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1 Introduction

In this paper we will introduce and initiate the study of a general class of 2d N' = (0, 2)
gauge theories, which are defined in terms of 2-dimensional CW complexes on oriented
3-manifolds (possibly with boundaries). Remarkably, many aspects of the dynamics of these
theories translate into simple transformations of these objects, several questions enjoy a
combinatorial description, and the theories have a close relation to toric geometry.

In short, the new theories are generalizations of brane brick models (BBMs) to arbitrary
3-manifolds. BBMs encode the 2d N = (0,2) quiver gauge theories on the worldvolume of
D1-branes probing non-compact toric Calabi-Yau 4-fold (CY},) singularities [1-7]. BBMs
indeed significantly simplify the map between the gauge theory and the underlying CY4
geometry. A BBM is a type IIA brane configuration consisting of D4-branes suspended from
an NShH-brane that wraps a holomorphic surface 3 determined by the probed CYy4. BBMs
are connected to the D1-branes at the singularities via T-duality. The most important
information carried by a BBM is encoded in a 2-dimensional CW complex on T3, the
tropical limit of the coamoeba projection of ..

We will refer to the new class of theories as BFT9’s. The motivation for this name is
that these theories are natural generalizations of bipartite field theories (BFTs), a class of
4d N =1 gauge theories defined by bipartite graphs on Riemann surfaces (with boundaries)
[8-13] (see also [14, 15] for closely related constructions). Having said that, we will see that
the notion of bipartiteness does not seem to be relevant for this class of models. Therefore,
the “B” letter might be interpreted as “bicolored”. We expect similar generalizations of
m-~dimers [16], which we will denote BF'T,,, to exist for general m.

BFT5’s fall within the modern and fruitful approach of defining quantum field theories
in terms of geometric or combinatorial objects. In such constructions, the dynamics of the
quantum field theory is often geometrized or translated into simple modifications of the
underlying object. Moreover, complicated theories can usually be constructed by assembling
simple building blocks. Examples of this general strategy abound, see e.g. for an incomplete
selection [17-20].

This paper is organized as follows. Section 2 provides a brief review of 2d N' = (0, 2)
gauge theories. Section 3 introduces BFTs’s and discusses their structure. Section 4
introduces various combinatorial tools, which are useful for the analysis of BFT5’s. Section 5



explains the map between several transformations of the underlying CW complex and the
dynamics of BFTy. Section 6 discusses two toric CYs that are associated to every BF Ty,
its master and moduli spaces. Section 7 presents an alternative procedure, based on flows,
to map BFT42’s to the corresponding toric CYs. Additional explicit examples are presented
in Section 8, to illustrate the dependence of the master and moduli spaces on the geometry
of the underlying 3-manifold. Section 9 discusses the invariance of the moduli space under
triality, motivating its application to identify theories connected by the corresponding
moves. Section 10 studies the interplay between triality, reduction and the moduli space.
In Section 11, we conclude and present directions for future research.

2 2d N = (0,2) Gauge theories: a brief review

We now present a lightning review of 2d N’ = (0, 2) gauge theories. More detailed presen-
tations can be found in [1, 21-23]. These theories can be conveniently formulated in 2d
N = (0,2) superspace: (%, 6%,07), a = 0,1. The elementary building blocks are three
types of superfields:

o Vector. It contains a gauge boson v, (o = 0,1), adjoint chiral fermions x_, y—
(gaugini) and a real auxiliary field D. From now on, + subindices indicate fermion chi-
rality.

e Chiral. Its on-shell degrees of freedom are a complex scalar ¢ and a chiral fermion ).

e Fermi. Its only on-shell degree of freedom is a chiral fermion A_. In addition, it
contains an auxiliary field G. Every Fermi field A, is associated to two holomorphic
functions of chiral superfields, which we call J% and E,. A, couples to J¢ through a
gauge invariant term of the form

L= —/d‘{y 40+ (Aad|ge_y) — hec., (2.1)

while F, is introduced as a deformation of the chirality condition for A,. For these
reasons, E, has the same quantum numbers (e.g. gauge quantum numbers) of A,,
while J¢ has conjugate quantum numbers. Sometimes, it is practical to summarize the
information regarding the J* and E, functions via a 2d N' = (0,2) “superpotential”,
which schematically has the following form

W=3" (A +R'E,) . (2.2)
a
The theories are symmetric under the exchange of A, <> A* for any a, which should
be accompanied by the switch of J* +» E,.

Integrating out the auxiliary fields in the vector multiplets, we obtain a usual D-term
potential. For abelian theories, it becomes

2
Vb = Z (Z QOzi|¢i’2 - ta) ) (23)
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Figure 1. A BFT; defined on a 3-ball with S? boundary. We refer to this simple theory as the
cube model.

where a runs over the different factors of the gauge group and the ¢, are complexified
Fayet-Iliopoulos parameters.
Integrating out the auxiliary fields GG, in the Fermis A,, we obtain an analog of an

F-term potential,

Ve = (lEa(@) + 7" (@)) (24)

where ¢ represents the scalar components of chiral fields, and Yukawa-like interactions
between pairs of fermions and scalars.

Consistency of the theory requires that the J- and FE-terms satisfy the following
“orthogonality” condition

> tr[E.JY =0, (2.5)

which is often referred to as the trace condition.
Finally, gauge anomalies need to vanish. In Section 3.3.1 we will elaborate on what
this cancellation entails for the class of theories considered in this paper.

3 BFT, theories

In this section, we introduce BFT5 theories, an infinite class of 2d N = (0,2) gauge
theories defined by a 2-dimensional CW complex G on a 3-manifold Ms, possibly with
boundaries dMs. These theories are natural generalizations of BBMs, which encode the
gauge theories on D1-branes probing toric CY4 singularities and correspond to 2-dimensional
CW complexes on T3 [1-7].

In Figure 1 we present a simple example of a BFT, defined on a 3-ball with S?
boundary.! We will call it the cube model.

We refer to the basic elements of G as bricks, faces, edges and vertices, where we have
sorted them according to decreasing dimension, from 3d to 0d. There are two distinct types

IFor brevity, we will often refer to G and the corresponding gauge theory as BF T, interchangeably.
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of faces, which we will identify by coloring them gray and red. It is natural to classify these
elements as internal or external, depending on their location with respect to 0Ms. Internal
bricks are those surrounded entirely by faces in GG, while all others are external. We refer
to faces with at least one edge on OM3 as external. Finally, external edges are those in
OMs. We represent them by dotted lines. We restrict external edges to be connected to a
single face. To prevent clutter in the figures, we will leave M3 implicit. Figure 1 shows
the distinction between internal and external elements. In the coming section we elaborate
on their interpretation and additional properties.

3.1 The dictionary

Below, we present the map between the elements of G in M3 and the corresponding 2d
N = (0,2) gauge theory.

 Bricks. Every brick is associated to a U(N) group.? Internal and external bricks
are mapped to gauge and global groups, respectively. This map is motivated by
similar systems admitting an interpretation as brane configurations in string theory.
In such cases, bricks are filled with stacks of D-branes suspended from heavier branes
represented by G. Internal bricks are finite along all the directions transverse to the
ones in which the gauge theory lives, therefore giving rise to gauge symmetries in
2d. On the contrary, external bricks can have an infinite extension in the internal
dimensions, so D-branes filling them lead to global symmetries in 2d. As previously
mentioned, BFTy’s on T? without boundaries correspond to BBMs, which are indeed
configurations consisting of D4-branes suspended from an NS5-brane. Whether more
general BFTy’s admit a string theory realization is an interesting question, which we
differ to future work.

e Faces. Every face corresponds to a matter field transforming in the bifundamental
representation of the two bricks it separates (or in the adjoint representation, if the
brick on both sides is the same). There are two types of faces, gray or red, which
represent the two types of matter superfields of 2d N = (0,2) SUSY: chiral (gray) and
Fermi (red). Chiral faces can have an arbitrary even number of edges, while Fermi
faces have four edges. Both constraints on the number of edges are explained below.
Moreover, chiral faces are oriented, while Fermi faces are unoriented, reflecting the
symmetry between Fermis and conjugate Fermis. Below we introduce a prescription
for orienting chiral faces.

Following the map between brick and gauge or global symmetry groups, faces cor-
respond to: bifundamentals of the gauge group (when they separate two internal
bricks), fundamental or antifundamental flavors (internal/external) or gauge singlets
in a bifundamental representation of the global symmetry group (external/external).

2In fact, in general it is possible for different bricks to have different ranks while keeping the theory
consistent, i.e. free of gauge anomalies. In the case of BBMs, this corresponds to populating the bricks with
different numbers of D4-branes. Throughout this paper, we will equal ranks for all the bricks. In fact, we
will shortly identify a condition such that the BFT52 is anomaly free for equal ranks.



External faces: dynamical vs. non-dynamical. Let us consider the interpre-
tation of fields associated to external faces more carefully. Thinking about brane
configurations that could lead to gauge theories of this type, it is natural to contem-
plate the possibility of such external fields being dynamical or not. For the discussions
in this paper, whether external chiral fields are regarded as dynamical or not is not so
crucial. Such a distinction would only affect the interpretation of the geometries stud-
ied in Section 6. On the contrary, the treatment of external Fermis is more important.
In what follows, we will regard them as dynamical fields. More concretely, this choice
means that these Fermis participate in the trace condition (see Section 3.3.2) and
that we will require their J- and E-terms to vanish when computing moduli spaces
(see Section 6). Interestingly, in the context of D-branes at CYy singularities it is
indeed possible to obtain dynamical Fermis between global symmetry groups, by e.g.
considering stacks of flavors D5-branes with 2d intersections.

o Edges. At every internal edge, a single Fermi face intersects with a number of chiral
faces.? Such an edge translates into a monomial in the 2d A" = (0, 2) superpotential,
i.e. a J- or E-term coupling.* This monomial is the product of all the chiral fields
and the single Fermi field (or its conjugate, as necessary by the orientation of the
chiral fields) intersecting on it. We define the valence of an edge as the number of
faces intersecting on it, which in turn determines the order of the corresponding
superpotential term. Internal edges are colored white or black, depending on whether
the corresponding monomial has a positive or negative sign, respectively.

