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Abstract

In this paper we consider a spatial discretization scheme with an adaptive grid for the Nagumo
PDE. In particular, we consider a commonly used time dependent moving mesh method that
aims to equidistribute the arclength of the solution under consideration. We assume that the
discrete analogue of this equidistribution is strictly enforced, which allows us to reduce the
effective dynamics to a scalar non-local problem with infinite range interactions. We show
that this reduced problem is well-posed and obtain useful estimates on the resulting nonlin-
earities. In the sequel papers (Hupkes and Van Vleck in Travelling waves for adaptive grid
discretizations of reaction diffusion systems II: linear theory; Travelling waves for adaptive
grid discretizations of reaction diffusion systems III: nonlinear theory) we use these estimates
to show that travelling waves persist under these adaptive spatial discretizations.

Keywords Travelling waves - Adaptive grids - Singular perturbations - Spatial
discretizations

Mathematics Subject Classification 34K31 - 37L15

1 Introduction
In this paper we consider adaptive discretization schemes for a class of scalar reaction—
diffusion equations that includes the Nagumo PDE

Ur = xx + eub(U; @), (1.
with the bistable cubic nonlinearity

geub(u) = u(l — u)(u — a), 0<a<l. (1.2)
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In particular, we discretize (1.1) on a time-dependent spatial grid and add an extra equation
that aims to distribute the gridpoints in such a way that the arclength of the solution is equal
between any two consecutive gridpoints.

Our main contribution in this series of papers is to show that the resulting coupled semi-
discrete system is well-posed and admits solutions that can be interpreted as travelling waves.
In particular, our results here are part of an ongoing program that aims to systematically
explore the impact of commonly used spatial, temporal and full discretization schemes on
the dynamical behaviour of dissipative PDEs.

1.1 Reaction-Diffusion Systems

Reaction—diffusion PDEs have been extensively studied in the past decades. Indeed, their rich
pattern-forming properties allow many intriguing localized structures that can be observed
in nature to be reproduced analytically and numerically. For example, the classical paper by
Aronson and Weinberger [1] shows how (1.1) and its higher-dimensional counterparts can be
used to model the spreading of a dominant biological species throughout a spatial domain.
Upon adding a slowly-varying second component to (1.1) by writing

Uy = Uyy + geub(U; a) — v,
v = efu—), (13)

Fitzhugh [22,23] was able to effectively describe the propagation of signal spikes through
nerve fibres. Sparked by his interest in morphogenesis, Turing [48] described the famous
bifurcation through which equilibria of general two-component reaction—diffusion systems
can destabilize and generate spatially periodic structures such as spots and stripes.

These early results led to the development of many important technical tools that today
are indispensable to the field of dynamical systems. For example, comparison principle
techniques have been used to study the global dynamics of (1.1) in one [21] and two [6]
spatial dimensions. The rigorous construction of the pulses observed by FitzHugh for (1.3)
led to the birth of geometric singular perturbation theory [11,24,37]. The development of
Evans function [34] and semigroup theory [45] was heavily influenced by the desire to
analyze the stability of many of these localized structures.

The systems (1.1) and (1.3) are both still under active investigation. For example, the
behaviour of perturbed spherical [44] or planar [39] fronts has been investigated for higher-
dimensional versions of (1.1). In addition, in [12,13] the authors consider (1.3) inthea | 0
limit and describe the birth of pulse solutions with oscillating tails.

1.2 Discretized Travelling Waves

It is well-known that travelling waves play an important role in the global dynamics of (1.1).
Indeed, they have a large basin of attraction and can be used as building blocks to construct
more complicated solutions [21,51,52]. As a consequence, a line of research has developed in
recent years to investigate in what sense these travelling waves survive common discretization
schemes.

As a first step, it is natural to introduce the approximants U;(t) ~ u(jh,t) and apply a
standard discretization to the second derivative in (1.1). In this fashion one obtains the lattice
differential equation (LDE)
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. 1
Uj() = ﬁ[Uj—l(t) +Ujr1(t) = 2U; ()] + gewn(Uj; a), (1.4

which can be seen as the nearest-neighbour spatial discretization of the PDE (1.1) on the
grid hZ. Of course, the 0 < h < 1 regime is the most interesting from the perspective of
numerical analysis.

However, we remark here that many physical and biological systems have a discrete spatial
structure for which it is natural to take 7 ~ 1. Indeed, genuinely discrete phenomena such as
phase transitions in Ising models [3], crystal growth in materials [10], propagation of action
potentials in myelinated nerve fibers [5] and phase mixing in martensitic structures [49] have
all been modelled using equations similar to (1.4). As a consequence, the system (1.4) has
attracted a great deal of attraction, see e.g. [7,14,35,38,53] or the survey paper [30] for a
more detailed overview.

As a second step, one can consider full spatial-temporal discretizations of (1.1) by replac-
ing the remaining temporal derivative in (1.4). For instance, one can apply the backward-Euler
discretization scheme with time-step At to arrive at the system

1 1
—[Uj(nAr) = Uj((n — DAL)] = h—z[Uj,l(nAt) + Ujr1(nAr) —2U;(nAr)]

At
+8eub (Uj (nA1); a). (1.5)

This type of system is commonly referred to as a coupled map lattice (CML). Such systems
are used as stand-alone models across a wide range of disciplines, from the construction of
hash functions [50] to the study of population dynamics [ 17]. Several authors have considered
travelling wave solutions to this type of CML [15,18-20]; see [30] or the sequel papers [31,32]
for a more detailed overview.

1.3 Arclength Equidistribution

Both of the discretization schemes introduced above involve gridpoints that remain stationary.
However, most efficient modern solvers do not use fixed spatial grids but concentrate their
meshpoints in areas where the solution under construction fluctuates the most. In particular,
let us write {x(¢)} for the positions of the grid points. Introducing the approximants

Uj(t) ~u(xj(t), 1), (1.6)
we may use (1.1) to compute
d
Ui = wy (xj (1), 1) % (0) + ug (x(0), 1)
=y (2 (0), 1) % (1) + wax (x (D), 1) + gcub(”(xj(t)s 1); a) (1.7)

in the special case that the approximation (1.6) is exact. Using central differences to discretize
the spatial derivatives in (1.7) on the grid x(¢), we obtain the LDE

Uis1—Uj_17. 2 Ui.1—=U; Ujs1 —U;
U 212U Ui = Uiy vy

U; = [
Xjrl = Xj—1 - Xj = Xj—1 Xj+1 =X

Xj+1 — Xj—1
(1.8)

This system should be compared to [29, Egs. (1.12)-(1.13)] where a similar procedure was
applied to Burgers’ equation.
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In order to close the system, we need to describe the behaviour of the gridpoints. For
illustrative purposes, let us consider the so-called MMPDES method that was originally
developed by Huang, Ren, and Russell [27,28,43]. This method is efficient and relatively
easy to formulate for our problem. In particular, inspecting [29, Egs. (2.52), (2.53), (2.57)],
the gridpoint behaviour can be described by

oxXj = \/(xj+l —x))> 4+ (Ujy1 — Uj)? _\/(xj—l —xj))?+Uj—1 —Up?, (1.9

in which o > 0 is a tunable speed parameter. In the terminology of [29], we are using the
arclength monitor function

p(x, 1) = /1 +ul. (1.10)

Indeed, the update rule (1.9) acts to equalize the arclength of the solution profile between
grid-points.

1.4 Adaptive Meshing

Numerical techniques involving non-constant grids have attracted tremendous attention in
the search for accurate and efficient approximation procedures for differential equations. The
first method of this type that is based upon an equidistribution principle was described by
de Boor [16]. The method was developed to efficiently solve boundary value problems for
ordinary differential equations. After each step in the numerical iteration scheme, the error is
computed in a pointwise fashion. One can subsequently choose new gridpoints in such a way
that this error is equally distributed over each subinterval in the new mesh. This technique
turned out to be very effective and has also been used for time dependent (parabolic) PDEs
in one space dimension.

The MMPDES5 method described above is an r-adaptive refinement scheme in the ter-
minology of the finite element community, since the mesh is continuously relocating as it
adapts to the solution of the PDE being solved. The equations that determine the movement
of the mesh are generally independent of the PDE being solved, but are dependent on the
solution of the underlying physical PDE. Several approaches have been developed that are
relatively simple to program and robust with respect to the choice of adjustable parameters.
The recent book [29] contains a comprehensive treatment of the most important moving
mesh methods, including the MMPDES scheme described above. Further references can
be found in the review articles [9] and [25]. The literature concerning convergence results
for moving mesh methods is somewhat limited. Results have been obtained [4,41,42] for
finite difference methods applied to singularly perturbed two-point boundary value prob-
lems and reaction—diffusion equations. However, these require a-priori knowledge of the
mesh behaviour and explicitly use the singular part of the exact solution. Results that do not
require such a-priori knowledge are available for linear one-dimensional elliptic equations [2]
and one-dimensional quasi-linear convection—diffusion problems [36]. For combustion PDEs
that feature blow-up behaviour, one can use scaling invariance and moving mesh methods
to recreate the scaling laws inherent in the exact blow-up solutions [8]. Finally, the behavior
of moving mesh schemes for travelling wave solutions of the Fisher equation, which is the
monostable counterpart of (1.1), was investigated in [40].
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1.5 Program Overview

Inspection of the coupled system (1.8)—(1.9) shows that one loses the comparison principle,
evenif x is treated as a known function. Such drastic structural changes are a common feature
when applying discretization schemes and we refer to [47] for an interesting discussion. For
our purposes here, this means that we will have to consider perturbative techniques to analyze
(1.8)—(1.9), viewing the speed parameter o and the average arclength between gridpoints as
small parameters.

In this series of papers we focus on the singular case o = 0, which allows us to rewrite
(1.9) as

h :\/(xj+l — X))+ Ujs1 —Uj)? = \/(xjfl —xj))?+Uj—1 —U?  (L.1D)

for some constant 2 > 0 that we take to be small. In particular, we obtain

xj'+1—)Cj=\/h2—(Uj+1—Uj)2 (1.12)

forall j € Z.In order to fix the absolute positions of the gridpoints, we impose the boundary
condition

im x;(0) = jh =0 (1.13)

at each time r > 0.

Our main results in this paper show how the variable x can be eliminated from (1.8)
and establish the well-posedness of the resulting equation for U. We continue in [31] by
studying the linearization of this equation around the (appropriately transformed) PDE waves
u(x,t) = Oy (x + cyt) that satisfy (1.1). In particular, we transfer Fredholm properties from
the continuum to the discrete regime. These properties are subsequently used in [32] to
construct travelling wave solutions

Uj(t) = d(x;(t) + ct) (1.14)

that satisfy the boundary conditions ®(—oc) = 0 and ®(+00) = 1. These travelling waves
(@, ¢) are small perturbations of the PDE waves (®., c,) mentioned above.

We believe that it should be possible to extend the approach developed in this series to
handle the case o > 0 and to consider multi-component and/or fully-discretized systems.
Recently several tools have been developed that could help to handle these generalizations
[33,46] and we refer to [32, §1] for a full discussion.

1.6 Continuum Limit
In order to set the stage, we first briefly discuss the case where the gridpoints x are not indexed

by the discrete variable j but by a continuous arclength parameter 6. In particular, we write
x = x(0, t) and assume that & = 6(x, ¢) satisfies the arclength constraint

Oy = /14 u2. (1.15)

‘We now introduce the new variables

w(@, 1) = u(x6, 1), 1), v @, 1) =1 — w8, 1)2, (1.16)
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which in view of the identity u? = w262

Oc(x,0) =y~ (O(x, 1), 1), x9(0,1) =y (0, 1). (1.17)

In particular, we find

allows us to compute

uy =y 'we,  upe =y *weg, (1.18)

which allows us to recast the governing equation w; = uyX; + Uyx + geub(#) as
wy =y~ wox; + ¥ " wee + geub (). (1.19)

Setting out to eliminate the x; term, we differentiate the second expression in (1.17) to
find %y = —y ~'wowyg. Substituting this into (1.19) yields the system

— v wpdy [V_4w99 + gcub(w)] =x0 + v wyde [V_lwaxt] =y [y %] (1.20)

Upon introducing the notation [/~ f1(6) = ff o J(6") d6’ and integrating by parts, this can
be solved to yield

X = —V/ wydp [y " wes + geub(w)]

= —ywo(y "*wep + gaun(w) +y / (v wep + geun(w))wep.  (1.21)
Substituting this back into (1.19), we arrive at our final reference system
w; =y wee + ¥ geun(w) + wo / ()/_411)90 + gcub(w)) Wog .- (1.22)

Unlike the original semi-linear PDE (1.1), this transformed PDE is fully nonlinear.

1.7 Reduction Procedure

Our main task in the present paper is to generalize the reduction procedure above to the
discrete setting where 2 > 0. In particular, we need to eliminate the variable x from (1.8). A
major complication is that the convenient integrating factor in (1.20) can now no longer be
easily identified and explicitly evaluated.

In view of the boundary condition (1.13), we can repeatedly apply (1.12) to obtain

k—1

xe—kh= 3 (Jh? = U1 = Up? =)
Jj=—00
k—1 2
Ujt1 —Uj
- Ui = U)) . (1.23)
j=—00 h? — (Uj+| — Uj)2 +h
Upon introducing the discrete derivative
[0, U1 =h'[Ujw1 — Ujl, (1.24)
we note that the two conditions
loful,, <1. 91U € ¢ (1.25)

are sufficient to ensure that (1.23) is well-defined.
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A direct differentiation yields

! Uiri — U; . .
==y (U1 - U)), (1.26)
oo B = U1 - U2

which is well-defined if also 8; U e ¢2. Using (1.8) to eliminate 8,;“ U, we obtain the implicit
expression

k=1
Ge= ) f(Ujfl’UH-l’Uj’Uj+2s)'fj+1a)‘cj)- (1.27)

j=—00

We show in §4 that this equation has a unique solution that can be written as
5= V(U)o 05 Ush o 05 05 Ul jnmt, 05 054 05 Ul jsna) (128)

for some (convoluted) function ). Using (1.12) to eliminate the remaining terms involving
x from (1.8), this allows us to write

Uk = G (WU}t (07 Ui 007 07 Ujhjsimrs (0 07 07 Ujljima) (129)

for some function G that we describe explicitly in §6. We note that the partial derivatives of G
can be controlled uniformly for small /, so the representation (1.29) isolates all the terms that
have the potential to blow up as & | 0. By choosing an appropriate space for the sequences
U, we show in §8 that (1.29) can be seen as a well-posed initial value problem.

The discrete third derivative in (1.29) arises directly from (1.26), which forces us to take a
discrete derivative of our second-order original system. Fortunately, as in (1.21), one can use
a discrete summation-by-parts technique to eliminate this derivative. The price that needs to
be paid is that the right-hand-side of (1.29) becomes rather convoluted, containing terms of
the form (8,:7),;r U)?. Using PDE terminology, the equation again becomes fully nonlinear
rather than semi-linear and this requires considerable care.

We are aided by the special structure of G, which is a product of two sums. More precisely,
taking a discrete derivative of G does not involve fourth-order discrete derivatives of U. In
fact, taking a discrete derivative of (1.29) leads to a quasi-linear third-order equation that
plays a major role in our construction.

As can be expected, the expressions that arise from this whole procedure are quite
unwieldy. In fact, one of the most important tasks in this series of papers is to develop a
framework that allows us to extract and simplify the components that are essential for our
analysis, while keeping the resulting errors under control. As a consequence, a significant
portion of this paper is devoted to bookkeeping issues. At times, this leads to results that
appear to have been written by accountants rather than mathematicians, masking an elemen-
tary estimate behind a veil of notation. This is the price that needs to be paid to enable the
subsequent analysis in [31,32]. In addition, we are confident that our techniques can be used
as a template for further studies in this area.

1.8 Overview
This paper is organized as follows. Our main results are formulated in §2. We introduce

some useful terminology and sequence spaces in §3, together with some basic tools that
link discrete and continuous calculus. We continue in §4 by discussing the behaviour of the
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gridpoints. In particular, we derive an equation for the nonlinearity ) that describes x. After
a technical intermezzo in §5, we use the expression for ) in §6 to analyze the function G that
appears in the reduced scalar LDE (1.29). More specifically, we perform an initial summation
by parts procedure to eliminate the third discrete derivative. In §7 we formulate estimates on
all the nonlinear functions that appear as factors in the product structure of G. These estimates
are used in §8 to establish our well-posedness results. In addition, we obtain crucial bounds
on the errors that arise by simplifying the factors of G into more tractable expressions. A list
of all the symbols introduced during these computations can be found in §H.

In order to develop the main story in a reasonably streamlined fashion that focuses on
the key ideas, we have chosen to transfer many of the underlying estimates and algebraic
manipulations to the appendices. In a sense, these appendices now tell a story of their own,
leading up to §F—G which contain the proofs of the estimates formulated in §7. These compu-
tations are essential but also tedious at times, which makes these appendices rather lengthy.
We emphasize once again that the results are not only useful for the present paper. Indeed,
they form the backbone for the sequel studies [31,32].

2 Main Results

The main results of this paper concern adaptive-grid discretizations of the scalar PDE
ur = tyx + gu). 2.1)

In particular, we fix 2~ > 0 and consider a sequence of gridpoints that we index somewhat
unconventionally by #Z, in order to highlight the scale of their spatial distribution and prevent
cumbersome coordinate transformations.

For any j € Z, we write x j; (t) for the time-dependent location of the relevant gridpoint
and U, (¢) for the associated function value, which ideally should be a close approximation
for u(x in(t), t). The adaptive scheme that we study here can be formulated as

UiGi+nn () = Ugi—nn(t)
X(j+h (1) — xGi—1n(0)
2
X(j+1)n () — x(j—1)n (@)
X[U(j—l)h(t) —Ujn@)  Ug+nyn@) = Ujn(r)
Xjp(t) —xG-npp@)  xG+nn(®) — xjp (1)

in which x(¢) is defined implicitly by demanding that

Uity = | Jem®

|+eWinw). @2

2 2
(xGrnn® = xjn )" + (Ugnn@) = Ujn (@) = > (23)
and imposing the boundary constraint
im [x;,(t) — jh] =0. 24
j——00

Throughout the paper, we assume that the nonlinearity g satisfies the following standard
bistability condition. The standard example that we have in mind is the cubic g(u) = u(1 —

u)(u — a).
(Hg) The nonlinearity g : R — R is C3-smooth and has a bistable structure, in the sense
that there exists a constant 0 < a < 1 such that we have

g0 =gl@)=g()=0, g0 <0 g <0, 25)
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together with
g(w) <0foru € (0,a)U (1, c0), gw) > 0foru € (—oo, —1)U(a, 1). (2.6)

Our main goal here is to show how the implicit requirements (2.3)—(2.4) can be made
explicit. In particular, we introduce the equilibrium grid

[xeq;h]j/l = Jh 2.7
together with the sequence space
Xy = {x : hZ — R for which ||x| x, := ||x — xequn ||, = sup |xjn — jh| < oo} (2.8)
JEZ
and write
x(t) = {xjn(}jez € Xp- (2.9)

We now set out to formulate a well-posed equation for the dynamics of
U@) ={Ujn(0)}jez € L7 (hZ; R) (2.10)

from which the dependence on x and x has been eliminated.
As a preparation, for any U € £°°(hZ; R) we introduce the notation

ItU € (°(hZ; R), 3~ U € L®°(hZ; R), U € >®(hZ;R) (2.11)
for the sequences
(0% U1jn = b [UG+on = U],
[0 Uljn =h™'[Ujh = UG—un].
[0°U1jn = @R~ [Ug+1n = Ug—nn]. (2.12)

In addition, forany U € €°°(hZ; R) for which || otuU || oo < L, wedefine the adaptive discrete
derivatives

D= (U) € £ (hZ; R), D) € L*°(hZ; R), D) € £*°(hZ; R) (2.13)

by means of the pointwise identities

o a—U
D) = —/—m————=-
V1—(0U)?
otu
D (U) = ———e,
V1 —(1TU)?
29U
D) = ,
V1I=0+tU)?2+/1—(0-U)?
2 D+ (U) —D°-(U
D) = ~ ) @) . (2.14)
h 1 —@+U)?2 +/1—-(0-U)?2
We also introduce the Heaviside sequence H € £°°(hZ; R) that has
_J 1 forj=>0,
Hjn = [0 for j < 0. 2.15)
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Finally, we introduce the formal expression

QW) =Y [n[14D5,W)DY, 1), W] = In[1 + D%, @)DH,W)]]. 2.16)

i'<j
together with
D (U)expl Qi (U)]
h Jh
Vin(U) = —exp[—Q in(U)]h J at[D*o ) + g()].,,.
in(U) pl—Qjn (V) ,Z, L+ D% 0D, [D°* @) + W),

(2.17)

Upon imposing a summability condition on U it is possible to show that these expressions
are well-defined.

Lemma 2.1 (see §4) Suppose that (Hg) is satisfied, fix h > 0 and consider any U €
£°(hZ; R) for whichU — H € 2(hZ; R) and H otuU HOO < 1. Then the sequences

QW) ={Qjn(U)}jez. YWU) ={Yjn(U)}jez (2.18)
are both well-defined and we have
Q(U) € £*°(hZ; R), YU) € £*°(hZ; R). (2.19)

Our first main result shows that the expression )(U) can be used to replace the x term
appearing in (2.2). The remaining terms involving x can be eliminated using the implicit
relation (2.3).

Theorem 2.2 (see §4) Suppose that (Hg) is satisfied and fix h > 0 together with T > 0.
Consider two functions

x:[0, Tl &, U:[0,T]— £*(hZ;R) (2.20)
that satisfy the following properties.
(a) We have the inclusions

t—U@)—H €CY0,T]; *(hZ:;R)),

t > x(t) — xeq:n € C'([0, TT; £ (hZ; R)). @21
(b) Forevery j € Zand (0 <t < T we have the identity
X(+nh () — xjp(t) = \/hz = (UG (0) — Ujh(f))z- (2.22)
(c) Forevery(Q <t < T we have the limit
; lim [xjn(t) — jh] =0. (2.23)
(d) Forevery(Q <t < T we have the strict inequality
}22 [xGi+0n(0) —xjn ()] > 0. (2.24)
(e) ForeveryO <t < T and j € 7 the identity (2.2) holds.
Then the function U satisfies the system
U@t) =D (UM)Y(U®) +D(U®) +g(U®)) (2.25)

forall0 <t <T.
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Conversely, once a solution to (2.25) has been obtained, it is possible to construct a solution
to the full problem (2.2). Indeed, the following result shows how the position of the gridpoints
can be recovered from U (¢).

