
Journal of Magnetic Resonance 335 (2022) 107145
Contents lists available at ScienceDirect

Journal of Magnetic Resonance

journal homepage: www.elsevier .com/locate / jmr
Pulsed spin-locking of spin-3/2 nuclei: 39K-NQR of potassium chlorate
https://doi.org/10.1016/j.jmr.2022.107145
1090-7807/� 2022 Elsevier Inc. All rights reserved.

⇑ Corresponding author.
E-mail addresses: knixon4@gmu.edu (K.E. Nixon), ksauer1@gmu.edu (K.L. Sauer).
Kyle Edward Nixon, Karen L. Sauer ⇑
George Mason University, 4400 University Drive, Fairfax, VA 22030, United States

a r t i c l e i n f o a b s t r a c t
Article history:
Received 6 December 2021
Revised 3 January 2022
Accepted 10 January 2022
Available online 15 January 2022

Keywords:
Potassium chlorate
Spin-3/2
Powder sample
Quadrupolar nuclei
Half-integer quadrupoles
Nuclear quadrupole resonance
Pulse sequences
Zero-field NMR
Spin-lattice relaxation time
Spin-echo decay
A model was developed for predicting a locked signal under a series of refocusing pulses for Nuclear
Quadrupole Resonance (NQR) of spin I ¼ 3

2 and tested with a powder of KClO3. This work represents
the first direct NQR detection of the 39K line of potassium chlorate. The characteristic time constants,
T1; T2e and T�

2, were measured to determine the detectability of potassium chlorate via 39K-NQR. The echo
train T2e was found to be strongly dependent on the refocusing pulse-spacing and weakly dependent on
the refocusing pulse strength. The optimal angles of the excitation and echo pulse for a pulse train were
also determined, as well as, the resonance-frequency dependence on sample temperature.

� 2022 Elsevier Inc. All rights reserved.
1. Introduction

Nuclear Quadrupole Resonance (NQR) is a phenomena arising
from nuclei possessing spin greater than 1

2 and utilizes radio-
frequency pulses to excite a sample nucleus out of a ground state.
Spin-3/2 is a prolific class of quadrupolar nuclei and as a result
NQR techniques have numerous applications [1]. These applica-
tions range from thermometers [2–6] to investigating the internal
orbital and magnetic order of materials, which is an important tool
in the effort to create high Tc superconductors [7–9]. An important
application for NQR is sample detection [10] as the nature of NQR
allows one to determine the location and purity of a given sample.
NQR has been the subject of study over the past several decades as
a potential tool for the detection of nitrogen-based explosives
[11,12].

Potassium chlorate is used in explosive devices, and is naturally
of interest for NQR detection. The resonance frequencies of 35Cl-
NQR have been measured in KClO3 [5,13] but are orders of magni-
tude higher than 14N-NQR [14]. System requirements for a device
capable of detecting multiple different samples are greatly
increased by a large disparity of target resonance frequencies.
Furthermore, the large temperature dependency, 2.6 kHz/�C, of
chlorine NQR makes it attractive as a thermometer [5], but difficult
to detect in uncontrolled environments. In contrast, as we con-
firmed, 39K resonance frequency is close to other 14N lines of inter-
est, such as ammonium nitrate, and possesses a temperature
coefficient 4 times smaller than 35Cl’s. Previously, the 39K line of
potassium chlorate was not directly detected by NQR, but was indi-
rectly detected through double-resonance [15].

NQR naturally generates a fairly weak signal, so optimizing the
excitation sequence and its repetition is important. Therefore, we
measured the relaxation rates key to efficient detection, including
the decay of the spin-echoes as a function of pulse strength and
timing. The spin-lock spin-echo sequence (SLSE) is one of the more
common pulse sequences utilized to extend the signal in time.
[16]. The sequence is composed of a single excitation pulse, which
after a time of 1

2 s, is followed by a series of N refocusing pulses each

separated by s [17], Hx � s
2 � 2H0

y � s
h iN

. The angle H is the nuta-

tion angle of the excitation pulse and 2H0 is the nutation angle of
the echo pulse defined by

