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Abstract—Next-generation wireless systems are rapidly evolv-
ing from communication-only systems to multi-modal systems
with integrated sensing and communications. In this paper a
novel joint sensing and communication framework is proposed
for enabling wireless extended reality (XR) at terahertz (THz)
bands. To gather rich sensing information and a higher line-of-
sight (LoS) availability, THz-operated reconfigurable intelligent
surfaces (RISs) acting as base stations are deployed. The sensing
parameters are extracted by leveraging THz’s quasi-opticality
and opportunistically utilizing uplink communication waveforms.
This enables the use of the same waveform, spectrum, and
hardware for both sensing and communication purposes. The
environmental sensing parameters are then derived by exploiting
the sparsity of THz channels via tensor decomposition. Hence, a
high-resolution indoor mapping is derived so as to characterize
the spatial availability of communications and the mobility of
users. Simulation results show that in the proposed framework,
the resolution and data rate of the overall system are positively
correlated, thus allowing a joint optimization between these
metrics with no tradeoffs. Results also show that the proposed
framework improves the system reliability in static and mobile
systems. In particular, the highest reliability gains of 10% are
achieved in a walking speed mobile environment compared to
communication only systems with beam tracking.

Index Terms—extended reality (XR), terahertz (THz), reliabil-
ity, sensing, joint sensing and communications.

I. INTRODUCTION

The sixth generation (6G) of wireless systems is expected
to support radically intelligent and autonomous services in
an Internet of Everything (IoE) system [1]. Supporting such
applications requires versatile wireless capabilities that go
beyond communications to encompass sensing, localization,
and control. Such versatile capabilities can enable many
applications such as XR!. In fact, successfully designing a
versatile wireless XR system that delivers a multi-sensory im-
mersive experience faces several networking challenges. First,
to transmit high-definition 360° XR content, the network must
guarantee extremely high data rates beyond what is supported
by modern-day systems. Second, along with these data rates,
providing reliable (multi-sensory) haptic XR communications
also requires maintaining near-zero end-to-end (E2E) latency,
which cannot be achieved even at the 5G millimeter wave
(mmWave) bands. Third, to support wireless XR, there is a
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IXR encompasses augmented reality (AR), mixed reality (MR), and virtual
reality (VR).

need for instantaneous tracking of the six degrees of freedom
(6DoF) of the head and body of each user along with a
cognizant situational awareness of the XR users’ surroundings.
Empowering a wireless network with these capabilities can
be done by leveraging higher frequency bands, namely the
terahertz (THz) band (0.1 —10 THz). Owing to their abundant
bandwidth and directional transmission, THz bands can deliver
extremely high data rates (order of Tbps), and, simultaneously,
they can provide a high-resolution environmental sensing
capability (at the centimeter level) [2].

This joint sensing and communication capability of THz
systems opens the door for a mutual feedback between the
communication and sensing functions. Particularly, the sens-
ing input can be exploited for two purposes: 1) Sensing
information is needed to enhance the service intelligence
(used to precisely teleport users in collaborative XR, e.g.,
a multiplayer XR game setup), and, most importantly, 2)
Sensing a dynamic environment allows wireless networks to be
cognizant of the environment’s stochasticity in real-time, thus,
achieving operational intelligence. For instance, THz beams
are narrow, and they are highly susceptible to changes induced
by the mobility of users. To overcome this challenge, beam
training and channel estimation of mobile user equipment (UE)
should be performed more frequently. However, this causes
significant overhead and delays, and it falls short of delivering
stringent IoE requirements. Meanwhile, a joint sensing and
communication system that shares the waveform, hardware,
and spectrum can help overcome the aforementioned chal-
lenges by achieving a higher spectral efficiency.

Nonetheless, designing joint sensing and communication
systems faces multiple challenges, as sensing and commu-
nication are two operations that are functionally different.?
Hence, to successfully leverage high-rate communication links
for sensing purposes, simultaneously and in real-time, we must
answer the following fundamental questions:

(a) Given a particular resolution, how much environmental
sensing information can we extract from THz communi-
cation links, and how?

(b) Can we perform such an operation in near real-time
without adding a substantial latency to the network’s E2E
delay?

2For instance, sensing typically relies on unmodulated signals or short
pulses and chirps. Communication signals, on the other hand, are a mix of
unmodulated (pilots) and modulated signals.