Theorem 2.3 (see §4) Suppose that (Hg) is satisfied and fix h > 0 together with T > O.
Consider a function U : [0, T] — £°°(h7Z; R) that satisfies the following properties.

(a’) We have the inclusion
t+ Ut) — H e C'([0, T1; ¢*(hZ; R)). (2.26)
(b’) The strict inequality
[ofum]|, <1 (2.27)

holds for every t € [0, T].
(c’) For everyt € [0, T] the identity

0() = D (UO)VU WD) + DU WD) + (VD) (2.28)
is satisfied.

Then upon writing

2
xXj() = jh=) Ugemn® = Upn®) (2.29)
25 B = Wireon@ = Upn@)? +h

the properties (a), (b), (c), (d) and (e) from Proposition 2.2 are all satisfied.

‘We conclude our general analysis of the full problem (2.2) by showing that the reduced
system (2.28) is well-posed in an appropriate sense. Indeed, we establish the following short-
term existence result for a class of summable initial conditions. We remark that the restriction
(2.30) on the initial condition is a natural and unavoidable consequence of the requirement
(2.3).

Proposition 2.4 (see §8) Suppose that (Hg) is satisfied and fix h > 0. Consider any U0 e
£ (hZ; R) for which U® — H € £2(hZ; R) and for which
lotu°|,, <1. (2.30)

Then there exists 5t > 0 and a function U : [0, §7] — €°°(hZ; R) that has U(0) = U and
that satisfies the properties (a’), (b’) and (¢’) from Theorem 2.3 with T = .

We do not know whether it is possible to obtain global well-posedness results for (2.28).
Even on bounded domains, questions of this type are very delicate. Indeed, results stating
that mesh points do not collide have only become available very recently [26]. However, this
analysis features a very specific discretization scheme that satisfies a coercivity condition on
the meshing function.

3 Setup and Notation
In this section we introduce the basic symbols and sequence spaces that are used throughout

the entire paper. We start in §3.1 by providing some basic identities concerning discrete dif-
ferentiation and integration. We proceed in §3.2 by introducing several convenient shorthands
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for the gridpoint spacing functions /1 — (8%+U)?2 and formulating several useful identities
for their discrete derivatives. This allows us to obtain expressions that are uniform in % for
the derivative operator D0 defined in (2.14) and the terms appearing in (2.16)—(2.17). We
continue in §3.3 by introducing several norms on sequence spaces that will be used to for-
mulate our estimates. Finally, in §3.4, we introduce the affine spaces 2., that will contain
the solutions U that are described in the main results formulated in §2.

3.1 Discrete Calculus

For any sequence a € £°°(hZ; R) we introduce the notation T*a € £%°(hZ; R) to refer to
the translated sequences

[T*aljn = ag+vn, [T aljn = ag—nn- 3.D

In addition, we introduce the notation S*a € ¢ (hZ; R) and P*a € ¢ (hZ; R) to refer to
the sum and product sequences

1
$*a=3(a+T*a), P*a=aT*a. (3.2)
Writing
@ Liota— o !
[0 aljn = E[a a—0"aljy= h—z[a(j_H)h +ag-nn — 2ajh]7 (3.3)

we point out the basic identities
9%a = 9% a, 9%9% = sT[0Pal. (3.4)
Consider two sequences a € £*°(hZ; R) and b € £*°(hZ; R). One may compute
dTlab] = dTaTth +ad™ b,
3%lab] = 3% T*b+ T~ ad"b,
07 lab] = [9-alb + [T ~a]ob, (3.5)
which yields
9P [ab] = %[8+[ab] - a—[ab]]
= @Pa)b+dTadTb+ 8 ad b +adPb. (3.6)
In addition, if b, # O for all j € Z then we have

a bdta —ad™b
M= 37

‘We often use the symmetrized versions

9 [ab]l = 0FTaStTh+ STad™b,
B Sthota Staoth

a
at[— 3.8
[b] Ptb Ptb 38
For any sequence a € £!(hZ; R), we define two new sequences
Y aet®hZ:R)., Y ael MhZ:R) 3.9)
—h +:h
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by writing

[Dal=h) ag-on

—h k>0
[D al =hY ag+in (3.10)
+:h k>0

This notation is inspired by the integral operator [[_ f1(6) = ffoo f(8")d6' introduced in
§ 1. Using the fact that limy_, 4o, ax, = 0, one can read-off the identities

o2 aln =ain

—:h

07 [ aly, = —ajn (3.11)

+:h

Finally, consider two sequencesa € 02(hZ:; Ryandb € (2(hZ; R).Sinceab € £ (hZ; R),
we may exploit (3.11) together with the identity

t[aT~b] =[0Talb +ad*[T~b]=bdTa+ad™b (3.12)

to obtain the discrete summation-by-parts formula

> bdta=aT~b—Y ad”bh. (3.13)
—h —h
In addition, we see that
hot[aT~b] =b(T " a—a)+a(b—T"b)=2(bSta—aS™b), (3.14)
which gives a second summation-by-parts formula
_Z:;bsm = %haT‘b + gas—b. (3.15)

3.2 Discrete Derivatives

Our goal here is to introduce some notation to ease computations involving the discrete
derivatives (2.14). Turning to the denominators, we first define the expressions

rg =+/1-(0%T0)2%,
iy =v1- U2,

rd %\/l—(8+U)2+%\/1—(3*U)2

L
= E[rU +rU], (3.16)

which are all related to the spacing of the gridpoints. These allow us to rewrite the discrete
first derivatives in (2.14) as

a*tU 3°U
DO:E(U) = - DOO(U) = T (317)
Ty Ty
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Notice that

THrg =rf,  T7rf=rp, (3.18)
which directly implies
it —ry _
% =07r; =0%ry. (3.19)

Using Lemma C.1, this allows us to compute the first derivatives
atr, =D W)U,
ot = —s* [D%(U)a‘z)U]. (3.20)
Before turning to the function D% appearing in (2.14), we introduce the mixed second
discrete derivatives

D<>0;+(U) — 8+D<>0(U),

DT (U) =9t D (U),

DT (U) = 9t Do (V). (3.21)
In order to isolate the second derivatives, which play a crucial role in our estimates, we

introduce the expressions

o 1 o (VDO
W) = —[1+D-Wp* W)
U

W) = [1+ DD W)],

0
2T ry,

T (U) = [1 + D°0(U)T+[D<>0(U)]] (3.22)

2T
and note that Lemma C.3 allows us to write

D) = 7, T (W)U,

DO (U) = 30 W) DU + 0N ) T3P U, (3.23)
Furthermore, the basic identities

TTD% (U) =D (U), T~D°+(U) = D~ (U), (3.24)

allow us to observe that

Do+ (U) — D~ (U)
h ’

In particular, we arrive at the convenient identification

DOt (U) = DU =TTDH(U). (3.25)

DU = %DQ*H‘(U). (3.26)

Finally, we introduce the third mixed discrete derivative

DT (U) = 9T [D(U)], (3.27)
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which will play a role when taking the discrete derivative of (2.25). As before, we need to
separate out the derivatives of order two and higher. To this end, we introduce the expressions

W) = o ?]D%(U)T*[l+D°-<U>D°°(U>]
+r0 TP UN(1+ D U)DV(V))
Uv'uv'u
1 <. O
+WD -(U)(1+ D UY?),
. 2r) + THrf
Lo HU) = WT*L[D%(U)(I + D (DO (W)]
1
O <0 + 0
oD W)(1+ D2 TP W),
I W) = : - (L + D= W)D*()). (3.28)
rory

which all only feature first derivatives. Lemma C.4 shows that D*°%+(U) can be written as
the sum of the two components

D<><>0;+(U) — IOQO;+(U)8+8(2)U
DU = 75N )dPuTH P U+ 20 ) T 8P UIT T 9P U] (3.29)

3.3 Sequence Spaces

Our main concern here is to introduce the sequence spaces on which the nonlinear terms
in (2.25) can be conveniently estimated in a fashion that is uniform in 2 > 0. Special care
needs to be taken to ensure that the square roots in the expressions (2.14) are well-defined.
For any & > 0, we first introduce the Hilbert space E% that is equal to £2(hZ; R) as a set, but
is equipped with the rescaled inner product

(V. W) =h)_ VisWi (3.30)
JEL

that compensates for the gridpoint density. In particular, for V e E% we have

||V||£2 =hYy Vi (3.31)

JEL
For convenience, we also introduce the alternative notation
6> = {V : hZ — R for which ||V [l := jlélz) |Vij| < o0} (3.32)
for the usual set £°°(hZ; R) with the supremum norm. For any V € Eh, it is clear that also
V € ¢£;° and that we have the bound
IVllge <=2 1V, . (333)
In order to reduce the length of our expressions, we introduce the higher order norms

IVl =1Vig+[07V],.
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IVilge = 1Vlig + |87V 2 + 9707V ] 2

IVilgzs = 1Vlig + [0V | g + [0%0% V] g + 0¥0%0 V]2, (334)
together with
IVl gor = IV llgge + 94V o

IV llge2 = 1V llge + ||a+v||z;x, + ||a+a+v||elm : (3.35)
We caution the reader that for fixed 2 > 0, these norms are equivalent to the norms on
E% respectively £;°. However, the h-scalings included in the derivatives (2.12) and hence
inherited by (3.34)—(3.35) are essential to allow us to conveniently formulate estimates that

are uniform in & > 0. This will turn out to be crucial for the bifurcation arguments in [32].

3.4 The Solution Space Q,

In general, we cannot expect solutions to (2.25) that connect the two stable equilibria of g
to be contained in E%. This is reflected by the presence of the Heaviside function H in the
inclusions (2.21) and (2.26). However, we have H 0TH H oo = h~"!, which makes this function
unsuitable for the bifurcation arguments used in this ser]ies of papers.

In order to repair this problem and smoothen out the transition between U = Oand U = 1,
we pick a function Ures. s € C2%(R, [0, 1]) for which we have the identities

Uref+(7) = {? g zﬁz ; 2_2’ (3.36)
and for which the bounds
0 =< Ugp, (1) < 1, | 1{e/:f;*(r)| <1 (3.37)
hold for all T € R. For any ¥ > 0 we subsequently write
Uref;ic (T) = Uref; (K T) (3.38)
together with
Vie =1V ets: Vil 2 + IV llge + ||a+a+v\|[ﬁo < %K—l
and 0TV < 1—2«}. (3.39)
As a consequence of the estimate (3.33), we see that V., is an open subset of E%.
Combining these two definitions allows us to introduce the sets
Qe = Urete (WZ) + Vi C 457, (3.40)

Our three main results highlight the important role that these sets 2., will play in the sequel.
Indeed, the initial conditions referenced in the well-posedness result Proposition 2.4 can all
be taken from such a set. In addition, we obtain a-priori bounds on almost all the terms that
appear in the discrete derivatives defined in §3.2. The one exception is the third derivative
3+9@ U, which will play a special role in our estimates.
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Proposition 3.1 (see §B) Fixh > 0and0 < k < % Then for any U € Qp:x, we have the
bound

Wlge + [07U | o + |0¥8% U] o + [0¥07 U oo < k! (3.41)
together with
[oTU| e <1—x. (3.42)
h
In addition, we have

I8 @)z = 4[supjyy<et [¢/ @] " (3.43)

Proposition3.2 (see §B) Fix h > 0 and consider any U € £;° for which ||8“‘U||OO <1

and U — H € E%. Then there exist €9 > 0 and ko > 0 so that for any U e £3° that has
||U — U”[z < €p, we have
h

U € Qe (3.44)

forall 0 < k < ko.

Proposition 3.3 (see §B) Consider any u € C(R; R) for which we have the inclusions
u' € H?, U — Usef.n € L2, (3.45)

together with the bound ||u/||Loo < 1. Then there exist g > 0 and k > 0 so that for any
0<h <1landanyv € H' that has

ol g + 272 %] 0 < eo. (3.46)
we have
[t + v + h7) € Qs (3.47)
forall 9 € [0, h].

3.5 Convention

Throughout the remainder of this paper, we use the convention that primed constants (such
as C|, C} etc) that appear in proofs are positive and depend only on « and the nonlinearity
g, unless explicitly stated otherwise.

4 Gridpoint Behaviour

In this section we derive the reduced equation (2.25) by analyzing the function ))(U) defined
in (2.17) and showing that the speed of the gridpoints satisfies

¥ =Y(U). 4.1)

In particular, we establish Lemma 2.1 together with Theorems 2.2 and 2.3 . In essence, we
develop a discrete version of the arguments described in §1 to pass from (1.19) to (1.22).
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In order to clean up the expressions (2.16)—(2.17), we introduce the functions
1
1 + Do+ (U)D*(U)’

pU) = p(U) =D+ (U)pU), (4.2)

together with
q(U) = h™' In[1 + hp(U)YD*F(U)]. 4.3)
In addition, we introduce the functions
ZH(U) = exp[QU)], Z7(U) = exp[-Q(U)]. 4.4

Our first main result states that these expressions are well-defined, allowing us to obtain
reasonably compact expressions for )(U) and its discrete derivative.

Proposition 4.1 Assume that (Hg) is satisfied and fix 0 < k < 1—12 and h > 0. For any
U € Qj., we have the inclusions

PWU) € t®(hZ;R),  pU) € P(hZ;R), q(U) € ' (hZ; R), 4.5)
together with
QW) e £ (hZ; R),  ZEWU) e t®(WZ;R), Y(U) € £>°(hZ; R). (4.6)
In addition, we have the identity
QW) =) q(U), (4.7)
—h
together with
YWU) =-2"U))_ p)ZTW)dH[D** W)+ g(U)].
—sh
YW = =TT [Z2~W)]pU)D* T (U)ST[ZTWU)YWU)]
—STZTW)IpW)ZTW)8F [P (U) + g(U)]. 4.8)
Finally, for every U € Q. we have the limit
j lim Y (U) =0. 4.9)

Our second main result shows that we indeed have x = Y (U), irrespective of whether the
full equation (2.2) or the reduced system (2.25) is satisfied. We remark that the two conditions
(a) and (b) will turn out to be equivalent, but this is established later.

Proposition 4.2 Suppose that (Hg) is satisfied. Consider a function U : [0, T] — £5° for
which U — H € C'([0, T]; €2) and

[otU®],~ <1 (4.10)
h
forall0 <t <T. Write
X(1) = Xeqh + ) _(Fy = D
—h
(tum)’
= Yeqh — )~ “.11)
= o+

Suppose furthermore that at least one of the following two conditions holds.
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(a) The function U satisfies (2.25) on [0, T1.
(b) The pair (U, x) satisfies (2.2) on [0, T].

Then there exists 0 < k < % so that for every 0 <t < T we have the inclusion
U(t) € Qs (4.12)
together with the identity

(1) =Y(U®). (4.13)

4.1 Basic Properties for Z and Y

In this subsection we show that the definitions above are well-posed. In addition, we estab-
lish some basic identities for the discrete derivatives of Z and ) that allow us to establish
Proposition 4.1. We start by examining the function ¢ introduced in (4.3).

Lemma4.3 Fix0 <k < ﬁ and h > 0. For any U € Q. we have the identity
hq(U) =In [1 4 D°+(U)T+D°0(U)] —In [1 4 D<>+(U)D<>0(U)], (4.14)
together with the inequality
explh g(U)] = 1 + hp(U)D*+(U) = k2. (4.15)
Proof We compute

explh q(U)] = 1+ hp(U)d"D* (V)
Do+ (UYhd+ D (V)
1 + Do+ (U)D®(U)
1 + D+ (U)YD*®(U) + D°+ (U)hd*+ D> (V)
1 + Do+ (U)D*(U)
1 + Do+ (U)T+D(U)

T 11D U)DOU) (4.16)
which directly implies (4.14). In addition, we may use Lemma D.7 to conclude
TR P ) = e @1
O
Lemmad.4d Fix0 <k < ﬁ and h > 0. For any U € Qp.,, we have the inclusions
PU) € £*(hZ:R), pU) € L2(hZ;R), q(U) € £ (hZ:;R), (4.18)
together with the identity
QU) =Y q(U). (4.19)
“h
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Proof Recalling (4.2), we note that Lemma D.7 yields
P(U) = [1 4+ D> (U)D*(U)]~" € £°(hZ; R). (4.20)

Together with Lemma D.5 this shows that p(U) € £>(hZ; R).
Since %[ln(x)] can be uniformly bounded on sets of the form x > %Kz > 0, the bound
(4.15) implies that there exists C| > 1 for which

Iha@)] = Clh p@)| [P+ @), (21

Lemma D.5 implies that D°0H(U) € ¢%(hZ; R), allowing us to apply Cauchy-Schwartz to
conclude that ¢(U) € €' (hZ; R). Finally, the identity (4.19) follows directly from (4.14). O

Lemma 4.5 Assume that (Hg) is satisfied and fix 0 < k < % andh > 0. Forany U € Qy.y,
we have the inclusions

Q(U) € £®(hZ;R), ZX(WU) € t>®hZ:;R), YU) € £>*(hZ;R), (4.22)
together with the identity

VW) = —2~(W) Y p)ZHW)d* [P (W) + g(U)]. (4.23)
—:h
In addition, the limit (4.9) holds.
Proof The inclusions (4.22) for Q and Z* follow immediately from Lemma 4.4 and the
definitions (4.4). The expression (4.23) follows immediately from the definition (2.17).

We note that we have the inclusions p(U) € E%, D) € Z% and g(U) € E% by
Lemma 4.4, Lemma D.5 and Proposition 3.1 respectively. In particular, writing

HU) = p(U)ZTWU)IT[D**(U) + g(U)] (4.24)

we may use the fact that T is a bounded operator on £2(h7; R) to conclude by Cauchy-
Schwarz that H(U) € ¢'(hZ;R). The inclusion Y(U) € €°(hZ;R) and the limit (4.9)
follow directly from this. O

‘We remark that we explicitly constructed Z* (U) with the aim of satisfying the first identity
in (4.26). Indeed, writing Z = Z* and attempting to solve this equation, we compute

hotIn(Z) = In(T*rZ) —In(Z) = In(1 + hZ~ 91 Z) = In[1 + p(U)RD*"F (U)],
(4.25)

which leads naturally to (4.4). This choice will allow us to use Z% as a discrete version of
the integrating factor y ~! used in (1.20); see the proof of Lemma 4.10 below and (4.58) in
particular.

Lemma4.6 Fix0 <k < ﬁ and h > 0. For any U € Qp.,, we have the identities

It ZT W) = ZH W) pU)DH (),
ITZT(W)] = =TH[ 2= )] p(U)D T (U). (4.26)

Proof For any U € £°°(hZ; R) we observe that

o*[explU1] = h™"explU][exp[ T 1U1 - U] — 1]
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_ h—lexp[U][exp[ha+[U]] - 1]. 4.27)
This allows us to compute
ot ZF W) = ' 25 W) exp[hitIQW)] — 1]
- h—‘z+(U)[exp[1n[1 + hp(U)YDYH U] — 1]
- h’IZJr(U)[hp(U)DOO‘J“(U)], (4.28)

which yields the first identity. Using (3.7) we compute

2w =0"
ZH(U)p(U)D T (U
_ _ZWp)D*t W) 429)
P+Z+(U)
which yields the second identity. O

Lemma4.7 Assume that (Hg) is satisfied and fix 0 < k < % andh > 0. Forany U € Qy.,,
we have the identities

ITZTWHYW)] = —p(U)ZT W) [D*O(U) + g(U)].
AT[D™W)Z~(U)] = pU)TH[Z2~(U)| D H(U). (4.30)

Proof The first identity follows from Z¥(U)Z~(U) = 1 together with the expression (4.23)
for Y(U). In addition, using (4.26) and (3.5) we compute

I[P Z™ ()] = DT W) T2 (U)] = D) T2 ()] p(U)D*F(U)
= (1 =D pW))TH[2=(W)]|D*F (). 4.31)

The second identity follows from the observation
DX (U)p(U) =1 - p(U), (4.32)
which is a direct consequence of the definitions (4.2). O

Proof of Proposition 4.1 Tn view of Lemma’s 4.4 and 4.5, it suffices to establish the identity
for 7). Exploiting (3.8), (4.26) and (4.30), we compute

ATYW) =T [27(U)ZHW)Y()]
=t z-Ist Izt )Y )]
=STZ=W)Ip)ZHW)I*[D*OWU) + g(U)]

= [T EZ PP W) st VYW
—SHZT U)W D) + )] @33

as desired. O
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4.2 Gridpoint Speed

In this subsection we use the discrete derivatives (4.26) and (4.30) to analyze the discrete
differential equations that govern the behaviour of the gridpoints. This allows us to establish
Proposition 4.2 and the first three main results from §2.

Lemma 4.8 Consider the setting of Proposition 4.2, but without requiring (a) or (b) to hold.
Then there exists 0 < k < é for which the inclusion

U(t) € Qpye (4.34)
holds for all 0 <t < T. In addition, we have
X — Xeqih € C‘([O, T1; £Z°), (4.35)
with
==Y D*(U)ITU. (4.36)
—h
Finally, we have the limit
dim Xj,(1) =0 (4.37)
j—>—00

forevery) <t <T.

Proof Since U (t) — H is continuous in E%l, and the interval [0, T] is compact, the existence
of the constant « > 0 can be deduced from Proposition 3.2.
Taking a pointwise derivative, we may compute

i = =D (U)dtU. (4.38)

Writing
atuU Y
JI—@tu2+1 rf+1

and taking a pointwise derivative, we obtain the identity

n) = (4.39)

atu . atu
g+l G+ 12
rf 4+ 140TUD (U) +p
rf +1)?
e N 1 ey C IR (= o) O
(g +1)?
1

=—— 3*U. (4.40)
rg i + 1)

prU) = D+ (U)dTU

The embedding E%l C £;° together with the smoothness assumption on U implies that

t— pi(U®) € €10, T1; £),
1 3tU@) e CH(0, TY; £2). 4.41)

@ Springer



Journal of Dynamics and Differential Equations (2022) 34:1505-1599 1527

In particular, since the map

T X ] — 65, VO v@) s Y yhy® (4.42)
—:h

is a bounded bilinear map, we see that
[ s ﬂ[pl (L)), 8+U(t)] e C'([0, TT; £°). (4.43)
Since we have
x(t) = xeq:n — [ p1(U(0)), 01U 1)), (4.44)
we may compute
(1) = —%N[pl(U(t)), o)
= 71 (U®). V0| =[P (D). 97U 0]

1 . ItUG :
_ —n[#a"'U(t), 3+U(t)] _ n[f() 8+U(t)]
"o Tue + D "o 1
1 1 .
- —n[[ + Jotua), 8+U(t)]
rlJJra)(rlJJr(z) +1) rlJJr(t) +1

- [D°+ (U®)), aﬂ](:)], (4.45)

which gives the desired expression. Finally, the limit (4.37) follows directly from the fact
that D+ (U(t)) € K% and TU(t) € 6%, which means that the product is in NhZ;R). O

Lemma 4.9 Consider the setting of Proposition 4.2 and suppose that (a) holds. Then we have
(1) =Y(U () forall0 <t <T.

