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ABSOLUTELY CONTINUOUS SPECTRUM FOR CMV
MATRICES WITH SMALL QUASI-PERIODIC
VERBLUNSKY COEFFICIENTS

LONG LI, DAVID DAMANIK, AND QI ZHOU

ABSTRACT. We consider standard and extended CMV matrices with small
quasi-periodic Verblunsky coefficients and show that on their essential spec-
trum, all spectral measures are purely absolutely continuous. This answers a
question of Barry Simon from 2005.

1. INTRODUCTION

This paper is concerned with the spectral analysis of (standard and extended)
CMV matrices with quasi-periodic Verblunsky coefficients. CMYV matrices are
canonical matrix representations of unitary operators with a cyclic vector, and
they arise naturally in the context of orthogonal polynomials on the unit circle. We
refer the reader to [42,43] for background.

Let us recall how CMV matrices arise in connection with orthogonal polynomials
on the unit circle. Suppose u is a non-trivial probability measure on the unit circle
0D = {z € C: |z|] = 1}, that is, u(0D) = 1 and p is not supported on a finite set. By
the non-triviality assumption, the functions 1, z, 22, - - are linearly independent in
the Hilbert space H = L?(0D, du), and hence one can form, by the Gram-Schmidt
procedure, the monic orthogonal polynomials ®,,(z), whose Szegd dual is defined
by ®f = 2"®,(1/Z). There are constants {a,}52,in D = {z € C: |z| < 1}, called
the Verblunsky coefficients, so that

(1.1) D,11(2) = 20, (2) — @, P (2),

which is the so-called Szegd recurrence. Conversely, every sequence {a,}22, in D
arises in this way.

The orthogonal polynomials may or may not form a basis of H. However, if we
apply the Gram-Schmidt procedure to 1,2,z 1,22, 272, ..., we will obtain a basis

— called the CMV basis. In this basis, multiplication by the independent variable z
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in H has the matrix representation

Qg 01pg p1P0 0 0
po  —Q10p —p1g 0 0
c— 0  Qopr  —Qoap  Qzpe P32
0 p2p1 —p201  —Q3Qy  —pP30i2 ’
0 0 0 Qup3  —Oo403
where
(1.2) pn=(1- ‘an|2)1/2

for n > 0. A matrix of this form is called a CMV matriz.

It is sometimes helpful to also consider a two-sided extension of a matrix of this
form. Namely, given a bi-infinite sequence {ay, }nez in D (and defining the p,,’s as
before), we may consider the extended CMV matrix

—Qpa—1  @1po  P1Po 0 0
—pPox—1 —610&0 —pP1Qg 0 0
E=1-- 0 Qgp1  —Qa1  Qi3pe P3P2
0 p2p1 —p201 —Q3Q2 —pP3Qi2

0 0 0 Q43 —Qi4Q3

Naturally, one is interested in both direct and inverse spectral results, depend-
ing on whether one starts with information about the Verblunsky coefficients or the
measure. This paper is concerned with a direct spectral problem. The Verblunsky
coefficients will be small and quasi-periodic, and our goal is to show that the associ-
ated spectral measures are purely absolutely continuous (on the essential spectrum).
We aim to establish this property for both standard and extended CMV matrices.
This addresses one of the open problems described by Simon in [43]. Indeed, in
the Remarks and Historical Notes to [43, Section 10.16], he writes that from his
discussion of ergodic Verblunsky coeflicients “conspicuously absent is the case of
almost periodic Verblunsky coefficients” and “especially interesting is the quasiperi-
odic case.” He goes on to suggest that one should prove absolute continuity for
small quasi-periodic coefficients and pure point spectrum for some quasi-periodic
examples. We note that quasi-periodic examples with pure point spectrum were
exhibited by Wang-Damanik in [47], making use of earlier results of Zhang [52] on
the positivity of the Lyapunov exponent in the setting in question. Here we address
the first part of Simon’s question, namely how to prove absolute continuity of the
spectral measures for small quasi-periodic Verblunsky coefficients.

Let us now describe the setting and the main result in detail. We consider small
analytic quasi-periodic Verblunsky coefficients of the form

(1.3) an(z) =alz+ (n — 1)w), n€Z,
where
(1.4) alz) = A\e2mih(z)

h € C¥(T4R), A € (0,1), w € R? with (m,w) ¢ Z for any m € Z%\{0}.
The sequence in (1.3)—(1.4) defines an extended CMV matrix. Since this matrix
formally depends on € T¢, we will denote it by &£,. While it of course also depends
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on h and w, we view them as fixed and suppress them from the notation. To define
a standard CMV matrix, we only consider the values of o, () in (1.3) for n € Z4
and denote the resulting one-sided CMV matrix by C,.
Recall that w € R? is called Diophantine if there exist some x,7 > 0 such that
K

ot el >
inf [{m.) — 31 = o1

for all n € ZN\{0}. Let DC(k,7) be the set of all Diophantine numbers with
prescribed &, 7.
We can now state our main result:

Theorem 1.1. Suppose that 7, k,7 > 0, h € C*(T% R), and w € DC(k,7). Then
there exists Ao = Ao(r,k,7) > 0 such that for A € (0, o), the following holds for
the Verblunsky coefficients given by (1.3)—(1.4):

o For every x € T4, &, has purely absolutely continuous spectrum.

o For every x € T?, the restriction of the canonical spectral measure of C,
to ¥ = 0ess(Cy) is purely absolutely continuous and C, has at most one
eigenvalue in each connected component of OD\X.

Remark 1.2.

(a) The set of all Diophantine w € R? has full Lebesgue measure. It is an
interesting question whether the conclusion of the theorem can fail for some w’s,
even if A is small. In the Schrodinger setting, it is known that the cases d = 1 and
d > 1 behave differently: there is a non-perturbative version of this result (which
means that Ay > 0 can be chosen uniformly in x and 7 and the result then holds
for all Diophantine w with this choice of A\g) in the case d =1 [3], and it is known
that there cannot be a non-perturbative version of this result when d > 1 [8]. It
would be interesting to establish results of this kind in the OPUC setting as well.
We explain in Appendix B how one can approach the first problem.

(b) While we state the result in the analytic topology, our approach works in the
C> topology since our proof is KAM based.! Thus, we exactly solve the question
Simon proposed in the Remarks and Historical Notes to [43, Section 10.16].

(¢) Going beyond the explicit formulation of Simon’s question, the curious reader
may wonder whether in addition to the pure point result from [47] and the absolute
continuity result in Theorem 1.1 one can also exhibit analytic (or smooth) quasi-
periodic CMV matrices with purely singular continuous spectrum. The answer is
yes and all necessary tools to produce such examples (of extended analytic quasi-
periodic CMV matrices with purely singular continuous spectrum) already exist.
We include a discussion to this effect in Appendix C for the sake of said curious
reader.

We remark that from the OPUC perspective, standard CMV matrices are the
natural object and hence we are primarily interested in the spectral properties of
the matrices C,. However, from the perspective of the actual spectral analysis of
these matrices, it is crucial to also consider the extended CMV matrices &, since
the underlying torus translation

T,:T*>T¢ z—z+w
IFor example, Fayad-Krikorian [19] provide the C® version of almost-reducibility based on

KAM scheme.
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is an invertible ergodic transformation, which enables us to rely on the powerful gen-
eral theory that has been developed for extended CMV matrices with Verblunsky
coeflicients generated by continuous sampling along the orbit of such a transforma-
tion; compare [14,18] and references therein. We will be more specific below, but
merely mention here that the spectrum can be characterized in terms of the uniform
hyperbolicity of the associated Szegé cocycles [14] and the absolutely continuous
spectrum can be investigated via Kotani theory [18,21,23,24,36,43] (and both of
these fundamental tools require the two-sided setting in their full-fledged version).
Consequently, we will prove the desired absolute continuity of spectral measures
both for the standard CMV matrices C, and for the extended CMV matrices &,.
To facilitate stating our results, let us mention now that given h, A, and w, there
is a compact set ¥ C D such that for every x € T¢, we have

(15) Y= chs(Cz) = chs(gr) = U(gz)

The discrete spectrum of C,, may (and usually will) be z-dependent, but it is known
that each connected component of 9D\X contains at most one point that belongs
to oaisc(Cs). We will say more about this later in the paper.