(c) What are the gains achieved with such information in
terms of minimizing frequent beam training and channel
estimations? (to fulfill wireless XR requirements)

A. Prior Works

The concept of joint communication and sensing has re-
cently seen a surge in the literature [3]-[7]. In [3], the
authors studied the problem of joint sensing and communi-
cation in memoryless state-dependent channels. The work in
[4] designed a joint sensing and communication integrated
system to support these dual functions for 5G millimeter wave
(mmWave) bands. The authors in [5] analyzed the perfor-
mance of a massive multiple-input multiple-output (MIMO)-
radar base station (BS) jointly using the same spectrum for
communication and sensing. However, the work in [3] relies
on an information-theoretic construct whose analysis is limited
to a single transmitter and receiver. Here, the solutions of [4]
and [5] cannot perform sensing and communication within
the same spatial-temporal frames given that they multiplex
sensing and communication in time or space. Furthermore,
the works in [3]-[5] do not leverage the THz band’s quasi-
opticality. Meanwhile, the authors in [6] and [7] investigated
the sensing capabilities of THz bands. For instance, in [6]
model-based and model-free hybrid beamforming techniques
were investigated for a joint radar and communication system.
The work in [7] considered the join detection, mapping and
navigation problem by a drone with real-time learning capabil-
ities. Nonetheless, these works [3]-[7] do not opportunistically
utilize the same spectrum, waveform, and hardware at THz
for joint sensing and communications. Consequently, such
joint deployment strategies lead to higher costs in terms of
hardware and resources, which is not suitable for commercial
XR services. In fact, the works in [3]-[7] do not study the
extraction of sensing parameters from uplink communication
signals. Such sensing parameters, if properly extracted and
estimated at the THz bands, can provide new opportunities
for system performance enhancements.

The main contribution of this paper is, thus, a novel joint
sensing and communication framework for XR systems lever-
aging THz-operated reconfigurable intelligent surfaces (RISs).
In our considered network, the THz uplink communication
waveform is used to both deliver high data rate XR content and
opportunistically extract environmental sensing parameters.
These parameters allow us to reduce the constant need for
beam training in the highly varying THz channel. Also, this
framework enables performing high-resolution sensing while
harnessing a communication system’s resources, waveform,
spectrum, and hardware. In particular, we propose a novel ap-
proach that uses tensor decomposition to leverage the sparsity
of the THz channel and guarantees extracting a unique solu-
tion for the environmental sensing parameters. This approach
allows near real-time processing of an indoor high-resolution
situational-awareness map that is then used to localize active
users, asses the blockage score, and consequently identify
the spatial availability of line-of-sight (LoS) communication
links between XR users and their RISs unit. To our best
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Fig. 1: Illustrative example of the proposed THz system model for
joint communication and sensing in XR applications.

knowledge, this is the first work that performs interleaved
user-environment tracking while harnessing the uplink signal
at THz frequency bands for wireless XR systems. Simulation
results show that the resolution and data rate of our proposed
approach are positively correlated, thus allowing us to jointly
optimize both with no tradeoffs. Our proposed framework
achieves a high spectral efficiency, that is, respectively, 42 %
and 75 % superior to communication only systems with beam
tracking and a joint sensing and communication system in

hardware only.
Y II. SYSTEM MODEL

Consider the uplink of an RIS-based single cell operating
as a joint sensing and communication system in a confined
indoor area. A set B of B RISs acting as THz operated
base stations (BSs) are transmitting XR content and providing
situational awareness for a set ¢/ of U mobile wireless XR
users. Here, situational awareness is a mapping of the physical
world in terms of location, orientation and state of physical
objects in the digital realm at a certain level of correctness. In
our model, on the one hand, we use RISs to provide nearly
continuous LoS data links to XR users. On the other hand,
this RIS-enhanced architecture enables creation of multiple
independent paths capable of gathering rich information about
the environment [8] and [9]. Each RIS consists of a two-
dimensional large antenna array that has an array of subarray
(AoSA) structure as in [10]. In this structure, the antenna
elements of the same subarray are connected to the same
phase shifter and radio frequency (RF) chain, thus reducing the
amount of phase shifters needed compared to a fully-connected
array structure. Each subarray constitutes an RIS unit that has a
square shape and a large number of antennas M. The antenna
spacing within each RIS subarray is J,,,. The total number
of subarrays is /N with the spacing between subarrays being
A . These subarrays collectively adopt a hybrid beamforming
architecture. Without loss of generality, we assume N > U,
thus providing XR users with sufficient degrees of freedom
in terms of association. This subarray structure allows us to
have N independent channels for a single RIS. The RISs are



static and their locations are known a priori by other RISs.
Let v"" = [vg’",vgv"']T € R? be the position of the nth
subarray of RIS b € B. The XR users are mobile and may
change their locatlons and orientations at any point in time.
Let p* = [p¥, py] € R? be the position of the user w.