Proof Exploiting the identity (4.36), we compute

==Y D (W)ItU
—h
== D W) [DOW)YU) + D™ (U) + g(U)]
—h
== D* W) [DPW)ZT W) ZHW)YU) + D™ (WU) + g(U)]
—h
==Y D)D) Z(W)]STIZH W)Y W)]
—h
=Y D U)SH[D*W) 2T (W) a2 W) Y(W)]
—:h
=Y DIt DTU) + g(U))]. (4.46)
—h
Using the definition (4.2) and the identities (4.30), we find

==Y pTH[Z-W)]DHW)STIZHW)Y(W)]
—h
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+ Y DS D W)Z W] pW)ZF W) [D (W) + (V)]

—:h

= > D)D) + g (U)]. (4.47)

—h
Writing
HU) = ST[D(U)Z~(W)]p(D)ZT(U) — 1, (4.48)
we see

F ==Y pOTH[Z= )P F(W)STZTW)HI(W)]

—:h

+ D UYHW)H [DEU) + g (U)]- (4.49)

—:h

Using (4.30) we now compute
HW) = [STDOW)Z=WpW) - 2-W) |2+ W)
1
=[Pz Wipw) + ShT DY W)E WU)]pW) - z |zt w)

1 .
= [P )2 WIpW) + SHPOTHZ WD W)pW) - 27 W) |2+ ).
(4.50)
Exploiting (4.32) we obtain

o . ) .
HW) = [ = FWIZ= ) + 3hFUTHE- OID™F W) pW) |2+ V), @51)
which using (4.26) yields
1
HU) = -2-W) - 5h8+[z—<U)]]ﬁ<U)z+(U)
=—STZ-WIpW)ZT ). (4.52)
In particular, recalling (4.8) we see

i== Y pOTH [z @)D * WSt )Y W)

—:h

=Y STETW)pW)ZT W) DO W) + g(U)]

—:h

=Y T W) (4.53)
—sh

The desired conclusion x = Y (U) now follows from the limit (4.9). O

Lemma 4.10 Consider the setting of Proposition 4.2 and suppose that (b) holds. Then we
have x(t) = )J(U(t))for all0<r<T.

Proof Exploiting the identity (4.36), we compute

i =— ZD°+(U)3+U

—h
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= =) D) [DPU)k + D U) + g(U)). (4.54)
—:h
Taking a difference, we obtain
3tk + D )IT[DO(U)R] = =D (U)dT[D*O(U) + g(U)]. (4.55)
Using (4.26), we now observe that
AT ZT(W)x] = dT[ZT(W)IT i + 2T (U)d T [X]
= ZHU)pU)D ()T i + ZH(U)T[x]
- z+(U)p(U)[a+[D<>0(U))e] - DQO(U)E)*)&]
+Z2T(U)8 T[]
= ZH )| (1 = WD W) LE] + pW)I DO W) |, @56)
In particular, recalling (4.32) we see that
IT[ZT(U)] = Z*(U)[ﬁ(U)?i*[fc] + p(U)8+[D°°(U)5c]]
= ZXW)FW)[9 11+ D UTIDNWIA]. @5T)
Substituting (4.55), we find
It[ZTWU)A] = —z+(U)p(U)a+[D°°0(U) 4 g(U)]. (4.58)
The limit (4.37) together with the inclusion Z+(U) € ¢£* implies that
. ETOO z;;,(U)x in = 0. (4.59)
In particular, we obtain
ZF Uk = =Y ZTW)pW)s* [D°°°(U) + g(U)], (4.60)
—h
as desired. O
Proof of Propostion 4.2 The result follows immediately from Lemma’s 4.8—4.10. O
Proof of Lemma 2.1 The statements follow directly from Propositions 3.1 and 4.1 . O
Proof of Theorem 2.2 Suppose that (b) and (c) are satisfied. Writing
yin(t) = xjp(t) — jh 4.61)
we see that
. lim (1) =0 (4.62)
and
0Ty = V1= [0TUDP 1. (4.63)
This means that
(4.64)

Yo=Y 0ty =) [VI-[tUnP - 1]
—:h

—:h
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and hence x must satisfy (4.11). Together with (a) and (d), this allows us to apply Propo-
sition 4.2 and conclude that x = Y(U). Item (e) now directly implies that (2.25) holds.
O

Proof of Theorem 2.3 Items (a’) and (b’) together with (4.11) allow us to apply Proposition 4.2
and conclude that x = Y(U). Together with (c’) this implies that (2.2) holds. Item (a)
follows from Lemma 4.8, (b) and (d) are immediate and finally (c) follows from the fact that
r — 1 et (hZ; R). O

5 Approximate Products

In the remainder of this paper we set out to establish Proposition 2.4. In principle, it suffices
to obtain Lipschitz bounds on the right-hand-side of (2.25). However, in preparation for the
sequel paper [32] we obtain far more detailed information here in the upcoming sections. In
particular, we derive an approximate expression for the linear terms and establish delicate
bounds for the nonlinear residual that require as few discrete derivatives as possible.

The key issue is that convoluted expressions such as (2.17) must be kept under control. We
will achieve this by two successive rounds of approximations, in which we substitute simpli-
fied expressions for the individual factors appearing in (2.25). The first round is performed
in this paper, the second round is reserved for [32]. This will allow us to extract a tractable
expression for the linearization of (2.25) around the (stretched) continuum travelling wave,
which we analyze in [31].

In this section we introduce the basic framework that we use for these two simplification
rounds. In particular, we focus on two types of products that appear in our main equation
(2.25). We will introduce several bookkeeping tools that allow us to track how errors in the
individual factors propagate through the product structure.

‘We emphasize that the individual core estimates underlying our bounds are rather basic.
However, these estimates need to be applied a large number of times, all in a slightly different
setting that sometimes requires the same factor to be estimated in different norms. We feel that
writing this out in full would be prohibitively voluminous without leading to any substantial
insight. We therefore take an alternative approach and formulate a number of structural
conditions on the products (see §5.1) and individual factors (see §5.2) that allow for a unified
result (see §5.3).

5.1 Product Structure

For any integer kK > 1 and any sequence

4= (q1, 92 -, q0) € {2, 00}, (5.1)
we introduce the notation
oh =0 x o x - x ok (5.2)
Writing
Gr = (Gri1s Gri2s - Gsk) € (2,000, (5.3)
we are interested in maps
ol -0 (5.4)
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that are bounded and multi-linear in the following sense.
(hr) Consider any set
v=(vr,...,0) € Gl (5.5)
Then we have the estimate
[ g L e (5.6)

for some constant K > 0 that does not depend on v and /2 > 0. In addition, if there is an
integer 1 <i < k for which the decomposition

v; :}»Av;q—l—)\gviB 5.7
holds, with v? e EZ”” and A4 € R for # € {A, B}, then we have

A

[Vl = Aaxvr, ..., V] vl + Agmlvr, ..., 0B

Bl (5.8)

We say that any sequence (5.1) is admissable for m if there is a constant K > 1 so that the
bound

Iz lvlllz < K llvillgo - Hloell g (5.9)
holds for any
vegneg (5.10)

and any /2 > 0.
Our first two results describe the two types of products that will appear during our analysis
of (2.25). In both cases it is straightforward to verify that our condition (hsr) holds.

Lemma5.1 Pick k > 1. Assume that

Gr = (@1 - Grak) € {2, 00 (5.11)
is a sequence containing precisely one 2 and suppose that the map
A (5.12)
is given by
vy, ..., k] = vivy--- V. (5.13)

Then the pair (qy , ) satisfies condition (hm ).
Proof This follows directly from the bound
o= villz < llvill Tvallgge - -~ lloillge (5.14)
and rearrangements thereof. O
Lemma5.2 Pick ki > 1 and k» > 2 and write k = k| + k. Assume that
Gr = (st Gik) € (2, 00} (5.15)

is a sequence containing precisely one 2 in the first k| positions and precisely two 2’s in the
last ky positions. Recalling the notation (3.9), assume furthermore that the map

ol -0 (5.16)
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is given by

n[vl,...,vk]:vl---kakaIH---vk. (5.17)
—h

Then the pair (qr, ) satisfies condition (hr ).

Proof This follows directly from the bound

||7T[Ul’---avk]||g%
=< lvillgz lvallgpe - - | ox, Hz;;o Hvk|+1||Z% ||vk1+2||e% vk, +3 ||Zzo---||vk||z;;° (5.18)
and rearrangements thereof. O

Our final observation allows us to construct admissable sequences for the multi-linear
maps (5.13) and (5.17) by simply swapping suitable exponents. This freedom to be able to
use a Zi-norm on each of the factors will turn out to be crucial to complete the construction of
the travelling waves in [32]. Indeed, as a general rule of thumb, we want to avoid references
to the supremum norm of second differences.

Lemma 5.3 Consider the setting of either Lemma 5.1 or Lemma 5.2. Pick any integer 1 <
ix < k for which q.;, = 0o. Then there is an integer

1< jlis] <k (5.19)
that has
G julin] = 2 (5.20)
and for which the swapped sequence
Q. = (Gis1s - - -+ Giik) (5.21)
defined by
Grij i J & {ix, Jubs
Gipij =12 IfJj=1ix (5.22)
oo ifj=Jx
is admissable for 7.
Proof This follows directly by inspecting (5.14) and (5.18). O

5.2 Approximate Nonlinearities

Fixing a multi-linear map 7 as discussed above, our goal is to study nonlinear functions of
the form

Qe 3 U = [ fiU), ..., fil(U)]. (5.23)

‘We take the point of view that each nonlinearity f; together with its derivative comes paired
with an approximant f;.,px respectively f;.1in. These two approximants should be thought of
as simplified versions of f; and Df; that are much easier to handle in computations, while
still accurate to some desired order in 4.

For now however, we simply impose the following condition on each of the nonlinearities
in (5.23). We remark that the set Q y should be thought of as the set of exponents g € {2, oo}
for which f maps into ZZ.
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(hf) Wehave Q¢ C {2, oc}. Forany U € ., and g € Q y we have the inclusions

fWyet],  faxU)et],  finu € LE:E]. (5:24)

In addition, for each ¢ € Q f there exists a constant K; > 0 and a semi-norm [-] 7,4 » on
E% so that the following properties are true.

(a) The inequality

IF @)l + | fapx (V) | 0 < Ky (5.25)
h eh
holds forall A > 0 and U € Q..
(b) The inequality
[V]f;q,h =< Kq (526)
holds forall 2 > O and V € V..
(c) The Lipschitz estimate
| FU®) = r W), = KUY = U1 (527)

h

holds for all 7 > 0 and all pairs (UV, U®) € Qj. .
(d) Forevery h > 0, the inequality

| fin:wIV1] g0 = KqlV1gign (5.28)

holds for all U € @, and V € £3.

To obtain sharp estimates it is sometimes necessary to decompose the approximate lineariza-
tion fii, into two parts. Both parts can be evaluated in their own preferred norms, which do
not necessarily have to be an element of the set Q ; discussed in condition (h f') above.

(hf)iin We have Q?;ﬁn C {2, o0} and Q?;lin C {2,00}. Forall h > 0, U € Q.. and
V e ¢?

7» We can make the decomposition

Sinu V1= fil.olV1+ fil.p V], (5.29)
in which fi} ,[V1 € €} forevery g € Q% and ff /[V] € ] forevery g € OF ;..
Our final condition concerns the residual term
Jau(V) = f(U+V) = f(U) = finu[V] (5.30)
which at times also needs to be decomposed into two parts that require separate norms.

(hf)m We have Q4. C (2,00} and QF., C {2,00}. Forallh > 0, U € Q;c and
Ve Z% for which U 4+ V € Qj.,, we can make the decomposition

faw (V) = fLo V) + fl g (), (5.31)

in which f.,,(V) € ¢} forevery ¢ € 0%, and £}, (V) € ¢ forevery g € %, .
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5.3 Approximation Errors

We are now ready to formulate and establish our approximation result. To set the stage, let
us consider the simple example

PU) = f1(U) 2(U), Qfn ={2,00},  Qp ={o0}, (5.32)

which leads naturally to the approximations

Papx(U)zfl;apx(U)fZ;apx(U), Plin;U[V]zfl;lin;U[V]fZ;apx(U)+fl;apx(U)f2;1in;U[V]-
(5.33)

Our main result below shows that the individual approximation errors f; (U) — f;.apx(U) and
fi:nl:u propagate through to the product P in a relatively clean fashion, using combinations
of the bounds introduced in §5.2. For example, in our case here we can estimate

| PW) = Pax@)] 2 = [ /1) = freape @) 2 1)1 g5e
+[ fram @) | | W) = Frapx )] goe . (5.39)

but such direct bounds quickly become unwieldy when the number of factors increases,
especially for the nonlinear residual (5.45). This becomes even more troublesome when
certain factors come with restrictions on the available norms.

Indeed, the main feature of the result below is that only needs to check whether the
available exponent sets match together to respect the product structure of 7. Returning to
our example (5.32), one cannot include | fi;n;7[ V1| oo in the term Jyi.;; appearing in the
estimate (5.47), because this would require the secorfd nonlinearity to be measured with
respect to the E% norm, which is not included in the exponent set Q f,. All in all, we use this
result to transform potentially lengthy product estimates into bookkeeping questions, which
can be resolved by carefully defining suitable exponent sets. The discussion in §7.2 should
be seen in this light.

Proposition5.4 Fixk > 1and0 < k < 1—12, consider the pair (qy , ) defined in (5.3)—(5.4)
and assume that condition (hm ) holds. In addition, consider a set

Ufis fraapeo Fitins @ fir Q% i Qo Qtin CF itz (5.35)
of nonlinearities with their associated approximants and exponents that satisfy the following
properties.

(a) Forevery |l <i <k, the set {fi, fi:apx> fi:nl» Q f.} satisfies condition (hf) and the set
;ap ; fi
{ fi:lins Q?,-'lin’ Q%,“ﬂ} satisfies condition (hf)in. In addition, recalling the definition
(5.30), the set { fi.n1, Q?f b Qlji i) satisfies condition (hf)a.
(b) We have qr.; € Qy, for 1 <i < k.
(c) Forevery 1 <i <k, there are U/?nl IS Q?f;nl and afnl € Q%;nl together with sets

A A A B B B
9im = Gigirs o dinek)s i = Wint1s - Ginick) (5.36)
that are admissible for , which have
A A B B
qi,n]:i = Gi;nl’ qi,nl:i = Gi;nl (537)
and
A B
Dinj € Qi imj € QF (5.38)
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forall j #1i.
(d) Forevery pair (i, j) € {1, ..., k}2> withi # j , there are

A A A B B B
Oiitin € Qhitine Tijetin € @f50 Tijetin € Qpstine Tijitin € @50 (3:39)
together with two sets
A _ (A A B _ (B B
9ij lin = (qij_lin:I’ B qij,lin;k)’ 4ij.lin = (qij_lin:l’ cee qij,lin;k) (5.40)
that are admissible for 7, which have

A _ A A _ A B _ B B _ _B
9ij lin;i = %ij:lin> 9ijain;j = Tijstin - 9ijlingi = %ijilin> 9ijtin;j = Tij:lin

(5.41)
and
S ine € O B €05 (5.42)
ql_] Jing &/ i qtj,hn;k’ I .
forallk' ¢ {i, j}.
Consider the map
P: Qe — 02, U nlfi(U),..., fi(U)]. (5.43)

Forany U € Q. and V € E%, write

Papx(U) = ﬂ'[fl:apx(U)a B fk;apx(U)]
Piin:ulV] = 7 fro1inu [V, fz;apx(U)’ cees fk;apx(U)]
+”[fl:apx(U)7 SriinulV] ..o, fk;apx(U)]
+ o+ [ frapx (U)o fimtiapx (U, frctinsv [V]- (5.44)

In addition, for any U € Q. and V € Ei for whichU +V € Qp., write
Pnl;U(V) =PU+V)-PU) - Plin;U[V]- (545)

Then there exists a constant K > 0 so that for any h > 0 and U € Q.. the bound

k
[PW) = P @] o < K i) = freae @], (5.46)
i=1

holds, while for any h > 0, U € Q. and V € Ei for which U + 'V € Q.. we have the
estimate

nl; ? = nl; Cross; apx; . .
| Pav) o = KTaio (V) + K Tesossiv (V) + K Tapxc (V) (547)

Here we have introduced the expressions

(5.48)

Fm )|

Fia)|

k
Ju (V) = ; H o, ‘ i b

together with

P | 741

i=1 j#i

N [V]ff;rl'fj‘?:]in’h

A
Oij:li
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k
+>. } ﬁﬁin[v]‘ oo Wlgies (5:49)
i=1 j#i ij;lin ’
and finally
k
T V) = 33| FalV1| , 15W) = Friame W] s,
ij:lin t5in

i=1 ji

k
X2 |, 15O = Fam @] - 650

i=1 J?él ij;lin

Proof Pick | <i <k,anyh > 0,U € Qp., and V € E% for which U +V € Q... We
remark that all the primed constants below are independent of these specific choices.
By definition, the condition on V means that

y=y@_y® (5.51)

with V# e V., for # € {a, b}. Exploiting (5.26), this shows that we have the uniform
bound

[V1fign < C) (5.52)
for any g € Q y,. In addition, we may use (5.27) and (5.28) to obtain the rough estimate
[ fi g < 1AW +V) = f@)llg + [ frinlV] 0
< C3[Vliig.hs (5.53)
which gives
| st IV g0 + [ fizmtio (Vo0 < C3V3izqun (5:54)
In addition, using (5.25) and (5.52), we obtain the uniform bound
1l + | fiinw V1] g + [ fiamso (V] < Co+ CilVIign < €5 (559)
Observe that

PU+V)—PWU) =x[AU+V),..., fiU+ W] ==[fiV),.... fie)]
= n[fl(U) + fitinu V14 frmo (V) ooy fi(U) + feainuVI+ fk:nl:U(V)]
[ i), ..., fr@)]. (5.56)

In particular, writing

Plin;U;I[V] = ”[fl;lin;U[V]a LW, ..., fk(U)]
+7T[f1(U), f2;lin;U[V]s e f/\(U)]
+ -+ x[ i), ..., fi1(U), franulV]]s (5.57)

together with

Poy; (V)= P(U+V) = PWU) — Pinu;1[V], (5.58)
the bounds (5.54) and (5.55) allow us to expand out Pp.z7.7[V] and obtain

| Pacv:1 V1l 2 < Co v (V) + CoTerossiu (V). (5.59)
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Upon writing

T = ”[fl:lin;U[V], L), ..., fiU)] - ﬂ[fl:lin;U[V]’ fZ;apx(U)’ s fk;apx(U)]’
(5.60)

we see by multi-linearity that

jl = ﬂ[fl;lin;U[V]’ fZ(U) - f2;apx(U)a s f/\(U)]
+7T[fl:lin;U[V]’ fZ;apx(U)a fB(U) - f3;apx(U), e fk(U)]
+-+ N[fl;lin;U[V], f2;apx(U)a BRI fk—l;apx(U)’ fk(U) - fk;apx(U)]- (5-61)

In particular, exploiting (5.25), we obtain the bound
171l < C7Tapxiv (V). (5.62)
Repeating this computation for the remaining indices shows that also
| Pin:o V] = Pinus V1] 2 < CyTapr (V) (5.63)

which establishes (5.47). The estimate (5.46) can be obtained in a similar, but much easier
fashion. o

6 The Full Nonlinearity

In this section we study the function
G(U) = D(WU)Y(U) +D*°(U) + g(U), (6.1)

which contains all the terms on the right-hand side of our main reduced equation (2.25). In
addition, we study the discrete derivative

Gty =otIGgW)). (6.2)

In principle the results in §3 and §4 provide explicit expressions for all these terms, but
the main issue here is that the expression (4.8) features a third order derivative that cannot
be controlled uniformly for U € 2., and & > 0. This is particularly dangerous for many
types of bifurcation arguments, including the one that we develop in the sequel paper [32].
Indeed, we can only expect our unperturbed problem to generate two derivatives, in line with
the continuous theory discussed in §1.

This can be repaired by a discrete summation-by-parts procedure that we carry out in this
section. Naturally, the term G T (U) will feature third derivatives, but as a consequence of the
discrete differentiation the relevant linear operator also generates an extra derivative.

In order to state our results, we need to introduce the three auxiliary functions

ST[1 4+ D+ (U)D*(U)]

Pa U = e opa o))’
o SHD (U)ISHD (V)]
+ N
rg U) = PH[1 +Do+(U)D*(U)]’
+1po +D
. ST[D(U)1SH D (U)] (6.3)

T TP+ Do+ (U)D ()]
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together with the convenient shorthand
P U) = pi (W) + py" (U). 6.4)

Our first main result here shows how these functions can be used to describe 31 p(U); see
(4.2).