It is well known, and crucial to our present discussion, that the theory of or-
thogonal polynomials on the unit circle shares many similarities with the theory
of one-dimensional discrete Schréodinger operators. This is not a coincidence as
the latter embeds naturally into the theory of orthogonal polynomials on the real
line, and the unit circle and the real line stand out as those subsets of the com-
plex plane on which polynomials that are orthogonal with respect to a non-trivial
probability measure that is supported on one of these two sets are known to obey
a useful recursion (the Verblunsky coefficients are just the recursion coefficients in
the case of the unit circle; compare (1.1)). As a result, there has been an extensive
effort to work out OPUC analogs of results that had first been established for dis-
crete Schrodinger operators. From this perspective, the result of Zhang mentioned
above [52] is an OPUC analog of results of Herman [31] and Sorets-Spencer [45]
in the Schrodinger setting, and the Wang-Damanik result [47] is an analog of a
result of Bourgain-Goldstein [9]. The results of the present paper are the OPUC
analog of a Schrodinger operator result that has evolved over the years with many
important contributions. We will give more detailed pointers to the literature be-
low, but mention here some of the milestones: Dinaburg-Sinai [16], Eliasson [17],
Avila-Jitomirskaya [3], Avila [1].

We wish to emphasize that working out the OPUC analog of a Schrodinger result
is not straightforward. There is no general mechanism that serves as a black box
transforming an input into an output without further work. Rather, the plethora
of known companion results exists primarily because many of the tools of spectral
analysis on the Schrodinger side have been shown to have analogs on the OPUC
side, and using the latter allowed the authors in question to obtain the desired
OPUC results by following a similar proof strategy.

In the case of the problem at hand, a crucial tool in the spectral analysis of
the quasi-periodic Schrodinger case, namely Aubry duality, is not known to exist
in a similarly useful form in the OPUC setting. Aubry duality allows one, in
the Schrodinger case, to relate the absolute continuity problem via duality to a
localization problem for the dual model and to exploit the powerful methods that
have been developed to establish such localization statements; we refer the reader
to [1,3,10] for results of this kind. The existence of absolutely continuous spectrum
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is well known to follow from the boundedness of the solutions of the difference
equation associated with the operator in question, and this boundedness can often
be established in the quasi-periodic setting by describing these solutions with the
help of suitable cocycles, and then conjugating these cocycles to SO(2, R)-valued
cocycles. The key issue is the pure absolute continuity as one typically obtains
boundedness only on a set of spectral parameters that has full Lebesgue measure,
and hence the absence of singular spectrum still needs to be clarified. To this end
we follow here an approach initially developed by Avila [1]. In this approach, one
needs to prove that the set of spectral parameters with unbounded solutions has
zero weight with respect to the spectral measure, which in turn relies on a measure
estimate for the set of spectral parameters for which the corresponding cocycles
have a given growth rate. In particular, one seeks to establish suitable almost
reducibility results (where one can conjugate into an arbitrarily small neighborhood
of a constant). The duality approach shows that (almost) reducibility for the initial
model can be derived from (almost) localization for the dual model. As we do not
have the duality approach at our disposal for the problem we study, we have to look
for direct methods of proving absolute continuity via (almost) reducibility. Instead
we establish a quantitative almost reducibility result directly with the help of recent
advances by Cai-Chavaudret-You-Zhou [11] and Leguil-You-Zhao-Zhou [37].2 We
also mention that there is another proof of purely absolutely continuous spectrum
for continuum Schrédinger operators with small analytic quasi-periodic potentials
by Eliasson [17] that does not use duality. Compared with [17] our approach is
more concise: we do not need to complexify the energy and estimate the imaginary
part of the Green function G(E=ig;n,m) (which corresponds to G((144)ei*; n,m)
in our case).

Finally, we mention that in the Schrodinger context, the approach to the study
of the spectral properties of a quasi-periodic operator that is based on quantitative
almost reducibility is very fruitful [1,3,6,11,17,37] (see also the nice survey of You
[50] for more results). Our result is the first realization of this in the OPUC setting.

The structure of the paper is as follows. After recalling some relevant parts of
the general OPUC theory in Section 2, we prove a quantitative almost reducibility
result for analytic quasi-periodic SU(1,1) cocycles (derived from the work of Cai-
Chavaudret-You-Zhou [11] and Leguil-You-Zhao-Zhou [37], which we briefly recall
in Appendix A) in Section 3 and a lower bound for the density of states measure in
the quasi-periodic case we study in Section 4. The proof of Theorem 1.1 is given in
Section 5. Finally, we discuss how to obtain a non-perturbative result in the case
d = 1 in Appendix B and how to obtain analytic quasi-periodic extended CMV
matrices with singular continuous spectrum in Appendix C.

2. PRELIMINARIES

In this section we collect some material we will need in the subsequent sections.
The results we describe here are well known, but they are included for the conve-
nience of the reader.

2.1. The standard factorization of CMYV matrices. Recall that, given a se-
quence {a, }nez, CD ={z€ C: |z| <1}, the standard (or half-line) CMV matrix

2This approach was first used to deal with the absolutely continuous spectrum of Schrédinger

operators with quasi-periodic-like potentials [48].
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takes the form

oy Qipo  P1Po 0 0
po  —Q10p —p1g 0 0
c— 0  Qopr  —Qoaqp  Qzpe P32
0 p2p1 —p201  —Q3Qy  —pP30i2 ’
0

0 0 Qypz  —0uQg

where p; = /1 — |o;|2. It is possible to factorize this matrix as follows,
C=LM,

where
CH) 1
SH S

and

©i= (ﬂj' _;.>-
J J

Similarly, the extended CMV matrix

—apa_1  a1pg P1P0 0 0
—poQ_1 —Q100 —pP1Qg 0 0
E=|-- 0 Qopy  —Oi2q;  Qigpo P32
0 p2p1 —p21 —Q3Q —pP30Qi2
0 0 0 Qqp3 —0uuQs
can be written as
E=L'M,
where
O_s
= O . M = O
0, !

2.2. Maximal spectral measures. By construction, the orthogonality measure
u with respect to which the CMV matrix C is constructed is a maximal spectral
measure for this matrix. In other words, for every ¢ € ¢?(Z, ), the spectral measure
corresponding to the pair (C,v) is absolutely continuous with respect to p. In
particular, C has spectral multiplicity one. An extended CMV matrix &£, on the
other hand, in general does not have spectral multiplicity one. However, the spectral
multiplicity of £ is at most two and the spectral subspace corresponding to £ and
the pair of vectors &g, d; is all of ¢2(Z) [43, Theorem 10.16.5]. Thus, the sum of
the spectral measures corresponding to (£,dp) and (£,4;) is maximal and will be
denoted by A.
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For our later discussion let us keep in mind that in order to prove that all
spectral measures of a standard (resp., extended) CMV matrix C (resp., £) are
purely absolutely continuous on some set S C 9D, it suffices to show that u (resp.,
A) is purely absolutely continuous on S.

Note also that for the quasi-periodic CMV matrices C, and &, we study, the
maximal spectral measures of course depend on 2 € T¢ and will be denoted by .
and A,, respectively.

2.3. Transfer matrices. By normalizing the monic orthogonal polynomials ®,,(z)
in L2(0D, du), we obtain the orthonormal polynomials ¢, (z). Their Szegs duals
©r(2) are defined as before. The recursion (1.1) can then be rephrased as follows,

e (G0) =5 (e ) (E0E) 0 ==

where the «,, are the Verblunsky coeflicients and p,, is given by (1.2).
The matrix

= 1 z —a
S(aaz)_ /71_|a‘2 (—O&Z 1 )7
which provides one step on the iteration of (2.1), is called the Szegd cocycle map.

In this paper, we find it convenient to work with the renormalized Szegd cocycle
map

(2.2) S(o,z) = 27 28(a, 2) € SU(L, 1).

We need the following relations between the solutions of the generalized eigen-
value equation of C, and the Szeg6 polynomials. Suppose u, v are defined as

Cou=zu, v=Mu,
that is, u is the solution of the generalized eigenvalue equation of C, and v is
u") then obeys
n

the Gesztesy-Zinchenko iterations. It relates to the Szeg6 cocycle via the following:

obtained by applying a unitary transformation on u. The vector

(2.3) Uzn = 27" Pan(2), tzn i1 = 2~ "TV05, L (2),
(2.4) Van = 2~ "3, (2), Van41 = 27 " pant1(2)

with <ZO> = (1) as boundary values, for all z € C\{0} and n > 0 (see [29, (3.4)-
0

(3.7)]). Specifically, for z € 9D, we have |, | = |¢}|, which implies
(2.5) lun| = lpnl,n €N.

For extended CMV matrices, there are very similar results. Let s, be the solutions
of the following generalized eigenvalue equations

Eys =125, t=M's.

Sn

Then ( ' ) obeys the Gesztesy-Zinchenko iteration: for n € Z,

26) () =2 () () = (1)
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where
1 (—ozn z_1> )
—." 5 n is even,
(2.7) n=qm N
— (_a” > n is odd.
Pn 1 —Qp
Putting (2.1), (2.6), and (2.7) together for z € 9D, a direct calculation gives
(2.8) |sn| = |gn|, n €.

Note that for n > 0, ¢_,,(2) is obtained via

@n(z)> G -1 (SDnH(Z)) <<P0(2)> <1)

2.9 N =S(a_nt1,2 " , N = .

o () =S (L00) (33) =

The ¢_,(2)’s are polynomials of 1 with degree n and ¢* ,(2) = 2 "¢, (%). This
relation inspires us to study the Szegd cocycle instead of the Gesztesy-Zinchenko
cocycle directly.

