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Abstract
When swimming near a solid planar boundary, bio-inspired propulsors can naturally equilibrate to
certain distances from that boundary. How these equilibria are affected by asymmetric swimming
kinematics is unknown. We present here a study of near-boundary pitching hydrofoils based on
water channel experiments and potential flow simulations. We found that asymmetric pitch
kinematics do affect near-boundary equilibria, resulting in the equilibria shifting either closer to or
away from the planar boundary. The magnitude of the shift depends on whether the pitch
kinematics have spatial asymmetry (e.g. a bias angle, θ0) or temporal asymmetry (e.g. a
stroke-speed ratio, τ ). Swimming at stable equilibrium requires less active control, while shifting
the equilibrium closer to the boundary can result in higher thrust with no measurable change in
propulsive efficiency. Our work reveals how asymmetric kinematics could be used to fine-tune a
hydrofoil’s interaction with a nearby boundary, and it offers a starting point for understanding
how fish and birds use asymmetries to swim near substrates, water surfaces, and sidewalls.

1. Introduction

Swimming and flying near planar boundaries can
lead to propulsive benefits. In nature, ground effect
lowers the cost of transport and increases range for
animals such as brown pelicans [15, 31], herring gulls
[3], black skimmers [5, 40], bats [17], mandarin fish
[6], and flying fish [27]. These benefits stem from
‘steady ground effect’, where fixed wings/fins experi-
ence a boost in lift near a solid boundary. Wings/fins
that oscillate near a boundary experience ‘unsteady
ground effect’. Unsteady ground effect can cause near-
boundary rigid oscillating hydrofoils [23, 24, 29, 44],
flexible oscillating hydrofoils [30], and flexible undu-
lating hydrofoils [12] to experience thrust benefits
with little to no cost in efficiency. Low-Reynolds-
number simulations have produced similar trends
[9, 28, 36, 42]. There are some exceptions, such as
a flexible undulating fin that experienced no change
in self-propelled speed near the ground [7], but in

general, swimming near the ground leads to higher
thrust.

Solid planar boundaries, such as riverbeds or the
ocean floor, also create stable equilibria for oscillating
hydrofoils. Oscillating too close to the ground causes
a net force propelling the hydrofoil away from the
ground; oscillating too far from the ground causes a
net force attracting the hydrofoil towards the ground
(figure 1). At some intermediate altitude, the net lat-
eral force is zero [21], forming a stable ‘equilibrium
altitude’, which a hydrofoil will naturally converge to
without external disturbances. Shifting these equilib-
rium altitudes may require alterations in swimming
kinematics, but given the thrust benefits and/or pos-
sible energy savings, that extra complexity may be
worth the cost.

Previous studies of unsteady ground effect mainly
focused on symmetrical and sinusoidal pitchmotions
[41]. While sinusoidal gaits are often assumed in
studies of bio-inspired propulsion, real animal gaits
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Figure 1. Schematic of a pitching hydrofoil at different altitudes near the ground (planar boundary). The lift force (FL) of a
pitching hydrofoil switches from positive to negative as the foil moves away from the planar boundary. The proximity at which
FL = 0 is the ‘equilibrium altitude’.

can be asymmetric and complex [22]. Asymmetry
in swimming/flying can be classified into two types:
spatial and temporal. Spatial asymmetry is intro-
duced by tuning the geometric angle of a fin/wing.
Cownose rays, for example, use a larger upstroke
than downstroke [33, 43], and pigeons tilt their lift
vector to turn, much like a helicopter [34]. Tem-
poral asymmetry is introduced by tuning the speed
of a fin/wing during the stroke cycle. Dolphin tails,
for example, tend to have a faster downstroke than
upstroke [35, 38], and insects/bats/birds use asym-
metric wingbeats to produce yaw torques [16].

Asymmetric kinematics are particularly relev-
ant to near-boundary swimming/flying, because they
could shift near-boundary equilibria and therefore
lead to force/energetic benefits. How asymmetries
factor into near-boundary propulsion is currently
unknown. To explore this new area, we considered
spatial and temporal asymmetries in the pitch oscil-
lations of a hydrofoil near a solid boundary and set
out to answer two questions: (a) Does asymmet-
ric kinematics affect the existence and/or position
of equilibrium altitudes? (b) Does asymmetric kin-
ematics affect thrust production and efficiency? We
answered these question through a combination of
direct force and power measurements and potential
flow simulations.