Proposition 6.1 Fix0 <k < 1—12 and h > 0. Then for any U € Q. we have the inclusions
pj{’ (U) € £*°(hZ; R), p?’ (U) € 2(hZ; R),  pXU) € L*(hZ;R).  (6.5)
In addition, we have the identity
T pU) = p*(U)D*T(WU) + p™(U)D™F(U). (6.6)
‘We now have all the necessary ingredients to define the functions
Yi(U) = D(U)2~(U),
W (U) = D) +g(U), (6.7)
together with

Xa(U) = pU)Z*(U),

Xp(U) = STZHWU)]p™ (),

Xe(U) = STZHW)1p™ W),

Xp(U) = S*[pW)NZ*(U)pU). (6.8)

‘We note here that ), contains the most important terms and will therefore receive the most
attention. The X expressions play an auxiliary role, allowing for a relatively streamlined
decomposition of our nonlinearity. Indeed, our second main result shows that G(U) can be
split into the four components

GAU) = [1 = DO T[] [»),
Gr(U) = Mi(U) Y V2T~ [ XD+ )],

—:h

Ge(U) = ViU) Y V2T~ [XeW)D* )],
—h

Gp(U) = N(W) Y W)~ [P W) . 69)
—h

Proposition 6.2 Suppose that (Hg) is satisfied and fix 0 < k < 1—12 and h > 0. Then for any
U € Q. we have the identity

G(U) = GaU) +Gp(U) + Gc(U) + Gp(U). (6.10)
Turning to G+ (U), we introduce the functions
VW)=t n@)l, Y5 W) =)l (6.11)
Recalling (4.2) and using (4.30), one obtains the identities
VW) = pHDH W) THE (V)]
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VH(U) = DO (U) + 87 [g(U)]. (6.12)
In order to isolate the third derivative in y2+ , We write
y;;z(U) — Ii<>01+(U)8+8(2)U’
Yi,(U) = [DM*(U) - I.‘?O;*(U)a*a%] +3 LU (6.13)
Our third main result shows that GT(U) can be decomposed into the components
G4,(U) = [1 =W)X |35, W),
g3y (U) = [1 =M |35,W),
G (U) = =V )X ()T [M(U)], (6.14)

together with

G5 (W) = VH T Y »a)T~ [ 2D+ ) .

—h

G5 W) = YEOTH Y 0T~ [Xe @)D W),
—h

Gh (W) = Y WITH Y »aU)T™ [ XpW)D* ()], 6.15)
—h

Observe that the structure of these latter components strongly resembles those of their coun-
terparts Gp through Gp, which will be useful for the analysis in the sequel.

Proposition 6.3 Suppose that (Hg) is satisfied and fix 0 < k < ﬁ and h > 0. Then for any
U € Q. we have the identity

gt ) =Gt (U)+Gh,(U)+ Gl (U)+ G} (U) + G5 WU) + G, (U). (6.16)

Our final main result links our decompositions for G and G to the framework developed
in §5. In particular, we define the set of nonlinearities

St = {D%, p, p®°, p®+, D0, DOF DOt ZH 27 e}, (6.17)

which all appear in the decomposition (6.10) for G. In addition, for each f € Sy we define
a set of preferred exponents Q f.pref C {2, 00} via

{2} for f € {D°%, D0t Do g},
Qf.pref = § {00} for f € {p, p®, p®+, 2T, Z7}, (6.18)
{2, 00} for f € {D%}.

These can be interpreted as the preferred set of norms that we wish to apply to our nonlin-
earities, which in most (but not all!) cases lead to benign contributions to our final errors; see
§7.2.

We now turn to the decomposition (6.16) for GT. Introducing the notation g*(U) =
9T g(U), we also define

Sul = Sut U P, I8, 7500, g, 9@}, (6.19)

@ Springer



1540 Journal of Dynamics and Differential Equations (2022) 34:1505-1599

together with the preferred exponent sets

(2} for f € {D®, Dt g gt}
Ofpret = 1 {00} for f € (P, p. p*0, p®. IO I, 2%, 27} (6.20)
{2, 00} for f e {D%, 3@ Dot}

Comparing with (6.18), we remark that co was added to Qpey;+. ¢ This is motivated by

pre
the fact that the Q:{,C(U ) term contains a product of this nonlinearity with D, forcing us
to evaluate one of the two in E;’f’. In any case, we note that for any f € Sp we have

O fipref C O fipret- (6.21)
Notice that we are excluding the third derivative from the set Sy;. Recalling the identity
ZT(U)zt W) =1 (6.22)
and using (4.32), we obtain the simplification
o) = [L = DO W) pWIZZ T (U)a* 8P U
=PI (W)t PU. (6.23)

The third derivative requires special attention, but appears here in a relatively straightforward
fashion. For this reason, we exclude it from our general statements here and analyze it directly
in the sequel.

The following result states that G(U) and GT(U) — g:{,a(U ) can be decomposed into
products of the two types discussed in §5.1. In addition, every product can be estimated in
E,zl by only using norms || f(U)|| I for which g € Q f.pref rESpectively g € 0 f:pref-

Corollary 6.4 Fix 0 < x < ﬁ and h > 0. There exists an integer N > 1 together with
integers k; > 1, sequences of integers

qr; = (qﬂ"l7 e ,QJr-'k-) € {27 Oo}ki7
_ e e ) 6.24
qﬁ,‘ = (qﬁi;l’ st qﬁ,‘;k,‘) € {2’ oo}kl’ ( )

sequences of functions

£, = (futo .. fidg) € SY

fi=(fin--os fin) € Snl (6.25)
and maps
;o Ezn’ - ¢, T Ezﬁ" = ¢, (6.26)

each defined for 1 <i < N, so that the following properties hold true.

(i) Foreach U € Q. we have the decomposition

N
GW) = m[fia ). ..., fin (V)]

i=l1

N
GrWU) = G, W) = " T[fi1(U), ... fify ()] (6.27)

i=l1
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(ii) Foreach1 <i < N the pairs (Qx,, 7;) and @z, i) both satisfy the conditions of either
Lemma 5.1 or Lemma 5.2.
(iii) Foreach 1 <i < N and 1 < j < k; we have the inclusions

qni;j € Qf,';jlpl’efa 6ﬁi;j € @?i:j;prefs (6.28)

Proof of Corollary 6.4 The desired decomposition can be read off directly from the structure
of the terms defined in (6.9), (6.14) and (6.15). O

6.1 Summation by Parts

Our goal here is to establish Propositions 6.1-6.3 by using a summation by parts procedure
to transfer the discrete derivative in (4.8) from the dangerous second-order term D°% to
the better-behaved product X4 (U) = p(U)Z+(U); see (4.2) and (4.4). Lemma 6.5 shows
how the auxiliary functions X, X¢ and Xp introduced in (6.8) arise naturally through this
process.

Proof of Proposition 6.1 The inclusions follow directly from Lemma’s D.5 and D.7 . In addi-
tion, we may use (3.8) to compute

D+ (U) ]
1+ De+(U)D*(U)
_ ST+ D+ U)D()]BF[D (U)]  SH[D (V)19 [D*+ (U)D* (U)]
a PH[1 + Do+ (U)D*(U)] PH[1+ Do+ (U)D(U)]
[P ST[1 4D (U)D*U)|D*+H(U)
[P ST [P+ ()]t [ D+ (U)D (U)]. (6.29)

atp) =at|

Applying (3.8) once more we obtain the desired decomposition
0 p(U) = [P W)™ S*[1 + Do (U)YD*(U) | D>+ (U)
[P FU)) ST )] SHDO WD (W)
PR SH D )] SHD I W), (630)

O
Lemma 6.5 Fix0 <k < % and h > 0. Then for any U € Q. we have the identity
IT[XA(U)] = Xp(U)D*HF(U) + Xe (U)DF(U) 4+ Xp(U)DF(U).  (6.31)
Proof Applying (3.8) and (4.26), we compute

3 XA )] = 3T [p(U) 2+ (V)]
=T [pWISTIZH W] + ST[pW)1T 27 (V)]
=[Py (U) + pg D+ W) SH 2 (U)]
+pP(UYDTU)ST2F (V)]
+SH WP ZHW)DH (), (6.32)

which yields the desired result. ]
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Proof of Proposition 6.2 Applying the discrete summation-by-parts formula (3.13) to the
expression (4.8) for ), we obtain

Y(U) = =2~ ()T~ [pW)Z- W) ][D*(U) + g(U)]

+27(U) Y [P W) + g W) ]o~ [pW) 2H )], (633)
—:h

Exploiting the definitions (6.7)—(6.8), this allows us to write
GU) = =N U)W (U)T~[X4(U)] + V1 (U) Z N (U)d™Xa(U) + N2(U). (6.34)
—:h
Applying (6.31), we find

GW) = [1 =T [XaW)]]p2)
W) Y NWOT™ [ XD+ W) |
—:h

VW) Y W[ XeWIDW U) + o@D )], (6.35)
—:h

as desired. O

Proof of Proposition 6.3 We use the preliminary expression (6.34) together with (3.5) to com-
pute

TG = =Y INTHV(U)NXAWU) = Vi U)YS () XAWU) = Vi ()2 (V)3 [ XA ()]

+YFanr* Z)fz(U)a’XA + V1 (U2 (V)™ Xy
—:h

+Y5 ()
= =V XA )TN (U) + (1 = Vi) XAU)) V5 (U)
HVF T V(U)d Xa. (6.36)
—h
Applying (6.31) now yields the desired decomposition. O

7 Component Estimates

Our goal in this section is to introduce the terminology that allows the conditions (i f), (Af)iin
and (hf)q in §5.2 to be verified for the nonlinearities f € Sy U Sy introduced in (6.17)
and (6.19). In particular, we construct suitable approximants fupx and fiin that are accurate
to leading order in £, but also tractable to use in our subsequent computations.

In order to apply Proposition 5.4 in a streamlined fashion, we state our estimates that are
relevant for (5.49) in terms of the quantities

St (V) = ||V||[]21:2 + ||3+VH[20 .

St (V) = Sn(V) + H3+3+V“4°,° )

S (V) = IVl 22,
S2:6ix (V) = Sn:6ix (V) (7.1)
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related to the seminorms in condition (%f). Roughly speaking, Sg,;; correponds with the whole
set of seminorms that we need to use, while S>. 5 reflects the contribution of nonlinearities
where we only want to apply (5.26) and (5.27) with the exponent ¢ = 2. In addition, we
introduce the expressions

Tsafe(V) = ”V”[Z:? P Tsafc(v) = TSZlfC(V)a

h — 72
Too;opt(v) = ||3+V 200 Too;opt(v) = Too;opt(v) + ||8+3+VH520 (7.2)

associated to the linear terms in condition (4f)iin. Here Too,opt represents the contributions
of H flﬁ : V1] H P and H flﬁ : V1] Hz;ﬂ where the use of the supremum norm is optional, in the
4 4

sense that they could also be measured in E%. The remaining contributions are all reflected
in Tyate. Finally, we use the functions

En(V) = (V22 + 1Vl et + A IV 22 .
En(V) = En(V) (7.3)
to control the nonlinear terms (5.48), while enforcing the approximate bound
[ f(U) = fapx(U) ”ez <Kh for all (q. U, h) € Qf x Qe x Reg. (74)

We divide our nonlinearities into five distinct groups that are fully described by Proposi-
tions 7.1-7.5 in §7.1. In §7.2 we subsequently discuss a number of bookkeeping issues that
in §8 will allow us to control the cross-terms (5.49) for G(U) by

jcrosS;U(V) = Tsafe(V)Sfull(V) + Too;opt(V)S2;ﬁx(V)- (7-5)

Naturally, the related estimate for GT(U) — QX,H(U ) will also hold. The reader should keep
in mind that products of £3° bounds will turn out to be very dangerous in [32], which is
why we go to such great lengths here to avoid them. More specifically, we want to exclude
contributions of the form Too, opt (V) Sean1 (V) to the cross-terms.

7.1 Estimates

In order to simplify the notation and break the directional biases associated to the 3 and 9~
terms that appear in the definitions (3.16) for the gridspace functions rac, we introduce the
sequence

yu =1 —(3°U)2. (7.6)

Most of the approximants f,px (U) that we introduce below arise from the simple replacements
9*U +— 9°U and rat — yu, but we have to carefully track shifted second derivatives. In
addition, fjin;y can almost always be interpreted as a direct linearization of fy,x(U), but
the terms Z7 require special care. We note that the point of the results below is not only to
provide the actual estimates, but also to catalog in which spaces the estimates are available;
see §7.2.

The first set of nonlinearities is given by the singleton

Sai.1 = {D), (1.7
see (3.17). We define
Dok (U) = y5'3°U. DR, IVI=y; V. (7.8)
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For any f € Spi,7, we write
Qf ={2,00}, Qfyp=0%=1{2.00 0%y=0%,=1 (79
and recall that Q £, prer = @f;pref = {2, 00}.

Proposition 7.1 (see §F.2) Assume that (Hg) is satisfied, fix 0 < k < ﬁ and pick any
nonlinearity f € Spi.1. Then there exists a constant K > 0 so that (7.4) holds and the
Sfollowing properties are true.

(i) Upon introducing the seminorms
Vifan =[07V]pz < Sun(v),
[Vifioon = [07V] e < San(V), (7.10)

the conditions in (hf) are all satisfied.
(ii) Upon writing flﬁ,U = 0, the conditions in (hf )i are satisfied. In addition, the bounds

| o], =k [37V], = KTare¥).
h !

s N (7.11)
| Ao V1] . < K1*V] g < KTion(¥)
hold for all U € Q.ye, h > 0and V € €.
(iii) Upon writing fnll;; v = 0, the conditions in (hf)n are satisfied. In addition, we have the
bound
A
|rto ], = Ko VIl vl + Rl lo#vl g+ o5 vl ] )
=< Kgnl(v)
forallU € Qpye, h > 0and V € ;.
The second set of nonlinearities is given by
Suirr = (P, p, p2, pOr I TI00 T T, (7.13)

see (3.28), (4.2) and (6.3). We remark that Iioo;+ ¢ Sy, but we do need the bounds stated
below in order to estimate gj{,a. ‘We write

Papx(U) =¥, PinulV] = —2§°Uaov,

Papn (U) =yga°gf, PinulVl = vy @y} —ol)azv,

pasU)  =vii -1,  paylVl = @ —4ypd°Udv,

P @) =¥, PimulVl = —4y5a°Ud°y, (7.14)
Torane(U) = 2y, %3, Tochmu V1= 2(6yy" = 5y, °10°V,

Tot (U) = 2y,°3°U oIV = 206y, — 5v,19°V,
W) = vy, T30 V] = 4y 90Uatv.

In addition, we write

Qf =foc},  Qfyn= 0% =12.00} 0O}, =0%,=02 (715
for each f € Spi;77. We recall that Q f.pref = {00} for f € Spi.77 N Sy and @f;pref = {00}
for f € Snl;l] mgnl-
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For later use, we recall the definitions (3.29) and remark that we can formally write

000» (U) _ y—48+8(2)U

a apx

Dyt (U) = 2y % UST P UITH DU, (7.16)

together with

DIt V] = 4y, %0°U 019D UOV 4y, *ata P,

Dyt V1 = 4l6yy® — 57518 0P UIT 0P U1V
+y 690 U[T+[8(2)U]S+[8(2)V] 4 S+[8(2)U]T+[8<2)V]]. (7.17)

Proposition 7.2 (see §F.5) Assume that (Hg) is satisfied, fix 0 < «k < 1—12 and pick any
nonlinearity f € Spi.11. Then there exists a constant K > 0 so that (7.4) holds and the
Jollowing properties are true.

(i) Upon introducing the seminorm
[V]fiooh = !IBJFVIIZIoo < Sran(V), (7.18)

the conditions in (hf) are all satisfied.
(ii) Upon writing flﬁrU = 0, the conditions in (hf )in are satisfied. In addition, the bounds

il = K15°7]; = Kicv),
” flm ylV] H <K H8+V”goo < KTpop(V) (7.19)

hold for all U € Q.. h > 0and V € £;.
(iii) Upon writing f U = = 0, the conditions in (hf )n are satisfied. In addition, we have the
bound

+ + +5+
< KoVl [0l + R0V + Jororvig] oo
= Kgnl(v)
forallU € Qpe, h > 0and V € €2,
The third set of nonlinearities is given by
Sut.111 = (D%, Do Dot 5@y (7.21)
see (3.21) and (3.26). We write
Dt (U) =y, *9@U, DIV = 4y 20U UI Y + %@V,
DR =y STAUL DRGIVE =3y, S00UstPUIY 4y, st Y2,
D T(U) =y, 0?U, Did IVl =3y U UICY + 28 ?,
[0@apx (U) = 92U, [0, [V] = 92V,

In addition, for each f* € Syi.777 we write

Qf=1{2,00},  Qfyn=0% =120, 0}, =0%,=0) (123
We recall that Q f.pref = O fopref = {2} for f € {D°%, D*-*F} For f = D*'F we have
O fopref = {2} and for f € {D°0F, 3@} we have O foprer = {2, 00}
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Proposition 7.3 (see §F.3) Assume that (Hg) is satisfied, fix 0 < k < 1—12 and pick any
nonlinearity f € Sni.r11. Then there exists a constant K > 0 so that (7.4) holds and the
following properties are true.

(i) Upon introducing the seminorms
Viras = [0V] o + [5%5+V]2
= min{Sru(V), S2;5x(V)},
V1o = [0V + 0707V
< Stn(V), (7.24)

the conditions in (hf) are all satisfied.
(ii) Upon writing flffrU = 0, the conditions in (hf)in are satisfied. In addition, the bounds

| Aot
st

<K[|otV]+[070HV] 2] < KTur(V),
G ' ! _ (7.25)
= K0V ]+ |55V ] = KT (V)
h 4 4
hold for all U € Q.. h > 0and V € £;.
(iii) Upon writing fnlf: u = 0, the conditions in (hf)n are satisfied. In addition, we have the
bound

[54o |, = K1V [0+ V] + 5%+ V]2 ]
¢ + o+ (7.26)
FRAL [0V ] o + ootV ] 2 ]
< K&u(V)

forallU € Qpe, h > 0and V € 2.
The fourth set of nonlinearities is given by
Snl;lV = {Z+s Z7} (7.27)

Here the approximations are considerably more delicate on account of the sum in the defini-
tions (4.4); see §G for the details. Upon introducing the function

Eam(U) = ha*[yg“(z - yﬁ,)sﬂa@m]], (7.28)

which measures the smoothness of U in some sense, we write

ZE W) =y, Zh yIV1 =y, 700U + v, ' Y, Em(U)OV,

i _ 7.29
Zox(U) = yu, Zi V1= =y 30UV —yu Y, Em(0)30V. (7.29)

In addition, for every f € Sy.;jy we write

Qf =foo}, Qfy,={oo}, QF =12,00} 0%, =(oc}, 0F,=1{2} (7.30)
and recall that Q f.pref = Q f,prer = {00}
Proposition 7.4 (see §G) Assume that (Hg) is satisfied, fix 0 < k < ﬁ and pick any

nonlinearity f € Sui.rv. Then there exists a constant K > 0 so that (7.4) holds and the
Sfollowing properties are true.
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(i) Upon introducing the seminorm
V1o = [0%V ]+ [87V] o + [8%97V ]2 < Srn(V). (7.31)

the conditions in (hf) are all satisfied.
(ii) The conditions in (hf )y are satisfied. In addition, the bounds

”flmU[V]H < K[o+V], = KTue(V),

IA

KoVl

Hflm UWJH = K |04V

IA

KTsafe(V)a (7.32)

KToo;opt(V)

/\
IA

hold for all U € Qp.e, h > 0and V € E,zl.
(iii) The conditions in (hf)n are satisfied. In addition, we have the bounds

< K[ otV [+ Jo*otv;]
K[V + 1304V, ]
< K&u(V), (7.33)
= Kn o,
K&u(V)

"B
fﬂl;U

IA

forallU € Qp.c, h >0andV € E,zl.
Recalling the notation g+ (U) = 9+ g(U), the final set of nonlinearities is given by

Sy = {g. 81} (7.34)
‘We write

gapx(U) =g(U), gin;ulV] = g’(U)V,
g (U) =g W)U, gt V] =g"(WUIV + ¢ (U)d°V

In addition, for every f € Sy.y we write
Qr={2,00}, Qfy=0%;,=12L 0ofy=0%,=02. (736

We recall that Qg;pret = Qgprer = {2} and Qg+ prer = {2}.

(7.35)

Proposition 7.5 (see §F.6) Assume that (Hg) is satisfied, fix 0 < k < 1—12 and pick any
nonlinearity f € Sn.y. Then there exists a constant K > 0 so that (7.4) holds and the
Jollowing properties are true.

(i) Upon introducing the seminorms

V2w =1V + ||3+V||[2 < min{Stan(V), S2:ix (V) },

7.37
[V1fioom = IVIlge + ||8+V||loo’ (737

the conditions in (hf) are all satisfied.
(ii) Upon writing f,2.,, = 0, the conditions in (hf)in are satisfied. In addition, the bound

|

holds for all U € Qe, h > 0 and V € €.

s < K[IWVlg +[07V] 2] = KTare(V) (7.38)
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(iii) Upon writing fnlf:U = 0, the conditions in (hf )n are satisfied. In addition, we have the

bound

oW, = K[V + 107V JLVIG + [0V 2 ]
h ! g !

K[Vl + 8% V] + 9757 V], ]
= Ké&u(V) (7.39)
forallU € Qpye, h > 0and V € 63,

7.2 Bookkeeping

Our task here is to interpret the raw estimates from §7.1 and formulate some observations that
will help us to apply Proposition 5.4 in a structured fashion. Our first result in combination
with Proposition 6.4 ensures that the admissable sequences qif,‘lin and qflin appearing in (d)
of Proposition 5.4 can always be sampled from the set of preferred exponents Q f.pret. In
principle, this allows us to only consider the contributions to the cross-term (5.49) that arise
from these preferred exponents. However, the inclusion oo € Q ¢ allows us to strategically
depart from these exponents at times when evaluating (5.49) using the exponent-swapping
procedure described in Lemma 5.3. Indeed, this requires one of the relevant exponents to be
flipped to infinity.

Corollary 7.6 For every f € Sy we have oo € Q ¢ together with Q f.pret C Qf N Q;},lin n
Q?;lin. The same properties hold upon replacing (Sni, Q f:pref) by (Sul, af;pref).

Proof The result can be verified by inspecting the definitions (6.18), (6.20), (7.9), (7.15),
(7.23), (7.30) and (7.36). ]

The following two results formalize the interpretation of the terms Sp.fix and Too;opt that
we proposed at the start of this section. We emphasize that the (b) properties will be used to
deviate from the preferred exponents strategically in order to prevent products of supremum
bounds; see the proof of Lemma 8.1 below.

Corollary 7.7 Assume that (Hg) is satisfied and fix 0 < k < 1L2 For every f € Sy and
q € Q f:pref We have
[V1f:g.n = Stan(V) (7.40)

foranyh > 0andV € Z%. In addition, if 2 € Q f.pref then at least one of the following two
properties hold true.

(a) We have
[V1fon < Saax(V) (7.41)
foreveryh > 0andV € 6121.
(b) We have
[V1fioon < Saan(V) (7.42)

foreveryh > 0andV € E,zl.

The same properties hold upon replacing (S, Q f.pref» Stull, S2:fix) by (Su1, O fiprefs Stall,
S2:fix)-

@ Springer



Journal of Dynamics and Differential Equations (2022) 34:1505-1599 1549

Proof The result can be verified by inspecting the bounds in item (i) of Propositions 7.1-7.5.
O

Corollary 7.8 Assume that (Hg) is satisfied and fix 0 < k < 1—12 For any f € Sy, any
# € {A, By and any q € Q f.pret, at least one of the following two properties hold true.