2.4. Dynamically defined Verblunsky coefficients. In this subsection we em-
phasize that the Verblunsky coefficients we study are obtained by sampling along
the orbits of a discrete-time dynamical system, and hence they embed into the
general theory of dynamically defined Verblunsky coefficients. We explain the pri-
mary objects of interest in this scenario and some of the key results that are known
to hold. However, for the sake of simplicity we do not make the general frame-
work explicit, but rather introduce all quantities for the specific case at hand. We
merely point out that many of the quantities and results below make sense in a
more general setting.

2.4.1. The density of states measure. Averaging the spectral measure corresponding
to the pair (&, dp) with respect to the normalized Lebesgue measure on T9, we
obtain the density of states measure dk on OD3:

Jodn= [ oo o

for any g € C(9D). Note that by shift-invariance of the Lebesgue measure on T¢,
dk can alternatively be defined as one-half times the average of A,.

Under suitable assumptions, the density of states measure can also be interpreted
as the density of zeros measure, which is the weak limit of the finitely supported
probability measures obtained by placing point masses at the zeros of the orthogonal
polynomials (according to their multiplicities).

Note that the zeros of the orthogonal polynomials lie in the open unit disk
D and hence the existence of the density of zeros measure as a measure on the
unit circle 0D is a non-trivial property that will not always hold. For a very
simple counterexample, note that all the zeros lie at the origin when the Verblunsky
coeflicients vanish, and hence the density of zeros measure exists in this case but is
not a measure on the unit circle (rather it is the normalized point measure at the

3We will sometimes view 9D as R/(27Z). In particular, when we talk about the weight assigned
by the density of states measure to an arc on the unit circle, we typically denote that by k(a,b),
where (a,b) is a real interval.
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origin). On the other hand, the density of zeros exists as a measure on the unit
circle when the function o defining the Verblunsky coefficients via (1.3) satisfies

/ In(|a(z)|) dz > —oo,
Td

compare [43, Theorem 10.5.19] and the general discussion in [43, Section 10.5]. In
view of (1.4), this sufficient condition holds true for every A € (0,1). In other
words, we can use each of the two interpretations of the measure, as the density of
states and as the density of zeros, in our setting.

2.4.2. The Szegd cocycle, the Lyapunov exponent, and the rotation number. A quasi-
periodic cocycle (w, A) € R% x C°(T?,SL(2,C)) is a linear skew product:
(w, A) ‘T x C? — T x C?
(I,U) = (I + w, A(I) ' 1))7

where T4 = R?/Z% and w € T? is rationally independent. For n > 1, the products
are defined as

AM(z) = Az + (n— Dw) - - - A(x),
and A="(x) = (A"(x — nw)) ™, then we can define Lyapunov exponent as
o1 n
Y(w, A) = nlbrr;o - /ln |A™(z)]| dx.

Assume now that A € C°(T,SL(2,R)) is homotopic to the identity. Then there
exist ¢ : T¢ x T — R and u : T? x T — R* such that

cos2my\ cos 2m(y + (x, y))
A(z) (sin 27ry) = u(,y) (sin 2n(y + v(x,y)) ) -
The function 1 is called a lift of A. Let u be any probability measure on T x T which
is invariant by the continuous map T : (z,y) — (x +w,y+¥(x,y)), projecting over

Lebesgue measure on the first coordinate (for instance, take p as any accumulation
point of % Z;é T*v, where v is Lebesgue measure on T¢ x T). Then the number

p(mA)z/z/Jdu mod Z

does not depend on the choices of 1 and y, and is called the fibered rotation number
of (w, A), see [31] and [35]. For any C' € SL(2,R), it is immediate from the definition
that we have the following:

1
(2.10) p(w, A) = p(w, C)| < [[A(z) = Cl| -

Once we have the definition of the fibered rotation number for SL(2,R) cocycles,
we can parlay this concept to SU(1,1) cocycles, since

Mot (F
14+¢\1 1

induces an isomorphism between SU(1,1) and SL(2,R):
M~'SU(1,1)M = SL(2,R).

The Szegd cocycle is defined by letting a, (z) = a(z+ (n—1)w) and A, = S(a, 2)
(with S(«, z) as in (2.2)). Denote this cocycle by (w, S(«, 2)).

Licensed to Rice Univ. Prepared on Thu Sep 1 08:55:17 EDT 2022 for download from IP 128.42.202.150.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



6102 LONG LI, DAVID DAMANIK, AND QI ZHOU

The rotation number p(z) = p(w, S(a, 2)) of the Szegd cocycle and the DOS
measure dk associated with the family &£, are related by the following formula
[43, Theorem 8.3.3]:

(2.11) 2p(e™) = k(0,¢), ¢ € [0,2),

where k(01, 02) denotes the weight assigned by the density of states measure to the
arc {e : 0, < 0 < 6y}

We also denote the Lyapunov exponent of the Szegd cocycle and the renormalized
Szegd cocycle by

3(2) = 7w, 5(a, 2)), 2(2) = 7w, S(a, 2)),
respectively. It follows readily from (2.2) that

(2.12) 1(2) = 3(2) — 3 log .

Note in particular that «v(z) and 4(z) coincide for z € OD.
The Lyapunov exponent and the DOS measure are related by the well-known
Thouless formula (cf. [43, Section 10.5]):

(2.13) A(z) = —Inpeo + /ln |1 — ze~ | dk(6),
where

peo = oxp (% /log(l - |a(m)|2)daj> .

2.4.3. Uniform hyperbolicity and the set . We say that a cocycle (w, A) is uni-
formly hyperbolic if there exist constants ¢,y > 0 and a continuous splitting CP! =
E*(z) ® E%(z), x € T4, such that

(1) A(x)E*(z) = E*(z + w) for *x = s, u.

(2) Forne€Zy,x € X, &, € E*(x),& € E*(x),

[A"(@)& |l < ce” ™[, [[AT"(@)€ull < ce™™[|€ull-

We denote by UH the set of all uniformly hyperbolic cocycles.
The following result from [14] relates the spectrum of extended CMV matrices
to their Szegd cocycles:

Theorem 2.1. There is a compact set ¥ C D with o(E,) = % for every x € T
Moreover, this uniform spectrum ¥ is equal to OD\U, where

U={z€dD: (w,5a,z2)) € UH}.

We emphasize two important points. The spectrum in the two-sided case is
independent of x and it is described by an explicit dynamical property of the as-
sociated Szegd cocycles. For this reason, it is beneficial to consider the two-sided
case in the dynamically defined situation (assuming the underlying dynamical sys-
tem is invertible) even if one is ultimately interested in the spectral analysis of the
one-sided case. Namely, the two-sided spectrum ¥ is determined via the above
characterization in terms of the absence of uniform hyperbolicity, and this set then
in turn serves as the essential spectrum of the one-sided CMV matrix C,, which is
z-independent as pointed out above. Moreover, the z-dependent discrete spectrum
of C; is quite tame: there is at most one point in each gap of X.
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3. QUANTITATIVE ALMOST REDUCIBILITY

Our proof is based on quantitative almost reducibility results for SU(1,1) co-
cycles. We recall that (w, A1) is analytically conjugate to (w, As) if there exists
B € C¥(2T4,SU(1,1)) such that

B(- +w) A1 ()BT () = A2().

The cocycle (w, A) is said to be almost reducible if the closure of its analytic con-
jugations contains a constant.

For any sufficiently small ¢g > 0 and any r > 0, let us define the following
sequences:

€ = E(Q)j7 rj = L, j = 74?“111651.
27 r

Then we have the following quantitative almost reducibility results, which are based
on the modified KAM scheme developed in [11,37] (see Proposition A.1 in Appen-
dix A for the precise statement we employ).

Proposition 3.1. Assume that k,7,7 > 0 and w € DC(k, 7). Let Sy € SU(1,1),
fo € C¥(T%,su(1,1)) with

Do 7\ CoT
I follr < 0 < (5)
' 1S <> N2/ 7

where Dy = Do(k,7) and Cy is a numerical constant. Then for any j > 1, there
exists B; € C’;:’j(211’d7 SU(1,1)) such that

Bj(z +w)(Soef°(x))B;1(:l:) = 8jefi@)]

where || f;(x)|r, < €; and By satisfies

1

(3.1) 1Billy < ;3%
(3.2) |deg Bj| < 2N, 1.
More precisely, we have

1
(a) Ifl12p(w, Sj—1) — (m,w)|lr/z < €;°; for some m € 7% with 0 < |m| < N;_1,
we have the following precise expression:

o ity v
SJ =P (’Uj —itj) ’

1
where t; € R, v; € C, and |t;] < €%y, [vj] < €)°,.