2. Methods

In order to test asymmetric pitch kinematics system-
atically, we employed a previously developed func-
tion for pitch angle that incorporates both spatial and
temporal asymmetries [45]. The function gives pitch
angle as the following function of time:

θ(t) = θ0 +α
tan−1[τ sin(2πft)/(1− τcos(2πft))]

tan−1
(
τ/

√
1− τ 2

)
(1)

where α is the pitch amplitude, f is the pitch fre-
quency, and θ0 and τ are constants that introduce
spatial and temporal asymmetries, respectively. Our
study employed one asymmetry type at a time, so

when we discuss one asymmetry type, the other
asymmetry type is assumed to be zero. The ‘bias
angle’, θ0, sets the average pitch angle within a pitch
cycle (figure 2(a)).When θ0 = 0, the hydrofoil under-
goes symmetric pitchmotion. The ‘stroke speed ratio’,
τ , sets the difference between upstroke and down-
stroke speeds (figure 2(b)). As τ → 0, pitch oscillation
approaches a sinusoid; as τ →−1 or +1, pitch oscil-
lation becomes a sawtooth wave. To avoid the singu-
larity in equation (1), we used θ(t) = θ0sin(2πft) for
the τ = 0 case, which is the limit of equation (1) as
τ → 0.

To examine the response of a hydrofoil pitching
asymmetrically near a solid boundary, we measured
the forces and kinematics of tethered and untethered
hydrofoils in a recirculating water channel. We tested
a laterally-constrained hydrofoil to explore how lift
(and therefore equilibrium altitude), thrust, and
efficiency are affected by asymmetric kinematics.
Then, we tested a laterally-unconstrained hydrofoil
to examine the consistency of equilibrium altitudes
and if they can be shifted dynamically due to changes
in swimming kinematics. Finally, we compared our
results with reduced-order simulations of laterally-
unconstrained and fully-unconstrained hydrofoils.

2.1. Laterally-constrained hydrofoil experiments
In our constrained hydrofoil tests, the hydrofoil was
tethered in a closed-loop water channel (Rolling
Hills 1520, figure 3(a)). A surface plate was installed
to reduce surface waves. The incoming flow speed,
u= 143mm s−1, was regulated by a custom circuit
(Arduino Mega with a signal amplifier) and an ultra-
sonic flowmeter (Dynasonics Series TFXB). In order
to match previous studies of unsteady ground effect
[21, 44, 45], we used a hydrofoil with a 7%-thick
tear-drop cross-section and a rectangular planform.
The hydrofoil was printed with solid acrylonitrile
butadiene styrene and had a chord and span of
c = 95mm and s = 190mm ( Aspect ratio =
2, figure 3(b)). Our choice of u led to a chord-
based Reynolds number of 13 500, which is within
the range typically seen in fish (O(104)–O(105))
[1, 7].
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Figure 2. Types of asymmetry. (a) Spatial asymmetry is introduced by θ0, which sets the pitch bias of the pitching hydrofoil.
(b) Temporal asymmetry is introduced by τ , which sets the difference between upstroke pitch speed, θ̇up, and downstroke pitch

speed, θ̇down. Adding temporal asymmetry does not change the total time to complete one pitch cycle.

Figure 3. Experimental Apparatus. (a) Test rig mounted on top of the water channel (for both constrained and unconstrained
hydrofoil experiments). Test section: 380× 450× 1520mm (W×H× L). A z-traverse (stepper motor) controlled the height of
each corner of the carriage frame. (b) The hydrofoil’s actuation system consisted of an in-line servo motor, encoder, force sensor,
and a drive shaft. (c) The sidewall of the channel served as the ‘ground’. In ‘constrained’ tests, the rig was constrained laterally by
the lateral traverse; in ‘unconstrained’ tests, the rig slid laterally along air bushings. The rig was constrained in the stream-wise
direction in all experiments.