External edges do not have a superpotential interpretation since a single face terminates
on them. We therefore do not assign any color to them.

A BFT, with edge coloring fully encodes the superpotential, i.e. it even determines the
signs of its monomials. It is interesting to note that this is a new addition to this class
of constructions. In particular, this information was left implicit in previous studies
of BBMs. We will see that including this data reveals interesting new structures.

Fermi faces and the toric condition of the superpotential. As we mentioned
earlier, we restrict Fermi faces to have four edges. In addition, we will assign opposite
signs to opposite internal edges of every Fermi, as illustrated in Figure 2.

These conditions result in a special structure for the superpotential, often referred to as
the toric condition [1]. For every Fermi face, each pair of opposite edges translates into
two superpotential couplings of the same type (i.e. either both .J- or both E-terms)®

3In fact, it is possible for Fermis to meet at an edge. Explicit examples of such instances, in the context
of BBMs, can be found in [2, 3]. In such configurations, the determination of the superpotential from the
CW complex is more involved. However, all the ideas that we present in the paper, particularly the concept
of perfect matchings and the correspondence between BFT5’s and toric geometry, apply to those theories
without changes. For simplicity, in what follows we will continue restricting to the class of BFT2’s in which
Fermis do not have common edges.

4The distinction between the two types of couplings is simply determined by the choice of orientation for
the Fermi represented by the red face.

SWhich edges correspond to J- or E-terms depend on the orientation of chiral fields, as we explain later.



Figure 2. Opposite internal edges of a Fermi have opposite colors. This translates in the toric
condition of the superpotential.

with opposite signs. Therefore, for every Fermi A, we have the following contributions
to the superpotential

Aa(JE(X) = J%(X)) + A%(Ea(X) = Bar (X)). (3.1)

If a Fermi face is such that some of its edges is external, the corresponding term in
(3.1) will simply be missing. In Section 6.1 we will discuss how the vanishing of J-
and FE-terms should be implemented in such cases.

The toric condition is crucial for the combinatorial description of BFTsy’s and their
connection to toric geometry.

e Vertices. Interestingly, vertices have been overlooked in earlier studies of BBMs,
despite being rather natural to ask for their interpretation. A deeper understanding
of vertices will reveal several structures of BFTy’s that were previously unnoticed.

We will define BFTy’s such that two Fermis intersect at their corners at every vertex.®
Therefore, four edges meet at every vertex. This structure plays an important role in
the vanishing of the trace condition, as we will explain in Section 3.3.2.

Figure 3 represents the simplest vertex configuration, in which each of the four edges
intersecting in it is shared by a Fermi and two chirals, therefore corresponding to a
cubic term in the superpotential. More generally, any of the chirals in the figure can
be replaced by multiple chirals terminating on the same edge.

3.2 The dual quiver

The complete information defining a BF T, is equivalently captured by a special quiver
embedded in M3, to which we will refer as the dual quiver. The dual quiver is obtained
from G via standard graphical dualization. It not only summarizes the symmetries (gauge
and global) plus field content of the theory, like an ordinary quiver, but it also encodes its
superpotential. Every minimal plaquette in the dual quiver, i.e. every plaquette dual to

SMultiple Fermis can meet at vertices in configurations with Fermis that are adjacent over edges, but we
will not consider them in this paper. More generally, one could imagine configurations in which Fermis are
not adjacent over edges, but more than two Fermis meet at a vertex. Such setups do satisfy our definition
of BFT5.



Figure 3. A simple vertex configuration in a BFT5, where the vertex is highlighted in blue. It is
shared by two Fermi faces and four edges.

Figure 4. A BFT5 on a 3-ball and its dual quiver. Yellow round and blue square nodes correspond
to gauge and global symmetry groups, respectively. Every plaquette in the dual quiver corresponds
to a monomial in the superpotential.

an edge in G, corresponds to a term in the superpotential.” Figure 4 shows an example
of a dual quiver. In the case of BBMs, dual quivers correspond to the so-called periodic
quivers [2-5, 7].

Chiral field orientation. In order to determine the orientation of chiral fields in the
dual quiver, it is sufficient to understand what happens at the vertices of G.® Figure 5
shows a vertex in GG and the corresponding piece in the dual quiver, which takes the form of
a tetrahedron. The six edges of the tetrahedron are divided into two Fermis and four chirals.
Moreover, its four triangular faces are the plaquettes representing the four superpotential
terms associated to the edges of G intersecting at the vertex. As in our previous discussion
of vertices, every chiral arrow may actually represent multiple consecutive chirals. In such
case, the associated plaquette would represent a superpotential term that is of higher than
cubic order.

"In principle, we could color plaquettes in the dual quiver to capture information regarding the signs of
the superpotential terms. For simplicity of the figures, we will avoid doing so.
8See [2] for an earlier discussion of the orientation of chiral fields in the dual quiver.



Figure 5. A vertex in a BFTs and the corresponding tetrahedron in the dual quiver.

This perspective leads to a beautiful prescription for orienting the chiral fields. The
orientation of any of the chiral arrows in this tetrahedron fixes the orientations of all other
chiral fields. In particular, as shown in Figure 5, every corner of the tetrahedron is such
that it contains exactly one field of each possible type: a Fermi, an incoming chiral and an
outgoing chiral. The entire dual quiver is obtained by combining several tetrahedra. More
precisely, as we mentioned before, these elementary building blocks may not be strictly
tetrahedra if some of the arrows represent multiple chirals.

A 2d N = (0,2) quiver is equivalent to the quiver obtained by reversing all the chiral
fields. This is the case because such transformation corresponds to reversing all fields in
the quiver, i.e. exchanging the role of fundamental and antifundamental representations
for all gauge and global groups, combined with the Fermi-conjugate Fermi symmetry.
Therefore, once we pick the orientation of an arbitrary chiral field in the theory, the previous
prescription exhausts all the freedom in the orientation of the chirals.

3.3 Additional structural constraints

We now discuss additional constraints on the structure of BFTy’s.

3.3.1 Gauge anomaly cancellation

Since we are assuming that the BFT5’s are consistent when the ranks of all bricks are equal,
the cancellation of the SU(NN)? non-abelian anomaly for every gauge group requires that
each internal brick satisfies

nf —nf =2, (3.2)

where n)} and nf are the numbers of chiral and Fermi faces for internal brick ¢, respectively.
Given that external bricks correspond to global symmetry groups, they do not need to
satisfy this condition, i.e. they generically can have non-vanishing 't Hooft anomalies.

On the other hand, the U(1) factors of the bricks can generically have U(1)? and mixed
U(1);U(1); abelian anomalies [1]. If the BFTy has a string theory origin, abelian gauge
anomalies hint at the existence of additional Fermi multiplets in appropriate determinant
representations, located at specific places of the CW complex (see e.g [24—27] for related
discussions). While the presence of these fields is important and interesting, we will not
consider this issue any further. For the T-dual branes at singularities, these anomalies



Figure 6. Tetrahedron in the dual quiver corresponding to a vertex, with fields labelled.

are generally cancelled by bulk fields in the closed string sector via the Green-Schwarz
mechanism [28]. The interplay or possible map between the two mechanisms described
above remains an interesting open question.

3.3.2 The combinatorics of the trace condition

The trace condition (2.5) is a highly non-trivial constraint on the superpotential of 2d
N = (0,2) theories. Remarkably, this condition admits a beautiful combinatorial solution
within the class of BFTy theories.

Every internal vertex is associated to two holomorphic gauge invariant monomials in
chiral fields constructed as follows. Consider a vertex a at which four edges j1, e1, jo and
eo intersect, where j; and e; belong to the Fermi face A1, while jo and es belong to the
Fermi face As. The four edges translate into two J- and two E-terms in the superpotential
as follows: j; < ALY, e f_\lEl, Jo & A%Jy and ey <> /_XQE2. Therefore, we can associate
the vertex to the following sum

o+ J-E' 0y E?. (3.3)

The trace condition is the sum of such contributions over all the vertices of G. In fact,
the two terms in (3.3) are the same up to at most a sign. To see this, it is convenient to
consider the tetrahedron dual to the vertex, as shown in Figure 6. Explicitly, the four edges
converging at the vertex correspond to the following superpotential terms

W D 81, A3 X34 Xa1 + Seq3 M3 X12 X3 5.4

+ 85 Noa Xa1 X19 + ey, Noa X203 X34

where s;,,, Seis, Sjy, and se,, are the signs of the terms, which are encoded in the edge
coloring. As before, each of the chiral fields X;; can be replaced by a product of consecutive
chiral arrows without affecting our argument. Then, (3.3) becomes

Sj13Se1s X12X23 X34 X41 + S5y Sepy X12X23 X34 X41 . (3.5)
The two terms cancel each other if

Sj138e13 = TSjosSeas & SjizSeizSjoaSeas = —1 (3'6)



Figure 7. Two possible types of vertices with either three negative and one positive edges, or three
positive and one negative edges.

Therefore, the trace condition is automatically satisfied if every vertex has either three
positive and one negative edges, or three negative and one positive edges. Figure 7 illustrates
the resulting two possible types of vertices. We will refer to this constraint on the coloring
of edges as the vertex trace condition. Interestingly, this property is satisfied by all the
BBMs constructed from D1-branes at toric CYy’s [1-7]. However, it has never been noted
or emphasized before. Here we have elevated it to a fundamental condition that needs to be
satisfied BFTs’s, which guarantees that the trace condition is automatically fulfilled. Quite
likely, this property is a key ingredient for other combinatorial objects in BFT5’s.