(b) Moreover, there always exist unitary matrices U; € SL(2,C) such that

2mip; .
e J Cj

(33) Uijefj(z)Uj_l = < 0 6—27ripj> + Fj(x)v
where p; € RUIR, with estimates || Fyl|,, < ¢;, and
(3.4) 1B51151e;1 < 81Soll-

Proof. We will prove the result by iteration.

Licensed to Rice Univ. Prepared on Thu Sep 1 08:55:17 EDT 2022 for download from IP 128.42.202.150.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



6104 LONG LI, DAVID DAMANIK, AND QI ZHOU

First step. By our choice of €y, we can apply Proposition A.1 once to (w, Spe/0(®)
and obtain the following:
There exists By € C# (2T%,SU(1,1)) such that

By (z +w)Spef® B (z) = 11 (@

with the following estimates:

1

[fillr, < e, [|1Billo < €g ™2, | deg Bi| < 2No.

Inductive step. Suppose we have already completed the j-th step and are at the
(j + 1)-th step. That is, there exists B; € C} (2T4,SU(1, 1)) such that

Bj (.I + W)Soefo(m)Bj_l (.I) = Sjefj (x)
with estimates

1
1fillr; < €5 [IBjllo < €; 7%, |deg Bj| < 2Nj1.

i—
Now we consider the (j 4+ 1)-th step. By our choice of €, one can check that

(3.5) yCot,

0

< 7(7«,_7«,
J = Co \'J Jj+1
[155117°

Indeed, €; on the left side of (3.5) decays super-exponentially with j, while (r; —
7;+1)°7 on the right side decays exponentially with j. Note that (3.5) implies that
Proposition A.1 can be applied iteratively, and hence we can construct

Bjy1 € C¥ . (2T SU(1,1)), Sj41 € SU(L,1), fip1 € C¥ (T4 su(1,1))

Tj+1 Ti+1
such that
Bjii(z +w)Sje 1B (x) = Sjpaelin ().
Let Bj11 = BjHBj, then we have
Bji1(z +w)Soe @B} () = Sjyrelt @,

In order to verify (3.1) and (3.2) for B,11, we need to distinguish the following two
cases:

Non-resonant case. If for any n € Z¢ with 0 < |n| < N; we have

1

12p(w, S5) = (n,wW)llg/z 2 €7

then by the non-resonant case of Proposition A.1,

_ 1
[Bjsr —idl|, <€ Mfisall,,,, <€
In this case we have deg Bj;1 = deg Bj, since B;1 is homotopic to the identity.
Therefore,
1 —
[Bjt1llo < (1+€ Je; 1 <€ 1R
|deg Bj+1| = | deg B;| < 2N; 1§2N]

These verify (3.1) and (3.2) for B4 in this case.
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Resonant case. If 2 € A,,(j + 1) for some m € Z¢ with 0 < |m| < Nj, then by
the resonant case of Proposition A.1, we have deg BJ_H =m and

_ __1
[Bj+1llo < Clm[" <e; **,

=

. 18T
[fivrll,,,, See”™ 9 <€y

. it; v,
Moreover, we can write S;11 = exp [ 7" It ) where t;41 € R,vj4q € C
It p i+ i+
o —1t;
J+1 Jj+1
15
with [tj41] < e °,[vj+1] < €;°. Therefore,

L L
84 192

1 _
IBjsallo <€ 7%¢; ™ <¢;
|deg Bji1] < 2Nj_1 + N; < 2N;.
By induction we have proven (3.1) and (3.2) for each j > 1. As a consequence
of the resonant case, the statement of (a) was verified. We are left to prove the
statement (b).

From the above iteration, we know after each resonant step j, one can write
1
S; =exp S with [|S7|| < €. Let U; € SL(2,C) such that (3.3) holds, then
1
(3.6) el < 20171l < 2¢%4
Suppose there are two resonance sites n;,,n;,, ,, which happen at the KAM steps
Ji +1,7:41 + 1, respectively. Then we want to show that |n37+1| > €, e Inj|. By
the resonance condition of the (j;41 + 1)-th step, |p;,,, — Jz+1’ | < 1: hence
1Pjisa| > W On the other hand, according to Proposmon A 1, after the
i+1
1
(Ji + 1)-th step, |pj;+1] < €;7. Thus we have

1
T |nh‘

This implies that the resonant steps are actually very far from each other.

Since the steps between j; +1 and j;+1 + 1 are all non-resonant, according to the
non-resonant case of Proposition A.1, we have the following: For j; +1 < j < j;11,

(3.7) 155 = Sj-1ll < 2€j-1.

Since the (j; + 1)-th step is resonant, we have

1t V3,
Sj 1 =exp| ! Jitt
Ujs+1 41

|nj'i+1‘ =

cvlc\

with |, 41] < ejfﬁ and |vj,41] < e
such that

There exists a unitary matrix Uj, 41 € SL(2,C)

e2™ipj;+1

C;.
i1
Uji418j, 1€ U = ( 0 e2ﬂipji+1>  Fina (@)

where [¢j, 1] < 2||SY || < 2616 and | Fj41llr, ., < €,41. Let S; = expS;. By
(3.7), we have the following:

1

IS; ||<2€16+ Z Sk — Sk—1]| < 4e;?
k=ji+2
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In this case, we have

1
6

(3-8) lej| <2155 1] < 8¢

Ji

1

Since || Bj,+1llo < €;,™ and all steps between j; + 1 and j (including j) are non-
resonant, we have

» 11 o
(3.9) 1Bjllo <Tj_j 1 (1 + €7 )e;, ™ < 2¢,;, 7.

From the above argument and (3.1), (3.6), we can see that after each resonant
step j, we have

5
I1B; [5lei| < 2€7%,.

While after each non-resonant step j, we are able to utilize the estimates of the last
resonant step j; + 1 if it exists. By (3.8) and (3.9) we have

5
IB;llgle;| < 32€°.

However, it is possible that no resonant steps happened within the first j steps.
In this case, each step is non-resonant and thus we can use the estimate || B;||p <

1
1+ €, for each i < j and obtain
1
||Bj||0 < ILi>o(1 + 61-2) < 2.

Since Sj - SO = 321(81 - Si—l) and (37), we have ||S]|| < HSOH + 260 < 2||So||
This finishes the proof. |

For any m € Z% with 0 < |m| < N;_1, define

(3.10) A (5) = {2 € :]12p(w, Sj—1) — (m,w)|lr/z < €71}
Let
(3.11) K= |J A0

0<|m|<N;_1

with Ay, (j) from (3.10). Then for any z € K, we have the following estimate for
the growth of the transfer matrix A$:

Corollary 3.2. For z € K;, we have
_1
swp Ao < Ce .

OSSSCEJ»_%{S
Proof. Since z € K, by Proposition 3.1 there exists B; such that

Bj(x + w)Soe ™ B (z) = S;eli ),

o ity 0,
Sj = eXp (’Uj —’Lt])

15

1
1t < €215 lvil < €21, [ fillo < ¢

where

and
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1 _
Moreover, we have [|S;[| < 1+ ¢€;°;. Since we have [|Bjlo < ¢,

implies that

™ by (3.1), this

1
sup [ Azllo < CIIB;I§ < Ce; 7,

1
0<s<Ce, 16

concluding the proof. O
We also have the following:

Lemma 3.3. For z € K, there exists nj € Z% with |nj| < 2N;_1 such that
1
120(w, Soe* ™)) = (nj,w) gz < 2€)° ;.

Proof. For z € K, we have
1
5

12pj—1 — (0", w)llr/z < €24
for some n* € Z¢ with 0 < |n*| < N;_;. Since B;_1(-) conjugates (w, Spef(")) into
(w, S;_1efi-10)) | we have
20(w, Soef* @) + (deg B _1,w) = 2p(w, S;_1efi-1(®),
By (2.10) and || fj-1llo < €j_1, we have

1
|p(w, Sj1ef1@)) — pi 4| <ceZ .
These together give

1

12p(w, Spef°®)) + (deg Bj_1,w) — (n*,w)| < 2¢j7 5.
Let n; = —deg Bj_; +n*. Then

12p(w, Soe”* ™) — (nj, w)|lr/z < 2%,

Moreover, by (3.2) of Proposition 3.1, we have |deg Bj_1| < 2N;_2, and this implies
that |n;| < 2N;_2 + N;_1 < 2N;_4, as claimed. a

4. A LOWER BOUND FOR THE DOS

In this section we consider CMV matrices with analytic quasi-periodic Verblun-
sky coefficients of the form

an(z) =a(z+ (n—1w), n€Z, x € T¢ w e DC(k, 1),

where
afz) = Ae?™ @) p(z) e C9(T4 R), A e (0,1).
Since the z-independent spectrum . of £, is a subset of 9D, we will use the notation
¢ € ¥ to make this explicit.
We will show that if A is small enough, then we can establish (see Lemma 4.5) a
uniform (which means that the constant ¢ does not depend on () lower bound for
the DOS measure for &, of the form

4.1 E(C—€,(+6€) >ce? e €,
(4.1) (

which will be a key ingredient in the subsequent considerations.