A high torque digital servo motor (Dynamixel
MX-64) was used to pitch the hydrofoil around
the carbon fiber driveshaft (6.35mm diameter) at
its leading edge with the prescribed pitch angle
θ(t) (equation (1)). The pitch angle was verified by
an absolute encoder (US Digital A2K 4096 CPR).
Even slight asymmetries produced substantial lat-
eral forces, so we considered narrow bands of bias
angle and stroke speed ratio: θ0 from−1.5◦ to+1.5◦

in increments of 0.5◦ and τ from −0.3 to +0.3 in
increments of 0.1. For each asymmetry type, the
hydrofoil was actuated with a pitch frequency of f=
1.58Hz and a pitch amplitude of α= 11◦. We chose
these values in order to consider biologically-inspired
kinematics while keeping forces high. These inputs

resulted in a Strouhal number on the upper end of
those typically observed in fish: St≡ 2fcsinα/u= 0.4
(reduced frequency k≡ fc/u= 10.5) [11, 13, 37].

To systematically test each set of asymmetric kin-
ematics, we actuated the hydrofoil at 15 altitudes (d)
(i.e. proximities to the sidewall/‘ground’ of the water
channel). The altitudes ranged from d= 38.5mm
(the lowest value before the hydrofoil came in con-
tact with the ground) to d= 188.5mm (themidpoint
of the water channel). Scaled by the chord length, the
normalized altitudes (d/c) ranged from around 0.4
to 2.0. An automated lateral traverse positioned the
hydrofoil in between each trial.

For each altitude and motion type, we recorded
forces using a six-axis force/torque sensor (ATI-Mini
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40: SI-40-2) in line with the driveshaft (figure 3(b)).
Data were collected over 30 pitch cycles: 5 cycles
warm-up cycles, 20 active cycles, and 5 cool-down
cycles. The ‘net thrust’ (FT) and ‘net lift’ (FL) were
defined as the stream-wise (parallel to the ground)
and lateral (perpendicular to the ground) forces aver-
aged over the active cycles. The ‘net power’ (p) was
defined as the average product of the pitching torque
and pitching velocity (as recorded by the encoder).

The thrust and power data were combined to
define the propulsive efficiency: η ≡ FTu/p, which
represents the average fraction of the energy injected
into the wake that is used for forward thrust. Because
the time-averaged forces were comparable to the res-
olution of the sensor((O(0.01)N) vs. ±0.01N), the
measured thrusts/efficiencies contained a large num-
ber of outliers. To account for this effect, we repeated
each trial 10 times and omitted thrusts/efficiencies
beyond 1.25 standard deviations from the average
(15% of points omitted).

We chose not to employ flow visualization
techniques for this study because our prior work
has explored the wakes of pitching foils with
symmetric and asymmetric kinematics [45] and with
near-boundary kinematics [21, 44]. Our goal here
was to explore near-boundary equilibrium shifting
and the associated bulk performance metrics.

2.2. Laterally-unconstrained hydrofoil experiments
Laterally-unconstrained hydrofoil tests were used to
validate the existence of near-boundary equilibria and
to demonstrate how equilibria could be modified
by asymmetry. In these tests, we removed the lat-
eral traverse and used linear air-bushings (New Way
S301901) to allow the hydrofoil to move freely in the
lateral direction (figure 3(c)).

To minimize friction, we avoided any tethered
contacts to the carriage. The carriage included a
power source (16.8 V LiPO battery), compressed air
tanks (Ninja HPA Tank—68CI—4500 PSI) to run its
air-bushings, a wireless receiver (Arduino mega 2560
with Xbee shield), a wireless transmitter (ATI F/T
wireless), and a custom circuit to synchronize meas-
urements before transmitting data to the control PC
(Omen 870). Altitude d was captured by a laser dis-
tance sensor (Baumer CH-8510; ±0.01mm resolu-
tion). Based on observed deceleration rates with the
channel drained, we estimate the friction in the bear-
ings to be 0.0017± 0.0007N.

To level the air bushing system and simulate pay-
loads, we used four independently-controlled step-
per motors to raise/lower the four corners of the
carriage frame independently (figure 3(a)). These
motors automatically leveled the carriage to±0.001◦

precision and reduced the effects of gravity to less
than 2.5mN [45]. We also used the leveling system
to simulate a payload by tilting the carriage such
that a component of its weight pulled it towards the
‘ground’ (sidewall). The effective mass of the wireless

carriage was 4.6 kg in the lateral direction [45], lead-
ing to a simulated payload of (4.6 kg)gsinγ, where
γ is the tilt angle. This payload could represent, for
example, the negative buoyancy common to many
rays and flatfish [4, 39].