H ¼
ffiffiffi
3

p

2
cB1t1; 2H0 ¼

ffiffiffi
3

p

2
cB0

1t
0
1 ð1Þ

where c is the gyromagnetic ratio of 39K, B1 is the field strength of
the pulse and t1 is the duration of the pulse. The refocusing pulses
have a phase shift of p

2 from the excitation pulse.
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Previous work focused on predicting free induction decay and a
single echo response in spin-32 NQR [18–20]. As shown in the
Appendix A for many echoes, and decoherence dominated by elec-
tric field gradient inhomogeneity, the locked magnetic moment is
at a minimum the same as for a single echo:

�lX�min ¼ S0k sin kH sin2 kH0; ð2Þ
where S0 is the magnetic moment from a single crystal and X is the
axis of symmetry of the coil used both for excitation and detection.
This magnetic moment, induced by an optimized single pulse, is
defined as:

S0 ¼ c�h2x
ffiffiffi
3

p

4kT
; ð3Þ

where x is the spacing between levels and T is the temperature of
the sample. The excitation efficiency, k, is given by [20]:

k2 ¼
3 1� g2=3
� �

sin2 hþ 2g sin2 h cos 2/þ 3
4g

2
h i

3þ g2 ; ð4Þ
S
S0

¼ p

8H 4H02 �H2
� �� �2 H2 � 4H02

� �
H1 Hð Þ þH Hþ 2H0� �

H1 H� 2H0� �þH H� 2H0� �
H1 Hþ 2H0� �þ Hþ 2H0� �

2H2 Hð Þ � H2 H� 2H0� �� H2 Hþ 2H0� �� �	 
� �
ð9Þ

� 2J1 Hð Þ�J1 2H0þHð ÞþJ1 2H0�Hð Þ
3 : ð10Þ
in which g is the asymmetry parameter, of the electric field gradient
[1]; when the same coil is used both for excitation and detection, k
can also be viewed as the detection efficiency. The angles h and /

correspond to bX = sinhcos/x̂ + sinhcos/ŷ + coshẑ, the axis of symme-
try of the excitation coil in the principal axis frame of the electric
field gradient. Eqs. 2 to 4 give the result for a single crystal. In the
next section these equations are used to predict the signal response
of a powder sample from SLSE excitation.
2. Theory

2.1. Expected signal from a powder

Our derivation, detailed in Appendix A, closely follows the work
of Goldman [20] and extends it to the case of spin-locking under N
refocusing pulses with frequency x0. Decoherence between pulses
is assumed to be from a distribution of electric field gradients, and
pulses are treated as delta-function. This assumption of inhomoge-
nous broadening greatly simplifies the calculation, since the signal
can be treated as the summation of off-resonant and resonant
isochromats. Goldman’s treatment of this system maps four
dimensional spin space of spin-3/2 onto a Hilbert space of two
spin-1=2.

Calculations for a powder sample are complicated by the exci-
tation efficiency k dependence on orientation shown in Eq. 4. How-
ever, as can be seen in Fig. 1, the mean of k over a sphere does not
vary appreciably with g, a conclusion shared with previous work
[20,18]. Therefore we calculate the powder average in the limit
that g ¼ 0, which is solvable analytically [20]. Moreover, other
authors have shown the FID and echo response in a powder sample
is insensitive to g, justifying the use of the g ¼ 0 limit [21,22,20],
even though g is measured to be 0.69 in potassium chlorate
through 39K NMR [23].
2

The amplitude of the free induction is

S
S0

¼
Z
sphere

k sin kHð ÞdX
4p

; ð5Þ

where dX is the solid angle. In the limit g ¼ 0,

S
S0

¼H
3
þ pH1 Hð Þ

2H
� pH2 Hð Þ

2
ð6Þ

�4
3
J1 Hð Þ; ð7Þ

where Hn is the nth order StruveH function. The last approximation
uses the Jacobi-Anger expansion in terms of Bessel functions,
retaining only the first order solution. Similarly, for the first echo
and the locked signal, the signal is

S
S0

¼
Z
sphere

k sin kH sin2 kH0 dX
4p

: ð8Þ

In the limit g ¼ 0,
Comparison between the exact and approximate solutions are given
in Fig. 2. The approximate solution gives optimal values, both in
pulse angles and signal size, within 5% of those for the exact solu-
tion. The maximum value, utilizing the approximations was calcu-
lated to return to 70 percent of the signal strength of a single
crystal of comparable size and occurs at H ¼ H0 ¼ 1:79. Further-
more, one may note the deviation between the approximate solu-
tion, and the exact solution primarily exist within the higher H
domains. The experimental data are fit to Eq. 10, for ease of
calculation.