(a) There exists K > 0 so that

” fl?n:U[V] 6;1 < KT (V) (7.43)

holds for every h > 0, U € Qp. and V € Kﬁ.
(b) We have g = oo and there exists K > 0 so that the bounds
| finotV1lp = K Tare(V),
| fin otV o = K Tocsopu(V) (7.44)
hold for every h > 0, U € Q. and V € E%.

The same properties hold upon replacing (Sn1, Q f;pref» Tsate» Toosopt) DY (S, O f:prefs T sate,

Too:opt)-

Proof The result can be verified by inspecting the bounds in item (ii) of Propositions 7.1-7.5.
O

Our final result will be used to control the nonlinear contributions described in (5.48).
The main point here is that at least one of the two possible norms on frﬁ; v Will lead to the
desired bound &, (V) and that this can be arranged by exponent-swapping if necessary. The
full details can again be found in the proof of Lemma 8.1 below.

Corollary 7.9 Assume that (Hg) is satisfied and fix 0 < k < ﬁ Consider any [ € Sy and
any # € {A, B}. Then if 2 € Q f,pret, there exists a constant K > 0 so that

| fo Wl = KEn(V) (7.45)

holds forallh > 0, U € Q. and V € Z%for whichU +V € Qp.
Otherwise, there exists q € {2, oo} together with a constant K > 0 so that

| o V)

0 < KEa(V) (7.46)
h

holds forallh > 0, U € Q. and V € Z% for which U + 'V € Q.. The same properties
hold upon replacing (Sll17 Qf;prcf’ gnl) by (Sn]a Qf;prcfs Snl)-

Proof The result can be verified by inspecting the bounds in item (iii) of Propositions 7.1-7.5.
]

8 Approximations for G and Gt

In this section we set out to apply Proposition 5.4 to the decompositions (6.10) and (6.16)
for G(U) respectively G+ (U), using the approximate expressions introduced in §7.1. The
estimates here are more than sufficient to establish our well-posedness result Proposition 2.4.
Their primary purpose will become clear in the sequel paper [32], where our approximants
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will be simplified even further in order to construct travelling wave solutions to our adaptive
grid problem. As we explain in the sequel, the main distinction is that we focus on nonlinear
issues here, leaving a further analysis of the linear terms to [32].

Exploiting the definitions (6.7) and (6.11), we define the standard approximants

Visapx(U) = D (U) Z3p, (U),
Vayapx(U) = Dy (U) + g(U),
Vi (U) = Bapn DI () TH 25, (U)),
Vyaiape(U) = Dy 5 (U),
Vieapn (U) = Dy (U) + g (U, 8.1)
together with
Vitinv[V] = DR V12, (U) + D (V) 25,y V1,
Vaurinv [V = Dty [V1+ ¢ )V,
yf?ﬁn;u[V] = 171in-U[V]D§8x+(U)T+[ Zopx (D] + ﬁapx(U)DEQI;[V]T_{_[ZZHQX(U)]
+Papx () DST (U TH[ 25, LV]].
VvV = Doy V]
Vaptineu V] = Zol?nJrU[V] + gy [V]- (8.2)
In addition, exploiting the definitions (6.8), we write
Xpapx (U) = papx (U) 255, (U,
Xpapx(U) = STIZ3 ()] papx (U),
Xewpx(U) = T2, (U)p2 (U),
Xpiapx(U) = ST[papx (U)] 235 (U) papx (U), (8.3)
together with
Xatin;u[V1 = piin;u[V] apx(U) + papx (U) 2} V]
XpiinulV] = S*[Z], o V1] papx (U) + ST[ apx(U)]Phn vVl
Xewinu[V] = SHZ, V1] PS5 (U) + STLZH, (U)]pi. V],
Xpstinu[V] = ST [ prinu[V1] apx(U)papx(U) + S* [ papx (W12}, tin:u [V 1Papx (U)
+ST[ papx (V)] 236 (U) pinv [V]- (8.4)

Using the expressions introduced in §7.1 all these approximants can in principle be explicitly
evaluated, although we refrain from doing this in the present paper. They can be used as
building blocks for the expressions Pypx and Py, iy defined in (5.44) that arise when applying
Proposition 5.4 to G and G+.

8.1 Estimates for G

Applying the expressions (5.44) to the terms (6.9), we obtain the initial expressions

gA;apx;l(U) = [l - yl;apx(U)T_[XA:apx(U)]:IyZ;apx(U),
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gB;apx;I(U) = yl;apx(U) Z y2:apx(U)T_ I:XB:apx(U):IDZI;);:+(U)s
—h

gC;apx;I(U) - yl;apx(U) Z yZ;apx(U)Ti I:XC;apx(U)DZS):(+(U):| 5
—h

gD;apx;I(U) - yl;apx(U) Z yZ;apx(U)Ti I:XD;apx(U)Dgg,:(+(U):|7 (85)
—:h

together with
gA;lin;U:][V] == _yl;lin:U[V]T_[XA:apx(U)]yZ;apx(U)
_yl;apx(U)T7[XA;lin;U[V]]yZ;apx(U)
+[1 - yl;apx(U)T_[XA;apx(U)]:IyZ;lin;U[V],

gB;lin;U;I[V] = yl;lin;U[V] Z yZ;apx(U)T_ I:XB;apx(U)jIDz?p_x;-i_(U)
—h

—h
+y1;aPX(U) Z yZ;apx(U)T_ I:XB;HH;U[V]:IDZTP—;-F(U)
—h

e U) Y Vrape DT [ Xape O) [P IV] (8.6)
—h

and finally

g#;lin;U;l[V] - yl;lin;U[V] Zy2;apx(U)T7I:X#;apx(U)Dgg;(-i_(U):I
—:h

+yl ;apX(U) Z y2;lin;U[V]T7 I:X#;apx(U)ng;(-’—(U)]
—:h

Vi U) D Vaape DT~ [ X [VIDGG ()]
—:h

+yl;apx(U) Z yZ:apx(U)T_ I:X#;apx(U)Dﬁgzﬁ[V]:l 3.7

—:h
for # € {C, D}. Combining these expressions, we introduce the initial approximants
Gapx: 1 (U) = Gaapx; 1(U) + GB:apx: 1 (U) + Gesapx: 1(U) + Gprapx; 1 (U),
Giin;u:1[V1 = Gastin;v:1[V1+ Gpitin;v:1[V] + Gestinv: 1 [V1 + Gptin;u; 1[V] (8.8)
and write
Gut::1 (V) = GU + V) = GU) = G2V (8.9)

These expressions are sufficient for our purposes here, but will be expanded and simplified
further in [32]. In particular, we obtain a crucial bound on the nonlinear residual here, which
is then improved further in [32] by manipulating the linear terms Gijip. 7. ;- We recall that the
higher-order sequence spaces E%;z and EZO:I were defined in (3.34) and (3.35).

@ Springer



1552 Journal of Dynamics and Differential Equations (2022) 34:1505-1599

Lemma 8.1 Suppose that (Hg) is satisfied and fix 0 < k < % Then there exists K > 0 so
that the approximation estimate

|6W) = Gup:1 W) 2 < K (8.10)
and the residual bound
[Garv (V)2 < K1V [IVIg2 + 1Vl + 4] (8.11)
both hold for any h > 0, any U € Q. and any V € Z% for whichU +V € Q..

Proof Our strategy is to apply Proposition 5.4 to each of the products in the decomposition
of G(U) obtained in Corollary 6.4. Let us therefore consider a single element of the sum
(6.27), which we characterize by the set (7, qy, f, k).

Recalling (7.3), we first claim that

Tatu (V) < Ciéa(V). (8.12)

Indeed, consider any 1 <i < k and any # € {A, B}. If g;,; = 2, then certainly 2 € Q f.. pref
by item (iii) of Corollary 6.4, which allows us to take

q . =a (8.13)

for the sequences in item (c) of Proposition 5.4. This allows us to apply (7.45), as desired.
Suppose therefore that g,.; = oc and consider the integer g defined in Corollary 7.9. If
g = 00, then we can again take qﬁnl = q and apply (7.46). If ¢ = 2, then we choose qﬁnl
to be the admissable sequence defined by the swapping Lemma 5.3, which has

# #
Qo =20 G = O° (3.14)

Corollary 7.6 shows that 0o € Q ¢, ,,, which now again allows us to apply (7.46).
Our second claim is that

Terosst (V) = €3] Tate(V) S (V) + Tosiop (V) S2:(V)
< Ci&m(V). (8.15)

Indeed, consider any # € {A, B} and any pair (i, j) € {1,..., k}? with i # j.If item (a)
in Corollary 7.8 holds for f; and ¢ = ¢x-;, then the claim follows from (7.40). Suppose
therefore that item (b) in Corollary 7.8 holds for f; and ¢ = ¢5.; = o0.

Write qsy for the admissable sequence defined by the swapping Lemma 5.3. If j.[i] # j.,
then we have ggy. j = gy, ;. Writing quylin = (sw for the sequence in item (d) of Proposition
5.4, the contribution from the pair (i, j) can be absorbed by Tuse (V) Srun (V). On the other
hand, if j.[i] = j, then gsw,; = 0o and g, ; = 2. If item (b) of Corollary 7.7 holds, then we
again write q?j’ lin = Qsw» noting that the contribution can be bounded by Tsafe (V) Sui (V).
However, we write qf*j’ lin = 4 ifitem (a) of Corollary 7.7 holds. In this case the contribution
from the pair (i, j) can be bounded by Too;opt (V) S2;6ix (V).

Our final claim is that

s7apx;U(V) = Ca/thTsafc(V) = Cih ”V”Z,Z:Z - (8-16)

This follows directly from the fact that || fWU) — fax(U )H o <K h for every f € Sy and
h

q € Qr,together with the swapping technique described above. We note that this observation
also implies the bound (8.10). O
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Proof of Proposition 2.4 On account of Proposition 3.2, it is possible to pick constants 0 <
K< ﬁ and € such that for any

VeV, ={Vel: Vil < <o, (8.17)

we have Up + V € Q..
Recalling the continuous embedding E,zl C ¢;° and inspecting the explicit expressions in
§7, the identity

G+ VD) =G+ V) =G0+ VD +(V® = V1)) — gy + VD)

= glin;U0+v<1>;1[V(2) - v+ gnl;UO—i—V(l);I(V(Z) — vy
(8.18)

together with the estimate (8.11) imply that the map
Vi GU+V)els (8.19)

is Lipschitz smooth on the set VEO. The result now follows from standard ODE theory. O

8.2 Estimates for G ™.

Although results concerning G were not needed to establish Proposition 2.4, we conclude
this paper by applying the expressions (5.44) to this discrete derivative, in preparation for the
sequel paper [32]. Starting with the term

Gr. () = pHIL WyatePu (8.20)
defined in (6.23), we obtain the initial approximants
Grtraapn: 1 U) = Papn I F (W)U,
Gl atin: V1= Plinu [VIZSS E U090 U + Papx (U5t V10 T0PU

+;apx +;lin; U
+Papx (NI W) TPV 8.21)
and write
Ghniv 1 (V) =G4, U+ V) = GL (U) = Gh i V] (8.22)

It is essential to carefully track the appearance of third differences, which we achieve in the
bounds below.

Lemma 8.2 Suppose that (Hg) is satisfied and fix 0 < k < ﬁ Then there exists K > 0 so
that the approximation estimate

|95 0) = s ©)

o = Kh [o¥a*aTu], (8.23)
h !

and the residual bound

ng’a;nl;U;l(V)

o S KL%V +A] [0 0% 0 V]
h d h
K [0FV ] oo [0V 2 [070%0F U oo
K [0V ]2 + 0705V ] o [ 0707070 o0 (8.24)

both hold for any h > 0, any U € Q. and any V € K% Sfor whichU +V € Q..
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Proof The first estimate follows immediately from Proposition 7.2. To obtain the second
estimate, we observe that the uniform bound in item (i) of this proposition shows that

|Gum V], = €150V s [PtV g + [ Bo Vg
h 4 4 n

o]

+Ci Ha+a+8+U”zzo [”pnl;U(V) Hl% + HIOOO i+

+ HI°°{’1H+U[V] H ot HI°°° i+
h

+pimovilg |75 ] (8.25)
We note that Lemma’s F.6 and E.8 yield the preliminary estimates
[P g+ [0 = IOV [ + G 17V [ + [0V ]
<otV e+ hl. (8.26)
In addition, Proposition 7.2 yields the bounds
| Pinco Vil < Co 0™V

[P Vil + |25 V1] = €LtV e 827)
together with
[Prio V] + 755053
= CslatV ] 07V +Cer[ |07V ]z + 0707V ]2 ] (8.28)
Substituting these bounds into (8.25) yields the desired estimate. O

‘We now apply (5.44) to the terms (6.14) to obtain the initial approximants
Ghiprapne1 ) = [1 = Visapn (U)X ape () [ 95 1 (U,
Garerape 1 (U) = =V D Xaapx (D TH [ Va,apn (V)] (8.29)
together with
Gaptin:v: 1LV = =Vitin v 1V 1¥a5apx (V) V3 o (V)]
~Viape U)X LV IV 4 (V)
[1 = Viapx (V) Xacapx (D) ] V5 i o V],
Gvectiney:11V1 = =Viin: 0 [V1%a:apx D T [V, (U)]
Ve DX tins VITH [ V20 (U) |
Vifaox D Xasape O T F [Vt [V1]]- (8.30)

Applying the expressions (5.44) one final time to the terms (6.15), we also obtain

Ghreapnet U) = Vi g (DT D Ve T [ X () [P 1],
—:h
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g;’;lin;U:I[V] = y:lin;U[V]T_’— ZyZ;apx(U)T_[XB;apx(U):I de (U)
—:h
+yrapx(U)T+ZyZ;lin;U[V]TiI:XB;apx(U):IDapx (U)
VT Zyz aox ()T [Xpamu V1 [P ()

AV DT Z asapn )T~ [Xpapu (O | DT IVI (831)
—:h

together with
Gt ) = Vi TH D Ve T g (DG W) ],
—:h

G vt V1 = Vo VITH D Ve DT [ Xoape D3 )]
—:h

Ve T Y Drinw VIT [ DB )]
—:h

+y?:apx(U)T+ Z y2;apx(U)T_ I:X#;lin;U[ ]ngx-i_(U):I
—:h

+y?:apx(U)T+ Z y2;apx(U)T_ I:X#;apx(U)'Dﬁ?liZ[V]:I (8-32)
—h

for# € {C, D}.
Writing
gL =¢tw)—-gt ) (8.33)
we use the expressions above to introduce the initial approximants
+ _ ot +
glow;apx;I(U) - gA’b;apx;l(U) + gA’c:apx;l(U)
G5 et U + G O + G (U,
+ + +
glow;lin:U;I[V] = gA’b;lin;U;I[V] + gA’c;lin;U;I[V]
+g;’;lin;U:I[V] + gg’;lin;U;I[V] + gg’;lin:U;I[V] (8'34)
and write
gl-(tw;nl;U;I(V) = g[gW(U +V) - gl-EW(U) - gl-gw;lin;U:I[V]' (8.35)

Again, these expressions will be further analyzed and simplified in [32] using a different
estimation procedure on the linear terms. For now, we apply Proposition 5.4 to obtain an
initial estimate on the nonlinear residual, which will play an important role in the sequel
[32].

Lemma 8.3 Suppose that (Hg) is satisfied and fix 0 < k < % Then there exists K > 0 so
that the approximation estimate

H glow(U) - gltw:apx:l(U) 2 < Kh (8.36)
h
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and the residual bound

Hgl_:)—w;nlzl(v)

< KWVl [IVI2 + 1Vl 2 + 7] (8.37)

&
both hold for any h > 0, any U € Qy, and any V € E% for whichU +V € Q..

Proof Following the strategy developed in the proof of Lemma 8.1, the error terms in Propo-
sition 5.4 can be controlled by

jnl;U(V) = C/l?nl(V)
< GV [IVIlge + 1Vl +A],

x7cross;U(V) =< Ci [Tsafc(v)gfull(v) + Toc;opt(V)EZ;ﬁx(V):I
<G IIVlle,z:z [IIVllglzz + IIVII,ifo:z ],

japx:U(V) = CihTsafe(V)
=C}h IVil22 . (8.38)

which yields the desired bounds. |
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A Sequence Sampling

In order to link classical continuum theory to the discrete setting of the adaptive grid, we
often need to extract sequences from continuous functions and relate discrete derivatives to
their continuous counterparts. To facilitate this, we obtain several useful results here that
relate the Zz-norms of sequences v(hZ + ) sampled from a function v back to L¢-norms
of v and its derivatives.

For any f € L? and i > 0, we formally write

[y f1(0) =~ f (x + 1) = f(O)], [8, f1(0) = 7' f (1) = f(x = ML (A.D)

which obviously satisfy aff f € L?.In addition, for any bounded continuous function f, any
¥ € Rand any & > 0, we write evy f € £;° for the sequence

levo fljn = f(& + jh). (A.2)

When the context is clear, we often simply write f to refer to the sampled sequence evy f.
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LemmaA.1 Pick q € {2, oo} and consider any u € W4, Then the estimates
+ /
[0 ule = Ju] (A3)
hold for any h > 0. If g = 2, then we also have
+ —1/2 |,
[0 ul oo < 7% '] 2 (A4)

forallh > 0.

Proof For g = oo the statement is immediate, so assume that g = 2. We may then compute

u((j + 1)h —u(jh)
grul =iy L i
JEZ

=hY h? / W'(jh+s)ds]

JEZ

<hZh 211/ u(]h+s) ds

JEL

—2/ u(jh+s)2ds

JEL
= |l
In addition, the identity (A.4) follows directly from (3.33).
LemmaA.2 Foranyu € H' and any h > 0 we have

lullp = 2+ ) flullgr -
Proof We compute

lullfy = h Y uGih)’®

JEL

- 2/ u(jh)? ds

JEL

_Z/ u(jh+s)—/Su’(jh+o)do]2ds.
0

JEL

Using the standard bound (a — b)? < 2(a? + b?) we hence obtain

Il <22/ u(ih + )° ds

JEZL
2
—}—ZZ/ /u(jh—i—a)zdo] ds
JEL
N
< 2Jlull35 +22/ /u’(jh+o)2dods
0

JEL

(A.S5)

(A.6)

(A7)
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h h
:2||u||§2+22/0 u’(jh+a)2/ sdsdo
(o2

JEZ
h
<2ul?, +h22/ W' (jh +0) do
; 0
JEZ
2
=2ulys + 1 u'| (A8)

[m}

Corollary A.3 There exists K > 0 so that for any © € R, any v € H' and any 0 < h < 1,
we have the bounds

levovllge < K Ivll .
levovll < K[ ol + |3 0] 1 1
levpvll o < K[ lIvll s + 72 gk 0 ], (A.9)

together with
llevovllzn < Kl
levovll ze < K[ vl + [ 8570 ] (A.10)
Proof For convenience, pick = 0. Using Lemma A.l and the standard Sobolev bound
lvlloo < Ci |l g1 for some Cy > 0, we find
vllgge = Crllvliz
ool < € o0
[0 vl = 1712 057012
<h V2] - (A.11)
In addition, using (A.6) we find
vl = 3Mvlig
[3iolg < 11,2
= lvllgr,
lowdiele = 3

L2
< |9 vl - (A.12)

[m}

We remark that the results above show that we automatically have evyu € Z% whenever
ue H'. We exploit this in the next result, which shows how to recover L? norms from the
individual grid evaluations. We note that a direct consequence of (A.3) and (i) below is that
we have

|oul o < 1] 4 (A.13)

forany u € H' and g € {2, oo}.
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LemmaA.4 Considerany f € C(R; R)andany g € H'. Then the following properties hold
forallh > 0.

(i) If the bound
leva fllee < liglloo (A.14)
holds for all ¥ € [0, h], then f € L2 with
Ifllz2 < llglloo - (A.15)
(ii) If the bound
levs flla < llevoglla (A.16)
holds for all ¥ € [0, h], then f € L? with
Ifllz2 < ligllg2 - (A.17)
(iii) If the bound
levo fll 2 = llevogll 22 (A.18)
holds for all ¥ € (0, h), then f € L? with
1F0z2 < Ngla + 07078 - (A.19)
(iv) If the bound
leve fllz =< llevogll 2 (A.20)
holds for all ¥ € [0, h], then f € L? with
1flz2 < gl + |8 8]l 0 + 10795 0 ¢ - (A21)

Proof We first note that

112, = / F)dx
R

h
= kh +9)%do
> [ san+o)

keZ
h
=hn! / levs £11%, do. (A.22)
0 h

Item (i) and (ii) follow immediately from this.
For (iii), we note

h
IFI2, <™ | llevagli, dv
0 Zh

h
=1f1/0 [Ilevz?gllﬁﬁ-i- HeVz?a/Tg”%+||e"l?a:8;rg“§%]dﬁ

PN R (A.23)

2
= llgl7, + |3 ¢
Exploiting (A.13), we obtain

1F12, < el + 09 e (A24)
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as desired.

To see (iv), we apply (A.13) to 8h+ g to obtain
log o el 2 < 193¢ 2 - (A.25)

This yields the desired bound
IF122 < 1gl2a + 10 gl 72 + |05 07 <l 72 + |05 07 83 ¢
2
< lgl2a + |8 glra + 8 e 52 + a3 oy oy e 72
< llel + |8 el + 0707 55t e - (A.26)

B The State Space Q.

In this section we provide the proofs for Propositions 3.1-3.3. The main idea is to use the
sampling estimates from § A to exploit the following key scaling result.