A. Joint Communication and Sensing Model

Consider an arbitrary RIS in B that captures the situational
awareness and mapping information, and receives high data
rate XR content as shown in Fig. 1. We assume that the
RIS has performed synchronization and initial beam alignment
according to existing techniques (e.g. [11]). To maintain high-
resolution real-time user tracking of the users and a situational
awareness of the indoor area, the RIS will continuously
collect a sequence of T snapshots of the received uplink
communication signal. These snapshots enable the RISs to
estimate and track the angle of arrival (AoA), angle of de-
parture (AoD), and time of arrival (ToA) of users as well as
the location of obstacles leading to non-line-of-sight (NLoS)
communications. Since we use indoor RISs, then blockages
mostly occur due to bodies of the users.

Each XR user has a uniform linear array (ULA) of @
antennas and R RF chains. Hence, if all XR users are active,
U data signaling beams are sent simultaneously to the RIS. To
mitigate the high peak to average power ratio (PAPR) effect of
orthogonal frequency-division multiplexing (OFDM) schemes,
a single carrier frequency-division multiplexing (SC-FDM) is
used to maintain high energy efficiency at the UE. The far-
field electromagnetic (EM) wave condition is assumed to be
met. After beamforming, the transmitted signal by the UE at
subcarrier k is si(t) = FrR(t)Fr(t)zr(t), Vk=1,....K,
where x(t) € C'*! is the transmitted uplink communication
signal, F, € C®x! is the digital precoding matrix for
subcarrier k, and F(t) € C®*® is the RF precoder for all
subcarriers. After processing the communication waveform of
subcarrier k, the uplink received signal at each RIS subarray

n will be: w(D)8E() + v i (t), ey

is the combining vector of RIS subarray
n at subcarrier k, HF , € CM*? is the uplink channel
matrix for subcarrier k, and v, ~ CN (0,Ipxq) is the
additive Gaussian noise vector at subarray n and subcarrier
k. To construct a single realization for sensing the wireless
environment, 7' snapshots are recorded by the RIS, each of
which captures J uplink measurements:

ynk(t) = wg,kHi,

where w,, , € CM*!

Yo i(t) = WL HE (OFF ) F(t)sk(t) + var(t), ()
where ¥, (1) 2 [Waki (). Y s van(t) 2
[Vn,k,l(t) cee Vn,k,,/'(t)]T s Wn,k = [wn,k,l - ’wn_’k_’_]] . More-

over, the M x (Q MIMO channel matrix between user
w and RIS subarray n in the time domain can be writ-
ten as: H,,(t) = Zf; Lok ar (o8 ) adt (05 ,)6(t —
Tn,u), Where ()" is the conjugate transpose, a,, € C
is the complex channel gain, P is the number of dis-
tinct spatial paths, 6. s the AoD of the pth path of

n,u

antenna u, Tn, is the ToA of the path, ¢f , is the
AoA of the pth path at subarray n, and a (6%

T u) -

\/@ |:1 GJT sm(@n u)’ . j(Q 1)—5111( 4 u) is the array

steering vector of the antenna array of the XR UE a,. (¢5%,) =
. . ] g T

= [17 eEmsn(on.) L M- Sm(%u)]

is the array
steering vector of the RIS subarray that has a ULA structure®
Consequently, the channel matrix in the frequency domain
associated with the kth subcarrier is given by:

Za wOr nu) H (Hﬁ,u) exp (—W)

3)

The snapshots in (2) can be collected over LoS or NLoS

communication signal waveforms. In the case of a LoS up-

link transmission, the channel gain will be [12]: u,ﬁu =
k()

