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ABSTRACT

Recent discoveries in twisted heterostructure materials have opened research directions in classical wave systems. This Letter investigates a
family of double-sided pillared phononic crystal plates as the elastodynamic analog of bilayer graphene, including twisted bilayer graphene.
The phononic crystal plate design is first validated by studying the basic AA- and AB-stack configurations under weak interlayer coupling. A
specific commensurate twist angle giving rise to the sublattice exchange even symmetry is then studied to examine the twist-modulated band
structure. Finally, this study demonstrates that the same twist angle, in concert with an ultra-strong interlayer coupling, can collectively create
valley-dependent edge states that have not been previously observed in electronic bilayer graphene.
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The field of twisted heterostructures, also known as twistronics,
has enriched the physics and expanded the family of two-dimensional
materials.1 One type of twisted heterostructure of particular interest is
twisted bilayer graphene (TBG), which has been extensively studied
for its electronic band modulated by the twist degree of freedom.2–4

Twisting two layers of graphene creates the so-called Moir�e pattern,
which can radically alter the electronic,2–4 optical,5 and thermal6

properties of bilayer graphene. It was discovered that at some discrete
twist angles (the so-called magic angles), the smallest being around
1.08�, the electronic band structure of TBG displays flat bands at the
zero energy level,2 which can be harnessed for unconventional super-
conductivity and correlated Mott insulating states.3,4 Furthermore,
some large twist angles can also lead to flat bands due to geometric
frustration7 or render the TBG a higher-order topological insulator.8

Meanwhile, there has been a strong interest in using mechanical
wave systems as a versatile platform for mimicking condensed matter
phenomena. Specifically, quantum-like mechanical phenomena have
been demonstrated at the mesoscopic and macroscopic scales using
phononic crystals (PCs). This has enabled unprecedented acoustic and
elastic wave control, such as topological interface, edge and corner
states,9–13 Weyl points,14–17 and topological pumping.18–20 It then
becomes natural to also explore the equivalent mechanical design of
TBG to investigate quantum-inspired devices. Multiple studies have
recently attempted to pursue this direction under the framework of
acoustics21–25 and elastodynamics,26–28 to analyze the dispersion of the
classical AA and AB stacking configurations,21–23,26,28 to demonstrate

the existence of flat bands at the magic angles,23,24 or to evidence
twist-dependent resonance states.27 In the context of elastodynamics,
for example, Rosendo L�opez et al.26 considered two weakly coupled
plates with interacting flexural waves, where each plate is decorated
with a hexagonal lattice of pillar resonators, and demonstrated the
emergence of elastic flat bands at the magic angles. In contrast, Mart�ı-
Sabat�e and Torrent27 considered a cluster of scatterers distributed in a
Moir�e pattern over a thin elastic plate. They showed the existence of
localized dipolar resonances at a series of discrete “twist” angles. Jin
et al.28 introduced the design of a thin plate where both sides are deco-
rated with a hexagonal lattice of pillars. They adopted an AA stacking
configuration (top and bottom pillars are aligned) to study the topol-
ogy of the bands and demonstrated enhanced Valley state transport.
The robustness of the edge state against angle misalignment was also
studied. Yves et al.29 designed an elastic metasurface made of a lattice
of pillars with spatially modulated heights in a Moir�e pattern, to enable
topological transition of the isofrequency contour from hyperbolic to
elliptical dispersion. Pillared phononic crystal plates have proven to be
an effective platform for efficient elastic wave manipulation.30

This paper presents a double-sided PC plate, or a bilayer PC
(BPC), where the band structures of AA-stacking, AB-stacking, and
twisted bilayer with even sublattice exchange (SE) symmetry exhibit
band dispersions mirroring those of the classical TBG under weak
interlayer coupling. Previous works have not investigated these analogs
between bilayer graphene and elastic PCs. In addition, this work also
shows valley Hall edge states as a result of the interplay between twist
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degree of freedom and ultra-strong interlayer coupling. Specifically, it
is discovered that twisted BPC (TBPC), under ultra-strong interlayer
coupling, can display a well-isolated low-frequency Dirac cone for flex-
ural waves, which is unattainable by its monolayer counterpart. This
Dirac cone can be leveraged to induce valley Hall edge states by break-
ing the symmetry of the lattice. While the BPC design studied in this
work is similar to the one reported by Jin et al.,28 it is noted that these
two works are still fundamentally different. For example, only strong
interlayer coupling was studied in Jin et al.28 Additionally, while the
twist was treated as a defect by Jin et al.28 for studying the robustness
of bilayer valley Hall edge states, the present work harnesses twist as
an essential ingredient for valley Hall edge states.