If |A| is small enough, then S(a, z) is close to a constant, and hence employing
Proposition 3.1 we will be able to show (see Corollary 4.3) that the DOS measure
is 1-Hélder continuous on . Once this has been accomplished, (4.1) follows from
the well-known Thouless formula.
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Denoting p = /1 — |a|?> = v/1 — A2, we have the following decomposition

. 23 0 1 1 —az!
Sla,2) = (0 Z_%)p (—az 1 )

Let )
z22 0
So(a, z) = <0 z_%)
and o)
o 1 _)\6—271'1 T Z_l
P({E) =p <_)\e27rih(9c)z 1 :
Since

o 1 1 —p _)\GQﬂih(r)Zfl
P(z) —id = ; (_/\627rih(z)z 1—p

for z € 0D, we have
1P(x) —id||, < 2[Ale*m"Ir,

Since the tangent space T;4SU(1, 1) is the algebra su(1, 1), the exponential map sets
up a local diffeomorphism between the neighborhood of id € SU(1,1) and that of 0 €
su(1,1). This means that if \ is sufficiently small, we have fy(z) € C¥(T%,su(1,1))
such that e/0(®) = P(z), and hence we have S(a, z) = Sp(a, 2)e/0(®). The smallness
of A\ can be viewed as the smallness of || fol|,. If we further assume that A satisfies
the condition

DO 7\ Cot
2 N < g (5)

where the constants Cy, Dy are consistent with Proposition A.1, then we can apply
Proposition 3.1 to the system (w,SoefO(””))7 and we obtain the following conse-
quences.

Lemma 4.1. If \ obeys (4.2), then there exists C such that for any ¢ € ¥ and
€ > 0, we have

(4.3) () =0
and
(4.4) (14 €)e™) < Cez.

Proof. To prove (4.3), it suffices to show that if ¢ € %, the cocycle grows at most
linearly, that is,

(4.5) [AZicllo < Cn, n>1.
We can apply Proposition 3.1 and distinguish two cases:

Case 1. If (w, Spelo(®)) is reducible, then there exists B € C¥(2T¢,SU(1,1)) such
that
B(z +w)Seel* @B~ (z) = 8.

Since ¢ € ¥, by Theorem 2.1, the cocycle (w, Spe/(*)) is not uniformly hyperbolic,

and hence we have A
627mp c
S = 0 e—27rip

with p € R. This implies that ||A%|lo < || B||3(1 + cn) < Cn for n > 1.

ei¢
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Case 2. Tf (w, Spefo(®)) is not reducible but almost reducible, we need Claim 1 in
order to describe the growth of the cocycle more precisely:

Claim 1. Suppose €¥¢ € ¥, then for each j > 0, there exists Bj(ac) such that

- P\ e 627ripj C -
60 Bl = ()7 )+ i)

. S T I

with p; € R, [|Bjllo < €,777, [IFjllo < €/, 1 B;13le;| < 8]1Soll-

Proof. By Proposition 3.1, we obtain B;(x) such that
e27ripj Cj

Bj(x—i—w)SoefO(””)B;l(x) = ( 0 eQﬂf’j) + Fj(z),

1

with p; € RUIR, | Bjllo < ¢, 7%, [ Fjllo < € and [ Bjl3le;| < 8[ISoll. If p; € R,

then let Bj(x) = Bj(x) and Fj(z) = Fj(z), the claim follows immediately. Assume
1

that p; € iR with |p;| > €} and let

g 0
Q' = ( —1) )
J 0 ¢

1
where g; = || Bjlloe; . Then we have

6271'1';7]' C. B e27\'2'pj 0
Qj |:( O e?fripj) + Fj(x):| Qj ! = ( 0 627ripj> +Fj/(x)7
where

Fi(z) = QF,Q " + (8 i )

1 1 1
Since [¢;lq? = lo; [1B;l3¢} and @, Fy(2)Q; lo < €, we have [l < Cel. We
want to show that this implies the system is uniformly hyperbolic. Given a non-zero
vector (a,b)” € R? with |a| > |b], let

() = [(70" otmn) +E@| (5) = (omsy) + B0 ()

Without loss of generality, assume 27ip; > 0. This implies
'] > (€277 — 2||Fj()]|o)]al
'] < €727 |b] + 2|| Fj () [Jolal-

1
Therefore, [a’| — |V'| > (47ip; —2C€7 )|a| > 0. By the cone field criterion (compare,
e.g., [49]), this implies the uniform hyperbolicity of (w, S(a,e®)), which conflicts
, 1
with our assumption that ¢¢ € ¥, again by Theorem 2.1. So we have lpi| < €; and
we put it into the perturbation to obtain the following:

~ N 1 c; ~ ~ 1
Bj({E—Fw)(SOefO( )) ! 1(,1) = <0 1]) +FJ(I)7 ||F]||0 S 6;7

where Bj(z) = Bj(x). This reduces to the case p; = 0 and Claim 1 is proved, as
we indeed have p; € R. ]
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In order to control the growth of the cocycle, we need Lemma 4.2 proved by
Avila-Fayad-Krikorian [2]:
Lemma 4.2. We have that
My(id+&) -+ Mo (id +&) = M D (id +£1),
where MY = M, --- My and
1€D < ez IM P26kl _ 1

27ip; . -
By the result of Claim 1, let Mj, = S; = <6 0 6_2071%_), & = Sj_le(I—ka),

and apply Lemma 4.2 to obtain

Al = Bj(z +nw)SP (id + €M) B (x),
where ||| < eXk=1 IS71%1E500 — 1. Since p; € R, we have ||SF|| < 1+4k[c;|. These
together with HFjHO < ej?% give

1
2_1 3

1A llo < 1B IF (L + nle)eimr CHHSDTST < | By 3(1 + nle )e™ .
Therefore, by (3.4) and the fact that ||Sy|| < 1 we have the following:

Sl

. _1
(4.7) sup [[Aicllo < 2| BilI5(1 + nle;]) < 2¢; % + 16n.
O<n<e;_1_1G
: i
Since €; = €2’ for any fixed large n € Z, there exists j such that n € [ejff , ejjf],

then by (4.7), we have ||A”;
Since

0 < Cn, and this verifies (4.5).

. 1
©) = lim — In || A", d
) = tim S [ Az an
we obtain (4.3) for any €' € X.

1

11
Let I; = (€] ,¢/%;). Then, for any small € > 0, there exists j such that € € I;.

To prove (4.4), we need the following result:

Claim 2. There exists W : 2T¢ — SU(1, 1) analytic and a numerical constant C
with ||W||, < Ce™ % such that

Q(x) = W(x + w)Seelc@W1(x)
satisfies the estimate
(48) IQllo < 1+ Cet.
Proof. Let Bj(x), Fj(x) be as in Claim 1, and let

d 0
v (o )

where d = HBJ‘ €1, let W(z) = DBj(z). Since ¢ € I, we have d < 1, which
0
1

implies [|W{|, < Ce~1. By (4.6) we have

fo@yy—1(py = (€77 0 =
W(z + w)See’? W™ (z) = + Fi(x),

0 e—QTripj
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where

(@)
—~ o

since ||B}|2|c;] < 8|So|| according to (3.4), we have ||FJ’||0 < Ce? and p; € R.
Then, with Q(x) = W(x + w)(See/o @)W ~1(z), (4.8) follows immediately. This
completes the proof of Claim 2. O
Let A = S(a,e%), B = S(a, (1+¢€)e’), then | A—B|| < e. By the above argument,
there exists W : 2T¢ — SU(1, 1) such that
C=W(x+w)BW Hz)=W(z+w) AW (z) + W(z +w)(B - AW ().
Thus we have ||C|lo < [|Q|lo + Cez, by Claim 2 and our choice of W, ||C|lo <

1+ Cez. Tt follows that v((1+ €)e’¢) < In||C|jo < Cez. This concludes the proof
of Lemma 4.1. O

As a direct corollary, we have the following:

Corollary 4.3. The DOS measure is %-Hdlder continuous, that is, there exists a
constant C' < oo such that for every e’ € 0D and € > 0 small enough, we have

(4.9) k(C—e,C+e) < Cez.
Proof. Since the DOS measure is supported by X, we can limit our attention to the
case €' € . By the Thouless formula (2.13), we have

F(re®) = —In poo + /ln 11— ret=9| dk(6).