It is interesting to notice that, in general, combining the rule that opposite edges of
Fermis must have opposite colors and the combinatorial trace condition, does not uniquely
fix the coloring of edges. In fact, theories as simple as the cube model admit multiple
edge colorings consistent with both conditions, as shown in Figure 8. In this example, it
is straightforward to verify that both color choices are equivalent upon field redefinitions.
It is natural to ask whether such differences can always be absorbed by field redefinitions
and, if so, whether there is a “canonical” coloring. While these questions certainly deserve
further study, they are beyond the scope of this paper. In particular, all the notions we will
introduce are insensitive to this freedom.

3.4 Summary

The table 1 summarizes the correspondence between a 2-dimensional CW complex G in a
3-manifold M3 and a BFTy and the basic rules for constructing this class of theories.
In addition, the following conditions must be satisfied:

1. Every external edge is connected to a single face.

2. Anomaly cancellation. Every internal brick is bounded by n Fermi faces and (n+2)
chiral faces, with n > 0.

3. Toric condition. Every Fermi face has four edges, where opposite internal edges
have opposite colors.

~10 -



Figure 8. Two possible edge colorings for the cube model, which are equivalent upon

field redefinitions.

2d CW Complex

BFT,

Internal brick

U(N) gauge group

External brick

U(N) global group

Gray face (even sided) separat-
ing two bricks ¢ and j

Chiral field in the bifundamental representation of the
groups 4 and j (adjoint if i = j)

Red face (4-sided) separating
two bricks ¢ and j

Fermi field in the bifundamental representation of the
groups 4 and j (adjoint if i = j)

k-valent edge (involving one
Fermi and (k — 1) chirals)

Monomial in the superpotential associated to a J- or
E-term coupling a Fermi and (k — 1) chiral fields. The
sign of the term is (+/—) for a (white/black) edge

Vertex shared by two red faces
a and b

Vanishing sum of the products of two J- and two E-
terms intersecting at the vertex coming from Fermi
fields a and b

Table 1. Dictionary between 2-dimensional CW complexes in 3-manifolds and BFT5’s.

4. Combinatorial trace condition. Every internal vertex is shared by four edges
and is of one of two types: three white and one black edges or three black and one

white edges.

4 Combinatorial tools

In this section we introduce various combinatorial objects which are useful in connecting

CW complexes, gauge theory and toric geometry in the context of BFT5y’s

4.1 Perfect matchings

The first class of objects are the almost perfect matchings of a BFTs. They were first
introduced in [2] for BBMs, where they were called brick matchings. An alternative,
equivalent definition was presented in [16], where they were also extended to m-dimers.

— 11 -




Here we generalize them to general 3-manifolds with boundaries. For brevity, we will refer
to them simply as perfect matchings.

Definition 1. A perfect matching p is a collection of chiral fields such that for
every Fermi field A,, the chiral fields in p cover either all the monomials in J¢
or all the monomials in F, exactly once.

Clearly, the toric condition of the superpotential of BFT5’s is crucial for defining
perfect matchings.

As explained in [2], it is possible, and often illuminating, to extend the definition of
perfect matchings such that they also include Fermi fields. It is however sufficient to specify
their chiral field content, since it uniquely fixes the Fermi fields. A systematic method for
determining the perfect matchings of BBMs, generalizing the Kasteleyn matrix approach of
bipartite graphs, was introduced in [16]. This method can be extended to general BFTy’s,
although we will not discuss it in this paper.

Remarkably, there is an alternative definition due to Richard Kenyon, which is identical

the one for perfect matchings of bipartite graphs underlying ordinary BFTs (see e.g. [8]).7>1°

Definition 2. A perfect p is a subset of the chiral faces in G such that:

1. Every internal vertex is covered exactly once by a chiral face in p

2. Every external vertex belongs to either one or zero chiral faces in p.

Let us now show the equivalence between the two definitions. Consider a Fermi field
A, and its corresponding J- and E-terms. Let us focus on a chiral field Y contained in a
perfect matching. Without loss of generality, following the first definition we can assume
that Y participates in the two monomials in J% (the case in which it participates in the
two monomials in E, is identical). We can then write

o Fa (4.1)
Xy Xig- oY oo Xy Xy = X5y Xy Y- X, X Eqa+(X) — Eo-(X) '
According to the dictionary, A, is translated into a 4-sided red face in G, in which the

two monomials in J* and E, are represented by opposite edges. Moreover, as discussed in

Section 3.3.2, each of the four vertices of A,, which we call o, 3, v and §, gives rise to a

9We thank Richard Kenyon for private discussions leading to this insight. These conversations took place
during a meeting of the NSF FRG in the Mathematical Sciences shared with Sebastian Franco, and benefitted
from ideas from the other members of the group: Gregg Musiker, David Speyer and Lauren Williams.

OTnterestingly, given the map between vertices and the chiral cycles introduced in [16], it is possible to
show that this definition of perfect matchings coincides with the one given in [16].

- 12 —



contribution to the trace condition of the form (3.5), which in this case become

ot XiXiyoo Yoo Xo  Xi Ear(X) — Xo Xiy Yoo Xs X - Far(X) =0
Bt =X Xiy Y X X Ear(X) + X5, Xiy Y- Xi Xi,  Ea_(X) =0
Vi =Xy Xy Yo X X Bar(X) 4 X5 Xy Y o X X Bar (X) =0
§: X;Xj, Yoo Xi  XjBa (X) = X;, XY - X5 X B (X) :(0 |
4.2

For each vertex, the first term comes from the Tr[.J- E] for A, in (4.1), while the second term
comes from Tr[J - E] products for other Fermi faces that intersect with A, on that vertex.
From (4.2), we easily conclude that for the perfect matching p, each vertex is covered
exactly once by the chiral field Y in p, proving the equivalence between the two definitions.
We present explicit examples of perfect matchings in Section 6 and Section 8.
We will consider the following map between chiral fields X; and perfect matchings p,,

(&
P;
Xi =[] o™ (4.3)
pn=1

where c is the total number of perfect matchings, and P;, is equal to 1 if the face in G
associated to the chiral field X; is contained in p, and zero otherwise [29], i.e.

1, X;e
Py = b (4.4)
0, Xi ¢ Pu

We will see in the coming sections that the P-matriz defined above plays an important role
when computing the moduli space of the BFTy’s, i.e. in connecting them to toric geometry.

4.2 Flows

Another interesting concept for BFT5’s is the one of flows, which are in one-to-one cor-
respondence with perfect matchings. While perfect matchings are collections of faces in
the CW complex, flows are oriented surfaces or, equivalently, collections of oriented edges
giving rise to oriented paths in it.

The flow p,, associated to a perfect matching p,, is defined as follows:

1. Pick a reference perfect matching pyef.

2. For every perfect matching, orient chiral faces according to the corresponding bifun-
damental field.

3. For any perfect matching p,, define the associated flow as p,, = p,, — Pref, i.e. where
the orientations of the chiral faces in pet are reversed, and chiral faces present in both
pu and prer cancel each other.

The surfaces resulting from this construction can be naturally completed by including the

missing Fermis.
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Alternatively, flows can be represented as oriented paths on G. This is simply achieved
by orienting the edges of the chiral faces in a perfect matching according to the right-hand
rule. The orientations of the edges in pyet are reversed when constructing p,, = p, — Pret.

Finally, we can also define the flows without referring to their graphical representation
as follows:

1. Pick a reference perfect matching pyef.

2. Associate to every perfect matching p,, a variable p,, which is the product of the chiral
fields it contains.

3. The corresponding flow p,, can then be written as
Dy
bp=—":
a Dref
In Section 7, we will present explicit examples of this construction.

4.3 Brick variables

Another useful concept is the notion of brick variables, which are the natural generalizations
of the face variables of ordinary BFTs [8]. The definition is rather intuitive, they are given
by the surface around a brick (gauge or global), with orientation. While it is natural to
include Fermi fields in brick variables, for later applications it is sufficient to focus on their
chiral field content.

Focusing on the chiral fields, the brick variable W; associated to the brick ¢ is given by

_ 1L Xy
[1; X

i.e. by the product of the outgoing chirals divided by the product of the incoming chirals.'!

Wi (4.6)

Not all the brick variables are independent, since they satisfy'?

ﬁm:1. (4.7)

Proceeding as in Section 4.2 to translate the orientations of chiral faces into the
orientations of their edges, it is possible to represent brick variables in terms of oriented
edges. Figure 9 illustrates this construction. Further examples will be presented in Section 7

5 Modifications of the CW complex from a BFT; perspective

In this section we discuss the field theory interpretation of various possible modifications of
the CW complex underlying a BFTg. All this operations have been previously discussed in
the context of BBMs [2]. We include them here for completeness and to further elaborate
on some of them.

11 Adjoint chiral fields X;; would appear in both the numerator and denominator, hence do not participate
in brick variables.
12 Assuming a single component Ms.
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Figure 9. Example of the brick variable for the internal brick of the cube model in terms of oriented
edges. When combining oriented faces, we will interchangeably talk about their addition/subtraction
and multiplication/division depending on the context. We will use the former when referring to the
combination of the faces in G and the latter when discussing the corresponding variables.

e -O

Figure 10. Giving a non-zero VEV to a chiral field translates into deleting the corresponding face,
which is colored blue here. This results in the two adjacent bricks recombining into a single one.