Each unconstrained trial consisted of four stages.
In Stage 1, the hydrofoil performed 30 symmetrical
pitch cycles. In Stage 2, we simulated a small payload
(31.5mN)by tilting thewireless carriage 0.04◦ toward
the ‘ground’. In Stage 3, we introduced into the pitch
kinematics a positive asymmetry (either spatial, θ0 =
0.8◦, or temporal, τ = 0.25). In Stage 4, we intro-
duced into the pitch kinematics a negative asymmetry
(either spatial, θ0 =−0.5◦; or temporal, τ =−0.1).
Net thrust and efficiency for each stage were calcu-
lated using portions of the data in which the hydro-
foil had converged to an equilibrium altitude. We ran
these tests at three different initial altitudes (d/c≈
0.4, 0.5, 0.7) to highlight the insensitivity of the equi-
libria to initial condition.

2.3. Laterally-unconstrained hydrofoil simulations
To pair with our experiments, we ran potential flow
simulations of near-boundary pitching foils. Poten-
tial flow simulations assume the flow is irrotational,
incompressible and inviscid [18]. The simulations
provide additional evidence for trends observed in
the laterally-tethered and untethered experiments.
They also quantify the influence of viscous effects.
In the water channel, a thin boundary layer forms
on the channel wall upstream of the pitching foil.
This boundary layer would not be present ahead of
untethered foils swimming near boundaries in qui-
escent fluid, nor ahead of animals flying or swim-
ming in ground effect. Our inviscid simulations help
to quantify the importance of this discrepancy in
boundary condition. Trends that are observed in both
our experiments and simulations are therefore invis-
cid phenomena that are unrelated to the channel’s
boundary layer.

To model the presence of the ground, we used
the method of images, where singularity elements
are mirrored to satisfy no flux at the ground plane
(z= 0). Specifically, a tear-drop hydrofoil, identical
to the one used in the laterally-unconstrained exper-
iments, was pitched at a ground distance d above the
ground while an image hydrofoil was pitched 180◦

out-of-phase at the same ground distance d beneath
the ground (figure 4). The hydrofoil was constrained
in the streamwise direction but allowed tomove freely
in the lateral direction. Equilibrium altitudes were
defined as the altitudes atwhich the time-averaged net
lift dropped below a threshold range (|CL|⩽ 0.015).
The simulations followed the same 4-stage procedure
as the unconstrained hydrofoil experiments.

Following previous studies [2, 18, 19, 25],
an unsteady three-dimensional boundary element
methodwas employed. The potential flow is governed
by Laplace’s equation, ∇2Φ∗ = 0, where Φ∗ is the
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Figure 4. Illustration of the method of images in potential flow simulation.

perturbation potential in an inertial frame fixed to
the undisturbed fluid. In addition, at each time step,
the no-flux boundary condition must be satisfied
on the surface of the propulsor Sb (∇Φ∗ ·n= 0),
where n is the vector normal to the hydrofoil’s
surface. The hydrofoil and the wake surface were
then discretized by a finite number of quadrilateral
boundary elements. The general solution to the
potential flow problem was reduced to finding a dis-
tribution of constant-strength doublet and source
boundary elements over the body and wake based on
an internal Dirichlet boundary condition. Further-
more, an explicit Kutta condition was applied at the
trailing edge by introducing a wake boundary ele-
ment. At each time step, wake boundary elements are
shed from the trailing edge, after which they advect
with the local velocity calculated by the desingular-
ized Biot–Savart law [20, 25, 46]. The forces acting on
the hydrofoil were calculated by using the unsteady
Bernoulli equation and integrating the resulting pres-
sure field. Finally, the net thrust CT is calculated
by adding the profile drag coefficient CD = 0.047
measured during the experiments to the simulated
potential-flow-based thrust coefficient, which does
not inherently include any viscous drag.