LemmaB.1 Forany 0 <« < 1 and h > 0, we have the bounds

I Uref:KHe,go =1 H3+Uref:f<||/z;° =K, ”3+3+Uref:f<||zgc <, (B.1)
together with
\|a+Uref;K||l% <22 910 Ureric ¢ < 232 (B.2)
and finally
| Uretie = H| 2 < 2826712, (B.3)

Proof The uniform bound on Uk, follows directly from the definition (3.36)—(3.37). Upon
computing

Upegc €) = kUpp (kE), Ul (&) = k7Ulp. (KE), (B.4)
the properties (3.37) immediately yield
2
” ref;k ”Loo =K, H cf K “Loc = . (B-S)
The bounds (B.1) now follow from (A.3) and (A.13).
We first observe that
” ref;x H = 4’ H Ur/ét * H (B'6)

This allows us to compute
|t 32 =/K [Ulg., (D dt
/ [Urer N1 at’

=K ” ref’; *”LZ
< 4. (B.7)
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In a similar fashion, we obtain

ref;x I

2 2
” . ”L2 = K3 H U/ef;*”L2 = 4K3‘ (B'S)
We may now apply (A.3) and (A.13) once more to obtain (B.2).
Since Uge: is an increasing function, we see that

0
WY Ui = [ Ungiclo 4 W2 de

j<0 -

0 2
:/ U,-ef:*(K(T-i-h)) dt

—0Q

kh
=« / Uref:*(fl)zdf/

—00

2
Kﬁl / Uref:*(.r/)2 dt’

=<
-2
< 4L (B.9)
In a similar fashion, we find
hY Urer (jh) = 1)* < 4™ (B.10)
j=0
and hence
” Uref;K - HHZ,Z =< 2\/§K_1/2’ (B.11)
as desired. O

Proof of Proposition 3.1 Write U = Uyef. +V with V € V... Note that Lemma B.1 implies
that

H Uref;f(”ezo + ||3+Uref;f( ”g% + ||3+3+Uref;f(”£% + ||8+8+Urefil(||£zo < 6. (B.IZ)
In particular, we see that
L _ _
Wlge + 1370 |+ [9707U o + 3797V < 64 347" <67 B13)

since 0 < k < 5 In addition, we see that

04U ] e < |8 Ul o [0V e <41 =2 = 15, B14)
as desired.
Finally, we note that
gWU) = g(H) + g(Urer;c) — 8(H) + g(Uref:xc + V) — §(Uref;ic)- (B.15)
Writing
M = supj, <1 |g )], (B.16)
we see that

||g(Uref;K) —g(H) HZ% =M
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|| U]‘Cf;K - HH sz S 2\/§MK71/2’
Hg(Uref;K +V) - g(Uref;K)HK% M ”V”g%
1 -1
< EMK . (B.17)
The desired bound now follows from g(H) = 0. O

Proof of Proposition 3.2 Notice first that 3T H € ¢, which with U — H € ¢ implies that
9*U € £2. Pick k > 0 to be so small that

||a+U||l]m <1 -4k (B.18)
and also
1
Ul + [0 U] 2 + [8%0* U] o + [078FU | oo +6 < gK_l. (B.19)
In addition, pick €y > 0O to be so small that
040 | <13k (B.20)
h
and also
~ ~ - - 1
[0]l e + 10¥U g + 07 9% U 2 + [0707 0 oo + 6 < Zoc7 (B.21)

whenever || U-U || 2 < €0, which is possible because of the continuous embedding E% C
KOO h
h - ~
For any such U, we write

Ve = U — Urefey- (B.22)
We immediately see
[0% Vel o < H3+ﬁ|\e;;o + [ Usetia | oo < 1 =36 +x =1 -2x. (B.23)

In addition, we have

1 1
Vellge + 94 Vie| 2 + [0%0* Vel o + 87 0T Vie| oo < ZK—' —6+6= ZK—‘.

(B.24)
Finally, we note that
1Vellz = |0 = Userie| 2
< [T~ U]+ 10~ Hlg + [V — ]
<e«+IU—-Hlg + 22/2c 12, (B.25)

By decreasing « > 0 even further, which does not destroy the estimates above, we can hence
obtain

L
ll VI(”[% < ZK . (B.26)
This shows that V. € V)., as desired. O
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Proof of Proposition 3.3 Pick x > 0 to be so small that

||| oo <1 — 4k (B.27)

and also
lallgr + '] 2+ | 2+ "] o +6 < g7 (B.28)

Using Lemma A.1 and the inequality (A.13), we obtain

Hev,ﬁ,‘fu”zzo < |u’||LOo <1 -4k (B.29)

together with
1
levoulge + |evodul o + levod, 0 ul 2 + [evo a8 ul oo +6 < gK—'(B.30)

for any o € R.
Corollary A.3 implies that we can pick a small constant €y > 0 in such a way that

. I _
”eVﬁU”loo:Z + ||ev19v||£2;z < minf{k, —k 7!} (B.31)
h h 8

holds for every 9 € R and any v € H! that satisfies (3.46). Upon writing w = u + v for any
such v, we see that

levowllge < 1 —4k +x <1-3k (B.32)

together with
1
||ev,9w||[}?o + ||eV§8;'w” 2 + ||ev198,j'82'w||gz + Hev,gal’falfw”lzzo +6 < Zx_l(B.33)

for any v € R.
For any such w, we write

Vep = eVopw — Usefep- (B.34)

We immediately see
[0 Vieo [ oo = evodw] oo + |05 Urerua [ poo < 1= 3k +4=1-2¢. (B.35)

In addition, we have
WVero L + 19 Vool + 1070 Vi | o + 1379 Voo | < 7" =646 = 37
(B.36)

Finally, we note that

[Veo|

l121 = ||eV79w - Uref:l(”[%

< llevyw — CV§M||K% + ”eszl/l — eVy Urer;x |g121
+ ”eVz?Uref:* _ UFCf?*HZ% —+ H Uref;* — H”Z% + H Uref;/( - H”E/Z,

< € +3 |t = Uretin | jy1 + 3 | Usetin - + 9) = Usetne O | 1 +2v/2 + 232672,

(B.37)
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By decreasing ¥ > 0 even further, which does not destroy the estimates above, we can hence
obtain

L
[Veolp < 7% (B.38)
for all ¥ € [0, A]. This shows that V,.y € V., forall & € [0, h], as desired. O

C Preliminary Identities

Our goal here is to obtain a number of useful preliminary identities for the gridspace functions
r(ﬂ;, r?] and yy defined in (3.16) and (7.6). In addition, we verify the representations (3.23) and
(3.29) for the discrete derivatives D= T, D°0:* and D®°0:+ . The computations are relatively
direct, based on the discrete calculus outlined in §3.1.

Lemma C.1 Consider any U € £°°(hZ;R) for which ||8+U||(XJ < 1. Then we have the
identities

atry = -9 19%va?u,
1
ity = —s*H i1 tetva@u . €D
Proof We compute
rf—rg =V1—=@t0)2 =1 - (-U)?
(07U = @TU)?
o rt+r—
@YU -3"U)OTU +07U)
N 2r2
—ha®U28°0)
R (C2)
2rg
from which the first identity follows. In addition, we see that
h8+[r8] = T+r8 — r?/
1
= E[T"'r; + T+r[; - r;,' - rlj]
1 _ _
= §[T+rl"/' + ri," — T+rU — rU]
1 1
+_ - +_ -
= §T+[ru —rgl+ E[rU —ry]
= St[r =] (C3)
Using (3.19) we conclude 8+[r?]] = ST[97r, 1, which yields the second identity. O

Recalling (7.6), a short computation shows that
yum = vy =V 1= @U)? =1 - @U@)?
(aOU(b))Z _ (aOU(a))Z
- V1= @U@ +/1-@U®)y
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= Iy + ol @U@ +3°UH@UP - °U@), (4

which allows us to compute several useful discrete derivatives.

Lemma C.2 Consider any U € £*°(hZ;R) for which ||8+U||OQ < 1. Then we have the
identities

_4SH[8OUISH9QU] STV

vy ,
T PR P
_ 28*T3°U1sH 0P U]
oty % =
[VU ] P+[]/l%] ,
Stulsta®u
iy = SIPUIS O]
STyulP*lyul
S+[80U]S+[8(2)U]
+ P
0" [yvl = Sty ,
3t lygl = =28t U1ST 9P UL (C.5)

Proof Writing U @ =71tU and UV = U, we use (C.4) to compute
hotyy = —[STyy17 st UTRe U (C.6)

which yields the desired identity for 37 yy upon remembering (3.4). We can now use the
general identities

at[a="1= —[PTa] '0tq,

at[a® 1 =[0TalT a +adta =2[0%a]STa, (C.7)
together with
S*ta
Stla 1= C38
la™'1= 5 (C3)
to obtain the remaining expressions. O

Lemma C.3 Consider any U € £°°(hZ; R) for which || otu ||oo < 1 and recall the expres-
sions (3.22). Then the second derivatives defined in (3.21) satisfy the identities

D= (U) = IS‘H_(U)E)(Z)U,
DO () = I )P U + I ) TP U], €9

Proof Using (3.4), (3.7) and (3.20) we compute
D=F (W) = [Py 17! [rg ot 07U — 07Uty |
=[ryrf1™! [r[,(’i(z)U + a—UD°0(U)a<2)U]
=117 [8@U + D= @)D )@V |, (C.10)
together with
DY) = [P [0 00U — U]
=T [r?,s+a<2)u - aOUS+[D°0(U)a<2>U]]
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=[THr)1! [s+a<2>U + D°0(U)s+[D°0(U)a<2>U]], (C.11)
from which the desired identities follow. O

Lemma C.4 Consider any U € £°°(hZ; R) for which || 3+U||Oo < 1 and recall the expres-
sions (3.28)—(3.29). Then the third derivative (3.27) satisfies the identity

DO (U) = DI (U) + DZOOH_(U). (C.12)

Proof Using (3.26) we may compute

ITDOWU) = a+[ 01+(1 +D°*(U)D°0(U))8(2)U]
r

vl'u
=TIa+1Ip+1c, (C.13)
in which
Ta = 0t +]T+[( 1 + D (U)D*(U)) <2)U]
U U
1 . .
I = —— (DT W)HTTDO W) + D~ (U)D () T [9P U],
ry'u
1
Tc = 07(1 + D (U)YD(U))dT D U. (C.14)
ry'y

‘We immediately see that

Ic = I3 ()t U. (C.15)
In addition, we may use (3.7) and (3.20) to compute
1
M| 5 +] = [P P [d+ POTH 0oty +]
ryry

1
= [P+rgp+r;;]*‘[s+[D°0(U)a<2)U]T+r+ + Er?,T+[z><>0(U)a@)U]]

ZrU + Tt

1
—[—pow ]8(2)U+[7
[2 @ 2PHr) Prrf

+[1%0 2)
" [T wp@ul.cie)
U U
Finally, Lemma C.3 allows us to expand
Ig = [rgrirf 17 [1+ D= (@)D W) |[dPUITH [ D (U)d P U |
+2rf PO+ Do (U) D (U) [ D~ (W) [P UIT T [P U
+[2rf PP+ D) THD(U) [ D () T 9P UIT 9P U

(C.17)

The splitting (C.12) can now be read off directly. u]

D Preliminary Estimates
In this section we exploit the bounds in Proposition 3.1 to obtain a number of technical

estimates on the gridpoint spacing functions and discrete derivatives that were introduced in
§3. These bounds will help to streamline the computations in the rest of the appendices.
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D.1 Gridpoint Spacing Estimates

Our first result here is crucial as it shows that the inverse functions [rlf]’1 and y;; ! can be
uniformly bounded on €2, forall 2 > 0 simultaneously. We use it to simplify the expressions
for y, ¥ defined in Lemma C.2 at the cost of an O (h) error term.

LemmaD.1 Fixh > 0and 0 < k < 1—12 Then for any U € Qy.,, we have the pointwise
estimates

Ve<ri<l, Jk<y <L (D.1)

Proof We compute
1>V1-@F0)2 > V1—(1—k)2=v1— 142 — k2 > Jk. (D.2)
O

CorollaryD.2 Fix0 < k < ﬁ Then there exists K > 0 so that for any h > 0 and any pair
U@», u®) e QZ.K, we have the estimates

L]

|| yu(a) - yu(b) ||l2° < K Ha-’rU(b) - 8+U(a)

00
¢ h

lrvw =vowlg < K H8+U(b) —tu@ (D.3)

2"
Zh

Proof These bounds are a direct consequence of the lower bounds in (D.1) and the represen-
tation (C.4). O

CorollaryD.3 Fix 0 < k < 1—12 Then there exists K > 0 so that for any h > 0 and any
U € Q. we have the bounds

lotrg| < K 20|,
05| < k[[p®@u]+ T+ |9 0] ] (D4)
Proof These estimates follow directly from Lemma C.1. O

LemmaD4 Fix 0 < k < ﬁ Then there exists K > 0 so that for any h > 0 and any
U € Qp.y, we have the pointwise estimates

2 2

‘3+[y5]+280US+[3(2)U]| < Kh ‘amu‘ +T+‘8(2)U‘

2 2

|7 o1 + v 00U s*O@ Y| < k[ [9P U]+ 1+ 9P|

2 2

|3+[J/Jl]—J/J380US+[8(2)U]| < KhHB(z)U‘ +T+‘a(2)u‘ ]
2 2

‘a+[y52]—2yJ480US+[8(2)U]| < K,,HB(Z)U‘ +T+‘8(2)U‘ ]

2 2
|a+[y54] —4yl;63°US+[a<2>U]| <Kh ‘B(Z)U‘ T ‘B(Z)U‘ (D.5)
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Proof Using the representation in Lemma C.2, we see that
ot vu| = ci[[a®u]+ 7+ |9@u] ], (D.6)
together with
lo*a"u| = |s*1a@01| < [9PU| + T+ [s@ 0] (D.7)
This implies that
|s*12°01 - 2°U| < el [p@u| + 7 9P 0] ],
|$* 0wl = v |+ [S*1vE1 - vi| = conl [oPu |+ T+ 6@ 0],
PHvol = v3 |+ [PHvdl = v < ol p@u| + T [p@U|]. @8

Since the explicit expressions on the left hand side in (D.5) can be obtained from Lemma C.2
by making the replacements

STUI— U, STyu e . SYvi e vh, Prwe v PYvi e vg, (DY)

the desired estimates follow from the lower bounds for y; stated in (D.1). O

D.2 Discrete Derivative Estimates

In this subsection we obtain several preliminary estimates concerning the discrete derivatives
introduced in §3.2 and the mixed expressions y;; k30U . We also consider an approximation
for a sum that can be seen as the discrete version of the integral identity

/’ u' (Du” (%)

—wap T %111[1 — (7). (D.10)

LemmaD.5 Fixh > 0and0 < k < 1—12 Then for any U € Qp.,, we have the inclusions

{D°=(U), D (U), D°*(U), D" F(U), DT (U), D** T (U)} € ¢.  (D.11)

Proof Proposition 3.1 implies that 3*U e 6%, Together with Lemma D.1 and the identity
(3.17), this implies the inclusions

D:(U) e, D) el (D.12)

Since 8*(2%) C ¢2, the remaining inclusions can be read off from the definitions (3.21),
(3.26) and (3.27). O

CorollaryD.6 Fix 0 < k < ﬁ Then there exists K > 0 so that for any h > 0 and any
U € Qj., we have the pointwise bounds

otp>-)| = K [s@0],
[a* Do) < K[ [9@U| + 7+ @0 ], (D.13)

Proof This follows directly from Lemma C.3. O
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LemmaD.7 Fixh > 0and 0 < k < ﬁ Then for any U € ., we have the pointwise
bounds

1 3
3¢ < DOWUYD**(U)+1 < Ex—l. (D.14)

Proof We compute

DU+ 07U 9tU
rgtrTy

rgry + )+ @YU + 9" UTU

DOWUYD (U)+1 =1+

= — . (D.15)
r;(rU + r['}')
Since (r})? + (3 U)? = 1, we obtain
riry 1+0-UdtU
DOU)DH(U) +1 = —L Y j_L —. (D.16)
rg (g +rg) rg(rg + 1)
Observe that |8_U| |8+U| < 1. In addition, Lemma D.1 implies
2 < rii(rg +rf) <2, k <rir; <L (D.17)
‘We hence find
K o o 3
— <DWU)D*U)+1 < —, (D.18)
2 2K
as desired. The estimate involving D~ (U) can be obtained in the same fashion. O

LemmaD.8 Fix 0 < k < % Then there exists K > 0 so that for any h > 0 and any
U € Qp.y, we have the pointwise estimate

0°U —4 2 2
8+[7] -y e —-vHstaPu

< Kh[‘B(Z)U‘ LT |8(2)U‘]. (D.19)
U

Proof Using 370U = St9® U and the definition (7.6) for yy, we compute

U
0[] = 8Ty, 1T T°U + v, 0T aU
Yu
= 0y, 218U + &1(U) + v, 207 0%U
— 9y, 40077 ¢+ 77750 =2 ¢+r5@)
=2y, U ST0P U1 U + £1(U) + &WU) + v S0P U]
=y Q= yHSTIPUI + £1(U) + &), (D.20)
in which
&1(U) = hd* [y, *10%9°U,
&(WU) = [a+[y,;2] - sz—4a°US+[a<2)U]]a°U. (D.21)
The desired estimate now follows from the bounds (D.5). O
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LemmaD.9 Fix 0 < k < ﬁ Then there exists K > 0 so that for any h > 0 and any

U € Qp.y, we have the pointwise estimate

>y ?USstTOP Ul + Inlyyl| < Kh.
—:h
Proof We first compute

N
9T [lnyy] = %ln THyy — %ln Yy = %ln TyL’/’U.

The bounds in Lemma D.1 imply that
T*yy
Yu

> V.

‘We recall that
IIn(1 4+ x) — x| < C} |x[?

holds for all x € R that have 1 + x > /k > 0. Applying this estimate with

Ttyy
X =

— 1= hy, "9y,
Yu

we conclude that the sequence
I =0 [yl — 5 8% [yl
satisfies the pointwise bound
71 < o [ ot ]
Using the explicit expression for d+[yy] in Lemma C.2, we conclude
71| < Cgh[|a<2)u|2 Tt |8(2)U|2].
Writing
T = 0t nyul+ v, 70U ST 9P U],
the estimate (D.5) implies that also
| < 4 [0P U + T+ [s@ U ].

In particular, we see that

IA

>

—:h

2
Joo*ul

204,

IA

C}h.
Since [yy]jn — Ll as j — —oo, we conclude that

Infypl=Y_*[Inyy]

—:h

(D.22)

(D.23)

(D.24)

(D.25)

(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)

(D.33)

must hold pointwise. The desired estimate follows directly from this identity and the bound

(D.32).
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E Approximate Substitution

In this section we provide the framework that we use throughout the remainder of the appen-
dices to establish the approximation results in §7.1. The setting is similar to that of §5, but
now we consider composite functions f o ¢ in situations where it is convenient to approxi-
mate ¢ and D¢ by ¢apx and ¢jin. These two approximants should be thought of as simplified
versions of ¢ and D¢ that are much easier to handle in computations, while still accurate to
leading order in 4. Our typical setup is described in the following assumption.

(h¢) The set Ky C R" is compact and we have the inclusion Q4 C B, in which B is a
Banach space. In addition, the function

¢:Qy CB—> Ky (E.T1)
is Lipschitz continuous in the sense that there is Kjjp > 1 so that
| (w1) — d(@2)] < Kip oy — w2lip (E-2)
holds for all wy, @, € 4. Finally, we have the inclusions
Papx(@) € Ky, Plinw € LB R") (E.3)
for every w € 2y, together with the uniform bound
SUPyeq, ||Plino | £(s.mn) < O©- (E.4)

LemmakE.1 Consider two triplets (¢, ¢apx. Plin) and (2p, B, K y) and suppose that (h¢) is
satisfied. Suppose furthermore that there exists an open set Oy C R" and a compact set
K 5 CR" for which

KfC Oy CKy. (E.5)
Pickany f € C 2K 73 R) and consider the map
P:QyCB—>R, o f(¢w)). (E.6)
For any w € Qg and B € B, write

Papx(w) = f(¢apx(w)):
Piin:o[B] = Df (¢apx (@) dlin: [ B]- E.7)

In addition, for any w € Qy and B € B for which w + B € Qy, write

¢nl;w(ﬂ) =¢(w+p) —d(w) — (plin:w[ﬂ],
Pnl;w(,B) = P(w+B) — P(w) — Pin;o[B]- (E.8)

Then there exists a constant K > 0 so that for any w € Q4 the bound
|P(a)) - Papx(w)l <K |¢(a)) - ¢apx(w)| (E.9)

holds, while for any w € Q4 and B € B for which w + B € Q4 we have the estimate

|Pua(®) < K[ 1813+ |#n.0(B)| + [¢@) = dpx(@)| 1Bl ] (E10)
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Proof The geometric condition (E.5) implies that f and Df are Lipschitz on Ky and that
there is C; > 0 for which

If ) = f&) = Df)y =0l _ c

ly —x|?

(E.11)

holds for all (x, y) € Ky x K with x # y. Indeed, we can cover K y completely with open
balls in which the local versions of these properties follow from the C2-smoothness of f on
the larger set K ;.

The inequality (E.9) follows directly from the fact that f is Lipschitz. Turning to (E.10),
we decompose

PuwB)=T1+R+N (E.12)
in which
Ji = f(#@+B) — f(d (@) — Df (¢())[p(@+ B) — p()],
T2 = Df (¢(@)) ¢t (B),
T3 = [Df (¢(@)) = Df (¢apx (@) ]ptin: [ B1. (E.13)
The bounds (E.2) and (E.11) imply
711 < Cilp(@+ B) — ¢(@)I” < CiKG, 1813 (E.14)
while the Lipschitz smoothness of Df yields
73] < C2 [0 (@) = bupx (@) | Btinso | £ 5,500, 1B (E.15)

for some Cp > 0. The desired estimate (E.10) now follows from the uniform bound (E.4). O

Corollary E.2 Consider two triplets (¢, ¢apx, d1in) and (Qy, B, K 5) and suppose that (h¢)
is satisfied. Suppose furthermore that there exists an open set Oy C R" and a compact set
Ky CR" for which

KfC Oy CKy. (E.16)
Pickany f € C 2(K £:R), any Banach space By, any L € L(Br; R) and consider the map
P:Qy xBr — R, (0, wp) f(¢(a)))L[a)L]. (E.17)

For any (0, w) € Q¢ x By and (B, Br) € B x By, write

Papx(w: wL) = f(¢apx(w))L[wL]s
Plin:w,w [B, BL] = Df(d)apx(w))L[wLM’lin;a)[,B] + f(¢apx(a)))L[,3L]- (E.18)
In addition, for any (w, w1) € Qp x By and (B, Br.) € B x By, for whichw+ B € Qgp, write

Pot:w,w; (B, BL) = P(w+ B, 01 + BL) — P(®, o) — Piin;w,o LB, BL].  (E.19)

Then there exists a constant K > 0 so that for any (o, w1) € Q4 x B we have the bound

|P(@, 0L) = Papx(@, 0p)| < K [$(@) = pupx (@) | LI, , (E.20)

while for any for any (w, wy) € Q¢ x By and (B, B1.) € B x By, for which w + 8 € Qy we
have the bound

| Prtcoon (B BL)| = K[ 181 leoe s, + 18115 1B 15, + |#u.0 (B oL,

+[¢(@) = dapx (@[ [ 1Bl oLz, + 1BLls, ]] (E:21)
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Proof The bound (E.20) follows immediately from (E.9) together with the fact that L €
L(Br; R). Upon writing P(w, w;) = P(w)L[wr], we see that

Potw.w, (B, BL) = Fnl;a)(ﬂ)L[wL] + [f(¢(w + ,3)) - f((l)apx(w))]L[,BL]
= Puo(B)Llo] + [f(#(@+B)) — f(p(@)]LIBL]  (E22)
+[£ (@ @) = f(¢apx(@))]LIBLI.