5.1 Higgsing

Turning on a non-zero VEV for the scalar component of a bifundamental chiral field X;;
translates into the removal of the corresponding face in G, which leads to the combination
of the bricks 7 and j into a single brick, as illustrated in Figure 10.

Depending on the types of bricks that are combined, there are three possibilities, which

in turn have different gauge theory interpretations:'3

o Internal-internal: higgsing of the corresponding U(N) x U(N) factor of the gauge
group to the diagonal U(N) subgroup.

o Internal-external: color-flavor locking of the U(N)gauge X U (NN )global Symmetry associ-
ated to the bricks to the diagonal subgroup, which corresponds to a global symmetry.

o External-external: breaking of a U(N) x U(N) factor of the global symmetry to the
diagonal subgroup.

For simplicity, we will collectively refer to all of them as higgsing, while keeping in mind the
fact that they may not always involve two gauge groups. In addition, Deleting the face for
X; nicely implements the effect of replacing it by its VEV, which without loss of generality
is set to be equal to 1, in the superpotential.

13Keeping in mind the peculiarities of 2d gauge theories, here we have in mind the classical higgsing and
symmetry breaking processes. They will become important when connecting these theories to geometry.
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5.2 Massive fields

Massive fields correspond to Fermi-chiral pairs connecting the same pair of nodes in
the quiver for which the corresponding quadratic term is present in the superpotential
(equivalently, such that either the J- or E-term for the Fermi field contains a term that is
linear in the chiral field). Such mass terms translate to edges in G that connect a single
Fermi face to a single chiral face.

Integrating Out Massive Fields. Without loss of generality, let us consider a massive
pair consisting of fields A;; and Xj;, with a J-type mass term A;; X;; in the superpotential.
The case of an E-term mass is completely analogous. At low energies, A;; and Xj; can be
integrated out. The J-term associated to A;; takes the general form

Jjio Xji— [i(X) — Xji= f(X). (5.1)

where the linear term in Xj; corresponds to the mass term and f;;(X) represents a product
of chiral fields associated to a concatenation of arrows in the quiver going from node i to
node j. When integrating out the massive fields, we remove them from the theory, set
Jji = 0 (therefore replacing X;; — f;;(X) as in (5.1)) and eliminate E;;, the E-term for A;;.

This process is beautifully captured by a simple transformation of G, as shown in
Figure 11. As any other chirall field, X;; has an even number of edges, which we denote 2n.
Figure 11 corresponds to n = 2, but the picture and the discussion below extend to general
n. For visualization, it is useful to divide the process into two stages. In the first step, we
shrink the face associated to A;; until the massive edge merges with the opposite one into a
single edge associated with f;;(X). This makes the Fermi face disappear. In the second
step, the equation Xj; = f;;(X) removes the chiral face Xj; and glues its edges to the one
for f;;(X), as shown in the last step.

Let us consider this process in further detail. Focusing for concreteness on the n = 2
case as in Figure 11, the terms of the superpotential containing the massive fields A;; and
Xj; have the general form

W = Ay Xji — Aij f3(X) + A B (X) — Mg B (X) 52
+ M Xjig1(X) + Ao Xjiga(X) + AsXjigs(X) + ...,

where Ay, a =1,...,2n — 1, are the Fermis connected to the extra edges of X;; and g,(X)
are products of chiral fields. Without loss of generality, we have picked the orientation of
the A,’s such that their couplings to X;; are J-terms.

In Figure 11, the chiral faces shown in green, which account for the fields in fj;(X),
end up connected to (2n — 1) consecutive edges of the 2n-sided massive Xj; face, capturing
the fact that the X;; — f;;(X) replacement occurs in (2n — 1) terms. The superpotential
(5.2) becomes

W = A1 fi(X)g1(X) + Ao f5:(X)g2(X) + Az fji(X)gs(X) + ... (5.3)

It is interesting to note that for this to be possible in general, it might be necessary for
some of the faces to be curved. This is not an issue for this paper, since we are exclusively
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Figure 11. Integrating out massive fields in a BFTs.

concerned with combinatorial properties of BFTy’s. Moreover, this feature is evaded if the
(2n — 1) edges are collinear or if additional fields become simultaneously massive. The latter
is indeed the case in several explicit examples previously studied (see e.g. [2, 3]), where
integrating out all massive fields leads to configurations without multiple chiral faces glued
to (2n — 1) consecutive edges.

Integrating In Massive Fields. The inverse process, namely integrating in massive
fields, is described by going through Figure 11 in the opposite direction. This procedure
has not been systematically discussed in the literature. Of course, there are in general
multiple ways of introducing massive fields into a BFTs. Doing so, we can reduce the order
of superpotential terms.

In order for integrating in fields to be possible, a necessary condition is for some chiral
operator f;;(X), which accounts for a single chiral field or a collection of chiral fields, to
participate in 2n — 1 consecutive edges. Due to this condition, integrating in massive fields
in BFT59’s is more restrictive than the ordinary BFT counterpart. Therefore, it would be
interesting to investigate whether it is possible to make a general statement regarding the
maximal attainable reduction in the order of the superpotential. For example, in ordinary
BFTs it is always possible to reduce the superpotential to a form with only order 2 and
order 3 terms [8]. This question is beyond the scope of this paper.

Mass Terms from Higgsing. Higgsing is one of various ways in which mass terms can
be generated. In this case, a massive pair arises when an originally cubic term in the
superpotential becomes quadratic after turning on a VEV for a chiral field. In terms of G,
such a mass term corresponds to an edge which is initially attached to a Fermi and two
chiral faces. When the face associated to the field acquiring the non-zero VEV is removed,
a 2-valent edge representing a mass term is generated, as shown in Figure 12. We refer the
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Figure 12. Generating a massive chiral-Fermi pair by higgsing.

interested reader to [2] for further discussion of the generation of mass terms via higgsing
in BFTy’s.
5.3 Triality

Triality is an IR equivalence among 2d N = (0,2) gauge theories [23]. In this section
we explain how, for the class of BFTs theories, triality is beautifully captured by certain
transformations of G.

5.3.1 Triality for quiver theories

Let us first discuss triality for general quiver theories, i.e. not necessarily BFTs’s. When a
gauge node k is dualized, the theory is transformed as described below.!?

Ranks. The rank of the dualized node transforms according to
Nj, =Y n}.Nj— N, (5.4)
J#k
where ”;Ck is the number of chiral fields from node j to node k. The ranks of all other nodes
remain the same.

Quiver. The field content around node k is modified according to the following rules:

(Ql) Dual flavors. Replace each of (— k), (« k), (— k) by (« k), (— k), (— k),
respectively. For later use, we generically refer to such fields in the original theory as
Xik, Yij, A, and to the corresponding duals as Yii, A, Xik.

(Q2) Chiral mesons. For every subquiver i — k — j, add a new chiral field i — j. Le.
for every pair X, Yj; in the original theory, include the meson M;; = X;;Y}; in
the dual.

(Q3) Fermi mesons. For every subquiver i — k — j, add a new Fermi field i — j. Le.
for every pair Xji, Ay; in the original theory, include the meson W;; = X;;Ay; in the
dual.

(Q4) Remove chiral-Fermi massive pairs generated in the previous steps.'?

1YWe will often refer to the application of a triality transformation as dualization.

15In order to determine which fields are massive, knowledge of the superpotential is required. The
transformation of the superpotential is explained below. Since we are interested in the low energy limit of
the theory, integrating out massive fields is natural, albeit optional.
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Superpotential. The superpotential transforms as follows:

(W1) Replace every X;;,Yy; product in the original superpotential by the corresponding
meson M;;. Similarly, replace all X;;Ay; products by ¥;;.

(W2) Introduce new cubic couplings between the dual flavors and mesons

AWy = MinjkYki + Uy X Y - (5.5)

(W3) Replace every Klkij product in the original superpotential by the corresponding
product of dual flavors )N(lk/ikj. Namely, transform terms containing such product
as follows

AkYijO5 — XAy O (5.6)

where O} is a holomorphic product of chiral fields connecting nodes j and [.

(W4) If the superpotential terms in (W3) are present, they also lead to new terms of the form
Klkykjojl — AWQ = @liMijOjl . (57)

for every incoming chiral X;; at the dualized node. The existence of at least one
chiral field Xj;,, which is necessary for generating the mesons ¥;; and My, does not
need to be independently assumed in physically consistent theories. If this was not
the case, other things would fail, e.g. the rank of the dual gauge group would be

negative, according to (5.4).16
For a more detailed discussion of the transformation of the superpotential, see [30].

Triality is a duality of order 3, which means that acting with it three consecutive
times on the same gauge node takes us back to the original theory. Interestingly, requiring
that the rank of the dualized gauge group returns to itself in this process is equivalent to
the SU(Ny)? anomaly cancellation condition for that node [30]. Generically, trialities on
different nodes do not commute, which leads to a much richer space of dual theories in the
case of multiple gauge nodes.

5.3.2 Triality for BFT5 theories: dual quivers and CW complexes

Any gauge node/internal brick in a BFTy can be dualized by applying the prescription
outlined above. However, we will focus on dualizations of nodes which starting from a
BFT5 result in another BFTy on the same 3-manifold, i.e. in another theory described by a
CW complex (or equivalently by its dual quiver) on the original 3-manifold.'” We will refer
to such nodes as toric nodes. The closely related problem of triality in BBMs has been
studied at length in [3, 4]. Since triality is a local transformation, the discussion extends
from BBMs to general BFT5’s without changes.

16Relaxing this condition might be interesting from a more formal/mathematical point of view.
"Whether triality can sometimes lead to a theory of BFT; type but on a different 3-manifold is an
interesting question that we will not explore in this paper.
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Figure 13. Local configuration for a toric node with nf’out =nf =3 and its dual cylindrical brick.
The dotted lines may be attached to other faces and represent superpotential terms.

