
coordinates system), we first have

@) = ¢* (@) + g*(ar, 3) + g° (—an, 23) + ¢° (2, w3),
93(55) = fS(z)l{z1>w2>0} - f3($2,$1,$3)1{m2>a:1>0}- (5-9)
Next,

Frm(x) = (' (2) = ' (—an, w3))er + (9" (a3, 23) — g* (~ajy, @3) ez,

gl(x) = fl(x)1{$1>932>0} - fl(xh _xQ’x3)1{$1>*I2>0} (510)
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and

P2 () = (g% (x) — g°(—zn, w3))es + (9% (xy, w3) — g°(—ay, w3) e,

QZ(x) = f2(x)1{m1>a:2>0} + f2(1‘1, —T2, $3)1{$1>,I2>0}. (5'11)

Important observation is that, freezing the x3-coordinate, f 3:m is a scalar-valued function
which is 4-fold symmetric in zj,, and f*™ is odd in x}, for k = 1,2. This allows one to
essentially reduce the Holder estimates to 2D computations, Lemma 5.1 and Lemma 5.3,
respectively.

We mention briefly the case of d3. In this case the coordinate system is defined by

11 2 el Lo L1
I AR AR Ao RNV AV

We suppress from writing out the formulas for f% near @s. However, the only essential

{61 = ( )}'

feature that will be used in the proof is that, upon fixing 3, f>™ is 3-fold rotationally
symmetric in zp,, and f*™ is odd in zj, for k =1, 2.
We now state the main result of this section.

Lemma 5.17. Assume that f € C* N C*(U) is supported near d;. Then, for any 1 <
1,7,k < 3, we have that

rk 4
1R ¥l ooy < D Cl lcanca @)
1<0<3

The same estimate holds for [ supported near ds.

We shall only consider the case of dy, the d3 case being strictly analogous.

Proof. (i) L* bound

We first consider f3 and follow the steps of the proof of Lemma 5.15 with some x € U.
To treat the region {|z —y| < %}, we need to define 1 appropriately. We simply take

°(y) == 1, (v)

where 1 R, is defined in Fig. 3. Again, the point is that we have
3 73 —a a
P) - T @) < Ol llw gy lol 2z — ol
whenever y € {|z —y| < %} This establishes the bound

1R 2Nl oo ) < CUL ey
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To treat the cases k = 1,2, we again note that it only remains to treat the integral

/ K(x— ) f*(y)dy.

{le—yl< 2}

In this region, we have f¥(y) = f*™(y) (replacing % by ‘1%' if necessary) and we

may treat separately §* := ¢*(z) — ¢¥(—zp, x3) and f5™ — G¥ where ¢* is defined in
(5.10), (5.11). We just show how to treat §*: in this case, we have that

/ K(z - 9)§*(y)dy = / K(x — )" (y)dy
{la—y|< 12y {le—yl< 2 1n{0<|y2|<y1}
- / Kz — )@ @) — @)1 w)dy
{le—yl<1Z}n{o<|y2]<y1}
+ / K(z —y)1*(y)dy

{la—yl<!Zin{o<ya|<y1}

Here, il(y) := 1g, (yn) and iZ(y) = 1gs(y). Similarly as in the above, these definitions
guarantee that

75 @) T W) @) < Ol e o 21~ — ol

aslongas y € {|lx —y| < %} N {0 < |y2| < y1}. This establishes the bound

> IRy < D2 CllFlleno)-

k=1,2 k=1,2

(ii) C¢ bound

To obtain the C¢ bound, it suffices to consider fEm™ rather than f*, with an application
of the symmetry reduction Lemma 5.13. The proof of CY estimate is again parallel to
the case of @y treated in the previous section; variations in the x3 direction is handled
using zz-invariance of 1* (defined in (i) above), and variations in x;, can be reduced
to obtaining 2D C¢ estimates which correspond exactly to Lemma 5.1 (k = 3) and
Lemma 5.3 (k= 1,2).