2.2. SNR

As shown in Appendix A.2, the signal-to-noise ratio (SNR) for
NQR behavior is,

SNR ¼ a
S1
2s

ffiffiffiffiffiffiffi
T2e

T1

s( ) ffiffiffiffiffiffiffiffi
Ttot

p
;

where a is a factor, weakly dependent on the time constants, but of
the order of unity, S1 is the signal with infinite time between scans,
s is the sensitivity of the sensor, and Ttot , is the total time taken to
conduct all scans. Therefore measuring the echo-train decay, T2e,
and the spin-lattice relaxation decay, T1, is critical to determining
the optimal SNR and ultimately the detectability of potassium
chlorate.

3. Experimental set-up

In order to conduct the experiment, a probe designed for direct
detection of potassium chlorate was constructed. The excitation
coil, shown in Fig. 3, was part of a parallel-tuned tank circuit which
used a capacitor in series to impedance match with the power
amplifier. The probe was optimized for a frequency of 0.53 MHz,



Fig. 2. Left: Expected signal, as a function of H, from a single excitation for both exact (blue) and approximate (yellow) solutions. Right: Expected echo/locked signal, as a
function of H and H0 , for both exact (center graph) and approximate (rightmost graph) solutions. Both exact and approximate solutions are taken in the limit g ¼ 0.

Fig. 1. Graph the excitation efficiency, k, for a given value of g, the asymmetry parameter, over the domain of / and cosh, as described by Eq. 6.

Fig. 3. The probe excited, and received signal from a temperature controlled [25] 1-
kg powder sample of potassium chlorate.

Fig. 4. The resonance frequency of 39K from potassium chlorate, KClO3, was found
to vary at a rate of �0.58 kHz/�C.
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Fig. 6. The spin-echo, only half of which is shown due to dead time, decays to 14%
in half a millisecond, or to 50% in 0.29 ms. The corresponding half-width-half-
maximum is 0.75 kHz.

Fig. 5. Representative data taken at 26 �C. As the time between experiments
increases, the signal returns to full value with a time constant of T1 ¼ 2:3 s.

Fig. 7. The echo decay train produced by a refocusing pulse-spacing of 1
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which was chosen based on indirect detection by double-
resonance NQR/NMR experiments [15]. The spectrometer that
was used was a Tecmag APOLLO [24]. The target sample of potas-
sium has greater than 99% purity, with less than 0.001% heavy
metal impurity.
4. Results

4.1. Resonance

The NQR resonance frequency for potassium chlorate was found
to have a linear dependence on temperature, over a limited tem-
perature range near room temperature, as shown in Fig. 4. The
temperature coefficient roughly agrees with earlier indirect-
detection methods; Emshwiller [15] measured a frequency coeffi-
cient of �1 kHz/�C for 41K, or scaling for the quadrupole moments
between isotopes, �0.8 kHz for 39K.

4.2. Relaxation rates

The spin-lattice relaxation time, shown in Fig. 5, determines
how quickly the scans can be repeated. The value did not vary sig-
nificantly over the temperature range studied, 17–31 �C, and the
weighted average was T1 ¼ 2:3� 0:1 s. The T1 of 39K in potassium
nitrate is similar in value [17].