Toric nodes. For a node k to be toric, a necessary condition is that starting from a
toric phase, in which all ranks are equal to NV, all ranks remain the same after dualizing it.
Specializing (5.4) to a node k in a toric phase, we get

Ni=n},N—-N. (5.8)

We conclude that to obtain N; = N, we need nﬁm = 2, i.e. toric nodes must have exactly
two incoming chiral field arrows.

In the case of all equal ranks, the cancellation of the SU(N)? anomaly (3.2), combined
with nj ;, = 2, implies that a toric node must have

n%,out = nkF . (59)

In summary, toric nodes have nigm =2 and nig out = nf > 2. The lower bound is necessary
to avoid SUSY breaking. Similarly, by reversing the orientation of chiral fields, we obtain
toric nodes under the action of inverse triality, i.e. ny ,,, =2 and nj, = n > 2.

Finally, for the dual theory to be a BFT3 on the same 3-manifold, triality should not
generate mesons that cross over the dualized node or interlaced loops of fields in the dual
quiver. A natural solution to this problem is given by a local configuration in the dual
quiver of the general form shown in Figure 14 for the case of nz out = nf = 3. Such a node
is dual to a cylindrical brick with a 2 n?c‘ ou-Sided base as illustrated in Figure 13.

The class of local transformations of the dual quiver illustrated in Figure 14 and the corre-
sponding transformations G implement the appropriate modifications of
the superpotential.

It is interesting to consider the simplest version of a toric node, which corresponds to
nig out = nf = 2, in further detail. Figure 15 shows the local transformation of G associated
to triality on such a node, to which we refer as a cube move. The edges of the cube have
been colored to indicate how they deform under triality, together with the faces in G outside
of the cube that are glued to them.
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Figure 14. Local transformation of the quiver under triality for a node with ny . = nf = 3. The
initial configuration is the dual quiver of the cylindrical in Figure 13.

-

Figure 15. The cube move.

The cube move is the analogue of the square move or urban renewal for ordinary BFTs
(see [8] and references therein). As we explained in Section 3.1, while Fermi faces are always
4-sided, chiral faces can in principle have an arbitrary number of even sides. For this reason,
it is important to keep in mind that the chiral faces of the cube, which we have drawn as
squares in Figure 15, can in principle have more than four sides. The additional vertices we
added to some of the edges are intended as a reminder of this fact.

Cubic bricks are special in that they remain toric after triality. On the contrary, toric
nodes with n?g out > 2 become non-toric after one dualization. Figure 16 illustrates how
three consecutive dualizations on a cubic brick amount to the identity. In this figure, we
have decided to integrate out massive fields only at the final step.

5.4 Reduction

The final transformation is a BFTy analogue of bubble reduction [31, 32]. Such process was
introduced in [7], by considering the field theory interpretation of BFT bubble reduction
and finding its natural generalization.

In terms of the dual quiver, a BFT bubble corresponds to a node with one incoming and
one outgoing bifundamental arrows. If all ranks are equal, this corresponds to an Ny = N,
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Figure 16. Three consecutive cube moves on a single cubic brick amount to the identity (the
relative sizes of the cubes are irrelevant). Massive fields are preserved during triality transformation
and are integrated out at the last step.

Figure 17. A node with a single incoming chiral field is a BE'T5 bubble. Due to anomaly cancellation,

Yt = nkF + 1. The bubble is removed by triality. This process an also be interpreted as higgsing

with a non-zero VEV for the incoming chiral.

gauge group. Bubble reduction is therefore equivalent to formally applying Seiberg duality
to such a node. When doing so, the dualized node disappears, there are no dual flavors and
only the corresponding mesons are left. A BFT5 bubble is therefore naturally defined as a
gauge node/internal brick that would disappear when formally acting on it with triality or
inverse triality.

More precisely, a bubble that disappears under triality corresponds to a node with a
single incoming chiral arrow, i.e. ny, =1, and nj ., = n” + 1. Similarly, a bubble that
disappears under inverse triality corresponds to a node with ny . =1 and ny; = nt’ +1.
Figure 17 shows a bubble and its elimination using triality. The node associated to the
bubble disappears, while mesons connecting the other nodes are created. Interestingly, the
same theory is obtained by higgsing with a VEV for the incoming chiral, which results in
the merging of the bubble and the in node. This is analogous to bubble reduction in BFTs,
which can also be thought of as the higgsing associated to deleting one of the two edges
of the bubble. The elimination of a bubble with inverse triality is completely analogous.
Various explicit examples of bubble reduction will be presented in Section 9 and Section 10.

Reduction and Higgsing. In [7], reducibility was related to the notion of inconsistency,
which in the context of BBMs can be defined as the number of gauge groups (bricks) being
larger than the normalized volume of the toric diagram of the underlying CYy.

As for ordinary BFTs, it is natural to expect that alternative definitions of reducibility
exist. In particular, generalizing what occurs for BFTs [8], it is natural to also define
reducibility as the existence of a moduli space (to be discussed in Section 6) preserving
higgsing. In general, there might be multiple sets of chiral VEVs that reduce a given BFT5.
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Figure 18. The cube model and its dual quiver.

The identification of such VEVs can be systematized using the correspondence between
perfect matchings and fields in the quiver of (4.3) and (4.4), in conjunction with geometric
ideas that will be introduced in Section 6. The previously mentioned equivalence between
bubble reduction and higgsing is a case of this mechanism. However, explicit examples
suggest that there can be BFTy’s which are reducible by higgsing, but for which it is
impossible to make bubbles explicit by sequences of trialities. It would be interesting to
investigate whether the two definitions of reducibility are equivalent or if, instead, reduction
by higgsing is more general.

Bubbles and higgsing might become manifest only after a series of trialities. General
criteria for establishing the reducibility of BFT5’s are desirable, but exceed the scope of
this paper.

6 BFTy’s and toric Calabi-Yaus: moduli spaces

A remarkable property of BFTy’s is that they are intimately related to toric CYs, which arise
as their master and moduli spaces. Moreover, there is a one-to-one correspondence between
perfect matchings and gauged linear sigma model (GLSM) fields in the toric description of
these geometries, which significantly simplifies this map.

We will illustrate the ideas introduced in this section with the simple cube model, which
for convenience we reproduce in Figure 18, together with its dual quiver.

The corresponding J- and E-terms are

J FE
Mg i XeoXo1 — X3 X311 X1u4Xue — X15X56
A7 X3 X31 — XroXor XuuXur — X5 X557

Aos : X56X62 — X57X72 X91X15 (6.1)
Azq: Xy6X63 — Xu7X73 X31X14
Azs 0 X57X73 — X56X63 X31 X715
Aoy Xy7 X7 — Xy6X62 X91X14

where we have highlighted the single terms (in this case E-terms) associated to the unpaired
edges of external Fermis in orange.
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Figure 19. Graphical representation of the J-term equations for a Fermi. The E-term equations
are completely analogous.

6.1 J- and E-flatness and perfect matchings

The map between chiral fields and perfect matchings introduced in (4.3) is such that J- and
E-term equations are automatically satisfied, as we now review. This fact was originally
established for BBMs in [2].

Given an internal Fermi A,, the toric condition on the superpotential (3.1) implies that
the J- and E-term equations take the form

JU=0 & Ji=Je

6.2
E,=0 < E. =F,_ (6.2)

Each of these two equations has a simple graphical interpretation as shown in Figure
19. The product of the chiral fields attached to an edge of a Fermi must be equal to the
product of the chiral fields attached to the opposite edge.

Using the map between chiral fields and perfect matchings in (4.3), these
equations become

=0 & I He" = I IIe"

XieJy KB X;,eJ® p (6 3)
E.=0 & JI HOw"= I e
Xi€Eq+ K X,€Eq— 1

From the definition of perfect matchings, it is clear that these equations are automatically
satisfied, since every perfect matching appearing on the L.H.S. of one of these equations,
also appears on its R.H.S. This is particularly manifest in Definition 1 from Section 4.1.

External Fermis. For external Fermis, we will only impose the vanishing of the equation
associated to the two non-external opposite edges. Requiring that the single terms associated
to the unpaired edges (e.g. the orange terms in (6.1) for the cube model) vanish would
eliminate the entire moduli space. In the coming sections, we will see that this prescription
leads to interesting geometries as the BFT9 moduli spaces. Physically, we can regard this
choice as attaching a single auxiliary chiral field (or several of them) to every external
edge, which takes the necessary VEV to compensate the product of the chiral fields at
the opposite edge. Finally, we note that imposing, albeit partially, the vanishing of J-
or E-terms for external Fermis is in line with interpreting them as dynamical fields, as
discussed in Section 3.1.

Repeating the reasoning above, but with only one of the two equations in (6.3), we
conclude that the map (4.3) solves all J- and E-term equations in the theory.
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Figure 20. The ten perfect matchings for the cube model. For clarity, we have only colored the
chiral faces in them.

6.2 Master space

The first interesting geometry associated to a BFT5 is its master space, which we define as
the space of solutions to J- and F-term equations. The concept of master space was first
introduced in the context of 4d N' = 1 gauge theories, where it corresponds to the space of
solutions of F-term equations [33]. It was later extended to 2d N = (0,2) gauge theories in
[29]. Since the vanishing of D-terms is not imposed, the master space can be regarded as
the full moduli space including baryonic directions.

Following the previous discussion, the master space of a BFTsy can be efficiently
parameterized in terms of perfect matchings. The cube model contains ten perfect matchings,
which are shown in Figure 20.