The proof of é’f‘—bound is parallel to that of C'¢ bound. We again omit the details. O
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6. Open problem: singularity formation for C*(RR3)

We would like to conclude the paper by describing an interesting open problem, which
could be considered as an improvement over the singularity formation result in the
current paper.

To begin with, recall that from the local well-posedness result in the C space given in
Theorem 1.3, one gains access to scale-invariant dynamics in R?; i.e. vorticity satisfying

w(t, Az) = w(t,x)

for any A > 0 and = € R3. Indeed, the 3D Euler equations enjoy the following scaling
symmetry: if w(t,-) is a solution, then

W (t, x) := w(t, \x)

is again a solution for any A > 0. In particular, if one has an initial vorticity wg which is
scale-invariant in the sense defined above, then upon having uniqueness, it is guaranteed
that the solution is automatically scale-invariant. Note that a scale-invariant vorticity
belongs to C*(R3) if it is smooth in the “angular” directions; namely, if w(z) = h(z/|z|)
with some function h defined on the unit sphere S2, then we have ||w|\éa(R3) ~ ||h]|co(s2)-
In this case, the 3D Euler equations reduce to a two-dimensional equation for i defined
on the unit sphere, under the rotational symmetry assumption with respect to O; the
equation takes the form

Oh+v-Vh=h-Vu (6.1)

on S2, where v(t,-) is defined on R3 by v(t,z) = V x (—Ags) " L(h(t, ‘—ﬁ‘)) Note that v
is 1-homogeneous in |x|. Upon a concrete choice of coordinate system on S? (e.g. the
standard spherical coordinates), one can write down a relation between v and h expressed
in that coordinate system. It will be interesting to see whether the system (6.1) admits
solutions blowing up in finite time: this would give singularity formation in the class

w € L>® NCe\{R3}.
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Appendix A. Singular integral formulas for the velocity gradient

In this section, we demonstrate explicitly that the velocity gradient in 3D can be ex-

pressed in terms of a linear combination of the vorticity and its double Riesz transforms.
We have

1 0 —ws(x)  we(x)
Vu(z) = VK *w(z) + 3 ws(x) 0 —wi(z) | . (A1)
—wo(z)  wi(x) 0
Explicitly writing it out,
_ 1 [ =3y _ 3Y1Y2 B
61U1((E) - 47‘(’/ |y|5 (UQ(CL' y)+ |y‘5 (.dg((L‘ y)dy
R3
_ 1 L[ (3 —y?) + (y3 —vi) 3193
Ous(x) = 3w3(:17)—|—4ﬂ/ PE ws(x —y) + E wi(z —y)dy
B 1 [ Byye 0 By WE-wE)

61U3(I) - Swz(x) 471_/ |y|5 wl(x ) ‘y|5 WQ(I y)dya

(A.2)
1 3 2 2 + 2 _ .2
(92U1( ): ——W3(.'IJ) _/_ yQZ;?) 2(x_y> (yl y2) 5(y3 y2)w3(x_y)dy
i) W W
1 3y1Y2 3y2y3
3] — | == - —== d
() 477[ 2 9+ (e )l
1 2 _ .2 + 2 _ .2 3
dous () = _wl(x)JrE/(i‘h y2)|y|5(y3 yQ)wl(x—y)Jr |yl|z5/2w2(x—y)dy,
RS

(A.3)

6 https://commons.wikimedia.org/wiki/File:Octahedral reflection domains.png.
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1 1 Py + W -3 3

83u1(x) = g(.dg(l’) + E/ (yl y3)|y|5(y2 yg)w2(m - y) + %WS(IE - y)dy
RS
1 1 (3 2—y3) + (y3 — 3
Ozug(r) = —gwl(x) + E/ r;l|g3w3(x ) - (yi y3)|y|5(y2 y?’)wl(x —y)dy
]R3

1 -3 3

sus(a) = 1= [ (@ =)+ (e — )y,
3
(A4)
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