2.4. Streamwise and laterally-unconstrained
hydrofoil simulations
Fully unconstrained simulationswere used to demon-
strate the insensitivity of near-boundary equilib-
ria to hydrofoil surging oscillations and to draw a
clear connection between laterally-unconstrained
hydrofoil measurements and free-swimming per-
formance. When the hydrofoil was unconstrained
in the streamwise direction, a virtual drag force per
unit span of F ′

drag = 0.5Cdradρu2 c was applied to sat-
isfy the free-swimming condition, where there is net
zero force in the streamwise direction. By iterating
the drag coefficient Cdrag, the time-averaged speed of
streamwise and laterally-unconstrained simulations
was matched to that of the laterally-unconstrained
simulations and experiments (u= 143mm s−1)

when Cdrag = 0.56. This ensured that the Strouhal
number and reduced frequency of the simulation
hydrofoil were also the same as the conditions in Stage
1 of the laterally-unconstrained hydrofoil experi-
ments and simulations (St= 0.4 and k= 1). This
was necessary for a simulated foil to achieve biolo-
gically relevant Strouhal numbers since the potential
flow solver does not otherwise calculate viscous drag.
With the applied drag force and resultant forces from
the potential flow pressure field, the equations of
motion were solved in both the streamwise and lat-
eral directions. The simulated hydrofoil had a mass
ofm= 4.6 kg to match the experiments. Results were
reported as the simulated equilibrium altitudes and
the free swimming speed of the hydrofoil under fully-
unconstrained swimming conditions.

3. Results

3.1. Laterally constrained experiments: asymmetric
kinematics shift equilibria and affect thrust
Our results for symmetric kinematics (θ0 = 0◦, τ =
0) agree with previous studies [21, 29, 44] (figure 5).
The net lift was positive close to the ground (d/c≲
0.67), negative intermediate to the ground (0.67≲
d/c≲ 1.4), and zero far from the ground (d/c≫ 1.4).
The result was a stable equilibrium altitude around
d/c= 0.67. If the hydrofoil were free to move per-
pendicularly to the ground, it would naturally settle
into this equilibrium altitude without any lateral
perturbation [21].

As asymmetry was added to the pitching kinemat-
ics, the equilibrium altitude shifted.When the foil was
biased away from the ground (positive θ0), the res-
ulting negative net force toward the ground led to
a lower equilibrium altitude (figure 5(a)). The same
result occurred with temporal asymmetry: with a
faster pitch stroke away from the ground (positive τ ),
the equilibrium altitude became lower (figure 5(b)).
When the asymmetries were reversed (negative θ0 and
τ ), the equilibrium altitude increased. Note, however,
that the negative lift caused by the ground was so
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Figure 5. Lift coefficient depends on both altitude and (a) spatial and (b) temporal asymmetry parameters. Adding spatial and
temporal asymmetry causes the lift coefficient (CFL ≡ L/(0.5ρu2 cs)) to behave differently as a function of d/c (normalized
ground proximity). As a result, the stable equilibrium altitudes (green dots) shift position. Note: we suspect that the peak around
d/c∼ 1.6 in the θ0 = τ = 0 case is due to a resonant standing wave between the hydrofoil and sidewall, so we did not report the
CL sign changes near that location to be equilibria.

small that shifting equilibria away from the ground
was more difficult: after being introduced to stronger
negative asymmetries (θ0 ⩽−0.5◦, τ ⩽−0.2) the
equilibrium altitude disappeared (figures 5(a) and
(b)). Slight negative asymmetries (e.g. τ =−0.1) led
to awide range of d/c valueswhereCL ≈ 0, suggesting
that hydrofoils in those conditions would feel only
small lateral forces over a range of altitudes.

While spatial and temporal asymmetry both shif-
ted equilibrium altitude, they had different effects
on lift, particularly very close to the ground. Intro-
ducing spatial asymmetry simply added/subtracted
lift, i.e. produced a vertical shift in the FL(d/c) curves
(figure 5(a)). Introducing temporal asymmetry was
more complex. Far from the ground, temporal
asymmetry led to small shifts in CL (±0.12 when
τ =±0.3). Near the ground, positive τ values
flattened the lift curve, while negative τ values sig-
nificantly amplified the lift forces. At d/c= 0.4,
for example, a τ of +0.3 reduced CL from ≈ 0.2
to≈−0.05, whereas a τ of−0.3 tripled CL to≈ 0.65.
The temporal asymmetries we considered appear to
have stronger, more nonlinear interactions with the
ground compared to the spatial asymmetries. This
is consistent with the fact that spatial asymmetry is
adding linearly to the pitch function while temporal
asymmetry is adding nonlinearly (equation (1)).