W@‘ T eI ™, «. Here, ¢ is the speed of light,

k(f) is the overall molecular absorption coefficients of the
medium at THz band, f is the operating frequency, and 7y, ,,
is the distance between the XR user v and the RIS subarray
n. From this channel gain, we can see that in LoS conditions,
the parameters to be estimated are {6%,, ¢ .71 }. This
process allows tracking XR users in real-time. Here, we do
not consider NLoS links for communications purposes due
to the poor propagation characteristics of THz signals (e.g.,
limited reflection) and their high susceptibility to blockage.
That is, such a NLoS link cannot meet the high-rate XR needs.
Nonetheless, from a sensing standpoint, instead of discarding
the NLoS signal completely, we use it to track the user and
gather a situational awareness of the blockage incidence. In
NLoS conditions, the channel gain is given by [13]:

k(f)(rgzl,)u+r$?,))>
2

N ¢ —j2m fT
Ay = @y R(f)e =™/ Mo,
’ 47rf(r,)+r$))
“)
where 7’7(1124 is the distance between the XR user v and

the reflecting point, and r§,22, is the distance between the

reflecting point and the RIS subarray n. For reflections, we
consider the transverse electric part of the EM wave, that
is, the signal is assumed to be perpendicular to the plane
of incidence*. This assumption is valid given the placement
of our RIS as shown in Fig. 1. As such, R, ,(f) =
Ynu(f)Pnu(f) is the reflection coefficient, where y(f) =~
—2cos(YPn,u)
val)-1

pnu(f) = exp (—M) is the Rayleigh factor
that characterizes the roughness effect. v, ,, is the angle of the
incident signal to the reflector, 7( f) is the refractive index, and
o is the surface height standard deviation. Thus for NLoS, the

parameters to be estimated are: {6}, 2., T, ¥n b Next,

— exp is the Fresnel reflection coefficient and

3While uniform planar arrays can be used given the 2D structure of the
subarray, we adopt a ULA structure for analytical tractability.

4Extending our model to a transverse magnetic component (whereby the
signal is parallel to the plane of incidence) can be done similarly.



we formulate the problem of estimating the sensing parameters

from the J collected snapshots in (2). To do so, we leverage

the sparsity of the THz channel matrix and reformulate the

received uplink signal expression as a tensor.

ITI. SITUATIONAL AWARENESS ESTIMATION VIA TENSOR
DECOMPOSITION

A. Problem Formulation

Estimating the sensing parameters from 7" communication
snapshots recorded at the RIS subarray faces multiple chal-
lenges. First, existing estimation techniques [14]-[16] rely on
the collection of pilot signals and their goal is to estimate
the channel. In contrast, our goal here is to collect uplink
communication signals that are being used by XR users
during an XR session so as to continuously track the sensing
parameters.’ Second, existing parameter estimation methods
suffer from particular caveats: Off-grid methods like multiple
signal classification (MUSIC) cannot jointly estimate multiple
sensing parameters, leading to a difficult pairing problem [17].
Also, the MUSIC algorithm cannot be readily applied to the
peculiar AoSA structure of hybrid THz beamforming systems
as the complexity of the method becomes impractical with
large antenna arrays [18]. Moreover, on-grid methods like
compressive sensing are constrained by their grid spacing,
which increases complexity if a high-resolution is desired.

To successfully estimate the THz sensing parameters, we
concatenate 1" snapshots of the received uplink signal:

Yor=Wh HE ()24 Ny, (5)

Yn £ [ Yn, k(]') o ynk(T) ] )
Noi £ [ vai(l) voi(T) |,
Q£ FR(1)Fi(1)se(1) FR(T)Fr(T)si(T) |-

From (5), we observe that the received signal has three
modes that represent the number of measurements, the number
of snapshots, and the number of subcarriers, respectively.
Thus, we can model it as a three-order tensor, namely,
x € C/*TxEK Tn fact, substituting (3) in (5):

P
Y"vk(t) = Z n,u, kC(qﬁ‘Z u)E( n, u) + Nn k- (6)
p=1
In (6)’ An s,k £ ap exp(_]‘?ﬂ'f%)’ Ck(¢7L u) 2

Wzykar (¢%.,). and &k (67 ) = Qfa, (6% ,). Consequently,
we can see that each slice Ynyk corresponding to the tensor x
is a weighted sum of a common set of rank-one outer products.
Hence, we can factorize the tensor as follows:

X = ZCk (lel)OAgu—i-W:[[A,B,C]]—I—W
A é [ Cl((rb?}:,u) CK(d)f,u) ] )
B2[&00.) &) ], &)
C £ [ Afz,u,,l T A;Z,,u,K ] .

SCommunication was initiated after a successful initial access and beam
alignment during a initial access phase prior to the XR session.