For any e which is small enough, using the fact 7(e’¢) = v(e?) = 0 by Lemma 4.1,
we have

F(A+e)e’) =F((1+)e’®) —3(e™)
1—(1+e€)e'c=9
1 — ei(¢=9)

(L= (149 (1 = (14 e )
/ln ( (1 — eic=0)(1 — e~il¢=0) ) dk(0)

1
2
1 €2

= [ In

dk(6)

Therefore,

C+e 2

. In <1 + €+ m) dk(@)

1 €
>—-In|(1 — | k(( —
_QD( +€+2—2cose) (C-ec+o),

) o1
H1+9e 2 3 [

take e sufficiently small, this implies
H(1+96) > B2k~ e o).
Thus, by (2.12) and (4.4), we have
K= 600 < (1 + ) + 1 log(1 ) < Ce?
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for any e € ¥, moreover, it is clear from Claim 2 that C can be chosen to be a
uniform numerical constant, concluding the proof. (Il

We also need the following general property of the Lyapunov exponent. One can
find this result in [42, Proposition 8.1.10].

Lemma 4.4. Let €’ € 0D, then for any 6 > 0, we have
F((1+6)e) > In(1 +6).
With this result, we can prove the following;:

Lemma 4.5. There exists a constant ¢ > 0 such that for every ' € ¥ and € > 0
sufficiently small, we have

E(C—¢€,C+e) > cet.

Proof. With ¢ to be determined later, we write 6 = ce?. For e € >, we have
7(e*¢) = 0 by Lemma 4.1. Thus, by a calculation from the proof of Corollary 4.3,
we have
(4.10) ~((1+5)eﬂ’<)—1/1n 1+5+L dk(0)

' K 2 2 —2cos(f — () '
Partition the integration region into {|6 — (| > 1ai55): 1€ < 10 — ¢| < 15050 1
{e* <10 — (] < €}, {|0 — €| < €*}, so that with the corresponding partition of the
RHS of (4.10) into the four terms Iy, Iz, I3, Iy, we have 7((1468)e®) = I} + 1o+ I3+1,.

As

1 52

L<-[In(l404+——
1_2/n< + +2—2cos

T
10000

) oo

for § sufficiently small, we have I; < %5.
Furthermore, we have

52
I = / ln(1+5+—> 2k(0
' 1622;1 eF>0—(| ekt 2 —2cos(6 — Q) (6)

b 262
< ZEZ In (1+m)

k>4

< Z €% In(1 + 2c2¢ 2k H1)
k>4

7
< €1,

With m = [In 1’;)6—():)1()], we have

m
I SZ/
k=0

—k—1 —k
10000 © <16—¢I< 1500 €

52 ,

Suppose kg > 0 is such that

52
o> —T for k < ko,
2 — 2cos 10000
and
52
< — for kg < k < m.
2 —2cos 15000
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Then,
I<25§:W% ~5 42 Em: T4 o
2 < e 2 e 2 p -
k=0 100 khod1 100 2 — 2 COS m@
1 1 3k
_2571'2 1 1 4 952 72 10000%e2 12
1001 —e—3 100 2
k=1
1—e3m

< — +2x1008%2rr ———
=70 + 2 X e“m 2 1 —e%
<2y ose

— e

10

1)
<
<70 + Cch

It follows that 5
' 6
I3 > (1 + 6)e™) — o0~ Ccé.

By Lemma 4.4 we have

F((1+6)e) > In(1 +96).
Since the constant ¢ above is consistent with our choice of §, we can therefore shrink
it such that I3 > 756. Since I3 < C'k(¢ — €,( + €)Ine! and C is just a numerical
constant formulated in the estimate of I5, the result follows. |

5. PROOF OF THE MAIN THEOREM

Our aim is to prove Theorem 1.1 in the present section. As this theorem makes
statements both about the discrete spectrum and the essential spectrum, we divide
the discussion into two parts and begin with the easier issue of understanding the
discrete spectrum. In fact, everything we need will follow quickly from the general
theory. The work from the previous sections then comes into play when we turn
our attention to the essential spectrum.

5.1. Discrete eigenvalues. In this subsection we begin with a discussion of the
discrete spectrum. As it is well known that for every x € TY, 0(&,) = 0ess(E) = 2,
and hence the discrete spectrum of &, is empty, we can limit our attention to the
discrete spectrum of C,.

Theorem 5.1. For every x € T?, 0.(C,) = X, and there is at most one eigenvalue
of C, in each connected component of OD\X.

Proof. By [42, Theorem 4.5.2], &, — Q = C, P K,, where Q is trace class and
Cs, K, are half-line CMV matrices, acting on ¢?(Z,) and £2({---,—2,—1}), re-
spectively. Thus, 0ess(Ex) = Tess(Co) U 0ess(Ky) (cf. [13, Theorem 3]). Moreover,
Oess(Cz) = 0ess(Kz) as the translation Tx = x + w is minimal whenever w is ratio-
nally independent. Combining this with cess(Ex) = X, we obtain o.44(C,) = X.
According to [43, Theorem 10.16.3], in each connected component of OD\X, C,
has at most one eigenvalue. Note that [43, Theorem 10.16.3] only gives this result for
almost every x € T9, as in the general dynamically defined setting, the condition
supp(dk) = o(&;) only holds for almost every z € T¢. But in our situation we
have 0.ss(C,) = X for each € T?, and hence via the same line of reasoning, the
statement can be derived for each x € T¢, ]
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This completes the proof of the statements in Theorem 1.1 concerning spectral
parameters in 0D\ X. It remains to prove the pure absolute continuity of all spectral
measures, of both C, and &, for arbitrary z € T?, inside the common essential
spectrum .

5.2. Bounded eigenfunctions and absolutely continuous spectrum. In or-
der to prepare for our proof of the desired absolute continuity statement, which will
be given in the next subsection, we discuss in this subsection how to connect the
problem to the cocycle norm estimates we have obtained so far.

Given ¢ € 9D, let py be a non-trivial probability measure on JD such that

an(dpg) = do, (dp). Let
i0
F) = / etz

el — 2
and "
e +z
F?(z) = / L
be the Carathéodory functions of u, pe, respectively. Then [42, Theorem 3.2.14]
implies
1- 1 F
(5.1) o _(1=0)+(140)

(1+¢)+ (1 -¢)F

Let ¢2(2),92(z) be the orthogonal polynomials of dugs. Then according to [42,
Proposition 3.2.1] we have

(380 - 7em (o ) (i)

;) Similarly, ¥¢(z) obeys

-

with the initial condition (

( 5 (2) ) _ 1 ( z —an) ( Ui (2) >
—0WR)(2)) T \mmz 1) \=b(uf_))"(2)
with initial condition <_1¢>

The following result is a consequence of the Jitomirskaya-Last inequality, which
was first proven in the Schrodinger case [34] and then worked out in the OPUC set-

ting [43]. Its purpose is to connect the growth of the cocycle with the Carathéodory
function of the corresponding spectral measure.

Proposition 5.2. For any ¢* € 0D and 0 < € < 1, we have the following:

(5.2) sup [F?((1—€)e®)| <C  sup ||AS« |§
$EOD 0<s<ce!

Since we did not find this statement in the exact form we need, we include an
explanation of how to derive it from the OPUC version of the Jitomirskaya-Last
inequality for the convenience of the reader.

For [ € (0,00), define

U
lallf =" la;[* + (1 = a1 >

=0
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Let ¢?(2) = {f(2),#1(2),--- 1 9?(2) = {¢§(2),97(2),---}. Then it is known
that H30¢HZ HWHZ runs from 1 to oo in a strictly monotone way as [ runs from 0
to co. The CMV version of the Jitomirskaya-Last inequality now reads as follows
(cf. [43, Theorem 10.8.2]):

Lemma 5.3. For ¢ € 0D and r € [0, 1), define I(r) to be the unique solution of
(5.3) (1—=r) "‘P¢(€ic)||z(r) |1/’¢(€ic)||z(r) =V2.
Then

||w¢(eiC)Hl(r)
1 (el

where A is a universal constant.

(5.4) A~ < |FP(rei)| < A

"w¢(eic)‘|l(r)
||(P¢(ei<)||l('r) ’

With the help of this lemma we can now prove Proposition 5.2.