Our results for symmetric kinematics were also
consistent with previous work in terms of thrust
and efficiency. As in previous work [21, 29, 30,
44], the net thrust increased as the symmetrically
pitching hydrofoil approached the wall (figures 6(a)
and (b)). This ‘unsteady ground effect’ has been
attributed to heightened added mass and circulatory
forces caused by the ground [2, 14, 23, 24, 26]. The

hydrodynamic power also went up near the ground
(figures 6(c) and (d)), leading to a relatively con-
stant efficiency of around 19% across all cases con-
sidered (figures 6(e) and (f)). The implication is that
near-ground hydrofoils could swim at a faster speed
with negligible cost in efficiency.

As they did with lift, spatial and temporal asym-
metries had differing effects on thrust. Spatial asym-
metries had only minor effects on thrust, power,
and efficiency near the ground (figures 6(a), (c) and
(e)). In contrast, temporal asymmetries increased
the thrust and power coefficients significantly at
all ground distances (figures 6(b) and (d)). For
example, far from the ground (d/c= 2.0), a τ of+0.2
increased CT by≈15%, and a τ of+0.3 increased CT

by ≈28%. Presumably the faster pitch strokes in one
direction caused a higher effective Strouhal num-
ber, leading to higher unsteady forces on the hydro-
foil. Because thrust and power were affected equally,
adding temporal asymmetry did not affect efficiency
(figure 6(f)). The effect of the ground can be isol-
ated by comparing the near-ground and far-from-
ground cases along the same curve. For both spa-
tial and temporal asymmetries, the thrust coefficients
increased by ≈ 0.1 as the hydrofoil approached the
ground, across all tested θ0 and τ values, indicating
the consistency of stand-alone propulsive benefits by
swimming close to the ground.

3.2. Laterally-unconstrained experiments and
simulations: equilibria can be shifted dynamically
As suggested by the tethered tests, laterally-
untethered hydrofoils can adjust their equilibrium
altitude in realtime by introducing pitch
asymmetries. As the untethered trials started, the foils
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Figure 6. Thrust and power depend on both ground proximity and asymmetry. (a), (c), (e): Spatial asymmetry has little effect on
thrust coefficient (CFT ≡ T/(0.5ρu2 cs)), power coefficient (Cp ≡ p/(0.5ρu3 cs)), or efficiency (η ≡ CT/Cp). Curves are colored
by θ0 as in figure 5(a). (b), (d), (f): Increasing magnitude of temporal asymmetry increases thrust and power coefficients but has
little effect on efficiency.

converged to the same equilibrium altitude, despite
having different initial conditions (figures 7(a) and
(d); Stage 1). The foils shifted to a lower equilibrium
as the simulated payload (negative buoyancy) was
added, a higher equilibrium as negative pitch asym-
metries generated positive lift forces, then an even
lower equilibrium as positive pitch asymmetries gen-
erated negative lift forces (figures 7(a) and (d); Stages
2, 3, 4).

As expected based on the tethered tests, shifting
the equilibrium altitude caused noticeable changes in
thrust, but not efficiency (η values within 2% of each
other; figures 7(b), (c), (e) and (f)). To account for
the difference in scale between the experiments and
the reduced-order simulations, we reported thrust
and efficiency as a percent change relative to their
respective values in Stage 1 (control case; symmetric;
no payload). The only significant difference between
the spatial and temporal asymmetry cases was a
higher percent change in thrust in Stages 3 and
4 due to the higher thrusts caused by nonzero τ
values (figures 7(b) and (e)), which was consistent
with what was observed in the tethered experiments
(figures 6(a) and (b)).