Here, o 1is the outer

symbol, A’ =

n,u,k

product

P 27 [T
{anuexp( I7e

domain. A, B, and C are the three factor matrices associated
to the tensor x. Here, we make some important remarks.
First, owing to the THz channel’s sparsity and the few number
of paths P, the tensor decomposition method becomes more
efficient given that the uniqueness of this decomposition
is guaranteed. Second, our approach can characterize the
sensing parameters from the collected snapshots without
imposing additional constraints or assumptions. For instance,
alternatively adopting matrix factorization almost never leads
to a unique solution unless the rank of the matrix is one or
further conditions are imposed on the factor matrices.
B. Proposed Sensing Parameters Estimation Method

After factorizing the tensor 7, extracting the sensing pa-

rameters and estimating them requires solving the following
optimization problem:

z and W is N, in the tensor

2

; (€))

P

x-2 @

min bobyod,
A,B,C

where A = [a;---ap], B = [51.--5p] ,é = [é1--p]
are the three estimated factor matrices. To solve this problem,
the three factor matrices need to be estimated. To do so, we
leverage the sparsity of the THz channel that guarantees the
uniqueness condition for tensor decomposition. This allows us
to establish a relationship between the true factor matrices and
their estimates. Thus, given these relationships we derive the

environmental sensing parameters as follows:
Proposition 1: The AoA, AoD, and ToA corresponding to
path p between RIS subarray n and user u are:

at'¢ (of.)|

rvu = argmax ——— : ©)
o el || (oF.)])
~H ~
. B & (07.)
Or argmax , (10)
bl & 5.
e 0e,
P ’ Anuk(en u)
Tou = a1g1111n

} an
o @l |[Amun (724

Proof: See Appendix A [ ]
(9)-(11) can be solved by performing a one-dimensional
search. Thus, the estimated AoA, AoD, and ToA allow us
to track the XR user in near real-time (after collecting and
processing the T snapshots). Subsequently, after obtaining
oL .,0F .. and 7. the attenuation factor ), can be ob-
tained by substitution. Moreover, the proposed Algorithm 1
enables the RIS to track the users in real-time and characterize
the spatial availability of communications. First, owing to the
high gap between LoS and NLoS links, the channel gain
estimated is compared to a threshold to distinguish LoS from
NLoS links. Second, based on the LoS or NLoS operation,
the position of the user and blocker (if available) are calcu-
lated from the estimated parameters, setup geometry, and the
refractive index of human skin. Then, based on the obtained
positions and orientations, a normalized spatial blockage map
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Fig. 2: Spatial blockage score mapping at f = 0.275THz (a) W = 7GHz, (b) W = 15 GHz, whereby a better resolution and more

continuous visualizations are observed for higher bandwidths.

Algorithm 1 High-resolution situational awareness mapping

while XR Session do
Initialize real-time tracking mesh and blockage score mesh respectively:
E(t) and X(t).
if ol , > € then
LoS link, determine p“ = [p;‘,p‘y*]T from:
u b,n u__.bmn
A i

L
¢n,u = arctan b,n n,u c
pY—vy

else if af) , < ¢ then
NLoS link:
Determine 1y, ,, from (4) while using the refractive 7 index
of human skin,
Determine 77y, 7, and r(2> by substituting an ws n ws and Pp o
into the sine law equatlon

Determine obstacle location o™" = [0’; v OZ’”]T )
Determine p™ [Pz , p%] from:
d)n o = arctan y_oii T .
o0, =\~ )+ (o~ )
end if
for i = p“ or i = 0™ do
e;(t) « 1.
oi(t) +—oi(t—1)+1.
end for
for i = v, ori=rh, i =72, do
oi(t) < oi(t—1)+ 1.
end for
(1)

Normalize blockage score map: 3(t) = P TSI

end while

for every set of snapshots is evaluated. This map’s goal is to
provide RISs with a near real-time estimate of the environment
dynamics.

In our subsequent simulations, we obtain a realization of
blockage score mapping while varying the system bandwidth
to understand the system tradeoffs. We also compare the
spectral efficiency and reliability of our system to frameworks
without joint sensing and communications.

IV. SIMULATION RESULTS AND ANALYSIS

For our simulations, the RISs are deployed over the three
walls of an indoor area modeled as a square of size 24 m X
24m. The molecular absorption was obtained from the sub-
THz model in [19] with 1% of water vapor molecules. For
our parameters, we have: N = 64 antennas, ) = 32 antennas,
f=0.275THz, W = 10 GHz (unless mentioned otherwise),

and p = 30dBm. All statistical results are averaged over a
large number of independent runs. The network was simulated
with data generated from XR users moving according to a
random walk which constitutes the most general scheme for
user mobility.