The P-matrix (4.4) encoding the map between chiral fields and the perfect matchings
in Figure 20 is

=
[l
s
[\
3
W
3
i
]
X
=
[
=
3
=
(0.9
=
©

P1o

jen}

X4
X5
Xo1
X31
X6
(6.4)

O O OO R HF OO0 OO+
OB O O OO0 O -, OO O
—_ O =R O O O 0O o O = O O
=== O O OO OO0 OO o o
O O = = =2 Ok OO o o

o

>
O O OO OO OO OO -
O OO OO OO0 OO OO
OO O OO OO R L, OO RO
O O OO R = RFEFRFHOOOO
—_ =0 O O = O = O O O

— 95—



The master space of a BFT5 is toric, i.e. it can be described by a GLSM. In addition,
there is a one-to-one correspondence between perfect matchings and GLSM fields. In this
language, the J- and E-term equations are translated into U(1) charges for the perfect
matchings, which can be summarized in a charge matrix ) yg defined as follows

QJE:K(ETP. (65)
From (6.4), we get for the cube model that

P1 P2 P3 P4 Ps Pe P17 P8 P9 P1o
11-1-1-1-1001 1

_ 6.6
Qe 01 0-10-1010 0 (6.6)

10-10-101000

The toric diagram of the master space is given by Ker Q) jg, which is actually P. Every
column of the P-matrix is the position of the corresponding perfect matching in the toric
diagram. Moreover, every perfect matching is mapped to a different point. Given the
analogous construction for plabic graphs [34] and its extension to general BFTs [8, 9, 12, 35],
it is natural to also refer to the toric diagram of the master space as the matching polytope.

For a simpler visualization of the geometry of the toric diagram, it is convenient to
consider the row-reduced version of P. For (6.4), it becomes

b1 P2 P3 P4 P5s P6 P7 P8 P9 P10
10000O0-10 0—1
0100000 —-10 —1
0010001 00 1
Gmest =| 0 001000 10 1 (6.7)
0000101 00 1
0000010 1 0 1
0000000 0 11

The master space is thus 7-complex dimensional, with a toric diagram consisting of ten
different points. The entries in every column of G5t add up to 1, which furthermore
implies that the master space is Calabi-Yau. Remarkably, the master spaces of all theories
considered in this paper satisfy the CY condition. It is natural to expect that this is a
general property of all BFTy’s. Given that the toric diagram lives on a 6-dimensional
hyperplane at distance 1 from the origin, it is sufficient to consider a projection onto it.
The facts that the master space is 7d and that its toric diagram can be projected to 6d are
not coincidences. As we will see in Section 7, these features were expected, since the cube
model lives on a 3-ball and contains seven bricks, six of which are independent. This is
analogous to what occurs for ordinary BFTs [8].

6.3 Mesonic moduli space

The second geometry naturally associated to a BFTy is its mesonic moduli space. For
brevity, we will often refer to it just as the moduli space. For any 2d N' = (0, 2) gauge theory,
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the moduli space is the space of solutions to vanishing J-, F- and D-terms. Therefore, it
corresponds to projecting the master space onto the subspace of vanishing D-terms.

There is a D-term for every gauge group in the BFT5, i.e. for every internal brick. The
transformation properties of the chiral fields under the gauge symmetry can be summarized
in the charge matrix A.'® This matrix has a row for every gauge group and a column for
every chiral field. The non-zero entries on the column associated to a field X;; are a +1 on
the i row and a —1 on the j** row. All entries in columns for adjoint fields X;; vanish.
For the cube model, there is a single internal brick, which corresponds to node 1 in the
dual quiver shown in Figure 18, and therefore A has a single row. It is given by

(6.8)

A X4 X5 Xo1 X31 Xue Xur Xse Xs7 Xeo Xo3 X720 X73
1 1 -1-1 0 0 O O O O O o /)°

Given the map between chiral fields and perfect matchings, we can regard the charges
of chiral fields as resulting from charges of perfect matchings. Such charges are encoded in

a matrix ()p, which satisfies
A=Qp-PT. (6.9)

It is interesting to note that this equation does not uniquely fix Qp. However, different
solutions are equivalent for computing the moduli space. For the cube model, a possible

choice is

Qp = [ PLP2 P3Paps Po P7 P8 Po P10 (6.10)
1-1000000O0O0O0

The next step is to combine @ jr and @ p into a single charge matrix @

_ (QuE
Q= (Qa) . (6.11)

The toric diagram of the moduli space is thus encoded in a matrix G defined as
G=KerQ. (6.12)
For the cube model, we get

P1 P2 P3 P4 P5 Pe P7 P8 P9 P10

001 000T1T00 1

00100071010
G=|-1-1-2000-110 0 (6.13)

1 1 10010000

0 0-1010000 0

1 111000000

We conclude that the moduli space is a 6d toric variety. Similar to the master space, the
toric diagram lies on a 5d hyperplane at distance 1 from the origin. This implies that the
moduli space is a toric CY 6-fold. As we will explain in Section 7, the fact that the moduli

1811 this paper, we focus on the simple case of U (1) gauge groups when computing master and moduli spaces.
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Figure 21. A 3d projection of the toric diagram for the moduli space, corresponding to (6.13). The
projection corresponds to the following combination of rows: (G1,G3 — G4,Go — G5).

space is 6d with a 5d toric diagram follows from the cube model having six external bricks,
five of which are actually independent. From (6.13), we see that the toric diagram has nine
distinct points and, interestingly, the perfect matchings p; and ps are mapped to the same
point. This feature will also be addressed in this coming section from the perspective of
flows. As we will illustrate in several examples, having non-trivial multiplicities of perfect
matchings for points in the toric diagram, including extremal ones, is a generic property of
BFT5’s. Finally, it is interesting to mention that the toric diagram of the moduli space is
the natural generalization of the matroid polytope, which is normally studied in the context
of plabic graphs and BFTs [8, 9, 12, 34, 35], to BFTy’s. Based on the evidence provided by
all the examples in this paper, it seems reasonable to expect that the moduli spaces of all
BFTy’s satisfy the CY condition. We therefore conjecture that

Conjecture
The master and moduli spaces of every BF T are toric Calabi-Yaus.

We expect the existence of a simple proof of this statement based on the combinatorics of
Qe and Qp.

Given its high dimensionality, visualizing the toric diagram defined by (6.13) is rather
challenging. Figure 21 shows a 3d projection of it. While not particularly illuminating, this
projection is special in that it does not make different points coincide.

The procedure introduced in Section 6.2 and Section 6.3 for the computation of the
moduli space applies to arbitrary BFT9 theories, regardless of the underlying 3-manifold. It
is the generalization of the fast forward algorithm to BFT2’s . We refer the interested reader
to e.g. [2, 8, 17| for previous discussions of this algorithm in various contexts, including
brane tilings, BFTs and BBMs.

7 Geometry from flows

In this section we introduce an alternative method for deriving the master and moduli
spaces of BFTy’s. More specifically, we will use flows and brick variables to map perfect
matchings to points in the corresponding toric diagrams. Rather than presenting a lengthy
discussion, we will simply illustrate the construction for the cube model.
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De - D7 = Ps

Figure 22. Flow pg associated to the perfect matching pg, using p7 as the reference perfect matching.

P1 ) P; P4 Ps

Ps P; Pg P9 Pio

Figure 23. Flows for the ten perfect matchings of the cube model shown in Figure 20 using p; as
the reference, whose associated flow is therefore trivial.

7.1 Flows and brick variables

As explained in Section 4.2, we can associate a flow p, to every perfect matching p,,, after
picking a reference perfect matching. Figure 22 shows the flow for pg in the cube model,
using p7 as reference. As previously mentioned, flows can be equivalently regarded as
oriented surfaces or as collections of oriented edges.

Repeating this procedure, we can construct the flows associated to the ten perfect
matchings of the cube model, which are shown in Figure 23.
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W, W. W,

W, 2 3 4

Wy A W

7
Figure 24. Graphic representation of the seven brick variables (one internal and six external) for
the cube model.

Equation (4.6) naturally generalizes to any oriented surface, including flows. Expressing
the flows in terms of chiral fields, we obtain

p1 = X14X15 P = Xo1X63X73

X46X56X47X57 X16X56Xa7X57
P2 X16X56X47X57 7 1

_ Xy _ XeaXeaX7oX73
P3 Xa6Xa7 Ps Xa6X56X47X57 (7'1)
py = XXX po — XeaXes

X416 X56X47X57 9 X16X56

— X5 — X72X73

Ps = X56X57 P10 = Xa7X57

In terms of chiral fields, the seven brick variables of the cube model become

U o L Ll i

W2:X_§§2)é? Wﬁ:%ﬁﬁ_ﬁ% (72)
Ws= i W= XRE

W4:X§?_1)i47

For completeness, Figure 24 shows the graphical representation of these brick variables in
terms of oriented edges.

Flows can be fully specified by expanding them in terms of a basis. For BFTs’s on
a 3-ball such as the cube model, brick variables provide a convenient basis in which any
oriented surface can be expanded. More general 3-manifolds require additional “surface
variables”, analogous to the ones that arise for BFTs on general Riemann surfaces of higher
genus and/or with multiple boundary components [35]. We will not discuss such variables
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in further detail in this paper, since the fast forward algorithm of Section 6 automatically
produces all required additional variables. BBMs provide concrete examples in which there
are three additional variables associated to the fundamental directions of T3, which can be
regarded as the origin of the 3d toric diagrams of their CY4 moduli spaces [1-7].

Let us momentarily distinguish explicitly between internal bricks Wi(mt), i=1,..., B,
and external ones VVj(ext), j =1,...,Be, with B; and B, the numbers of internal and
external bricks, respectively. We refer to the total number of bricks as B = B; + B.. These
variables are subject to the constraint Hf:il Wiint)i Hf:el Wiezt); = 1. This implies that one
of them is redundant which, without loss of generality, we can take to be one of the external
bricks. This will turn out to be the manifestation, in the language of bricks, of the extra
coordinate in the toric diagrams discussed in Section 6.