Within a single scan, spin echoes formed between refocusing
pulses. The spin-echo was Gaussian in shape characterized by a
time constant T�

2 ¼ 0:5 ms, as shown in Fig. 6, a value shorter than
the pulse-spacing at 2 ms. The pulse-spacing strongly effected the
decay of the spin-echoes over the echo train as seen in Fig. 7. The
decay time constant T2e, decreases by a factor of four, as the pulse-
spacing is increased by a factor of two, from 1 to 2 ms. Similar
behavior has been previously observed during spin-3/2 NQR in
other materials [26]. It is expected as the pulse-spacing of the refo-
cusing pulse approaches T�

2; T2e will continue to increase.
In contrast to pulse-spacing, the refocusing pulse strength has

only a weak effect on T2e, as evidenced by the right graph in
Fig. 8. The fast fourier transform (FFT) peak is maximized for a
weaker pulse strength than the time domain amplitude. This shift,
observed for 1 ms pulse-spacing, is caused by longer T2e’s for
weaker pulses. Lengthening of T2e with weaker pulses has also
been observed in 35Cl in potassium chlorate [27]; in their work,
however, the pulse spacing is significantly shorter than the spin-
ms (Left), has a T2e four times longer than the 2 ms spacing (Right).



Fig. 8. Left: The excitation pulse is varied and the FFT of the echo train is fit to Eq. 10, with the refocusing pulse set to optimal. The variance seen in the graph reflects
variations in the room temperature over the course of the experiment. Right: The refocusing pulse is varied, with the excitation pulse set to optimal. Both the FFT of the echo
train (red), and the amplitude in the time-domain (black) is fit to Eq. 10. The net signal is optimized for weaker pulses than for the time-domain amplitudes, an indication T2e

is longer for weaker pulses.
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spin relaxation and the lengthening more transparent. In addition,
theoretical calculations for spin-3/2 NQR [28], indicate T2e will
depend on the strength of the pulse according to the type of line-
width broadening mechanism. This type of dependency has been
observed in spin-1 systems[29,30]. With these observations, it is
to be expected T2e will become more sensitive to refocusing pulse
strength for faster pulse-spacing, on par with T�

2. Although we do
see a weak dependence of T2e on pulse strength, for a 1 ms pulse
spacing, for 2 ms pulse spacing this dependence becomes negligi-
ble, underscoring the necessity for fast pulse-spacing.
5. Conclusion

In summary, 39K in potassium chlorate was directly detected for
the first time. Pulsed spin-locking was used to increase the dura-
tion of the signal, and the expected signal from N-echoes was
derived. The prediction used many simplifying assumptions, chief
of which is delta-function pulses which implicitly neglects any
off-resonance effects during the pulse. Future work will refine
the theory for finite pulses. Furthermore, key parameters impor-
tant for detection were measured including, T1; T2e; T

�
2, as well as

the temperature-dependent resonance frequency.
Ammonium nitrate can be used as a comparative baseline for

detectability, as it possesses similar NQR frequencies to potassium
chlorate. For a given volume, geometry, sensor, and measurement

time, the SNR / M
ffiffiffiffiffi
T2e
T1

q
, where M is the induced magnetization. The

induced M for 39K in potassium chlorate and for 14N in ammonium
nitrate are comparable. Taking into account Eq. 2 and Fig. 2,M from
a potassium chlorate powder sample is M ¼ 0:36� 10�6 A

m, while

for ammonium nitrate M ¼ 0:30� 10�6 A
m[31]. Therefore we focus

on the metric
ffiffiffiffiffi
T2e
T1

q
in making comparisons.

Ammonium nitrate has two frequencies of interest, 497 kHz and

423 kHz. Due to variation in T2e with pulse spacing,
ffiffiffiffiffi
T2e
T1

q
of both

frequencies was 0.3 for a 4 ms pulse spacing [32], and increases
to 0.4–0.5 for 2–3 ms spacing[33,34,32]. T�

2 is, in general, sample
dependent [32], but was between 3 and 6 ms, on par with the pulse
spacing, for the T2e data discussed.
5

In contrast, 39K in potassium chlorate, the metric
ffiffiffiffiffi
T2e
T1

q
¼ 0:1 for

a 2 ms pulse-spacing. As the pulse-spacing decreases to 1 ms, the
ideal SNR doubles. As pulse-spacing further decreases towards
T�
2 ¼ 0:5 ms, T2e along with the SNR should continue to signifi-

cantly increase [29]. Therefore the detectability of potassium chlo-
rate is poorer than ammonium nitrate for the longer pulse-spacing
studied, but may very well approach that of ammonium nitrate for
faster pulse-spacing.
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Appendix A