Fig. 2 shows the effect of varying the bandwidth on the
spatial blockage score map. That is, in the figure’s close-up we
can see how a higher bandwidth visualizes a more continuous
range of values for the blockage score. This is attributed to
the fact that environmental sensing parameters extracted at
a higher bandwidth can be computed at higher resolutions. It
should be emphasized that increasing the bandwidth on the one
hand, improves the data rate of our communication system,
and on the other hand enhances our sensing resolution. Thus,
our proposed approach does not face a rate-resolution tradeoff.
On the contrary, these two metrics are positively correlated.

Fig. 3 shows the system reliability versus the number of
users. Here, the system reliability follows the definition in [12],
i.e., the probability that the E2E delay falls below a particular
threshold. The E2E delay includes both downlink an uplink
delays which include the processing, queuing, and transmis-
sion time (and beam tracking when valid). The threshold used
for the total E2E delay here is 20 ms. We can see that our
proposed approach has a higher reliability in static, low, and
high mobility. Here, low mobility refers to a walking speed of
XR users, i.e., 4.5 km/h, and high mobility refers to a higher
pace of 9km/h. Fig. 3 shows that the highest gains achieved
using our proposed approach is in a low mobility setup, i.e., a
10 % improvement for the average number of users and a 19 %
improvement for U = 20, whereby the mapping configured
captures the real-time state of the environment. Moreover,
in a static setup, sensing information is not very useful. In
contrast, for high mobility, the sensing measurements may lag
the instantaneous dynamics and thus induce delays.

In Fig. 4, the total spectral efficiency defined as in [20]
is shown. Fig. 4 clearly shows the benefits reaped from de-
ploying a joint sensing and communication system that shares
hardware, waveform, and spectrum. In fact, our proposed joint
sensing and communication approach achieves a 42 % and
75 % improvement respectively compared to a communication



99.

Reliability

| = With Beam Tracking, High Mobility | | |
3 4 6 8 10 12 14 16 18 20
Number of users

Fig. 3: System reliability versus number of users

N
a

T T T T T T T == -

N
=)

@

=)

= Perfect CSI
le-Joint Sensing and Communication System (Proposed)
Communication System With Beam Tracking

|~=Standalone Sensing and C System
T | | | | | | .

3 4 6 8 10 12 14 16 18 20
Number of users

Fig. 4: Spectral efficiency versus number of users
system with beam training and a standalone sensing and

communication system.
V. CONCLUSION

Total system spectral efficiency bits/s/Hz

3

In this paper, we have proposed a new joint sensing and
communication system framework for wireless XR at THz
frequency bands. In particular, we have opportunistically used
uplink communication waveforms for interleaved user and
environment tracking. In particular, we have exploited the
sparsity of THz channels to extract unique sensing parame-
ters from the received uplink signals. Subsequently, a high-
resolution indoor mapping is derived so as to characterize the
spatial availability of communications and the blockage score
of the area. Such a mapping allows us to reduce the need for a
continuous beam tracking and improves the overall spectrum
efficiency of the system.

APPENDIX
A. Proof of Proposition 1
Problem (8) can be solved efficiently by the alternating least
squares matrix factorization procedure [21]. Since we deal
with a third order tensor, this factorization has three iterative
steps. Then, it fixes two factor matrices and minimizes the
error with respect to the considered factor matrix as:

~ - - T2
A<t+1) = arg min HYI‘(I) — (C'(t> O] B(t)) ATH ,
o :
~ - - 2
BT = arg min YZ,(Q) — (C(t) ® A(t+1)) BTH ,
B F
~ (t ~(t ~(t ~ 2
" = argmin HYZ_@ - (B(Hl) ® A(f“)) CTH . (12)
C ’ F

where, © is the Khatri-Rao product symbol. The exact factor
matrices are related to their estimates according to: A =
A’I‘lI‘ + El, B = BTQF + EQ, C = CT3P + E3, where
{Y1,Y2, Y3} are unknown nonsingular diagonal matrices

that satisfy Y1 YX¥3Y3 = I, T' is an unknown permutation
matrix, and {Eq, E3, F3} are estimation error matrices. By
applying a maximum likelihood estimator on each of the
equations and assuming that the estimation error matrices
{E1, E2, E3} follow an independently and identically dis-
tributed (i.i.d.) circularly symmetric Gaussian distribution [22],
we obtain (9), (10), and (11).
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