The laterally-unconstrained hydrofoil tests do
more than just validate the equilibria shifts seen
in the tethered tests. While the tethered tests were
quasi-steady, the untethered tests were dynamic.
For example, the center of mass of the untethered
hydrofoils shifted laterally within each pitch cycle,
which introduced passive heaving motions and a
trailing edge amplitude that were about 3mm smaller

than in the tethered case. This change in kinematics
caused the absolute thrust and equilibrium altitudes
to differ from those in the tethered tests. The uncon-
strained tests confirm that despite these changes in
kinematics, the equilibria can be shifted dynamically
using pitch asymmetries, as suggested by the con-
strained tests.

Furthermore, the potential flow simulations
showed similar trends in equilibrium altitude, thrust,
and efficiency. They confirmed from a theoretical
perspective that near-boundary equilibria are not
dominated by viscous effects. An exception appears
to be the thrust in Stages 3 and 4 for temporal
asymmetry, where the experiments showed a higher
increase than the simulations. This difference may
be the result of the dynamic boundary layer shed-
ding that can occur around temporally asymmet-
ric hydrofoils [45]. Such an effect would not appear
in our simulations, where wake vorticity originates
entirely at the trailing edge.

3.3. Fully-unconstrained simulations: equilibria
are insensitive to swimming speed
Simulations of a hydrofoil that was unconstrained in
both streamwise and lateral directions were used to
examine the sensitivity of near-boundary equilibria
to fully unconstrained free-swimming conditions.
Figures 8(a) and (b) presents the simulated equi-
librium altitudes for laterally unconstrained (one
degree-of-freedom) and streamwise and laterally
unconstrained (two degree-of-freedom) simulations
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Figure 7. Untethered hydrofoil experiments and simulations confirm that asymmetric kinematics can shift equilibria. (a), (d):
equilibrium altitudes are affected by both the magnitude of asymmetry and the simulated payload. (b)–(e): at later Stages, thrust
increases relative to the symmetrical case (Stage 1) while no measurable changes occur in efficiency.

Figure 8. Insensitivity of near-boundary equilibria due to fully-unconstrained swimming conditions. (a) Equilibrium altitudes in
Stages 1–4 for spatial asymmetries. (b) Equilibrium altitudes in Stages 1–4 for temporal asymmetries.
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Figure 9. Percent change in simulated and predicted free swimming speeds for the fully-unconstrained simulations and
laterally-unconstrained experiments, based on experimental data and scaling laws. (a) Stages 1–4 with spatial asymmetries.
(b) Stages 1–4 with temporal asymmetries.

with the presences of spatial and temporal asym-
metries, respectively. With streamwise freedom, the
hydrofoil experienced surging oscillations due to
the time-varying thrust. These surging oscillations
had no significant influence on the near-boundary
equilibria for both spatial and temporal asymmet-
ries with lateral freedom. This result shows that lat-
eral equilibria are mostly unaffected by streamwise
freedom at least in inviscid flows. We postulate that
this result will hold in viscous flows since experiments
have shown [13] that time-averaged forces—which
lead to near-boundary equilibria—are largely unaf-
fected by surging oscillations of hydrofoils.

A clear connection between the fully-
unconstrained hydrofoil simulations and the
laterally-unconstrained hydrofoil experiments can
be established through the free swimming speed.
Employing an established inviscid scaling law for
swimming speed (equation (32) in Moored and
Quinn [26]), we can express the relationship between
the simulated free-swimming speed and the meas-
ured laterally-unconstrained thrust coefficient as,

u

ustage1
− 1=

√
CT

CTstage1
− 1, (2)

where ustage1 is the free swimming speed simulated in
Stage 1 of the streamwise and laterally-unconstrained
simulations, CT is the thrust coefficients measured
during the laterally-unconstrained hydrofoil experi-
ments (other than Stage 1), and CTstage1 is the thrust
coefficient in Stage 1. The speed u is the equilib-
rium speed for the laterally-unconstrained hydrofoil
in each stage (other than Stage 1), as predicted based
on the thrust measured for the constrained hydrofoil.
Figure 9 presents the percent change in simu-
lated and predicted free swimming speeds in fully-
unconstrained hydrofoil simulations and laterally-
unconstrained hydrofoil experiments, respectively.
The predicted percent change in swimming speed is
in good agreement with the streamwise and laterally-
unconstrained simulations. This agreement validates
that viscous effects are negligible in our setup and per-
haps in dynamic ground effect more generally.