First, a hexagonal (graphene-like) lattice of identical pillars dis-
tributed over the surface of a semi-infinite substrate is considered,
which supports the propagation of surface acoustic wave (SAW) [see
Fig. S1(a) in the supplementary material). The structure is made of
aluminum where the distance between the closest pillars is a¼ 10mm
(lattice constant a0 ¼ a

ffiffiffi

3
p

), and the radius and height of the pillars
are r¼ 3.7mm and L¼ 12mm, respectively. Using COMSOL
Multiphysics 5.4, the numerically calculated band structure for SAW is
shown in Fig. S1(b) (supplementary material). The elastic modes that
have dominant vibration along the axis of the cylindrical pillars,
namely, the z direction, are the focus of this study. To this end, the
polarization of the modes is characterized by calculating the amplitude
weight of the displacement field component along the z direction using
the following equation:

ûz ¼
ð

uzj j2
uxj j2 þ uyj j2 þ uzj j2

dv; (1)

where the integral is taken over the considered volume of the substrate
and ux , uy , and uz are the three components of the displacement
vector.

In the band structure plot, the modes with dominant uz compo-
nent are highlighted by adopting a gray to red color scale. Bands in
gray color are for ûz that are close to zero (gray), which are associated
with mainly in-plane polarization, while this parameter becomes closer
to 1 (red) when the mode is mainly polarized along the out-of-plane
direction z. From Fig. S1(b), the dispersion of SAW displays a Dirac
cone at 77.7 kHz under the sound line. Both modes at the degeneracy
are associated with vertical resonances of the pillars.

Afterward, the bilayer configuration is constructed by consider-
ing a plate where both surfaces can support Rayleigh waves. Now con-
sider a double-sided hexagonal lattice of pillars [Fig. 1(a)], it can be
expected that the elastic surface modes would couple between the two
layers via evanescent waves. This coupling is consequently the analog
of the interlayer hopping in classical bilayer graphene. The choice of
the thickness of the plate dictates the strength of this coupling in our
BPC design. If the plate’s thickness is sufficiently larger than twice the
penetration depth of the Rayleigh waves, the mode’s coupling between
the two surfaces can be considered weak.

First the elastic wave dispersion for the AA and AB stacking BPC
under weak interlayer coupling is investigated. The unit cells are
shown in Figs. 1(b) and 1(c) for a plate thickness of 25mm. The dis-
persion curves are displayed around the Dirac cone’s frequency where
one can observe that the band structure of AA stacking displays two
crossing bands at the K point [Fig. 1(b)], while that of AB stacking
configuration shows a quadratic dispersion with a degeneracy at the K
point [Fig. 1(c)]. These behaviors bear strong similarities to those of
the classical AA and AB stacking bilayer graphene.31 The full band

FIG. 1. (a) The bilayer PC constructed by decorating both surfaces of a plate by two hexagonal lattices of pillars. The band structures of AA (b) and AB (c) stackings along
with the associated unit cells and the displacement field component uz for four bands at the K point. (d) A TBPC at the commensurate angle of 38.213�, which gives a periodic
lattice with an even sublattice exchange symmetry. (Left to right) The TBPC with the unit cell highlighted by the shaded yellow region; 3D view of the unit cell; planar schematic
of the unit cell where the positions of the top and bottom pillars are highlighted in the dark and light gray colors, respectively. (e) The band structure around the Dirac frequency,
close to the K point, showing a narrow bandgap. The figure on the right shows the wavefield component uz in the unit cell at points C1 and C2 marked in the band structure.
The black conical arrows indicate the Poynting vector, and the white circular arrows are added for a better visualization of the directional energy flux.
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structures for these stacking configurations are presented in the
supplementary material. Furthermore, to understand the dynamical
behavior of our system, the vibrational motion of the bilayer at the K
point is analyzed by plotting the displacement component uz for the
unit cell [Figs. 1(b) and 1(c)]. For both stacking configurations, it is
observed that the modes are associated with the vertical resonance of
the pillars on both layers. For the case of AA stacking, the two lower
modes indicated by (1) and (2) in Fig. 1(b) display pillar vibration
with an asymmetric motion with respect to the middle plane of the
plate, while the two pillars of each layer are out-of-phase in the case of
mode (1) and in-phase for mode (2). However, an opposite behavior is
observed in the two upper modes denoted (3) and (4), where the
dynamic motion of the pillars is symmetric with respect to the middle
plane of the plate while the two pillars in the same layer have out-of-
phase vibration in the case of mode (3) and in-phase motion for mode
(4). These four modes display the four possible in-phase and out-of-
phase vibrational motions of the four pillars in the unit cell. In the case
of AB stacking [Fig. 1(c)], a close look into the vibrational motion of
the pillars reveals that the lower and upper modes indicated respec-
tively by (10) and (40) in the band structure are only associated with
the resonance of the pillars that are facing each other from the two
layers. In addition, in the lower mode (10), the two pillars facing each
other have an asymmetric vibrational motion with respect to the mid-
dle plane of the plate while the vibration of mode (40) is symmetric.
The touching bands at point K [modes indicated by (20) and (30)] are
associated with the resonance of the pillars in only one layer and only
for the pillars that face the center of the hexagon of the other layer.