In particular, exploiting the Lipschitz continuity of f and ¢, we can find a constant C; > 0
for which

| Pato.wr (B: BL)| < C1 |Pao(B)] oL lis, + CiIBIs I1BLIs,

(E.23)
+C |¢(C‘)) - ¢apx(w)| ||/3L||BL -

Substituting the estimate (E.10) for ﬁnl;w(ﬂ) yields the desired bound (E.21). O

F Component Estimates |

In this section we establish the technical estimates that were summarized in Propositions 7.1,
7.2,7.3 and 7.5. The main idea is to apply the substitution techniques from §E to the explicit
identities derived in §3. This leads to a large number of tedious but relatively straightforward
calculations.

F.1 Gridpoint Spacing
Recalling (3.16), we define the approximate derivative

rinu V1= —yy 'a%Ua°v (F1)
together with the nonlinear residuals

r:l::U(V) = rl:|J:+V - r;]l: — rin:u[V1,
rr(l)l;U(V) = r?}+V _rloj _rlin;U[V]- (F.2)

LemmaF.1 Fix0 <k < ﬁ Then there exists K > 0 so that the pointwise bounds

IS = vul + 1 = vl + g — vl = K |9

|rr(1)l;U(V)| +

o V| +

o] < k[ v+ omv ]
+Khl ot V] + 07|+ [s@v]] @3
hold for any h > 0, any U € Q. and any V € E,zl for whichU +V € Q..

Proof We consider only the statements concerning rz/r as the functions r;; and r?/ can be
treated in a similar fashion. Writing f(x) = +/1 —xZand ¢(0~ U, 31 U) = 31U, we see
that

i =f(@0~U,0%0)). (F4)
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We include the redundant variable 9~ U here because it will be used for our approximate
function

Papx (07U, 0TU) = %8+U + %3_(U) =93'U (E5)
and our approximate derivative
pinu[d7V, 07V =2V, (F.6)

A short computation shows that

¢ U, 8+U) - (bapx(aiU, 3+U) =9TU - 30U = %ha(z)U, (E.7)
together with
Guy(@V,0TV) =T WU + V) —atU -V
=otv -3y
= %hamv. (F.8)

The a-priori estimate (3.42) ensures that the geometric condition (E.5) can be satisfied. In
particular, the bounds now follow directly from Lemma E.1 and the observations

f(‘papx(a_Ua 3+U)) =Yu,
Df(¢papx(0~U.07TU)) = —y;'9°U. (F9)

F.2 First Order Discrete Derivatives

Recalling (3.17), we write

Dﬁgx(w -D;;;x(w =D§gx(U> =y, '8U,

23,0 (F.10)
lm U[V] lm,U[V] = lm U[V] =% "V
and introduce the nonlinear residuals
nl U(V) DOi(U + V) - DOi(U) - ]m U[V]
nl U(V) DU + V) —DU) — Dﬁg ylV1 (F.11)

LemmaF.2 Fix0 < k < 15. Then there exists K > 0 so that the pointwise bounds

Do) — Dggx(U)|+|D°+(U) DI (U)| + [P (W) — apx(U)|<Kh|8(2)U|
(F.12)

and

Diy V| = K[ [07V} + otV ]

Dy (V)| +

Dy (V)] +

+KA[ |97 v]+ ]t v]+[0@v]] ®13)

hold for any h > 0, any U € Q. and any V € E , for which U +V € Q.
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Proof We consider only the statements concerning D+ as the functions D°- and D can
be treated in a similar fashion. Recalling the fact that r; depends only on 31U, we abuse
notation slightly to write

¢ U, 0TU) = @1U, ). (F.14)
Upon introducing f(x, y) = x/y, we see that
D (U) = f(pd~U,dTV)). (F.15)
‘We now define the approximants
Pupx (07U, 07U) = (3°U, y),
G807V, 0TV = @°V, —y;'8"Ud"V) (F.16)
and compute
¢ U, 0%U) — gapu (0" U, 87U) = (87U = 3°U, rf — yu)
h
= (EB(Z)U’ =) (F.17)
together with
batu @7V, 9TV) = (0TV =3V, rf (V)
e +
= (§a< Wk, ). (F.18)
In particular, Lemma F.1 provides the bound
607U 84 V) = gupn (07U 84 0)| < €l [9 PV (F.19)
together with
o @ V. 0" V)| < Cif[ [V + [tV ]+ cin [ v+ ot V] + [o@v] ].
(F.20)
Upon computing

[(¢apn (07U, 070)) =y, '0°U,
Df (papx (0™ U, 04 0))prin.s[07V, 97 V1 = ;' 9"V — 80Uy (—y; ' 9°U V)
= [vg" + @)y v

=y, (F.21)
the desired bounds follow directly from Lemma E. 1. O
Proof of Proposition 7.1 The results follow directly from Lemma F.2. ]

F.3 Second Order Discrete Derivatives

Turning to second derivatives, we recall (3.21) together with the definitions
Do " (U) = y,°9?U,
Dy V1 =3y 0°U8P U1V + 9@ v (E22)
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and write

Dy (V) = D= H(U + V) = D= H(U) — DIV, (F.23)

LemmaF.3 Fix0 <k < % Then there exists K > 0 so that the pointwise approximation
estimate

D>+ W) = Dl )| = Kk [6@0| (F.24)

and the residual bound

D5 )| = K[ oV + ot v+ v 6@V |+ fatv][s@ v ] ]
+KA[ |o7v]+ ]t v]+[a@V]] (F.25)
both hold for any h > 0, any U € Q. and any V € K%for whichU +V € Q.

Proof Motivated by the identity

, 1
D (WU) = —[1 + D (U)D*()]aP U (F.26)
r
U
derived in Lemma C.3, we write
1
fO.z-,20) = [1 +2-20] (F.27)
together with
¢~ U,0TU) = (r}, D (U), D™ (U)) (F.28)
and finally
P@B~U. 37U, 8%0) = f(¢p(@~U,870))aPU. (E.29)
This allows us to verify that
D=t W)= PO U, 01U, 3PU). (F.30)

‘We now define the approximants

Papx (0~U, 07U) = (yu, vy 180U, J/JIBOU)
Gin:u [0V, 0TV] = (— y5 ' [°U1°V, v 00V, P 00V) (E31)

and compute

¢(8_U’ 8+U) - ¢)apX(8_U1 8+U) = ( - VU ’ DO (U) apx(U) ’DOO(U) '1px(U))

(F32)
together with
Got.u @V, 0%V) = (., (V), Dy (V), Dty (V). (F.33)
In particular, Lemma’s F.1 and F.2 provide the bound
67U 840) — un (07U 84 0)]| < i[9, (F.34)
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together with
v @V, 0| = [ oV [ + ot V]
+Cinl [ v+ ot V] + [o@v] . (F.35)
Introducing the compressed nonlinearity

7.0 = f(2.2) = %(1 L) (F36)
together with the compressed approximants
Gup (07U, 0TU) = (yu. v, ' 9°0),
B[V, 01 V] = (=5 9U V. y;700V), (F37)
we see that
[ (apx (07U, 370)) = F(pupx (0" U, 371,
Df (¢apx (@~ U,07U))ptin;r[07V, 0¥ V] = D f (hapx (97U, 87 U)) i,y [0V, 07 V1.

(F.38)
Upon computing
_ 1 z
Df(y.2)=(——+2%.25), (F39)
y y
we hence see that the functions defined in (E.18) satisfy
Papx(U) = v, ' (1 + (3°U)?y, 2)8PU =y, 78?0, (F.40)
together with
Pinu V] = =y (1 + @°U) v %) (—y; 1 8°1)a°V 0P U)
+2y5 20U (v 2 3°V) (3P U)
+yg (14 @0y %) Py
=3y, U P U1V + 29V, (F41)
The desired estimates now follow directly from Corollary E.2. O
We also recall (3.26), together with the definitions
D) = 75432,
Dyt [V] = 4y 00U 0P U1V + y; e PV (F42)
and write
Dyt (V) = DU + V) = D (U) — Dty [V, (F43)

LemmaF.4 Fix0 <k < % Then there exists K > 0 so that the pointwise approximation
estimate

DU — D°°0(U)| < Kh ‘S(Z)U‘ (F.44)

apx
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and the residual bound
D w| = k[1o7 v+ ot v+ [omv][a@v] + ot v] [o@v] ]
+KA] |0 v]+ ot v]+[a@v]] (F45)
both hold for any h > 0, any U € Q. and any V € E%for whichU +V € Q.
Proof Motivated by the identity

DU =

— 1+ D W)D*W)]aPU (F.46)
oy

derived in Lemma C.3 and (3.26), we write

1
Ot 0,25 20) = ——[1 4+ 2-20] (F47)
Y+Y0
together with
p(O~U, 3 U) = (rf, rd, D° (U), D (U)) (F.48)
and finally
PO U, 3U,8PU0) = f(p(@~ U, 870))8?U. (F.49)

This allows one to verify that
D*(U) = PO~ U,d7U, 0 PU). (E.50)
We now define the approximants

$upx (07U, 97U) = (yu, yu, vy '0°U, vy, '9°0),
Pinu[07V, 0TV = (= 5 [0°U1°V, —y ' [0°U10°V, vV, v 200V).

(F.51)
This allows us to compute
¢ U, 01U) — gypx (0 U, 0T 0)
=(rf = vy ) — vy D (U) = Dgpy. DO(U) — Dy ). (F.52)
together with
Gy @™V, 01 V) = (r , (V). iy (VD5 (V). D (V). (F.53)

In particular, the bounds (F.34)—(F.35) remain valid.
This allows us to repeat the procedure in the proof of Lemma F.3 with the compressed
approximants (F.37) and the compressed nonlinearity

_ 1
ﬂ%@zﬂ%%a@z;ﬂ+ﬁl (F.54)
for which we have

- 2
DFO.2) = (= 50+ 2, 2%). (F55)

@ Springer



Journal of Dynamics and Differential Equations (2022) 34:1505-1599 1579

The functions defined in (E.18) hence satisfy
Papx(U) = v (1 + 3°U)*y;2)0PU = 9P, (E.56)
together with
Pinu[V] = =2v5° (1+ @O0y ) (= 1 9°0)aV @2 U)
+2y5°0°U (v 0 V) 0P U)
+y (1 + Uy 2Py
= 4y, % U@ U1V + 9PV, (F.57)
The desired estimates again follow directly from Corollary E.2. O
Finally, we recall (3.21) together with the definitions
Dt (W) = vy s8],

apx

DIV = 3y U S 9P U1V + y St V] (F.58)
and write

Dot (V) = DOH (U + V) = D H(U) = DSV (F59)

LemmaF.5 Fix0 <k < 11—2 Then there exists K > 0 so that the pointwise approximation
estimate

|D°°‘+(U) D§3X+(U)| < Kh| ‘8(2)U‘ LTt ‘8(2)U|] (F.60)

and the residual bound

D] < k[ [0V + ot v+ T otV ]

+k[[07v]+[otv]+TH otV ][ [p@V |+ T 0@V |]
+KA[ |97V + [0V ]+ T V| + 0@V |+ T+ 6@V | Eo1)
both hold for any h > 0, any U € Q. and any V € K%for whichU +V € Q.

Proof Motivated by the identity

©0;+ _ 0 0 (2)
DO = s [1+ D2 W)D*W)]19? U]
- 0 + 110 +rq(2)
tareg [l PO ON]T U] ey
derived in Lemma C.3, we write
1
2.25) = —[1+27],
[i0s, 2, 25) 2ys[ +27]
1
S5 2.2) = 3 ] (F.63)

together with
¢~ U, 37U, TTTU) = (TTrf), D(U), TTD®(U)) (F.64)
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and finally
P@™U,TU, T8 U, 8PU) = fi(¢pd~ U, 8 U, TT8T0))a? U,
POU, 3 U, TY U, TT8PU) = f(p(0~U, 07U, TT10))TToPU. (F65)
For convenience, we introduce the shorthand
wy =@~ U,dTU, TTatU). (F.66)
This allows one to verify that
DT (U) = Pi(wy, dPU) + Pr(wy, TT0PU). (E.67)
We now define the approximants
Pupx (@) = (vu, ;' 0°U, v '9°U),
Pinulov] = (— vy ' 0018V, 5200V, 70 V). (E.68)

This allows us to compute

b (wv) — papx(@v) = (TFr) = yu. DO U) — D, (U), TTD?(U) — D, (U))
= (r) = yu. D*(U) = DY, (U), D (U) — DL, (U))
+(hdT[rg1, 0, D)), (F.69)

together with
duo (@) = (TH10,, (V). Dy (V). THD, (V)
+h< — 3%y, '8°Ua’vy, o0, 8+[yl;380V]>. (F.70)
In particular, Lemma’s F.1 and F.2 together with Corollaries D.3 and D.6 provide the bound
|¢(wu) — Gapx (wv)| = Cih[ |a<2>u| +71 |8‘2)U‘ 1. (F71)
together with
|ut;v (@v)] < € [ V)P + [0tV + Tt |8+V|2]

il [omv] + [tV [+ TH ot V] + [s@ V| + T+ 0@V ].

(E.72)
Introducing the compressed nonlinearity
_ 1
FO = fin 2.9 = Lo, 2.9 = 700+ 2, (F.73)
together with the compressed approximants
bapn (@) = (u, vy 30,
binulov] = (— ;' 8°Ud%V, y;78°V), (E74)
we see that the identities
fi (¢apx(wU)) = 7(5apx(wU))’
Df; (¢apx (wU))¢lin;U [wv] = D?@apx (wU))alin;U[wV] (E75)

@ Springer



Journal of Dynamics and Differential Equations (2022) 34:1505-1599 1581

hold fori = 1, 2. Upon computing
— 1 Z
DFf(v.2)=(— — (1 +7%. ), F.76
f.2=( 2y2( +z7) y) (E76)
we hence see that the functions defined in (E.18) satisfy

1 _ _
Py apx (00U, B(Z)U) = EVUl(l + (BOU)ZyUz)a(Z)U

1 —34(2
:EVU 0 )Us

Papx(0y, TT3PU) = %VJ3T+8(2)U, (F.77)
together with
Primulov, 32V] = —y7 (1 4+ GO0 vi?) g )V 6O u)
+y 20U (v, 29V (0P U)
—I—%y[jl(l + @0y %)a PV
= %ylfaUU[a@U]a”V + %ylfa@)v,
Prnuloy, TH0PV] = %y[;SaOUTJF[a@)U]aOV + %)/53T+[8(2)V]. (F.78)
The desired estimates again follow directly from Corollary E.2. O

Proof of Proposition 7.3 The results follow directly from Lemma’s F.3, F.4 and E.5 . O

F.4 Third Order Discrete Derivatives

We recall (3.28) together with the definitions

NNy =yt ISR IV] = 4y 000UV (E79)
and write
I3 (V) = I8N + V) = 1207 (WU) — T500 IV (F.80)

LemmaF.6 Fix(0 <k < ﬁ Then there exists K > 0 so that the pointwise approximation
estimate

[zt ) - )| < Kk [p@u| (F81)

and the residual bound
|zt | = k[[om VP + (ot VE [+ KAl Jov]+[otV[+ 0@ V] Fs2)
both hold for any h > 0, any U € Q. and any V € Z% Sfor whichU +V € Q..

Proof Motivated by the identity

001 1 O 0o
IP" (W) = — [1 + D (WU)D™ (V)] (F.83)
vy

@ Springer



1582 Journal of Dynamics and Differential Equations (2022) 34:1505-1599

derived in Lemma C.4, we may reuse the functions f, ¢, ¢apx and ¢yin defined in the proof
of Lemma F.4. Writing

POU, 0 U) = f(p(d~U.07V)), (F.84)
we conclude that
9 (WU) = P(O™U, 3T U). (F.85)

Reusing the computations in the proof of Lemma F.4, we see that the functions defined in
(E.7) satisfy

P (U) = v ° (L + Q"7 %) = v, (E.86)
together with
Pinu[V1 = =2y (L + @°U)?y; %) (=5 ' 8°0)a°V + 297000 (v 9%V)
= 4y, °[8°U18%v . (F.87)
The desired estimates now follow from Lemma E.1 and the bounds (F.34)—(F.35). O

‘We again recall (3.28), but now together with the definitions
I°°0§+(U) — I°°O§+(U) — 2]/(7630U,

Os;apx s8;apX
005+ 003+ —8 —67470
Zgs:?in:U[V] = I;)s;(l)in;U[V] = 2[6)/[] - SJ/U ]3 14 (F'88)

and write

Tonity (V) = T T (U + V) = I (U) = Zoog IV,

Tty (V) = 20T (U + V) = I (U) = ot V] (F.89)
LemmaF.7 Fix0 <k < é Then there exists K > 0 so that the pointwise approximation
estimate

|I(<)>;0§+(U) _Zf;z%;:(U)‘ + ‘Z§SOO:+(U) _Z;;z%;)(+(U)| < K/’l[ ‘8(2)U| 4 T+ |8(2)U|]
(F.90)
and the residual bound

Toni, )|+

2| < [0V + [0tV + T ot V]

+KR[ [V + [TV + T[0TV + 0@V [+ T p@ v ]

(F91)
both hold for any h > 0, any U € Q. and any V € K% Sfor whichU +V € Q..
Proof For convenience, we introduce the shorthand
wy =0"U, 07U, TTa7U). (F.92)
Motivated by the identities derived in Lemma C.4, we write
Jos (Y0, Y051 Yk Yebss 20, 2055 2=+ 24) = gymyoro-z0(1 + 24.205)
Fom20s(1+2-20) + gz (1 + 29),
Fus (30, Y055 Vs Yorss 20, 2055 T 24) = Bz (1 4+ 24 20)
+ 2090, ¢~ (1 + 2020s),
(F.93)
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together with
d(wy) = (ryy, THry, ri, TTrf, D), TTDO(U), D°- (U), D°+(U))  (F94)

and finally
Pos(wr) = fos(b(@0)).  Ps(wv) = fis(¢ (@) (F.95)
This allows one to verify that
I (U) = Pog(wr), L5 (U) = Pys(wy). (F.96)

‘We now define the approximants
bapx(@v) = (vu. vu. vu. yu, vy 30U, 5 80U, vy 180U, v ' 90U),
Pinzulov] = (— 5 UV, —y; UV, —y; UV, —y; 0 UV
vy 80V, v 200V, y 80,y ). (F97)
This allows us to compute
9 @v) = bupn(w) = (= vu. 1l = yo.rf = oo = v,
D (U) — DY, (U). D (U) — D, (U),
D~ (U) = Dy (U), D™ (U) — Do (V) )
+h(0, 0+1r01,0, 0%, 0, DO (W), 0, 0), (F.98)
together with
b @) = (190 V). T4 (V). rd V), T (),
D3y (V). THD5 (V) Dy (V). Dy (V)
+h(0, -7y 8%Ua°v1, 0, —at [y, 90UV,
0, 81y 200V, 0, 0). (F.99)
In particular, Lemma’s F.1 and F.2 together with Corollaries D.3 and D.6 provide the bound
[6@0) = dapu@v)] = Cii [p@ U]+ 7+ [9?U] ] (F.100)
together with
|ut;v (@v)] < € [ V) + otV + Tt |8+V|2]
+CIR [V |+ [0+ V] + T+ o+ V] + 9@ v ]+ 7 |9V ] ].
(F.101)

Introducing the compressed nonlinearity

2z 273
3 +73

7(yaz):fOS(yﬂyiy’yaZ,ZaZ,Z):fSS(y’y’yiy’Z’ZaZ’Z):7 (Floz)

together with the compressed approximants

bapx (@) = (yu. vy 9°0),
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Ginulov] = (—y, 30UV, y; 78" V), (F.103)
we see that the identities

f# (¢apx (C‘)U)) = 7@&1}){ ((UU)) 5
Dfit(hapx (@) Ptin:u @y ] = D f (hapx (@) Prin; 1wy ] (F.104)
hold for # € {0Os, ss}. Upon computing

— z+73 24672

we hence see that the functions defined in (E.7) satisfy

(F.105)

Pos;apx (@) = Pyg;apx(@U)
=2y;*8%U +2y;°3°U)?
=2y, %3%U, (F.106)
together with

POs;lin;U[wV] = Pss;lin:U[wV]
= —6y; 70U (1 + 7 2°UY) (= UV
+(2y,;3 + 6yl;5(aOU)2) vy 90V
= [6;/58(1 — )+ 2y + 6580 — yf,)]aov
= [ 1075° + 127" |8V (F.107)

The desired estimates now follow from Lemma E.1. O

F.5 Auxiliary Functions

We recall (4.2) together with the definitions
5apx(U) = V[%,
ﬁlin:U[V] = —230U80V,
Papx(U) = yu°U,
PinulV1 =y, ' Qyg — DV (F.108)

and write

Pau(V) =pU + V) — pU) — Plin.v[V],
Pau(V) =pU+V)—pU) — piinuV]. (F.109)

LemmaF.8 Fix0 <k < ﬁ Then there exists K > 0 so that the pointwise approximation
estimate

W) = B ()] + [pU) = pupn ()] = K 9@ | (E.110)
and the residual bound

| V)| + | oo (V)| < K[ [0~V + [0tV ]