Proof. Applying Lemma 5.3 with » = 1 — ¢, (5.3) turns into

[ (€)o7 (@)l =

€
the pair of inequalities in (5.4) becomes

(5:5) (V24 e [0l )|y, < IFH((1 = )] <

(accate)y) =% ane (5) (Lothscody) = Fam ()

a direct calculation shows that

Since

. j=lE+t
(5.6) ||‘/’¢(6“)||z(e) <c > HA;C
j=0

o
We need an explicit upper bound on I(€). Since
@ (i€ P (i€ _ ) . _ . .
don (20 L)) = eI - B )
and
_en(e) g (e) )_ ing am (1_ 1_)
et (sohey —atumiedy) =deeFan (g L)
and noting that (pf(e¢))* = em<<p‘£( L) = emqu(eig and (15 (e))" =

e—i¢
emeh? (i), we have

(_2(5) ein<7

(5.7) D5 ()i () + ¥l )ph(e) = 2.
For a positive integer L, define

f¢ = (@f’ﬁp R} @fnw[j)a g¢ = (Wla d}fa L aWvai)'
By the Cauchy-Schwarz inequality and (5.7),

L
#7015 Mgl = 167,970 = | D, + 97 97| = 2L.
j=1
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Therefore,
2 @I lle? @], = L,
which implies that I(¢) < v/2e~! 4 1. Thus (5.6) turns into

2
)
0

ce !
. 2 .
Io*(€ iy = € 2 [k
0
and the second inequality in (5.5) becomes

2
0°

[FP(1=€)e)[ <C  sup || A%
0<s<ce— !

concluding the proof. O

Recall from Subsection 2.2 that for 2 € T?, u, and A, denote the canonical max-
imal spectral measures of C;, &,., respectively. As a consequence of Proposition 5.2,
we have the following:

Proposition 5.4. For any x € T% and any €€ € 0D and 0 < € < 1, we have

(5.8) pao(¢—6,C+e) < Ce sup [Adc|y
0<s<ce—1

and

(5.9) Ar((—€,C+e€) <Ce sup [|Ali (2),
s<ce—1

where C > 0 is a universal constant.

Proof. As x is fixed throughout the proof, let us drop this parameter from the
notation.
Half-line case. Let

Fe) = [ S au

et — 2

be the Carathéodory function of the (canonical maximal) spectral measure p of C.
Then,

iy 1—r?
RE(re )/1—|—r2—2rcos(9—C) dpu(9).

For r =1 — ¢, we have

) 2¢ — €2
_ ey —
RE(( = €)e™) /2—26+62 —2(1—¢€)cos(@ — () ().
Consequently,
e 2¢ — €2

RE(1-09c) > [ au().

e 2-2c+2-21-¢)(1-9%)

which implies that
- 1
RE((1 - )e’) 2 ~(u(C — . + )
By Proposition 5.2 (¢ = 1), the result then follows.
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Full-line case. For the extended matrix &, if we modify «_; into some a_; € JD,
then &, decouples into two half-line matrices C;f and C, . Let F(z), F_(z) be the
Carathéodory functions of their spectral measure p,, p— respectively. The idea is
to apply the CMV version of the Damanik-Killip-Lenz maximum modulus principle
argument [15] of Munger-Ong [38], which uses the Alexandrov family of half-line
CMV matrices and the maximum modulus principle to control the Carathéodory
function of &,.
Define the anti-Carathéodory function

R —ao) —iS(1+ ag)F_(2)
iS(1 — ) — R(1 + @) F-(2)

and let G(z;k,1) = {0k, (Ex — 2)716;). Then,

M_(z) =

1 - F(2)M_(2)
Fi(z) = M_(2)

(5.10) |G(2;0,0) + G(%;1,1)| < }
Moreover, the Carathéodory function of &, is
e + 2

() = / S ),

where A is the canonical maximal spectral measure (cf. Subsection 2.2). Then,

(5.11) ®(z) =1+ 22(G(2;0,0) + G(z;1,1)).
Write
1= Fy (2)M_(2) a—M$&b+u+M&“ﬁw@
Fi(z) = M-(z) (143725 + (1- 222 F (o)
Since —M_(z) is a Carathéodory function, we have ®M_(z) < 0, which in turn
implies that M- Engrl € D. By the maximum modulus principle,

(1- )+ (1+@)F,(2)
= o)+ (A= )F ()|

‘1—F+(Z)M—(Z)
Fi(z) — M_(2)

Recalling (5.1), we thus have

L-F()M_(2)| gy,
o (| < S [FEe)

(5.12) ‘

where Ff is the Carathéodory function of the Alexandrov measure duy 4. There-
fore, taking z = (1 — €)e’* and using (5.11), (5.10), (5.12), and (5.2), we find that

(1 = €)e)] < 1+2|Goo((1 = €)e’®) + Gui((1 — )e’®))|

<142 sup [FL((1—e)e'))
¢peoD

<C sup ||Aez<
0<s<ce !

A similar argument gives

RO((1 — €)e™) > %A(C —¢6,(+e).

Licensed to Rice Univ. Prepared on Thu Sep 1 08:55:17 EDT 2022 for download from IP 128.42.202.150.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



6118 LONG LI, DAVID DAMANIK, AND QI ZHOU

Together they yield
(5.13) AC—€(+e) <Ce sup |A.

0<s<ce~ !

2

b

finishing the proof. O

5.3. Absolutely continuous spectral measures. Since the proof of absolute
continuity in the half-line case is very similar to (and even easier than) the proof
in the full-line case, we only consider the latter scenario and prove the absolute
continuity of A on 3.

Let us first recall the following consequence of subordinacy theory, compare
[43, Theorem 10.9.4] and [29, Corollary 2.4].

Theorem 5.5. Define

B= {eic € dD : limsup [|Alic[lo < oo} ,
s>0

then both plp and A|p are absolutely continuous.

We mention that subordinacy theory was originally developed by Gilbert-Pearson
in the setting of half-line continuum Schrédinger operators [27] and then extended
to the whole-line case by Gilbert [26]. The relevance of bounded solutions in this
context was pointed out by Behnke [7], Simon [41], and Stolz [46].

We also need the following discrete analog of a result of Eliasson from [17],
compare Hadj Amor [30]:

Theorem 5.6. Let § > 0, w € DC(k,7), and Ay € SL(2,R). Then there is a
constant € = €(7y, 7,9, | Aol|) such that if A € C¥ (T, SL(2,R)) is real analytic with

A = Aolls < e

and the rotation number of the cocycle (w, A) satisfies

HQP(OJ,A)—<TL,W>HR/Z > — VO;&nEZd

|nl|”
or 2p(w, A) — (n,w) € Q for somen € Z2, then (w, A) is reducible to constant coef-
ficients of a quasi-periodic (perhaps with frequency %) and analytic transformation.

It is enough to prove that
(5.14) A(Z\B) = 0.

Let R be the set of ¢’¢ € ¥ such that the cocycle is reducible. We know that
R\B only contains elements e% for which (w, S(a,€!*)) is analytically reducible to
a constant parabolic cocycle. By Theorem 5.6 it follows that R\B is countable:
indeed for any such e, the well-known gap labeling theorem ensures that there
exists a k € Z¢ such that 2p(w, S(a, €¥)) = (k,w) mod Z. If € € R, by (2.5), any
non-zero solution of £,u = eu satisfies inf ez |un|? + [upy1]? > 0. In particular
there are no eigenvalues in R, thus (using countability of R\B) A(R\B) = 0. It
therefore suffices to show

(5.15) A(S\R) = 0.
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Let J;(e’) be an open Q%ej‘%il—neighborhood of €¢ € K, in 0D (recall that K;
was defined in (3.11)). By Corollary 3.2 and Proposition 5.4 we have

A(Jj(eiC)) < b | A% |3‘Jj(€i<)|
0<s<Ce; ¥
< s AR ()
0<S<Ce;T16
< CE;S b
where | - | denotes Lebesgue measure. Take a finite subcover such that E -

Ui—o Ji(e%!). Refining this subcover if necessary, we may assume that every z € D
is contained in at most 2 different .J;(e?!). By Lemma 4.5 and (2.11),

. 2 1
[20(J; ()] = k(¢ — 2786, ¢+ 275 ) > 267

By Lemma 3.3, if € € K, we have

[20(e%) = (nj,w HR/Z = 26

for some |n;| < 2N;_;. This implies that 2p(K;) can be covered by 2N;_; open
1 . .

arcs T of length 2¢/°,. Since [T < 112p(J;(e¢))| for any s, €' € K, there are

at most 2([1] + 1) + 4 open arcs J;(e*) such that 2p(J;(e’!)) intersects Ts. We

conclude that there are at most 2(2([1] 4 1) +4)N,_1 open arcs J;(2) to cover K;.
Then

(5.16) <ZA (') < CN;_e

Since €; = e%j and ¢ is small, (5.16) implies
(5.17) Y OAE;
J

Since ¥\R C limsup K, the Borel-Cantelli Lemma and (5.17) imply (5.15). By
our earlier discussion, this in turn implies (5.14). Therefore, A = Alg, which is
purely absolutely continuous.

This completes the proof of absolute continuity and, together with our discussion
above of discrete eigenvalues in the half-line case, the proof of Theorem 1.1.

APPENDIX A. A QUANTITATIVE ALMOST REDUCIBILITY RESULT

The following quantitative almost reducibility result from [11,37] is the basis of
our proof.