In terms of brick variables, the flows for the cube become

p1 = WAl WsWeWr pe = WolWsWr

pe = WalWsWeWr pr =1

ps = W, ! ps = WeW7 (7.3)
ps = WisWeWr po = W

ps = WilWoWsW, WeWy p1o = Wr

We can either find these expansions directly or by comparing (7.1) and (7.2), which express
flows and brick variables in terms of chiral fields. In (7.3), we have chosen to remove W5 by
expressing it in terms of the other brick variables.

7.2 Master and moduli spaces from flows and brick variables

Following our previous discussion, in the case of 3-balls, flows p,, are mapped to points in a
(B — 1)-dimensional space with integer coordinates, according to:'’

B; , Be—1 b
Pu= HIW(Z‘Z?)i H1 W, = (
i= j=

Coordinates : (7.4)
Algiy - QB; s Ol -+ DBo—1,11)

These coordinates can be organized as columns in a matrix. From (7.3), we obtain for
the cube model

P1 P2 P3 P4 Ps Pe P7 Ps P9 P1o

Wil1 0 0 010000 0

We1 1.0 011000 0
Guast= | Ws/1 1. 0110000 0 |, (7.5)

Wyg0 0-1010000 0

We/l 1. 0 1110110

Wzl1 1.0 1110101

which defines a 6d polytope with ten distinct points. Indeed, it is possible to show that
this matrix is SL(6,Z) equivalent to (6.7). Flows therefore provide an alternative way of

19 A5 already mentioned, more general 3-manifolds require additional variables and, hence, extra coordinates.
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computing the toric diagram for the master space of a BFTy. This is a general result,
since this procedure generates the linear relations between points in the toric diagram that
encode the corresponding relations between GLSM fields.

In the language of flows, the further projection onto vanishing of D-terms which is
necessary for obtaining the moduli space simply translates into discarding the coordinates
associated to the internal bricks. Thus, for the cube model we delete the W; row in
(7.5), obtaining

P1 P2 P3 Pa Ps Pe P7 P P9 Pio
Wall 1.0 011000 0

G Ws3/1 1.0 110000 0 (7.6)
Wql0 0O -10 1 0000 O
Wil 1 0 1 1 1011 0
w.,f1 1.0 111010 1

Up to an SL(5,7Z) transformation, this is equivalent to (the 5d projection of) (6.13) and
hence defines the toric diagram of the moduli space. In this language, p; and po descend to
the same point in the toric diagram because they only differ by a contribution coming from
the internal brick variable Wi.

8 Additional examples

The literature contains a vast list of explicit examples of BFT5’s, in the form of BBMs (see
e.g. [1-7]). Such theories correspond to BFTy’s on T3 without boundaries. In this section,
we illustrate our ideas with additional examples, emphasizing the novel features of different
3-manifolds and the presence of boundaries. We pay particular attention to the geometry
of the corresponding master and moduli spaces, their determination in terms of perfect
matchings and the invariance of the moduli space under triality.

8.1 A hexagonal prism-cube model on a 3-ball

Let us consider the example shown in Figure 25. GG lives on a 3-ball, the internal bricks are
a hexagonal prism and a cube, and it has eight external bricks.
This theory has 27 perfect matchings, which are encoded in the following P-matrix

]
=
3
N
3
iy

P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24 P25 P26 P27

0 1 0 1 1 1 1 0 0 0 0 0 1 0 1 0

X12
X13
X1a
Xo1
X10,1
Xaos5
Xa26
Xsg2
X36

Xas
Xar
X509
Xe9
X79
Xog
X5,10
Xe6,10
X7,10
X10,8
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A~ OO0 000000 KFHKFEKFEKFEFOOOOOOH
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Figure 25. A hexagonal prism-cube model and its dual quiver.

While this matrix is not particularly illuminating, we include it to emphasize that it is

straightforward to be explicit about the perfect matchings.
Row-reducing the P-matrix, we obtain the toric diagram for the master space

pP1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24 P25 P26 P27

1 -1-2 0 -2-10 0 0 =1 0 1 o 0 -1 -1.0 O O O O -1 0 =1 0 O 1
i 0 1 1 0 0 -1-10 0O O O 1 o o0 o o O o0 o0 o0 1 0 1 0 1 0
o 1 1 o0 1 1 0 O O O O O O o0 O 1 o o o o o0 0 o 1 1 o 0
o 1 1 0 1 0o 0 0 0 1 0O 0 0 O 1 o 0 o o0 0 O 1 1 o 0 0 O
Gmast = -1 0 0 .10 1 1 1 1 0 O O O O O O o O o0 o 1 o o o o o0 o
-1 0 0 -1 0 0 1 1 0 1 1 o o0 o o o o0 o0 o 1 o o o o o o0 o
i 0 0o 1 o o o o o o o o o o o o o o 1 o o o o o o o0 O
$P 0 0 1.0 o o o o6 06 06 06 o o0 0o o o 1 o o0 o o O o o o0 o
o o o0 1 1 0 0 -1-10 -1 -1 -1 0 1 1 1 o o o O O O O o0 o0 o
-1 0 0 -1 0 0 0 1 1 O 1 1 1 1 o o0 o o o o o o o o o o0 O

—
oo
V)

2)
As expected, the master space is a CY 10-fold, since this theory lives on a 3-ball and has
10 bricks.

Finally, the moduli space is a CY 8-fold with toric diagram given by

-1-2-1-12 3 -13 4 3 -1-10 0 0 0 0 0 0 1
111 0 -1-10-1-1-10 1 0 0 0 0 0 0 1 O
11 o0 0 -1-11-1-1-11 0 0 0 0 0 0 1 0 O
o o011 00 0 -1-1-10 0 0 0 OO0 1 0 0 O
G= o o0 01 0-1r1 0-1-10 0 0O O0O O0OT1 OO0 O0 O
o o0 0 01 1 0 1 1 1 0 0 O0OO0OT1T O0OO0OO0 O0 O
o o0 0 01 1 0 1 1 1 0 0 O0OT1 0O O0OO0OO0 O0 O
o 1o00-1-10-1-101 1 1 0 0 0 0 0 0 O
3 2111111 211111111 2 2 2

(8.3)
For simplicity, we have introduced a notation in which columns indicate the positions of
points in the toric diagram and the last row shows the multiplicities of perfect matchings
associated to each of them. Since this BF Ty lives on a 3-ball, the dimensionality of the
moduli space is equal to the number of external bricks.
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Figure 26. BFT, defined on T? x I and its dual quiver. We have included colored dotted lines to
emphasize the T? identifications on the horizontal plane.

8.2 A modelon T2 x I

Consider the BFTy on T? times an interval shown in Figure 26.
This theory has 54 perfect matchings. The corresponded P-matrix is presented in
Appendix A. The moduli space is a CY 11-fold with toric diagram given by

-1-17-10 -1-10 -20 -1-1-10 -10 -10 -1-10-1-11 00O0O0O0O0O0O0O0O0T1

o o 1 o o o o0 1 0o o o o o o0 o0 o0 o0 o011 1 1 0O0OO0OO0OO0ODO0OOO0OO0OO0OT1TOP0

-1 0 -1-1-10 -1-2-1-10 0 1 0 -11 2 1 0 1 0 0 1 00O0OO0OO0OO0OO0ODOT1TO0OD0O0

$P o o o601 o0 01 0 1 0 1 1 1 1 0 O OO O OO OOOOOOOOT11TO0OQO0OO

1 1 1 1 1 1 1 2 2 1 $1 0 .10 0 0 -10 0 -1 0 O -100O0OO0OOOT11ITO0OO0OTVO0OO0O

G = o o o o o o o 0 -10 0 OO0 O0OO0OO0O O 0 o0 o0 o0 0 0 o0 o0O0O0OO0O0O0O1QO0O0OOQO0ODO0ODO0
- o o o o o o o011 0 0 1 o 0O O OOTU OU OIU OWOTGOIT1T O0 O0O0OO0OO0OT 0O0OO0OO0OOQO0ODQO
1 1 $1 1 o o o 1 o 1 o O O 1 O O O 1 O O 1 O OOOOT11OOOOOO OO

0O 0 0 o0 1 1 $1 0 1 o o 1 o O O 1 O O 1 O O O OWOOT11TOOOOO®OOD OO

o o o o o o o o o o o o0 o0 o010 0 0 O0OOO0OO0OO0OO0ODTI11 0O0OO0OO0ODO0ODO0OTGO0OO0ODQO

o o o o o o 0 -10 00O O0OWO0OWO0OWOOWOWOOoOWOoOOuOoOow o o1o0o0O0O0O0OO0ODO0OSO0ODO0TO0

3 4 1 2 2 3 1 1 1 2 2 1 1 1 1 1 1 1 1 1 1 1 11111111442 3

(8.4)

The dimensionality of the moduli space is a consequence of the eight external bricks,
the two fundamental directions of T2 and the two boundary components. We plan to revisit
the systematics of this correspondence in future work.

9 Triality and the moduli space

It is natural to ask how to determine whether two BFT5’s are related by sequences of cube
moves and bubble reductions. This can be rather challenging since, if the theories are
indeed connected, such transformations are generically not unique. Moreover, depending
on the complexity of the theories, the necessary sequence of operations might be highly
intricate. The moduli space, being invariant under both triality and reduction, is ideal for
diagnosing whether two BFTy can be connected in this sense, without actually constructing
the transformations that turn one theory into the other. To be precise, matching of the
moduli space is a necessary condition. It would be interesting to establish whether it is also
sufficient or if other moduli space-preserving transformations that go beyond triality and
reduction exist.
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Figure 27. Model obtained by acting with triality on node 2 of the one in Figure 25.