4. Discussion and conclusion

Our results demonstrate that a pitching hydro-
foil’s equilibrium altitude can be manipulated by
using asymmetric kinematics. In many cases, the
asymmetries disturb the base flow enough to shift
the equilibrium; in other cases, equilibria disap-
pear entirely. Being able to manipulate equilibrium
altitudes would presumably be critical for effective
near-boundary control. Cruising at the stable equilib-
rium altitude would require less active control, as the
hydrofoil can naturally settle back into equilibrium
after small disturbances, so it may be energetically-
favorable to swim there. Furthermore, if the equi-
librium altitude is shifted toward the ground, the
hydrofoil can also benefit from higher thrust. Being
able to tune the position of near-boundary equilibria
may therefore be a useful feature of near-boundary
locomotion.

In addition to the thrust benefits, shifting equilib-
rium altitudes toward the ground may also increase
stability. The slope of the CL(d/c) curves at equi-
librium is a key feature of near-boundary dynam-
ics because of its implications for stability. If, for
example, lift were defined via the derivative of some
force potentialU (FL ≡−dU/dd), then steeper slopes
in the lift curve (FL(d)) would imply narrower local
minima in the force potential (U(d)). As a result,
higher values of the lift slope at equilibrium would
theoretically increase lateral stability, and stronger
perturbations would be required to break free from
these equilibrium altitudes. The slope of the CL(d/c)
curves at equilibrium altitude increases for both spa-
tial (figure 5(a) θ0 = 0◦,+0.5◦,+1.0◦) and temporal
asymmetries (figure 5(b) τ = 0,+0.1,+0.2). As the
slope steepens, the hydrofoil feels a stronger upward
push just below equilibrium and a stronger down-
ward push just above equilibrium. In this way, pitch
asymmetries could in theory be used to stabilize
a hydrofoil’s proximity to a solid boundary. Note
that if potential flow is assumed, a near-boundary
hydrofoil has the same boundary conditions as two
side-by-side hydrofoils pitching out of phase [10],
so it is possible that asymmetries could also help
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tune the separation and stability of two side-by-side
swimmers.

Consider, for example, how these implications
apply to real near-boundary swimmers and flyers.
Elasmobranchs, which include bottom-dwelling rays,
tend to be negatively buoyant [39]. In light of our
findings, it may be that negative-buoyancy is—at
some altitude—counteracted by an upward lift force,
leading to a stable equilibrium altitude closer to the
ground (as in figure 7, Stage 2). A ray could employ
asymmetric kinematics to further shift this equilib-
rium altitude either closer to or away from the ground
at will. For example, cownose rays are known to use a
larger upstroke than downstroke (spatial asymmetry)
[33, 43]. The role of near-boundary lateral forces
may even help to explain some of the kinematic and
morphological differences that are known to exist
between pelagic (open-water) and benthic (bottom-
dwelling) aquatic animals [8, 32]. For example,
the fact that temporal asymmetry provides thrust
benefits independent of ground distance may help
explain why mid-ocean swimmers, like dolphins [35,
38], tend to employ temporal asymmetry (faster
downstrokes than upstrokes) as supposed to spatial
asymmetry.

Regardless of their biological implications, our
results offer some concrete control strategies for
near-boundary bio-inspired propulsors. It appears
that both spatial and temporal asymmetries can be
used to manipulate equilibrium altitude and near-
boundary stability (figure 7). This finding suggests
that bio-inspired vehicles with fin-like propulsors
could use either strategy to fine-tune their equilib-
rium altitude near a boundary. The chosen asym-
metry type would likely depend on hardware con-
straints. For example, a servo-driven fin might use
a constant pitch offset to achieve spatial asymmetry,
whereas a fin actuated with a scotch-yoke mech-
anism might use sawtooth motor commands to
achieve temporal asymmetry. We hypothesize that
these equilibria-manipulation strategies could offer
propulsive benefits if incorporated into bio-inspired
robots that swim/fly near boundaries. Particularly
when combined with artificial intelligence techniques
like deep learning, these strategies could potentially
help vehicles stay more efficient and stable when
operating near solid boundaries.
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