Proposition A.1. Let w € DC(k,7), k, 7,7 > 0, 0 = 15, So € SU(1,1), fo €
C%(T%,su(1,1)). Then for any r' € (0,r), there exist a constant Dy = Dg(k,T)
and a numerical constant Cy such that if

DO ) 1 , C()T
(Al) ||f0||'r‘ SGS W (mln{l,;}(r—r)) ,
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then there exists B € C%(2T%,SU(1,1)), 54 € SU(1,1), f+ € C%(T% su(1,1)) such
that

B(z 4 w)(SpeP B~ (z) = S ef+(®),
Define N = zllnrf‘, let spec(Sp) = {e2™, e=27P}  then we have the following esti-
mates:

e (Non-resonant case). If |2p — (n,w)| > € holds for any n € Z with
0 < |n| <N, then

IBll,, <1+€2,|B|, <1+e€2,
I fllos [ flln < e V=) < €2
S+ — Sol| < 2e.

e (Resonant case). If |2p — (n.,w)| < € holds for some n, € Z¢ with 0 <
|n.| < N, then

IBll, < Cln.|"e=, || Blly < Clna",

e T
Hf+||07||f+HT, <ee r'e” 18 '

Moreover, deg B = n, and the constant S; can be written as

it v
S+ = exp (+ + ) 5
V4 —Zt+
where t4 € R, vy € C with [t4| < €16, vy | < €16 2mInlr,

APPENDIX B. AN APPROACH TO ESTABLISHING A NON-PERTURBATIVE RESULT
IN THE CASE d =1

In this appendix, we explain how to establish purely absolutely continuous spec-
trum for &, in the non-perturbative regime when the underlying torus dimension is
given by d = 1. That is, one wishes to strengthen the statement in Theorem 1.1 in
such a way that the smallness of A does not depend on the Diophantine constants
of the frequency w. The approach we explain here was first developed in [48], we
just give a sketch here for completeness.

First, we need the following:

Theorem B.1 ([32,51]). Letw € R\Q, Sp € SU(1,1), fo € C¥(T,su(1,1)). There
exists € = €(So,7) > 0, such that if || fol» <&, then (w, Spef0) is almost reducible.

Therefore, let us consider a Szegé cocycle (w, Sp(e'¢)efo( @) = (w, S(a, i)
that is close to constant. If X is small, then one can apply Theorem B.1, and there
exists ®%,. € C¥ (2T,SU(1,1)) such that

<I>I;< (z+ w)SO(eiC)ef"(m’OfP’;C (a:)’1 =S (eic)ef’“(x’o.

If k is large enough, then one can reduce the initial cocycle (w, Sp(e¢)efo(®9)) to
the perturbative regime defined in Proposition A.1. Moreover, since the spectrum
Y is compact, one can apply the compactness argument from [37, Proposition 5.2]
and show that there exists I' = I'(«v, ), which is independent of ¢, such that

(B.1) 1@icllr, <T,

(B.2) |deg ®*,.| < C|InT|.
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In other words, after a finite number (that is uniform with respect to e’¢ € %) of
conjugation steps, one can reduce the cocycle to the perturbative regime.

Consequently, one can apply Proposition 3.1, and control the growth of the co-
cycles in the resonant set K;. Corollary 3.2 will follow from (B.1), while Lemma 3.3
still follows as a result of (B.2). The rest of the proof will follow the same way as
in the main body of the present paper.

We point out that one cannot instead use Eliasson’s perturbative result from
[17], since he uses a parameterized KAM method, and there one cannot suitably
control the (-dependence of Sy (e’¢).

APPENDIX C. QUASI-PERIODIC CMV MATRICES WITH SINGULAR CONTINUOUS
SPECTRUM

Let us give a brief discussion of the phenomenon of singular continuous spectrum
in the context of analytic* quasi-periodic extended® CMV matrices. We rely on
known results and hence the main purpose is to make explicit how those known
results are relevant to this question.

Given the well-known parallels between the theory of discrete one-dimensional
Schrodinger operators (and more generally Jacobi matrices) and CMV matrices,
we are naturally guided by what is known in the Schrddinger case. Given this
perspective, one should single out two mechanisms that produce examples with
singular continuous spectrum in the Schrodinger context:

(i) the coexistence of positive Lyapunov exponents and Liouville frequencies,
(ii) the self-duality with respect to Aubry duality.

In approach (i) one needs a result that establishes positive Lyapunov exponents
on the spectrum (or an energy region) for all minimal translations. This input
ensures purely singular spectrum. In addition one needs to choose the translation
to be of sufficient Liouville nature so that one can exclude eigenvalues via the
Gordon lemma [6,28]. Let us for simplicity consider the case d = 1. Here, to
measure how exponentially Liouvillean w is, we consider

B(w) := limsup 1nq_n+17

n—oo dn
where 1;_: are the continued fraction approximants of w. This input ensures con-
tinuous spectrum. As a result one obtains singular continuous spectrum, and it
should be emphasized that due to the presence of positive Lyapunov exponents,
the spectral measures are highly singular — they are zero-dimensional and indeed
supported by sets of zero capacity [44].

In approach (ii) one uses that duality transforms pure point spectrum into ab-
solutely continuous spectrum, and in some weaker sense vice versa as well. Self-
duality therefore implies the absence of both. In addition, duality also transforms
positive Lyapunov exponents into zero Lyapunov exponents, and hence the singu-
lar continuous spectral measures one obtains in this approach are accompanied by
zero Lyapunov exponents due to self-duality [4,33]. Indeed, they are (expected to

4In the CO category it is known that generically, the spectrum of an extended quasi-periodic
CMV matrix is purely singular continuous: generic absence of point spectrum was shown in [40]
and generic absence of absolutely continuous spectrum was shown in [18].

5The corresponding problem for standard analytic quasi-periodic CMV matrices, while inter-
esting, is not well understood. The proofs of the results in the extended case do not carry over to
the standard case.
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be) more regular, with higher dimensionality and (hence the necessity for) larger
supports.

Turning our attention to the CMV case now, we note that approach (i) can be
implemented as there are CMV versions of the positive Lyapunov exponent result
[52] and the Gordon lemma [20,39]. Indeed, let us attempt to push the Gordon
lemma aspect to its limit. Based on the sharp Gordon lemma from [6], we have the
following:

Theorem C.1. Suppose that o € C1(T,R), w € R\Q with B(w) > 0. Then for
every x € T, £, has purely singular continuous spectrum on the set

S={e e¥:Bw)>(e*) > 0}.

Proof. This is a Gordon-type statement that is essentially contained in the proof of
[6, Theorem 1.1]. We just give the short argument here for completeness as we are
dealing with the extended CMV case (whereas [6] considers the Schrodinger case).

Given €¢ € S, we have, by a uniform upper semi-continuity and telescoping
argument (see, e.g., [6, Proposition 3.1]), that for any sufficiently small ¢ > 0, there
exists K = K((,w,a,€), which is in particular independent of z, such that for
n > K, we have

(€1 sup || AL (¢ -+ guas) — Al (@) < 707170
e
(©-2) sup A8 (¢ + gaw) — A8 (@) < e~ (B=1=an
e

As a consequence, we can apply Lemma C.2:
Lemma C.2 ([5,6]). Suppose that (C.1) and (C.2) hold. Then we have

max{HAg?c () <:§§) AT (x) (Zg) H’ HAZJZL(Q) (Zg) H} > %7

¢ )
where (@2) = (‘pﬂ(em)) is the initial value at €*S.
%0 ep(e)
According to (2.8), (2.1), (2.9), and noting that

Al = e_%g(an, e) - Sy, €°),

)

we are able to utilize the transfer matrix A;L,;< to evaluate the norm of (i"), the
n

solutions of generalized eigenvalue equations £,5 = e“s. Thus Lemma C.2 ensures

that for any « € T, S does not contain any eigenvalues of £,. The result now follows
from the Ishii-Pastur Theorem (cf. [43, Theorem 10.5.7]). O

Remark C.3.

(a) Theorem C.1 is the CMV analog of a Schrédinger result that is known to be
optimal: for the almost Mathieu operator, if v > f(w), then the operator exhibits
Anderson localization [6]. One may expect that Theorem C.1 is optimal as well.

(b) We emphasize that the result holds for every phase z € T and that the
proof exploits the two-sided nature of the problem. In view of the latter aspect, we
regard it as an interesting problem to prove a singular continuity result for standard
(one-sided) CMV matrices with analytic quasi-periodic Verblunsky coefficients.

60f course we mean that the desired singular continuity of spectral measures should be estab-
lished on the essential spectrum of Cs.
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(¢) To make Theorem C.1 meaningful, one can apply it, for example, to the
specific model studied by Zhang in [52], as he established the positivity of the
Lyapunov exponent there and S(w) can be made as large as needed (even infinite)
for suitable choices of w (that will always form a dense Gy set).

Approach (ii), establishing purely singular continuous spectrum for self-dual
models, has been worked out in the unitary case by Fillman-Ong-Zhang [22], albeit
only for almost every phase. It is curious that while the general duality correspon-
dence between the pp and ac regimes is still absent in the extended CMV setting
(as pointed out repeatedly in this paper), the somewhat degenerate situation of a
self-dual model has been identified in the unitary setting (for quantum walks, which
are closely connected to extended CMV matrices via the CGMV connection [12]).
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