A.1. Spin-locking due to isochromats in a single crystal

For an excitation pulse with frequency x0, followed by N repe-
titions of (evolution time of duration s, refocusing pulse, a second
evolution time s) the density matrix evolves as

~q tð Þ ¼ UNU0q 0ð ÞUy
0U

yN; ð11Þ
where U0 is the unitary operator from the excitation pulse, and U is
the unitary operator from the refocusing pulse and the evolution
times. As indicated by the tilde, ~q, the density matrix description
is done in the interaction representation of the dominant
Hamiltonian

�hH0 	 x0

x
�hHQ ; ð12Þ
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where �hHQ is the quadrupole Hamiltonian and x is the spacing
between levels [1],

x ¼ 3eQVzz

2I 2I � 1ð Þ�h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2=3

p
: ð13Þ

with Q as the quadrupole moment. The quadrupole Hamiltonian
�hHQ can be expressed as

HQ ¼ 1
2
xz1; ð14Þ

where the Pauli operators x1; y1; z1½ 
 are given in Ref. [20].
The effective radio-frequency (RF) Hamiltonian, �hHrf , taken in

the delta-function limit, is

�hHrf ¼
ffiffiffi
3

p
x1; kx1z02 cos x0t þuð Þ; ð15Þ

where z02 corresponds to a second set of Pauli operators [20] that
commute with the first set, x1 ¼ cB1=2 and k is given by Eq. 4.
Under the secular approximation, the RF Hamiltonian depends on
the phase u of the pulse by:

eHrf u ¼ 0ð Þ ¼
ffiffiffi
3

p

2
x1kx1z02; ð16Þ

eHrf u ¼ p=2ð Þ ¼
ffiffiffi
3

p

2
x1ky1z

0
2: ð17Þ

During the evolution time the Hamiltonian is �hHe

He ¼ d
2
z1; ð18Þ

where d ¼ x0 �x. Therefore

U0 ¼ e�ih0x1z02 ; U ¼ e�ihaz1e�ihby1z
0
2e�ihaz1 ; ð19Þ

h0 ¼ k
ffiffi
3

p
2 x1tp ¼ kH

2 ; ð20Þ
ha ¼ ds

2
; ð21Þ

hb ¼
ffiffiffi
3

p

2
x1kt0p ¼ kH0; ð22Þ

where tp is the duration of the excitation pulse with u ¼ 0 and t0p is
the duration of the refocusing pulse with u ¼ p=2. The rotation U
simplifies to [35,36]

U ¼ e�ihabr�n̂ab and ð23Þ
UN ¼ e�iNhabr�n̂ab ; where the Pauli� like operator vector
is defined to be ð24Þ
r ¼ x1z02x̂1 þ y1z

0
2ŷ1 þ z1ẑ1; ð25Þ

cos hab ¼ cos 2ha cos hb and ð26Þ
sin habn̂ab ¼ sin hbŷ1 þ sin 2ha cos hbẑ1: ð27Þ
At t ¼ 0, the system is in thermal equilibrium and the effective
density matrix is

q 0ð Þ ¼ x�h
8kT

z1: ð28Þ

After the excitation pulse the density matrix is:

x�h
8kT

z1 cos 2h0 � y1z
0
2 sin 2h0

	 

: ð29Þ

After N refocusing pulses, and taking into account phase cycling (h0
changes sign and the signals are subtracted), the density matrix
becomes

~q tð Þ ¼ x�h sin 2h0
8kT

�ŷ1 � r cos 2Nhab þ 2 n̂ab � ŷ1ð Þn̂ab � r sin2 Nhab
h
þ ŷ1 � n̂abð Þ � r sin 2Nhab
:

ð30Þ
6

Considering equal and opposite off-resonant isochromats, the final
term will average out, leaving