@ Springer



Journal of Dynamics and Differential Equations (2022) 34:1505-1599 1585
+Kh[ |97V ]+[tv]+[a?V]] @1
both hold for any h > 0, any U € Q. and any V € Z%for whichU +V € Q..
Proof Motivated by the definitions (4.2), we write
f3oze) = e fo(2o.24) = s (F.112)
together with
¢~ U, U) = (D™ U), D+ (U)) (F.113)
and finally
ra-0 vy = o0 o) F11s
This allows one to verify that
PWU) = PO~ U, U), p(U) = PO~U,d%U). (F.115)
We now define the approximants
A R Firo
This allows us to compute
P@ U, 8%U) — gupx(3 U, 37U) = (D°°(U> — D (U), D**(U) — Dﬁgx<0>),
(F.117)
together with
Gu;y (@ V,0TV) = (DﬁﬁU(V),D;j;U (F.118)
In particular, Lemma F.2 provides the bound
67U 87 V) = a0~V 0+ 1) = K [P0 (F.119)
together with
[uiw @7V, 07 V)| = K[ [0V [ + [t V[
+Kh[ o7 v]+ ] V] + 0@ V|] (F.120)
Introducing the compressed nonlinearities
f35@) = fiz.2) = el
[p@ = fp(z,2) = i jzz, (E.121)
together with the compressed approximants
Gupx @7 U,0TU) = ;' 30U, Gy V. 0TV = y;780V,  (F122)
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we see that the identities

f#(¢apx(87Us 8+U)) = T#Qapx(aiU, 8+U)),
Dfi(bapx 0~U, 04 U))in: 0 [97V, 9 V] = DFy(Bapx 0~ U, 9+ 1)) ey 07V, 04V

(F.123)
hold for # € {p, p}. Upon computing
5@ =~ T =% (F.124)
P T < (1+z2)2’ '
we hence see that the functions defined in (E.7) satisfy
P (U) = [1+ v 70U 1" =y,
Popx(U) =y ' 0°U1 + 57 (0°U)* 1 = yd°U, (F.125)
together with
Pinu[V] = =25 ' 0°U L + 52 (0°U)* 1 2y 0V
= —2[0°U13°V
Piny[V] = (1 = y5 7 @°U))1 + v > (0°U) 1y 0"y
= Q2 -y v
=y, @i — DIV, (F.126)
The desired estimates now follow from Lemma E.1. O
We recall (6.3) together with the definitions
pax(U) = v5 (g — 1), le ylVl= @ —4y})'uav E127)
P;)Jx(U) == V{}, Plin;U[V] = _4]/580[]30‘/ '
and write
Py (V) = pOWU + V) = p*(U) = pfo V],
Py (V) = p** (U + V) — p°*(U) — pyry V1. (F.128)

LemmaF.9 Fix0 <k < % Then there exists K > 0 so that the pointwise approximation
estimate

|p°* () = pis )| + [pow) - p;fgx(U)| < Kh] |8(2)U‘ LTt ‘B(Z)U‘] (F.129)

and the residual bound

P |+

Py )| = K[ o7V + ]tV + 1+ ot v]]

+K/’l[ |3_V| + |8+V| + 7t |3+V| + |3(2)V| + 7Tt ‘B(Z)V‘]
(F.130)

both hold for any h > 0, any U € Q. and any V € Z% Sfor whichU +V € Q..
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Proof For convenience, we introduce the shorthand
wy =@ U,3TU, TTotU). (F.131)
Motivated by the definitions (6.3), we write
2+ 2420 + Z+520s
Ot + +s
2052055 Z+5 % = s
Jam @200 2 24) = B U 2az0)
o (Z4 + 245)(z0 + 205)
2052055 3+, % = — s
Ty (R0 200 24 245) = =3 0 (U 2yt
(z4 + Z+s)2
<0 —
20, 208> T4s Tgs) = — , F.132
S70(z205 2055 245 Z45) 20+ 20200+ 200200 ( )
together with
¢ (wy) = (D), TTD*U), D**(U), TTD** (U)) (F.133)
and finally
Pl (wy) = fyF (¢(@0)).
Py (wy) = [ ($wr)). PP (o) = [ (d(wr)). (F.134)
This allows one to verify that
Py (U) = P (o),
Py (U) = Py (wy).  p®U) = P (wv). (F.135)
‘We now define the approximants
bapx(wr) = (59U, 5 '0°U, v '9°U, v '0°U),
dinvlov] = (y5 30V, v 200V, v 280V, v 380v). (F.136)
This allows us to compute
§(@0) = dupm (@0) = (D) = Dy (), D™ (W) — D3,
D (U) = Digs(U), D™ (U) — Digi(U) )
+h (0, DO (U), 0, D°+‘+(U)), (F.137)
together with
g (@y) = (D3R, (V). THDJ, (V). Dy (V). THDf (V)
+h<0 oty 8"V, 0, a+[ylj3a°v1>. (F.138)
In particular, Lemma F.2 provides the bound
|6 (@0) — dapr(@r)| < K[ |8(2)U‘ LTt |8(2)U‘ . (F.139)
together with
v @] = K[ [07V [+ 07V P+ [+ v
+KA[ 97V ]+ [t V]+ T3tV [+ [0V |+ T [o@ V| ]
(F.140)
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Introducing the compressed nonlinearities

Tai@=fy Gz =

T5@= @222
1 1

_1+z2+ (14722’
@ = f°°(z 2,2, 2)
=75 @,

1 +z%°

together with the compressed approximants

aapx(wU) = VJIE)OU7 d’lm U[wV] =Yu 380

we see that the identities
f;+ (¢apx(wU)) = 7;+ (aapx(a)U)),
Df " (¢apx (@) piin; v [wv ] = Dfy (Papx (@) Prin; v [0v]

hold for # € {A, B}, together with similar identities for f°°. Upon computing

-2
DFy () = "’2)2,

1+
2z 4z
1+2z2)?2  (A+2z2)3%

Dfy (z) =

we hence see that the functions defined in (E.7) satisfy

A apx(U) - [1 + VJZ(SOU) 1~ !

= VU,
Py (U) = P3(U)
=~y U1+, 2 (°U)
=y - 1)
=y} —vd
together with
PyinuV] = =2y 00U + v, 2 0°U) 72y, 20 Y
= 2a°Ua°
B lm U[V] = hn U[V]

(F.141)

(F.142)

(F.143)

(F.144)

(F.145)

=y U201+ 720U = 4l + v @0 oV

=[2-4y5]8°Ud°V.
The desired estimates now follow from Lemma E. 1.

Proof of Proposition 7.2 The results follow directly from Lemma’s F.6-F.9.

@ Springer

(F.146)

[m}



Journal of Dynamics and Differential Equations (2022) 34:1505-1599 1589

F.6 Estimates for g

We recall the notation g7 (U) = 8+ g(U) together with the definitions

gapx(U) = g(U), ginu[V] = g (U)V,
o N PO . (F.147)
gax(U) =g (W)U, g V] =g (W)U + ¢ (U)3"V

and write
gnu(V) =gU +V)—gWU) — gin;ulV],

(F.148)
ghy(V) =gt (U +V) =gt (U) — g, V1.

Lemma F.10 Suppose that (Hg) is satisfied and fix 0 < k < 5 Then there exists K > 0 so
that the pointwise approximation estimate

‘g*(U) —gi;x(U)| < Kh[|8(2>U| +]atU|] (F.149)
and the residual bounds
lgau (V)| < K|V,
sho )| = K[IVE+THVPE + |0tV

KAV +TH VI + [0+ V] + V] ] (F.150)
all hold for any h > 0, any U € Q. and any V € E%for whichU +V € Q..
Proof We first note that
gu(V) =g(U+V)—gU) - g'U)V

1 fod
- / f ¢ (U + o' VIV do'do, E151)
0 0

which yields the desired estimate for gy. In addition, for any pair (U O y@y e Q%,K, the
C3-smoothness of g implies the pointwise bound

|gu:v0 (V) = v (V)] < €1 [UD = U<2>‘ V2, (F.152)
Finally, upon writing
(V) =g U +V) =) —g" )V, (F.153)
the C3-smoothness of g implies the bound
V| = v, (F.154)

‘We now compute

gt W) = g(TU) — g(U)]
=g W)dTU + h™ ' gu.y (W0 U)

1
=g ()dU + 5hg,r’(U)a@)U +h guy (R0 U, (F.155)
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which yields (F.149). In addition, we compute
U+ V) =h[g(THU+THV) —g(U + V)]
=h g(TTU+THV)—g(U+THV)]

+hg(U +TTV) — g(U + V)]
=T+ I3, (F.156)

in which we have
Ia =h g WU +TTVhdTU + gaysr+v (hdTU)],
Ip = h™'[g' (U + V)hdtV + guiy4v (hTV)]. (E.157)
‘We compute
Ta =g WdTU +[g(U+TTV)— g W)]0TU +h gu.y(hdtU)
+h ™ [gaiu4rv (h3TU) = guy (RITU)]
=g (U) + 84y (T V)ITU + ¢" W) UTHV
+h™ [guiutr+v (31U — gu (hDT U], (F.158)
together with
Ig =g WMV + WU+ V) =gV +h ' guurv (hdTV).  (F159)
In particular, we see that
ghy(V) = g”(U)[8+UT+V - [BOU]V] +g' @[tV - V]
+enly TTVIOTU + h™ [guyarv (BOTU) = gary (hTU)]
WU+ V) — gDV +h™ gurupv (hdT V). (F.160)

Using (F.152) and (F.154), the desired estimate can now be read off from this identity. O

Proof of Proposition 7.5 The results follow directly from Lemma F.10. ]

G Component Estimates Il

In this section we establish the technical estimates for the nonlinearities Z* that were sum-
marized in Proposition 7.4. We treat these computations separately here as they require more
delicate techniques than those employed in §F. Indeed, we need to apply discrete summation-
by-parts identities to simplify the sums appearing in the definitions (2.16) and (4.4) for Q
and Z.

As a preparation, we recall (3.21) and (4.2), introduce the function

qU) = p(U)D*F(U) (G.1)
and write

Gupx (U) =y 230U SH[0PU],

~ 7 _ G.2
Gin:u[V1 = vt 2 — v STP U1V + 1, 200U ST 8P V], G2)
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together with
gy (V) = qU + V) —qU) = Gin;u[V1- (G.3)

LemmaG.1 Fix0 <k < ﬁ Then there exists K > 0 so that the pointwise approximation
estimate

|7U) = Gupx ()| < KR[|07U| + [0@U|][[0@U] + T+ [6?PU|]] (G4
and the residual bound
o V| = K[ o=V + |o+ V] + 7 o+ V[ ]
+K[|o v+ [otv]+ T otV ][ @ V] + T+ (6@ V]
+Kh[|a‘U|+|a+U|+T+|a+U|+|a<2>U|+T+|a<2>U|]
x[ o7V + o4V ]+ T+ ot V] + 0@ V] + T+ a2 V] ]

(G.5)

both hold for any h > 0, any U € Q. and any V € Z% for whichU +V € Q..

Proof We first note that
Papx (U)DST(U) = yyd°U v SH[0P U]
=y, 20 USSP U] (G.6)
= qapx(U)s
while also
Pax DR EIV] + pinu lVIDET (U) = yod®U [3y5 %00 US 0OV IV + 7775710 V|
+yg' @ = DaVy st U]
= (P 43y} @UP) ST OU10Y (G.7)
U,
20U STV
= alin:U[VL
Lemma C.3 and the definition (4.2) yield the bound

P+ D2 @)| = [ |9t U]+ p@u| + T |90 ], G3)
Observing that

[7U) = Gupx (V)] < | P(U) = papx (W) [ D0 (V)|

. poe G.9
+ P )] [P0 @)~ D W) @9

9

we may hence exploit Lemma’s F.5 and F.8 to obtain the first desired estimate.
In addition, the computation

Gy (V) = p(U + V)D®HU + V) — p(U)D*H(U) — "ilir}:U[V] .
=[pU)+ plin;U[v] + pnl;U(V)][D00;+(U) + ’Dﬁlol:;[v] + 'D::IO’J(V)]
—pU)D*H(U) = Giin;u[V1]

= P V(D) = D)) + (pU) = paps )2V 10
+patu (VDY (U) + p(UYD (V)
(plin;U[V] + pnl;U(V)) (Dﬁgy;[v] + D:loJ(V))

together with the bounds in Lemma’s F.5 and E.§ yields the second desired estimate. O
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Recalling (4.3), we now write
Gapx (U) = Gapx (U), qin:v[V] = Qlin,u[ V], (G.11)
together with
gnu(V) = qU + V) —qU) — qiin;u[V]. (G.12)

LemmaG.2 Fix0 <k < ﬁ Then there exists K > 0 so that the pointwise approximation
estimate

lg(U) = qupx ()| < KR[|07U| + [0@U|][[0PU| + T [6PU|]  (G.13)
and the residual bound
lgmo V)] = K[ |07V + [a5 V[P 4 7+ ot v [
+k[[o7v]+ otV + T otV ][ 9@ V] + T+ 92V ]]

+Kh| [0-U| + [0TU| + TT|oTU| + |9@U| + TT |8 U] (G149
x| [a=V]|+[atV|+ T [atV]+ [0PV]+TT 0@ V|
both hold for any h > 0, any U € Q. and any V € Z% for whichU +V € Q..
Proof We recall that for every t > 0 there exists C; > 0 so that the inequalities
n(l+x) = In(l +y) = th (e = )| = Cc fr =y, G15)
[+x]' =1 < Celxl
hold wheneverx +1>7andy+ 1> 7.
‘We now write
To=qU+V)—qU)—qU+V)+qU). (G.16)
Recalling the definition
qU) = h~'In[1 +hp(U)DH(U)] = k= In[1 + hG(U)]. (G.17)
we may compute
Iy = h’l[ln[l + hgq(U + V)] —In[1 + hq(U)]] —h 1+ hGU)1AGU + V) — ha(U)eG 18)
+Hi+ g -G + vy -G '
The uniform estimate (4.15) allows us to apply (G.15) with t = %Kz to obtain
| Tol < k™' C5R*1G(U + V) = G(U)? G.19)
+Coh lgW)lg(U + V) —gU)I.
Exploiting Lemma G.1 and inspecting (G.1), we see that
ol < G4 [0V + [0V + T [V + 0@V T+ 0@V [ ] G20,

+Ch[ [0QU| + T+ [d@U|][[o=V|+ |8tV +TT [oT V| + [P V|+TF 0@ V]].
The bound (G.14) now follows from the observation

gu(V) =Zo+qU + V) —q(U) — qiin,u[V]
=Zo+qU+V)—qU) — Giin;u[V] (G.21)
=To+ gu,u (V).
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Applying (G.15) with y = 0 and using
@)l = Cymin{la*u|. [s@u| + T+ |9 @U]), (G.22)
we find
lq(U) =qW)| = h™'Csn? [g(U) P2 G23)
< hCylatu|[|o®PU|+ T+ [0PU]]. '
The desired bound (G.13) now follows from the identity
q(U) = qapx(U) = q(U) — qapx(U) = q(U) = q(U) + q(U) — qapx (U).  (G.24)
]
‘We now turn our attention to the function
QU) =) q(U). (G.25)
—h
Recalling the definition (7.28), we write
Qupx(U) = —Inyy,
_ G.26
QunulV] = 75 U1V + Y_, Em(@)3OV, (620
together with
in;U(V) - Q(U + V) - Q(U) - Qlin;U[V]- (G-27)

LemmaG.3 Fix0 <k < ﬁ Then there exists K > 0 so that the pointwise approximation

estimate
|QW) — Qupe (V)| < Kh
holds for allh > 0 and allU € Q..

Proof Writing

Qapx;I(U) = Zf;h qapx(U)
=Y _., vy 'Ustp@ul,

Lemma G.2 implies that

|QWU) = Qup: 1 (U)| = X, |q(U) — qaps (U)]
’ + +9+ +9+
: 2;2.[”8 Ul +lotatul, |foratul,
On the other hand, Lemma D.9 yields the bound
| Qapx: 1 (U) +Inlyy]] = | Qupx: 1 (U) — Qupx (U)| < Chhr,

which completes the proof.

Lemma G4 Fix0 <k < 1—12 Then there exists K > 0 so that the the residual bound

(G.28)

(G.29)

(G.30)

(G.31)

Q)| = K[ [0tV o+ ][ [07V ] + 0%+ V] |+ KR [60V] (G32)

holds for any h > 0, any U € Q. and any V € E% Jor whichU +V € Q..
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Proof Writing

Qlin;U:I[V] = Z_;h qlin;U[V]

=Y [y;‘(z —y2)ST8PU1%v + yU_ZBOUS+[8(2)V]], (G.33)

we compute

|QWU 4+ V) — QW) — Qiinu V]| < X _.y |gm.u (V)]
< K[[37V] s +][|

3l

(G.34)
Recalling the definition (7.28), we see that

QunwalV] = Xy [T [v5* @ = vD)s @ UV + 720U ST V1]
+ Z—;h Em(U)V.
The summation-by-parts identity (3.13) implies that

(G.35)

> vy USRIV = Y, vy t10°U10% 80V
= T [y 200U]90V — ¥, 0~ [y 200U 00V
=y, 13°U18°V — ha*[yUZaOU]aOV (630
=Y T[ 0t [rg200u] o0V
In particular, upon writing
QuniilV) = T 1[5 @ = v)s OOV =0 Ty bu] oty
+yg 20UV + X, Em(U)OV, '
we see that
| Qunctr111V1 = Qs IVI| = h[3~ [y 20°U 00V | < hei [a9V]. (©.38)
Observing that

OQun11lV1 = Qunu[VI= Y T~y @ = s 10PU1 = 0% [y, 2" ]|V,
—:h

(G.39)

we may apply Lemma D.8 to conclude
| Qiin:v:111V1 = Qinw V1| < hC) 04V ] 2, (G.40)
as desired. O

We now recall (4.4) together with the definitions
Zp@) =yl BV =y UV -y oy Em V. o
ZoU) = yu, ZuV1= =y '[0°U1°V — vy Y Em(U)3OV
and write

Z5 U(V) ZEU+V)-2+U) - ZE:U[V]. (G.42)
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LemmaG.5 Fix0 <k < % Then there exists K > 0 so that the pointwise approximation
estimate

|2t W) - 28| + |27 W) - 25,@)| < kA (G43)

apx
and the residual bound

|25+ 2,0 = K[ |04V ][5 + oot V3 |

(G.44)
SRR [0+V] o 4 [o*07V] o ]+ Kn [0V
both hold for any h > 0, any U € Q. and any V € Z%for whichU +V € Q..
Proof Motivated by the definitions (4.4), we write
[T =explal,  f7(x) = expl—x], (G.45)
together with
o@TU,0PU) = QU) (G.46)
and finally
PE@TU,3PU) = fE(p(TU, 3P 0)). (G.47)
This allows one to verify that
zZErWw) = ProtU,s?U). (G.43)
Recalling (7.28), we now define the approximants
P (31U, 0PU) = —Inyy, (G49)

Grin:v [07V, 0P V] =y [0°U10°V + 3, Em(U)IV.
Lemma G.4 provides the pointwise bound
@ U. 0PU) — gupn (07U, 9PU)| = |QWU) = Qupx (V)] < Cih,  (G.50)
together with
G0 V1] = |Quiu (V)]

o1 (G.51)
= ci[ [tV +n][ 104 V] + [0%a* V], |+ cinfoV].
Noting that Df*(x) = £ f*(x), we see that the functions defined in (E.7) satisfy
PL(U) = f*(papx (07U, 0P 1))
= exp| F In[yy]] (G.52)
= J/le .
together with
PE V] = %= Inlyy D[ gy V1]
S [yJZ[BOU]BOV +Y Esm(U)BOV] (G.53)

= £y, VU1V £y Y, Em(U)OV.
The desired estimates now follow from Lemma E.1.

Proof of Proposition 7.4 The results follow directly from Lemma G.5.
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H List of Symbols

The tables below summarize the most important symbols that are introduced at various
locations in the main text. We have chosen to only include symbols that occur in multiple

sections.
Discrete calculus

o+, 90 (2.12)
9@ =9to— (3.3)
T+ (3.1
sE, pE (3.2)
Z—;h’ Z+;11’ (3.9)

First differences, scaled with &

Second difference, scaled with h?
Translation of sequence by 4/

Sum and product with translated sequence
Left and right discrete integral

Sequence spaces

[ e (3.30) and (3.34)
0, ot g2 (3.32) and (3.35)
Uref;*1 Uref:/( (3.36)7(3.38)
Vi (3.39)

Qi (3.40)

02 (hZ; R) with scaled inner products
£°°(hZ; R) with scaled derivatives
Reference functions connecting 0 +— 1
Admissible perturbations from Upef.
State space for U

Main nonlinearities

G,G* (6.1) and (6.2) Right-hand-side of main reduced system (2.25)
y (2.17) and (4.8) Governs gridpoint speed, ie X = )

Q (2.16) and (4.7) Integrating factor for

z+ 4.4) Exponential of +Q

Adaptive discrete derivatives

rg, YU (3.16) and (7.6) Gridpoint spacing

Do+, D0 (3.17) Adaptive first discrete derivatives
Deoit po—it po+it 3.21) Mixed second discrete derivatives
b ASEANE SO AU (3.22) Supporting functions for D=+
D0 (3.26) Adaptive second discrete derivative
Doo0t (3.27) Mixed third discrete derivative
TG0 I (3.28) Supporting functions for D°0i+
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Aucxiliary functions

D, D> q (4.2) and (4.3) Supporting functions for )

O
Py

Pyt P (6.3) Used to compute 3 p

Decomposition of G and G

Ga.G8.9c.9p (6.9) Four components of G

Q:,a (6.14) Component of G that contains third derivative
Qz,b, QX,C, Gp»Gc» Gy (6.14) and (6.15) Remaining 5 components of G+

Vi, yi y;rb (6.7) and (6.11) Supporting functions for Gy and g;

V2. 95, V3, (6.7), (6.11), (6.13) Contain highest derivatives in Gy and G;

X4, Xg, Xc, Xp (6.8) Appear only in corresponding G and g;

Approximation framework

Stutls Stulls S2;fix> S2;fix (7.1) Bounds for the seminorms in condition (if)

Tsate» T safes Toc:opt> T oozopt (7.2) Bounds for the linear terms in condition (A )i
Enls Enl B (7.3) Bounds for the nonlinear terms in condition (if )
Qy for f € Sy §7.1 Exponents for which condition (2 f) holds

Q f:pret for f € Sy (6.18) Preferred exponents for G bounds; see §7.2

O f.pref for f € Sal (6.20) Preferred exponents for Gt bounds; see §7.2
Q;“'lin’ QB-lin for f € Sy §7.1 Exponents for which condition (A f)};, holds

Q?, o @ Fonl for f € Sy §7.1 Exponents for which condition (/£ ), holds
Approximants

fapx for f € 311 §7.1 Simplification for f; see condition (hf)
fiin;u for f € Sy §7.1 Simplification for Df (U); see condition (hf)
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