The multiple triality phases of BBMs represent explicit examples of how dual BFT5’s
have the same moduli space (see e.g. [3, 5, 7]). Below we present a new example exhibiting
a novel feature, a boundary. Further examples are presented in Section 10.

9.1 The triality dual of the hexagonal prism-cube model

Acting with triality on gauge group 2 of the hexagonal prism-cube model of Section 8.1, we
obtain the theory shown in Figure 27. Dotted edges represent mass terms and we have not
integrated out the corresponding massive fields.

This theory has 23 perfect matchings, which give rise to a moduli space with toric
diagram

-1-2-1-12 3 -13 4 3 -1-10 0 0 0 0 0 0 1
111 0 -1-10-1-1-10 1 0 0O 0O O 0O O 1 O
11 o0 0 -1-11-1-1-11 0 0 0 0 0 0 1 0 O
o o011 000-1-1-10 000 0 01 0 0 O
G= o o0 01 0-1r10-1-1000 0 01 0 0 0 O
o o0 o0 01 1 0 1 1 1 0 0O OO T1T OO0OO0OO0O
o o0 0 01 1 0 1 1 1 0 0O OT1T O0OO0OO0OO0 O0 O
o 10 0-1-10-1-101 1 1 0 0 0 0 0 0 0
3 2111111111111 111111

(9.1)

This toric diagram agrees with the one for the original theory, given by (8.3), up to
multiplicities of perfect matchings for some of its points. Several examples of theories with
the same moduli space up to multiplicities of perfect matchings in the toric diagram can be
found in the BBM literature [3, 5, 7]. Further examples are presented in the coming section.

Interestingly, integrating out the massive fields connected to node 1, this node ends
up having a single incoming arrow. Node 1 would thus disappear upon acting on it with
triality. This implies that the hexagonal prism-cube model is actually reducible.
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Figure 28. A multi-cube model. Internal bricks are separated by chiral faces. The 90° between the
external faces at the two endpoints of this figure corresponds to having an even number of cubes.

10 Reduction and Calabi-Yau geometry

We now investigate the moduli space of reducible BFT5s’s. For concreteness, we illustrate
our discussion using the multi-cube family of theories schematically shown in Figure 28.
The simplest theory in this class is the cube model we considered in previous sections.
There are two families of these models, depending on whether the number of cubes is even
or odd. For an even number of cubes, there is a relative 90° rotation of the external faces at
the two endpoints, as shown in Figure 29. This rotation is not present for an odd number
of cubes, such as in the example in Figure 30.

The multi-cube model with n cubes lives on a 3-ball, and has n internal and six external
bricks. Following the discussion in previous sections, we thus expect their master spaces
to be toric CY (n + 6)-folds, with (n + 5)-dimensional toric diagrams. Similarly, for any
n, the moduli space should be a toric CY 6-fold with a 5d toric diagram. We will now
explain that the agreement between the moduli spaces of all these theories extends beyond
their dimension.

The single cube model was thoroughly studied in previous sections, with its master
and moduli spaces captured by (6.7) and (6.13), respectively. Let us now consider the 2-
and 3-cube models.

10.1 2-cube model

The 2-cube model is shown in Figure 29.

Following the procedure in Section 6, we compute its moduli space. There are 13 perfect
matchings and the moduli space parameterized by them is encoded in the toric diagram
defined by

010 0 0 1 0 0 1
0010 0 0 1 0 1 0
-1-20 0 0 -11 0 0
G=|1 100 1 0 0 0 0 (10.1)
0 -10 1 0 0 0 0 0
1 1100 0 0 0 0
2 3 1 1 1 2 1 1 1
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Figure 29. The 2-cube model and its dual quiver.

Figure 30. The 3-cube model and its dual quiver.

Interestingly, despite the different multiplicities, the toric diagram coincides with the one
for the single cube model in (6.13). The 1- and 2-cube models have the same moduli space.

10.2 3-cube model

The 3-cube model is shown in Figure 30.
Computing its moduli space, we obtain 18 perfect matchings which form a toric diagram
defined by the following matrix

01 00 0 1 0 0 1
01 00 0 1 0 1 0
~1-20 0 0 —-11 0 0
G=|1 100 1 0 0 0 0 (10.2)
0 -10 1 00 0 0 0
1 11000 0 0 0
5 3 1 3 1 2 1 1 1
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Figure 31. Triality on an intermediate brick of an n-cube model. Eight 2-valent edges (shown as
dashed lines), i.e. mass terms, are generated during this process. To avoid confusion, it is important
to emphasize that there are no vertical faces suspended from the dashed edges.

O = O—?LO—— = —YL

Figure 32. The dual quiver representing the reduction of the n-cube model. (a) Configuration with
massive fields obtained after triality on an intermediate cube. (b) Two nodes associated to bubbles
arise after integrating out massive fields. (c¢) Triality on the bubble nodes reduces the theory.

Once again, we obtain the same moduli space of the single cube model given by (6.13),
with different multiplicities of perfect matchings for some of the points in the toric diagram.

10.3 Reduction and triality

The previous examples illustrate a more general fact: all n-cube models have the same
moduli space, differing only by the multiplicities of perfect matchings. As we explain
below, this fact can be understood as the result of a beautiful interplay between triality
and reduction. As an aside, it would be interesting to investigate the combinatorics of the
perfect matchings in this class of models and these multiplicities in further detail.

Let us start from an n-cube model with n > 3 and apply the following procedure:

1. Perform a triality transformation in any of the cubes that is not at the endpoints.
This dualization is implemented by a cube move, as shown in Figure 15.

2. The previous step generates eight 2-valent edges, i.e. mass terms in the superpotential.
These mass terms are shown as dashed edges in Figure 31. Integrating out the corre-
sponding massive fields translates into edge condensation as discussed in Section 5.2.
Each of the two bricks adjacent to the dualized cube end up with only two faces which,
furthermore, correspond to one incoming and one outgoing chiral fields.

3. These two bricks are therefore bubbles, as defined in Section 5.4, and disappear upon
acting on them with triality, as shown in the last step of Figure 32.
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This process turns an n-cube model into an (n — 2)-cube one. Iterating this procedure,
we can thus reduce odd and even n models all the way down to the 1-cube model and 2-cube
model, respectively. Finally, the connection between even and odd n is also straightforward,
albeit slightly more subtle. Dualizing any of the cubes in the 2-cube model we generate a
model with a bubble, which after reduction, results in a single cube. In addition, there are
some external massive faces which, due to the way in which we treat the corresponding
fields, are equivalent to the single external faces of the basic 1-cube model. In summary,
the n-cube models are reducible for n > 1 and can be connected by triality and reduction
to the 1-cube theory. All of them share the same moduli space, which is the toric CY 6-fold
associated to the toric diagram (6.13).

11 Conclusions and outlook

We introduced and initiated the study of BFTy’s, a general class of 2d N' = (0,2) gauge
theories defined by 2-dimensional CW complexes on oriented 3-manifolds. While we
primarily focused on examples with boundaries, in order to illustrate their novel features,
theories without boundaries are also extremely interesting.

The dynamics of BFTy’s is neatly captured by transformations of the CW complexes.
A salient feature of this family of theories is its deep connection to combinatorial and
geometric objects. These objects, such as the toric moduli spaces, which in turn are
computed in terms of perfect matchings, provide powerful tools for addressing questions
like the characterization of triality equivalence classes or diagnosing reducibility.

We identified structures, such as the ones leading to the automatic implementation of
the trace condition, which were unnoticed in earlier considerations of BFT5’s in the context
of BBMs. We expect some of these new insights may shed light on open problems like, for
instance, a better understanding of the BFTs analogues of zig-zag paths.

Our work suggests various natural directions for future investigation. Below we sum-
marize some of them.

o Embedding additional sub-classes of BFT5’s, beyond the well-studied BBMs, in string
theory. Of particular interest are theories with boundaries. Natural scenarios for such

constructions involve systems of (fractional) D1-branes and flavor D5-branes at toric
CY 4-folds, and their T-dual configurations of NS5 and D4-branes.?°

e Understanding how the dimension of the moduli space depends on the topology of
the underlying 3-manifold. While the methods introduced in Section 6 apply to any
3-manifold, it would be illuminating to systematically determine a convenient basis of
flows depending on the topology.

e Generalizations of dimer models based on m-graded quivers with superpotentials
were introduced in [16], where they were referred to as m-dimers. They capture the

20Tt would also be interesting to engineer other classes of theories that are closely related to BFTy’s, e.g.
ones in which (some of) the external Fermis are non-dynamical. Such theories would be similar in spirit to
the close relatives of ordinary BFTs of [14, 15].
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open string sector of the topological B-model on toric CY (m + 2)-folds. BBMs,
which BFTs’s generalize, correspond to m = 2. We expect similar generalizations
of m-dimers, which we can generically call BFT ,,, exist for m > 2. It would be
interesting to work out the details of such theories.

Ordinary BFTs have applications to a wide range of interesting systems, which goes
from D-branes at CY 3-folds to scattering amplitudes [8]. BFTy’s certainly include
the gauge theories that arise on D-branes at CY 4-folds [2]. It would be interesting to
determine whether their range of applicability is also broader.

Finally, another interesting, albeit rather speculative, question is whether BFT5’s
admit natural generalizations of perfect orientations and boundary measurements. If
s0, do they give rise to certain notion of positive objects in some special cases? Such
theories would become the analogues of ordinary BFTs associated to plabic graphs.

We expect to address some of these questions in future work.
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A Perfect matchings for the BFTy on T2 x I

The 54 perfect matchings for the BFTy on T? x I presented in Section 8.2 are summarized

in the following P-matrix.

P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24 P25 P26 P27
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