BPC with a twist is then investigated. Twisting creates the Moir�e
pattern, which is in general quasiperiodic, but becomes perfectly periodic
for discrete values of the twist angles, known as commensurate angles.32

The commensurate angle of 38.213� is chosen, which gives a lattice with
an even sublattice exchange symmetry.33 Figure 1(d) displays the twisted
bilayer structure at 38.213�. For the sake of clarity, a planar representa-
tion of the unit cell is shown, where the dark and light gray disks corre-
spond to upper and bottom layers, respectively. The six corners of the
hexagonal cell have pillars from both layers facing each other [see 3D
representation of the unit cell in Fig. 1(d)]. This unit cell has a C6 sym-
metry. The band structure is computed and shown in Fig. 1(e) around
the Dirac cone frequency for the plate thickness of 22.5mm, which again
corresponds to a weak interlayer coupling. One can observe that the dis-
persion, within the wave-vector range shown here, displays a narrow
bandgap from 77.28 to 77.42kHz. This band structure near the K point
is similar to what was shown for the twist bilayer graphene at the same
angle.33 It should also be noted that this bandgap only exists for a certain
range of weak interlayer coupling. For example, the bandgap closes at
the plate thickness of 25mm. The eigenmodes for the unit cell at the
edges of this bandgap [points C1 and C2 in the band structure of
Fig. 1(e)] are also plotted, and it is discovered that the gap is associated
with the pseudospin behavior33,34 characterized by rotational out-of-
plane displacement field that is highlighted by evaluating the elastic
Poynting vector [black conic arrows in the wave fields in Fig. 1(e)].
White circular arrows are also added for a better visualization of the
directional energy flux. Note that this specific bandgap has been previ-
ously shown to host topological corner modes.8,34

We further our study by investigating the effect of increasing the
interlayer coupling between the surface modes through significantly
reducing the thickness of the plate from 22.5 to 3mm [Fig. 2(a)]. It is

noted that at this thickness, the propagating elastic wave should be
considered as flexural wave. The band structure [the middle figure of
Fig. 2(b)] of this lattice displays a Dirac cone that appears at a very low
frequency, i.e., 39.5 kHz. Here, the radius of the pillar is adjusted to
3mm (reduced from 3.7mm) to have a well-isolated Dirac cone and
more importantly to avoid cutting the pillars inside the unit cell when
constructing the topological interface which will be explained later.
Other parameters of the pillars are kept the same. Under this pillars
size, the monolayer Dirac cone lies at 80.2 kHz, which is twice as high.
The interlayer coupling, thus, can be leveraged as an effective tool to
engineer the elastic wave dispersion of BPC.