~q tð Þ ¼ �x�h sin 2h0
8kT

y1z
0
2 1� 2 sin2 Nhab n̂ab � ẑ1ð Þ2
h i

: ð31Þ

For detection by the same coil, it is necessary to find the magnetic

moment along bX ,
lX ¼ c�h eIX ~q tð Þ

D E
ð32Þ

¼ k Tr x1z02~q tð Þ� �
cosx0t � Tr y1z

0
2~q tð Þ� �

sinx0t
� �

: ð33Þ
Using Eq. 30 and Eq. 31,

lX ¼ c�h2x
ffiffiffi
3

p

4kT
k sin 2h0 1� 2 sin2 Nhab n̂ab � ẑ1ð Þ2

h i
sinx0t: ð34Þ

After only one refocusing pulse, the amplitude of the magnetic
moment reduces to

lX N ¼ 1ð Þ ¼ c�h2x
ffiffiffi
3

p

4kT
k sin kH sin2 kH0 þ cos 4dsð Þ cos2 kH0

h i
: ð35Þ

The first term has no dependence on off-resonance and is the echo,
the second term will average to zero for a large enough linewidth,
as is the case for potassium chlorate.

The average over N echoes[37] is

�lX ¼ c�hx
ffiffiffi
3

p

4kT
k sin 2h0

n̂ab � ŷ1ð Þ2 þ cos N þ 1ð Þhab sinNhab
N sin hab

n̂ab � ẑ1ð Þ2
� �

sinx0t:
ð36Þ

In the limit of a large number of echoes, the second term goes to
zero. Therefore the spin-locked terms comes down to the evaluation
from Eq. 31,

n̂ab � ŷ1ð Þ2 ¼ sin2 hb

sin2 hb þ cos2 hb sin
2 2ha

: ð37Þ

The spins are fully locked, n̂ab � ŷ1ð Þ2 ¼ 1, in the limit where hb ¼ p=2
regardless of off-resonance, or in the trivial limit with no
off-resonance, ha ¼ 0. The former condition can not be met in a
powder sample. We can, however, put a minimum limit on the

spin-locking, corresponding to the condition sin2 2ha ¼ 1. Therefore
the amplitude of the minimum locked signal, without taking into
account other sources of decoherence, would be:

�lX�min ¼ c�h2x
ffiffiffi
3

p

4kT
k sin kH sin2 kH0: ð38Þ

This expression is identical to the echo after the first refocusing
pulse.

A.2. Signal-to-noise ratio

The time constant T2e determines the optimal number of
echoes. Assuming a single-exponential time constant, in the limit
of delta-function pulses and no instrumental dead time, the aver-
age signal over the echoes acquired over a time t is

S ¼ S0
t

Z t

0
e�

t0
T2e dt0 ¼ S0

T2e

t
1� e�

t
T2e

h i
; ð39Þ

where S0 is the initial amplitude of the signal. The noise, n, is s
ffiffiffiffiffiffiffiffi
1=t

p
,

where s is the sensitivity of the sensor. Therefore, the signal-to-
noise ratio for one echo train is

SNR1 ¼ S0
s

ffiffiffiffiffiffiffi
T2e

p 1� e�x½ 
ffiffiffi
x

p ; ð40Þ

where x ¼ t
T2e
. The optimal value of x is 1.25.
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The time constant T1 determines td, the spacing between exper-
iments. The relationship between T1 and td is shown by

S0 ¼ S1 1� e�
td
T1 ;

� �
; ð41Þ

where S1 is the signal with infinite time between scans. The value
for S1 depends on the number density of the targeted nuclei and the
induced magnetic moment. The SNR increases with repeated mea-
surements. Assuming x ¼ 1:25, with repeated scans ¼ Ttot

1:25T2eþtd
,

SNR ¼ S1
2s

2
1� e�1:25

	 
ffiffiffiffiffiffiffiffiffiffi
1:25

p 1� e�y½ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yþ 1:25b

p( ) ffiffiffiffiffiffiffi
T2e

T1

s ffiffiffiffiffiffiffiffi
Ttot

p
; ð42Þ

where y ¼ td
T1
and b ¼ T2e

T1
. Letting

a ¼ 2
1� e�1:25

	 
ffiffiffiffiffiffiffiffiffiffi
1:25

p 1� e�y½ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yþ 1:25b

p ; ð43Þ

gives

SNR ¼ a
S1
2s

ffiffiffiffiffiffiffi
T2e

T1

s( ) ffiffiffiffiffiffiffiffi
Ttot

p
: ð44Þ

Note, for 0 < b < 1, the optimal aoccurs over the range of
1:25 < y < 2and has a value of 0:71 < a < 0:95.
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