Due to the C6 symmetry with a single Dirac degeneracy at the K
point, we explore the possibility of creating valley Hall edge states by
reducing C6 symmetry to C3 symmetry. To do so in the unit cell, two
sets of pillars distribution are considered: the first set, indicated in
purple and pink colors in Fig. 2(c), will undergo a counterclockwise
rotation of u, while the second set, shown in light and dark gray, will
be rotated by u clockwise with respect to the center of the unit cell.
This symmetry reduction lifts the degeneracy and opens a bandgap,
which is indicated by yellow and orange shaded regions in Fig. 2(b) for
the cases of u ¼ 3� and u ¼ �3�, respectively. To gain more insights
about the physical behavior of the modes at the valley, Fig. 2(d) dis-
plays the evolution of the two valley states as function of the rotation
angle u, and the out of plane components amplitude uzj j and its phase
distribution in the unit cell for the upper and lower edges of the
bandgap at the K point for u ¼ 3� and u ¼ �3�. From the phase dis-
tribution, the out-of-plane modes can be viewed as propagating pseu-
dospin modes where the upper and lower valley modes for u < 0
have clockwise and anticlockwise pseudospins, respectively, and
inversely for u > 0. A mode inversion can be observed when compar-
ing the modes shown on the left and right. The bandgap is marked by
different colors (yellow or orange) depending on its different topologi-
cal characteristics. It is expected that propagating valley topological
edge modes will emerge in the presence of an interface with different
signs of u. A zigzag interface [shown in Fig. 3(a)] is constructed by
considering a super cell made of unit cells with u ¼ 3� and¼ �3�. Its
band structure is computed with the focus on flexural modes, which
are distinguished using Eq. (1). Figure 3(b) shows the valley interface
state inside the bandgap with negative group velocity. The right panel
shows the displacement field component uz in the supercell, indicated
by the circled state in the band structure. The confinement of the
mode at the zigzag interface is evident. To highlight the edge state’s
backscattering immunity, a waveguiding interface between the two
topologically distinct lattices of u ¼ 3� and u ¼ �3� is created with
two sharp bendings of 120� [Fig. 3(c)]. To excite the edge state, we
applied an out-of-plane (vertical) boundary load on the top surface of
a pillar located very close to the interface (indicated by a cyan star in
the figure). The displacement field shows that the propagation of wave
is robust against the defects introduced by the bendings.

In conclusion, this work studies a family of double-sided pillared
phononic crystal plate with hexagonal lattices under both weak and
strong interlayer coupling. When a weak interlayer coupling is
involved, this elastic wave material behaves similarly to the classical
bilayer graphene, and this is confirmed by studying the band struc-
tures of AA- and AB-stacking configurations as well as the SE even
symmetry resulted from a large twist angle at 38.213�. An advantage
of the proposed TBPC compared with the classical TBG is that the
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interlayer coupling strength can be readily manipulated through
changing the thickness of the plate. This study shows that, by intro-
ducing an ultra-strong interlayer coupling, a low-frequency Dirac cone
can emerge for the SE even symmetric TBPC. This Dirac cone can be

further utilized to introduce the valley Hall effect for robust wave
propagation. Our work provides a fresh perspective on the design of
elastodynamic PC, which can potentially benefit applications, such as
energy harvesting and NDE.

FIG. 3. (a) A supercell with an interface
constructed from lattices with different
band topologies with u ¼ 3� and u

¼ �3�. (b) Band structure calculated
for the super-cell with the flexural edge
state of the plate distinguished with red
color, while the modes with gray color
being in-plane modes. The shaded light
red areas correspond to bulk flexural
modes. The side figure shows the dis-
placement field component uz of the
plate at the point indicated by the blue
circle on the edge state band. (c)
Robust elastic wave propagation in a
waveguide with bending constructed by
the two topological distinct lattices with
u ¼ 3� and u ¼ �3� .

FIG. 2. (a) Unit cell of the SE even lattice where the plate thickness is h¼ 3mm. (b) Band structures of the TBPC for different rotational angles u ¼ �3�, u ¼ 0�, and
u ¼ 3� indicated in (c). (c) Schematic view of the unit cell where the dark and light colors (either gray or purple) indicate the positions of top and bottom pillars, respectively.
White pillars at the corners indicate pillars on both sides of the plate, which are aligned in this case. To break the C6 symmetry, we rotate the set of gray pillars by u clockwise
and the set of purple and pink pillars by the same angle counterclockwise. (d) Frequency evolution of the two valley states as function of the rotation angle u, and the out of
plane component amplitude uzj j and its phase distribution in the unit cell for the upper and lower edges of the bandgap at the K point for u ¼ 3� and u ¼ �3�.
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See the supplementary material for the full band structures for
the pillared phononic surface, the bilayer phononic crystals with AA
and AB stacking configurations, and the twisted bilayer with SE even.
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